ON SUPPORT VARIETIES OF AUSLANDER-REITEN COMPONENTS

Rolf Farnsteiner^�

Abstract

Let u(L, χ) be the reduced enveloping algebra associated to a finite dimensional restricted Lie algebra (L, [p]) and a linear form χ ∈ L^∗. It is shown that a connected component Θ of the stable Auslander-Reiten quiver of u(L, χ) is of type Z[A_∞], whenever its support variety V_L(Θ) has dimension ≥ 3. Various applications concerning AR-components of Lie algebras of algebraic groups and the structure of hearts of principal indecomposable u(L, χ)-modules are given.

1. Introduction and Preliminaries

In recent work [10] K. Erdmann has shown that the nonperiodic components of the stable Auslander-Reiten quivers belonging to wild blocks of a modular group algebra are isomorphic

to Z[A∞]. Accordingly, the Auslander-Reiten theory of group algebras is now very well

understood. By contrast, relatively little is known about the AR-quivers of the family (u(L, χ))_{χ∈L}� of reduced enveloping algebras associated to a restricted Lie algebra (L, [p]). One main problem in this context is the lack of a comprehensive block theory of enveloping algebras. Thus, aside from the possibility of considering special classes of Lie algebras (cf. [11, 16]), Carlson’s geometric approach [8], that was transferred to the theory of restricted Lie algebras by Friedlander and Parshall [18], appears most promising. In this vein, one result was given by Rickard [31], who proved that u(L, χ) is wild whenever it admits an indecomposable module whose support variety has dimension ≥ 3. The principal result of this note, Theorem 2.1, shows that the stable Auslander-Reiten component of such a module has tree class A_∞. In the context of simple Lie algebras our result can be used to identify sℓ(2) as the only algebra whose restricted envelope admits an Auslander-Reiten component of Euclidean tree class. The final section illustrates another application of (2.1) by showing

�Supported by N.S.A. Grant MDA904-96-1-0040 and the D.F.G. 01991 Mathematics Subject Classification: 16G70, 17B50

that the hearts of the principal indecomposable modules of simple Lie algebras ≠ sℓ(2) are indecomposable.

Let Λ be a self-injective algebra over a field F . Throughout this paper all modules are assumed to be finite dimensional. The stable Auslander-Reiten quiver Γ_s(Λ) has the isomorphism types [M] of nonprojective indecomposable Λ-modules as its vertices. There is an arrow [M] → [N], whenever there exists an irreducible map M −→ N. We denote the Auslander-Reiten translation of Γ_s(Λ) by τ and refer the reader to [2] concerning basic properties of AR-quivers.

A map g : M −→ N between two indecomposable Λ-modules is called properly irreducible if it is irreducible, but not almost split. The following subsidiary results, due to K. Erdmann (cf. [10, (1.5)]), will play a crucial rôle in the proof of our main result.

Proposition 1.1 Let g : B −→ C be a surjective, properly irreducible homomorphism between two indecomposable modules such that [C] belongs to a component of tree class A^∞ or D_∞. If V is a Λ-module such that there exists a projective module P with τ(V ) ⊕ P ∼= V , then one of the following holds :

(1) There is an embedding ker g → V , or (2) every map ϕ : ker g −→ Ω^{−1}(V ) which does not factor through a projective module is a monomorphism. 2

For future reference we also record the dual version of (1.1) :

Proposition 1.2 Let g : C −→ B be an injective, properly irreducible homomorphism between two indecomposable modules such that [C] belongs to a component of tree class A^∞ or D_∞. If V is a Λ-module such that τ^{−1}(V ) ⊕ P ∼= V for some projective module P , then one of the following holds :

(1) There is a surjection V −→ coker g, or (2) every map ϕ : Ω(V ) −→ coker g which does not factor through a projective module is an epimorphism. 2

2. Support Varieties of Nonperiodic Components

Throughout the remainder of the paper (L, [p]) is assumed to be a finite dimensional restricted Lie algebra, defined over an algebraically closed field F of characteristic p > 0. We fix a linear form χ ∈ L^∗ and consider the stable Auslander-Reiten quiver Γ_s(L, χ) of the reduced enveloping algebra u(L, χ). By definition, the algebra u(L, χ) is obtained from the ordinary enveloping algebra U(L) by factoring out the ideal generated by {x^p − x^{[p]} − χ(x)^p 1 ; x ∈ L}. In case of χ = 0, u(L) := u(L, 0) is the restricted enveloping algebra of L whose stable Auslander-Reiten quiver will be denoted Γ_s(L). According to [36, (V.4.3)] and [17, (1.2)] u(L, χ) is a Frobenius algebra whose Nakayama automorphism μ : u(L, χ) −→ u(L, χ) is determined by μ(x) = x − tr(ad x)1 ∀ x ∈ L. For any u(L, χ)-module M and every i ∈ Z, we let M^{(i)} denote the u(L, χ)-module with underlying vector space M and action u · m := μ^i(u)m ∀ u ∈ u(L, χ), m ∈ M. Since u(L, χ) is a Frobenius algebra, general theory (cf. [3, p.138]) shows that the Auslander- Reiten translation τ = τ_{u(L,χ)} is related to the Heller operator Ω_{u(L,χ)} via

τ([M]) = Ω^2_{u(L,χ)}([M^{(−1)}]) ∀ [M] ∈ Γ_s(L, χ).

