Primitive and Quasi Primitive Elements in Weyl Modules for Type A2

Nanhua Xi

The submodule structure of Weyl modules for SL_3 has been determined in [DS, K, I] and by Cline (unpublished). The main technique used in [DS] is an analysis of the interwining homomorphisms between certain Weyl modules. The approach in [I, K] is essentially a direct calculation. Also Jantzen’s translation principal plays an important role in these works. For a few special cases, Irving gives some (quasi) primitive elements in Verma modules of the Frobenius kernel and Weyl modules (see [I]). In this paper we will find out all (quasi) primitive elements in Verma modules of the quantized Frobenius kernel and Weyl modules for type A_2, see §§2-3. Thus we understand the structure of the Verma modules and the Weyl modules more explicitly. Our method is based on the main results in [X1] and is rather simple. In this paper we only work with quantized enveloping algebras at roots of 1 (Lusztig version), for hyperalgebras the approach is completely similar. The method works for type B_2 (see [X2]). The author also did some computations for type A_3 by using the method, although the amount of the computation is large, it seems still not difficult to work out the structure of Weyl modules for type A_3.

1. Primitive and Quasi Primitive Elements

In this section we fix notation and give the definition for (quasi) primitive elements. We refer to [L1-4, X1] for additional information.

1.1. Let U_ξ be a quantized enveloping algebra (over Q(ξ)) at a root ξ of 1. We assume that the order of ξ ≥ 3. As usual, the generators of U_ξ are denoted by E^{(a)}_i , F^{(a)}_i , K_i, K^{−1}_i , etc. Let u be the Frobenius kernel and ũ the subalgebra of U_ξ generated by all elements in u and in the zero part of U_ξ. For λ ∈ Z^n and a U_ξ-module or a ũ-module M we denote by M_λ the λ-weight space of M. An element in M_λ will be called an element of weight λ or a weight vector. We call m primitive if m is a nonzero weight vector and E^{(a)}_i m = 0 for all i and a ≥ 1. Let m ∈ M be a weight vector. If there exist two submodules M_1, M_2 of M such that the image in M_1/M_2 of m is primitive, then we call m a quasi primitive element. Obviously, primitive elements are quasi primitive. We have: (a) Let m ∈ M be a weight vector and let M_1 be the submodule of M generated by m and let N be a maximal submodule of M. Then m is quasi primitive if and only if the image in M/N of m is primitive.

(b) If m is a quasi primitive element of weight λ, then L(λ) (or L̃(λ)) is a composition factor of M (depending on M is a U_ξ-module or a ũ-module). Here and later we write L(λ) (resp. L̃(λ)) for an irreducible U_ξ-module (resp. ũ-module) of highest weight λ. (c) Let M and N be modules and ϕ : M → N a homomorphism. Let m be a weight vector in M. If ϕ(m) is a quasi primitive element of N, then m is a quasi primitive element of M. (d) Let M, N, ϕ, m be as in (iii). If m is a (quasi) primitive element of M and ϕ(m) ≠ 0, then ϕ(m) is a (quasi) primitive element of N.

We shall denote by Z̃(λ) the Verma module of ũ with highest weight λ and denote by ~1_λ a nonzero element in Z̃(λ)_λ. Recall that to define U_ξ we need to choose a_i ∈ {1, 2, 3} such that (a_ia_{ij} ) is symmetric, where (a_{ij}) is the concerned Cartan matrix. Assume the rank of the Cartan matrix is n. Let l_i be the order of ξ^{2di} . For λ = (λ_1, ..., λ_n) ∈ Z^n we set lλ = (l_1λ_1, ..., l_nλ_n). We call λ is l-restricted if 0 ≤ λ_i ≤ l_i − 1 for all i. Denote by Z^n_{+,l} the set of all l-restricted elements in Z^n.

(e) Let λ^′ ∈ Z^n_{+,l}, λ^{′′} ∈ Z^n. Set λ = λ^′ + lλ^{′′} ∈ Z^n. Then F^{(λ0i+1)}_i ~1_λ is primitive if λ^′_i ≠ l_i − 1.

2. Structure of Z̃(λ) for Type A_2

2.1. From now on we assume that U_ξ is of type A_2. In this section we determine the (quasi) primitve elements in Z̃(λ) (or equivalently in any highest weight module of ũ) and the submodule structure of Z̃(λ), see 2.2-7. We choose d_i = 1 and let l^′ = l_1 = l_2. The following result is a special case of [X1, 4.2 (ii)].

(a) Assume 0 ≤ a, b ≤ l^′ − 1, c, d ∈ Z, and let μ = (l^′c − 1 + a, l^′d − 1 + b). Then the element F^{(a)}_2 F^{(a+b)}_1 F^{(b)}_2 ~1_μ = F^{(b)}_1 F^{(a+b)}_2 F^{(a)}_1 ~1_μ is primitive in Z̃(μ) and generates the unique irreducible submodule of Z̃(μ). The irreducible submodule is isomorphic to L̃(l′c − 1 − b, l′d − 1 + b). Let α_1 = (2, −1) and α_2 = (−1, 2). The set of positive roots is R^+ = {α_1, α_2, α_1 +α_2}.

