Invariants of 2 × 2 matrices

E. Vinberg

Studying invariants of a set of 2 × 2 matrices is important for the theory of Kleinian and Fuchsian groups. There are many papers treating this subject (see, e.g., [FK], [Si], [He1], [Ho], [Ra], [Pr], [Tr], [LM], [Le], [Re], [Vi2], [VHM], [He2] and references there). The present paper has the following aims: 1) to systematize the results on invariants of 2 × 2 matrices; 2) to present them in a convenient form;

3) to show that they are easy consequences of the classical description of orthogonal invariants of vectors and standard facts of geometric invariant theory.

Some minor observations may be considered new.

The work was supported by the award No. 206 of the U.S. Civilian Research and Development Foundation and a research award of the Alexander von Humboldt Foundation. It was written during my stay at the University of Bielefeld. I thank this university for its hospitality.

1. Statement of the main theorems.

We consider the action of the group G = SL_2(C ) on G^n := G × · · · × G n by simultaneous conjugations: g ∘ (X_1, . . . , X_n) = (gX_1g^{−1}, . . . , gX_ng^{−1}). We put G∗ = G × C_2 , where C_2 is a cyclic group of order 2 with generating element ι . The action of G is extended to an action of G∗ by

ι ∘ (X_1, . . . , X_n) = (X^{−1}_1 , . . . , X^{−1}_n ).

For any set X = (X_1, . . . , X_n) ∈ G^n we put t_{ij} (X) = t_{ij} = tr X_iX^{−1}_j (i, j = 0, 1, . . . , n), where X_0 = E . In particular, we have

t_{ii} = 2, t_{ij} = t_{ji}. (1)

The (n + 1) × (n + 1) matrix

T (X) = T = (t_{ij} )

is called the trace matrix of X .

Theorem 1 The algebra C [G^n ]^{G∗} of G^∗–invariant polynomial functions on G^n is generated by t_{ij} ’s, with defining relations (1) and

rk T ≤ 4. (2)

(The latter relations mean that all the minors of order 5 of T equal 0. In fact, since t_{00} = 2 , one may restrict oneself with the minors containing t_{00} ).

Consider the factorization morphism π : G^n → S, X −→ T (X), where S denotes the variety of (n + 1) × (n + 1) matrices satisfying (1) and (2).

Theorem 2 The morphism π is surjective. Its fiber π^{−1}(T ) over T ∈ S is described as follows:

1) if rk T = 4 , the fiber consists of a single 3–dimensional G^∗–orbit, which decomposes into two G–orbits;

2) if rk T = 3 , the fiber consists of a single 3–dimensional G^∗–orbit, which is one G–orbit;

3) if rk T = 2 , the fiber consists of a 2–dimensional G^∗–orbit, which is one G–orbit, and an (n − 2)–parameter family of 3–dimensionl G^∗–orbits, each of them decomposes into two G–orbits (if n = 2 , the family consists of a single orbit; if n = 1 , it is empty);

4) if rk T = 1 , the fiber consists of a fixed point of G^∗ and an (n−1)–parameter family of 2–dimensional G^∗–orbits, each of them is one G–orbit (if n = 1 , the family consists of a single orbit).

We can consider matrices of M_2(C ) as linear operators in C^2 . In cases 1 and 2 any set of matrices in the fiber is irreducible. In cases 3 and 4 any set of matrices in the fiber is reducible, i.e. can be sinultaneoulsy put into a triangular form. For more details see Section 5.

From now on, let X = (X_1, . . . , X_n) ∈ G^n be an irreducible set. The trace field of X is the field L generated over Q by all the traces tr X_{i1} X_{i2} . . . X_{is} . The L–algebra generated by X_1, . . . , X_n is an L–form of M_2(C ) and either splits, i.e. isomorphic (and then conjugate) to M_2(L) , or is a generalized quaternionic division algebra over L .

Let us denote by Δ_{i1...ir} the principal minor of order r of the trace matrix T contained in the rows with numbers i_1, . . . , i_r .

