Revised and Enlarged Version

Irreducible Modules of Quantized Enveloping Algebras at Roots of 1, II

Nanhua Xi

0. Introduction

A central topic in representation theory is to understand the irreducible modules. In this paper we are concerned with finite dimensional irreducible modules of quantized hyperalgebras and of hyperalgebras. Recently, big progress has been made on the characters of the irreducible modules, namely the Lusztig’s conjectural formula for the characters is true for quantized hyperalgebras and is true for hyperalgebras when the characteristic of the groud field is sufficiently large, see [AJS, KL2, KT, L6].

In [X2] we see that certain monomials in a quantized hyperalgebra U_ξ (resp. a hyperalgebra U_k) at a root of 1 are interesting in realizing the finite dimensional irreducible U_ξ-modules (resp. U_k-modules). The realization seems useful in understanding the irreducible modules, for example, based on the realization and assuming chark=2, Xu and Ye constructed explicitly certain bases for finite dimensional irreducible U_k-modules for type A_4, B_3, C_3, A_5, see [XY, Y1, Y2] and then get the irreducible characters. Until now it seems difficult to get the information by other methods.

One purpose of this paper is to give a unified proof and to romove a restriction for the results in [X2, §5]. Due to technical reasons, the proof in [X2] is lengthy and involves case by case analysis, what is worse, it doesnot work for type G_2. In this paper we will give a simple and unified proof for the main results in [X2, §5], the proof works for all types. To do this we work in the category O of Bernstein-Gelfand-Gelfand, see §2.

Another purpose is to give some applications of the main results in [X2], such as (a) the description of the socle of a quantized Frobenius kernel (see 3.3), (b) a realization of the tensor product of two irreducible modules of a quantized Frobenius kernel (see 3.5), (c) calculation of the dimensions of some irreducible modules for type A (see 4.5-6). In [X4-5] we show that the main results in [X2] can be used to find out some (quasi) primitive elements in a Verma modules. For type A_2, B_2 we can find all (quasi) primitive elements in a Verma module of a quantized Frobenius kernel and in a Weyl module, see [X4-5].

The contents of the paper are as follows. In section 1 we introduce the basic notation and recall some basic facts. In section 2 we give a unified proof for the main results of [X2,§5], this section is based on the preprint RIMS-1067. In section 3 we describe the socle of the regular representation of u (the quantized Frobenius kernel) and realize the tensor product of two irreducible u-modules as a submodule of the regular module, this section is based on part of preprint RIMS-1087. In section 4 we consider some submodules and quotient modules of the Verma modules of u. These modules seem interesting, for example, by means of them we can compute the dimensions of irreducible modules for type A. All results in §§3-4 have their counterparts for hyperalgebras, we will not state them in the paper.

Acknowledgement: The author was supported by the National Natural Science Foundation of China. Part of the work was done during my visit to RIMS, 1996, and part of the work was done during my visit to Bielefeld University. I am grateful to the Ministry of Education, Japan and SFB 343 in Bielefeld University for financial support. I would like to thank RIMS and Bielefeld University for hospitality. I would like to express my deep thanks to Professor M. Kashiwara and Professor C. M. Ringel for their invitations and many helpful discussions.

1. Preliminaries

1.1. Let U be the quantized enveloping algebra over Q(v) (v an inderterminate) corresponding to a Cartan matrix (a_{ij} ) of rank n. Then U is an associative Q(v)-algebra with generators E_i, F_i, K_i, K^{−1}_i (i = 1, 2, ..., n) which satisfy the quantized Serre relations. The algebra U has a Hopf algebra structure. Let U_A be the A = Q[v, v^{−1}]-subalgebra of U generated by all divided powers E^{(a)}_i , F^{(a)}_i and K_i, K^{−1}_i . We refer to [L4] for the definitions, noting that for defining the divided powers we need to choose integers d_i ∈ {1, 2, 3} such that (d_ia_{ij}) is symmetric.

Let ξ ∈ C^∗. Regard Q(ξ) as an A-algebra by specializing v to ξ. Consider the quantized hyperalgebra U_ξ = U_A ⊗_A Q(ξ). For simplicity, the images in U_ξ of E^{(a)}_i , F^{(a)}_i , K_i, K^{−1}_i , [ K_i, c a ] (see [L4] for the definition), etc. will be denoted by the same notations respectively. The algebra U_ξ inherits a Hopf algebra structure from that of U_A. The tensor product of two U_ξ-modules then has a natural U_ξ-module structure by means of the coproduct. We denote by U^+_ξ , U^0_ξ , U^−_ξ the positive part, zero part, negative part, respectively. The algebra U_ξ is noetherian. One may see this by a standard argument (similar to that for the universal enveloping algebra of a semisimple Lie algebra).

When ξ^2 = 1, U_ξ is generated by all E_i, F_i, K_i. In this case, U_ξ is not far from the universal enveloping algebra U (over Q) corresponding to the Cartan matrix. More precisely, U_ξ contains a big subalgebra isomorphic to U, see [X3, ch. 11]

1.2. Let R ⊂ Z^n be the root system with simple roots α_i = (a_{1i}, a_{2i}, ..., a_{ni}). For μ = (μ_1, μ_2, ..., μ_n) ∈ Z^n, we also write ⟨μ, α^∨_i ⟩ for μ_i. Define s_i : Z^n → Z^n by s_iμ = μ − ⟨μ, α^∨_i ⟩α_i. The reflections s_1, s_2, ..., s_n generate the Weyl group W of the root system R.

For α ∈ R^+ (the set of positive roots in R), let E_α ∈ U^+_ξ and F_α ∈ U^−_ξ be the corresponding root vectors defined by a fixed reduced expression of the longest element of W and the automorphisms T^′_{i,−1} of U_ξ in [L5, 37.1.3]. We define the divided powers E^{(a)}_α , F^{(a)}_α as usual.

Let l_i be the order of ξ^{2di} and let l_α = l_i if α = w(α_i) for some w ∈ W . Let u be the subalgebra of U_ξ generated by E_α, F_α, K_i, K^{−1}_i for all α in R^+_l = {α ∈ R^+ | l_α ≥ 2} and i = 1, 2, ..., n. We call u the Frobenius kernel of U_ξ. The Frobenius kernel u is a Hopf subalgebra of U_ξ. The tensor product of two u-modules then has a natural u-module structure and for a u-module M we may define its dual modules M^∗ and M^⋆ by means of the antipode and its inverse respectively.

1.3. Let γ ∈ ZR. An element x in U_ξ is said to have degree γ if K_ixK^{−1}_i = ξ^{⟨γ,α∨i ⟩di} x and [ K_i, c a ] x = x [ K_i, c + ⟨γ, α^∨_i ⟩ a ] for i = 1, 2, ..., n, c ∈ Z, a ∈ N. We also call x a homogeneous element (of degree γ) and write deg(x) = γ.

Let U^′_ξ be a subalgebra of U_ξ containing U^0_ξ and let M be a U^′_ξ-module. For λ ∈ Z^n we define the λ-weight space M_λ of M as usual (see for examples, [APW, L]). An element m ∈ M_λ is said to have weight λ. We call λ a weight of M if M_λ is not zero. If an element x in U^′_ξ has degree γ, then obviously xM_λ ⊆ M_{λ+γ} . A nonzero element m in M is called primitive if m ∈ M_λ for some λ ∈ Z^n and xm = 0 for all x ∈ U^′_ξ with positive degree.

Denote by M(λ) be the Verma module of U_ξ with highest weight λ ∈ Z^n. Let 1_λ be a non-zero element in M(λ)_λ. Denote by L(λ) the unique irreducible quotient module. Write v̄_λ for the image in L(λ) of 1_λ.

We say that an element λ = (λ_1, λ_2, ..., λ_n) ∈ Z^n_+ is l-restricted if λ_1 ≤ l_1 − 1, ..., λ_n ≤ l_n − 1. We shall denote by Z^n_{+,l} the set of all l-restricted elements in Z^n_+. For each μ = (μ_1, μ_2, ..., μ_n) ∈ Z^n we set lμ := (l_1μ_1, l_2μ_2, ..., l_nμ_n). If λ is l-restricted, then the restriction to u of L(λ) is an irreducible u-module [L3, Prop. 5.11].

1.4. Now we introduce certain monomials, which play a central role in the paper. Let s_{i1} s_{i2} · · · s_{ik} be a reduced expression of an element w ∈ W . For λ = (λ_1, ..., λ_n) ∈ Z^n_+ and j ∈ [1, k], let a_j = ⟨s_{ij−1} · · · s_{i1} , α^∨_{ij} ⟩, then define

x_{λ,w} = F^{(a1)}_{i1} F^{(a2)}_{i2} · · · F^{(ak )}_{ik} , x^′_{λ,w}−1 = F^{(ak )}_{ik} F^{(ak−1)}_{ik−1} · · · F^{(a1)}_{i1} ∈ U^−_ξ

and ẋ_{λ,w} = E^{(a1)}_{i1} E^{(a2)}_{i2} · · · E^{(ak )}_{ik} ∈ U^+_ξ . When w is the longest element w_0, we simply write x_λ, x^′_λ, ẋ_λ for x_{λ,w}, x^′_{λ,w}, ẋ_w respectively. These monomials are well defined [X2, Lemma 1.4].