Let W be the Weyl group generated by the simple reflections s_i corresponding to α_i. Let λ = (a, b) ∈ Z^2_{+,l} such that ⟨λ + ρ, β^∨⟩ ≠ l^′ for all β ∈ R^+. We consider the W -orbit of λ (dot action), which consists of the following 6 elements,

λ, s_1.λ = λ − (a + 1)α_1, s_2.λ = λ − (b + 1)α_2, s_2s_1.λ = λ − (a + 1)α_1 − (a + b + 2)α_2, s_1s_2.λ = λ − (a + b + 2)α_1 − (b + 1)α_2, s_1s_2s_1.λ = λ − (a + b + 2)α_1 − (a + b + 2)α_2. Theorem 2.2. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} ∈ Z^2. Set λ = λ^′ + lλ^{′′} ∈ Z^2. Assume that a + b + 2 < l^′. Then (i)The following 6 elements are primitive in Z̃(λ): ~1_λ, F^{(a+1)}_1 ~1_λ, F^{(b+1)}_2 ~1_λ, F^{(a+b+2)}_2 F^{(a+1)}_1 ~1_λ, F^{(a+b+2)}

1 F^{(b+1)}_2 ~1_λ, F^{(a+1)}_2 F^{(a+b+2)}_1 F^{(b+1)}_2 ~1_λ.

(ii)The following 3 elements are quasi primitive elements in Z̃(λ) but not primitive: (F^{(a+b+2)}

1 F^{(l0 )}_2 − ξ^{l0(a+b+2)}F^{(l0)}_2 F^{(a+b+2)}_1 )F^{(b+1)}_2 ~1_λ, (F^{(a+b+2)}

2 F^{(l0 )}_1 − ξ^{l0(a+b+2)}F^{(l0)}_1 F^{(a+b+2)}_2 )F^{(a+1)}_1 ~1_λ, F^{(l0 −a−1)} 1 F^{(l0 )}_2 F^{(a+1)}_1 ~1_λ (We also can choose the third one to be F^{(l0 −b−1)}_2 F^{(l0 )}_1 F^{(b+1)}_2 ~1_λ.) Moreover there are no primitive elements in Z̃(λ) which have the same weight with any of above three elements. (iii) The (quasi) primitive elements in (i-ii) provide nine composition factors of Z̃(λ), which are L̃(λ), L̃(λ − (a + 1)α_1), L̃(λ − (b + 1)α_2), L̃(λ − (a + 1)α_1 − (a + b + 2)α_2), L̃(λ − (a + b + 2)α_1 − (b + 1)α_2)

L̃(λ − (a + b + 2)α_1 − (a + b + 2)α_2), L̃(λ − (l^′ + a + 1)α_1 − (a + b + 2)α_2), L̃(λ − (a + b + 2)α_1 − (l^′ + b + 1)α_2), L̃(λ − l^′α_1 − l^′α_2).

Moreover, Z̃(λ) has only the nine composition factors. (iv)The submodule lattice of Z̃(λ) is as follows (see [DS, K, I]): L̃(λ)

L̃(λ − (a + 1)α_1) L̃(λ − (b + 1)α_2)

L̃(λ − γ_1) L̃(λ − γ_2) L̃(λ − γ_3) L̃(λ − γ_4) L̃(λ − γ_5)

L̃(λ − (a + b + 2)α_1 − (a + b + 2)α_2) Where γ_1 = (l^′+a+1)α_1+(a+b+2)α_2, γ_2 = (a+1)α_1+(a+b+2)α_2, γ_3 = l^′α_1+l^′α_2, γ_4 = (a + b + 2)α_1 + (b + 1)α_2, γ_5 = (a + b + 2)α_1 + (l^′ + b + 1)α_2. Proof: According to 1(d-e), we see (i) is true.

Using 1 (d-e) and 2.1 (a) we get (1) Let μ = λ + (l^′ − a − 1)α_1. The following elements are primitive in Z̃(μ): ~1_μ, F^{(l0 −a−1)}

1 ~1_μ, F^{(a+b+2)}_2 ~1_μ, F^{b+1)}_2 F^{(l0−a−1)}_1 ~1_μ, F^{(b+1)}

1 F^{(a+b+2)}

2 ~1_μ, F^{(l0−a−1)} 2 F^{(l0+b+1)}

1 F^{(a+b+2)}

2 ~1_μ.

(2) Let μ = λ + (l^′ − b − 1)α_2. The following elements are primitive in Z̃(μ): ~1_μ, F^{(a+b+2)}

1 ~1_μ, F^{(l0−b−1)}

2 ~1_μ, F^{a+1)}_2 F^{(a+b+2)}_1 ~1_μ, F^{(b+1)} 1 F^{(l0−b−1)} 2 ~1_μ, F^{(l0−b−1)} 1 F^{(l0 +b+1)}

2 F^{(a+b+2)}

1 ~1_μ.

(3) Let μ = λ + (l^′ − a − 1)α_1 + (l^′ − a − b − 2)α_2. The following elements are primitive in Z̃(μ): ~1_μ, F^{(b+1)}_1 ~1_μ, F^{(l0−a−b−2)}

2 ~1_μ, F^{l0 −a−1)}_2 F^{(b+1)}_1 ~1_μ, F^{(l0 −a−1)} 1 F^{(l0 −a−b−2)} 2 ~1_μ, F^{(b+1)}_2 F^{(l0−a−1)}_1 F^{(l0−a−b−2)}_2 ~1_μ.

(4) Let μ = λ + (l^′ − a − b − 2)α_1 + (l^′ − b − 1)α_2. The following elements are primitive in Z̃(μ): ~1_μ, F^{(l0 −a−b−2)} 1 ~1_μ, F^{(a+1)}_2 ~1_μ, F^{l0 −b−1)}_2 F^{(l0 −b−2)}_1 ~1_μ, F^{(l0−b−1)} 1 F^{(a+1)}_2 ~1_μ, F^{(a+1)}_1 F^{(l0 −b−1)}_2 F^{(l0 −a−b−2)}_1 ~1_μ.

(5) Let μ = λ + (l^′ − a − b − 2)α_1 + (l^′ − a − b − 2)α_2. The following elements are primitive in Z̃(μ):

~1_μ, F^{(l0 −b−1)}

1 ~1_μ, F^{(l0−a−1)} 2 ~1_μ, F^{l0−a−b−2)} 2 F^{(l0 −b−1)} 1 ~1_μ, F^{(l0 −a−b−2)} 1 F^{(l0−a−1)} 2 ~1_μ, F^{(l0−a−1)} 1 F^{(2l0−a−b−2)} 2 F^{(l0 −b−1)} 1 ~1_μ.