To each u(L, χ)-module M we associate the affine variety V_L(M) := {x ∈ L ; x^{[p]} = 0 and M|_{u(F x,χ|F x)} is not projective } ∪ {0}, which is called the support variety of M (cf. [19, p. 1083]). The reader is referred to [18, 19] regarding the cohomological definition and basic properties of support varieties.

Let Θ be a component of Γ_s(L, χ). In analogy with the representation theory of finite groups we have V_L(M) = V_L(N)

whenever [M], [N] ∈ Θ (cf. [14, (5.2)]). Hence we may define the support variety of Θ by means of V_L(Θ) := V_L(M)

for some [M] ∈ Θ. Since Θ does not contain a projective module [19, (6.2)] yields V_L(Θ) ≠ {0}. The dimension of the variety V_L(M) is known to coincide with the complexity c_{u(L,χ)}(M) of the u(L, χ)-module M (cf. [18, (3.2)]). It is easily seen (cf. [18, p.35]) that c_{u(L,χ)}(M) = min{c ∈ N_0 ; ∃ λ > 0 dim_F Ω^n_{u(L,χ)}(M) ≤ λ n^{c−1} ∀ n ≥ 1}. An indecomposable u(L, χ)-module M is called periodic if there exists an n > 0 such that Ω^n_{u(L,χ)}(M) ∼= M. If a component Θ contains the type of a periodic module, then all its elements are defined by periodic modules (cf. [20]), and we will refer to this fact by saying that Θ is periodic. It was shown in [14] that the periodic components are finite or infinite tubes of rank r ∈ {1, p}. Owing to a result of Benson and Carlson [5, (3.4)], a nonprojective indecomposable u(L, χ)-module is periodic if and only if c_{u(L,χ)}(M) = 1. Consequently, by [18, (4.3)], the periodic components of Γ_s(L, χ) are those, whose support varieties are lines.

We shall call a component Θ Euclidean if Θ has Euclidean tree class. According to [11, Thm.1] or [14, (5.7)] a nonperiodic component is either Euclidean, or of tree class A^∞, or isomorphic to Z[A_∞] or Z[D_∞].

Theorem 2.1 Let Θ ≠ Z[A_∞] be a nonperiodic component of Γ_s(L, χ). Then dim V_L(Θ) = 2.

Proof. By our foregoing remarks we have dimV_L(Θ) ≥ 2. Let [B] be an element of Θ, and suppose first Θ to be Euclidean. In virtue of [12, (3.2)] every simple u(L, χ)-module S gives rise to subadditive functions d^i_S : Θ −→ N_0 ; [M] → dim_F Ext^i_{u(L,χ)}(M, S) 1 ≤ i ≤ 2 that fail to be additive at only finitely many vertices. The remark of [38, p. 105] then implies that the rate of growth of the sequence (Ext^n_{u(L,χ)}(B, S))_{n≥1} is bounded by 2. Owing to [1, (5.4)] this entails c_{u(L,χ)}(B) ≤ 2, and [18, (3.2)] yields dim V_L(Θ) = c_{u(L,χ)}(B) ≤ 2. Alternatively, Θ has tree class A^∞ or D_∞, and we can choose [B] ∈ Θ to have two successors and two predecessors.

Given an element x ∈ V_L(F ) \ {0}, we denote the unique simple u(F x, χ|_{F x})-module by F_χ and consider the module M_x := u(L, χ) ⊗_{u(F x,χ|F x)} F_χ. Since Ω^2_{u(F x,χ|F x)}(F_χ) ∼= F_χ ∼= Ω^{−2}_{u(F x,χ|F x)}(F_χ) there exist projective modules P, Q such that Ω^2_{u(L,χ)}(M_x) ⊕ P ∼= M_x ∼= Ω^{−2}_{u(L,χ)}(M_x) ⊕ Q. Moreover, as u(F x, χ|_{F x}) surjects onto F_χ and F_χ injects into u(F x, χ|_{F x}), M_x is a factor module as well as a submodule of u(L, χ). Consequently, max {dim_F M_x, dim_F Ω_{u(L,χ)}(M_x), dim_F Ω^{−1}_{u(L,χ)}(M_x)} ≤ k, where k := dim_F u(L, χ). Since μ|_{u(F x,χ|F x)} = id_{u(F x,χ|F x)} the map ψ : M_x −→ M_x ; ψ(a ⊗ 1) = μ(a) ⊗ 1 is readily seen to induce an isomorphism M_x ∼= M^{(1)}_x . Thus, the above isomorphisms yield τ(M_x) ⊕ P ∼= M_x ∼= τ^{−1}(M_x) ⊕ Q. Now let g : B −→ C be irreducible. By choice of [B] this map is properly irreducible. If g is surjective, then A := ker g is not a projective module, so that there is x ∈ V_L(A) \ {0}. According to [17, p. 158f] (u(L, χ) : u(F x, χ|_{F x})) is a Frobenius extension of first kind, so that general properties of Frobenius Extensions (cf. [28, p.96f]) imply M_x ∼= Hom_{u(F x,χ|F x)}(u(L, χ), F_χ). Since A is not u(F x, χ|_{F x})-projective, Frobenius reciprocity yields Ext^1_{u(L,χ)}(A, M_x) ∼= Ext^1_{u(F x,χ|F x)}(A, F_χ) ≠ (0).