Set κ = (l_1−1, l_2−1, ..., l_n−1), and write E_κ, F_κ for E^{(lβ1 −1)}_{β1} E^{(lβ2 −1)}_{β2} · · · E^{(lβr −1)}_{βr} = ẋ_κ, F^{(lβr −1)} β_r F (l_{βr−}1 −1) β_{r−}1 · · · F (l_β1 −1)

β1 = x_κ, respectively, where β_i are the positive roots defined through the reduced expression used to define the root vectors.

2. A Unified Proof of the Main Results in [X1, §5]

In this section we will give a unified proof for the main results in [X1, §5]. We first introduce the category O of Bernstein-Gelfand-Gelfand for U_ξ and discuss some simple properties. Then we show that M(−ρ) is injective and projective in the category. From this we deduce that if l is l-restricted then x_λ is contained in the negative part u^− of u (see 2.14). This is a key to the main results in loc.cit.

2.1.The Category O It is routine to define the category O of Bernstein-Gelfand-Gelfand. The objects of the category O are (left) U_ξ-modules M having the following properties:

1) M is a finitely generated U_ξ-module;

2) M is the direct sum of its weight spaces, i.e. M = ⊕_{λ∈Z}n M_λ;

3) M is U^+_ξ -finite, that is, dimU^+_ξ f < ∞ for any f ∈ M.

The morphisms of O are arbitrary U_ξ module morphisms (see [BGG]).

Obviously the Verma modules, Weyl modules and the irreducible modules L(λ) are objects of O. Let us list the basic properties of O and of Verma modules.

(i) O is an abelian category with finite direct sums. The space Hom(M, M^′) is finitedimensional for any M, M^′ ∈ O. (Note that U_ξ is noetherian, so any submodule of M is an object of O if M is an object of O.)

(ii) Let M ∈ O, λ ∈ Z^n. Then dimM_λ < ∞. Let P (M) = {λ ∈ Z^n | M_λ ≠ 0}. Then there exists a finite number of weights λ_1, λ_2, ..., λ_k such that P (M) ⊂ ∪(λ_i + NR^−), for example, P (M(λ)) = λ + NR^−. In particular, if M ≠ 0, then P (M) contains at least one maximal weight λ, i.e., such that P (M) ∩ {λ + NR^+} = λ.

(iii) The modules L(λ) (λ ∈ Z^n) are pairwise nonisomorphic and are exhausted by all the simple objects in O. L(λ) is finite-dimensional if and only if λ ∈ Z^n_+.

(iv) Let M, N be objects of O. If M is finite dimensional, then both M ⊗ N and N ⊗ M are objects of O.

2.2. It is convenient to introduce the formal characters of U_ξ-modules for studying the the category O.

Let X be the set of maps f : Z^n → Z such that the support {λ ∈ Z^n | f(λ) ≠ 0} of f is contained in a finite union of the sets {μ − NR^+} (μ ∈ Z^n}. We define (f + g)(λ) = f(λ) + g(λ) and (fg)(λ) = ∑ μ+ν=λ f(μ)g(ν). Then X is a commutative ring. Denote by

e_λ the characteristic function e_λ(λ) = 1, e_λ(μ) = 0 if μ ≠ λ. Then e_λe_μ = e_{λ+μ}. We often write the elements in X as Z-linear combinations of e_λ (λ ∈ Z^n). We also write 1 for e_0.

For a U_ξ-module M, we define chM = ∑ λ∈Z^n dimQ(ξ)(Mλ)eλ. When M is an object

of O, chM is contained in X. We set chU^−_ξ = ∑ μ∈NR+ e−μ, chU − ξ,l = ∑ μ∈NR+ e−lμ and chu^− = ∏ α∈R^− (1 + eα + · · · + e(lα −1)α). We have chM(λ) = ∑ μ∈NR+ eλ−μ = e_λ ∑ μ∈NR+ e−μ = eλchU − ξ . The following properties are trivial.

(i) chU^−_ξ =chU^−_{ξ,l}chu^−, see [L4, L5].

(ii) chL(lμ) = e_{lμ}chU^−_{ξ,l} for all μ ∈ −Z^n_+ − ρ, see [L4, L5]. As usual, ρ = (1, 1, ..., 1) ∈ Z^n_+. (iii) chV (κ) = chL(κ) = e_κchu^−, where κ = (l_1 − 1, l_2 − 1, ..., l_n − 1), see [X2, Prop. 2.8]. (iv) Let M be an object in O. If chM=chL for some simple object in O, then M is isomorphic to L, in particular, M is simple.

Some Verma modules are simple, more precisely we have Lemma 2.3. Let μ ∈ Z^n_+. Then the Verma module M(−lμ − ρ) is simple, so is equal to L(−lμ − ρ). Proof. Using 2.2 (i)-(iii) and tensor product theorem [L2] we get chM(−lμ − ρ)= e_{−lμ−ρ}chU^−_ξ =(e_{−l(μ+ρ)}chU^−_{ξ,l})(e_κchu^−) =chL(−l(μ + ρ))chL(κ)=chL(−l(μ + ρ) + κ) = chL(−lμ − ρ). By 2.2 (iv) we see the lemma is true.

We now show that each object in O has a finite Jordan-Hölder compositiom series. Lemma 2.4. Let M be a U_ξ-module such that M is equal to the sum of its weight spaces. Assume that chM = ∑ λ∈Z^n aλchL(λ) (aλ ∈ N), where only finitely many aλ’s are

nonzero. Then M has finite length (i.e. has a finite Jordan-Hölder compositiom series), and the composition factors of M are just those L(λ) counted with multiplicity a_λ. As a consequence, M is an object of O.

Proof. We use induction on a_M = ∑ λ∈Z^n aλ. When aM is 0,1, the assertion is obvious.

Now assume that a_M ≥ 2. In {λ ∈ Z^n | a_λ ≠ 0} we choose a maximal element μ. Let m ∈ M_μ be a nonzero element. Then m is primitive and N = U_ξm has a unique maximal submodule N_1, the quotient N/N_1 is isomorphic to L(μ). Let P = M/N ⊕ N_1. Then P = ∑ λ∈Z^n Pλ and chP = (aμ −1)chL(μ)+ ∑ λ∈Z^n−{μ} aλchL(λ). Note that aP = aM −1. By induction hypothesis, P has finite length, so both M/N and N_1 have finite length. Therefore M has finite length.

2.5. Assume that the Cartan matrix (a_{ij} ) is indecompable. For 1 ≤ i ≤ n, let α^∗_i = α_i if l_1 = l_2 = · · · = l_n, and let α^∗_i = (a_{i1}, a_{i2}, ..., a_{in}) ∈ Z^n if some l_k, l_m are not equal. Define s^∗_i : Z^n → Z^n by s^∗_i μ = μ − ⟨μ, α^∨_i ⟩α^∗_i . The reflections s^∗_1, ..., s^∗_n generate a finite group W^∗, which is W when all l_i are equal, and is the Weyl group corresponding to the transpose of (a_{ij} ) when some l_k, l_m are not equal.

Let λ ∈ Z^n. Define W^∗_λ = {w ∈ W^∗ | w(λ + ρ) = λ + ρ}. Then W^∗_λ is a Coxeter subgroup of W^∗, denote its longest element by w^∗_λ. For y ∈ W^∗ we define λ_y = y(λ+ρ)−ρ. We denote l(w) the length of an element w of W^∗ and use ≤ for the Bruhat order of W^∗.

Lemma 2.6. Assume that (a_{ij} ) is indecompable. Let λ ∈ Z^n_+ − ρ and let y ∈ W^∗ be such that l(yw^∗_λ) = l(y) + l(w^∗_λ). Then

e_{lλy} chU^−_{ξ,l} = ∑ w∈W^∗ l(ww^∗_λ)=l(w)+l(w^∗_λ ) yw^∗_λ≤ww^∗_λ P_{yw}∗_{λ,ww}∗_λ (1)chL(lλ_w),

where P_{yw}∗_{λ,ww}∗_λ is the Kazhdan-Lusztig polynomial.