Now we consider the homomorphism:

Z̃(λ) → Z̃(λ + (l^′ − a − 1)α_1)), ~1_λ → s = F^{(l0 −a−1)}_1 ~1_{λ+(l0 −a−1)α1} ;

Let x = (F^{(a+b+2)}

1 F^{(l0)}_2 − ξ^{l0(a+b+2)}F^{(l0 )}_2 F^{(a+b+2)}_1 )F^{(b+1)}_2 ∈ u^−.

Note that

F^{(a+b+2)}

1 F^{(l0 +b+1)}

2 s = F^{(a+b+2)}

1 F^{(l0+b+1)} 2 F^{(l0 −a−1)} 1 ~1_{λ+(l0 −a−1)α1} = ξ^{l0(b+1)}xs.

Using 1 (c) we see that x~1_λ is a quasi primitive element of weight λ − (a + b + 2)α_1 − (l^′ + b + 1)α_2. It is easy to see that x~1_λ is not a primitive element, namely E_2x~1_λ ≠ 0.

Similarly we consider the homomorphism:

Z̃(λ) → Z̃(λ + (l^′ − b − 1)α_2)), ~1_λ → t = F^{(l0 −b−1)}_2 ~1_{λ+(l0 −b−1)α2} ;

Let y = (F^{(a+b+2)}

2 F^{(l0 )}_1 − ξ^{l0(a+b+2)}F^{(l0 )}_1 F^{(a+b+2)}_2 )F^{(a+1)}_1 ∈ u^−.

Note that

F^{(a+b+2)}

2 F^{(l0 +a+1)}

1 t = F^{(a+b+2)}

2 F^{(l0+a+1)} 1 F^{l0−b−1)} 2 ~1_{λ+(l0 −b−1)α2} = ξ^{l0(a+1)}yt.

Using 1 (c) we see that y~1_λ is a quasi primitive element of weight λ − (l^′ + a + 1)α_1 − (a + b + 2)α_2. It is easy to see that y~1_λ is not a primitive element. Since F^{(l0−a−b−2)} 2 F^{(l0 −b−1)} 1 ∈ F^{(a+1)}_1 u^−, we have a surjective homomorphism

uF^{(a+1)} 1 ~1_λ → uF^{(l0 −a−b−2)} 2 F^{(l0 −b−1)} 1 ~1_{λ+(l0 −a−b−2)α1+(l0 −a−b−2)α2} . Let z^′ = (F^{(l0−a−1)}

1 F^{(l0 )}_2 − ξ^{l0(l0 −a−1)}F^{(l0 )}_2 F^{(l0 −a−1)}_1 ) ∈ u^−. Then F^{(l0−a−1)} 1 F^{(2l0−a−b−2)} 2 F^{(l0 −b−1)} 1 = ξ^{l0(l0 −a−b−2)}zF^{l0 −a−b−2)} 2 F^{(l0 −b−1)} 1 . Let z = z^′F^{(a+1)}_1 . According 1 (c) we see z~1_λ is a quasi primitive element of weight λ−l^′α_1 −l^′α_2. We also can choose z to be F^{(l0 −b−1)}_2 F^{(l0 )}_1 F^{(b+1)}_2 by considering the following homomorphism

uF^{(b+1)} 2 ~1_λ → uF^{(l0−a−b−2)} 1 F^{(l0 −a−1)} 2 ~1_{λ+(l0 −a−b−2)α1+(l0 −a−b−2)α2} .

Since all the weights of x~1_λ, y~1_λ, z~1_λ are smaller than λ − (a + b + 2)α_1 − (a + b + 2)α_2 and F^{(a+1)}_2 F^{(a+b+2)}

1 F^{(b+1)}_2 ~1_λ generates the unique irreducible submodule of Z̃(λ), we see there are no primitive elements in Z̃(λ) which have the same weight with x~1_λ or y~1_λ or x~1_λ.

We have proved (ii).

According to 1 (b) we see Z̃(λ) has the nine composition factors. Note that the dimensions of irreducible ũ-modules and U_ξ-modules are known. Comparing the dimensions we know Z̃(λ) has only the above composition factors. Thus (iii) is proved.

Part (iv) is due to [DS, K, I], which also can be check directly by using (i-ii).

The theorem is proved.

Theorem 2.3. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} ∈ Z^2. Set λ = λ^′ + lλ^{′′} ∈ Z^2. Assume that 0 < a + 1, b + 1 < l^′ and a + b + 2 > l^′. Then (i)The following 7 elements are primitive in Z̃(λ): ~1_λ, F^{(a+1)}_1 ~1_λ, F^{(b+1)}_2 ~1_λ, F^{(a+b+2−l0 )}_2 F^{(a+1)}_1 ~1_λ, F^{(a+b+2−l0 )} 1 F^{(b+1)}_2 ~1_λ, F^{(a+1)}_2 F^{(a+b+2)}_1 F^{(b+1)}_2 ~1_λ, ∑ 0≤r≤a+b+2−l^0 [ b + 1 − r l^′ − a − 1 ]_{−1} ξ ξ^{(a+b+2−l0)(b+1−r)}F^{(a+b+2−l0 −r)} 2 F^′_{12}^{(r)}F^{(a+b+2−l0 −r)}

1 ~1_λ.

(ii)The following 2 elements are quasi primitive elements in Z̃(λ) but not primitive: (F^{(a+1)}

1 F^{(l0)}_2 − ξ^{l0(a+1)}F^{(l0 )}_2 F^{(a+1)}_1 )~1_λ, (F^{(b+1)}

2 F^{(l0)}_1 − ξ^{l0(b+1)}F^{(l0 )}_1 F^{(b+1)}_2 )~1_λ.

Moreover there are no primitive elements in Z̃(λ) which have the same weight with any of above two elements.