Theorem 3 The trace field L is at most quadratic extension of the field L_0 generated over Q by t_{ij} ’s. More precisely, if rk T = 4 , then L = L_0 (√ Δ_{0ijk} ) , where Δ_{0ijk} is any non–zero principal minor of order 4 of T containing t_{00} ; if rk T = 3 , then L = L_0 .

Theorem 4 Let the rows of T with numbers 0 , i , j be linearly independent. The L–algebra generated by X_1, . . . , X_n , splits if and only if the quadratic form defined by the minor Δ_{0ij} is isotropic.

The invariant trace field of X is the field K generated over Q by all the traces tr ( X^{ε1}_{i1} . . . X^{εs}_{is} )_2 , where ε_p = ±1 , or, equivalently, by ( tr X^{ε1}_{i1} . . . X^{εr}_{ir} )_2 . If the subgroup generated by X_1, . . . , X_n is Zariski dense in G (which means that it is infinite and is not contained in the normalizer of a maximal torus), then the invariant trace field is the least field, over which all the linear operators Ad(X_1), . . . , Ad(X_n) can be written simultaneously [Vi 1]. It does not change when replacing X_1, . . . , X_n by any matrices generating a commensurable subgroup [Vi 1].

The invariant trace field was also studied by A.W. Reid and W.D. Neumann [Re], [NR], who introduced the very name.

Theorem 5 The invariant trace field K is at most quadratic extension of the field K_0 generated over Q by the cyclic products t_{i1i2} t_{i2i3} . . . t_{ipi1} . (3) More precisely,

K = K_0 (√ Δ_{0ijk}t_{ii1} t_{i1i2} . . . t_{ip0}t_{jj1} t_{j1j2} . . . t_{jqk} ) , (4)

where i, j, k, i_1, . . . , i_p, j_1, . . . , j_q are chosen in any way, provided the product does not vanish; if such a choice is impossible, K = K_0 .

Such a choice is possible if and only if the matrix T is either indecomposable of rank 4, or a direct sum of two indecomposable matrices of rank 2.

If the subgroup generated by X_1, . . . , X_n is a lattice in SL_2(C ) or SL_2(R) , one may wonder, whether it is arithmetic. Finding the fields L and K plays the key role in solving this problem [Vi 2].

2. Some basic facts of invariant theory.

In this section we consider complex algebraic varieties and complex algebraic groups. The topological terms refer to the Zariski topology. A general reference for the facts of geometric invariant theory stated below is [PV].

Let us first recall that any orbit of an action of an algebraic group is open in its closure. It follows that the boundary of an orbit has a lesser dimension than the orbit itself. The dimension of an orbit equals the dimension of the group minus the dimension of the stabilizer of any point of the orbit.

Let now a reductive algebraic group G act on an affine algebraic variety X . We denote by C [X] the algebra of polynomial functions on X and by C [X]^G the subalgebra of G –invariants.

Fact 1. For any invariant closed subvariety Y ⊂ X the restriction homomorphism C [X]^G → C [Y ]^G is surjective.

According to the Hilbert–Nagata theorem, the algebra C [X]^G is finitely generated. Its spectrum is called the categorical quotient of X with respect to G and denoted by X//G . The embedding C [X]^G ⊂ C [X] induces a morphism π_G : X → X//G, which is called the factorization morphism.

If C [X]^G = C [f_1 , . . . , f_m] and I is the ideal of algebraic relations between f_1, . . . , f_m , then X//G can be understood as the zero variety of I in C^m , and π_G as the mapping x −→ (f_1(x), . . . , f_m(x)) (x ∈ X).

Fact 2. π_G is surjective.

This means that, for any point (c_1, . . . , c_m) ∈ C^m whose coordinates subject all the algebraic relations between f_1, . . . , f_m , there exists a point x ∈ X such that f_i(x) = c_i (i = 1, . . . , m) .

Obviously, the fibers of π_G consist of entire orbits. But in general a fiber may contain more than one orbit.

Fact 3. Any fiber of π_G contains exactly one closed orbit. This orbit is the orbit of the minimal dimension in the fiber. We are going to apply this theory to the action of the group GL_k(C ) on M_k(C )^n := M_k(C ) ⊕ · · · ⊕ M_k(C )

defined by g ∘ (X_1, . . . , X_n) = (gX_1g^{−1}, . . . , gX_ng^{−1}). In this case, a description of closed orbits was obtained by M. Artin.