Proof. Let g^∗ be the simple Lie algebra (over Q) corresponding to the root system R^∗=W^∗{α^∗_1, ..., α^∗_n} and let U(g^∗)^− be the negative part of the universal enveloping algebra U(g^∗) of g^∗. Let R^∗_+ be the set of positive roots of R^∗. Define chU(g^∗)^− = ∑ μ∈NR^∗+ e−μ ∈ X. For any ∑ a_μe_μ ∈ X we define l ∗ ∑ a_μe_μ = ∑ a_μe_{lμ}. Then we have (see [L4, L5]

e_{lλy} chU^−_{ξ,l} = l ∗ (e_{λy} chU(g^∗)^−).

Thus we only need to prove the following identity e_{λy} chU(g^∗)^− = ∑ w∈W^∗ l(ww^∗_λ)=l(w)+l(w^∗_λ ) yw^∗_λ≤ww^∗_λ P_{yw}∗_{λ,ww}∗_λ (1)chL^′(λ_w),

where L^′(λ_w) is the irreducible U(g^∗) module with highest weight λ_w and the character chL^′(λ_w) is defined in an obvious way, see 1.5 (iii) and 1.3.

According to [J, 2.11] we may assume that λ is regular, i.e. W^∗_λ = {1}. By [BGG] we may assume that λ = 0. Now the above identity, which was conjectured by Kazhdan and Lusztig [KL1], follows from [BK] and [BB]. The lemma is proved.

Proposition 2.7. Each Verma module has finite length. Therefore each object of O has finite length.

Proof. Consider the Verma module M(lμ + λ), μ ∈ Z^n, λ ∈ Z^n_{+,l}. We have chM(lμ + λ) = (e_{lμ}chU^−_{ξ,l})(e_λchu^−).

According to [X2, 2.2 (vi) and 2.4], e_λchu^− = ∑ τ∈Z^n δ∈Z^n+_{,l} a_{λ,lτ+δ}e_{lτ} chL(δ), a_{λ,lτ+δ} ∈ N,

where only finitely many a_{λ,lτ+δ}’s are nonzero. Thus chM(lμ + λ) = ∑ τ∈Z^n δ∈Z^n+_{,l} a_{λ,lτ+δ}e_{lμ+lτ} chU^−_{ξ,l}chL(δ).

Note that chL(lν + δ) = chL(lν)chL(δ) for all ν ∈ Z^n, δ ∈ Z^n_{+,l}. Using Lemma 2.6 we see chM(lμ + λ) = ∑ ν∈Z^n a_ν chL(ν), a_ν ∈ N, where only finitely many a_ν ’s are not zero. By Lemma 2.4, M(lμ + λ) has finite length. 2.8. We are going to show that M(−ρ) is projective and injective as well in the category O, then show that M(λ − ρ) has a unique irreducible submodule for any λ ∈ Z^n_+. Taking λ ∈ Z^n_{+,l}, we deduce the main result (Theorem 2.14) of this section.

Let M be an object in O. Following [BGG] we define its dual D(M) ∈ O as follows. Let Ψ be the antiautomorphism of U_ξ defined by Ψ(E^{(a)}_i ) = F^{(a)}_i , Ψ(F^{(a)}_i ) = E^{(a)}_i , Ψ(K^{±1}_i ) = K^{±1}_i . Let M^∗ be the space of linear functionals on M. We define the action of U_ξ on M^∗ by (xθ)(m) = θ(Ψ(x)m), θ ∈ M^∗, m ∈ M, x ∈ U_ξ. As D(M) we take submodule of M^∗ generated by the vectors charateristic with respect to U^0_ξ . It can be proved that D(M) ∈ O, and that Hom(M, N) = Hom(D(N), D(M)). In addition, D(D(M)) is naturally isomorphic to M. It is clear from the construction that dimD(M)_λ =dimM_λ for all λ ∈ Z^n. In particular, D(L(λ)) = L(λ).

Given a finite dimensional U_ξ-module E in O, we define the dual modules E^∗, E^⋆ as in [APW, 1.18] by means of the antipode of U_ξ and its inverse respectively. Then (loc.cit) (i) We have (E^∗)^⋆ ≃ E ≃ (E^⋆)^∗. (ii) For any U_ξ-modules M, N, one has Hom_{Uξ} (M, N ⊗ E) ≃ Hom_{Uξ} (M ⊗ E^⋆, N), Hom_{Uξ} (E^∗ ⊗ M, N) ≃ Hom_{Uξ} (M, E ⊗ N).

Lemma 2.9. Let M be an object of O.

(i) Assume that M(−ρ) is a submodule of M. Then M(−ρ) is a direct summand of M, i.e. there exists a submodule M^′ of M such that M is isomorphic to M(−ρ) ⊕ M^′. (ii) Assume that M(−ρ) is a quotient module of M. Then M(−ρ) is a direct summand of M. (iii) Assume that M(−ρ) is a composition factor of M. Then M(−ρ) is a direct summand of M.

Proof. Since Hom(M, N) = Hom(D(N), D(M)) for any N in O and D(D(M)) is isomorphic to M, (i) and (ii) are equivalent. We give a proof of (i). By induction on the number of composition factors (counted with multiplicities) of M, we may assume that M/M(−ρ) is irreducible. Recall that P (M) = {λ ∈ Z^n | M_λ ≠ 0}. One of the following three cases must happen.

(a) There is a maximal weight λ in P (M) such that λ ≠ −ρ. (b) −ρ is the unique maximal weight in P (M) and dim_{Q(ξ)}M_{−ρ} = 1. (c) −ρ is the unique maximal weight in P (M) and dim_{Q(ξ)}M_{−ρ} = 2.

Case (a) Choose a nonzero element m in M_λ, then m is a primitive element. Let M^′ be the submodule of M generated by m. By 2.2 (iii), Lemma 2.6 and the proof of Prop. 2.7 we see that M(−ρ) is not a composition factor of M^′. Thus M^′ ∩ M(−ρ) = 0. So M^′ is irreducible and M is isomorphic to M^′ ⊕ M(−ρ).

Case (b) Let L be the quotient module M/M(−ρ). Then L is irreducible. So D(L) = L is an irreducible submodule of D(M). Note that D(M)_{−ρ} ∩ L = 0 and −ρ is the unique maximal element in P (D(M)) = P (M). Choose a nonzero element m in M_{−ρ}. Then m is primitive and generates an irreducible submodule M^′ of D(M) with highest weight −ρ. Thus D(M) is isomorphic to L ⊕ M(−ρ). So M is isomorphic to L ⊕ M(−ρ).

Case (c) In this case we have M ≃ M(−ρ) ⊕ M(−ρ). Part (i) is proved. Part (iii) is a consequence of (i) and (ii).

Corollary 2.10. (i) M(−ρ) is projective and injective as well in O. (ii) For each λ ∈ Z^n_+, the U_ξ-module M(−ρ) ⊗ V (λ) is projective and injective as well in O. (We use V (λ) for the Weyl module of U_ξ wiht highest weight λ.)

Proof. (i) is a consequence of Lemma 2.9. (ii) follows from (i) and 2.8 (ii).

Corollary 2.11. Assume that λ ∈ Z^n_+. Then M(λ−ρ) has a unique irreducible submodule.

Proof. Let M = M(−ρ) ⊗ V (λ), then M is injective in O. Obviously, the submodule of M generated by 1_{−ρ} ⊗ v_λ is isomorphic to M(λ − ρ). Let I be the indecomposable direct summand of M containing 1_{−ρ} ⊗ v_λ. Then M(λ − ρ) is isomorphic to a submodule of I. This forces that M(λ−ρ) has a unique irreducible submodule since I is an indecomposable injective of O.

2.12. Now we are going to prove the main result of this section. Let λ ∈ Z^n_{+,l}. According to [X2, Th. 3.7], there exists an element y^′_λ in u^− of degree −λ + w_0λ such that y^′_λv_{lμ+κ+λ} is primitive in V (lμ+κ+λ) and generates the unique irreducible submodule of V (lμ+κ+λ) for any μ ∈ Z^n_+.

Lemma 2.13. Assume that λ ∈ Z^n_{+,l}. Then y^′_λ1_{λ−ρ} is primitive in M(λ−ρ) and generates an irreducible submodule of M(λ − ρ) with highest weight w_0λ − ρ.

Proof. We first prove that y^′_λ1_{λ−ρ} is primitive in M(λ − ρ). Note that all z_1 = E_iy^′_λ − y^′_λE_i and z_2 = E^{(li)}_i y^′_λ − y^′_λE^{(li)}_i are contained in u. Moreover zv_{lμ+κ+λ} ≠ 0 for all z ∈ u^− and μ ∈ Z^n_+. Since y^′_λv_{lμ+κ+λ} is primitive in V (lμ + κ + λ) for all μ ∈ Z^n_+, taking μ ∈ Z^n_+ such that each ⟨μ, α^∨_i ⟩ is odd, using PBW theorem for u and U_ξ we see z_1 and z_2 are contained in I_{lμ+κ+λ} ∩ u ⊆ I^+_{λ−ρ} ∩ u. Therefore y^′_λ1_{λ−ρ} is primitive in M(λ − ρ). (Definition: We denote {x ∈ U_ξ | xM(μ)_μ = 0} by I^+_μ for μ ∈ Z^n and denote {x ∈ U_ξ | xV (μ)_μ = 0} by I_μ for μ ∈ Z^n_+.)