(iii)The (quasi) primitive elements in (i-ii) provide nine composition factors of Z̃(λ), which are L̃(λ), L̃(λ − (a + 1)α_1), L̃(λ − (b + 1)α_2), L̃(λ − (a + 1)α_1 − (a + b + 2 − l^′)α_2), L̃(λ − (a + b + 2 − l^′)α_1 − (b + 1)α_2) L̃(λ − (a + b + 2)α_1 − (a + b + 2)α_2), L̃(λ − (a + b + 2 − l^′)α_1 − (a + b + 2 − l^′)α_2), L̃(λ − (a + 1)α_1 − l^′α_2), L̃(λ − l^′α_1 − (b + 1)α_2).

Moreover, Z̃(λ) has only the nine composition factors.

(iv)The submodule lattice of Z̃(λ) is as follows (see [DS, K, I]): L̃(λ)

L̃(λ − γ_1) L̃(λ − γ_2) L̃(λ − γ_3) L̃(λ − γ_4) L̃(λ − γ_5)

L̃(λ − (a + 1)α_1 − (a + b + 2 − l^′)α_2) L̃(λ − (a + b + 2 − l^′)α_1 − (b + 1)α_2)

L̃(λ − (a + b + 2)α_1 − (a + b + 2)α_2) Where γ_1 = (a+1)α_1, γ_2 = (a+1)α_1 +l^′α_2, γ_3 = (a+b+2−l^′)α_1 +(a+b+2−l^′)α_2, γ_4 = l^′α_1 + (b + 1)α_2, γ_5 = (b + 1)α_2.

Proof: According to 1(d-e) and 2.1 (a) we see the first 6 elemets in (i) are primitive.

Consider the homomorphism:

Z̃(λ) → Z̃(λ + (l^′ − a − 1)α_1)), ~1_λ → s = F^{(l0 −a−1)}_1 ~1_{λ+(l0 −a−1)α1} . Let x = ∑ 0≤r≤a+b+2−l^0 [ b + 1 − r l^′ − a − 1 ]_{−1} ξ ξ^{(a+b+2−l0 )(b+1−r)}F^{(a+b+2−l0 −r)} 2 F^′_{12}^{(r)}F^{(a+b+2−l0 −r)}

1 ∈ u^−.

Note that F^{(b+1)}

1 F^{(a+b+2−l0 )}

2 ~1_{λ+(l0 −a−1)α1} = xF^{(l0 −a−1)}_1 ~1_{λ+(l0 −a−1)α1} .

Using 1 (c) we see that x~1_λ is a quasi primitive element of weight λ − (a + b + 2 − l^′)α_1 − (a + b + 2 − l^′)α_2. We will prove that x~1_λ is primitive after establishing (iv).

Now we consider the homomorphism:

Z̃(λ) → Z̃(λ + (2l^′ − a − b − 2)α_1 + (l^′ − b − 1)α_2),

~1_λ → t = F^{(l0 −b−1)} 2 F^{(2l0−a−b−2)} 1 ~1_{λ+(2l0 −a−b−2)α1+(l0 −b−1)α2} . Let y = (F^{(a+1)}_1 F^{(l0 )}_2 − ξ^{l0(a+1)}F^{(l0)}_2 F^{(a+1)}_1 ) ∈ u^−.

Note that

yt = ξ^{l0} F^{(a+1)}_1 F^{(2l0 −b−1)} 2 F^{(2l0−a−b−2)} 1 ~1_{λ+(2l0 −a−b−2)α1+(l0 −b−1)α2} is a primitive element of the image of Z̃(λ), using 1 (c) we see that y~1_λ is a quasi primitive element of weight λ − (a + 1)α_1 − l^′α_2.

Similarly by considering the homomorphism:

Z̃(λ) → Z̃(λ + (l^′ − a − 1)α_1 + (2l^′ − a − b − 2)α_2)),

~1_λ → t = F^{(l0 −a−1)} 1 F^{(2l0−a−b−2)} 2 ~1_{λ+(l0 −a−1)α1+(2l0 −a−b−2)α2} , we see that z~1_λ = (F^{(b+1)}_2 F^{(l0 )}_1 − ξ^{l0(b+1)}F^{(l0)}_1 F^{(b+1)}_2 )~1_λ is a quasi primitive element. We will argue in the end of the proof for the second assertion of (ii).

The nine (quasi) primitive elements provide nine composition factors listed in (iii). Comparing the dimensions we see Z̃(λ) has only the nine composition factors.

By a direct computation we get (iv).

Now we can see easily that the 7th element in (i) is primitive. A simple computation shows that E_iy~1_λ and E_iz~1_λ (i = 1, 2) are contained in the submodule of Z̃(λ) generated by F^{(a+b+2−l0 )} 2 F^{(a+1)}_1 ~1_λ and F^{(a+b+2−l0 )}

1 F^{(b+1)}_2 ~1_λ. Thus λ−(a+b+2−l^′ )α_1−(a+b+2−l^′)α_2 is a maximal weight of the maximal submodule of Z̃(λ), so the 7th element in (i) is primitive.

Now we prove the second assertion of (ii). Assume m is a primitive element in Z̃(λ) of weight λ − (a + 1)α_1 − l^′α_2. Then um contains y~1_λ = (F^{(a+1)}_1 F^{(l0 )}_2 − ξ^{l0(a+1)}F^{(l0 )}_2 F^{(a+1)}_1 )~1_λ since Z̃(λ) has only one composition factor of highest weight λ − (a + 1)α_1 − l^′α_2. It is easy to see that uy~1_λ contains the primitive element m^′ = F^{(a+b+2−l0 )}_2 F^{(a+1)}_1 ~1_λ. But this impossible since the weight of m^′ is bigger than the weight of y~1_λ. Similarly we see there are no primitive elements in Z(λ) of weight λ − l^′α_1 − (b + 1)α_2.

The theorem is proved.

Completely as the arguments for Theorems 2.2-3 we get the following results. Theorem 2.4. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} ∈ Z^2. Set λ = λ^′ + lλ^{′′} ∈ Z^2. Assume that 0 < a + 1, b + 1 < l^′ and a + b + 2 = l^′. Then (i)The following 4 elements are primitive in Z̃(λ): ~1_λ, F^{(a+1)}_1 ~1_λ, F^{(b+1)}_2 ~1_λ, F^{(a+1)}_2 F^{(l0 )}_1 F^{(b+1)}_2 ~1_λ.

