Transformation Groups, Vol. ?, No. ?, ??, pp. 1–?? © Birkhäuser Boston (??)

A CLASSIFICATION OF PARABOLIC SUBGROUPS OF CLASSICAL GROUPS WITH A FINITE NUMBER OF ORBITS ON THE

UNIPOTENT RADICAL

LUTZ HILLE

Fakultät für Mathematik TU Chemnitz 09107 Chemnitz, Germany hille@mathematik.tuchemnitz.de

GERHARD RÖHRLE

Fakultät für Mathematik Universität Bielefeld 33615 Bielefeld, Germany roehrle@mathematik.unibielefeld.de

Abstract. Let G be a classical algebraic group defined over an algebraically closed field. We classify all instances when a parabolic subgroup P of G acts on its unipotent radical Pu, or on pu, the Lie algebra of Pu, with only a finite number of orbits.

The proof proceeds in two parts. First we obtain a reduction to the case of general linear groups. In a second step, a solution for these is achieved by studying the representation theory of a particular quiver with certain relations.

Furthermore, for the general linear groups we obtain a combinatorial formula for the number of orbits in the finite cases.

1. Introduction

Let G be a reductive algebraic group defined over an algebraically closed field k. Let P be a parabolic subgroup of G with unipotent radical P_u. Then P acts on P_u via conjugation and on p_u, the Lie algebra of P_u, via the adjoint action. The modality of the action of P on p_u, denoted by mod(P : p_u), is the maximal number of parameters upon which a family of P -orbits on p_u depends; likewise for mod(P : P_u), see Section 2 for a precise definition. The modality of P is defined as mod P := mod(P : p_u). Note that mod P is zero precisely when P has only a finite number of orbits on p_u. By a fundamental result of R.W. Richardson P always admits a dense orbit on P_u [Ri]. Thus, if mod P is positive, an infinite family of orbits occurs in a subvariety of P_u of codimension at least 1. The general problem of classifying all parabolic subgroups of reductive algebraic groups G of modality zero was posed in [PR]. In this paper we present a classification for the classical groups. Let

Both authors acknowledge the support of DFG grants. Received April 21, 1998. Accepted August 6, 1998.

Typeset by AMS-TEX

ℓ(P_u) denote the nilpotency class of P_u. Our chief result is

Theorem 1.1. Let G be a simple classical algebraic group and P a parabolic subgroup of G. Suppose that char k is either zero or a good prime for G. The number of P -orbits on P_u, or p_u, is finite if and only if one of the following holds:

(i) ℓ(P_u) ≤ 4;

(ii) G is of type D_r, ℓ(P_u) = 5, P is not invariant under the automorphism of G of order 2 stemming from the interchange of the simple roots α_{r−1} and α_r, and the derived subgroup of a Levi subgroup of P consists of two commuting simple parts.

Under the assumption that char k = 0 a partial classification of parabolic subgroups as in Theorem 1.1 was obtained in [HR1]. The cases for Borel subgroups, semisimple rank one, and semisimple rank two parabolic subgroups of all simple algebraic groups are classified in [Ka], [PR], and [JR], respectively. A detailed discussion of parabolic subgroups with an Abelian unipotent radical, including the structure of orbit closures, appears in [RRS]. Further results on parabolic subgroups with this finiteness property in exceptional groups can also be found in [JR].

Our proof of Theorem 1.1 proceeds in two steps. The first one consists in a reduction of the problem to general linear groups, and the second in a solution for this latter case. However, our result for the general linear groups is more general than the finiteness statement of Theorem 1.1, as in this instance we can relax the requirement on the underlying field k.

Theorem 1.2. Let k be an infinite field and let V be a finite-dimensional k-vector space. Let P be a parabolic subgroup of GL(V ). Then the number of P -orbits on P_u or p_u is finite if and only if ℓ(P_u) ≤ 4.

Theorem 1.2 is proved in Section 4. This is accomplished by translating the problem into a question of the representation-type of a particular category of representations of a quiver with certain relations. In turn, this can be answered using a result from the theory of Δ-filtered modules over quasi-hereditary algebras from [DR]. Apart from the desired finiteness statement, this approach also leads to a formula for the number of orbits when ℓ(P_u) ≤ 4.

Theorem 1.2 is generalised in a forthcoming paper by T. Brüstle and the first author [BrHi], where all parabolic subgroups P of GL(V ) with a finite number of orbits on p^{(l)}u for l ≥ 1 are classified, where p^{(l)}u denotes the l-th member of the descending central series of p_u.

In a related paper by the first author [Hi] the action of a maximal torus T ⊂ B of GL(V ) on subalgebras of b_u is investigated; a complete geometric description of the T -orbits is given in terms of the moduli spaces of the action of T .

The paper is structured as follows. After recalling some earlier results from [Ro1] and [Ro2] in Section 2, we proceed in the next part to prove one implication in Theorem 1.1, namely that mod P is positive for those P not satisfying the stated conditions. In Section 4 we prove Theorem 1.2 above. In the next section we complete the proof of Theorem 1.1 by reducing the finiteness statement to the case of the general linear groups GL(V ).

In Section 6 we present some applications of Theorem 1.1 to finite double coset decompositions in general linear groups and to tangent bundles on flag manifolds, and finally, we discuss some computational aspects related to the finite cases in GL(V ).

As a general reference for algebraic groups we cite Borel’s book [Bo] and for information on root systems we refer the reader to Bourbaki [Bou]. The material needed here from the general theory of representations of finitedimensional algebras can be found in the book by Gabriel and Roiter [GR] and Ringel’s monograph [Rin]. Our standard reference on categories of Δfiltered modules over quasi-hereditary algebras is [DR].

