SCATTERING PROBLEM FOR LOCAL PERTURBATION OF FREE QUANTUM GAS.

YU. G. KONDRATIEV, A. YU. KONSTANTINOV, M. RÖCKNER, AND G. V. SHCHEPAN’UK

Abstract. Scattering theory for perturbations of the intrinsic Dirichlet (Laplace-Beltrami) operator H0 = − divΓ ∇Γ on L2(Γ, πz), ie the space of πz-square integrable functions on the configuration space Γ over R^d, is studied. Here πz denotes Poisson measure with intensity z. We show that for an arbitrary regular non-zero potential V the standard wave operators W �(H0, H0 + V ) do not exist, and propose to consider Dirichlet operators of perturbed Poisson measures instead of potential perturbations of the Hamiltonian H0. As case studies, cylindric smooth densities and finite volume Gibbs perturbations of the Poisson measure are considered. In these cases the existence of the corresponding wave operators is proved.

KEY WORDS: Scattering theory, Poisson analysis, Dirichlet forms. RUNNING HEAD: Scattering problem for quantum gas

Introduction

Finite as well as zero temperature states of free quantum gases are usually described in terms of the Araki– Woods representation (see, eg, [5]). In particular, the free Bose gas of zero density has a standard representation in Fock space, which leads to the known Schrödinger representation in the functional realization of the Fock space as a space of functions square integrable with respect to the corresponding Gaussian measure, see eg, [4]. In contrast to this, the free Bose gas of positive density cannot be properly described in the Gaussian space representation, and a rigorous mathematical description of the ground state for this system can only be achieved in terms of Poisson analysis (see [3] as well as the references and historical comments therein).

In this paper we study scattering theory for different types of perturbations of the intrinsic Dirichlet (Laplace– Beltrami) operator H_0 = − div^Γ ∇^Γ on L_2(Γ, π_z) [1], where π_z is the Poisson measure with Lebesgue intensity measure zdx, z > 0, and Γ is the corresponding configuration space over R^d . It should be mentioned here that from the physical point of view the operator H_0 is the energy operator, or Hamiltonian, of the corresponding system of the free Bose gas [3]. In Section 2 we show that for an arbitrary regular non-zero potential perturbation V the standard wave operators W^±(H_0, H_0 + V ) do not exist. (An analogous result in the Gaussian case is well known, see eg [4].) Hence, to study scattering theory for the pair of operators H_0 and H_0 + V , we need some renormalization of the perturbed Hamiltonian H_0 + V . As in the case of Gaussian analysis [4], such a renormalization can be given by the Dirichlet operator of a perturbed Poisson measure (see [2, 3]). In Section 3 we consider perturbations of π_z by cylindric smooth densities and prove existence of the corresponding wave operators. Most important from the mathematical physics point of view is the case of a local perturbation of the Poisson measure by a Gibbs factor, describing a locally perturbed Bose gas in which interactions between particles take place only in a fixed bounded domain of R^d .

But first, we need to recall the notions of configuration space, Poisson measure and the corresponding Dirichlet form [1, 2] (Section 1).

1. Poisson analysis and intrinsic differential geometry of Poisson spaces

In this section we provide a brief review of Poisson analysis and the intrinsic differential geometry of the corresponding Poisson spaces needed for this article. For a more detailed exposition of different aspects of Poisson

Date: 30 May 1998.

Bonn University, 53013 Bonn, Germany, e-mail: kondratiev@wiener.iam.uni-bonn.de ; BiBoS research center, Bielefeld University, D 33615, Bielefeld, Germany; Institute for Mathematics of the Ukrainian National Science Academy, 3 Tereshchenkivs’ka St, MSP, Kyiv-4, 252601, Ukraine.

Department for Mathematics, Kyiv University, 64 Volodymyrs’ka St, 252033, Kyiv, Ukraine, e-mail: konst@faust.kiev.ua. Department for Mathematics, Bielefeld University, D 33615 Bielefeld, Germany, e-mail: roeckner@mathematik.uni-bielefeld.de. Institute for Mathematics of the Ukrainian National Science Academy, 3 Tereshchenkivs’ka St, MSP, Kyiv-4, 252601, Ukraine;

e-mail: gena@imat.gluk.apc.org. 1

analysis and the intrinsic differential geometry of Poisson spaces as well as their applications to quantum field theory and statistical mechanics see [7, 8, 1, 2, 3, 18, 20, 13, 14, 12, 16] and the references therein.

Let L(Λ), Λ ⊆ R^d , denote the system of all bounded Borel subsets in Λ and define the configuration space Γ over R^d as the set of all locally finite configurations in R^d , ie

Γ := { γ ⊂ R^d | #(γ ∩ Λ) < ∞ for all Λ ∈ L(R^d )^},

#(γ ∩ Λ) being the cardinality of the set γ ∩ Λ.

Let BΛ(Γ), Λ ∈ B(R^d ), be the σ-algebra on Γ generated by all mappings of the form

Γ ∋ γ → #(γ ∩ Λ^′) ∈ Z_+ := {0, 1, 2, . . . },

where Λ^′ ∈ L(Λ). We set B(Γ) := BRd(Γ).

The Poisson measure π_{z̃} over B(Γ) is defined so that for all Λ ∈ L(R^d ) and any B_Λ(Γ)-measurable function F ≥ 0 ∫ Γ F (γ)π_{z̃} (dγ) = exp [ − ∫ Λ z̃(x)dx ]^∞∑ n=0 1 n! ∫ Λ^n F ( {x_i}^n_{i=1} ) (z̃dx)^1_n, (1.1)

where (z̃dx)^1_n := z̃(x_1) . . . z̃(x_n) dx_1 . . . dx_n and z̃ is some non-negative function from L^{loc}_1 (R^d ). The existence of π_{z̃} is insured by Kolmogorov’s theorem.

Let us set for an arbitrary B(R^d )-measurable function f over R^d with bounded essential support ⟨f, γ⟩ := ∑ x∈γ f(x). This means that we identify a configuration γ ∈ Γ with the following point measure over B(R^d ): γ ≡ ∑ x∈γ δ_x, where δ_x is Dirac-measure at the point x, ie, for all A ∈ B(R^d )

δ_x(A) = { 1, if x ∈ A, 0, otherwise.