Denote by M_1 the submodule of M(λ − ρ) generated by y^′_λ1_{λ−ρ}. According to [X2, Corollary 2.7] and 2.2 (i)-(ii), chM_1 = chU^−_{ξ,l}(e_{−lρ}chL(κ + w_0λ))= chL(−lρ)chL(κ + w_0λ)=chL(w_0λ − ρ). So M_1 is irreducible with highest weight w_0λ − ρ.

Now we can state and prove the main result of this section.

Theorem 2.14. Assume that λ ∈ Z^n_{+,l}. Then x^′_λ and x_λ are contained in u^−.

Proof. Obviously, x^′_λ1_{λ−ρ} is primitive in M(λ−ρ). Note that x^′_λ has degree −λ+w_0λ. By Corollary 2.11 and Lemma 2.13 we see there exists a nonzero number a ∈ Q(ξ) such that x^′_λ = ay^′_λ. Note that x_λ = x^′_{−w0λ}. The theorem is proved.

Remark: By the above theorem we see the results in [X2, §5] hold for any Cartan matrix. Namely we have the following results.

Theorem 2.15. Assume that λ ∈ Z^n_{+,l}. Denote by u(λ) the left ideal of u generated by the elements E_α, K_i − ξ^{λidi} (α ∈ R^+_l , i = 1, 2, ..., n) and elements F ∈ u^− such that F x_{κ−λ} = 0. Then

(i) As u^−-modules, L(λ) is isomorphic to u^−x_{κ−λ}.

(ii) u/u(λ) is an irreducible u-module. Moreover, as u-modules, L(λ) is isomorphic to u/u(λ).

(iii) For any γ ∈ −NR^+, denote by u^−_γ the set of all elements in u^− of degree γ, and set n_γ := {F ∈ u^−_γ | F x_{κ−λ} = 0}. Then

dimL(λ) = dimu^−_γ − dimn_γ .

In particular, we have

dimL(λ) = ∏ α∈R+ l_α − dim{F ∈ u^− | F x_{κ−λ} = 0}.

Theorem 2.16. Let λ, μ ∈ Z^n_+ and assume that λ ∈ Z^n_{+,l}. Denote by J_{lμ+λ} the left ideal of U_ξ generated by all elements in I_{lμ+λ} (see the proof of 2.13 for the definition) and elements F ∈ u^− such that F x_{κ−λ} = 0. Then U_ξ/J_{lμ+λ} ≃ L_ξ(lμ + λ, σ).

In next section we will give some applications for the results above.

2.17. Let k be an algebraically closed field of prime characteristic and let U_k be the hyperalgebra over k and associated to the Cartan matrix (a_{ij}). It is easy to define the category O_k of U_k modules. The Verma module M_k(−ρ) of U_k with highest weight −ρ remains irreducible [H]. But the category O_k is not abelian since the maximal submodule of a Verma module may be not finitely generated. As an example, one may consider type A_1 and the Verma module of highest weight 0 (see [J2]). However it is likely that M_k(−ρ) is projective and injective as well in the category. Of course we may suitably enlarge the category O_k to get an abelian category O^′_k such that the simple objects of O^′_k are the same as those of O_k. It remains likely that M_k(−ρ) is projective and injective as well in the category O^′_k.

3. The Socle of u and a Realization of Two Irreducible u-Modules

Through left multiplication we regard U_ξ (resp. u) as a u-module. The u-module will be denoted by U^L_ξ (resp. u^L). By means of Theorem 2.15 we can describe the socles of U^L_ξ and u^L and realize the tensor product of two irreducible u-modules as a submodule of u^L. For more applications of Theorem 2.15 see next section and [X4-5]. In [K, 6.5], through certain elements R(λ̄) in u_1 (the first classical Frobenius kernel) Koppinen realizes the tensor product of two irreducible u_1-modules as a submodule of the regular u_1-module. The purpose and arguments of [8, 6.5] are different from here and the elements R(λ̄) are interesting but look not easy to compute.

3.1. Some u modules Given λ ∈ Z^n, σ ∈ {±1}^n, we denote by Z(λ, σ) the corresponding Verma module of u (see [L3, X1]). Let 1_{λ,σ} be a canonical generator of Z(λ, σ). The unique irreducible quotient module of Z(λ, σ) will be denoted by L_u(λ, σ). The image of 1_{λ,σ} will be denoted by v_{λ,σ}. The map (λ, σ) → L_u(λ, σ) defines a bijection between the set Z^n_{+,l} × {±1}^n and the set of isomorphism classes of irreducible u-modules.

Let M be a u-module. A non zero element m ∈ M is called primitive if E_αm = 0 for all α ∈ R^+_l and we can find λ ∈ Z^n_{+,l}, σ ∈ {±1}^n such that K_im = σ_iξ^{diλi} m.

(a) Up to scalars, v_{λ,σ} is the unique primitive elements in L_u(λ, σ). (b) Each Z(λ, σ) has a unique irreducible submodule, which is generated by F_κ1_{λ,σ}. If λ ∈ Z^n_{+,l}, then x_{κ−λ}1_{2κ+w0λ,σ} is primitive and generates the unique irreducible submodule of Z(2κ + w_0λ, σ), which is isomorphic to L_u(λ, σ). We have Z(κ, σ) ≃ L_u(κ, σ). [X2].

For convention we shall denote by λ_i, μ_i, ... the ith components of any elements λ, μ, ... in Z^n respectively. Given λ ∈ Z^n_{+,l}, σ ∈ {±1}^n, we denote by ω_{λ,σ} ∈ u^0 the corresponding idempotent element. We have, a) 1 = ∑_{λ∈Zn} +,l σ∈{±1}^n ω_{λ,σ}, b) K_iω_{λ,σ} = σ_iξ^{diλi} ω_{λ,σ}, c) ω_{λ,σ}ω_{μ,τ} = 0 for different (λ, σ), (μ, τ) ∈ Z^n_{+,l} × {±1}^n. For any μ ∈ Z^n and τ ∈ {±1}^n, there exist unique λ ∈ Z^n_{+,l}, σ ∈ {±1}^n such that τ_iξ^{diμi} = σ_iξ^{diλi} for all i, then we define ω_{μ,τ} to be ω_{λ,σ}. (c) For λ ∈ Z^n, σ ∈ {±1}^n, and α ∈ R^+, k ∈ N, we have E^{(k)}α ω_{λ,σ} = ω_{λ+kα,σ}E^{(k)}α and F^{(k)}_α ω_{λ,σ} = ω_{λ−kα,σ}F^{(k)}_α . In particular, ẋ_μω_{λ,σ} = ω_{λ+μ−w0μ,σ}ẋ_μ and x_μω_{λ,σ} = ω_{λ+w0μ−μ,σ} x_μ for any μ ∈ Z^n_{+,l}.

Lemma 3.2. A non zero element x in U^L_ξ is primitive if and only if x = ω_{λ,σ}E_κy for some non zero y = ∑ y^′_hy^{′′}_h, and λ ∈ Z^n_{+,l}, σ ∈ {±1}^n, where y^′_h ∈ u^− and y^{′′}_h are in the subalgebra U_{ξ,l} of U_ξ generated by all E^{(li)}_i , F^{(li)}_i , [_{Ki,0} l_i ] . In particular, x ∈ u^L is primitive if and only if x = ω_{λ,σ}E_κF for some non zero F ∈ u^− and λ ∈ Z^n_{+,l}, σ ∈ {±1}^n.

Proof. One direction is obvious. Now we consider another direction. According to [L4, L5], the multiplication in U_ξ defines a Q(ξ)-linear isomorphism between u ⊗ U_{ξ,l} and U_ξ. Let {E^A} (resp. {F^{A′} }) be the PBW base of u^+ (resp. u^−) and {Y_h} a base of U_{ξ,l}. Then x = ∑ g(λ, σ, A, A^′, h)ω_{λ,σ}E^AF^{A′} Y_h, g(λ, σ, A, A^′, h) ∈ Q(ξ), where only finitely many coefficients are non zero. Since each K_i acts on x by a scalar multiplication, there are unique λ ∈ Z^n_{+,l}, σ ∈ {±1}^n such that all g(μ, τ, A, A^′, h) = 0 if (μ, τ) ∈ Z^n_{+,l} × {±1}^n is different from (λ, σ). Since E_αx = 0 for all α ∈ R^+_l , we see all g(λ, σ, A, A^′, h) = 0 if E^A ≠ E_κ (see the proof of Lemma 2.5 in [X2]). Therefore x = ω_{λ,σ}E_κ ∑ g(λ, σ, A_0, A^′, h)F^{A′} Y_h, where A_0 is defined by E^{A0} = E_κ. The lemma is proved.