2. Notation and Recollection

Let R be an algebraic group acting morphically on an algebraic variety X. For x in X the R-orbit in X through x is denoted by R · x. Recall that the modality of the action of R on X is defined as mod(R : X) = max_Z min_{z∈Z} codim_Z R^0 · z, where Z runs through all irreducible R^0-invariant subvarieties of X, cf. [PR]. In case X is an irreducible variety let k(X)^R denote the field of R-invariant rational functions on X. Since min_{x∈X} codim_X R · x = trdeg k(X)^R (e.g. see [PV, 2.3]), mod(R : X) measures the maximal number of parameters upon which a family of R-orbits on X depends. The modality of the action of R on X is 0 precisely when R admits only a finite number of orbits on X. The notion of modality originates in the work of Arnold [Ar]; the definition here is due to Vinberg [Vi]; see also [PV, 5.2].

Let G be a connected reductive algebraic group, T a maximal torus in G and Ψ the set of roots of G with respect to T . Fix a set of simple roots Π of Ψ and let B be the Borel subgroup of G corresponding to Π. A parabolic subgroup of G containing B is called standard. By Ψ(P ) we denote the set of roots of P . As every parabolic subgroup of G is conjugate to a standard one, we may if we wish assume that the parabolic subgroups under consideration are standard. For a parabolic subgroup P of G, we call mod P := mod(P : p_u) the modality of P .

Let Θ be a semisimple automorphism of G and let P be a Θ-stable parabolic subgroup of G. Let G^Θ and P^Θ be the Θ-fixed point subgroups of G and P . Our next results are Theorem 1.1, Corollary 3.10, and Theorem 1.2 from [Ro2]; see also [PR].

Proposition 2.1. Let Θ be a semisimple automorphism of G. Assume that P is a Θ-stable parabolic subgroup of G. Then mod P^Θ ≤ mod P .

In our setting this result is applied to get finiteness results for fixed point subgroups of parabolic subgroups of SL_n(k) under a graph automorphism.

Proposition 2.2. Let G be a simple algebraic group and P a parabolic subgroup of G containing a maximal torus T of G. Let H be a Levi subgroup of G normalised by T , or the derived subgroup thereof. Set Q := P ∩ H. Then mod Q ≤ mod P .

This fact is used in inductive arguments to yield infinite families of parabolic subgroups of positive modality, see Lemma 3.2 below.

Proposition 2.3. Let G be a simple algebraic group, P a parabolic subgroup of G, and suppose that char k is zero or a good prime for G. Then mod(P : P_u) = mod(P : p_u).

So, provided char k is zero or a good prime for G, it suffices to work with the adjoint action of P on p_u and one obtains the same modality result also for the action of P on P_u; this in particular applies to Theorem 1.1.

Remark 2.4. Suppose that char k does not divide the structure constants of the Chevalley commutator relations of G (for classical G this is precisely the case when char k is zero or a good prime for G). Then for P a standard parabolic subgroup of G the class of nilpotency of P_u can be determined as follows [BT, Prop. 4.7(iii)]. Let β ∈ Ψ^+. Write β = ∑ α∈Π c_α(β)α, with c_α(β) ∈ Z^+_0 for each α ∈ Π, and let ρ be the highest root of Ψ. Then ℓ(P_u) = ∑ α∈Π\Ψ(P ) cα(ρ). 3. Parabolic subgroups in classical groups of positive modality

Throughout this section, G denotes a classical algebraic group. Our aim is to prove one implication in the statement of Theorem 1.1:

Proposition 3.1. Let G be a simple classical algebraic group and P a parabolic subgroup of G. Then mod P is positive provided P does not satisfy the conditions of Theorem 1.1.

Proposition 3.1 follows from our next result and [Ro1, Theorem 3.1]; the latter also applies in positive characterisitc by [Ro2, Remark 3.14]. Observe that there are no characteristic restrictions in Proposition 3.1 which provides a slightly stronger statement than what is required for Theorem 1.1.

Lemma 3.2. Let G be a simple algebraic group of type D_r and P a parabolic subgroup of G satisfying the following conditions:

(i) ℓ(P_u) = 5;

(ii) P is not invariant under the graph automorphism of G of order 2 stemming from the interchange of the simple roots α_{r−1} and α_r;

(iii) the semisimple part of a Levi subgroup of P consists of three nontrivial, pairwise commuting simple components.

Then mod P is positive.

Proof. All these conditions combined imply that r is at least 6. For r = 6 there is just one case up to conjugacy by the graph automorphism: namely, for G of type D_6 the standard parabolic subgroup P of G with Ψ(P ) = {−α_1, −α_3, −α_5} ∪ Ψ^+ satisfies the conditions of the lemma.

In this case let H be the (regular) simple subgroup of G relative to the subsystem of Ψ which is spanned by Π(H) := {α_1 + α_2 + α_3, α_4, α_6, α_3 + α_4 + α_5, α_2}. Then H is the derived subgroup of a Levi subgroup of G of type A_5 and Q = H ∩ P is the standard Borel subgroup of H relative to Π(H). It follows from [BH] that mod Q is positive and thus by Proposition 2.2 mod P is positive as well.

The general case where G is of type D_r for r greater than 6 and P is as in the statement above reduces inductively to this particular D_6 configuration just discussed by applying Proposition 2.2; e.g., see the proof of Proposition 4.3 in [Ro1]. This completes the proof of the lemma.

Below in Figure 1 we show the crucial D_6 case from Lemma 3.2. We indicate the standard Levi components of P by colouring the nodes corresponding to their simple roots in the Dynkin-diagram of G.

G = D_6, P , ℓ(P_u) = 5

∘ ∘ • • ∘

• α_1 α_2 α_3 α_4 α_6 α_5

....... ....... .....

.......

.......

.....

H ∼= A_5, Q = H ∩ P , ℓ(Q_u) = 5

∘ ∘ ∘ ∘ ∘ α_1 +α_2 +α_3 α4 α6 α_3 +α_4 +α_5 | α^2

Figure 1.