(ii)The primitive elements in (i) provide four composition factors of Z̃(λ), which are L̃(λ), L̃(λ − (a + 1)α_1), L̃(λ − (b + 1)α_2), L̃(λ − l′α_1 − l′α_2). Moreover, Z̃(λ) has only the four composition factors.

(iii)The submodule lattice of Z̃(λ) is as follows (see [DS, K, I]): L̃(λ)

L̃(λ − (a + 1)α_1) L̃(λ − (b + 1)α_2)

L̃(λ − l^′α_1 − l^′α_2)

Theorem 2.5. Let λ^′ = (l^′ − 1, b) ∈ Z^2_{+,l}, λ^{′′} ∈ Z^2. Set λ = λ^′ + lλ^{′′} ∈ Z^2. Assume that 0 < b + 1 < l^′. Then (i)The following 3 elements are primitive in Z̃(λ): ~1_λ, F^{(b+1)}_2 ~1_λ, F^{(b+1)}_1 F^{(b+1)}_2 ~1_λ.

(ii)The element x = (F^{(b+1)}_2 F^{(l0)}_1 − ξ^{l0(b+1)}F^{(l0)}_1 F^{(b+1)}_2 )~1_λ is quasi primitve. There are no primitive elements in Z̃(λ) of weight λ − l^′α_1 − (b + 1)α_2.

(iii)The (quasi) primitive elements in (i-ii) provide four composition factors of Z̃(λ), which are L̃(λ), L̃(λ − (b + 1)α_2), L̃(λ − (b + 1)α_1 − (b + 1)α_2), L̃(λ − l^′α_1 − (b + 1)α_2). Moreover, Z̃(λ) has only the four composition factors. (iv)The submodule lattice of Z̃(λ) is as follows (see [DS, K, I]): L̃(λ)

L̃(λ − l^′α_1 − (b + 1)α_2) L̃(λ − (b + 1)α_2)

L̃(λ − (b + 1)α_1 − (b + 1)α_2)

Theorem 2.6. Let λ^′ = (a, l^′ − 1) ∈ Z^2_{+,l}, λ^{′′} ∈ Z^2. Set λ = λ^′ + lλ^{′′} ∈ Z^2. Assume that 0 < a + 1 < l^′. Then (i)The following 3 elements are primitive in Z̃(λ): ~1_λ, F^{(a+1)}_1 ~1_λ, F^{(a+1)}_2 F^{(a+1)}_1 ~1_λ.

(ii)The element x = (F^{(a+1)}_1 F^{(l0)}_2 − ξ^{l0(a+1)}F^{(l0)}_2 F^{(a+1)}_1 )~1_λ is quasi primitve. There are no primitive elements in Z̃(λ) of weight λ − (a + 1)α_1 − l^′α_2.

(iii)The (quasi) primitive elements in (i-ii) provide four composition factors of Z̃(λ), which are L̃(λ), L̃(λ − (a + 1)α_1), L̃(λ − (a + 1)α_1 − (a + 1)α_2), L̃(λ − (a + 1)α_1 − l^′α_2). Moreover, Z̃(λ) has only the four composition factors. (iv)The submodule lattice of Z̃(λ) is as follows (see [DS, K, I]):

L̃(λ) L̃(λ − (a + 1)α_1) L̃(λ − (a + 1)α_1 − l^′α_2) L̃(λ − (a + 1)α_1 − (a + 1)α_2)

Theorem 2.7. Let λ^′ = (l^′ − 1, l^′ − 1) ∈ Z^2_{+,l}, λ^{′′} ∈ Z^2. Set λ = λ^′ + lλ^{′′} ∈ Z^2. Then Z̃(λ) is irreducible. (See [X1]) 3. Structure of Weyl Modules for Type A_2

For λ ∈ Z^2_+ we denote by V (λ) the Weyl module of highest weight λ and let v_λ be a nonzero element in V (λ)_λ. A similar discussion as in §2 leads to the following results. Theorem 3.1. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} = (c, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that a + b + 2 < l^′ and 1 ≤ c, d. Then (i)The following 6 elements are primitive in V (λ): v_λ, F^{(a+1)}_1 v_λ, F^{(b+1)}_2 v_λ, F^{(a+b+2)}_2 F^{(a+1)}_1 v_λ, F^{(a+b+2)}

1 F^{(b+1)}_2 v_λ, F^{(a+1)}_2 F^{(a+b+2)}_1 F^{(b+1)}_2 v_λ.

(ii)The following 3 elements are quasi primitive elements in V (λ) but not primitive: (dF^{(a+b+2)}

1 F^{(l0 )}_2 − (d − 1)ξ^{l0(a+b+2)}F^{(l0 )}_2 F^{(a+b+2)}_1 )F^{(b+1)}_2 v_λ, (cF^{(a+b+2)}

2 F^{(l0 )}_1 − (c − 1)ξ^{l0(a+b+2)}F^{(l0 )}_1 F^{(a+b+2)}_2 )F^{(a+1)}_1 v_λ, F^{(l0−a−1)} 1 F^{(l0 )}_2 F^{(a+1)}_1 v_λ (We also can choose the third one to be F^{(l0 −b−1)}_2 F^{(l0 )}_1 F^{(b+1)}_2 v_λ.) Moreover there are no primitive elements in V (λ) which have the same weight with any of above three elements. (iii) The (quasi) primitive elements in (i-ii) provide nine composition factors of V (λ), which are L(λ), L(λ − (a + 1)α_1), L(λ − (b + 1)α_2), L(λ − (a + 1)α_1 − (a + b + 2)α_2), L(λ − (a + b + 2)α_1 − (b + 1)α_2) L(λ − (a + b + 2)α_1 − (a + b + 2)α_2), L(λ − (l^′ + a + 1)α_1 − (a + b + 2)α_2), L(λ − (a + b + 2)α_1 − (l^′ + b + 1)α_2), L(λ − l^′α_1 − l^′α_2).