The following theorem describes the socles of u^L and U^L_ξ .

Theorem 3.3. In (i)-(iii), λ ∈ Z^n_{+,l} and σ ∈ {±1}^n. (i) We have ω_{λ,σ}E_κx_{κ−λ} = ω_{λ,σ}x_{κ−λ}E_κ. (ii) Each nonzero element in ω_{λ,σ}E_κx_{κ−λ}u^−U_{ξ,l} generates an irreducible submodule of u^L, which is isomorphic to L_u(λ, σ). (Convention: u^−U_{ξ,l} is the linear space spanned by all elements y^′y^{′′}, y^′ ∈ u^−, y^{′′} ∈ U_{ξ,l}.)

(iii) Let L be an irreducible submodule of U^L_ξ . If L is isomorphic to L_u(λ, σ), then L is generated by a non zero element in ω_{λ,σ}E_κx_{κ−λ}u^−U_{ξ,l}.

(iv) The socle of u^L (i.e. the maximal completely reducible submodule of u^L) is ∑ λ∈Z^n+_{,l} σ∈{±1}^n u^−ω_{λ,σ}E_κx_{κ−λ}u^−.

Moreover, for different (λ, σ), (μ, τ) ∈ Z^n_{+,l} × {±1}^n, we have u^−ω_{λ,σ}E_κx_{κ−λ}u^− ∩ u^−ω_{μ,τ} E_κx_{κ−μ}u^− = {0}.

The socle of U^L_ξ is ∑ λ∈Z^n+_{,l} σ∈{±1}^n u^−ω_{λ,σ}E_κx_{κ−λ}u^−U_{ξ,l}.

Proof. (i) Obviously, the submodule M of u^L generated by ω_{2κ+w0λ,σ}E_κ is isomorphic to Z(2κ + w_0λ, σ). Using 3.1 (b) we get E_αx_{κ−λ}ω_{2κ+w0λ,σ}E_κ = 0 for all α in R^+_l . By 3.1 (c) and Lemma 3.2 we see x_{κ−λ}ω_{2κ+w0λ,σ}E_κ = ω_{λ,σ}x_{κ−λ}E_κ = ω_{λ,σ}E_κx_{κ−λ}.

(ii) Using (i), 3.1 (b) and 3.1 (a).

(iii) It is no harm to assume that L ⊂ u^L since U^L_ξ is canonically isomorphic to a direct sum of copies of u^L. Since u is symmetric, L appears in the Jordan-Hölder series of the socle of u^L with multiplicities dimL. By (ii), the submodule of u^L generated by ω_{λ,σ}E_κx_{κ−λ}u^− is completely reducible and is isomorphic to the direct sum of dimx_{κ−λ}u^− copies of L_u(λ, σ). Thus we only need to prove that dimx_{κ−λ}u^−=dimL_u(λ, σ). Let Ψ be the anti-automorphism of U_ξ defined by E^{(a)}_i → E^{(a)}_i , F^{(a)}_i → F^{(a)}_i , K_i → K^{−1}_i . Then Ψ(x_{κ−λ}u^−) = u^−x_{κ+w0λ}. By 3.1 (b), dimu^−x_{κ+w0λ}=dimL_u(−w_0λ, σ)=dimL_u(λ, σ)^∗= dimL_u(λ, σ), where L_u(λ, σ)^∗(≃ L_u(−w_0λ, σ)) is the dual module of L_u(λ, σ) defined through the antipode of u. (iii) is proved.

Part (iv) follows from (ii), (iii) and its proof.

Proposition 3.4. Let λ ∈ Z^n_{+,l}, σ ∈ {±1}^n and y ∈ u^−U_{ξ,l} − {0}. The submodule M of U^L_ξ generated by ω_{2κ+w0λ,σ}E_κy is isomorphic to Z(2κ + w_0λ, σ) if and only if x_{κ−λ}y ≠ 0.

Proof. There is a unique surjective u-homomorphism from Z(2κ + w_0λ, σ) to M such that 1_{2κ+w0λ,σ} maps to ω_{2κ+w0λ,σ}E_κy. According to 3.1 (b), x_{κ−λ}1_{2κ+w0λ,σ} generates the unique irreducible submodule of Z(2κ + w_0λ, σ). Therefore M is isomorphic to Z(2κ + w_0λ, σ) if and only if x_{κ−λ}ω_{2κ+w0λ,σ}E_κy ≠ 0. But x_{κ−λ}ω_{2κ+w0λ,σ} = ω_{λ,σ}x_{κ−λ}, by using Theorem 3.3 (i) and the Q(ξ)-linear isomorphism u ⊗ U_{ξ,l} ≃ U_ξ (x ⊗ y → xy) we see the proposition is true.

The following theorem realizes the tensor product of two irreducible u-modules as a submodule of u^L.

Theorem 3.5. Let (λ, σ) and (μ, τ) be elements in Z^n_{+,l} × {±1}^n.

(i) The submodule of u^L generated by ω_{w0λ+μ,στ} ẋ_{κ+w0λ}x_{κ−μ} is isomorphic to L_u(λ, σ) ⊗ L_u(μ, τ), where στ = (σ_1τ_1, ..., σ_nτ_n) if σ = (σ_1, ..., σ_n) and τ = (τ_1, ..., τ_n). (ii) The submodule M of u^L generated by ω_{λ+w0μ,στ} x_{κ−λ}ẋ_{κ+w0μ} is isomorphic to L_u(λ, σ) ⊗ L_u(μ, τ). (iii) ω_{w0λ+μ,στ} ẋ_{κ+w0λ}x_{κ−μ} = ω_{w0λ+μ,στ} x_{κ−μ}ẋ_{κ+w0λ}. We need some preparations to prove the theorem.

3.6. For λ = (λ_1, λ_2, ..., λ_n) ∈ Z^n, σ = (σ_1, σ_2, ..., σ_n) ∈ {±1}^n, let I^−_{λ,σ} be the left ideal of u generated by the elements F_α, K_i − σ_iξ^{λidi} for α ∈ R^+_l , i = 1, 2, ..., n. Define Z(λ, σ)^′ = u/I^−_{λ,σ}. The u-module Z(λ, σ)^′ has a unique irreducible quotient module, denoted by L_u(λ, σ)^′. The image in Z(λ, σ)^′ of 1 ∈ u will be denoted by 1^′_{λ,σ} and the image in L_u(λ, σ)^′ of 1^′_{λ,σ} will be denoted by v^′_{λ,σ}. We have

(a) If λ ∈ Z^n_{−,l} = {(a_1, ..., a_n) | − l_i + 1 ≤ a_i ≤ 0 for all α ∈ R^+_l }, then L_u(λ, σ)^′ ≃ L_u(w_0λ, σ). By abusing notation, we denote the image in L_u(λ, σ)^′ (resp. L_u(w_0λ, σ)) of v_{w0λ,σ} (resp. v^′_{λ,σ}) by the same notation.

(b) Each Z(λ, σ)^′ has a unique irreducible submodule, which is generated by E_κ1^′_{λ,σ}. If λ ∈ Z^n_{−,l}, then F_αẋ_{κ+λ}1^′_{−2κ+w0λ,σ} = 0 for all α ∈ R^+_l and x_{κ+λ}1^′_{−2κ+w0λ,σ} generate the unique irreducible submodule of Z(−2κ + w_0λ, σ)^′, which is isomorphic to L_u(λ, σ)^′(≃ L_u(w_0λ, σ)). We have Z(−κ, σ)^′ ≃ L_u(−κ, σ)^′ ≃ Z(κ, σ). (c) For λ ∈ Z^n, σ ∈ {±1}^n, we have Z(λ, σ)^′ ≃ Z(−λ, σ)^∗.

The assertion (a) is obvious. The proof of (b) is similar to that of 2.2 (a). The assertion (c) follows from the definitions of Z(λ, σ)^′ and of Verma module and the definition of dual module.

Lemma 3.7. Let (λ, σ) ∈ Z^n_{+,l} × {±1}^n and (μ, τ) ∈ Z^n_{−,l} × {±1}^n.

(i) The element 1_{λ,σ} ⊗ 1^′_{μ,τ} generates Z(λ, σ) ⊗ Z(μ, τ)^′ as a u-module. (ii) Let M be the submodule of u^L generated by ω_{λ+μ,στ} . Then the map uω_{λ+μ,στ} → u(1_{λ,σ} ⊗ 1^′_{μ,τ} ) defines a u-isomorphism between M and Z(λ, σ) ⊗ Z(μ, τ)^′, where u ∈ u.