Lemma 1. Let ξ ∈ S(R^d ), Λ ∈ L(R^d ), and let F : Γ → R be a B_Λ(Γ)-measurable function and z̃ ∈ L^{loc}_1 (R^d ). Then ∫ Γ e^{⟨ξ,γ⟩}F (γ)π_{z̃} (dγ) = exp [ ∫ R^d (e^{ξ(x)} − 1)z̃(x)dx ] ∫ Γ F (γ)π_{z̃e}ξ (dγ), (1.2) provided the integrals with respect to z̃dx and the Poisson measure π_{z̃e}ξ in the right-hand side of (1.2) exist.

Proof. Since D(R^d ) := C^∞_0 (R^d ) is dense in S(R^d ), it is enough to prove (1.2) for ξ ∈ D(R^d ). We may assume that Λ ⊃ supp ξ. Then, using formula (1.1), we obtain: ∫ Γ e^{⟨ξ,γ⟩}F (γ)π_{z̃}(dγ) = exp [ − ∫ Λ z̃(x)dx ]^∞∑ n=0 1 n! ∫ Λ^n e^{ξ(x1)+···+ξ(xn)}F ( {x_i}^n_{i=1} ) (z̃ dx)^1_n =

= exp [ ∫ Λ (e^{ξ(x)} − 1)z̃(x)dx ] exp [ − ∫ Λ z̃(x)e^{ξ(x)}dx ]^∞∑ n=0 1 n! ∫ Λ^n F ( {x_i}^n_{i=1} ) (z̃e^ξ dx)^1_n =

= exp [ ∫ R^d (e^{ξ(x)} − 1)z̃(x)dx ] ∫ Γ F (γ)π_{z̃e}ξ (dγ).

For an arbitrary measurable function f_n over R^{dn} with bounded essential support and γ ∈ Γ we define a Wick monomial ⟨f_n, : γ^{⊗n} :⟩ as a function of γ ∈ Γ by the following formula [12] ⟨f_n, : γ^{⊗n} :⟩ := ∑ {x_1,...,x_n}⊂γ ∑ π∈Sn^{fn(xπ(1), . . . , xπ(n)), (1.3)} where S_n denotes the group of all permutations of the set {1, . . . , n}.

Remark 1. Formula (1.3) allows us to regard :γ^n:, n ∈ N, as the following point measure over B(R^{dn} ) [15, 18, 20] : n∏ i=1 γ(dx_i) : = n∏ i=1 (γ − i−1∑ j=1 δ_{xj} )(dx_i). (1.4)

Lemma 2. For any B(R^{dn} )-measurable function f_n over R^{dn} with bounded essential support ∫ Γ ⟨f_n, : γ^{⊗n} :⟩π_{z̃} (dγ) = ∫ R^{dn} f(x_1, . . . , x_n)(z̃ dx)^1_n, (1.5)

if the integral on the right-hand side of (1.5) exists.

Proof. Choosing Λ ∈ L(R^d ) in such a way that Λ^n ⊃ ess supp f_n and applying formulae (1.1) and (1.3), we get ∫ Γ ⟨f_n, : γ^{⊗n} :⟩π_{z̃} (dγ) = exp [ − ∫ Λ z̃(x)dx ]^∞∑ m=0 1 m! ∫ Λ^m m∑ i_1 ,...,i_n=1 i_j ≠i_k , j≠k f_n(x_{i1} , . . . , x_{in} )(z̃dx)^1_m =

= exp [ − ∫ Λ z̃(x)dx ]^∞∑ m=n 1 (m − n)! ∫ Λ^n f_n(x_1, . . . , x_n)(z̃dx)^1_n ∫ Λ^m−^n

(z̃dx)^{n+1}_m =

= ∫ Λ^n

f(x_1, . . . , x_n)(z̃dx)^1_n = ∫ R^{dn} f(x_1, . . . , x_n)(z̃dx)^1_n.

In view of formula (1.5), for the calculation of averages from a product of Wick monomials with respect to Poisson measure π_{z̃}, it is useful to have some rule for expressing a product of Wick monomials by their linear combination. But in order to introduce such a rule we need some more definitions.

Let ff = {α1, . . . , αk} be a partition of the set {1, . . . , n}, n ∈ N, into k non-empty subsets, ie, α_1 ∪ α_2 ∪ · · · ∪ α_k = {1, . . . , n}, α_i ≠ ∅, α_i ∩ α_j = ∅, i ≠ j, i, j = 1, . . . , k, and a function ζff : {1, . . . , n} → {1, . . . , k}, k = #ff, be defined in such a way that i ∈ α_ζff_{(i)}, where the subsets α_1, . . . , α_k are supposed to be ordered somehow, for example by the smallest number they contain.

Now, for an arbitrary B(R^{dn} )-measurable function f_n over R^{dn} we can introduce a mapping f_n → fff_n , k = #ff, by the following formula

fff_n (x_1, . . . , x_#ff) = f_n(x_ζff_{(1)}, . . . , x_ζff_{(n)}), (1.6)

and formulate the rule as follows:

Theorem 1. For all partitions ff of the set {1, . . . , n} into k non-empty subsets α_1, . . . , α_k ⟨f_n, : γ^{⊗#α1} : ⊗ · · · ⊗ : γ^{⊗#αk} :⟩ = ∑ eff:|eαi∩αj |≤1, i=1,...,#eff, j=1,...,k ⟨f eff_n , : γ^{⊗#}eff :⟩. (1.7)

The proof is just a combinatorial exercise based on formula (1.4) and definition (1.6), see [18, 20] and the references therein.

Remark 2. Using the tradition of graphical representation for complicated formulae, widely followed in quantum field theory, it is possible to restate formula (1.7) in the form of a generalized Wick theorem for Poisson fields γ, see [18, 20, 16, 12] and the references therein.

