Existence and Uniqueness of invariant measures: an approach via sectorial forms

V. Bogachev^{1)} M. Röckner^{2)} T. S. Zhang^{3)}

Abstract

We prove existence and uniqueness for invariant measures of strongly continuous semigroups on L^2(X; μ), where X is a (possibly infinite–dimensional) space. Our approach is purely analytic based on the theory of sectorial forms. The generators covered are e.g. small perturbations (in the sense of sectorial forms) of operators generating hypercontractive semigroups. An essential ingredient of the proofs is a new result on compact embeddings of weighted Sobolev spaces H^{1,2}(ρ � dx) on R^d (resp. a Riemannian manifold) into L^2(ρ dx). Probabilistic consequences are also briefly discussed.

AMS Subject Classification Primary: 31 C 25 Secondary: 47 D 07, 60 H 10, 47 D 06, 60 J 60 Key words and phrases: invariant measures, sectorial forms, compact embeddings, Poincare inequality, Log–Sobolev inequality Running head: Invariant measures for semigroups

1)Department of Mechanics and Mathematics, Moscow State University, 119899 Moscow, Russia 2)Fakultät für Mathematik, Universität Bielefeld, D–33501 Bielefeld, Germany 3)Faculty of Engineering, HSH, Skåregt 103, 5500 Haugesund, Norway

1 Introduction

In this paper we study the question of existence and uniqueness of invariant measures for diffusions solving stochastic differential equations of type

dX_t = σ(X_t) dW_t + v(X_t) dt . (1.1)

Here (X_t)_{t≥0} takes values in a locally convex topological vector space X, (W_t)_{t≥0} is a Brownian motion on X, and the operator valued diffusion map σ and the drift v : X → X are supposed to be merely measurable. This question has been studied by many authors. We refer to the recent book by G. Da Prato and J. Zabczyk ([13]) for references.

Our approach in this paper is analytic and based on a reformulation of the problem in terms of sectorial forms (cf. [16] and also [19]). Thus we avoid to have to solve (1.1) first and to pin down the exact meaning (strong, mild, weak etc.) of ”solution” to (1.1). More precisely, the relevant sectorial forms are of type (closure of)

E_v(f, g) := E(f, g) + ∫ X ( v(x), ∇_Hf(x) ) g(x) μ(dx), (1.2) on L^2(X; μ) with μ a probability measure on X and E(f, g) := ∫ X ( A(x) ∇_Hf(x), ∇_Hg(x) ) H μ(dx), (1.3) where f, g are bounded smooth cylinder functions on X and H is a separable real Hilbert space densely and continuously embedded into X. H should be thought of as a ”tangent space” to X at every point x ∈ X. ∇_H denotes the corresponding gradient. We refer to Subsection 2.2 for details and the precise assumptions on the map x → A(x) taking values in the space of symmetric positive definite bounded linear operators on H. We only mention here that E_v is assumed to be a form perturbation of E (i.e., v satisfies (2.12) below). In particular, D(E) = D(E_v ). In analogy with the classical case (X = H = R^d, A =Id_H, μ = Lebesgue measure) D(E) is a Sobolev space of order one in L^2(X; μ) which is, therefore, also denoted by H^{1,2}(X; μ).

Let L denote the generator of the symmetric form (E, D(E)), resp. L_v that of (E_v, D(E)), and let T := e^{tL}, S_t := e^{tLv} , t > 0, denote the corresponding strongly continuous semigroups on L^2(X; μ). Then μ is a (T_t)_{t>0}–invariant measure, i.e., ∫ T_tf dμ = ∫ f dμ for all t > 0 and

all f : X → R, measurable, bounded, (1.4)

(because for every t > 0, T_t is symmetric on L^2(X; μ) and T_t1 = 1). The invariant measures in question are those of (S_t)_{t>0}. Indeed, by the results in [19] it easily follows that there exists a diffusion process associated with (E_v, D(E)) (i.e., with transition probabilities given by (S_t)_{t>0}). In case A =Id_H it solves (1.1) with σ = Id_H and for differentiable A it solves (1.1) with σ = A^{1/2}, but with a different v (e.g., if X = H = R^d and A = (a_{ij})_{1≤i,j≤d}, with v replaced by ( − ∑d i=1 ∂a_{i,j} ∂x_i ) 1≤j≤d +v). For general A (satisfying (2.9) below) the process

exists (as mentioned), but can only be described in the sense of martingale problems (cf. [30], [26], and [19]). In this paper we shall, however, not make use of this probabilistic counterpart of the above sectorial forms, but instead just consider (S_t)_{t>0} directly, and hence study the question of existence and uniqueness of probability measures ν on X which are (S_t)–invariant in a sense analogous to (1.4).

Let us now summerize our main results:

Concerning uniqueness we have the following general result (cf. Corollary 2.13 below).

(1) Suppose (E, D(E)) is irreducible (i.e., f ∈ D(E) is constant, provided E(f, f) = 0) and suppose there exists an (S_t)–invariant probability measure ν on X which is absolutely continuous w.r.t. μ with Radon– Nikodym density in L^2(X; μ). Then ν is the only (S_t)–invariant probability measure on X absolutely continuous w.r.t. μ.

Criteria to check irreducibility are well–known. For example, the Poincaré inequality (and hence the Log–Sobolev inequality (2.4)) implies irreducibility. For stronger more recent criteria, we refer to [4, 5], which apply to large classes of (non–Gaussian) Gibbs measures μ.

We want to emphasize that our proof of (1) is entirely analytic (and quite elementary ) which is in contrast to all previous work where the corresponding proofs were based on the Girsanov transformation in an essential way (cf. e.g.

[27], [31], [32] and the very recent [15]). More precisely, there the uniqueness was obtained as a consequence, after first showing that (in the rather special case considered there) the diffusion process associated with (E_v, D(E_v )) has path space measures which are (locally in time) equivalent to those of the diffusion associated with (E, D(E)). Because of our Proposition 2.11 we can avoid all this.

As far as the existence of (S_t)–invariant measures is concerned, (as in [27]) the underlying idea here is to use classical Fredholm theory. Since, in addition, by the general results in [20] we know that (S_t)_{t>0} is Markovian, we obtain the following result (cf. Theorem 3.4)

(2) Suppose the embedding H^{1,2}(X; μ) ⊂ L^2(X; μ) is compact. Then there exists an (S_t)–invariant probability measure ν = ρ·μ with ρ ∈ D(E) (⊂ L^2(X; μ)). In particular, the uniqueness result (1) applies if (E, D(E)) is irreducible.

If X is a Hilbert space, X = H and μ is a Gaussian measure, the compactness of H^{1,2}(X; μ) ⊂ L^2(X; μ) has been shown in [12] and [23], but is known not to hold in ”most” of the examples when dim X = ∞. Therefore, in the infinite dimensional case the ”compact embedding”–assumption is very restrictive. This is different if dimX < ∞, since we have the following new result (cf. Theorem 3.2), which is also essential for proving our main result on existence (cf. (4) below).

(3) Suppose X = H = R^d and that μ has a density w.r.t. Lebesgue– measure satisfying the Hamza condition (cf. (3.1) below). Assume, furthermore, that (E, D(E)) satisfies the so–called ”defective” Log– Sobolev inequality (2.4)’. Then the embedding H^{1,2}(R^d; μ) ⊂ L^2(R^d; μ) is compact.

Using this we prove our main result on existence of invariant measures in infinite dimensions avoiding the ”compact embedding”–assumption (cf. Theorem 3.6).

(4) Suppose (E, D(E)) satisfies the defective Log–Sobolev inequality (2.4)’ and that the projections of μ on finite dimensional subspaces have densities w.r.t. Lebesgue measure, which satisfy the Hamza condition (3.1) below. Then there exists an (S_t)–invariant probability measure ν = ρ · μ with ρ ∈ D(E) (⊂ L^2(X; μ)). In particular, the uniqueness result (1) applies if (E, D(E)) is irreducible.