Let us consider matrices of M_n(C ) as linear operators in C^n .

Theorem [Ar], [Ri]. The orbit of a set X = (X_1, . . . , X_n) ∈ M_k(C )^n is closed if and only if this set is completely reducible.

In the general case, the only closed orbit in the fiber of X (in fact, in the closure of the orbit of X ) is described as follows. Let 0 = V_0 ⊂ V_1 ⊂ · · · ⊂ V_{p−1} ⊂ V_p = C^n be a maximal chain of subspaces invariant under X_1, . . . , X_n . Let U_j (j = 1, . . . , p) be a complementary subspace of V_j−_1 in V_j , and Y_{ij} be the linear operator induced by X_i in U_j . Put Y_i = ⨁_p j=1 Y_{ij} . Then the set Y = (Y_1, . . . , Y_n) belongs to the closed orbit contained in the closure of the orbit of X .

Note that for k = 2 there are only two possibilities: either the set (X_1, . . . , X_n) is irreducible, and then its orbit is closed, or it can be put into a triangular form, and then the sets in the closed orbit contained in its closure can be put into a diagonal form with the same diagonal entries.

3. Some formulas in M_2(C ) .

For X ∈ M_2(C ) denote by X∗ the algebraic adjoint matrix of X defined by X^∗ = (tr X)E − X. The mapping X −→ X∗ is an involutary anti–automorphism of the algebra M_2(C ) . In view of the Hamilton–Cayley equation, XX^∗ = X^∗X = (det X)E.

In particular, X∗ = X−^1 for X ∈ G = SL_2(C ) .

The decomposition of M_2(C ) into the sum of eigenspaces of ∗ looks as follows: M_2(C ) = C E ⊕ M^0_2 (C ), where

M^0_2 (C ) = {X ∈ M_2(C ) : X^∗ = −X} = = {X ∈ M_2(C ) : tr X = 0}.

For any X ∈ M_2(C ) we put ∘ X = X − 1 2 (tr X)E ∈ M^0_2 (C ).

Introduce in M_2(C ) a scalar product by

(X, Y ) = tr XY^∗ = −tr XY + (tr X)(tr Y ) (5)

Obviously, it is invariant under ∗ .

Note, that (X, E) = tr X, (X, X) = tr XX^∗ = 2 det X.

For U, X, Y, Z ∈ M_2(C ) we define det (U, X, Y, Z) as the determinant of the matrix of the coordinates of U, X, Y, Z with respect to some fixed basis of M_2(C ) . Since the determinant of ∗ equals −1 , we have

det (U^∗, X^∗, Y^∗, Z^∗) = − det (U, X, Y, Z). (6)

The product det (U, X, Y, Z) · det (U^′, X^′, Y^′, Z^′) is equal to the determinant of the mutual Gram matrix of the systems (U, X, Y, Z) and (U ′, X′, Y ′, Z′) multiplied by a factor c depending on the choice of the basis, with respect to which the determinants are defined. For the basis consisting of the matrix units, a straightforward calculation with concrete matrices shows that c = 1 .

The determinant det (U, X, Y, Z) can be expressed in terms of traces. Namely, for X, Y ∈ M^0_2 (C ) we have

(XY + Y X)^∗ = Y^∗X^∗ + X^∗Y^∗ = Y X + XY,

whence XY + Y X ∈ C E. It follows that the trilinear form tr XY Z is skew–symmetric on M^0_2 (C ) , so for any X, Y, Z ∈ M_2(C ) we have

det (E, X, Y, Z) = det (E,^∘X,^∘Y ,^∘Z) = a tr^∘X^∘Y^∘Z (a ∈ C ).

Under the above choice of the basis in M_2(C ) , one can show that a = −2 . The general case reduces to this one by means of multiplying U, X, Y, Z by U −^1 .