Along with the Wick monomials defined by formula (1.3), in this article we also use the following Charlier polynomials Q_0 = 1, Q_n(f_n, γ) := ⟨f_n, : (γ − z̃)^{⊗n} :⟩, n ∈ N, (1.8) where by definition : (γ − z̃)^{⊗n} : = n∑ k=0 C^k_n(−1)^kz̃^{⊗k}⊗ : γ^{⊗(n−k)} : . For example, Q_1(φ, γ) = ⟨φ, γ − z̃⟩, Q_2(φ_1 ⊗ φ_2, γ) = ⟨φ_1, γ − z̃⟩⟨φ_2, γ − z̃⟩ − ⟨φ_1φ_2, γ⟩ Q_3(φ_1 ⊗ φ_2 ⊗ φ_3, γ) = ⟨φ_1, γ − z̃⟩⟨φ_2, γ − z̃⟩⟨φ_3, γ − z̃⟩ − ⟨φ_1φ_2, γ⟩⟨φ_3, γ − z̃⟩ −

− ⟨φ_1φ_3, γ⟩⟨φ_2, γ − z̃⟩ − ⟨φ_2φ_3, γ⟩⟨φ_1, γ − z̃⟩ + 2⟨φ_1φ_2φ_3, γ⟩. Alternatively, Charlier polynomials can be defined through the following generating functional [6, 7, 8, 20]: exp [ ⟨ln(1 + φ), γ⟩ − ⟨φ, z̃⟩ ] , (1.9)

where φ ∈ S(R^d ).

It is easy to see from (1.8) and (1.5) or directly from (1.9) that the Charlier polynomials of different order are mutually orthogonal, more precisely: ∫ Γ Q_n(φ_1 ⊗ · · · ⊗ φ_n, γ)Q_m(ϕ_1 ⊗ · · · ⊗ ϕ_m, γ)π_{z̃}(dγ) = δ_{m,n} ∑ π∈Sn^{⟨φ1, z̃ϕπ(1)⟩ . . . ⟨φn, z̃ϕπ(n)⟩,} where δ_{m,n} equals 1 if n = m, and 0 otherwise.

In [13] a generalized Wick theorem for compensated Poisson fields was obtained which gives the rule for expressing a product of Charlier polynomials by their linear combination (see also [19, 9]). For the case of the product of two Charlier polynomials it gives the following formula: Q_n(v_n, γ)Q_m(f_m, γ) = Q_{n+m}(v_n ^⊗f_m, γ) + Q_{n+m−1}(v_n ^⊗f_m, γ) + + Q_{n+m−2}(v_n ^⊗f_m, γ) + Q_{n+m−3}(v_n ^⊗f_m, γ), (1.10) where by definition (v_n ^⊗f_m)(x_1, . . . , x_{n+m}) := P^{n+m}_s v_n(x_1, . . . , x_n)f_m(x_{n+1}, . . . , x_{n+m}), (v_n ^⊗f_m)(x_1, . . . , x_{n+m−1}) := mnP^{n+m−1}_s v_n(x_1, . . . , x_n)f_m(x_n, . . . , x_{n+m−1}), (v_n ^⊗f_m)(x_1, . . . , x_{n+m−2}) := mnP^{n+m−2}_s ∫ R^d v_n(x_1, . . . , x_{n−1}, x)f_m(x, x_n, . . . , x_{n+m−2})z̃dx,

(v_n ^⊗f_m)(x_1, . . . , x_{n+m−3}) := m(m − 1)n(n − 1)P^{n+m−3}_s ∫ R^d v_n(x_1, . . . , x_{n−1}, x)f_m(x, x_{n−1}, . . . , x_{n+m−3})z̃dx and P^n_s denotes the projection on the symmetric subspace of D(R^{nd} ).

Any vector field v ∈ C^1_0 (R^d → R^d ) defines a one-parameter group of diffeomorphisms ψ_{t,}v of R^d , t ∈ R. Let for any γ ∈ Γ ψ_{t,}vγ := {ψ_{t,}vx | x ∈ γ}. Then, we can define the directional derivative of a functional F : Γ → R^d along the vector field v ∈ C^1_0 (R^d → R^d ) as follows

(∇^ΓvF )(γ) = d dt F (ψ_{t,}vγ) | |_{t=0}, (1.11)

provided the right-hand side of (1.11) makes sense.

For the case when F belongs to the set of smooth cylinder functionals FC^∞_b (D, Γ), ie has the following form F (γ) = g_F ( ⟨φ_1, γ⟩, . . . , ⟨φ_n, γ⟩ ) (1.12)

for some n ∈ N, g_F ∈ C^∞_b (R^n ) and φ_1, . . . , φ_n ∈ D := C^∞_0 (R^d ), it is possible to write its directional derivative explicitly:

(∇^ΓvF )(γ) = n∑ i=1 ∂_ig_F ( ⟨φ_1, γ⟩, . . . , ⟨φ_n, γ⟩ ) ⟨∇vφ_i, γ⟩, (1.13) where (∇vφ)(x) = ⟨∇φ(x), v(x)⟩_{Tx (}Rd_) is the usual directional derivative on R^d along the vector field v. Note that the set of smooth cylinder functionals is dense in L_2(Γ, π_{z̃}).

We define the tangent space T_γ (Γ) at the point γ ∈ Γ as the Hilbert space of B(R^d )-measurable γ-square-integrable vector fields V : R^d → R^d with the scalar product

⟨V_1, V_2⟩_{Tγ (Γ)} := ∫ R^d

⟨V_1(x), V_2(x)⟩_{Tx (}Rd_)γ(dx), V_1, V_2 ∈ T_γ (Γ).

The intrinsic Γ-gradient of a function F ∈ FC^∞_b (D, Γ) is a mapping Γ ∋ γ → (∇^ΓF )(γ) ∈ T_γ (Γ) such that (∇^ΓvF )(γ) = ⟨(∇^ΓF )(γ), v⟩_{Tγ (Γ)} for any v ∈ C^1_0 (R^d → R^d ).

As follows from (1.13) for smooth cylinder functions of the form (1.12) we have

∇^ΓF (γ, x) = n∑ i=1 ∂_ig_F ( ⟨φ_1, γ⟩, . . . , ⟨φ_n, γ⟩ ) ∇φ_i(x), where ∇ = ∇R^d is the usual gradient in R^d .