There are many well–known examples of measures μ so that (E, D(E)) with A ≡ Id_H satisfies the Log–Sobolev inequality (2.4), hence (2.4)’ (cf. [9], [14], and, in particular, for (non–Gaussian) Gibbs measures μ see [3]). But then, if x → A(x) is strictly elliptic (i.e., satifies (2.9)), the corresponding (E, D(E)) also does so. Since the condition on the finite dimensional projections is trivially checked in all these cases, result (4) applies to a large class of examples.

The above described results of this paper completely cover and strictly extend the corresponding ones in the previous work [27], [31], [32] and [15], however, w.r.t. the latter reference only the case p = 2 (since our approach is solely within an L^2– (and not L^p–) frame work). In these references only the special situation where μ is mean–zero Gaussian measure (more precisely where (X, H, μ) forms an abstract Wiener space) is studied and only in [15] the case of unbounded (namely exponentially integrable) drifts v is included.

We emphasize that our results appear to be new even in the finite dimensional case X = R^d. We discuss generalizations to Riemannian manifolds as well.

One further result is worth mentioning: as a by–product of our considerations we obtain a simple example of a Dirichlet form on R^d, d ≥ 1, which satisfies the Poincaré inequality (2.3), but not the defective Log–Sobolev inequality (2.4)’ (cf. Remark 3.5 (ii) and Example 2.6 (ii)).

The organization of this paper is as follows: In Section 2 we describe our precise framework and recall all necessary definitions. In addition, we include two new general results on sectorial forms which are also of their own interest. (One of them is a generalization of the classical Duhamel formula to sectorial forms). The last part of Section 2 is devoted to the proof of the uniqueness result (1) for invariant measures.

The first part of Section 3 is about the result (3) on compact embeddings in the case X = R^d (or a Riemmannian manifold). The second part contains the two main results (2) and (4) on existence of invariant measures.

2 Preliminaries

In this section we present our framework and some general facts to be used later.

2.1 Two general results on sectorial forms

Let (X, B, μ) be a probability space. Let (E, D(E)) be a coercive closed form on (real) L^2(X, B, μ) =: L^2(μ) in the sense of [19], i.e., D(E) is a dense linear subspace of L^2(μ) and E : D(E) × D(E) → R is bilinear, nonnegative definite such that its symmetic part ( ~E, D(E)) is closed (i.e., D(E) is complete w.r.t. the norm ‖ ‖_{E1} associated with ~E_1, where for α ∈ R_+, ~E_α is the symmetric part of E_α(f, g) := E(f, g) + α(f, g)_L2_{(μ)} for f, g ∈ D(E)) and (E, D(E)) satisfies the weak sector condition, i.e., there exists K ∈ R_+ such that

|E(f, g)| ≤ K E_1(f, f)^{1/2} E_1(g, g)^{1/2} for all f, g ∈ D(E). (2.1)

Let (L, D(L)) denote the generator of (E, D(E)) (see [19]) and (L^∗, D(L^∗)) its adjoint on L^2(μ). We have, in particular, that (L, D(L)) is negative definite, that D(L) ⊂ D(E) and E(f, g) = (−Lf, g)_L2_{(μ)} for all f ∈ D(L), g ∈ D(E). (2.2)

Furthermore, (L, D(L)) generates a strongly continuous semigroup of contractions on L^2(μ) denoted by T_t := e^{tL}, t > 0.

A bilinear form (E, D(E)) on L^2(μ) is called a sectorial (or m–sectorial, cf. [16]) form if there exists α ∈ [0, ∞) such that E_α with D(E_α) := D(E) is a coercive closed form on L^2(μ). If (L_α, D(L_α)) is the generator of (E_α, D(E)) with corresponding semigroup (T^{(α)}_t )_{t>0}, then

L := α + L_α , D(L) := D(L_α), T_t := e^{αt}T^{(α)}_t , t > 0,

are called the generator resp. semigroup on L^2(μ) associated with (E, D(E)) and (2.2) still holds. In particular, the above definitions do not change when α^′ > α replaces α. Clearly, a sectorial form is a coercive closed form if and only if it is nonnegative definite.

Below we fix a sectorial form (E, D(E)) on L^2(μ).

Remark 2.1 Let f ∈ L^2(μ). Then the following assertions are obviously equivalent:

(i) f ∈ D(L^∗) and L^∗f = 0.

(ii) f ∈ D(E) and E(g, f) = 0 for all g ∈ D(E).

In analogy to the classical Duhamel formula for semigroups and their generators, we have the following Proposition 2.2 (Duhamel formula for sectorial forms). Let (E^{(i)}, D(E^{(i)})) be sectorial forms on L^2(μ) with corresponding semigroups (T^{(i)}_t )_{t>0}, i = 1, 2. Suppose that D(E^{(1)}) = D(E^{(2)}) and that for some α, c ∈ (0, ∞) E^{(1)}_α (u, u) ≤ c E^{(2)}_α (u, u) for all u ∈ D(E^{(1)}).

Then for all t > 0 and all f, g ∈ D(E^{(1)}) ∫ ( T^{(1)}_t f − T^{(2)}_t f ) g dν = ∫ t 0 [ E^{(2)}(T^{(1)}_s f, T^{(2)∗}_{t−s} g)

−E^{(1)}(T^{(1)}_s f, T^{(2)∗}_{t−s} g) ] ds, where T^{(2)∗}_t denotes the adjoint of T^{(2)}_t on L^2(μ), t > 0.

Proof. Obviously, we may assume that both (E^{(1)}, D(E^{(1)})), and (E^{(2)}, D(E^{(2)})) are nonnegative definite, i.e., are coercive closed forms and that α = 1. For t > s > 0 and f, g ∈ D(E^{(1)}) = D(E^{(2)}) we have d ds ∫ T^{(1)}_s f T^{(2)∗}_{t−s} g dμ

= lim_{ε→0} [ 1 ε ∫ (T^{(1)}_{s+ε}f − T^{(1)}_s f) T^{(2)∗}_{t−(s+ε)}g dμ + 1 ε ∫ T^{(1)}_s f (T^{(2)∗}_{t−(s+ε)}g − T^{(2)∗}_{t−s} g) dμ ] . By [2] we conclude that the linear functionals u → 1 ε (T^{(1)}_{s+ε}f − T^{(1)}_s f, u)_L2_{(μ)}, and u → 1 ε (u, T^{(2)∗}_{t−(s+ε)}g − T^{(2)∗}_{t−s} g)_L2_{(μ)},

which are continuous on D(E^{(1)}) w.r.t. the norm (E^{(1)}_1 )^{1/2} resp. (E^{(2)}_1 )^{1/2}, converge pointwise as ε → 0 to the linear functionals

u → −E^{(1)}(T^{(1)}_s f, u), respectively u → E^{(2)}(u, T^{(2)∗}_{t−s} g), u ∈ D(E^{(1)}). Since by [2] T^{(2)∗}_{t−(s+ε)}g −→_{ε→0} T^{(2)∗}_{t−s} g in D(E^{(2)}) w.r.t. (E^{(2)}_1 )^{1/2}, hence w.r.t. (E^{(1)}_1 )^{1/2} by assumption, we conclude that d ds ∫ T^{(1)}_s f T^{(2)∗}_{t−s} g dμ = E^{(2)}(T^{(1)}_s f, T^{(2)∗}_{t−s} g) −E^{(1)}(T^{(1)}_s f, T^{(2)∗}_{t−s} g).

Integrating from 0 to t w.r.t. ds yields the assertion. � Remark 2.3 In the situation described in the following subsection the right hand side of the Duhamel formula in Proposition 2.2 can be calculated explicitly, if g is bounded. As a consequence one can prove that each T^{(1)}_t is then continuous on L^2(ν) for ν := ρ · μ, where ρ ∈ L^2(μ) such that ρ = T^{(2)∗}_t ρ (= S_tρ in Subsection 2.2) for all t > 0, provided the vector field v (cf. Subsection 2.2) is bounded.