Proof. (i) is obvious.

(ii) Let k_{λ+μ,στ} be the left ideal of u generated by all K_i − σ_iτ_iξ^{di(λi+μi)} and let ¯1 be the image in M^′ = u/k_{λ+μ,στ} of 1 ∈ u. There is a unique u-isomorphism from M to M^′ such that ω_{λ+μ,στ} maps to ¯1. By (i) then we get a surjective u-homomorphism from M to Z(λ, σ) ⊗ Z(μ, τ)^′ which maps ω_{λ+μ,στ} to 1_{λ,σ} ⊗ 1^′_{μ,τ} . Since both M and Z(λ, σ) ⊗ Z(μ, τ)^′ have dimension ∏ α∈R+ l 2 α, the u-homomorphism is actually an isomorphism. The lemma is proved.

3.8. Proof of Theorem 3.1. (i) By 3.6 (a) and 3.1 (b), L_u(λ, σ)(≃ L_u(w_0λ, σ)^′) is isomorphic to the submodule of Z(−2κ + λ, σ)^′ generated by ẋ_{κ+w0λ}1^′_{−2κ+λ,σ} and L_u(μ, τ) is isomorphic to the submodule of Z(2κ + w_0μ, τ) generated by x_{κ−μ}1_{2κ+w0λ,τ} . Thus L_u(λ, σ) ⊗ L_u(μ, τ) is isomorphic to the submodule of Z(−2κ + λ, σ)^′ ⊗ Z(2κ + w_0μ, τ) generated by ẋ_{κ+w0λ}1^′_{−2κ+λ,σ} ⊗ x_{κ−μ}1_{2κ+w0μ,τ} . By 3.1 (c) we have (∗) ω_{w0λ+μ,στ} ẋ_{κ+w0λ}x_{κ−μ} = ẋ_{κ+w0λ}x_{κ−μ}ω_{λ+w0μ,στ} . Since F_α1^′_{−2κ+λ,σ} = 0 for all α ∈ R^+_l , we get x_{κ−μ}(1^′_{−2κ+λ,σ} ⊗1_{2κ+w0μ,τ} ) = 1^′_{−2κ+λ,σ} ⊗ x_{κ−μ}1_{2κ+w0μ,τ} . By 3.1 (b), E_αx_{κ−μ}1_{2κ+w0μ,τ} = 0 for all α ∈ R^+_l . Therefore we have (⋆) ẋ_{κ+w0λ}x_{κ−μ}(1^′_{−2κ+λ,σ} ⊗ 1_{2κ+w0μ,τ} ) = ẋ_{κ+w0λ}1^′_{−2κ+λ,σ} ⊗ x_{κ−μ}1_{2κ+w0μ,τ} . Using Lemma 3.7, (∗) and (⋆), we see (i) is true.

(ii) By (i), M is isomorphic to L_u(μ, τ) ⊗ L_u(λ, σ). But L_u(μ, τ) ⊗ L_u(λ, σ) is isomorphic to L_u(λ, σ) ⊗ L_u(μ, τ) [L5, Coro. 32.1.6]. Hence (ii) is true. We also can prove (ii) directly by considering the embedding L_u(λ, σ)⊗L_u(μ, τ) → Z(2κ+w_0λ, σ)⊗Z(−2κ+μ, τ)^′.

(iii) It follows from Lemma 3.7(ii), (⋆) in the proof of (i) and the following identity x_{κ−μ}ẋ_{κ+w0λ}(1^′_{−2κ+λ,σ} ⊗ 1_{2κ+w0μ,τ} ) = ẋ_{κ+w0λ}1^′_{−2κ+λ,σ} ⊗ x_{κ−μ}1_{2κ+w0μ,τ} . 3.9. A possible application of Theorem 3.5 is based on the following consideration. The u-module Z(κ, σ) is actually a projective and injective u-module. So for any (λ, σ) ∈

Z^n_{+,l} × {±1}^n, the tensor product Z(κ, 1) ⊗ L_u(λ, σ) is a projective u-module and an injective u-module as well, here and later we use 1 for (1, ..., 1) ∈ {±1}^n. We have seen that the tensor product is isomorphic to the submodule of u^L generated by ω_{κ+w0λ,σ}ẋ_{κ+w0λ}. Once we know the socle of uω_{κ+w0λ,σ}ẋ_{κ+w0λ}, we know how to decompose it into the direct sum of its indecomposable components. By Theorem 3.3, this is equivalent to compute the dimension of the space uω_{κ+w0λ,σ}ẋ_{κ+w0λ} ∩ ω_{μ,τ} E_κx_{κ−μ}u^− for all (μ, τ) ∈ Z^n_{+,l} × {±1}^n.

Since u is symmetric [X2], the injective hull of L_u(λ, σ) is also the projective cover P (λ, σ) of L_u(λ, σ). Thus the dimension d_{λ,μ} of uω_{κ+w0λ,σ}ẋ_{κ+w0λ} ∩ ω_{μ,τ} E_κx_{κ−μ}u^− is equal to the dimension of Hom_u(Z(κ, 1) ⊗ L_u(λ, σ), L_u(μ, τ))=Hom_u(Z(κ, 1), L_u(μ, τ) ⊗ L_u(−w_0λ, σ)). Using Theorem 3.5 and Theorem 3.3 we see d_{λ,μ} is equal to the dimension of the space ω_{κ,1}E_κu^− ∩ uω_{μ−λ,στ} x_{κ−μ}ẋ_{κ−λ} (and equal to the dimension of the space ω_{κ,1}E_κu^− ∩ uω_{λ−μ,στ} ẋ_{κ−μ}x_{κ−λ}.) The author has no idea how to computer the dimesion of the space.

4. Some Submodules and Quotient modules of the Verma Modules of u

The main results in §2 lead to the consideration of some submodules and quotients modules of the u-module Z(λ, σ), which seem interesting. Namely for each w ∈ W we will construct a submodule and a quotient module for Z(λ, σ). Based on the construction we compute certain irreducible characters for type A. The construction also can be used to find out some (quasi) primitive elements in Z(λ, σ) (see [X4-5]). For simplicity, we shall assume that σ = (1, 1, ..., 1) and will write Z(λ), ω_λ, etc. for Z(λ, σ), ω_{λ,σ}, etc..

4.1. Quotient modules constructed from the elements x^′_{λ,w} Let λ ∈ Z^n_{+,l} and w ∈ W . In general, x^′_{λ,w} is not in u^−, therefore x^′_{λ,w}1_{κ+λ} is not well defined in general. Note that the submodule of U^L_ξ generated by ω_{κ+λ}E_κ is isomorphic to Z(κ + λ). Now the element x_{λ,w}ω_{κ+λ}E_κ ∈ U^L_ξ is well defined. Moreover, by [X2, 4.4 (iii)], x_{λ,w}ω_{κ+λ}E_κ ∈ U^L_ξ is primitive. Using 3..1 (c) and 3.2 we see x_{λ,w}ω_{κ+λ}E_κ = ω_{κ+wλ}E_κx_{λ,w} ∈ U^L_ξ . Therefore the submodule M of U^L_ξ generated by x_{λ,w}ω_{κ+λ}E_κ = ω_{κ+wλ}E_κx_{λ,w} is a quotient module of Z(κ + wλ). If x_{λ,w} ∈ u^−, then M is isomorphic to a submodule of Z(κ + λ), so its socle is isomorphic to L(κ + w_0λ). If x_{λ,w} is not contained in u^−, then M may have a big socle. We give three examples.

For simplicity we assume that l > 3 is prime, then l_i = l for all i. Type A_2. Let λ = (l − 2, l − 2) and μ = (1, l − 2). Consider the submodule M of U^L_ξ generated by m = F^{(2l−2)}_2 F^{(l−1)}_1 ω_λE_κ = ω_μE_κF^{(2l−2)}_2 F^{(l−1)}_1 . Then M is a quotient of Z(μ). The socle of M is generated by F^{(l−1)}_1 m and (F^{(l−1)}_1 F^{(l)}_2 − F^{(l)}_2 F^{(l−1)}_1 )m, so the socle is isomorphic to L(0, 0) ⊕ L(0, 0). Note that Z(μ) has only two composition factors isomorphic to L(0, 0).