As can be shown from the definitions of Charlier polynomials and the intrinsic Γ-gradient above we have that

∇^ΓQ_n(φ_1 ⊗ · · · ⊗ φ_n, γ) = ∑ τ ⊂{1,...,n}, τ ≠∅ (−1)^{|τ |−1} ( |τ| − 1 ) !Q_{|τ̄|} ( ⊗_{i∈τ̄} φ_i, γ ) ∇ ( ∏ i∈τ φ_i ) , (1.14)

where by definition τ̄ := {1, . . . , n} \ τ.

For any F, G ∈ FC^∞_b (D, Γ) introduce the pre-Dirichlet form E^Γ_{πz} by

E^Γ_{πz} (F, G) = ∫ Γ ⟨∇^ΓF, ∇^ΓG⟩_{Tγ (Γ)}π_z (dγ). (1.15)

As is shown in [1] this pre-Dirichlet form is closable and its closure ( E^Γ_{πz} , Dom(E^Γ_{πz} ) ) is a Dirichlet form on L_2(Γ, π_z). Moreover, the corresponding operator ( H^Γ_{πz} , Dom(H^Γ_{πz} ) ) associated with this Dirichlet form, in the sense that E^Γ_{πz} (F, G) = ⟨H^Γ_{πz} F, G⟩_{L2 (Γ,πz)}, for all F, G ∈ Dom(H^Γ_{πz} ), is the Friedrichs’ extension of the operator − div^Γ ∇^Γ, where the Γ-divergence div^Γ is defined in such a way that ∫ Γ ⟨V(γ), ∇^ΓF (γ)⟩_{Tγ (Γ)}π_z(dγ) = − ∫ Γ (div^Γ V)(γ)F (γ)π_z (dγ), F ∈ FC^∞_b (D, Γ)

for any vector field V of the form V = n∑ i=1 F_iv_i, v_i ∈ C^1_0 (R^d → R^d ), F_i ∈ FC^∞_b (D, Γ), i = 1, . . . , n, n ∈ N, ie, div^Γ V = div^Γ n∑ i=1 v_iF_i := n∑ i=1 ( ⟨∇^ΓF_i, v_i⟩_{T (Γ)} + F_i div v_i ) . It should be mentioned that H^Γ_{πz} is essentially self-adjoint on the set of smooth cylinder functions FC^∞_b (D, Γ) (cf. [1, Sect. 5]).

2. Potential perturbations. Non-existence of standard wave operators

Set H_0 := H^Γ_{πz} . The operator H_0 has the following second quantization structure [1]: H_01 = 0, ie 1 is a ground state of H_0, and for any f_n ∈ S(R^{dn} ) H_0Q_n(f_n, ·) = Q_n(−Δ_nf_n, ·), n ≥ 1, (2.1)

where −Δ_n is the Laplacian in L_2(R^{dn} ), Δ := Δ_1. Under the Wiener–Itô–Segal isomorphism between L_2(Γ, π_z) and the Fock space over L_2(R^d , zdx) the operator H_0 transforms into the second quantization operator from the one particle operator −Δ. It immediately follows that H_0 is a non-negative essentially self-adjoint operator and σ(H_0) = σ_{ac}(H_0) = [0, ∞), where σ(H_0) and σ_{ac}(H_0) are the spectrum and the absolutely continuous spectrum of the operator H_0, respectively, [4, Vol. II, Chapter 6]. Moreover, the absolutely continuous subspace H_{ac} corresponding to the operator H_0 coincides with the orthogonal complement to the ground state H_{ac}(H_0) = {1}^⊥. By the spectral representation theorem, (2.1) implies that for any bounded Borel function φ : R → C

φ(H_0)Q_n(f_n, ·) = Q_n ( φ(−Δ_n)f_n, · ) , f_n ∈ L_2(R^{dn} ).

In particular, e^{−itH0} Q_n(f_n, ·) = Q_n ( e^{−itΔn} f_n, · ) , f_n ∈ L_2(R^{dn} ). (2.2)

Let V ∈ L_2(Γ, π_z) be a real-valued function, and H be some self-adjoint extension of the symmetric operator H_0 + V defined on FC^∞_b (D, Γ). Such a self-adjoint extension exists because H_0 + V commutes on FC^∞_b (D, Γ) with the operator of complex conjugation, ie,

(H_0 + V )F (γ) = (H_0 + V )F (γ), F ∈ FC^∞_b (D, Γ).

For example, if V is semi-bounded from below, H can be the Friedrich’s extension of the corresponding symmetric operator.

From the point of view of standard non-stationary scattering theory [10, 17] it would be natural to define wave operators W^±(H, H_0) as the strong limits:

W^±(H, H_0) = s-lim_{t→∓∞} e^{itH} e^{−itH0} P_{ac}(H_0), (2.3)

if they exist. Here P_{ac}(H_0) is the projection on the absolutely continuous subspace H_{ac}(H_0) of the operator H_0. Let us show that the wave operators W^±(H, H_0) do not exist for an arbitrary non-zero potential V .

Theorem 2. Suppose that V is a real-valued non-zero potential V ∈ L_2(Γ, π_z ) and that the operator V e^{−H0} is bounded in H. Let H be a self-adjoint extension of the symmetric operator H_0 + V defined on FC^∞_b (D, Γ). Then the wave operators defined by (2.3) do not exist.

Proof. Suppose that W^±(H, H_0) exist. Then (see, eg, [10]) (H + i)^{−1}W^± = W^±(H_0 + i)^{−1} and s-lim t→±∞ ( (H + i)^{−1} − (H_0 + i)^{−1} ) e^{−itH0} P_{ac}(H_0) = 0. (2.4)

Denote the closure of a linear operator T by T . Clearly, e^{−H0} V = (V e^{−H0} )^∗ is a bounded operator in H and

e^{−H0} V (H_0 + i)^{−1} = e^{−H0} V (H_0 + i)^{−1} = e^{−H0} (H_0 + V + i)(H + i)V (H_0 + i)^{−1} = = − ( (H_0 + i)e^{−H0} + (V e^{−H0} )^∗ )( (H + i)^{−1} − (H_0 + i)^{−1} ) . Hence, by (2.4) s-lim t→±∞ e^{−H0} V (H_0 + i)^{−1}e^{−itH0} P_{ac}(H_0) = 0.

