Classification of simple Harish-Chandra modules over

Q - Virasoro algebra

Volodymyr Mazorchuk

Abstract We give a complete classification of simple Harish-Chandra modules over Q - Virasoro algebra.

1 Introduction

A classification of the simple Harish-Chandra modules over complex Virasoro algebra V was given by O.Mathieu in remarkable paper [7]. According to this classification each simple Harish-Chandra V-module is either highest (lowest) weight module or module from the so-called intermediate series.

There exist a lot of different generalizations of the classical Virasoro algebra and centerless Virasoro algebra (Witt algebra) studied by several authors (see for example [4, 5, 9, 10, 11]). Naturally there appears a question to give a classification of Harish- Chandra modules over all those algebras.

In the subsequent paper we consider the following generalization of the Virasoro algebra which is called Q - Virasoro algebra. We define G to be a Lie algebra with the base {e(x) | x ∈ Q } ∪ {c} and the Lie brackets given by [e(x), e(y)] = (y − x)e(x + y) + δ_{x,−y} x^3 − x 12 c; x, y ∈ Q [c, e(x)] = 0, x ∈ Q (here δ_{x,−y} is a Kronecker symbol). It is a natural generalization of the higher rank Virasoro algebras considered in [10].

An intermediate series for G is a family of modules V (a, b), a, b ∈ C defined as follows: V (a, b) has the base v_x, x ∈ Q and the action of generating elements of G is defined by e(x)v(y) = (ax + y + b)v(x + y), x, y ∈ Q. (1) For a ≠ 0, 1 or b ∉ Q the module V (a, b) is simple. In the opposite case it has two simple subquotients and one of them is a trivial G-module. We will also call the intermediate series the family of all simple subquotients of V (a, b).

The main result of this paper states that:

Theorem 1. Each simple Harish-Chandra module over G is a module of intermediate series.

We note that this result is slightly different from Mathieu theorem since it would be shown that non-trivial highest or lowest weight module over G is not Harish-Chandra module.

Let us briefly describe the structure of the paper. In section 2 we collect all necessary preliminaries. In section 3 we describe the support of simple Harish-Chandra modules over G. This is an essential part of the proof of main theorem 1 that presented in section 4.

2 Preliminaries

Let C denotes field of complex numbers, Q denotes field of rational numbers, Z denotes

ring of integers and N denotes set of positive integers. We will also denote by Z_+ the set of non-negative integers and by Q_+ the set of non-negative rationals.

For a Lie algebra A we will denote by U(A) its universal enveloping algebra. Consider a Q - Virasoro algebra G and keep the notations from section 1. We denote by H the Cartan subalgebra of G generated by e(0) and c and by H_1 the subalgebra generated by e(0).

For a G-module V and λ ∈ H^∗ set V_λ = {v ∈ V | hv = λ(h)v for all h ∈ H}. A G-module V will be called a weight module provided V = ⨁ λ∈H^� V_λ. If V_λ ≠ 0 we will call λ the weight of V and V_λ — the corresponding weight space. Since element c is central it acts by maltiplication on scalar on each weight indecomposable module. We will call the corresponding scalar the charge of V . Thus for indecomposable V we will also call the weight of V the corresponding element λ ∈ H^∗_1. From now on weight will mean weight with respect to e(0). For a weight G-module V we set Supp V to be the set of all non-zero weights of V . Finally a weight G-module V will be called Harish- Chandra module provided dim V_λ < ∞ for all λ ∈ Supp V . Since H_1 is one dimensional we identify it with C in standard way: we define λ ∈ C to be the eigenvalue of e(0).

One can see that for any indecomposable weight G-module V and for any λ ∈ Supp V holds Supp V ⊂ λ + Q .

A G-module V will be called dense provided Supp V = λ + Q for some λ ∈ H^∗_1. A G-module V will be called pined provided Supp V = (λ + Q ) \ λ for some λ ∈ H^∗_1. A G-module V will be caleed cutted provided Supp V ⊂ λ + Q_+ or Supp V ⊂ λ − Q_+ for some λ ∈ H^∗_1.

3 Support of simple Harish-Chandra module

In this section we describe the support of Harish-Chandra modules over G. All this results are inspired by Futorny theorem on the support of irreducible weight module over complex finite-dimensional Lie algebra ([3]). We begin with the following observation:

Let V denotes the classical Virasoro algebra with the base e(x), x ∈ Z; c and Lie brackets [e(x), e(y)] = (y − x)e(x + y) + δ_{x,−y} x^3 − x 12 c, x, y ∈ Z, [c, e(x)] = 0, x ∈ Z. Lemma 1. Let L(λ), λ ∈ H^∗ be simple non-trivial highest weight module over V ([12, 13]). Then sup μ∈Supp L(λ) dim L(λ)_μ = ∞.

Proof. Let P (k), k ∈ N be a partition function ([1]). Fix N ∈ N.