We recall that (E, D(E)) is said to satisfy the Poincaré inequality resp. the Log–Sobolev inequality (cf. [9], [14]) if there exists λ ∈ (0, ∞) such that for all f ∈ D(E) ‖f − ∫ f dμ‖^2_L2_{(μ)} ≤ λ E(f, f) (2.3) resp. ∫ f^2 log(|f|/‖f‖_L2_{(μ)}) dμ ≤ λE(f, f) . (2.4) We shall also use a weaker form of (2.4), namely that for some λ ∈ (0, ∞) and all f ∈ D(E) ∫ f^2 log(|f|/‖f‖_L2_{(μ)}) dμ ≤ λE_1(f, f). (2.4)^′ (2.4)’ is called the defective Log–Sobolev inequality.

Clearly, (2.3), (2.4), and (2.4)’ are properties of the symmetric part of (E, D(E)) It is well–known that (2.4) implies (2.3) (cf. [14] and the references therein). We note that (2.4) implies that (E, D(E)) is nonnegative definite, hence that it is a coercive closed form.

As we shall see, the classical theory of Fredholm operators will give us the following result (to be applied later):

Proposition 2.4 Assume that (E, D(E)) satisfies the Poincaré inequality (2.3) for some λ > 0 and that 1 ∈ D(L) with L1 = 0. Let ~L : D(L) → L^2(μ) be a linear operator which is continuous provided D(L) is equipped with the graph norm with ~L1 = 0. If there exist constants κ ∈ (0, λ^{− 12} ) and K > 0 such that (Lf − ~Lf, f)_L2_{(μ)} ≥ −κ √ E(f, f) ‖f‖_L2_{(μ)} ∀f ∈ D(L), and |(Lf − ~Lf, g)_L2_{(μ)}| ≤ K‖f‖_{E1} ‖g‖_{E1} ∀f, g ∈ D(E), then dim Ker ~L^∗ = 1 (where ~L^∗ denotes the adjoint of ~L on L^2(μ)).

Proof. Let ε > 0 be such that 1 − κ √ λ + ε =: δ > 0. Set M := 1 + ε^{−1}κ √ λ + ε and consider the operator A on D(L) defined by Af := ~Lf − M(f, 1)_L2_{(μ)}. Let g ∈ L^2(μ) be fixed. We shall prove that there is an element f ∈ D(L) such that Af = g. To this end, let us consider the bilinear form

Q(φ, ψ) = E(φ, ψ) + ((L − ~L)φ, ψ)_L2_{(μ)} + M(φ, 1)_L2_{(μ)}(ψ, 1)_L2_{(μ)}

on D(L) × D(L). Since by assumption E(ψ, 1) = 0 for all ψ ∈ D(E), we have by (2.3) that

‖φ‖^2_L2_{(μ)} ≤ λE(φ, φ) + (φ, 1)^2_L2_{(μ)}. (2.5)

Hence one gets for all φ ∈ D(L) Q(φ, φ) ≥ E(φ, φ) − κ √ E(φ, φ) √ λE(φ, φ) + (φ, 1)^2_{L2(μ)} + M(φ, 1)^2_L2_{(μ)}.

If (φ, 1)^2_L2_{(μ)} ≤ εE(φ, φ), then Q(φ, φ) ≥ δE(φ, φ) + M(φ, 1)^2_L2_{(μ)}.

If (φ, 1)^2_L2_{(μ)} ≥ εE(φ, φ), then by the definition of M Q(φ, φ) ≥ E(φ, φ) + (φ, 1)^2_L2_{(μ)}.

Therefore, by virtue of (2.5) there exists c > 0 such that

Q(φ, φ) ≥ c‖φ‖^2_{E1} ∀φ ∈ D(L). (2.6) On the other hand, by assumption there exists K_1 > 0 such that |Q(φ, ψ)| ≤ K_1‖φ‖_{E1} ‖ψ‖_{E1} ∀φ, ψ ∈ D(L). In particular, since D(L) is dense in D(E) with respect to the norm ‖ · ‖_{E1} , Q extends uniquely to a continuous bilinear form on D(E) denoted again by Q. Clearly, this extension satisfies (2.6).

Since the functional ψ → −(g, ψ)_2 is continuous on D(E), by virtue of the Lax–Milgram theorem there is an element f ∈ D(E) such that Q(f, ψ) = −(g, ψ)_L2_{(μ)} ∀ψ ∈ D(E). Hence, the functional

ψ → E(f, ψ) = −((L − ~L)f, ψ)_L2_{(μ)} − M(f, 1)_L2_{(μ)}(ψ, 1)_L2_{(μ)} − (g, ψ)_L2_{(μ)} is continuous on D(E) w.r.t. L^2(μ)-norm. This means that f is in the domain of L, hence

−(g, ψ)_L2_{(μ)} = Q(f, ψ) = (−Af, ψ)_L2_{(μ)} for all ψ ∈ D(E), i.e., Af = g. Thus, A is surjective on D(L). In addition, A is injective. Indeed, if Af = 0 for some f ∈ D(L), then Q(f, f) = −(Af, f)_L2_{(μ)} = 0, whence by virtue of (2.6) we get f = 0. Since the operator f → M(f, 1)_2 is compact on D(L), the operator ~L is Fredholm with index zero. This means that codim~L(D(L)) = dim Ker ~L ≥ 1, since ~L1 = 0. The latter also implies that for φ ∈ Ker ~L 0 = ~L(φ − (φ, 1)_L2_{(μ)} = A(φ − (φ, 1)_L2_{(μ)}).

Hence φ = (φ, 1)_L2_{(μ)}, i.e., dim Ker ~L = 1. Since dim Ker ~L^∗ = ~L(D(L))^⊥, the assertion follows. �

Remark 2.5 (i) Proposition 2.4 implies the existence (and uniqueness) of invariant measures ”in case of small perturbations” (cf. Remark 3.5 (iii) below).

(ii) As Example 2.6 (iii) below shows, in Proposition 2.4 the restriction on κ cannot be dropped in general.

2.2 The framework

Let X be a locally convex topological vector space (over R) which for simplicity is assumed to be Souslinean (i.e., the continuous image of a Polish space) with dual X^∗ and Borel σ–algebra B := B(X). Let H be a separable Hilbert space which is continuously embedded into X. Define FC^∞_b := {φ(l_1, . . . , l_m) | m ∈ N, l_i ∈ X^∗, φ ∈ C^∞_b (R^m)}, i.e., the space of bounded smooth cylinder functions on X. Here C^∞_b (R^m) denotes the set of all infinitely differentiable real–valued functions on R^m with partial derivatives of all order bounded. For f ∈ FC^∞_b , x ∈ X, define ∇_Hf(x) to be the (unique) element in H such that for all h ∈ H

(∇_Hf(x), h)_H = ∂_hf(x) := d ds f(x + sh)_{|s=0}. (2.7)

Let μ be a probability measure on (X, B) such that f = g μ–a.e. implies ∇_Hf = ∇_Hg μ–a.e. for all f, g ∈ FC^∞_b and such that E_μ(f, g) = ∫ X (∇_Hf, ∇_Hg)_H dμ ; f, g ∈ ~FC^∞_b^μ (2.8) is closable on L^2(μ). (Here ~FC^∞_b^μ denotes the set of μ–classes determined by FC^∞_b ). Then for any strongly measurable map A : X → L_s(H) (:= set of all symmetric nonnegative definite bounded linear operators on H) such that

C^{−1}I_H ≤ A μ–a.e. for some C > 0 and ∫ X ‖A(x)‖_{L(H)}μ(dx) < ∞, (2.9)

(where ‖A(x)‖_{L(H)} := sup_{|h|H =1} |A(x)h|_H), also the form E_{μ,A}(f, g) := ∫ X (A(x)∇_Hf(x), ∇_Hg(x))_H μ(dx); f, g ∈ ~FC^∞_b^μ (2.10) is closable on L^2(μ) (see [8, Theorem 3.1] and also [7] for sufficient conditions for this to hold). Let (E_{μ,A}, D(E_{μ,A})) denote the corresponding closure. Below μ, A are fixed, so we set (E, D(E)) := (E_{μ,A}, D(E_{μ,A})). (2.11) ∇_H extends (via L^2(μ)–limits) to every f ∈ D(E). This extension is also denoted by ∇_H or ∇^μ_H if we want to express its dependence on μ. Clearly, (E, D(E)) is a coercive closed form which is symmetric. Let (L, D(L)) denote the corresponding (self–adjoint) generator.