Conversely, making use of the above formula, we obtain for any X, Y, Z ∈ M_2(C ) :

tr XY Z = tr ( ∘ X + 1 2 (tr X)E)(^∘Y + 1 2 (tr Y )E)(^∘Z + 1 2 (tr Z)E) = = − 1 2 det (E, X, Y, Z) + R(tr Y Z, tr ZX, tr XY, tr X, tr Y, tr Z), (7) where R is a polynomial with rational coefficients.

4. Proof of Theorem 1.

Consider the action of the group G∗ introduced in Section 1 on the space M_2(C ) defined by g ∘ X = g X g^{−1}, ι ∘ X = X^∗. Obviously, the scalar product (5) is G∗–invariant.

Since X∗ = X−^1 for X ∈ G , the action of G∗ on G coincides with that defined in Section 1.

The group G∗ fixes E , while the action of G∗ (resp. G ) on M^0_2 (C ) reduces to the action of O_3(C ) (resp. SO_3(C ) ).

It follows that the algebra of G∗–invariants (resp. G–invariants) of a set of matrices X_1, . . . , X_n ∈ M_2(C ) is the tensor product of the polynomial algebra C [tr X_1, . . . , tr X_n] and the algebra of invariants of the set of vectors^∘X_1, . . . ,^∘X_n ∈ M^0_2 (C ) with respect to O_3(C ) (resp. SO_3(C ) ).

It is a classical result (see, e.g., [We]) that the algebra of orthogonal invariants of a set of vectors x_1, . . . , x_n ∈ C^3 is generated by the scalar products (x_i, x_j ) , with defining relations rk ((x_i, x_j )) ≤ 3, (8)

which means that all the minors of order 4 of the matrix ((x_i, x_j )) equal 0 .

If the group O_3(C ) is replaced by SO_3(C ) , one should add generators det (x_i, x_j , x_k) (the determinant of the matrix of the coordinates of x_i, x_j , x_k with respect to a fixed basis) and defining relations of two types, one of which is

det (x_i, x_j , x_k) det (x_i′ , x_j′ , x_k′ ) = c | | | | | (x_i, x_i′ ) (x_i, x_j′ ) (x_i, x_k′ ) (x_j , x_i′ ) (x_j , x_j′ ) (x_j , x_k′ ) (x_k, x_i′ ) (x_k, x_j′ ) (x_k, x_k′ )

| | | | | ,

where the factor c depends on the fixed basis.

Going back to matrices, we should substitute ∘ X_i ’s instead of x_i ’s. We have

(^∘X_i,^∘X_j ) = (X_i, X_j )− 1 2 (tr X_i)(tr X_j ) =

= (X_i, X_j )− 1 2 (X_i, E)(X_j , E). Hence the algebra of G∗–invariants of a set of matrices X_1, . . . , X_n ∈ M_2(C ) is generated by the scalar products (X_i, X_j ) (i, j = 0, 1, . . . , n), (9) where X_0 = E . Obviously,

rk ((^∘X_i,^∘X_j ))^n_{i,j=1} = rk ((X_i, X_j ))^n_{i,j=0} − 1,

so the defining relations (8) can be represented in the form

rk ((X_i, X_j ))^n_{i,j=0} ≤ 4. (10)

According to Fact 1 of Section 2, any invariant of a set of matrices of G can be extended to an invariant of a set of matrices of M_2(C ) . Since for X, Y ∈ G we have (X, Y ) = tr XY^{−1},

Theorem 1 immediately follows.

To obtain G–invariants we should add to the scalar products (9) the determinants det (^∘X_i,^∘X_j ,^∘X_k) = det (E, X_i, X_j , X_k). (11)

Their pairwise products are minors of order 4 of the Gram matrix ((X_i, X_j ))^n_{i,j=0}. In particular (det (E, X_i, X_j , X_k))^2 = Δ_{0ijk}, (12)

where Δ_{0ijk} is the principal minor of order 4 of the Gram matrix contained in the rows with numbers 0, i, j, k .

It follows from the above consideration that the determinants (11) are defined by the scalar products (9) up to simultaneous multiplication by −1 . In view of (6) such a multiplication is realized when acting by ι .

Consequently, each fiber of π_G∗ = π decomposes into at most two fibers of π_G , and it really decomposes into two fibers of π_G if and only if not all of the determinants (11) vanish.