Proposition 1.1 now shows dim_F A ≤ k, so that dim_F B ≤ dim_F C + k. If g is injective, then A := coker g is not projective and there is x ∈ V_L \ {0}. Hence A is not u(F x, χ|_{F x})-injective, and dim_F Ext^1_{u(L,χ)}(M_x, A) = dim_F Ext^1_{u(F x,χ|F x)}(F_χ, A) ≠ 0. Thus, (1.2) provides the estimate dim_F C ≤ dim_F B + k in this case.

By choice of [B] there exists a walk τ(B) → C → B in Θ whose arrows are given by properly irreducible maps. Consequently, the above observations show that dim_F Ω^2_{u(L,χ)}(B) = dim_F τ(B) ≤ dim_F B + 2k. Repeated application of τ thus implies dim_F Ω^{2n}_{u(L,χ)}(B) ≤ dim_F B + 2nk. By considering the vertex [Ω_{u(L,χ)}(B)] ∈ Ω_{u(L,χ)}(Θ) ∼= Θ, we conclude the existence of q > 0 such that dim_F Ω^n_{u(L,χ)}(B) ≤ q n ∀ n ≥ 1. This proves c_{u(L,χ)}(B) ≤ 2, so that dimV_L(Θ) ≤ 2, as desired. 2 Remark. The converse of (2.1) fails, that is, components of tree class A_∞ may have twodimensional varieties. Consider for example the restricted enveloping algebra u(L) of the two-dimensional strongly abelian Lie algebra L = F x ⊕ F y, whose Lie product and p-map are trivial. Let Θ be the component containing the trivial module, so that V_L(Θ) = L is two-dimensional. According to [11, Thm.2,Thm.3] we have Θ ∼= Z[A_∞] for p ≥ 3. If p = 2, then u(L) is the Kronecker algebra and Θ ∼= Z[Ã_{1,2}].

Corollary 2.2 Suppose that dimV_L(F ) ≥ 3, and let Θ ≠ Z[A_∞] be a component of Γ_s(L, χ). Then dim_F M ≡ 0 mod(p) ∀ [M] ∈ Θ. Proof. According to (2.1) and our foregoing remarks concerning periodic components, the variety V_L(Θ) is properly contained in V_L(F ). Thus, if x ∈ V_L(F ) \ V_L(Θ), then each [M] ∈ Θ is given by a projective u(F x, χ|_{F x})-module. Since the latter algebra is local and of dimension p, the assertion follows. 2

3. AR-Components for Simple Lie Algebras

In this section we shall apply (2.1) to Lie algebras of almost simple algebraic groups. In order to exploit the correspondence between subalgebras and subgroups, we assume for the remainder of this section that p ≥ 5. The reader is referred to [25, 35] concerning the undefined terminology.

Let G be an algebraic group with Lie algebra L = Lie(G). We let G operate on L via the adjoint representation Ad : G −→ GL(L). Given a u(L)-module M and an element g ∈ G, the module^gM is obtained from M by twisting the action by Ad(g^{−1}) : x · m := Ad(g^{−1})(x)m ∀ x ∈ L, m ∈ M. We shall refer to M as Ad(G)-stable if^gM ∼= M ∀ g ∈ G. Note that every G-module gives rise to an Ad(G)-stable u(L)-module.

Proposition 3.1 Let G be a connected, reductive linear algebraic group with Lie algebra L, M an Ad(G)-stable u(L)-module. Then the following statements hold :

(1) dimV_L(M) ≠ 1.

(2) If G is almost simple and dimV_L(M) = 2, then L ∼= sℓ(2).

Proof. We may assume that V_L(M) ≠ {0}. Since M is Ad(G)-stable, the conical variety V_L(M) is readily seen to be invariant under the adjoint representation. The resulting action G × V_L(M) −→ V_L(M) determines an operation (g, [x]) → [Ad(g)(x)] of G on the projective variety P roj(V_L(M)) of V_L(M). Let B ⊂ G be a Borel subgroup of G. According to Borel’s fixed point theorem there exists x_0 in V_L(M) \ {0} such that B · [x_0] = [x_0]. Thus, the isotropy subgroup G_0 ⊂ G of [x_0] is a parabolic subgroup of G and contains a maximal torus T ⊂ G.

(1). If dim V_L(M) = 1, then P roj(V_L(M)) is finite. Since G is connected, it follows that G = G_0. Thus, F x_0 is Ad-invariant, and therefore a p-nilpotent ideal of L. According to [24, (11.8)] the Lie algebra L does not possess any non-trivial p-nilpotent ideals, a contradiction.