Let v : X → H be B(X)/B(H)–measurable with |v|_H ∈ L^2(μ) such that there exist ε ∈ (0, 1), a, b ∈ R_+ such that for all f, g ∈ FC^∞_b | | | ∫ (v, ∇_Hf)_H g dμ | | | ≤ b E_1(f, f)^{1/2}E_1(g, g)^{1/2} (2.12a)

and ∫ (v, ∇_Hf)_H f dμ ≥ −ε E(f, f) − a (f, f)_L2_{(μ)} . (2.12b) Then E_v(f, g) := E(f, g) + ∫ (v, ∇_Hf)_H g dμ; f, g ∈ ~FC^∞_b is closable on L^2(μ). Let (E_v, D(E_v )) denote its closure. Clearly, for some α > 0 the norms ‖ ‖_{E1} and ‖ ‖_{Ev,α} are equivalent. Hence D(E_v ) = D(E) and it is easy to check that E_v(f, g) = E(f, g) + ∫ X (v, ∇_Hf)_H g dμ, ∀ f, g ∈ D(E_v) = D(E), g bounded. (2.13)

(E_v, D(E)) is a sectorial form on L^2(μ). In view of (2.11) we also write E_{μ,A,v} instead of E_v if we want to express the dependence on A, μ. Let (L_v, D(L_v)) and S_t := e^{tLv} , t > 0, denote the corresponding generator resp. strongly continuous semigroup.

Example 2.6 (i) Typical examples for v above are bounded vector fields from X to H or such with sufficiently good integrability properties. If (E, D(E)) satisfies the classical Sobolev inequality

‖f‖ 2d_{d−2} ≤ const. E_1(f, f)^{1/2} it is enough to have |v| ∈ L^p(μ) with p ≥ d (cf. e.g. [24, Sect. 1]). If E satisfies the Log–Sobolev inequality (2.4) we need the exponential integrability of α|v|^2_H for sufficiently large (depending on the Log–Sobolev constant λ) α > 0 (see [29, Sect. 2.4]).

(ii) Let X = H = R^d and μ := ρ dx where dx denotes Lebesgue measure on R^d and ρ(x) := C exp(−|x|), x ∈ R^d. Then (E, D(E)) as defined above (i.e., A = IRd) is known to satisfy the Poincaré inequality (2.3). Take v(x) := −x/|x|, x ∈ R^d, and ~L := L_v. Then as is easily checked all assumptions in Proposition 2.4 except for the ”smallness condition” on κ are fulfilled. But on the other hand ~L = Δ. Hence the restriction on κ cannot be dropped, because otherwise Proposition 2.4 would imply that there exists f ∈ L^2(μ), f ≢ 0, such that ∫ f Δφ ρ dx for all φ ∈ C^∞_b (R^d).

Hence f · ρ is (weakly) harmonic. Since f · ρ ∈ L^1(dx), it follows that fρ ≡ 0, contradicting the fact that f ≢ 0.

2.3 Uniqueness of invariant measures

We recall that e.g. by [20, Chap. 2] both semigroups are positivity preserving (i.e., T_tf, S_tf ≥ 0 for all t > 0, provided f ∈ L^2(μ), f ≥ 0). But both are also Markovian, since in addition T_t1 = S_t1 = 1 for all t > 0, because 1 ∈ D(L)∩D(L_v ) and L1 = L_v1 = 0. To formulate and prove our uniqueness result we need some preparations:

Definition 2.7 Let ρ ∈ L^1(μ). The signed measure ν := ρ · μ is called (S_t)–invariant, if ∫ S_tf dν = ∫ f dν for f ∈ L^∞(μ). Let (L^∗_v, D(L^∗_v )), S^∗_t , t > 0, be the adjoint operators of (L_v, D(L_v)), S_t, t > 0, respectively. We have that D(L^∗_v) ⊂ D(E_v ) (= D(E)). (This follows e.g. from [19, Chap.I, Sect. 2] since (E_v + α( , )_L2_{(μ)}, D(E)) is a coercive closed form for large enough α > 0.) Hence the following is entirely straightforward (see [27] and cf. Remark 2.1).

Lemma 2.8 Let ρ ∈ L^2(μ). Then the following assertions are equivalent:

(i) ρ is (S_t)–invariant. (ii) S^∗_t ρ = ρ for all t > 0.

(iii) ρ ∈ D(E) and E_v(f, ρ) = 0 for all f ∈ D(E). (iv) ρ ∈ D(L^∗_v) and L^∗_vρ = 0.

Remark 2.9 Obviously, Lemma 2.8 (iii) is equivalent to E_v(f, ρ) = 0 for all f ∈ FC^∞_b .

If FC^∞_b ⊂ D(L_v), and if ν := ρ · μ this can be written equivalently ∫ L_vf dν = 0 for all f ∈ FC^∞_b This means that ν satisfies the equation L^∗_vν = 0 as defined in [1]. In particular, all existence results of (S_t)–invariant measures yield also existence of solutions to such equations in [1]. However, no result in this paper implies that ν is the only probability measure satisfying L^∗_vν = 0. This question is addressed and answered in many cases in [1]. In particular, in these cases uniqueness among all probability measures (not necessarily absolutely continuous w.r.t. μ) is proved.

Lemma 2.10 Let ρ ∈ L^2(μ) such that ν := ρ · μ is (S_t)–invariant and let ρ_n := (ρ ∧ n) ∨ (−n). Then for all f ∈ D(E) E(f, ρ) = − lim_{n→∞} ∫ (v, ∇_Hf)_H ρ_n dμ. In particular, E(ρ, ρ) ≤ a 1 − ε ‖ρ‖^2_L2_{(μ)} , (2.14) where a, ε are as in (2.12b).

Proof. Note that since ρ ∈ D(E) by Lemma 2.8, it follows from [19, Chap. I, Proposition 4.17 (i)] and (2.12), (2.13) that for all f ∈ D(E) E(f, ρ) = lim_{n→∞} E(f, ρ_n) = lim_{n→∞}(E_v(f, ρ_n) − ∫ (v, ∇_Hf)_H ρ_n dμ) = E_v(f, ρ) − lim_{n→∞} ∫ (v, ∇_Hf)_H ρ_n dμ = − lim_{n→∞} ∫ (v, ∇f)_H ρ_n dμ. Taking f = ρ we obtain by (2.12b) that E(ρ, ρ) ≤ ε lim_{n→∞} E(ρ_n, ρ_n) + a lim_{n→∞} ‖ρ_n‖^2_L2_{(μ)} = ε E(ρ, ρ) + a ‖ρ‖^2_L2_{(μ)}, and the last part of the assertion follows also. � The following result is the heart of our proof of uniqueness of invariant measures for (S_t)_{t>0}.

Proposition 2.11 Let ρ ∈ L^2(μ) be such that ν := ρ · μ is an (S_t)–invariant probability measure.

(i) If N ∈ B(X) such that {ρ = 0} ⊂ N, and ν(N) = 0. Then T_t1_N = 1_N μ–a.e. for all t > 0.

(ii) If f ∈ L^2(μ) with ∫ f dν = 0, then T_tf = 0 ν–a.e. for all t > 0.