4. Parabolic subgroups in general linear groups

The finite cases

Let k be a field and V a finite-dimensional k-vector space. Let P be a parabolic subgroup of GL(V ). A Levi subgroup of P is (isomorphic to) a product of general linear groups, say GL_{di} (k), for 1 ≤ i ≤ t, with dim V = ∑ d_i. So, the ordered tuple d = (d_1, . . . , d_t) determines the conjugate class of P in GL(V ). To indicate this, we often write P = P (d). Our principal result of this section is

Theorem 4.1. Let k be an infinite field and let V be a finite-dimensional k-vector space. Let P = P (d) be a parabolic subgroup of GL(V ) with d = (d_1, . . . , d_t). Then the number of P -orbits on p_u is finite if and only if t ≤ 5.

Note that if P = P (d) is as in Theorem 4.1, then ℓ(P_u) = t − 1, whence Theorem 1.2 follows, cf. Remark 4.11.

We prove Theorem 4.1 by translating the question on the number of orbits into one concerning the number of indecomposable objects in a certain category.

For a fixed t ∈ N we define a category F(t) as follows. The objects are pairs (F, f), where F is a flag {0} = V_0 ⊆ V_1 ⊆ . . . ⊆ V_t = V of length t of subspaces of some finite-dimensional k-vector space V , and f is an endomorphism of V with f(V_i) ⊆ V_{i−1} for 1 ≤ i ≤ t. In particular, f is nilpotent. Let (F, f) and (F^′, f^′) be in F(t). A morphism φ : (F, f) → (F^′, f^′) is a linear map φ : V → V^′ such that φ(V_i) ⊆ V^′_i for 1 ≤ i ≤ t and φf = f^′φ. For (F, f) in F(t) we set d_i := dim V_i −dim V_{i−1} for 1 ≤ i ≤ t and call d = (d_1, . . . , d_t) the dimension vector of (F, f). Then, after choosing a suitable basis of V , P = P (d) is the stabiliser of F in GL(V ) and f lies in pu. We often also refer to d as the dimension vector of P (d).

If φ : (F, f)^∼→ (F^′, f^′) is an isomorphism in F(t), then d = d^′ and so dim V = dim V^′. After identifying F with F^′ we see that φ ∈ P = P (d) and f^′ = φfφ^{−1}, i.e., f and f^′ are endomorphisms in p_u conjugate under the action of P .

Lemma 4.2. For any t ∈ N the isomorphism classes of objects in F(t) of fixed dimension vector d correspond bijectively to the P -orbits on p_u for P = P (d). This correspondence is induced by the map (F, f) → P · f, where P is the stabiliser of the flag F and f lies in p_u.

Proof. It follows from the remarks above that there is a well-defined map from the set of isomorphism classes of objects in F(t) of fixed dimension vector d to the set of P -orbits on p_u for P = P (d). Clearly, it is onto, as for any f in p_u, the pair (F, f) lies in F(t) and its class maps to the P -orbit through f. Moreover, since for any (F, f), (F, f^′) in F(t) and φ ∈ P = P (d) satisfying f^′ = φfφ^{−1} the linear map φ defines an isomorphism between (F, f) and (F, f^′), this correspondence is injective.

In order to prove Theorem 4.1, it suffices to show that there are only finitely many indecomposable objects in F(t) for t ≤ 5, because of this correspondence. In Corollary 4.4 below we shall see that F(t) always satisfies the Krull-Schmidt property. However, this fact is not required for this reduction.

Instead of working directly with F(t), we pass to an equivalent category. Let M(t) be the full subcategory of representations M of the quiver Q ∘^{α1}−→←−_β 1 ∘^{α2}−→←−_β 2 ∘ · · · ∘^{αt} �1−→ ←−_{βt} �1 ∘

subject to the relations β_1α_1 = 0, β_iα_i = α_{i−1}β_{i−1} for 1 < i < t, and the condition that the linear maps M(α_i) are injective for 1 ≤ i < t.

Lemma 4.3. The categories F(t) and M(t) are equivalent for any t ∈ N.

Proof. Let (F, f) be in F(t) and define a representation M(F, f) of the quiver Q above by V_1 −→←− V_2 −→←− V_3 · · · V_{t−1} −→←− V_t , where the maps from left to right are simply the inclusions V_{i−1} → V_i and the maps in the opposite directions are the restrictions of f to V_i. One easily checks that M(F, f) satisfies the conditions above, i.e., M(F, f) is in M(t), and that the map (F, f) → M(F, f) defines an equivalence of the two categories. Indeed, given such a representation of Q as above, the injectivity of the maps M(α_i) provides the desired flag structure on V = V_t and furthermore, the relations show that for f = M(α_{t−1})M(β_{t−1}) ∈ End V we get f(V_i) ⊆ V_{i−1} for 1 ≤ i ≤ t, as required.

Corollary 4.4. Let t ∈ N. Then F(t) is a Krull-Schmidt category, i.e., every object in F(t) has a unique decomposition into a direct sum of indecomposable ones (up to the order of the summands).

Proof. Being a full subcategory of a module category, M(t) admits the Krull-Schmidt property for each t ∈ N, whence so does F(t) by Lemma 4.3.

We observe that M(t) is precisely the category F(Δ) of Δ-filtered modules over the Auslander algebra of the representation-finite algebra k[x]/(x^t), cf. [DR, §6 - 7]. The key result we need here is Proposition 7.2 from [DR]:

Theorem 4.5. Let t ∈ N. Then the representation type of M(t) is finite precisely when t ≤ 5; it is tame for t = 6, and wild whenever t ≥ 7.