(2). General theory provides an injective, G-equivariant morphism G/G_0 → P roj(V_L(M)). Consequently, dim G − dim G_0 = dim G/G_0 ≤ 1. In view of (1) we may assume that dim G_0 = dim G − 1. Let R be the root system of G corresponding to a maximal torus T ⊂ B of G. The base of R associated to B will be denoted Δ. According to [25, (30.1)] there exists a simple root α_0 ∈ Δ such that (a) Lie(G_0) = Lie(T ) ⊕ ⨁ α≠α0 Lα, and (b) R \ {α_0} = R^+ ∪ ⟨−I⟩, where I := Δ \ {α_0} and ⟨−I⟩ is the semigroup generated by −I := {−α ; α ∈ I}. Suppose that |Δ| ≥ 2. Since G is almost simple, the root system is irreducible and there thus exists a simple root β ∈ I such that α + β ∈ R. Owing to (b) we may write

α + β = ∑ γ∈I n_γ γ ; n_γ ∈ N_0, which contradicts the fact that Δ is a base of R. Consequently, the root system of G is of type A_1, so that L ∼= sℓ(2). 2

Theorem 3.2 Let L = Lie(G) be the Lie algebra of a connected, almost simple linear algebraic group, Θ ⊂ Γ_s(L) a component. Then the following statements hold :

(1) If L ≁= sℓ(2) and Θ contains the type of an Ad(G)-stable module, then Θ ∼= Z[A_∞]. Moreover, every module belonging to Θ is Ad(G)-stable.

(2) If L ≁= sℓ(2) and Θ contains the type of a simple module, then Θ ∼= Z[A_∞]. (3) If Θ is Euclidean, then L ∼= sℓ(2) and Θ ∼= Z[Ã_{1,2}].

Proof. (1). According to (3.1), we have dimV_L(Θ) ≥ 3, and the first assertion now follows directly from (2.1).

Since det(Ad(g)) = 1 for every g ∈ G, we have tr ∘ ad = 0, proving that u(L) is symmetric. Given g ∈ G the equivalence M →^gM induces an automorphism on Γ_s(L) that leaves Θ invariant. Thus, the induced automorphism on the tree A_∞ coincides with the identity map and there exists n ∈ Z such that

gM ∼= Ω^{2n}_{u(L)}(M) ∀ [M] ∈ Θ. (1)

Replacing g by g^{−1} if necessary, we may assume n ≥ 0. We obtain dim_F Ω^{2kn}_{u(L)}(M) = dim_F^{gk} M = dim_F M ∀ k ≥ 0, which, in case of n ≠ 0, shows that (dim_F Ω^m_{u(L)}(M))_{m≥0} is bounded. Since Θ does not contain any periodic modules, we have n = 0. Consequently, (1) shows that every module belonging to Θ is Ad(G)-stable.

(2). According to general theory (cf. [26, p.220]), every simple u(L)-module S is Ad(G)- stable, so that (1) applies.

(3). Let Θ be Euclidean. Owing to (2.1) we have dimV_L(M) = 2. Moreover, the analogue of [38, Theorem A] shows that Θ is attached to a principal indecomposable module. Consequently, the Euclidean component Ω_{u(L)}(Θ) contains the vertex of a simple module, and (2) implies L ∼= sℓ(2). It readily follows from Pollack’s work (cf. [30]) that the Euclidean components of Γ_s(sℓ(2)) are isomorphic to Z[Ã_{1,2}]. 2

Corollary 3.3 Let L be a classical simple Lie algebra, Θ ⊂ Γ_s(L) a component. Then the following statements hold :

(1) If Θ is Euclidean, then L ∼= sℓ(2) and Θ ∼= Z[Ã_{1,2}].

(2) If L ≁= sℓ(2) and Θ is not periodic, then Θ ∼= Z[A_∞], Z[D_∞] or Z[A^∞]. Moreover, the nonprojective simple u(L)-modules belong to components of type Z[A_∞].

Proof. According to [24, (5.4)] there exists a connected, almost simple linear algebraic group G and a surjective homomorphism π : Lie(G) −→ L such that ker π = C(Lie(G)) is a torus of dimension ≤ 1 and [Lie(G), Lie(G)] = Lie(G). This readily implies that the induced morphism π : V_{Lie(G)}(F ) −→ V_L(F ) is injective.

Let Ψ be a component of Γ_s(L) containing a simple module S. Since S is a simple Lie(G)-module, it is Ad(G)-stable. Using the fact that ker π is a torus, we obtain the inclusion π(V_{Lie(G)}(S)) ⊂ V_L(S), so that dimV_{Lie(G)}(S) ≤ dimV_L(S). If L ≁= sℓ(2), then Lie(G) ≁= sℓ(2). Thus, from a consecutive application of (3.1) and (2.1), we obtain Ψ ∼= Z[A_∞].

Now suppose that Θ is either Euclidean or Θ ∼= Z[A^∞]/Π, where {1} ≠ Π ⊂ Aut(Z[A^∞]) is an admissible group of automorphisms. By combining [38, TheoremA] with a result by Butler and Ringel [7, p.155], we conclude that Θ is attached to a principal indecomposable module. Thus, the component Ψ = Ω_{u(L)}(Θ) contains the vertex of a simple u(L)-module. By our observations above this implies L ∼= sℓ(2), and we have established (1).