Proof. (i): Let Z := X \ N. Since S_t1_N = 0 ν–a.e. for all t > 0, it follows that S_t1_Z = S_t1 − S_t1_N = 1 = 1_Z ν–a.e. Since (E_v + α( , )_L2_{(μ)}, D(E)) for α > 0 sufficiently large is a coercive closed form, we conclude by [2] (cf. the proof of Proposition 2.2 above) that 1_Z ∈ D(E). (Indeed, since {ρ = 0} ⊂ N, μ ∼ ν on Z, hence sup_{t>0} 1 t ((1 − e^{−αt}S_t) 1_Z , 1_Z)_L2_{(μ)} = sup_{t>0} 1 t (1 − e^{αt}) (1_Z , 1_Z)_L2_{(μ)} = α (1_Z , 1_Z)_L2_{(μ)}. ) Since then also 1_N = 1 − 1_Z ∈ D(E), we have by the product rule 0 = ∇_H(1_N 1_Z ) = 1_N ∇_H1_Z + 1_Z ∇_H1_N μ–a.e., which implies that ∇_H 1_Z = 0 on N μ–a.e. and ∇_H 1_N = 0 on Z μ–a.e.

Therefore, (A^{1/2}∇_H1_Z , A^{1/2}∇_H1_N )_H = 0 μ–a.e., i.e., E(1_Z , 1_N ) = 0.

It follows that

E(1_Z , 1_Z ) = E(1_Z , 1) − E(1_Z , 1_N ) = E(1_Z , 1) = 0.

Consequently, 1_Z ∈ D(L) and L1_Z = 0, which in turn implies that for all t > 0 T_t1_Z − 1_Z = ∫ t 0 T_s L1_Z ds = 0 μ–a.e. ,

and thus for all t > 0

T_t1_N = T_t1 − T_t1_Z = 1 − 1_Z = 1_N μ–a.e.

(ii): Obviously, we may assume f = 1_N , N ∈ B(X), ν(N) = 0, and {ρ = 0} ⊂ N (otherwise consider N ∪ {ρ = 0}). Then by (i) for all t > 0

T_t1_N = 1_N = 0 ν–a.e. � Remark 2.12 Note that in the previous literature (cf. e.g. [27], [15]), in more particular cases Proposition 2.11 was established using probabilistic tools, i.e., Girsanov’s theorem. Our proof above is, however, purely analytic.

Corollary 2.13 Suppose ν_i := ρ_i · μ, i = 1, 2, are probability measures which are (S_t)–invariant such that at least one ρ_1 or ρ_2 is in L^2(μ). If (E, D(E)) is irreducible (i.e., f ∈ D(E) is constant, provided E(f, f) = 0), then ν_1 = ν_2.

Proof. Let t > 0. Since S^∗_t is positivity preserving (see e.g. [20]), we have for all f ∈ L^2(μ) ∫ |S^∗_t f| dμ ≤ ∫ S^∗_t |f| dμ = ∫ S_t 1 |f| dμ = ∫ |f| dμ, i.e., S^∗_t extends to L^1(μ). We denote this extension again by S^∗_t . Furthermore, for ρ ∈ L^1(μ), ρ_k := (ρ ∨ (−k) ∧ k, k ∈ N, and all f ∈ L^∞(μ) ∫ S_tf ρ dμ = lim_{k→∞} ∫ S_tf ρ_k dμ = lim_{k→∞} ∫ f S^∗_t ρ_k dμ = ∫ f S^∗_t ρ dμ Hence ρ · μ is (S_t)–invariant if and only if ρ ∈ V := {g ∈ L^1(μ) | S^∗_t g = g for all t > 0} .

Claim 1. The linear space V is a lattice.

Indeed, if ρ ∈ V , t > 0, then S^∗_t ρ^+ ≥ S^∗_t ρ = ρ and S^∗_t ρ^+ ≥ 0, i.e., S^∗_t ρ^+ ≥ ρ^+. In addition, ∫ (S^∗_t ρ^+ − ρ^+) dμ = ∫ S_t 1 ρ^+ dμ − ∫ ρ^+ dμ = 0

hence S^∗_t ρ^+ = ρ^+, i.e., ρ^+ ∈ V , and Claim 1 is proven.

Claim 2. Let ν := ρ · μ be an (S_t)–invariant probability measure with ρ ∈ L^2(μ). Then ρ > 0 μ–a.e.

To prove this claim let Z := {ρ > 0}, N := X \Z, t > 0. Then 1_N = 0 ν–a.e., hence by Proposition 2.11 (i) we know that T_t1_N = 1_N μ–a.e. Consequently, T_t 1_Z = T_t 1 − T_t1_N = 1 − 1_N = 1_Z μ–a.e. and the irreducibility of (E, D(E)) implies that 1_Z =const. μ–a.e. (cf. [4, Proposition 2.3]), i.e., μ(Z) = 1 and Claim 2 is proven.

Claim 3. If ρ_1, ρ_2 are both in L^2(μ), then ρ_1 = ρ_2.

Indeed, by Claim 1 we know that α(ρ_1 − ρ_2)^+μ, β(ρ_1 − ρ_2)^−μ are both (S_t)– invariant probability measures for some α, β > 0 unless they are zero. Since both are mutually singular, and by Claim 2 also both are equivalent to μ, at least one of them must be zero, which implies that ρ_1 and ρ_2 coincide. Hence Claim 3 is proven.

To finish the proof it suffices to note that by Claim 1 (ρ_1 ∧ ρ_2) · μ is (S_t)–invariant and ρ_1 ∧ ρ_2 ∈ L^2(μ). So, if e.g. ρ_1 ∈ L^1(μ) then by Claim 2 we have ρ_1 ∧ ρ_2 = αρ_1 for some α > 0. (Indeed, α ≠ 0, since ρ_1 > 0 μ–a.e., by Proposition 2.11). Since ∫ ρ_1 dμ = 1, it follows that α ≤ 1, hence if α < 1, ρ_2 = αρ_1 which contradicts the fact that ∫ ρ_2 dμ = 1. Therefore, α = 1, i.e., ρ_1 ≤ ρ_2, therefore ρ_1 = ρ_2. �

3 Log{Sobolev Dirichlet forms and their perturbations

In this section we consider perturbations of Dirichlet forms satisfying the defective Log–Sobolev inequality (2.4)’.

3.1 The finite–dimensional case: compact embeddings

Consider the situation described in Subsection 2.2 with X := H := R^d equipped with the Euclidean inner product ( , ) := ( , )Rd and fix μ, A, as defined there. Now x → A(x) is a matrix–valued map. Suppose μ is absolutely continuous w.r.t. Lebesgue measure dx on R^d and let ρ :=^{dμ}_{dx} . We recall that ρ is said to satisfy Hamza’s condition if the set R(ρ) := {y ∈ R^d | ∃ε > 0 : ∫ |x−y|<ε |ρ(x)|^{−1} dx < ∞} (3.1) has full μ–measure (cf. [25]). Set ∇^μ := ∇^μR_d (E, D(E)) := (E_{μ,A}, D(E_{μ,A})). Remark 3.1 (i) Byt [7, Proposition 5.1] Hamza’s condition, in particular, implies closability and that ∇f = ∇g μ–a.e. provided f, g ∈ C^∞_b (R^d) with f = g μ–a.e.

(ii) Note that in this case FC^∞_b = C^∞_b (R^d). But in fact, (E, D(E)) is also the closure of C^∞_0 (R^d) (= all smooth functions on R^d with compact support). So, the role of FC^∞_b can be replaced by C^∞_0 (R^d).

Our next result deals with an interesting property of Log–Sobolev Dirichlet forms which is also important for the sequel. We shall see that under rather mild restrictions on the weight, a Log–Sobolev Dirichlet form on R^d (or a Riemannian manifold) has the property that the embedding of the Sobolev class H^{1,2}(μ) := D(E) into L^2(μ) is compact. The problem of finding conditions on a weight ρ on R^n that give the compactness of the embedding H^{1,2}(ρ dx) → L^2(ϱ dx) has been studied by many authors over the last four decades (see, e.g., references in [18]). Typically the conditions obtained so far concern the behaviour of ρ at infinity and some local bounds. Theorem 3.2 below gives natural conditions that are fulfilled in many concrete examples not covered by previously known results.

Theorem 3.2 Let ϱ satisfy Hamza’s condition. Suppose that (E, D(E)) satisfies the defective Log–Sobolev inequality (2.4)’. Then the embedding D(E) → L^2(μ) is compact.