Type B_2. Assume that α_1 = (2, −1) and α_2 = (−2, 2). Let λ = (l − 2, l − 2) and μ = (l−2, 1). Consider the submodule M of U^L_ξ generated by m = F^{(2l−2)}_2 F^{(3l−3)}_1 F^{(l−1)}_2 ω_λE_κ = ω_μE_κF^{(2l−2)}

2 F^{(3l−3)}

1 F^{(l−1)}_2 . Then M is a quotient of Z(μ). The submodule of M is generated by F^{(l−1)}_1 m and (F^{(l−1)}_1 F^{(l)}_2 − F^{(l)}_2 F^{(l−1)}_1 )m is isomorphic to L(0, 0) ⊕ L(0, 0). Let x ∈ u^− be such that xF^{(l−2)}_2 F^{(2l−3)}_1 F^{(l−1)}_2 = F_κ, then xm generates an irreducible submodule of M isomorphic to L(0, 0) (for detail see [X5]). Therefore the socle of M has at least three composition factors isomorphic to L(0, 0). Note that Z(μ) has four composition factors isomorphic to L(0, 0).

Type A_3. Let λ = (l − 2, l − 2, l − 2) and μ = (l − 2, 2, l − 2). Consider the submodule M of U^L_ξ generated by

m = F^{(3l−3)}

2 F^{(2l−2)}

1 F^{(2l−2)}

3 F^{(l−1)}_2 ω_λE_κ = ω_μE_κF^{(3l−3)}_2 F^{(2l−2)}_1 F^{(2l−2)}_3 F^{(l−1)}_2 .

Then M is a quotient of Z(μ). The socle of M has at least nine composition factors isomorphic to L(0, 0, 0). Note that Z(μ) has 11 composition factors isomorphic to L(0, 0, 0). The detail will appear elsewhere.

4.2. Now we are going to construct some submodules of Z(λ) by means of x_{λ,w}. First we recall the definition of x_{λ,w}. Let s_{i1} s_{i2} · · · s_{ik} be a reduced expression of w. Define a_j = ⟨s_{ij−1} s_{ij−2} · · · s_{i1} λ, α^∨_{ij} ⟩ and then x_{λ,w} = F^{(a1)}_{i1} F^{(a2)}_{i2} · · · F^{(ak )}_{ik} .

Lemma 4.3. Keep the notation above and write r_j for l_{ij} . Choose θ_j ∈ N such that

y = F^{(a1−θ1r1)} i1 F^{(a2−θ2r2)} i2 · · · F^{(ak−θk rk )} i_k ≠ 0 and k∑ j=1 θ_j is maximal.

Then y ∈ u^−. (Convention, F^{(a)}_i = 0 if a < 0.) Proof. According to [L4, L5], y = ∑ z^′_hz^{′′}_h , z^′_h ∈ u^−, z^{′′}_h ∈ U^−_{ξ,l}, where {z^{′′}_h} is a basis of U^−_{ξ,l} consisting of homogeneous elements. If z^′_h ≠ 0 and deg(z^{′′}_h ) ≠ 0 for some h, using commutation relations between root vectors we can find a suitable t such that F^{(a1−θ1r1)} i1 F^{(a2−θ2r2)} i2 · · · F^{(at−1−θt−1rt−1)} i_{t−}1 F (a_t−θ_tr_t−r_t ) i_t F (a_t+1−θ_t+1r_t+1) i_t+1 · · · F (a_k −θ_k r_k) i_k ≠ 0. This contradicts that the assumption ∑_k j=1 θ_j is maximal. The lemma is proved.

Example. Consider type A_3. Assume s_1s_3 = s_3s_1. Let l > 3 be prime and λ = (2, l − 1, l − 2), w = s_2s_1s_3s_2. Then x_{λ,w} = F^{(l−1)}_2 F^{(l+1)}_1 F^{(2l−3)}_3 F^{(2l−1)}_2 . We have

y_1 = F^{(l−1)}_2 F^{(l+1}_1 F^{(l−3)}_3 F^{(l−1)}_2 ∈ u^− − {0},

y_2 = F^{(l−1)}_2 F_1F^{(2l−3)}_3 F^{(l−1)}_2 ∈ u^− − {0}.

This example shows that the y in the lemma may be not unique.

According to [X2, 4.4(iv)] (or a slight generalization) we get Proposition 4.4. Assume λ ∈ Z^n_{+,l}. Let w, y be as in Lemma 4.1.2. Then y1_{λ−ρ} is a primitive element in Z(λ − ρ).

Remark: If l(w) = l(w_0) − 1 then uy1_{λ−ρ} should have two composition factors.

4.5. Let I be a subset of {1, 2, ..., n} and let u_I be the subalgebra of u generated by all elements in u^+ ∪ u^0 and F_i, i ∈ I. For each λ ∈ Z^n_{+,l} and σ ∈ {±1}^n we denote by

L_{u,I} (λ, σ) the corresponding irreducible u_I -module. Let w_I be the longest element of the parabolic subgroup < s_i | i ∈ I > of W . Then x_{κ−λ,wI} and x^′_{κ−λ,wI} are contained in u^−. The u-module uω_λx_{κ−λ,wI} E_κ is isomorphic to the induced module u ⊗_{uI} L_{u,I} (λ, σ).

Now we consider a special case for type A_n. We choose all d_i to be 1. Denote by l^′ the order of ξ^2. Let λ = (a, l^′ − 2, ..., l^′ − 2) ∈ Z^n_{+,l}. Denote by u the longest element of the parabolic subgroup < s_2, s_3, ..., s_n > of W (the numbering is the standard one).

Let a_i ∈ N (0 ≤ i ≤ n) be such that 0 ≤ a_i ≤ l^′ −1 and (n−i)(l^′ −1)+a+1−a_i ∈ l^′N. Then either a_i = a_{i−1} + 1 or a_i = 0. Set m_0 = x_{λ+ρ,u}1_λ. Then m_0 is a primitive element in Z(λ). Let M = M_0 = um_0. We have dimM_0 = l^{′n}.

Set b_{ii} = 0 for 1 ≤ i ≤ n. For 1 ≤ j ≤ i − 1, set b_{ij} = b_{i−1,j} if a_i = 0, b_{ij} = b_{i−1,j} + 1 if a_i = a_{i−1} + 1. By Prop. 4.4, the following elements are primitive in M, m_i = F^{(ai)}_i F^{(ai−1+bi,i−1l′)} i−1 · · · F^{(a1+bi,1l′ )} 1 m_0. Note that m_i = m_{i−1} when a_i = 0. Let M_i = um_i.

Define λ^i = (λ^i_1, ..., λ^i_n) ∈ Z^n_{+,l} (0 ≤ i ≤ n) be defined by λ^i = l^′ − a_i − 1, λ^i_{+1} = a_i and other components being 0. Then K_j m_i = ξ^{dj λij} m_i. Therefore M_i is a quotinet module of Z(λ^i).

Using induction on i we get easily the following assertion.

(a) For 0 ≤ j ≤ i − 1 we have a_j + b_{ij}l^′ − a_{j+1} − b_{i,j+1}l^′ = l^′ − 1.

Denote by F_{1j} the root vector corresponding to −α_1 − α_2 − · · · − α_j . For c = (c_n, ..., c_2, c_1) ∈ Z^n_{+,l} we define F^c = F^{(cn)}_{1n} · · · F^{(c2)}_{1,2} F^{(c1)}_{1,1} and c_{jn} = c_j + c_{j+1} + · · · + c_n. Noting that F_ix_{λ+ρ,u} = 0 if i ≥ 2, we see

(b) m_i = F^{(ai)}_{1i} F^{(l′−1)}_{1,i−1} · · · F^{(l′−1)}_{1,1} m_0.

Using commutation relations between root vectors (see for example [X1]), we see the elements F^cm_0 (c ∈ Z^n_{+,l}, c_{jn} ≥ a_j + b_{ij} l^′ for all j ∈ [1, i]) form a basis of um_i. By this and using (a) we get

(c) The elements F^cm_0 (c ∈ Z^n_{+,l}, c_{1n} ≥ a_1 + b_{i1}l^′) form a basis of um_i.

(d) Therefore the image (in M/M_{i+1}) of {F^cm_0 | c ∈ Z^n_{+,l}, c_{1n} ≤ a_1 + b_{i+1,1}l^′ − 1} is a basis of M/M_{i+1}.