The first part of the statement follows from the finiteness of the Auslander- Reiten quivers of M(t) for t ≤ 5 as exhibited in [DR]. Because of the equivalence above, the same result holds for F(t), and so Theorem 4.1 follows from the first part of Theorem 4.5 and Lemmas 4.2 and 4.3.

We discuss further consequences of the results above for our setting. Let I(t) be a complete set of representatives of isomorphism classes of indecomposable objects in F(t). According to Lemma 4.3 and Theorem 4.5, I(t) is a finite set for t ≤ 5, and here we identify I(t) with the set {1, 2, . . . , |I(t)|}. Let d^i be the dimension vector of i ∈ I(t). The dimension vectors d^i are listed in the appendix to [HR2] for all i ∈ I(t) and 2 ≤ t ≤ 5.

Now we present a formula for the number of orbits when t ≤ 5. The proof follows at once from the first part of Theorem 4.5 and the previous Lemmas. In particular, this requires the fact that F(t) is a Krull-Schmidt category.

Corollary 4.6. Let V be a finite-dimensional k-vector space and let P = P (d) be a parabolic subgroup of GL(V ) with d = (d_1, . . . , d_t) and t ≤ 5. Then the number of P -orbits on p_u equals the number of tuples (a_1, a_2, . . . ) ∈

N_0^{|I(t)|} such that d =^∑_{i∈I(t)} a_id^i with the d^i’s and I(t) as above.

Our next result shows that the number of orbits only depends on the conjugacy class of a Levi subgroup of P = P (d) in GL(V ) rather than on P itself in case t ≤ 5. Let n(d) denote the number of P -orbits on p_u.

Corollary 4.7. Let V be a finite-dimensional k-vector space, P = P (d), and P^′ = P (d^′) parabolic subgroups of GL(V ), where both d and d^′ are of length t ≤ 5. If P and P^′ have conjugate Levi subgroups, then n(d) = n(d^′).

Proof. The fact that P and P^′ have conjugate Levi subgroups implies that there is a permutation σ of {1, . . . , t} such that d^′ = σd = (d_{σ1}, . . . , d_{σt}). Perusing the dimension vectors d^i for i in I(t) and t ≤ 5 in the appendix to [HR2] one observes that the multiplicity of each t-tuple d^i equals that of σd^i for any permutation σ of {1, . . . , t} for t ≤ 5. The claim now follows from the formula in Corollary 4.6.

The tame cases For our purpose we need to further analyse the tame situation of Theorem 4.5. More specifically, we need some insight regarding the structure of families of indecomposable objects in F(6). By M(t)(d) we denote the subcategory of M(t) of all objects of a fixed dimension vector d; likewise for F(t). By Theorem 4.5 the module category M(6) is of tame representation type and so is F(6) by Lemma 4.3. So, a family of non-isomorphic indecomposable objects in F(6) depends only on a single parameter. According to [DR, Prop. 7.2], M(6) is of tubular type. This implies that there exist two dimension vectors in M(6), say ∂^1 and ∂^2, with the property that whenever M(6)(d) admits a one-parameter family of indecomposable non-isomorphic objects, d is of the form d = a_1∂^1 + a_2∂^2 for some non-negative integers a_1 and a_2, cf. [Rin, §5]. In this case we simply say that d admits a oneparameter family of indecomposable non-isomorphic objects in M(6). It turns out that ∂^1 and ∂^2 are linearly dependent in this case. Thus the same holds in F(6) by Lemma 4.3. The following result is crucial for our further study.

Proposition 4.8. A dimension vector in F(6) which admits a nontrivial one-parameter family of indecomposable objects is an integer multiple of (1, 1, 1, 1, 1, 1).

Proof. We use the machinery and terminology from [DR]. The category M(t) of Δ-filtered modules of the Auslander algebra A(t) of k[x]/(x^t) is equivalent to the category of finite-dimensional modules of the preprojective algebra P(t − 1) of a path algebra of a quiver of Dynkin type A_{t−1}, modulo finitely many objects in M(t), see [DR, Theorem 3.4]. This allows us to work with P(t − 1)-mod instead of M(t). (For a definition of a preprojective algebra see [GP] or [DR, §6].) This category is of tubular type for t = 6 and the minimal dimension vectors of families of indecomposable objects in P(5) are ∂^1P_{(5)} = (1, 2, 2, 2, 1) and ∂^2P_{(5)} = (2, 3, 4, 3, 2). These vectors can be obtained as follows. We consider the Z-cover ~P(5) of P(5). Using covering theory [BG] and the associated push down functor ~P(5)-mod → P(5)-mod, it suffices to determine the minimal tame subalgebras of ~P(5) along with their minimal dimension vectors of families of indecomposable modules. For our case, we can use the list of minimal tame algebras, presented in [HV], the so called tame concealed ones. According to [Rin] the category ~P(5)-mod is of tubular type and there are exactly two such subalgebras up to Z-shifts. Moreover, a minimal tame subalgebra on the list of Happel and Vossieck [HV] has exactly one minimal dimension vector which corresponds to a nontrivial one-parameter family. The ones which occur in ~P(5) are precisely those presented in Figure 2. From these one readily obtains the minimal dimension vectors ∂^1P_{(5)} and ∂^2P_{(5)} above for P(5) by means of covering theory [BG]. 1 1 ∘ ∘ 1 ↙ ↘_2 ↙ ↘_1 ∘ ∘ ∘ ↘_1 ↙ ↘_1 ↙ ∘ ∘

1 2 1 ∘ ∘ ∘ ↘_3 ↙ ↘_3 ↙ ∘ ∘ 1 ↙ ↘_2 ↙ ↘_1 ∘ ∘ ∘ Figure 2.

The tame concealed subalgebras of ~P(5) with their respective minimal dimension vectors of families of indecomposable modules.