Proof. It suffices to prove that for every sequence (f_n)_{n∈}N that converges to zero in the weak topology of the space D(E) w.r.t. ‖ ‖_{E1} , one has norm convergence to zero of this sequence in L^2(μ).

Assume that (f_n)_{n∈}N does not converge to zero in L^2(μ). Then there exists a subsequence of (f_n)_{n∈}N whose norms are bounded away from zero. Denoting this subsequence again by (f_n)_{n∈}N we thus have

inf_n ‖f_n‖_L2_{(μ)} > 0 . (3.2)

Since (f_n)_{n∈}N is bounded in D(E), we have

sup_n ∫ f^2_n dμ + ∫ (∇^μf_n, ∇^μf_n) dμ < ∞. By the defective Log–Sobolev inequality (2.4)’ it follows that

sup_n ∫ f^2_n log |f_n| dμ < ∞, hence {f^2_n | n ∈ N} is uniformly μ–integrable. Therefore, we get a contradiction to (3.2), if we can prove that (f_n)_{n∈}N has a subsequence that converges in μ–measure.

Let Ω be an open ball on which 1/ρ ∈ L^1(Ω). Since for every smooth compactly supported function ψ one has ∫ Ω |ψ| dx ≤ C(Ω) √∫ Ω ψ^2 μ(dx), ∫ Ω |∇ψ| dx ≤ C(Ω) √∫ Ω |∇ψ|^2 μ(dx) where C(Ω) = √∫ Ω ρ(x)^{−1} dx, it follows from the definition of D(E) that for every element f ∈ D(E), f|_Ω ∈ H^{1,1}_{loc} (Ω) (i.e., the classical local Sobolev space w.r.t. Lebesgue measure of order 1 in L^1_{loc}(dx)) and the restriction to Ω of its gradient ∇^μf coincides with ∇f in the Sobolev sense. Therefore, we get

sup_n ∫ Ω |f_n| dx + ∫ Ω |∇f_n| dx < ∞. By the compactness of the embedding of H^{1,1}(Ω) to L^1(Ω) (see, e.g. [18]), we get a subsequence of (f_n)_{n∈}N denoted again by (f_n)_{n∈}N which converges in L^1(Ω), hence, in measure with respect to Lebesgue measure, and, consequently, with respect to μ on Ω. It follows that (by a standard diagonal procedure) we can find a subsequence that converges in measure with respect to the measure μ on the whole space R^d. Its limit F , however, is zero μ–a.e., since by the Banach–Saks theorem (selecting again a subsequence if necessary) (f_1 + · · · + f_n)/n −→_{n→∞} 0 in L^2(μ), but also (f_1 + · · · + f_n)/n −→_{n→∞} F in L^2(μ). � Remark 3.3 (i) Note that the Hamza condition is trivially satisfied if μalmost every point x has a neighborhood on which essinf ρ is strictly positive. For example, this is true if ρ is lower semicontinuous μ-a.e.

(ii) Replacing the role of C^∞_b (R^d) resp. C^∞_0 (R^d) by C^∞_0 (U), the above theorem immediately generalizes to the case where R^d is replaced by an open subset U. Likewise there is a straightforward generalization to Riemannian manifolds. (This also holds for Theorem 3.4 below.) Since such situations admit finite products (see e.g. [14]), one gets a lot of nontrivial examples starting with the one-dimensional case. For more concrete examples of measures satisfying the Log–Sobolev inequality we refer to [14] and [9], as well as the references therein.

(iii) The condition that μ satisfies the defective Log–Sobolev inequality (2.4)’ cannot be replaced by the Poincaré inequality (2.3) as will follow from the next theorem (cf. Remark 3.5 below).

(iv) Also in infinite dimensions there are situations where D(E) → L^2(μ) is compact. In these cases typically X = H. We refer to [12], [23] for examples.

3.2 Existence and uniqueness of invariant measures

In this subsection we shall see that by the classical Fredholm theory the compact embedding discussed above implies the existence of invariant measures. We now again consider the general situation of Subsection 2.2 and adopt the notation introduced there. In particular, (E, D(E)), (E_v, D(E)), (L_v, D(L_v)) are as defined there and fixed below.

Theorem 3.4 Assume D(E) → L^2(μ) is compact (cf. Theorem 3.2 and Remark 3.3 (iv) for sufficient conditions resp. examples). Let (L^∗_v, D(L^∗_v)) be the adjoint of (L_v, D(L_v)) on L^2(μ). Then:

(i) dim Ker L^∗_v < ∞ and there exists a non-negatve ρ ∈ Ker L^∗_v \ {0}. In particular, ν := ( ∫ ρ dμ)^{−1} ρ·μ is an (S_t)–invariant probability measure.

(ii) Suppose (E, D(E)) is irreducible. Then dim Ker L^∗_v = 1. In particular, ν defined in (i) is the only (S_t)–invariant probability measure absolutely continuous w.r.t. μ.

Proof. (i): Since (L_v, D(L_v )) generates a strongly continuous semigroup (S_t)_{t>0} on L^2(μ), there exists α > 0 such that (α − L_v) : D(L_v ) → L^2(μ) is a bijection. Hence α − L_v is a Fredholm operator with index zero. Since ‖ ‖_{E1} and ‖ ‖_{Ev,α} are equivalent and D(E) → L^2(μ) is compact, so is D(L_v) → L^2(μ) provided D(L_v) is equipped with the graph norm. Thus α − L_v is an L_v–compact perturbation of L_v, i.e., L_v is also a Fredholm operator with index zero (cf. [16]). Thus dim Ker L^∗_v = dim Ker L_v < ∞. Since 1 ∈ D(L_v ) and L_v1 = 0, we obtain that KerL^∗_v ≠ {0}.

Now let g ∈ Ker L^∗_v, then by Lemma 2.8

S^∗_t g = g for all t > 0

where (S^∗_t )_{t>0} is the adjoint semigroup of (S_t)_{t>0} on L^2(μ). By Claim 1 in the proof of Corollary 2.13 (note that the irreducibility assumption was not used there) we know that

S^∗_t g^+ = g^+ for all t ≥ 0,

which in turn implies that g^+ ∈Ker L^∗_v and also (cf the beginning of the proof of Corollary 2.13) that g^+ · μ is (S_t)–invariant.

(ii): This follows by (i) from Corollary 2.13. �

Remark 3.5 (i) As Theorem 3.2 also the previous result has a natural extension to Riemannian manifolds.

(ii) As we have seen in Example 2.6 (ii), Theorem 3.4 does not apply to the case described there. Hence there, D(E) → L^2(μ) cannot be compact. Since clearly Hazma’s condition holds for ρ(x) = C exp(−|x|), x ∈ R^d, (E_μ, D(E_μ)) by Theorem 3.2 cannot satisfy the defective Log–Sobolev inequality (2.4)’ though it satifies the Poincaré inequality (2.3). This fact is known to experts (at least with (2.4) replacing (2.4)’), but our results here provide a new proof.

(iii) In the special situation of Theorem 3.4, the uniqueness part can be proven directly without refering to Corollary 2.13. Indeed, by straightforward analytic arguments it is easy to see that, if (E, D(E)) is irreducible, so is (E_v, D(E_v)) (see also [21, Satz 4.4] for a probabilistic proof). Hence it follows that 1 = dim Ker L_v = dim Ker L^∗_v (cf. the proof of Theorem 3.4).

Despite of [12], [23] the number of examples where D(E) → L^2(μ) is compact is quite limited if dim X = ∞. However, there is a large number of cases where (E, D(E)) still satisfies the defective Log–Sobolev inequality (2.4)’. We refer besides [14], [9], in particular, to [3, Sections 3 and 4]. The latter reference contains examples which include non–Gaussian (Gibbs) measures. Below we shall, therefore, prove a result on existence and uniqueness of invariant measures where instead of the compactness of D(E) → L^2(μ) we assume the defective Log–Sobolev inequality (2.4)’ and a mild ”positivity assumption” (cf. condition (i) in Theorem 3.6 below) to hold.