As the set (H_0 + i)^{−1}H_{ac}(H_0) is dense in H_{ac}(H_0), we have

s-lim t→±∞ e^{−H0} V e^{−itH0} P_{ac}(H_0) = 0. (2.5)

We will now show that condition (2.5) is not valid, and therefore wave operators do not exist.

Define u_φ(γ) = Q_1(φ, γ) ≡ ⟨φ, γ⟩−⟨φ, z⟩ ∈ P_{ac}(H_0)H. Here φ ∈ S(R^d ), where S(R^d ) is the space of tempered test functions. Note that e^{−itH0} u_φ = u_{φt} , see (2.2), where φ_t(x) := (e^{−itΔ}φ)(x) = (4πit)^{−d/2} ∫ R^d e^{i|x−y|2/4t}φ(y)dy. (2.6) It is sufficient to show that for some φ ≠ 0 lim_{t→∞} ‖e^{−H0} V u_{φt} ‖_H ≠ 0. Let V =^∞ ∑ n=0 Q_n(v_n, γ) be the expansion of V in a series of orthogonal Charlier polynomials [7, 8]. Then, we have

V u_{φ(t)} = ∞∑ n=0 Q_n(v_n, γ)Q_1 ( φ_t, γ ) . By formula (1.10)

Q_1 ( φ_t, γ ) Q_n(v_n, γ) = Q_{n+1}(φ_t ^⊗v_n, γ) + Q_n(φ_t ^⊗v_n, γ) + Q_{n−1}(φ_t ^⊗v_n, γ). As ‖φ_t‖_{L∞(}Rd_) → 0 when t → ∞, we have that ‖φ_t ^⊗v_n‖_{L2(}Rdn_) → 0 when t → ∞. Analogously, one can prove that ‖φ_t ^⊗v_n‖_{L2(}Rd(n−1)_) → 0 as t → ∞. This is clear for v_n ∈ S(R^{dn} ). For an arbitrary v_n ∈ L_2(R^{dn} ), it follows from the estimate ‖φ_t ^⊗v_n‖_{L2(}Rd(n−1)_) ≤ z n‖φ‖_{L2(}Rd_)‖v_n‖_{L2(}Rdn_) and the fact that S(R^{dn} ) is dense in L_2(R^{dn} ), n ∈ N. Let n_0 be the minimal integer for which ‖v_{n0} ‖ ≠ 0 and let P_n, n ∈ N, be the projector on the subspace generated by Charlier polynomials of order n. It suffices to show that ‖P_{n0+1} e^{−H0} V u_{φt} ‖_H ↛ 0 as t → ∞. We have P_{n0 +1}V u_{φt} (γ) = Q_{n0+1} ( φ_t ^⊗v_{n0} , γ ) + Q_{n0+1} ( φ_t ^⊗v_{n0+1}, γ ) + Q_{n0+1} ( φ_t ^⊗v_{n0 +2}, γ ) .

Clearly, the norm of the second and the third terms go to zero as t tends to infinity. Hence, lim_{t→∞} ‖P_{n0+1}e^{−H0} V u_{φt} ‖_H = lim_{t→∞} ‖Q_{n0+1} ( e^{−Δn0+1} φ_t ^⊗v_{n0} , γ ) ‖_H = (2.7)

((n_0 + 1)!)^{12} z^{n0+12} ‖e^{−Δ}φ‖_{L2(}Rd_)‖e^{−Δn0} v_{n0} ‖_{L2(}Rdn_{0)} ≠ 0. Here we have used the following equality lim_{t→∞} ∫ R^{d(n+1)} v̂_n(x_1, . . . , x_{k−1}, x_{k+1}, . . . , x_{n+1})φ̂_t(x_k)v̂_n(x_1, . . . , x_{l−1}, x_{l+1}, . . . , x_{n+1})φ̂_t(x_l)(dx)^1_{n+1} = 0, k ≠ l, (2.8) where v̂_n := e^{−Δn} v_n, φ̂ := e^{−Δ}φ and (dx)^1_n := dx_1 . . . dx_n, n ∈ N. Note that (2.8) follows from the weak convergence φ_t = e^{−itΔ}φ^w−→ 0, as t → ∞. By (2.7), we see that (2.5) is not valid. Hence, the wave operators W^±(H, H_0) do not exist.

We have proved in Theorem 2 that V u_{φt} → 0 as t → ∞ iff φ = 0. In Sections 3 and 4, we will need the following generalization of this fact.

Lemma 3. Let V be a non-zero function from L_2(Γ, π_z ) and suppose that all the operators V P_n, n ∈ N, are bounded. Then { F ∈ H | lim_{t→∞} ‖V e^{−itH0} F ‖_H = 0 } = {0}. Proof. Let V = ∞∑ n=0 Q_n(v_n, γ) and F = ∞∑ m=0 Q_m(f_n, γ) be expansions of V and F in the series of Charlier polynomials, and set n_0 := min{n | ‖v_n‖_{L2(}Rdn_) ≠ 0}, m_0 := min{m | ‖f_m‖_{L2(}Rdm_) ≠ 0} and suppose that ‖V e^{−itH0} F ‖_H → 0 as t → ∞. Then ‖P_{n0 +m0} V e^{−itH0} F ‖_H → 0 as t → ∞. (2.9) By (1.10), we have that

P_{n0 +m0} (V e^{−itH0} F ) = Q_{n0+m0} (v_{n0} ^⊗f_{m0,t}, γ) + Q_{n0+m0} (v_{n0 +1} ^⊗f_{m0,t}, γ) + Q_{n0+m0} (v_{n0} ^⊗f_{m0+1,t}, γ) + + ∑ n≥n_0, m≥m_0 n+m=n_0+m_0 +2 Q_{n0+m0} (v_n ^⊗f_{m,t}, γ) + ∑ n≥n_0, m≥m_0 n+m=n_0+m_0 +3 Q_{n0+m0} (v_n ^⊗f_{m,t}, γ),

where by definition f_{n,t} := e^{−itΔ}f_n for any f_n ∈ L_2(R^{dm} ), n ∈ N. Clearly (see the proof of Theorem 2), for any f_n ∈ S(R^{dn} ), n ∈ N, ‖v_{n0} ^⊗f_{m0,t}‖_{L2(}Rd(n_0+m_0)_) → ‖v_{n0} ‖_{L2(}Rdn_{0)}‖f_{m0} ‖_{L2(}Rdm_{0)}, as t → ∞, ‖v_n ^⊗f_{m,t}‖_{L2(}Rd(n+m−1)_) → 0, as t → ∞, ‖v_n ^⊗f_{m,t}‖_{L2(}Rd(n+m−2)_) → 0, as t → ∞, ‖v_n ^⊗f_{m,t}‖_{L2(}Rd(n+m−3)_) → 0, as t → ∞. Hence, for all f_n ∈ S(R^{dn} )