Assume that a_{i+1} > 0. Then a_i = a_{i+1} − 1 and m_{i+1} ≠ m_i, so M_i/M_{i+1} ≠ 0. Let θ ∈ N be such that a_1 + i = θl^′ + a_i + 1. Then we can easily see b_{i+1,1} = i − θ. Therefore a_1 + b_{i+1,1}l^′ − 1 = i(l^′ − 1) + a_i. Hence the element z_i == F^{(l′ −1)}_{1n} · · · F^{(l′ −1)}_{1,n−i+1}F^{(ai)}_{1,n−i} has the lowest degree among the elements F^c (c ∈ Z^n_{+,l}, c_{1n} ≤ a_1 + b_{i+1,1}l^′ − 1). Let m̄^′_i be the image in M/M_{i+1} of z_im_0. Using (d) we can easily check that for any nonzero element m̄ ∈ M/M_{i+1} there exists x ∈ u^− such that xm̄ = m̄^′_i. So M/M_{i+1} contains a unique irreducible submodule which is generated by m̄^′_i. We have x^′_{λi} =F^{(ai)}_{n−i} F^{(l′ −1)}_{n−i+1} · · · F^{(l′ −1)}n F^{(ai)}_{n−i−1}F^{(l′ −1)}_{n−i} · · · F^{(l′−1)}_{n−1} · · · F^{(ai)}_1 F^{(l′−1)}_2 · · · × F^{(l′ −1)} i+1 F^{(l′−ai−1)} 1 F^{(l′−ai−1)} 2 · · · F^{(l′−ai−1)} i . So x^′_{λi} m_i = ξ^ez_im_0 for some e ∈ Z. Therefore M_i/M_{i+1} is the unique irreducible submodule of M/M_{i+1}. In summary (recalling that L_u(λ^i) ≃ L(λ^i)|_u), we have

Proposition 4.6. keep the notation in 4.5. Assume that a_{i+1} ≠ 0 (this is equivalent to λ^i ≠ λ^{i+1}). Then (i) As u-modules, M_i/M_{i+1} is isomorphic to L(λ^i). In aprticular, we have (ii) Each weight space of L(λ^i) has dimension 1.

(iii) dimL(λ^i) = #{(c_n, ..., c_1) ∈ Z^n_{+,l} | (i − 1)(l^′ − 1) + a_i ≤ c_n + · · · + c_1 ≤ i(l^′ − 1) + a_i}.

Remark: Let μ ∈ Z^n_{+,l}. Assume that μ and λ are in the same alcove. Using the translation principal we see the module sructure ux_{μ+ρ,u}1_μ is the same as that of M.

For GL_n, the above dimensions are computed in [BKS] and [MP].

4.7. Unfortunately the author has not found a simple formula for the dimension in 4.6. The following result maybe is useful for obtaining a formula for the dimension. (a) The number of solutions of c_n + · · · + c_2 + c_1 = r in non-negative integers not exceeding a fixed positive integer k is ∑_n i=0(−1)^iC^i_nC^{r−(k+1)i} n+r−(k+1)i−1, where C i n are the binomial coefficients, see [GS, p. 1037].

When l^′ > n and a = l^′ − 2, we have a_i = l^′ + i − n − 1 and m_i = F^{(l′ +i−n−1)} i F^{(2l′+i−1−n−1)} i−1 · · · F^{(il′ −n)}_1 x_{λ+ρ,u}1_λ. We have λ^i_{+1} = l^′ − (n − i) − 1, λ^i = n − i and other components of λ^i being zero. The following elements form a basis of um_i, F^{(cn)}_{βn} · · · F^{(c2)}_{β2} F^{(c1)}_{β1} x_{λ+ρ,u}1_λ, 0 ≤ c_i < l^′ and c_n + c_{n−1} + · · · + c_1 ≥ il^′ − n. Therefore we have dimL(λ^i) = #{(c_n, ..., c_2, c_1) ∈ Z^n_{+,l} | il^′ − n ≤ c_n + c_{n−1} + · · · + c_1 ≤ (i + 1)l^′ − n − 1}.

Let μ ∈ Z^n_{+,l}. Assume that μ and λ are in the same alcove. Using the translation principal we see the module sructure ux_{μ+ρ,u}1_μ is the same as that of M. In particular, ux_{μ+ρ,u}1_μ has n + 1 composition factors.

References [AJS] H. H. Andersen, J. C. Jantzen and W. Soergel, Representations of quantum groups at a p-th root of unity and of semisimple groups in characteristic p: Independence of p, Astérisque, 220 (1994).

[AP] H. H. Andersen and J. Paradowski, Fusion categories arising from semisimple Lie algebras, Comm. Math. Phys. 169 (1995), 563-588.

[APW]Andersen, H. H., Polo, P., Wen, K., Representations of quantum algebras, Invent.

math. 104 (1991), 1-59.

[BB] Beilinson, A., Berstein, J., Localization of g modules, C. R. Acad. Sci. Paris Ser. I Math. 292 (1981), 15-18.

[BGG] Bernstein, J., Gelfand, I., Gelfand, S., Category of g modules, Funct. Anal. and Appl. 10 (1976), 87-92.

[BK] Brylinski, J.-L., Kashiwara, M., Kazhdan-Lusztig conjecture and holonomic systems, Invent. Math. 64 (1981), 387-410.

[BKS] Brundan, J., Kleshchev, A., Suprunenko, I., Semisimple restriction from GL(n) to GL(n − 1), preprint, 1997.

[CK] De Concini, C., Kac, V. G., Representations of quantum groups at roots of 1, in “Operator algebras, Unitary Representations, Enveloping Algerbas and Invariant Theory”, Actes du colloque en l’honneur de Jacques Dixmier, edited by A. Connes, M. Duflo, A. Joseph, R. Rentschler, Progress in Mathematics 92, Birkháuser, Boston · Basel · Berlin, 1990; pp.471-506.

[GS] Gessel, I.M., Stanley, R.P., Algebraic enumeration, in “Handbook of Combinatorics, Volume II”, pp.1021-1062, edited by R.L. Graham, M. Grötschel, L. Lovász, Elsevier Science B.V., 1995.

[H] Haboush, W., Central differential operators on split semi-simple groups over fields of positive characteristic, pp.35-85 in LNM 795, Springer-Verlag Berlin Heidelberg New York 1980.

[Hu] J. E. Humphreys, Modular representations of classical Lie algebras and semisimple groups, J. Alg. 19 (1971), 51-79.

[J1] J. C. Jantzen, Über Darstellungen höherer Frobenius-Kerne halbeinfacher algebraischer Gruppen, Math. Z. 164 (1979), 271-292.

[J2] Jantzen, J. C., Moduln mit einem höchsten Gewicht, LNM 750, Springer-Verlag Berlin Heidelberg, 1979.

[J3] J. C. Jantzen, Representations of Algebraic Groups, Academic Press, Inc., 1987.

[K] M. Koppinen, Decomposing and lifting hyperalgebras, Ann. Univ. Turku, 184 (1983).

[KL1] Kazhdan, D., Lusztig, G., Representations of Coxeter groups and Hecke algebras, Invent. Math. 53 (1979), 165-184.

[KL2] D. Kazhdan and G. Lusztig Tensor structure arising from affine Lie algebras, I, II, III, IV, Jour. Amer. Math. Soc., 6 (1993), 905-947, 949-1011, 7 (1994), 335-381, 383-453.

[KT] M. Kashiwara and T. Tanisaki, Kazhdan-Lusztig conjecture for affine Lie algebras with negative level, I, II, Duke Math. J., 77 (1995), 21-62, 84 (1996), 771-813.

[L1] Lusztig, G., Quantum deformations of certain simple modules over enveloping algebras, Adv. in Math. 70 (1988), 237-249.

[L2] Lusztig, G., Modular representations and quantum groups, Contemp. Math. 82 (1989), 59-77.

[L3] Lusztig, G., Finite dimensional Hopf algebras arising from quantized universal enveloping algebras, Jour. Amer. Math. Soc. 3 (1990), 257-296.

[L4] Lusztig, G., Quantum groups at roots of 1, Geom. Ded. 35 (1990), 89-114. [L5] Lusztig, G., Introduction to quantum groups, Progress in Mathematics 110, Birkháuser, Boston · Basel · Berlin, 1993.

[L6] Lusztig, G., Monodromic systems on affine flag manifolds, Proc. R. Soc. London A 445 (1994), 231-246.

[MP] Mathieu, O., Papadopoulo, G., A character formula for a family of simple modular representations of GL_n, preprint, 1997.

[X1] Xi, N., Root vectors in quantum groups, Comm. Math. Hel. 69 (1994), 612-639. [X2] Xi, N., Irreducible modules of quantized enveloping algebras at roots of 1, Publ.

RIMS. Kyoto Univ. 32 (1996), 235-276.

[X3] Xi, N., Bases of quantized enveloping algebras, preprint, 1995.

[X4] Xi, N., Primitive and quasi primitive elements in Weyl modules for type A_2, preprint, 1997.

[X5] Xi, N., Primitive and quasi primitive elements in Weyl modules for type B_2, in preparation..

[XY] B. Xu and J. Ye, Irreducible characters of algebraic groups in characteristic two (I), ICTP preprint, 1996.

[Y1] J. Ye, Irreducible characters of algebraic groups in characteristic two (II), ICTP preprint, 1996.

[Y2] J. Ye, in preparation, 1997.

SFB 343, Bielefeld University, 33501 Bielefeld, Geramny e-mail: nanhua@mathematik.uni-bielefeld.de and Institute of Mathematics, Academia Sinica, Beijing 100080, China e-mail: nanhua@math03.math.ac.cn