5. Proof of Theorem 2.

If a set X = (X_1, . . . , X_n) ∈ G^n is reducible, then it can be put into a triangular form. Since the scalar product (5) is degenerate on the space of triangular matrices, we have rk T ≤ 2 in this case.

Consequently, if rk T ≥ 3 , the set X is irreducible, so its G–orbit is closed and exhausts the fiber π−^1_G (T ) (see Section 2). Its G∗–orbit is also closed and exhausts the fiber π−^1(T ) . It decomposes into two G–orbits if and only if not all of the determinants (12) vanish (see the end of Section 4), i.e. if rk T = 4 ; otherwise it coincides with the G–orbit of X .

In view of the Schur lemma the stabilizer of an irreducible set X in G reduces to {±E} . Hence, the G–orbit of such a set, as well as its G^∗–orbit, is 3–dimensional.

If rk T = 2 , but rk (E, X_1, . . . , X_n) = 3 , then the linear span ⟨E, X_1, . . . , X_n⟩ contains a non–zero matrix U , which is orthogonal to all X_i’s (i = 0, 1, . . . , n) . In particular, tr U = (U, E) = 0, 2 det U = (U, U) = 0.

This means that U is nilpotent. We may assume that U = ( 0 1 0 0 ) . Then all X_i ’s are upper triangular, and the linear span ⟨E, X_1, . . . , X_n⟩ coincides with the space of all upper triangular matrices. The stabilizer of X in G still reduces to {±E} , so the orbit of X is 3–dimensional.

More precisely, let

X_i = ( λ_i x_i 0 λ^{−1}_i ) (i = 1, . . . , n), not all of λ_i ’s being equal to ±1 . Put

Y_i = ( λ_i 0 0 λ^{−1}_i ) (i = 1, . . . , n). Then the set Y = (Y_1, . . . , Y_n) belongs to the closed orbit contained in π−^1(T ) (see Section 2). The stabilizer of Y in G is the subgroup of diagonal matrices, hence the orbit of Y is 2–dimensional. Obviously, the set (Y −^1_1 , . . . , Y −^1_n ) is G– equivalent to Y (by means of ( 0 1 −1 0 ) ), while the set (X−^1_1 , . . . , X−^1_n ) is not G–equivalent to X . It follows that the G^∗–orbit of Y coincides with the G–orbit, while the G∗–orbit of X decomposes into two G–orbits.

Let X′ = (X′_1, . . . , X′_n) , where

X^′_i = ( λ_i x^′_i 0 λ^{−1}_i ) (i = 1, . . . , n).

If X′ = g ∘ X (g ∈ G) , then g is a triangular matrix, say, ( a b 0 a^{−1} ) , and

x^′_i = a^2x_i + (λ_i − λ^{−1}_i )ab.

Hence the family of orbits with given λ_1, . . . , λ_n (not all of them being equal to ±1 ) depends on n − 2 parameters.

If rk (E, X_1, . . . , X_n) = 2 , then ⟨E, X_1, . . . , X_n⟩ = ⟨E, Z⟩ with Z ∈ M_2(C ), Z ≠ λE . If Z is diagonalizable, then rk T = 2 and X is diagonalizable. The orbit of such X is closed and belongs to a fiber of the type considered above.

If Z is not diagonalizable, one may assume that Z = ( 0 1 0 0 ) . Then rk T = 1 and X_i = ( ε_i x_i 0 ε_i ) (i = 1, . . . , n), where ε_i = ±1 and not all of x_i ’s vanish. The stabilizer of X in G is the subgroup of matrices of the form ± ( 1 t 0 1 ) , so the orbit of X is 2–dimensional.

The set (X−^1_1 , . . . , X−^1_n ) is G–equivalent to X (by means of ( i 0 0 −i ) ), and hence the G∗–orbit of X coincides with the G–orbit.

In this case, the closed orbit contained in π−^1(T ) is the fixed point Y = (Y_1, . . . , Y_n) , where Y_i = ( ε_i 0 0 ε_i ) (i = 1, . . . , n). Let X′ = (X′_1, . . . , X′_n) , where

X^′_i = ( ε_i x^′_i 0 ε_i ) (i = 1, . . . , n).