By dim M we denote the dimension vector of a module M in M(t), A(t)-mod, or P(t − 1)-mod. From our discussion above we know the minimal dimension vectors of families of indecomposable modules in P(5). In order to get the corresponding ones in M(6) we need to study the functor M(t) → P(t − 1)-mod which is given by M → M/η_T M, where T = ⨁_t i=1 T (i) is the characteristic module of A(t) (cf. [DR, §3]) and η_T M := Im ( ⨁_t i=1(Hom(T (i), M) ⊗ T (i)) → M ) is the maximal submodule of M generated by all the images of the summands T (i) of T , called the trace of T in M (cf. [DR, §1]).

Our next lemma provides a formula to compute dim η_T M. Thus, this yields dim M provided dim(M/η_T M) is known, since dim M = dim η_T M + dim(M/η_T M). Note that an A(t)-module N is a t-tuple of k-vector spaces; analogously for P(t−1); by N_i we denote the i-th component of N. We write soc(N) for the socle of N and soc(N)_i for the i-th component of soc(N).

Lemma 4.9. Let M be an indecomposable module in M(t) and N = M/η_T M its image in P(t − 1). Then either N = 0 and M ∼= T (i) for some i, or else η_T M = ⨁_{t−1} i=1 soc(N)_i ⊗ T (i + 1). In particular, dim η_T M = ∑_{t−1} i=1 dim soc(N)_i · dim T (i + 1).

Proof. Because there are surjective homomorphisms T (i) → T (j) for i ≤ j, we have injective maps Hom(T (j), M) → Hom(T (i), M) for i ≤ j. Consequently, we may define M/η_T M inductively via

M^t := M/η_{T (t)}M, M^i := M^{i+1}/η_{T (i)}M^{i+1}, thus M^1 = M/η_T M.

Further, dim Hom(T (i), M^{i+1}) = dim soc(M^i)_{i−1} = dim soc(M/η_T M)_{i−1}, whenever M^{i+1} does not contain any T (i) as a direct summand. Thus the map which sends a P(t − 1)-module N to M is obtained by an extension of the form 0 → t−1⨁ i=1 soc(N)_i ⊗ T (i + 1) → M → N → 0.

This completes the proof of Lemma 4.9.

We return again to the calculation of the minimal dimension vectors of families of indecomposable modules in M(6). Above we determined these for P(5), and now we compute the corresponding dimension vectors in A(6)- mod using the equivalence between A(t)-mod and P(t − 1)-mod from the proof of [DR, Prop. 7.2]: Modules over P(t−1) can be considered as modules over A(t) by dropping the injectivity condition and by requiring V_t = {0}. The dimension vectors soc(∂^1P_{(5)}) and soc(∂^2P_{(5)}) of the socles of the indecomposable modules, with dimension vectors as above, are (0, 1, 0, 1, 0) and (1, 0, 2, 0, 1), respectively. This follows readily from the dimension vectors of the families of the subalgebras in ~P(5) in Figure 2 above.

Observe that the indecomposable summands T (i) of T have dimension vector dim T (i) = (0, . . . , 1, 2, . . . , t − i + 1) for 1 ≤ i ≤ t. Finally, knowing dim T (i), soc ∂^1P_{(5)} and soc ∂^2P_{(5)}, we can compute the desired dimension vectors in M(6) using the dimension formula from Lemma 4.9: ∂^1 = (1, 2, 2, 2, 1, 0) + (0, 0, 1, 2, 3, 4) + (0, 0, 0, 0, 1, 2) = (1, 2, 3, 4, 5, 6) and ∂^2 = (2, 3, 4, 3, 2, 0) + (0, 1, 2, 3, 4, 5) + 2 · (0, 0, 0, 1, 2, 3) + (0, 0, 0, 0, 0, 1) = 2 · ∂^1.

Consequently, the dimension vectors of the corresponding flags in F(6) are (1, 1, 1, 1, 1, 1) and (2, 2, 2, 2, 2, 2). This completes the proof of the proposition.

For the remainder of this section we discuss the modality of those parabolic subgroups P = P (d) of GL(V ) which correspond to the tame category F(6). While it follows from Theorem 4.1 that mod P is positive whenever t is greater than 5, in this instance we are able to determine mod P precisely.

Proposition 4.10. Let k be an infinite field and V a finite-dimensional k-vector space. Let P = P (d) be a parabolic subgroup of GL(V ) with d = (d_1, . . . , d_6). Then mod P equals the minimum of the d_i’s for 1 ≤ i ≤ 6.

Proposition 4.10 is a special case of a more general result. Namely, let C be a Krull-Schmidt category and assume that each subcategory C(d) of objects of a fixed dimension vector d admits the structure of an algebraic variety on which an algebraic group G(d) acts morphically, such that the orbits of this action are exactly the isomorphism classes of objects of dimension vector d in C. Of course, the situation we have in mind is precisely like the one we consider above. If C is of finite representation type, then the modality of the action of G(d) on C(d) is zero for any d. Often the converse also holds, e.g., when C is a category of modules.

The situation is more complicated if C is tame. There is a natural partial ordering on the set of dimension vectors of fixed cardinality. Namely, we write d ≤ d^′ provided d_j ≤ d^′_j for all j. Tameness forces that all indecomposable objects of a given dimension vector can be parameterised by a finite number of one-parameter families. The modality is the maximal number of parameters which arise from families of all objects in our category. Consequently, we have

mod(G(d) : C(d)) = max{ ∑ a_i | ∑ a_id^i ≤ d}, where the sum runs over all dimension vectors d^i admitting a one-parameter family of non-isomorphic objects. This formula remains valid if we only sum over those dimension vectors d^i which are minimal with respect to the partial ordering above. These remarks together with this formula and Proposition 4.8 imply Proposition 4.10.