Moreover, V (λ) has only the nine composition factors. (iv)The submodule lattice of V (λ) is as follows (see [DS, K, I]): L(λ)

L(λ − (a + 1)α_1) L(λ − (b + 1)α_2)

L(λ − γ_1) L(λ − γ_2) L(λ − γ_3) L(λ − γ_4) L(λ − γ_5)

L(λ − (a + b + 2)α_1 − (a + b + 2)α_2) Where γ_1 = (l^′+a+1)α_1+(a+b+2)α_2, γ_2 = (a+1)α_1+(a+b+2)α_2, γ_3 = l^′α_1+l^′α_2, γ_4 = (a + b + 2)α_1 + (b + 1)α_2, γ_5 = (a + b + 2)α_1 + (l^′ + b + 1)α_2. Theorem 3.2. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} = (c, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < a + 1, b + 1 < l^′, a + b + 2 > l^′ and 1 ≤ c, d. Then (i)The following 7 elements are primitive in V (λ): v_λ, F^{(a+1)}_1 v_λ, F^{(b+1)}_2 v_λ, F^{(a+b+2−l0 )}_2 F^{(a+1)}_1 v_λ, F^{(a+b+2−l0 )} 1 F^{(b+1)}_2 v_λ, F^{(a+1)}_2 F^{(a+b+2)}_1 F^{(b+1)}_2 v_λ, ∑ 0≤r≤a+b+2−l^0 [ b + 1 − r l^′ − a − 1 ]_{−1} ξ ξ^{(a+b+2−l0 )(b+1−r)}F^{(a+b+2−l0 −r)} 2 F^′_{12}^{(r)}F^{(a+b+2−l0 −r)} 1 v_λ. (ii)The following 2 elements are quasi primitive elements in V (λ) but not primitive: ((d + 1)F^{(a+1)}_1 F^{(l0 )}_2 − dξ^{l0(a+1)}F^{(l0 )}_2 F^{(a+1)}_1 )v_λ, ((c + 1)F^{(b+1)}_2 F^{(l0 )}_1 − cξ^{l0(b+1)}F^{(l0)}_1 F^{(b+1)}_2 )v_λ.

Moreover there are no primitive elements in V (λ) which have the same weight with any of above two elements.

(iii)The (quasi) primitive elements in (i-ii) provide nine composition factors of V (λ), which are L(λ), L(λ − (a + 1)α_1), L(λ − (b + 1)α_2), L(λ − (a + 1)α_1 − (a + b + 2 − l^′)α_2), L(λ − (a + b + 2 − l^′)α_1 − (b + 1)α_2) L(λ − (a + b + 2)α_1 − (a + b + 2)α_2), L(λ − (a + b + 2 − l^′)α_1 − (a + b + 2 − l^′)α_2), L(λ − (a + 1)α_1 − l^′α_2), L(λ − l^′α_1 − (b + 1)α_2).

Moreover, V (λ) has only the nine composition factors. (iv)The submodule lattice of V (λ) is as follows (see [DS, K, I]): L(λ)

L(λ − γ_1) L(λ − γ_2) L(λ − γ_3) L(λ − γ_4) L(λ − γ_5)

L(λ − (a + 1)α_1 − (a + b + 2 − l^′)α_2) L(λ − (a + b + 2 − l^′)α_1 − (b + 1)α_2)

L(λ − (a + b + 2)α_1 − (a + b + 2)α_2) Where γ_1 = (a+1)α_1, γ_2 = (a+1)α_1 +l^′α_2, γ_3 = (a+b+2−l^′)α_1 +(a+b+2−l^′)α_2, γ_4 = l^′α_1 + (b + 1)α_2, γ_5 = (b + 1)α_2.

Theorem 3.3. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} = (c, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < a + 1, b + 1 < l^′, a + b + 2 = l^′ and 1 ≤ c, d. Then (i)The following 4 elements are primitive in V (λ): v_λ, F^{(a+1)}_1 v_λ, F^{(b+1)}_2 v_λ, F^{(a+1)}_2 F^{(l0)}_1 F^{(b+1)}_2 v_λ.

(ii)The primitive elements in (i) provide four composition factors of V (λ), which are L(λ), L(λ − (a + 1)α_1), L(λ − (b + 1)α_2), L(λ − l^′α_1 − l^′α_2). Moreover, V (λ) has only the four composition factors.

(iii)The submodule lattice of V (λ) is as follows (see [DS, K, I]):

L(λ)

L(λ − (a + 1)α_1) L(λ − (b + 1)α_2)

L(λ − l^′α_1 − l^′α_2)

Theorem 3.4. Let λ^′ = (l^′ − 1, b) ∈ Z^2_{+,l}, λ^{′′} = (c, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < b + 1 < l^′ and 1 ≤ c, d . Then (i)The following 3 elements are primitive in V (λ):

v_λ, F^{(b+1)}_2 v_λ, F^{(b+1)}_1 F^{(b+1)}_2 v_λ.

(ii)The element x = ((c + 1)F^{(b+1)}_2 F^{(l0 )}_1 − cξ^{l0(b+1)}F^{(l0 )}_1 F^{(b+1)}_2 )v_λ is quasi primitve. There are no primitive elements in V (λ) of weight λ − l^′α_1 − (b + 1)α_2.