If X′ = g ∘ X (g ∈ G) , then g is triangular, say, ( a b 0 a^{−1} ) , and

x^′_i = a^2x_i.

Hence the family of 2–dimensional orbits in π−^1(T ) depends on n − 1 parameters (and represents the projective space C P^n−^1 ).

Finally, if rk (E, X_1, . . . , X_n) = 1 , then X_i = ±E (i = 1, . . . , n) , which is the case already considered.

6. Proof of Theorem 3.

As we proved in Section 4, the algebra C [G^n ]^G is generated by the scalar products (9) and determinants (11). Let Q[G^n ] denote the Q–algebra of polynomials on G^n with rational coefficients. Then

C [G^n ] = C ⊗ Q[G^n ]

and, since the action of G is defined over Q ,

C [G^n ]^G = C ⊗ Q[G^n ]^G.

Note that the scalar products (9) and determinants (11) belong to Q[G^n ] . Hence the Q–algebra Q[G^n ]^G is generated by them.

The scalar products (9) and determinants (11) are expressed as polynomials with rational coefficients in the traces trX_{i1} X_{i2} . . . X_{is} (see Section 3) and, conversely, these traces, being elements of Q[G^n ]^G , are expressed as polynomials with rational coefficients in the scalar products (9) and determinants (11).

It follows that the trace field L of a concrete set X = (X_1, . . . , X_n) ∈ G^n is generated over Q by the numbers

t_{ij} = (X_1, X_j ) = tr X_iX^{−1}_j (i, j = 0, 1, . . . , n) and d_{ijk} = det (E, X_i, X_j , X_k) = √ Δ_{0ijk} (i, j, k = 1, . . . , n). However the pairwise products of d_{ijk} ’s are expressed as polynomials with rational coefficients in t_{ij} ’s (see Section 4). This consideration immediately implies Theorem 3.

7. Proof of Theorem 4.

An L–form of the algebra M_2(C ) splits, i.e. is isomorphic to M_2(L) , if and only if the quadratic form (X, X) = 2 det X is isotropic on it. Theorem 4 is implied by the following lemma, which slightly strengthens the above assertion.

Lemma. The quadratic form (X, X) = 2 det X is isotropic on any 3– dimensional subspace of M_2(L) .

Proof Any 3–dimensional subspace P ⊂ M_2(L) is the orthogonal subspace of some non–zero matrix Z ∈ M_2(L) . We are to prove that P contains a non– zero degenerate matrix. If Z = λE , then P contains, for example, the matrix ( 0 1 0 0 ) . Otherwise, there exists a non–zero vector e ∈ L^2 that is not an eigenvector of Z . The vectors e and Ze constitute a basis of L^2 . Passing to this basis, we may assume that Z has the form Z = ( 0 a 1 b ) .

Then P contains the matrix ( 0 0 0 1 ) , which is degenerate.

8. Proof of Theorem 5.

Consider the action of the group D = {±1}^n on G^n defined by

(ε_1, . . . , ε_n) ∘ (X_1, . . . , X_n) = (ε_1X_1, . . . , ε_nX_n) (ε_i = ±1).

It commutes with the action of G and hence induces an action of D on Q[G^n ]^G . It is proved in [Vi 2] that the Q–algebra generated by the polynomials tr (X^{ε1}_{i1} . . . X^{εs}_{is} )^2 (ε_p = ±1) coincides with the Q–algebra

(Q[G^n ]^G)^D = Q[G^n ]^{G×D}

and is generated by the polynomials of the following four types:

tr X_{i1} · tr X_{i1} X_{i2} · tr X_{i2} X_{i3} · . . . · tr X_{ip−1} X_{ip} · tr X_{ip} , (13)

tr X_{i1} X_{i2} · tr X_{i2} X_{i3} · . . . · tr X_{ip} X_{i1} , (14) tr X_iX_j X_k · tr X_iX_{i1} · tr X_{i1} X_{i2} · . . . · tr X_{ip−1}X_{ip} · tr X_{ip} × × tr X_j X_{j1} · tr X_{j1} X_{j2} · . . . · tr X_{jr−1} X_{jr} · tr X_{jr} × × tr X_kX_{k1} · tr X_{k1} X_{k2} · . . . · tr X_{ks−1} X_{ks} · tr X_{ks} , (15)

tr X_iX_j X_k · tr X_iX_{i1} · tr X_{i1} X_{i2} · . . . · tr X_{ip−1}X_{ip} · tr X_{ip} × × tr X_j X_{j1} · tr X_{j1} X_{j2} · . . . · tr X_{jq} X_k. (16)