Some complements

Remark 4.11. Note that for any parabolic subgroup P of GL(V ) the map x → 1 + x is a P -equivariant morphism from p_u to P_u. Thus we obtain the same results as above for the action of P on P_u instead of p_u, as claimed.

Remark 4.12. Let n be in N. Suppose that the equation x^n = μ can be solved in k for every μ in k. Then GL_n(k) = SL_n(k) · D, where D = {diag(λ, . . . , λ) | λ ∈ k^∗ = k \ {0}} is a one-dimensional central torus of GL_n(k) and SL_n(k) ∩ D is finite. Since D is central in GL_n(k), it acts trivially on both p_u and P_u. Whence in this case the statements of the results of this section also hold for SL(V ) in place of GL(V ). In general, if P is a parabolic subgroup of GL(V ) such that P acts on p_u with an infinite number of orbits, then so does SL_n(k) ∩ P . However, the converse need not hold. For instance, let B be a Borel subgroup of GL_2(Q). Then B has two orbits on Lie B_u, while B ∩ SL_2(Q) admits an infinite number of orbits on the Lie algebra of its unipotent radical, as Q^∗ /(Q^∗ )^2 is infinite.

Remark 4.13. The categories F(t) and M(t) can be defined for an arbitrary field k and Theorem 4.5 is still valid. Thus all the results above can be applied and interpreted for finite fields as well.

Let k be algebraically closed of characteristic p and σ a Frobenius endomorphism of G = GL(V ). Let P = P (d) be a parabolic subgroup of G and suppose that t ≤ 5. Then, by Theorem 4.5 and Corollary 4.6, the number of orbits of P^σ on p^σ_u equals the number of orbits of P on p_u. It follows from [SS, 3.4] that the centralizer in P of an element in p_u is connected; likewise for the action of P on P_u. This connectedness property is well known for the centralizers of unipotent elements in G, cf. [Sp].

Remark 4.14. In [KP, §3] representations of the quiver Q with the same relations but without the injectivity condition demanded for M(t) are used to describe closures of nilpotent conjugacy classes for general linear groups.

5. Parabolic subgroups of classical groups of modality zero

Throughout this section suppose that G is a simple classical algebraic group and char k is zero or a good prime for G and V is a finite-dimensional k-vector space. The aim of this section is to complete the proof of Theorem 1.1 by showing the finiteness statement for those parabolic subgroups satisfying the given conditions.

Remark 5.1. Since k is algebraically closed, GL(V ) and SL(V ) only differ by central elements, and thus by Remark 4.12 the statements of the previous section also hold for SL(V ) in place of GL(V ). If P = P (d) is a parabolic subgroup of SL(V ) with d = (d_1, . . . , d_t), then ℓ(P_u) = t − 1. Hence, Theorem 4.1 implies the desired finiteness statement of Theorem 1.1 for SL(V ). Lemma 5.2. Let G = SL(V ). Then each of the classical groups SO(V ) and Sp(V ) can be realized as a fixed point subgroup of G for a suitable semisimple automorphism Θ of G, i.e., G^Θ equals SO(V ) or Sp(V ). Moreover, each parabolic subgroup of G^Θ can be realized as a fixed point subgroup P^Θ for some Θ-invariant parabolic subgroup P of G. In case G^Θ is SO(V ) and dim V is even, P^Θ is only determined up to equivalence under the graph automorphism of G^Θ.

For a proof of the assertion on G^Θ see Steinberg [St, §11 p. 169]. The remaining statements follow easily from the explicit description of Θ in loc. cit. Note that ℓ(P^Θ_u ) ≤ ℓ(P_u). In general, this inequality may be strict.

We formulate a first consequence for the other simple classical groups from the finiteness result for SL(V ).

Corollary 5.3. Let H be a simple algebraic group of type B_r, C_r, or D_r and let Q be a parabolic subgroup of H. Suppose char k ≠ 2. Then mod Q = 0 provided

(i) H is of type B_r or C_r and ℓ(Q_u) ≤ 4; (ii) H is of type D_r and ℓ(Q_u) ≤ 3;

(iii) H is of type D_r, ℓ(Q_u) = 4, and Q is stable under the automorphism of H of order 2 stemming from the interchange of the simple roots α_{r−1} and α_r.

Proof. Let G = SL(V ) and let Θ be the automorphism of G as in Lemma 5.2 such that G^Θ equals H. Since Θ has order two, the assumption on the characteristic of k ensures that Θ is semisimple. Thus Proposition 2.1 can be applied in this instance. Let Q be a parabolic subgroup of H as in Corollary 5.3. By Lemma 5.2. we can obtain Q as a fixed point subgroup P^Θ for some Θ-invariant parabolic subgroup P of G. In each of the cases to be considered, this can be done for a suitable P with ℓ(P_u) ≤ 4. The desired result for H then follows from Proposition 2.1 and the finiteness result for G. For some examples see [HR1, Ex. 3.5].

Corollary 5.3 covers all cases of Theorem 1.1 for groups of type B_r and C_r, but only partially those of type D_r. Next we address the remaining D_r cases.

Proposition 5.4. Let H be a simple classical algebraic group of type D_r, r ≥ 5, and let Q be a parabolic subgroup of H such that ℓ(Q_u) = 4 or 5 and Q is not invariant under the automorphism of H of order 2 stemming from the interchange of the simple roots α_{r−1} and α_r. In addition, if ℓ(Q_u) = 5, assume that the derived subgroup of a Levi subgroup of Q consists of precisely two commuting simple components. Then mod Q = 0.

Proof. We argue as in the proof of Corollary 5.3. Let G = SL(V ) and let Θ be the semisimple automorphism of G as above such that H is equal to G^Θ. As asserted by Lemma 5.2, we can obtain Q as a fixed point subgroup P^Θ for some Θ-invariant parabolic subgroup P of G. However, in all of these cases ℓ(P_u) = 5 and the number of P -orbits on p_u is infinite by Proposition 3.1 and thus Proposition 2.1 does not yield the desired finiteness statement for P^Θ = Q.