Denote by (·, ·)_λ the Shapovalov form on Verma module M(λ) ([13]). Following [2] for

d ∈ C and r, s ∈ N, r ≠ s set α^±_{r,s}(d) = − 1 48 ((13 − d)(r^2 + s^2) ± √ d^2 − 26d + 25(r^2 − s^2) − 24rs − 2 + 2d). For r ≠ s, q ∈ C let ψ_{r,s}(q, d) = (q−α^+_{r,s}(d))(q−α^−_{r,s}(d)) and ψ_{r,r}(q, d) = q+ 1 24 (r^2−1)(1−d).

For m ∈ N set (·, ·)_{λ,m} be a restriction of (·, ·)_λ on M(λ)_{λ(e(0))−m}. It is well-known (see for example [8]) that radical of (·, ·)_λ coincides with maximal submodule of M(λ). By [2] for m ∈ N holds det(·, ·)_{λ,m} = m∏ i=1 ∏ r|i,r2≤i ( ψ_{r,i/r}(λ(e(0)), λ(c)) )_{P (m−i)} . Denote V^m the Virasoro subalgebra of V generated by elements e(mn), n ∈ Z. If we denote by v the canonical generator of M(λ) then U(V^m)v ≃ M(λ^m), λ(c) = λ^m(c). Since L(λ) is non-trivial (i.e. λ ≠ 0) holds λ ≠ λ^m. Thus there exists such m ∈ N that det(·, ·)_λm_{,N} ≠ 0 and we conclude that dim L(λ)_{λ(e(0))−Nm} ≥ P (N) ≥ N. this completes the proof.

Let V be non-trivial simple Harish-Chandra module over G. Fix λ ∈ Supp V . Consider a function f = f(V, λ) : Q → Z_+ defined by:

f(q) = dim V_{λ+q}

for q ∈ Q.

Lemma 2. For any a, b, c ∈ Q, a < b < c, λ + b ≠ 0 holds f(b) ≤ max(f(a), f(c)).

Proof. Consider a subalgebra G_1 ⊂ G which satisfies following conditions:

1. G_1 ≃ V;

2. G_1 = ⟨e(mx) | m ∈ Z⟩ for some x ∈ Q. 3. a, b ∈ c + Zx. Then ⟨V_y | y ∈ Zx⟩ is Harish-Chandra module over G_1. By Mathieu theorem ([7]) any nontrivial simple Harish-Chandra module over G_1 is either highest or lowest weight module or module from intermediate series. For any simple Harish-Chandra module W over G_1 the same properti for the function f(W, λ), λ ∈ Supp W is obvious. Since the dimension of the weight space is additive in extension and λ + b ≠ 0 the statement follows.

Proposition 1. Let V be a non-trivial cutted module over G. Then V is not Harish- Chandra module.

Proof. Suppose that Supp V ⊂ μ − Q_+ for some μ ∈ H^∗_1. It follows from the Mathieu theorem that V is a direct sum of highest weight modules with respect to any subalgebra G1 ⊂ G, G_1 ≃ V.

It follows immediately from lemma 2 that there exists λ ∈ Supp V , k ∈ N and ε > 0 such that dim V_{λ+x} = k for any x ∈ Q with |x| < ε. Choose the minimal such k.

By lemma 1 there exists y ∈ Q small enough such that some simple highest weight module over the Virasoro algebra which contains e(y) and with highest weight in λ−ε+Q_+ has a weight spase for some weight in λ − ε + Q_+ of dimension greater then k.

Thus we obtain a contradiction which proves our proposition.

Theorem 2. Let V be simple Harish-Chandra G-module. Then V is either dense or pined.

Proof. Let Supp V ⊂ λ + Q for some λ ∈ H^∗_1. Suppose that |(λ + Q ) \ Supp V | > 1. Let x, y ∈ Q, x < y such that λ + x, λ + y ∉ Supp V . Thus it follows from lemma 2 that λ + z ∉ Supp V for any z ∈ [x, y] ∩ Q. Finally we easely obtain that V is cutted module. But by proposition 1 this is impossible.

4 Proof of the main theorem

Denote U_0 = {u ∈ U(G) | [e(0), u] = 0} .

We recall that for any simple Harish-Chandra module V and λ ∈ Supp V the U_0-module V_λ is simple and conversly each simple finite-dimensional U_0-module can be continued to the unique simple G-module.

For a subalgebra G_1 ⊂ G we will also denote

U(G_1)_0 = {u ∈ U(G_1) | [e(0), u] = 0} .

Lemma 3. Let N be simple finite-dimensional U_0-module. Then there exists G_1 ⊂ G, G1 ≃ V such that N is simple U(G_1)-module.

Proof. Since U_0 = ⋃ G1⊂G, G1≃V U(G_1)_0

the statement follows by standard arguments.

Lemma 4. Let V be simple Harish-Chandra module over G and λ, μ ∈ Supp V ; λ, μ ≠ 0. Then dim V_λ = dim V_μ.

Proof. Suppose that dim V_λ > dim V_μ for some λ, μ ≠ 0. Let G_1 be subalgebra of G generated by elements e(k(λ − μ)), k ∈ Z. Consider a Harish-Chandra G_1-module N = U(G_1)V_λ.