From now on we assume that H is dense in X. Identifying H with its dual H^∗ we obtain a map j_H : X^∗ → H^∗ ≡ H ⊂ X such that (j_H (k), h)_H = X^∗⟨k, h⟩X for all k ∈ X ∗, h ∈ H. Furthermore, (e.g. by [8, Lemma 5.6]) there exists a set {l_n | n ∈ N} ⊂ X^∗ separating the points of X such that e_n := j_H (l_n), n ∈ N, form an orthonormal basis of H. For n ∈ N define Π_n : X → R^n by Π_n(x) := (l_1(x), . . . , l_n(x)).

Furthermore, set μ_n := μ ∘ Π^{−1}_n .

Theorem 3.6 Assume that the following conditions hold: (i) (E, D(E)) satisfies the defective Log–Sobolev inequality (2.4)’. (ii) There exist l_n, n ∈ N, as described above, such that μ_n = p_n dx and p_n satisfies Hamza’s condition for all n ∈ N.

Then there exists ρ ∈ D(E), ρ ≥ 0, such that ν := ρ · μ is an (S_t)–invariant probability measure. If (E, D(E)) is irreducible (which is e.g. the case provided (E, D(E)) satisfies the Poincaré inequality (2.3) or instead of (2.4)’ in (i) the stronger Log–Sobolev inequality (2.4)) then ν is the only (S_t)–invariant probability measure, absolutely continuous w.r.t. μ.

Proof. Fix n ∈ N. For i, j ∈ N, x ∈ X, set

a_{ij}(x) := (A(x)e_i, e_j)_H v_i(x) := (v(x), e_i)_H ,

where e_n := j_H(l_n), n ∈ N, as above. Let a^{(n)}_{ij} : R^n → R, v^{(n)}_i : R^n → R^n, be B(R^n)–measurable such that

a^{(n)}_{ij} ∘ Π_n = E_μ[a_{ij} | σ_n] μ–a.e.

v^{(n)}_i ∘ Π_n = E_μ[v_i | σ_n] μ–a.e.

Here E_μ[· | σ_n] denotes the conditional expectation of μ given the σ–algebra σ_n := σ(l_1, . . . , l_n). Define for f, g ∈ C^∞_b (R^n)

E^{(n)}(f, g) := n∑ i,j=1 ∫ ∂_if ∂_jg a^{(n)}_{ij} dμ_n (where ∂_i means partial derivative w.r.t. th i–th coordinate) and

E^{(n)}_{v(n)} (f, g) := E^{(n)}(f, g) + ∫ (v^{(n)}, ∇f)Rn g dμ_n where v^{(n)} := (v^{(n)}_1 , . . . , v^{(n)}_n ).

Since (a^{(n)}_{ij} )_{1≤i,j≤n} ≥ C^{−1} IRn μ_n–a.e. by (2.9), we know by assump-

tion (ii) and Remark 3.1 that (E^{(n)}, ~C^∞_b (R^n)^{μn} ) is closable and its closure (E^{(n)}, D(E^{(n)})) is a (symmetric) coercive closed form on L^2(R^n; μ_n).

By (2.12a) we have that for all f, g ∈ C^∞_b (R^n) | | | ∫ (v^{(n)}, ∇f)Rn g dμ_n | | | = | | | n∑ i=1 ∫ E_μ[v_i | σ_n] (∂_if ∘ Π_n) (g ∘ Π_n) dμ | | | = | | | ∫ (v, ∇_H(f ∘ Π_n))_H (g ∘ Π_n) dμ | | | ≤ b E_1(f ∘ Π_n, f ∘ Π_n)^{1/2} E_1(g ∘ Π_n, g ∘ Π_n)^{1/2} = b E^{(n)}_1 (f, f)^{1/2} E^{(n)}_1 (g, g)^{1/2} .

Likewise (2.12b) with the same ε and a (hence independent of n) holds and we obtain that (E^{(n)}_{v(n)} , ~C^∞_b (R^n)^{μn} ) is closable on L^2(R^n; μ_n) and its closure (E^{(n)}_{v(n)} , D(E^{(n)}_{v(n)} )) is a sectorial form with D(E^{(n)}_{v(n)} ) = D(E^{(n)}) satisfying (2.13). Similarly, using assumption (i) one easily checks that the defective Log– Sobolev inequality (2.4)’ for (E^{(n)}, D(E^{(n)} )) holds with the same λ. Hence assumption (ii) and Theorems 3.2, 3.4 imply that there exists ρ_n ∈ D(E^{(n)} ) such that ρ_n ≥ 0, ∫ R^{n ρ2}n^{dμ}n^{= 1, and}

E^{(n)}_{v(n)} (f, ρ_n) = 0 for all f ∈ D(E^{(n)} ). (3.3)

By what we have just shown and (2.14) in Lemma 2.10 we conclude that

E^{(n)}(ρ_n, ρ_n) ≤ a 1 − ε for all n ∈ N. (3.4)

Hence the defective Log–Sobolev inequality implies that ∫ (ρ_n ∘ Π_n)^2 log(ρ_n ∘ Π_n) dμ = ∫ ρ^2_n log ρ^2_n dμ_n ≤ λ ( a 1 − ε + 1 )

for all n ∈ N. Therefore, {(ρ_n ∘ Π_n)^2 | n ∈ N} is uniformly μ–integrable. Clearly, ρ_n ∘ Π_n ∈ D(E) and E(ρ_n ∘ Π_n, ρ_n ∘ Π_n) = E^{(n)}(ρ_n, ρ_n), hence by (3.4)

E(ρ_n ∘ Π_n, ρ_n ∘ Π_n) ≤ a 1 − ε for all n ∈ N.

In particular, a subsequence (ρ_{nk} ∘ Π_{nk} )_{k∈}N of (ρ_n ∘ Π_n)_{n∈}N weakly converges to some ρ ∈ D(E) in (D(E), E_1). Since it also converges to ρ weakly in L^2(μ), it follows that ρ ≥ 0 and that ρ ≢ 0. The latter follows since ∫ ρ dμ = lim_{k→∞} ∫ ρ_{nk} ∘ Π_{nk} dμ ≥ liminf_{n→∞} ‖ρ_n ∘ Π_n‖_L1_{(μ)}.

But the right hand side is strictly positive, because otherwise, a subsequence would converge to zero in L^1(μ), hence in μ–measure which in turn implies convergence to zero in L^2(μ) by the uniform μ–integrability of {(ρ_n ∘ Π_n)^2 | n ∈ N}. This contradicts the fact that ∫ (ρ_n ∘ Π_n)^2 dμ = 1 for all n ∈ N.

Claim: E_v(f, ρ) = 0 for all f ∈ D(E).

Let m ∈ N, ψ ∈ C^∞_b (R^m), f := ψ ∘Π_m. Then considering ψ also as a function on R^n for n ≥ m E_v(f, ρ) = lim_{n→∞n≥m} E_v(f, ρ_n ∘ Π_n) = lim_{n→∞n≥m} E^{(n)}_{v(n)} (ψ, ρ_n) = 0 where the last equality follows from (3.3).

Since {ψ ∘ Π_m | m ∈ N, ψ ∈ C^∞_b (R^m)} is dense in FC^∞_b , hence in D(E) w.r.t. ‖ ‖_{E1} (cf. [6, Proposition 2.10]) the Claim is proven.

By normalization we get the desired (S_t)–invariant probability measure. The uniqueness part of the assertion follows again by Corollary 2.13. �

Remark 3.7 In Theorem 3.6 (as well as in Proposition 3.9 below) assumption (i) can be replaced by any other on (E, D(E)) ensuring that boundedness w.r.t. ‖ ‖_{E1} implies uniform μ–square integrability. Other examples are thus provided by cases where the classical Sobolev inequality, briefly discussed in Example 2.6 (i), holds.