(iii)The (quasi) primitive elements in (i-ii) provide four composition factors of V (λ), which are L(λ), L(λ − (b + 1)α_2), L(λ − (b + 1)α_1 − (b + 1)α_2), L(λ − l^′α_1 − (b + 1)α_2). Moreover, V (λ) has only the four composition factors. (iv)The submodule lattice of V (λ) is as follows (see [DS, K, I]): L(λ) L(λ − l^′α_1 − (b + 1)α_2) L(λ − (b + 1)α_2)

L(λ − (b + 1)α_1 − (b + 1)α_2)

Theorem 3.5. Let λ^′ = (a, l^′ − 1) ∈ Z^2_{+,l}, λ^{′′} = (c, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < a + 1 < l^′ and 1 ≤ c, d. Then

(i)The following 3 elements are primitive in V (λ):

v_λ, F^{(a+1)}_1 v_λ, F^{(a+1)}_2 F^{(a+1)}_1 v_λ.

(ii)The element x = ((d + 1)F^{(a+1)}_1 F^{(l0)}_2 − dξ^{l0(a+1)}F^{(l0)}_2 F^{(a+1)}_1 v_λ is quasi primitve. There are no primitive elements in V (λ) of weight λ − (a + 1)α_1 − l^′α_2.

(iii)The (quasi) primitive elements in (i-ii) provide four composition factors of V (λ), which are L(λ), L(λ − (a + 1)α_1), L(λ − (a + 1)α_1 − (a + 1)α_2), L(λ − (a + 1)α_1 − l^′α_2). Moreover, V (λ) has only the four composition factors.

(iv)The submodule lattice of V (λ) is as follows (see [DS, K, I]): L(λ)

L(λ − (a + 1)α_1) L(λ − (a + 1)α_1 − l^′α_2)

L(λ − (a + 1)α_1 − (a + 1)α_2)

Theorem 3.6. Let λ^′ = (l^′ − 1, l^′ − 1) ∈ Z^2_{+,l}, λ^{′′} ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Then V (λ) is irreducible. (See [X1])

Theorem 3.7.Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} = (c, 0) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that a + b + 2 < l^′ and 1 ≤ c. Then

(i)The following v_λ, F^{(a+1)}_1 v_λ, F^{(a+b+2)}_2 F^{(l0+a+1)}_1 v_λ (c ≥ 2) are primitive in V (λ).

(ii) The primitive elements in (i) provide the folowing composition factors of V (λ), L(λ), L(λ − (a + 1)α_1), L(λ − (a + b + 2)α_1 − (a + b + 2)α_2) (c ≥ 2). Moreover, V (λ) has only these composition factors. The submodule lattice of V (λ) is trivial.

Theorem 3.7’.Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} = (0, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that a + b + 2 < l^′ and 1 ≤ d. Then (i)The following v_λ, F^{(b+1)}_2 v_λ, F^{(a+b+2)}_1 F^{(l0+b+1)}_2 v_λ (d ≥ 2) are primitive in V (λ). (ii) The primitive elements in (i) provide the folowing composition factors of V (λ), L(λ), L(λ − (b + 1)α_2), L(λ − (a + b + 2)α_1 − (l^′ + b + 1)α_2) (d ≥ 2). Moreover, V (λ) has only these composition factors. The submodule lattice of V (λ) is trivial. Theorem 3.8. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} = (c, 0) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < a + 1, b + 1 < l^′, a + b + 2 > l^′ and 1 ≤ c. Then (i)The following 4 elements are primitive in V (λ): v_λ, F^{(a+1)}_1 v_λ, F^{(a+b+2−l0 )}

2 F^{(a+1)}_1 v_λ, ∑ 0≤r≤a+b+2−l^0 [ b + 1 − r l^′ − a − 1 ]_{−1} ξ ξ^{(a+b+2−l0 )(b+1−r)}F^{(a+b+2−l0 −r)} 2 F^′_{12}^{(r)}F^{(a+b+2−l0 −r)} 1 v_λ. (ii)The element F^{(b+1)}_2 F^{(l0 )}_1 v_λ is quasi primitive elements in V (λ) but not primitive. Moreover there are no primitive elements in V (λ) of weight λ − l^′α_1 − (b + 1)α_2. (iii)The (quasi) primitive elements in (i-ii) provide five composition factors of V (λ), which are L(λ), L(λ − (a + 1)α_1), L(λ − (a + 1)α_1 − (a + b + 2 − l^′)α_2), L(λ − (a + b + 2 − l^′)α_1 − (a + b + 2 − l^′)α_2), L(λ − l^′α_1 − (b + 1)α_2).

Moreover, V (λ) has only the five composition factors. (iv)The submodule lattice of V (λ) is as follows (see [DS, K, I]): L(λ)

L(λ − γ_1) L(λ − γ_3) L(λ − γ_4)

L(λ − (a + 1)α_1 − (a + b + 2 − l^′)α_2)

Where γ_1 = (a + 1)α_1, γ_3 = (a + b + 2 − l^′)α_1 + (a + b + 2 − l^′)α_2, γ_4 = l^′α_1 + (b + 1)α_2. Theorem 3.8’. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} = (0, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < a + 1, b + 1 < l^′, a + b + 2 > l^′ and 1 ≤ d. Then (i)The following 4 elements are primitive in V (λ): v_λ, F^{(b+1)}_2 v_λ, F^{(a+b+2−l0 )}

1 F^{(b+1)}_2 v_λ, ∑ 0≤r≤a+b+2−l^0 [ b + 1 − r l^′ − a − 1 ]_{−1} ξ ξ^{(a+b+2−l0 )(b+1−r)}F^{(a+b+2−l0 −r)} 2 F^′_{12}^{(r)}F^{(a+b+2−l0 −r)} 1 v_λ.

(ii)The element F^{(a+1)}_1 F^{(l0 )}_2 v_λ is quasi primitive elements in V (λ) but not primitive. Moreover there are no primitive elements in V (λ) of weight λ − (a + 1)α_1 − l^′α_2. (iii)The (quasi) primitive elements in (i-ii) provide five composition factors of V (λ), which are L(λ), L(λ − (b + 1)α_2), L(λ − (a + b + 2 − l^′)α_1 − (b + 1)α_2), L(λ − (a + b + 2 − l^′)α_1 − (a + b + 2 − l^′)α_2), L(λ − (a + 1)α_1 − l^′α_2).