Since dim V_λ > dim V_μ we apply the Mathieu classification theorem and obtain that there should be a subfactor of N which is highest or lowest weight module. Thus by lemma 1 we conclude that sup_{ν∈} H^�_1 dim V_ν = ∞.

Let k ∈ N, k > dim V_λ be the dimension of some V_ν. We can choose k in such a way that there exists χ ∈ Supp V and ε > 0 such that dim V_{χ+x} = k for all |x| < k. Thus we obtain the same contradiction as in the proof of proposition 1.

Corollary 1. Let V be simple Harish-Chandra G-module. Then sup λ∈Supp V dim V_λ < ∞

Lemma 5. Let V be a non-trivial simple Harish-Chandra G-module, λ ∈ Supp V . Then dim V_λ = 1.

Proof. Suppose that dim V_λ ≠ 1 for some λ ∈ H^∗_1. By lemma 3 there exists a subalgebra G1 ⊂ G, G_1 ≃ V such that V_λ is simple U(G_1)_0-module.

Using Mathieu classification theorem we immediately obtain that U(G_1)V_λ should have a subfactor which is non-trivial highest or lowest weight module. By lemma 1 this contradicts with corollary 1.

Proof of theorem 1. Let V be a non-trivial simple Harish-Chandra G-module and λ ∈ Supp V . By theorem 2 we have that V is either dense or pined and by lemma 5 we have dim V_λ = 1.

Denote by G_n a minimal subalgebra of G such that

1. G_n ≃ V;

2. G_n contains all elements e(k^{−1}), k = 1, . . . , n.

Clearly Gi ⊂ G_{i+1}, i > 0 and G = ⋃ i>0 Gi. By Mathieu theorem for i > 0 the module U(G_i)V_λ is a module from intermediate series. Fix a basis element v_{λ−μ}, μ ∈ Supp U(G_1)V_λ such that the action of generators of G1 is defined by the formula (1). We can continue this base to the base of U(G_2)V_λ then to the base of U(G_3)V_λ and so on. Finally we obtain the base v(x), x ∈ Q or x ∈ Q \ {z} for some fixed z ∈ Q of a G-module V with the action of e(y), y ∈ Q defined by formula (1). Thus V is a module of intermediate series.

5 Acknowledgements

This paper was written during the authors visit to SFB-343, Bielefeld University whose accomodation and financial support are gratefully acknowledged. The author also thanks Prof. S.Ovsienko for helpful comments.

References

[1] G.Andrews, The theory of partitions, Addison-Wesley, 1976.

[2] B.Feigin and D.Fuchs, Representations of the Virasoro algebra, in: Representations of Lie groups and related topics, Adv. Stud. Cont. Math, 7, Gordon and Breach, New York, 1990, 447-554.

[3] V.Futorny, Weight representations of semi-simple finite-dimensional Lie algebras, Ph.D. Thesis, Kiev University, Kiev, 1986.

[4] N.Kawamoto, Generalization of Witt algebra over a field of characteristic zero, Hiroshima Math. J., 16, (1986), 427-441.

[5] E.Kirkman, C.Procesi and L.Small, A q-analog for the Virasoro algebra, Comm. Alg.

22(10), (1994), 3755-3774.

[6] C.Martin and A.Piard, Classification of indecomposable bounded admissible modules over the Virasoro Lie algebra with weight spaces of dimension not exceeding two, Comm. Math. Phys., 138, (1993), 455-493.

[7] O.Mathieu, Classification of Harish-Chandra modules over the Virasoro Lie algebra, Invent. Math. 107, (1992), 225-234.

[8] R.Moody and A.Pianzola, Lie algebras with triangular decomposition, Canad. Math.

Soc. Ser. of Monographs and Adv. Texts, A Wiley-Interscience Publ. Ney York, 1995.

[9] J.Osborn, New simple infinite-dimensional Lie algebras of characteristic 0, J.Algebra 185, (1996), 820-835.

[10] J.Patera and H.Zassenhaus, The higher rank Virasoro algebras, Comm. Math. Phys.

136, (1991), 1-14.

[11] R.Ree, On generalized Witt algebras, Trans. AMS, 83 (1956), 510-564.

[12] A.Rocha-Caridi and N.Wallach, Characters of irreducible representations of the Virasoro algebra, Math. Z. 185, (1984), 1-21.

[13] A.Rocha-Caridi and N.Wallach, Characters of irreducible representations of the Lie algebra of vector fields on the circle, Invent. math. 72, (1983), 57-75.

[14] Yucai Su, Harish-Chandra modules of the intermediate series over the higher rank Virasoro algebras and higher rank super-Virasoro algebras, J. Math. Phys. 35, (1994), 2013-2023.

Mechanics and Methematics department Kyiv Taras Shevchenko University 64, Volodymyrska st. 252033 Kyiv Ukraine e-mail: mazorchu@uni-alg.kiev.ua