‖P_{n0+m0} V e^{−itH0} F ‖_H → ((n_0 + m_0)!)^{12} z^{n0+m02} ‖v_{n0} ‖_{L2(}Rdn_{0)}‖f_{m0} ‖_{L2(}Rdm_{0)} ≠ 0, as t → ∞. (2.10) Since the operator P_{n0 +m0} V = (V P_{n0 +m0} )^∗ is bounded in H, one can extend (2.10) to any vector F ∈ H. This leads to a contradiction to condition (2.9), and therefore, f_m = 0 for all m ≥ 0 from which implies that F ≡ 0.

3. Existence of wave operators for cylindric Darboux transforms

Consider the operator H associated with the Dirichlet form corresponding to Poisson measure perturbed by a smooth cylindric density

E^Γ_Φ2_{πz} (F, G) = ∫ Γ ⟨∇^ΓF (γ), ∇^ΓG(γ)⟩_{Tγ (Γ)} Φ^2(γ)π_z (dγ).

We shall assume that Φ(γ) = exp [ g_Φ ( ⟨ϕ_1, γ⟩, . . . , ⟨ϕ_n, γ⟩ )] , where g_Φ ∈ C^1_b (R^n )

ϕ_1, . . . , ϕ_n ∈ C^1(R^d ) ∩ L_1(R^d ) ∩ L_2(R^d ).

The action of the operator H on exponentials F (γ) = exp [ ⟨ξ, γ⟩ ] , ξ ∈ S(R^d ) can be written [1] in the following form:

(HF )(γ) = (H_0F )(γ) + 2 n∑ i=1 ∂_ig_Φ ( ⟨ϕ_1, γ⟩, . . . , ⟨ϕ_n, γ⟩ )⟨ ⟨∇ϕ_i, ∇ξ⟩Rd, γ ⟩ F (γ). (3.1)

From now on, we will assume that H is some non-negative definite self-adjoint extension of the symmetric operator defined by (3.1) in the Hilbert space ~H = L_2 ( Γ, Φ^2(γ)π_z(dγ) ) . Then ~H ⊃ H, and we can consider the wave operators defined by (2.3), as operators from H into ~H.

Theorem 3. Let H_0 and H be self-adjoint operators associated with the Dirichlet forms E^Γ_{πz} and E^Γ_{Φ2 πz} correspondingly, and assume that

(i) g_Φ ∈ C^1_b (R^n );

(ii) ϕ_j ∈ C^1(R^d ) and for some c > 0, α > d/2 + 1 |∇ϕ_j (x)| ≤ c (1 + |x|)^α , x ∈ R^d , j = 1, . . . , n. (3.2) Then, the wave operators defined by the formula W^±(H, H_0) = s-lim_{t→∓∞} e^{itH} e^{−itH0} exist, and moreover, σac(H) = σac(H_0) = [0, +∞).

Remark 3. Since H1 = H_01 = 0 and H_{ac}(H_0) = {1}^⊥, we can omit the projector P_{ac} in the definition of the wave operators.

Remark 4. Assumption (3.2) can be replaced by some L_p condition. For example, it suffices to assume that for some ε > 0 |∇ϕ_i| ∈ L_2 ( R^d , (1 + |x|)^{2+ε}dx^), i = 1, . . . , n. Proof. According to the Cook criterion, existence of the wave operators W^±(H, H_0) will be proved if we show that for any function F from some dense subset of H there exists t_F > 0 such that ∞∫ t_F ‖ ‖(H − H_0)e^{±itH}0 F ‖ ‖ e_Hdt < ∞. (3.3) It is convenient for our purpose to choose as such a dense subset the linear span of all functions of the form

F (γ) = exp[⟨log(1 + φ), γ⟩],

where φ ∈ F^{−1} ( C^∞_0 (R^d \ {0}) ) , φ > −1, F^{−1} ( C^∞_0 (R^d \ {0}) ) denoting the image under the inverse Fourier transform F^{−1} in L_2(R^d ) of the set of all infinite differentiable functions whose support is a bounded subset of

R^d \ {0}. Then [1]_( e^{±itH0} F ) (γ) = exp [⟨ log(1 + φ_{±t}), γ ⟩] , φ_{±t} := e^{±itΔ}φ, and (3.3) can be rewritten as follows ∞∫ t_F ‖ ‖ ‖(H − H^0) exp [⟨ log(1 + φ_{±t}), · ⟩] ‖ ‖ ‖ e_Hdt < ∞. (3.4) By (2.6)

‖φ_{±t}‖_{L∞(}Rd_) ≤ (4πt)^{−d/2}‖φ‖_{L1(}Rd_), (3.5) hence we can assume that there exists t_F > 0 such that

for all t ≥ t_F ‖φ_{±t}‖_{L∞(}Rd_) ≤ 1 2 , (3.6)

and so expression (3.4) makes sense.