In view of (5) and (7) we may replace tr X_iX_j with (X_i, X_j ) and tr X_iX_j X_k with det (E, X_i, X_j , X_k ) . Moreover, if we introduce X_0 = E and replace tr X_i with (X_i, X_0) , then (13) will become a partial case of (14), and (15) a partial case of (16).

It follows that the invariant trace field K of a concrete set X = (X_1, . . . , X_n) ∈ G^n is generated over Q by the cyclic products (3) and the numbers d_{ijk}t_{ii1} t_{i1i2} . . . t_{ip0}t_{jj1} t_{j1j2} . . . t_{jq k}, where d_{ijk} = det (E, X_i, X_j , X_k) = √ Δ_{0ijk}. However the pairwise products of the latter numbers are expressed as polynomials with rational coefficients in the cyclic products. This implies Theorem 5.

References

[Ar] M. Artin, On Azumaya algebras and finite dimensional representations of rings, J. Algebra 11 (1969), 532{563.

[FK] R. Fricke, F. Klein, Vorlesungen über die Theorie der automorphen Funktionen, B.G. Teubner, Leipzig 1 (1897).

[He1] H. Helling, Diskrete Untergruppen von SL2(R) , Invent. math. 17 (1972), 217{229. [He2] , The character variety of free algebras and free groups, Preprint 96{117, SFB 343, Univ. Bielefeld (1996).

[Ho] R. Horowitz, Characters of free groups represented in the two–dimensional special linear group, Comm. Pure Appl. Math. 25 (1972), 635{649.

[Le] L. LeBruyn, Trace rings of generic 2 � 2 matrices, Memoirs AMS 363 (1987). [LM] A. Lubotzky, A. Magid, Varieties of representations of finitely generated groups, Memoirs

AMS 336 (1985).

[NR] W.D. Neumann, A.W. Reid, Arithmetic of hyperbolic manifolds, Topology ’90, Ohio State Univ. Math. Res. Inst. Publ., 1, de Gruyter, Berlin (1992), 273{310.

[PV] V.L. Popov, E.B. Vinberg, Invariant theory, Algebraic Geometry IV, Encyclopaedia of Math. Sci. 55 Springer{Verlag (1994), 123{278.

[Pr] C. Procesi, The invariant theory of n � n matrices, Adv. Math. 19 (1976), 306{381. [Ra] Yu.P. Razmyslov, Trace identities of full matrix algebras over a field of characteristic 0 , Math. USSR Izvestija 8 (1974), 727{760.

[Re] A.W. Reid, A note on trace–fields of Kleinian groups, Bull. London Math. Soc. 22 (1990), 349{352.

[Ri] R.W. Richardson, Conjugacy classes of n–tuples in Lie algebras and algebraic groups, Duke Math. J. 57 (1988), 1{35.

[Si] K.S. Sibirskii, Algebraic invariants for a set of matrices, Siberian Math. J. 9 (1968), 115{124.

[Tr] C.R. Traina, Trace polynomials for two generator subgroups of SL(2, C ) , Proc. AMS

79 (1980), 369{372.

[Vi 1] E.B. Vinberg, Rings of definition of dense subgroups of semisimple linear groups, Math.

USSR Izvestija 5 (1971), 45{55.

[Vi 2] , The smallest field of definition of a subgroup of the group P SL2 , Russian Acad. Sci. Sb. Math. 80 (1995), 179{190.

[VHM] E.B. Vinberg, J. Mennicke, H. Helling, On some generalized triangle groups and three– dimensional orbifolds, Trans. Moscow Math. Soc. 56 (1995), 1{21.

[We] H. Weyl, The classical groups: their invariants and representations, Princeton Univ.

Press (1946).