The parabolic subgroups P = P (d) of G that occur in this way have the feature that d is of the form (1, a, b, b, a, 1) or (a, 1, b, b, 1, a), with a, b ∈

N, depending on ℓ(Q_u) being 4 or 5, respectively. Thus mod P = 1, by

Proposition 4.10, and the only minimal dimension vector admitting a oneparameter family of orbits which is a summand of such a particular d is (1, 1, 1, 1, 1, 1), by Proposition 4.8. This dimension vector corresponds to the standard Borel subgroup B in SL_6(k). In this instance there is a unique one-parameter family of B-orbits on b_u with representatives of the form . 1 . . . . . . . 1 λ . . . . 1 1 . . . . . . . . . . . . 1 . . . . . . where the parameter λ is taken from the field k and the dots represent zero entries. This one-parameter family already appears in [BH]. Now one easily checks that no B-conjugate of any member of this family is invariant under dΘ_e, where dΘ_e denotes the differential of Θ: a necessary condition for dΘ_einvariance is that the entries of the second main diagonal are all equal to zero. But the 1 in position (3, 4) can not be removed using elements from B. Embedding this family into p_u by taking direct sums, gives rise to a family of P -orbits on p_u with the same property, that no P -conjugate of any of its members is dΘ_e-invariant. Consequently, the intersection of the single nontrivial one-parameter family of P -orbits on p_u with q_u is empty. Because a P -orbit on p_u intersects q_u either trivially or in a finite union of Q-orbits (this follows from the proof of Proposition 2.1, cf. [Ro2, Theorem 1.1]), Q in turn only has a finite number of orbits on q_u. This completes the proof of the proposition.

Finally, we have all the ingredients to prove Theorem 1.1. It now follows from Proposition 3.1, Theorem 4.1 (and Remark 5.1), Corollary 5.3, and Proposition 5.4.

Examples 5.5. Assume that G, P , H = G^Θ, and Q = P^Θ are as in Proposition 5.4. The coloured nodes indicate the simple roots in Ψ(P ); likewise for Ψ(Q). In our first example the class of nilpotency of Q_u is 4, and 5 in the second, cf. Remark 2.4. For an explicit description of Θ in terms of matrices consult [St, §11]. Our examples are the minimal rank cases of Proposition 5.4. The corresponding dimension vectors d of the groups P (d) in SL_{10}(k) are d = (1, 2, 2, 2, 2, 1) and d = (2, 1, 2, 2, 1, 2), respectively. The class of nilpotency of P_u equals 5 in both incidences. The general cases are essentially the same, merely with larger simple components occurring in the Levi subgroups.

H = SO_{10}(k), Q, ℓ(Q_u) = 4 ∘ ∘ • ∘

• ....... ....... ....

.......

.......

....

G = SL_{10}(k), P (d), d = (1, 2, 2, 2, 2, 1) ∘ ∘ ∘ ∘ ∘ • • • •

H = SO_{10}(k), Q, ℓ(Q_u) = 5 ∘ ∘ • ∘

• ....... ....... ....

.......

.......

....

G = SL_{10}(k), P (d), d = (2, 1, 2, 2, 1, 2) ∘ ∘ ∘ ∘ ∘ • • • •

Figure 3.

6. Some consequences of Theorem 1.1

Let P be a parabolic subgroup of some reductive algebraic group G. Consider the representation ϕ : P → GL(p_u) afforded by the adjoint action of P on p_u, and let R be the stabiliser in GL(p_u) of a one-dimensional subspace of p_u (R is a maximal parabolic subgroup of GL(p_u)). It can be shown that mod(P : p_u) = 0 if and only if P acts on P(p_u), the set of onedimensional subspaces of p_u, with a finite number of orbits. Since GL(p_u) is transitive on P(p_u), we see that mod P = 0 if and only if the set of double cosets ϕ(P ) \ GL(p_u)/R is finite. Thus Theorem 1.1 provides a complete list of all cases when there are only finitely many such double cosets. Because of Richardson’s dense orbit theorem [Ri], there is always an open dense P -orbit

on P(p_u), and thus an open dense ϕ(P )-R double coset in GL(p_u).

Also, Theorem 1.1 provides a classification of all instances of parabolic subgroups P of classical algebraic groups G when G operates on the tangent bundle T or the cotangent bundle T^∗ of the flag manifold G/P with a finite number of orbits. By construction, the G-orbit of a point in T^∗ := G ×_P p_u meets the fibre over some point in G/P (which is isomorphic to p_u) in a single P -orbit on p_u, affording a canonical bijection between the G-orbits on G ×_P p_u and the P -orbits on p_u; likewise for T := G ×_P p^∗_u.

7. Some complements

The number of isomorphism classes of indecomposable objects in M(t) for t ≤ 5 and their dimension vectors can be determined from the Auslander- Reiten quivers listed in [DR]. There are 7, 16, and 45 such classes in M(t) for t = 3, 4, 5, respectively. For an explicit list of the corresponding dimension vectors in F(t) for 2 ≤ t ≤ 5 consult the appendix in [HR2].

Matrix representatives of all the indecomposable objects in F(t) for t ≤ 5 can be computed explicitly using the Auslander-Reiten quivers in [DR]. Then for a fixed dimension vector d one can get representatives for all orbits of P = P (d) on p_u by means of taking direct sums according to the formula in Corollary 4.6. This corresponds to taking direct sums of objects in F(t), cf. Lemma 4.2.