Applying formula (3.1) and taking into account the boundedness of ∂_ig_Φ, i = 1, . . . , n, and g_Φ, we obtain that ‖ ‖ ‖ ‖(H − H^0) exp [⟨ log(1 + φ_{±t}), · ⟩] ‖ ‖ ‖ ‖ e_H = = ‖ ‖ ‖2 n∑ i=1 ∂_ig_Φ ( ⟨ϕ_1, ·⟩, . . . , ⟨ϕ_n, ·⟩ )⟨⟨ ∇ϕ_i, ∇φ_{±t} 1 + φ_{±t} ⟩ R^d, · ⟩ exp [⟨ log ( 1 + φ_{±t} ) , · ⟩] ‖ ‖ ‖ e_H ≤ ≤ 2 n∑ i=1 sup |∂_ig_Φ| ‖ ‖ ‖ ‖ ⟨⟨ ∇ϕ_i, ∇φ_{±t} 1 + φ_{±t} ⟩ R^d, · ⟩ exp [⟨ log ( 1 + φ_{±t} ) , · ⟩] ‖ ‖ ‖ ‖ e_H ≤

≤ 2(sup e^{gΦ} )^{1/2} n∑ i=1 | sup ∂_ig_Φ| ‖ ‖ ‖ ⟨⟨ ∇ϕ_i, ∇φ_{±t} 1 + φ_{±t} ⟩ R^d, · ⟩ exp [⟨ log ( 1 + φ_{±t} ) , · ⟩] ‖ ‖ ‖ H . Consequently, (3.4) will be proved if we show that for some t_F so that (3.6) holds, we have ∞∫ t_F ‖ ‖ ‖ ⟨⟨ ∇ϕ_i, ∇φ_{±t} 1 + φ_{±t} ⟩ R^d, · ⟩ exp [⟨ log ( 1 + φ_{±t} ) , · ⟩] ‖ ‖ ‖_H dt < ∞, i = 1, . . . , n. (3.7) Define η_{±t} := ⟨∇ϕ_j , ∇ log(1 + φ_{±t})⟩Rd, and ξ_{±t} := log(1 + φ_{±t}).

Then ‖ ‖ ‖⟨η±t, ·⟩ exp [ ⟨ξ_{±t}, ·⟩ ]‖ ‖^2_H = ∫ Γ ⟨η_{±t} ⊗ η_{±t}, γ^{⊗2}⟩ exp [ 2⟨Re ξ_{±t}, γ⟩ ] π_z (dγ) =

= exp [ z ∫ R^d

(e^{2 Re ξ±t (x)} − 1)dx ] ∫ Γ ⟨η_{±t} ⊗ η_{±t}, γ^{⊗2}⟩π_{ze}2 Re ξ_{±t} (dγ) =

= exp [ z ∫ R^d

(e^{2 Re ξ±t (x)} − 1)dx ]{| |z ∫ R^d e^{2 Re ξ±t (x)}η_{±t}(x)dx | |^2 + ∫ R^d e^{2 Re ξ±t (x)} | |η_{±t}(x) | |^2dx } , (3.8)

where we used formulae (1.2), (1.7) and (1.5) from Section 1.

Since

e^{2 Re ξ±t (x)} = |e^{ξ±t(x)}|^2 = |1 + φ_{±t}|^2, (3.9)

‖φ_{±t}‖_{L2(}Rd_) = ‖φ‖_{L2(}Rd_) and ∫ R^d φ_{±t}(x)dx = (2π)^{d/2}(Fφ_{±t})(0) = 0, we get that exp [ z ∫ R^d (e^{2 Re ξ±t} − 1)dx ] = exp [ z ∫ R^d ( |1 + φ_{±t}|^2 − 1 )] = exp [ z‖φ‖^2_{L2(}Rd_) ] . (3.10)

Moreover, taking into account (3.9), (3.6) and the equality ∇φ_{±t} = (∇φ)_{±t}, we obtain that {| | |z ∫ R^d e^{2 Re ξ±t (x)}η_{±t}(x)dx | | |^2 + ∫ R^d e^{2 Re ξ±t (x)} | |η_{±t}(x) | |^2dx }_{1/2} ≤

≤ {( z ∫ R^d

|1 + φ_{±t}|^2 | | | ⟨ ∇ϕ_i, ∇φ_{±t} 1 + φ_{±t} ⟩ R^d | | |dx )_2 + z ∫ R^d

|1 + φ_{±t}|^2 | | | ⟨ ∇ϕ_i, ∇φ_{±t} 1 + φ_{±t} ⟩ R^d | | |^2dx }_{1/2} ≤

≤ {( z ∫ R^d ( 1 + |φ_{±t}| )_2 |∇ϕ_i| | | | ∇φ_{±t} 1 + φ_{±t} | | |dx )_2 + z ∫ R^d ( 1 + |φ_{±t}| )_2 |∇ϕ_i|^2 | | | ∇φ_{±t} 1 + φ_{±t} | | |^2dx }_{1/2} ≤

≤ {( z ∫ R^d ( 1 + |φ_{±t}| )_2 |∇ϕ_i| |∇φ_{±t}| | |1 − |φ_{±t}| | |dx )_2 + z ∫ R^d ( 1 + |φ_{±t}| )_2 |∇ϕ_i|^2 |∇φ_{±t}|^2 | |1 − |φ_{±t}| | |^2 dx }_{1/2} ≤

≤ 3 {( 3 2 z ∫ R^d |∇ϕ_i| |∇φ_{±t}|dx )_2 + z ∫ R^d |∇ϕ_i|^2 |∇φ_{±t}|^2 dx }_{1/2} ≤

≤ 3 { 3 2 z ∫ R^d |∇ϕ_i| |∇φ_{±t}|dx + ( z ∫ R^d |∇ϕ_i|^2 |∇φ_{±t}|^2dx )_{1/2}} . (3.11)

So, as one can see from (3.8), (3.10), (3.11) and the fact that all components of ∇φ also belong to F^{−1} ( C^∞_0 (R^d \ {0}) ) , (3.7) will be proved if we show that ∞∫ t_F ‖ |∇ϕ_i| φ_{±t} ‖ L_1(R^d)dt < ∞, i = 1, . . . , n (3.12) and ∞∫ t_F ‖ ‖ |∇ϕ_i| φ_{±t} ‖ ‖_{L2(}R_{d)}dt < ∞, i = 1, . . . , n (3.13)

for all φ ∈ F^{−1} ( C^∞_0 (R^d \ {0}) ) . It is well known (see Theorem XI.24 in [17]) that (3.13) holds if |∇ϕ_i(x)| ≤ c (1 + |x|)^{1+ε} , i = 1, . . . , n for some c, ε > 0. But this follows from condition (ii) of the theorem.

To prove (3.12), it suffices to show (see (3.5) and the proof of Theorem XI.16 in [17]) that for all b > a > 0

I := ∞∫ t_F t^{−d/2} ( ∫ at≤|x|≤bt | |∇ϕ_i(x)dx | | ) dt < ∞, i = 1, . . . , n.