By applying [14, (5.7)] and (1) consecutively, we see that either Θ ∼= Z[A_∞], Z[D_∞] or Θ has tree class A^∞. In the latter case Riedtmann’s structure theorem (cf. [3, (4.15.6)]) shows that Θ ∼= Z[A^∞]/Π, where Π ⊂ Aut(Z[A^∞]) is an admissible group of automorphisms. It now follows from the arguments above that Π = {1}. 2

The class of finite dimensional algebras over F can be divided into the subclasses of representation finite, tame, and wild algebras. If an algebra belongs to the first two classes, then there is hope for classifying its indecomposable modules. We refer the reader to [9] for the precise definitions.

Corollary 3.4 Let L ≁= sℓ(2) be a classical simple Lie algebra. If B ⊂ u(L) is a block not associated to the Steinberg module, then B is wild.

Proof. We adopt the notation of the proof of (3.3). Let S be a simple B-module. Since B is not associated to the Steinberg module, S is not projective. Hence S is not projective, when considered a u(Lie(G))-module. Since Lie(G) ≁= sℓ(2) and S is Ad(G)-stable, (3.1) in conjunction with the arguments of (3.3) implies dimV_L(S) ≥ dimV_{Lie(G)}(S) ≥ 3. The assertion now follows directly from [31, Thm.2]. 2

Remark. Neither (3.3) nor (3.4) retain their validity in the more general setting of reduced enveloping algebras. According to [16, (5.4)] the simple Lie algebras L = sℓ(4), o(5) possess linear forms χ ∈ L^∗ such that u(L, χ) has tame blocks whose AR-quivers have Euclidean components.

We now turn to the representation theory of the restricted Lie algebras of Cartan type. The interested reader may consult [36, Chapter4] for the definition and elementary properties of these algebras. For our purposes it will suffice to list the following facts. The algebras are divided into four families (W (n))_{n≥1}, (S(n))_{n≥3}, (H(2r))_{r≥1}, and (K(2r + 1))_{r≥1}. Each algebra L comes fitted with a restricted Z- grading, i.e. a vector space decomposition L = ⨁s i=−t Li (s, t > 0) satisfying

[L_i, L_j] ⊂ L_{i+j} ; L^{[p]}_i ⊂ L_{pi}.

In addition, we have W (n)_0 ∼= gℓ(n), S(n)_0 ∼= sℓ(n), H(2r)_0 ∼= sp(2r), and K(2r + 1)_0 ∼= sp(2r) ⊕ F z, where F z is a central element of K(2r + 1)_0.

Corollary 3.5 Let L be a restricted Lie algebra of Cartan type. Then Γ_s(L) does not possess any Euclidean components. Moreover, any nonperiodic component of Γ_s(L) is isomorphic

to Z[A∞], Z[D∞], or Z[A^∞], and every simple module is contained in a component of type Z[A∞]. Proof. By the results of [23, §3] the algebra u(L) has one block. Since u(L) is not semisimple (cf. [21]), it follows that every simple u(L)-module is nonprojective. Proceeding as in (3.3), we consider a component Θ containing a simple u(L)-module S. According to [33, (1.5)] the module S admits a Z-grading S = q⨁ j=0 S_j such that L_i.S_j ⊂ S_{i+j}. In particular, each subspace is L_0-invariant and, thanks to [33, (1.1)], S_0 is a simple L_0-module. General properties of support varieties now imply

V_{L0} (S_0) ⊂ V_{L0} (S) ⊂ V_L(S).

If L is of type H or K, then S_0 is a simple sp(2r)-module, and (3.1) shows that dimV_L(S) ≥ 3 unless L ∼= H(2) or L ∼= K(3). In these cases, this estimate follows from [27, (5.1)]. For L = S(n), W (n) the module S_0 is Ad(SL(n))-stable and (3.1) yields dimV_L(S) ≥ 3 unless n ≤ 2. However, these cases are covered by [27, (5.1),(5.4)].

As a result, we have dimV_L(S) ≥ 3, and (2.1) shows that Θ ∼= Z[A_∞]. The proof may now be concluded by arguing as in (3.3). 2

4. Hearts of Principal Indecomposable Modules

In view of the results of the preceding section one is interested in the position of a simple module within its Auslander-Reiten component. We say that a module M lies at an end of a component Θ if [M] has exactly one predecessor. The example of u(sℓ(2)) shows that simple modules are not necessarily located at ends of components. However, as we shall see below, this does not happen for the other simple Lie algebras or for Lie algebras of solvable algebraic groups. In all these cases the structure of the heart H(P ) := rad(P )/soc(P ) of a principal indecomposable module P is related to the representation type of the algebra u(L) in the sense that decomposability of H(P ) is equivalent to P belonging to a tame block.

Proposition 4.1 Let S be a simple u(L, χ)-module such that the component Θ containing [S] is isomorphic to Z[A_∞]. Then [S] is located at an end of Θ, and the heart H(P ) of the projective cover P of S is indecomposable. Moreover, [S] is the only simple vertex of Θ.

Proof. The arrows of a component Θ = Z[A_∞] either point towards the end or towards infinity. Accordingly, for any vertex [M] there exists exactly one sectional path from an end vertex to [M]. The number of vertices on that path is called the quasilength ql([M]) of M (cf.[34, p.479]).