The fact that F(t) only has a finite number of indecomposable objects when t ≤ 5 can be recovered using a computer program written by T. Brüstle and D. Guhe. The program explicitly determines all indecomposable objects of F(t) for t ≤ 5, one from each equivalence class, along with their dimension vectors and explicit representatives in terms of matrices. Their algorithm is based on matrix reduction techniques, cf. [GR]. Another program which is due to R. Tiefenbrunner provides similar information utilising methods from the theory of bimodules.

Finally, we should like to mention that the formula of Corollary 4.6 can be used to explicitly compute n(d), the number of orbits of P (d) on the Lie algebra of its unipotent radical. A computer program which calculates n(d) based on this formula was written by U. Jürgens.

We are indebted to P. Gabriel and C. M. Ringel for very helpful comments. We are also grateful to T. Brüstle, H. von Höhne, and D. Vossieck for helpful discussions on the subject of the paper. Furthermore, we would like to thank T. Brüstle, D. Guhe, U. Jürgens and R. Tiefenbrunner for their computer program contributions.

This work was completed during a visit by the second author to the Isaac Newton Institute in Cambridge, England, in Spring of 1997. It is a pleasure to thank M. Broué, R.W. Carter, and J. Saxl, the organizers of the special half year on representations of algebraic groups and related finite groups for their invitation, as well as the members of the Institute for their hospitality.

References

[Ar] V.I. Arnold, Critical points of smooth functions, Proc. of ICM, Vancouver 1 (1974), 19–39.

[BG] K. Bongartz, P. Gabriel, Covering spaces in representation theory, Inv. Math. 65 (1982), 331–378.

[Bo] A. Borel, Linear Algebraic Groups, W.A. Benjamin, New York, 1969. [BT] A. Borel, J. Tits, Homomorphismes “abstraits” de groupes algébriques simples, Annals of Math. 97 (1973), 499–571.

[Bou] N. Bourbaki, Groupes et algèbres de Lie, Chapitres 4,5 et 6, Hermann, Paris, 1975.

[BrHi] T. Brüstle, L. Hille, Actions of parabolic subgroups of GL(V ) on certain unipotent subgroups and quasi-hereditary algebras, preprint Bielefeld/Chemnitz (1997).

[BH] H. Bürgstein, W.H. Hesselink, Algorithmic orbit classification for some Borel group actions, Comp. Math. 61 (1987), 3–41.

[DR] V. Dlab, C. M. Ringel, The Module Theoretical Approach to quasihereditary algebras, Representations of Algebras and Related Topics (H. Tachikawa, S. Brenner, eds.), London Math. Soc. Lecture Note Series, vol. 168, 1992, pp. 200–224.

[GR] P. Gabriel, A. V. Roiter, Representations of Finite-Dimensional Algebras, Encyclopaedia of Math. Sci.: Algebra VIII., vol. 73, Springer Verlag, 1991.

[GP] I.M. Gelfand, V.A. Ponomarev, Model algebras and representations of graphs, Funkcional. Anal. i. Priložen 13 (1979), 1–12.

[HV] D. Happel, D. Vossieck, Minimal algebras of infinite representation type with preprojective component, Manuscripta Math. 42 (1983), 221–243.

[Hi] L. Hille, Moduli spaces of thin sincere representations of quivers, preprint Chemnitz (1996).

[HR1] L. Hille, G. Röhrle, On parabolic subgroups of classical groups with a finite number of orbits on the unipotent radical, C. R. Acad. Sci. Paris, Série I, 325 (1997), 465–470.

[HR2] L. Hille, G. Röhrle, A classification of parabolic subgroups of classical groups with a finite number of orbits on the unipotent radical, preprint 97–103, SFB 343, Bielefeld (1997).

[JR] U. Jürgens, G. Röhrle, Algorithmic modality analysis for parabolic groups, to appear in Geom. Dedicata..

[Ka] V.V. Kashin, Orbits of adjoint and coadjoint actions of Borel subgroups of semisimple algebraic groups (in Russian), Problems in Group Theory and Homological algebra Yaroslavl’ (1990), 141–158.

[KP] H. Kraft, C. Procesi, Closures of conjugacy classes of matrices are normal, Inv. Math. 53 (1979), 227–247.

[PR] V. Popov, G. Röhrle, On the number of orbits of a parabolic subgroup on its unipotent radical, Algebraic Groups and Lie Groups (G. I. Lehrer, ed.), Australian Mathematical Society Lecture Series, vol. 9, Cambridge University Press, 1997, pp. 297–320.

[PV] V. L. Popov, E. B. Vinberg, Invariant Theory, Encyclopaedia of Math. Sci.: Algebraic Geometry IV., vol. 55, Springer Verlag, 1994.

[Ri] R.W. Richardson, Conjugacy classes in parabolic subgroups of semisimple algebraic groups, Bull. London Math. Soc. 6 (1974), 21–24.

[RRS] R. Richardson, G. Röhrle, R. Steinberg, Parabolic subgroups with Abelian unipotent radical, Inv. Math. 110 (1992), 649–671.

[Rin] C. M. Ringel, Tame algebras and integral quadratic forms, Springer Lecture Notes in Math. 1099 (1984).

[Ro1] G. Röhrle, Parabolic subgroups of positive modality, Geom. Dedicata 60 (1996), 163–186.

[Ro2] G. Röhrle, On the modality of parabolic subgroups of linear algebraic groups, to appear in Manuscripta Math..

[Sp] N. Spaltenstein, Classes unipotentes et sous-groupes de Borel, Springer Lecture Note Series in Mathematics 946 (1982).

[SS] T.A. Springer, R. Steinberg, Conjugacy classes, Seminar on algebraic groups and related finite groups, Springer Lecture Note Series in Mathematics, vol. 131, 1970, pp. 167–266.

[St] R. Steinberg, Lectures on Chevalley Groups, Yale University (1968). [Vi] E.B. Vinberg, Complexity of actions of reductive groups, Functional Anal. Appl. 20 (1986), 1–11.