On a conjecture of Kierstead^�

Nikolai N. Kuzjurin Institute for System Programming

Russian Academy of Sciences B. Kommunisticheskaya, 25, Moscow, 109004

Abstract

The aim of this note is to disprove a conjecture of H. Kierstead [5].

Keywords: partially ordered set, dimension, packing.

1 Introduction

For a natural n let [n] = {1, 2, . . . , n} and P = (X, ≤) be a finite partially ordered set. A linear extension of P is an injection σ : X → [|X|] such that x ≤ y implies σ(x) ≤ σ(y). The dimension dim P of P is the least t such that there is a collection Σ of t linear extensions such that not x ≤ y implies σ(y) < σ(x) , for some σ ∈ Σ.

Let B_n denote the Boolean lattice obtained by ordering the power set of [n] by inclusion. Let B_n(j, k) be the restriction of B_n to subsets of size j and k, i.e. B_n(j, k) consists of the j’s and k’s level of B_n and the respective ordering by inclusion. Let dim(j, k; n) = dimB_n(j, k). The important special case which appeared in many papers is dim(1, k; n). To understand better why this is important we need some definitions.

�Work is partially supported by the grants 95-01-01595 and 97-01-00159 of the Russian Foundation for Fundamental Research.

The comparability graph G of a partially ordered set P is defined to be G = (X, E), where E = {xy : x, y ∈ Xand x < y or y < x}. For each positive integer Δ, let g(Δ) denote the maximum value of the dimension of an ordered set whose comparability graph has maximum degree Δ. The main result in [3] is the following upper bound of g(Δ):

For all Δ,

g(Δ) = O(Δ log^2 Δ). (1)

To prove this result Fűredi and Kahn proved that if P is an ordered set whose comparability graph has maximum degree Δ, then

dimP = O( Δ log Δ dim(1, log Δ; Δ log Δ)).

Erdős, Kierstead and Trotter [2] used probabilistic methods to show that

g(Δ) = Ω((Δ log Δ).

Thus there has been considerable interest in the correct value of dim(1, log n; n). In [6] it was proved that

dim(1, log n; n) ≤ log^3 n.

Kierstead [5] proved that

dim(1, log n; n) = Ω(log^3 n/ log log n).

To prove this he used well known combinatorial objects, so-called (n, k, l)- packings.

A family F of k-subsets of [n] is a (n, k, l)-packing iff the intersection of any two distinct elements has cardinality less than l. Let m(n, k, l) be the greatest integer M such that there exists a (n, k, l)-packing of cardinality M.

2 A conjecture

In [5] the following conjecture was stated.

Conjecture. There exists a constant c > 0 such that with the following notations

N = c log^3 n log log n , k = log^2 n log log n , l = log n log log n the inequality m(N, k, l) ≥ n holds for all n.

It was noted in [5] that if this conjecture is true than the Fűredi-Kahn upper bound for g(Δ) may be improved. Our aim here is to disprove this conjecture and to prove the following theorem.

Theorem. With the above notations m(N, k, l) = o(n). 3 Proof of the theorem . To prove the above Theorem we will use the folowing inequality obtained in [1]

m(N, k, l) ≤ ı_N l�d�1 ȷ ı_k l�d�1 ȷ 1 1 −^{(d+1)(N}�^{k)} (k�l+1)(k�l+d+2)

, (2)

where d, d ≤ l − 2, is a parameter such that

(k − l + d + 2)(k − l + 1) > (d + 1)(N − l + d + 1). (3) We choose d = ⌊ k^2 c_1N ⌋ = ⌊ log n c_1c log log n ⌋ = ⌊ l c_1c ⌋, where c_1 > 1 is some constant. As the function m(N, k, l) is monotone in N we may assume also that c > 1.

It is not difficult to verify that condition (3) is valid for our choice of parameters. Indeed, the asymptotics of the left side of (3) is^{log4 n}_{(log log n)2} and the asymptotics of the right side of (3) is^{log4 n}_{c1(log log n)2} . Taking into account that c_1 > 1 we obtain that (3) holds for sufficiently large n and we may apply the inequality (2).

Note that with our notations we have l^2 = o(N) and l^2 = o(k). Thus we may estimate the asymptotics of the first term of the right side of (2) as follows ı_N l�d�1 ȷ ı_k l�d�1 ȷ ∼ (N k )^l�^d�^1.

Then (2) implies m(N, k, l) ≤ 1 + o(1) 1 −^1_{c1} ( N k )^{l(1}�^{1cc}1^)O((c log n)^{log nlog log n (1}�^{1cc}1^)) =

= 2^{(1+o(1))(1}�^{1cc}1^{) log n} = n^{(1+o(1))(1}�^{1cc}1^) = o(n), because c_1 and c are constants such that cc_1 > 1. Thus, the Theorem is proved and the conjecture is false.

In order to keep our proof independent of [1] we give a proof of inequality (2). We will use two well-known inequalities for m(n, k, l). The first one is the recurrence inequality m(n, k, l) ≤ n k m(n − 1, k − 1, l − 1). (4) The second one is Johnson’s inequality [4] m(n, k, l) ≤ n(k − l + 1) n(k − l + 1) − k(n − k) , (5)

which holds when the denominator is positive. Inequality (4) may be applied l − d − 2 times, obtaining m(n, k, l) ≤ (n)_l�_d�_2 (k)_l�_d�_2 m(n − l + d + 2, k − l + d + 2, d + 2). (6)

Then we apply to the last term inequality (5) and obtain

m(n − l + d + 2, k − l + d + 2, d + 2) ≤

≤ (n − l + d + 2)(k − l + 1) (n − l + d + 2)(k − l + 1) − (k − l + d + 2)(n − k) =

= n − l + d + 2 k − l + d + 2

(k − l + d + 2)(k − l + 1) (k − l + d + 2)(k − l + 1) − (d + 1)(n − k) . Combining this with (6) we obtain inequality (2).

4 Acknowledgements

I am grateful to Hal Kierstead for helpful discussion of this result and to Sasha Kostochka who informed me about this conjecture. I am thank Prof. W.A.Deuber for discussion and useful remarks.

References

1. S.D.Cohen and N.N. Kuzjurin, On (n, k, l, Δ)-systems, Proc. Edinburg Math. Soc. 38 (1995) 53-62.

2. P. Erdős, H.A. Kierstead and W.T. Trotter, The dimension of random ordered sets, Random Structures and Algorithms, 2 (1991) 253 - 275.

3. Z. Fűredi and J. Kahn, On the dimensions of ordered sets of bounded degree, Order, 3 (1983) 17 - 20.

4. S.M. Johnson, A new upper bound for error-correcting codes, IRE Trans. Inform. Theory, 8 (1962) 203-207.

5. H.A. Kierstead, On the order dimension of 1-sets versus k-sets, J.

Comb. Theory, Ser. A, 73 (1996) 219 - 228.

6. W.T. Trotter, Combinatorics and partially ordered sets: dimension theory, The Johns Hopkins University Press, Baltimore, Maryland, 1991.