Suppose the proposition to be false. For each component Θ ∼= Z[A_∞] we let S(Θ) := {[S] ; S simple , ql([S]) ≥ 2} and, in case S(Θ) ≠ ∅, we define q_Θ := min{ql([S]) ; [S] ∈ S(Θ)}. Pick Θ such that q_Θ ≥ 2 is minimal. It follows from [2, (I.5.7)] that parallel maps within a nonprojective mesh of Θ have isomorphic kernels and cokernels. Let [S] ∈ Θ be a vertex of quasilength ql([S]) = q_Θ and suppose that q_Θ ≥ 3. Since every irreducible map terminating (originating) in S is surjective (injective), arguments similar to those of [4, p.250f] show that there are two projective meshes whose vertices have quasilength < q_Θ. By considering the component Ω(Θ) ∼= Θ we obtain from the minimality of q_Θ, that the corresponding simple modules have quasilength 1. Thus, the τ-orbit of modules of quasilength 1 contains two simple modules and there exists a simple module [T ] ∈ Ω(Θ) and n > 0 such that Ω^{2n}(T ) is simple. Accordingly, we have dim_F Ext^{2n}_{u(L,χ)}(T, T ) ≤ 1, and [14, (2.1)] implies the periodicity of T , a contradiction.

Consequently, q_Θ = 2 and there is [M] ∈ Θ such that [S] is the only successor of [M]. There results an almost split sequence (0) −→ M −→ S ⊕ Q −→ N −→ (0), where Q is a (necessarily nonzero) principal indecomposable module. Since the above sequence is isomorphic to the standard sequence, we have H(Q) ∼= S. By the same token, it now follows that [N] ∈ Θ is a vertex of length 2 such that Ω^2_{u(L,χ)}(N) has length 2. According to [16, (3.1)] this yields the periodicity of N, a contradiction.

Hence the simple vertices are located at the end of Θ, and the argument at the end of the first paragraph shows that Θ possesses exactly one simple vertex. 2

We shall apply the foregoing result to Lie algebras of almost simple and solvable algebraic groups. In order to formulate our main result for the latter in a slightly more general setting we recall that a restricted Lie algebra (L, [p]) is said to be supersolvable if its first derived algebra [L, L] is nilpotent. The reader is referred to [22] concerning basic facts from relative homological algebra.

Theorem 4.2 Suppose that p ≥ 3. Let L be supersolvable, Θ ⊂ Γ_s(L, χ) a nonperiodic component containing a one-dimensional module F_λ. Then Θ ∼= Z[A_∞], and F_λ is located at an end of Θ.

Proof. Let B ⊂ u(L, χ) be the block of the one- dimensional module F_λ. According to [15, (2.2)] B is isomorphic to u(L/T (L)), where T (L) is the maximal toral ideal of L. It readily follows from [36, (II.3.4)] and [13, (4.3)] that L/T (L) is the semidirect sum of its p-unipotent radical and a maximal torus. Accordingly, we may assume without loss of generality that B = u(L), and L = T ⊕ rad_p(L), for some maximal torus T ⊂ L. Let J and u(rad_p(L))^+ be the Jacobson radical of u(L) and the augmentation ideal of u(rad_p(L)), respectively. According to [36, (I.3.7)] the ideal u(L)u(rad_p(L))^+ = u(rad_p(L))^+u(L) is nilpotent, while u(L)/(u(L)u(rad_p(L))^+) ∼= u(T ) is semisimple. Consequently, J = u(L)u(rad_p(L))^+ and it follows that every projective cover P −→ M of u(L)-modules defines a projective cover P |_{u(radp(L))} −→ M|_{u(radp(L))}. Consequently, Ω^2_{u(L)}(F_λ)|_{u(radp(L))} ∼= Ω^2_{u(radp(L))}(F_λ|_{u(radp(L))}), and τ_{u(L)}(F_λ)|_{u(radp(L))} ∼= τ_{u(radp(L))}(F_λ|_{u(radp(L))}). Let (0) −→ τ_{u(L)}(F_λ) −→ X_λ −→ F_λ −→ (0) be the almost split sequence terminating in F_λ. According to [14, (2.4)] the extension u(L) : u(rad_p(L)) is separable, so that the module F_λ is (u(L), u(rad_p(L))-projective (cf. [29, p.122ff]). In particular, the sequence (0) −→ τ_{u(L)}(F_λ)|_{u(radp(L))} −→ X_λ|_{u(radp(L))} −→ F_λ|_{u(radp(L))} −→ (0) does not split, and [2, (V.2.4)] ensures that this sequence is the almost split sequence terminating in F_λ|_{u(radp(L))}. A consecutive application of [11, Thm.3] and (4.1) now shows that F_λ|_{u(radp(L))} is located at an end of a component of tree class A_∞. Consequently, the module X_λ|_{u(radp(L))} and, a fortiori X_λ, is indecomposable. Thus, F_λ is located at an end of Θ. Since L is supersolvable, [16, (5.1)] implies that Θ has tree class A_∞ or D_∞.