Moreover, V (λ) has only the five composition factors. (iv)The submodule lattice of V (λ) is as follows (see [DS, K, I]): L(λ)

L(λ − γ_2) L(λ − γ_3) L(λ − γ_4)

L(λ − (a + 1)α_1 − (a + b + 2 − l^′)α_2) Where γ_2 = (a + 1)α_1 + l^′α_2, γ_3 = (a + b + 2 − l^′)α_1 + (a + b + 2 − l^′)α_2, γ_5 = (b + 1)α_2. Theorem 3.9. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} = (c, 0) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < a + 1, b + 1 < l^′, a + b + 2 = l^′ and 1 ≤ c. Then

(i)The two elements v_λ, F^{(a+1)}_1 v_λ are primitive in V (λ). (ii)The primitive elements in (i) provide two composition factors of V (λ), which are L(λ), L(λ − (a + 1)α_1). Moreover, V (λ) has only the two composition factors and the submodule lattice of V (λ) is trivial.

Theorem 3.9’. Let λ^′ = (a, b) ∈ Z^2_{+,l}, λ^{′′} = (0, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < a + 1, b + 1 < l^′, a + b + 2 = l^′ and 1 ≤ d. Then

(i)The two elements v_λ, F^{(b+1)}_2 v_λ are primitive in V (λ).

(ii)The primitive elements in (i) provide two composition factors of V (λ), which are L(λ), L(λ − (b + 1)α_2). Moreover, V (λ) has only the two composition factors and the submodule lattice of V (λ) is trivial.

Theorem 3.10. Let λ^′ = (l^′ − 1, b) ∈ Z^2_{+,l}, λ^{′′} = (c, 0) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < b + 1 < l^′ and 1 ≤ c . Then

(i)The two elements v_λ, F^{(b+1)}_2 F^{(l0)}_1 v_λ are primitive in V (λ).

(ii)The primitive elements in (i) provide two composition factors of V (λ), which are L(λ), L(λ − l^′α_1 − (b + 1)α_2). Moreover, V (λ) has only the two composition factor sand the submodule lattice of V (λ) is trivial.

Theorem 3.10’. Let λ^′ = (l^′ − 1, b) ∈ Z^2_{+,l}, λ^{′′} = (0, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < b + 1 < l^′ and 1 ≤ d . Then

(i)The three elements v_λ, F^{(b+1)}_2 v_λ, F^{b+1)}_1 F^{(b+1)}_2 v_λ are primitive in V (λ).

(ii)The primitive elements in (i) provide three composition factors of V (λ), which are L(λ), L(λ − (b + 1)α_2), L(λ − (a + 1)α_1 − (b + 1)α_2). Moreover, V (λ) has only the three composition factor sand the submodule lattice of V (λ) is trivial.

Theorem 3.12. Let λ^′ = (a, l^′ − 1) ∈ Z^2_{+,l}, λ^{′′} = (c, 0) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < a + 1 < l^′ and 1 ≤ c. Then

(i)The following 3 elements are primitive in V (λ):

v_λ, F^{(a+1)}_1 v_λ, F^{(a+1)}_2 F^{(a+1)}_1 v_λ.

(ii)The primitive elements in (i) provide three composition factors of V (λ), which are L(λ), L(λ − (a + 1)α_1), L(λ − (a + 1)α_1 − (a + 1)α_2). Moreover, V (λ) has only the three composition factors and the module structure is trivial.

Theorem 3.12’. Let λ^′ = (a, l^′ − 1) ∈ Z^2_{+,l}, λ^{′′} = (0, d) ∈ Z^2_+. Set λ = λ^′ + lλ^{′′} ∈ Z^2_+. Assume that 0 < a + 1 < l^′ and 1 ≤ d. Then

(i)The two elements v_λ, F^{(a+1)}_1 F^{(l0)}_2 v_λ are primitive in V (λ).

(ii)The primitive elements in (i) provide two composition factors of V (λ), which are L(λ), L(λ − (a + 1)α_1 − l^′α_2). Moreover, V (λ) has only the two composition factors and the submodule lattice is trivial.

Acknowledgement: The author was supported by the National Natural Science Foundation of China (No. 19425003). The work was completed during my visit to Bielefeld University. I am grateful to the SFB 343 in Bielefeld University for financial support. I would like to thank Bielefeld University for hospitality. I would like to express my deep thanks to Professor M. C. M. Ringel for invitations and many helpful discussions.

References

[DS] S.R. Doty and J.B. Sullivan, The submodule structure of Weyl module for SL_3, J.

ALg. 96 (1985), 78-93.

[I] R.S. Irving, The structure of certain highest wight modules for SL_3, J. Alg. 99 (1986), 438-457.

[K] Khne-Hausmann, K, Zur Untermodulstruktur der Weylmoduln für Sl_3, Bonner Mathematische Schriften 162, Universität Bonn, Mathematisches Institut, Bonn, 1985. vi+190 pp.

[L1] G. Lusztig, Modular representations and quantum groups, Contemp. Math. 82 (1989), 59-77.

[L2] G. Lusztig, Finite dimensional Hopf algebras arising from quantized universal enveloping algebras, Jour. Amer. Math. Soc. 3 (1990), 257-296.

[L3] G. Lusztig, Quantum groups at roots of 1, Geom. Ded. 35 (1990), 89-114. [L4] G. Lusztig, Introduction to quantum groups, Progress in Mathematics 110, Birkháuser, Boston · Basel · Berlin, 1993.

[X1] N. Xi, Irreducible modules of quantized enveloping algebras at roots of 1, Publ.

RIMS. Kyoto Univ. 32 (1996), 235-276.

[X2] N. Xi, Primitive and quasi primitive elements in Weyl modules for type B_2, in preparation.

SFB 343, Bielefeld University, 33501 Bielefeld, Germany e-mail: nanhua@mathematik.uni-bielefeld.de and Institute of Mathematics, Academia Sinica, Beijing 100080, China e-mail: nanhua@math08.math.ac.cn