Example 3.8 The conditions of Theorem 3.6 are fulfilled if μ is a centered Radon Gaussian measure on a locally convex space X and H is a separable Hilbert space continuously embedded into X, containing the Cameron– Martin space H(μ) of the measure μ. Indeed, the finite dimensional projections of μ are Gaussian measures. Since the Log–Sobolev inequality holds true for H = H(μ), it holds also for any bigger Hilbert space continuously embedded into X. In fact, for H one can take any densely embedded Hilbert space leading to Log–Sobolev Dirichlet forms. (However, not every H has the latter property.) For non–Gaussian examples we refer to [3, Sections 3.4].

We conclude this section with the following proposition which is of its own interest, but is proven entirely similarly to Theorem 3.6. We, therefore, only state the result and omit the proof.

Proposition 3.9 Suppose assumption (i) in Theorem 3.6 holds. For n ∈ N let A_n : X → L_s(H), v_n : X → H, satisfy the same type of assumptions of A : X → L_s(H) and v : X → H as specified in Subsection 2.2. Suppose that the following conditions hold:

(i) A_n(x) −→_{n→∞} A(x) strongly on H for μ–a.e. x ∈ X and ∫ X sup_n ‖A_n(x)‖_{L(H)} μ(dx) < ∞. (ii) |v_n − v|_H −→_{n→∞} 0 in L^2(μ) and the constant b in the estimate (2.12a), satisfied by each v_n, is independent of n ∈ N.

(iii) Ker L^∗_{An,vn} ≠ {0} for all n ∈ N, where (L_{An,vn} , D(L_{An,vn} )) are the gen- erators of (E_{μ,An,vn} , D(E_{μ,An,vn} )) and (L^∗_{An,vn} , D(L^∗_{An ,vn} )) are their ad- joints on L^2(μ). Then, if ρ_n ∈ Ker L^∗_{An,vn} , n ∈ N, are unit vectors in L^2(μ) it follows that there exists ρ_1 ∈ D(E) such that ρ_{nk} −→_{k→∞} ρ_1 weakly in (D(E), E_1) for some subsequence (ρ_{nk} )_{k∈}N. Furthermore, ρ_1 ∈ Ker L^∗_v, and there exists an (S_t)–invariant probability measure ν := ρ·μ with ρ ∈ D(E). ν is the unique (S_t)–invariant probability measure absolutely continuous w.r.t. μ provided (E, D(E)) is irreducible.

Acknowledgement We would like to thank Wilhelm Stannat for some very useful discussions. Financial support of the SFB 343 (Bielefeld), DFG/RFFI–Project: No. 436 RUS 113/343/1, EU–TMR–Project: No. ERB–FMRX–CT96–0075, and the Russian Foundation of Fundamental Research (Grant No. 97–01–00932) is gratefully acknowledged.

References

[1] S. Albeverio, V. I. Bogachev, and M. Röckner, On uniqueness of invariant measures for infinite dimensional diffusions, Preprint SFB 343 Univ. Bielefeld (1996).

[2] S. Albeverio, R.Z. Fan, M. Röckner, W. Stannat: A remark on coercive forms and associated semigroups. In: Partial differential operators and mathematical physics. Operator Theory Advances and Applications, Vol. 78, 1–8. Basel: Birkhäuser 1995.

[3] S. Albeverio, Yu. G. Kondratiev, M. Röckner: Dirichlet operators via stochastic analysis, J. Funct. Anal. 128 102–138 (1995).

[4] S. Albeverio, Yu. G. Kondratiev, M. Röckner: Ergodicity of L^2– semigroups and extremality of Gibbs states. J. Funct. Anal. 144, 394– 423 (1997)

[5] S. Albeverio, Yu. G. Kondratiev, M. Röckner: Ergodicity for the stochastic dynamics of quasi–invariant measures with applications to Gibbs states. SFB–343 Preprint (1996). To appear in J. Funct. Anal.

[6] S. Albeverio, M. Röckner: On Dirichlet forms on topological vector spaces: existence and maximality. In: Proc. Bad Honnef Conference, June 1989, Lect. Notes Inform. Control 126, 14–31. Editors: N. Christopeit et al. Berlin: Springer 1989.

[7] S. Albeverio, M. Röckner: Dirichlet forms on topological vector spaces – closability and a Cameron–Martin formula. J. Funct. Anal. 88, 395– 436 (1990).

[8] S. Albeverio, M. Röckner: Stochastic differential equations in infinite dimensions: solutions via Dirichlet forms. Probab. Th. Rel. Fields 89, 347–386 (1991).

[9] D. Bakry, L’hypercontractivité et son utilisation en théorie des semigroupes. Lecture Notes Math. 1581, 1–114. Berlin: Springer 1994.

[10] V. I. Bogachev, N. V. Krylov, and M. Röckner: Elliptic regularity and essential self-adjointness of Dirichlet operators. Preprint 96–038 SFB 343 (1996). To appear in: Ann. Scuola Norm. di Pisa.

[11] V. I. Bogachev and M. Röckner: Regularity of invariant measures on finite and infinite dimensional spaces and applications. J. Funct. Anal. 133, 168–223 (1995).

[12] G. Da Prato, P. Malliavin, D. Nualart: Compact families of Wiener functionals. C.R. Acad. Sci. Paris, Série I, t. 315, 1287–1291 (1992).

[13] G. Da Prato, J. Zabczyk: Ergodicity for infinite dimensional systems.

Cambridge: Cambridge University Press 1996.

[14] L. Gross: Logarithmic Sobolev inequalities and contractive properties of semigroups, Lect. Notes Math. 1563, 54–82 (1993).

[15] M. Hino: Existence of invariant measures for diffusion processes on a Wiener space. Preprint (1997).

[16] T. Kato: Perturbation theory for linear operators. Berlin – Heidelberg – New York: Springer-Verlag 1976.

[17] C. Klaassen: On an inequality of Chernoff. Ann. Probab. 13, n 3, 966–974 (1985) .

[18] V. Maz’ja: Sobolev spaces. Berlin: Springer 1985.

[19] Z. M. Ma and M. Röckner, “An introduction to the theory of (nonsymmetric) Dirichlet forms”, Springer, Berlin, 1992.

[20] Z.M. Ma, M. Röckner: Markov processes associated with positivity preserving forms. Can. J. Math. 47, 817–840 (1995).

[21] S. Mück: Markov–Prozesse und Dirichletformen – Girsanov Transformation und große Abweichungen. Diplomarbeit Bonn, July (1992).

[22] A. Pazy: Semigroups of linear operators and applications. Berlin:

Springer 1983.

[23] S. Peszat: On a Sobolev space of functions of infinite number of variables. Polish Academy of Science, Preprint 510 (1993).

[24] M. Röckner, B. Schmuland: Quasi–regular Dirichlet forms: examples and counterexamples. Can. J. Math. 47, 165–200 (1995).

[25] M. Röckner, N. Wielens: Dirichlet forms – closability and change of speed measure. In: Infinite dimensional analysis and stochastic processes. Research Notes in Mathematics, Vol. 124, 119–144. Editor: S. Albeverio. Boston, London, Melbourne: Pitman 1985.

[26] M. Röckner and T. S. Zhang: Uniqueness of generalized Schrödinger operators and applications. J. Funct. Anal. 105, 187–231 (1992).

[27] I. Shigekawa: Existence of invariant measures of diffusions on an abstract Wiener space. Osaka J. Math. 24, 37-59 (1987).

[28] W. Stannat: First order perturbations of Dirichlet operators: existence and uniqueness. J. Funct. Anal. 141, 216–248 (1996).

[29] W. Stannat: The theory of generalized Dirichlet forms and its applications in analysis and stochastics. Doctor–degree thesis. Bielefeld (1996). Publication in preparation.

[30] D. Stroock and S. R. S. Varadhan: Multidimensional diffusion processes. Berlin: Springer, 1979.

[31] R. v. Vintschger: The existence of invariant measures for C[0, 1]– valued diffusions. Probab. Rel. Fields, 82, 301–313 (1989).

[32] T.S. Zhang: Existence of invariant measures for diffusion processes with infinite dimensional state space. Ideas and Methods in Mathematical Analysis, Stochastics, and Applications. R. Høegh–Krohn Memorial. Vol. I, 283–294, Cambridge University Press, Cambridge, UK, 1992.