In the latter case we have Θ ∼= Z[D_∞]. Since L is supersolvable, the block B is transitive in the sense that there is an elementary abelian p-group G of automorphisms of B such that every simple module of B is obtained from a given one by twisting the action by an element of G. In particular, all principal indecomposable modules of B have the same length ℓ_B, which according to [15, (2.10)] is a p-power. Since the elements of G commute with the Nakayama automorphism, G operates on Γ_s(B). Consider the component Ψ := Ω_{u(L)}(Θ) ∼= Θ. The projective cover P_λ of F_λ is attached to Ψ. Suppose that the principal indecomposable module Q ∼=^gP_λ (g ∈ G) is attached to Ψ. Then^gΨ = Ψ and g induces an automorphism of order ∈ {1, p} on Ψ. Since Z[D_∞] is easily seen not to possess any automorphisms of finite order ≥ 3, it follows that Q ∼= P_λ. As F_λ is located at an end of Θ, the vertex [rad(P_λ)] ∈ Ψ has the same property. Thus, H(P_λ) has three predecessors, and there exists a vertex [X] ≠ [rad(P_λ)] such that H(P_λ) is the only successor of [X]. By the above there results an almost split sequence (0) −→ X −→ H(P_λ) −→ Y −→ (0). Since all principal indecomposable B-modules have the same length, we obtain, letting ℓ(M) denote the length of a module,

ℓ(X) = ℓ(Ω^2_{u(L)}(Y )) ≡ ℓ(Y ) mod(ℓ_B).

Thus, ℓ(X) = ℓ(Y ) so that ℓ_B ≡ ℓ(H(P_λ) ≡ 0 mod(2), a contradication. This shows that Θ ∼= Z[A_∞]. 2

Corollary 4.3 Suppose that p ≥ 3 and let G be a connected, solvable algebraic group.Then every component of Γ_s(Lie(G)) containing a simple module has tree class A_ℓ or A_∞, and the hearts of the nonsimple principal indecomposable u(Lie(G))-modules are indecomposable.

Proof. Let U_G and T_G denote the unipotent radical and a maximal torus of G, respectively. According to [35, Thm.6.11] the product map induces an isomorphism G ∼= U_G × T_G of varieties. Differentiation then shows that Lie(G) = rad_p(Lie(G)) ⊕ T, where T = Lie(T_G) is a maximal torus of Lie(G)(cf. [24, (11.11),(13.2)]). It follows that every simple u(Lie(G))-module is one-dimensional, so that the first statement is a direct consequence of (4.2) in case the component is not periodic. Alternatively, a consecutive application of [14, (3.2)] and [14, (5.1)] shows that the component has tree class A_ℓ.

Suppose the component Θ to be a attached to the principal indecomposable module P . Then Ω^{−1}(Θ) contains a simple module. According to the above Θ has tree class A_∞ or A_ℓ. In the latter case and rad(P ) is located at an end of Θ, while (4.2) shows this to hold in the former. In particular, H(P ) is indecomposable. 2

Remark. According to [15, (2.2)] every block of u(Lie(G) is the restricted enveloping algebra of a suitable factor algebra of Lie(G), which in virtue of Voigt’s Theorem (cf. [37, Thm.4]) is not tame.

Theorem 4.4 Let p > 7 and suppose that (L, [p]) is simple. If L ≁= sℓ(2), then the hearts of the nonsimple principal indecomposable u(L)-modules are indecomposable.

Proof. According to the Block-Wilson classification theorem [6], the algebra L is either classical or of Cartan type. The results of §3 show that, for L ≁= sℓ(2), the type of any nonprojective simple u(L)-module is contained in a component of Γ_s(L) of the form Z[A_∞]. Thus, (4.1) yields the result. 2

Example. Let p ≥ 7 and consider the p-dimensional Witt algebra W (1) with its natural filtration (W (1)_{(i)})_{i≥−1} (cf. [36, Chapter4] for details). Given a linear form χ ∈ W (1)^∗, we put r(χ) := min{i ≥ −1 ; χ(W (1)_{(i)}) = (0)}.

If 0 ≤ r(χ) ≤ p − 5, then [15, (5.1)] ensures that the support variety of every simple u(W (1), χ)-module has dimension ≥ 3. By results of [27], the same holds for r(χ) = −1. Hence, for r(χ) ≤ p − 5, the simple u(W (1), χ)-modules are located at ends of components of type Z[A_∞]. More detailed arguments show that this is also true for r(χ) = p − 4. By [15, (5.2)] u(W (1), χ) is a Nakayama algebra in the remaining cases, and Γ_s(W (1), χ) ∼=

Z[Ap−1]/(τ) for r(χ) ≠ p − 1, while Γs(W (1), χ) = ∅ for r(χ) = p − 1.

References

[1] J. Alperin and L. Evens. Representations, Resolutions and Quillen’s Dimension Theorem. J. Pure Appl. Algebra 22 (1981), 1-9

[2] M. Auslander, I. Reiten and S. Smalø. Representation Theory of Artin Algebras. Cambridge Studies in Advanced Math. 36. Cambridge University Press, 1995

[3] D. Benson. Representations and Cohomology I. Cambridge Studies in Advanced Mathematics 30. Cambridge University Press 1991.

[4] C. Bessenrodt. Modular Representation Theory for Blocks with Cyclic Defect Groups via the Auslander-Reiten Quiver. J. Algebra 140 (1991), 247-262

[5] D. Benson and J. Carlson. Complexity and Multiple Complexes. Math. Z. 195 (1987), 221-238

[6] R. Block and R. Wilson. Classification of Restricted Simple Lie Algebras. J. Algebra 114 (1988), 115-259

[7] M. Butler and C. Ringel. Auslander-Reiten Sequences with few Middle Terms and Applications. Comm. Algebra 15 (1987), 145-179

[8] J. Carlson. The Varieties and the Cohomology Ring of a Module. J. Algebra 85 (1983), 104-143

[9] W. Crawley-Boevey. On Tame Algebras and Bocses. Proc. London Math. Soc. 56 (1988), 451-483

[10] K. Erdmann. On Auslander-Reiten Components for Group Algebras. J. Pure Appl. Algebra 104 (1995), 149-160

[11] K. Erdmann. The Auslander-Reiten Quiver of Restricted Enveloping Algebras. CMS Conf. Proc. 18 (1996), 201-214

[12] K. Erdmann and A. Skowroński. On Auslander-Reiten Components of Blocks and Self- Injective Special Biserial Algebras. Trans. Amer. Math. Soc. 330 (1992), 165-189

[13] R. Farnsteiner. Representations of Lie Algebras with Triangular Decomposition. Symposia Gaussiana 2 (1995), 275-286

[14] R. Farnsteiner. Periodicity and Representation Type of Modular Lie Algebras. J. reine angew. Math. 464 (1995), 47-65

[15] R. Farnsteiner. Representations of Blocks Associated to Induced Modules of Restricted Lie Algebras. Math. Nachr. 179 (1996), 57-88

[16] R. Farnsteiner. On Auslander-Reiten Quivers of Enveloping Algebras of Restricted Lie Algebras. Math. Nachr. (to appear)

[17] R. Farnsteiner and H. Strade. Shapiro’s Lemma and its Consequences in the Cohomology Theory of Modular Lie Algebras. Math. Z. 206 (1991), 153-168

[18] E. Friedlander and B. Parshall. Geometry of p-Unipotent Lie Algebras. J. Algebra 109 (1987), 25-45

[19] E. Friedlander and B. Parshall. Modular Representation Theory of Lie Algebras. Amer.

J. Math. 110 (1988), 1055-1098

[20] D. Happel, U. Preiser and C. Ringel. Vinberg’s Characterization of Dynkin Diagrams using Subadditive Functions with Applications to DTr-periodic Modules. In: Representation Theory II, Springer Lecture Notes in Mathematics 832 (1981), 280-294

[21] G. Hochschild. Representations of Restricted Lie Algebras of Characteristic p. Proc.

Amer. Math. Soc. 5 (1954), 603-605

[22] G. Hochschild. Relative Homological Algebra. Trans. Amer. Math. Soc. 82 (1956), 246- 269 [23] R. Holmes and D. Nakano. Block Degeneracy and Cartan Invariants for Graded Lie Algebras of Cartan Type. J. Algebra 161 (1993), 155-170

[24] J. Humphreys. Algebraic Groups and Modular Lie Algebras. Mem. Amer. Math. Soc.

71 (1971)

[25] J. Humphreys. Linear Algebraic Groups. Graduate Texts in Mathematics 21. Springer- Verlag 1975

[26] J. Jantzen. Representations of Algebraic Groups. Pure and Applied Mathematics 131.

Academic Press 1987

[27] Z. Lin and D. Nakano. Algebraic Group Actions in the Cohomology Theory of Lie Algebras of Cartan Type. J. Algebra 179 (1996), 852-888

[28] T. Nakayama and T. Tsuzuku. On Frobenius Extensions I. Nagoya J. Math. 17 (1960), 89-110

[29] R. Pierce. Associative Algebras. Graduate Texts in Mathematics 88. Springer-Verlag, 1982

[30] R. Pollack. Restricted Lie Algebras of Bounded Type. Bull. Amer. Math. Soc. 74 (1968), 326-331

[31] J. Rickard. The Representation Type of Self-Injective Algebras. Bull. London Math. Soc.

22 (1990), 540-546

[32] G. Seligman. Modular Lie Algebras. Ergebnisse der Mathematik 40. Springer-Verlag 1967

[33] G. Shen. Graded Modules of Graded Lie Algebras of Cartan Type II. Scient. Sinica 29 (1986), 1009-1019

[34] A. Skowroński. On the Composition Factors of Periodic Modules. J. London Math. Soc.

49 (1994), 477-492

[35] T. Springer. Linear Algebraic Groups. Progress in Mathematics 9. Birkhäuser-Verlag 1981

[36] H. Strade and R. Farnsteiner. Modular Lie Algebras and their Representations. Marcel Dekker Monographs 116 New York 1988

[37] D. Voigt. The Algebraic Infinitesimal Groups of Tame Representation Type. C. R. Acad.

Sci. Paris 311 (1990), 757-760

[38] P. Webb. The Auslander-Reiten Quiver of a Finite Group. Math. Z. 179 (1982), 97-121

Department of Mathematics Fakultät für Mathematik University of Wisconsin and Universität Bielefeld Milwaukee, WI 53201 33501 Bielefeld U.S.A. Germany