By condition (ii) of the theorem, we have that ∫ at≤|x|≤bt | |∇ϕ_i(x) | |dx ≤ c ∫ at≤|x|≤bt dx (1 + |x|)^α ≤ ~ct^{d−α}

for some constant ~c. And so, I ≤ ~c ∞∫ t_F t^{d/2−α}dt < ∞ for all α > d/2 + 1.

To show that σ_{ac}(H) = σ_{ac}(H_0) = [0, +∞) let us introduce the following subspaces H^0_{in} = (Ker W^+)^⊥, H_{in} = Ran W^+. Then H^0_{in} and H_{in} are invariant subspaces of the operators H_0 and H respectively, and the restriction H_0 ¯_H0_{in} is unitary equivalent to H ¯_{Hin} (see Proposition 4 of Section XI.3 in [17]). In our case H^0_{in} = H. To prove this, let us show that Ker W^+ = {0}. Let F ∈ Ker W^+. Then

‖W^+F ‖ = lim_{t→+∞} ‖Φ^2e^{−itH0} F ‖ = 0

By Lemma 3, we see that F = 0. Therefore, H_0 is unitary equivalent to H ¯_{Hin} and σ_{ac}(H) ⊃ σ_{ac}(H_0) = [0, ∞). On the other hand H ≥ 0, and so σ(H) ⊂ [0, ∞).

4. Scattering theory for local Gibbs states

Consider the operator H associated with the Dirichlet form of the Gibbs measure μ on Γ defined by

μ(dγ) = Ξ^{−1}_z exp [ − 1 2 ⟨V, : γ^{⊗2} :⟩ ] π_z(dγ), where V (x, y) = v(x − y)a(x) a(y), (4.1) a ∈ C^∞_0 (R^d ), a ≥ 0, v, ∇v ∈ L^{loc}_2 (R^d ) and v(x) = v(−x).

Here and below, we assume that there exists a bounded non-negative measurable function b(·) with bounded support such that the inequality 1 2 ⟨V, : γ^{⊗2} :⟩ ≥ −⟨b, γ⟩ (4.2) holds for π_z -almost all γ ∈ Γ.

Remark 5. Assumption (4.2) is similar to the well-known stability condition on the potential v: ∃B : ∀n ∈ N, ∀x_1, . . . , x_n ∈ R^d ∑ 1≤i<j≤n v(x_i − x_j ) ≥ −Bn. (4.3) In particular, (4.2) can be obtained from (4.3) if we take a(·) = χ_Λ(·), where χ_Λ is the characteristic function of some bounded subset Λ in R^d .

Remark 6. Both assumptions (4.2) and (4.3) are obviously fulfilled provided v ≥ 0 and, in this case, we can give a more simple proof of Theorem 4 below, see Appendix A.

The action of the operator H on cylinder functions F = g ( ⟨ξ_1, ·⟩, . . . , ⟨ξ_n, ·⟩ ) ∈ FC^∞_b (S, Γ), S := S(R^d ), is

defined by the formula (see [2]):

(HF )(γ) = (H_0F )(γ) + 1 2 n∑ i=1 ⟨K_{ξi} , : γ^{⊗2} :⟩∂_ig ( ⟨ξ_1, ·⟩, . . . , ⟨ξ_n, ·⟩ ) , (4.4)

where K_ξ(x, y) := ⟨ ∇_xV (x, y), (∇ξ)(x) ⟩ R^d + ⟨ ∇_yV (x, y), (∇ξ)(y) ⟩ R^d We will assume that H is some non-negative self-adjoint extension of the symmetric operator defined by (4.4) in the Hilbert space H_μ = L_2 ( Γ, μ ) . Recall that P_n is the orthogonal projector on the subspace generated by all Charlier polynomials of order n in the Hilbert space H and consider the operator J_n acting from H into H_μ by the formula: J_nF = P_nF , n ≥ 1.

As we will show below (Lemma 4), the operators J_n, n ≥ 1, are bounded from H into H_μ, and therefore, one can define wave operators (from H into H_μ) W^±(H, H_0, J_n) := s-lim_{t→∓∞} e^{itH} J_ne^{−itH0} ≡ s-lim_{t→∓∞} e^{itH} e^{−itH0} P_n, (4.5) provided the limit exists. We will show that such wave operators indeed exist for all n, and hence the standard wave operators W^±(H, H_0)F = lim_{t→∓∞} e^{itH} e^{−itH0} F, (4.6) exist for all polynomials F .

Lemma 4. For any n ≥ 1, J_n are bounded operators from H to H_μ.

Proof. By (4.2) ‖ ‖Q_n(f_n, ·) ‖ ‖^2_{Hμ} ≤ Ξ^{−1}_z ∫ Γ | |Q_n(f_n, γ) | |^2 exp [ − 1 2 ⟨V, : γ^{⊗2} :⟩ ] π_z(dγ) ≤ Ξ^{−1}_z ∫ Γ | |Q_n(f_n, γ) | |^2 exp [⟨b, γ⟩]π_z (dγ). Since ‖ ‖Q_n(f_n, ·)‖^2_H = z^n n!‖f_n‖^2_{L2(}R_{d)},

to prove the lemma it is sufficient to show that for some c_n > 0 and any symmetric function f_n ∈ L_2(R^{dn} ) ∫ Γ | |Q_n(f_n, γ) | |^2 exp [⟨b, γ⟩]π_z(dγ) ≤ c_n‖f_n‖^2_{L2(}R_{d)}.

Denote b̃ := e^b − 1,

e(φ, γ) := exp [⟨ log(1 + φ), γ ⟩ − z⟨φ⟩ ] = ∞∑ n=0 1 n! Q_n(φ^{⊗n}, γ), (4.7)

and consider for φ ∈ C^∞_0 (R^d ) ∫ Γ e(tφ, γ)Q_n(f_n, γ) exp [ ⟨b, γ⟩ ] π_z (dγ) = exp [ z⟨b̃ + tφb̃⟩ ] ∫ Γ e (~ b + tφ(1 + b̃), γ ) Q_n(f_n, γ)π_z(dγ) = =z^n exp [ z⟨b̃ + tφb̃⟩ ]⟨ (b̃ + tφ(1 + b̃))^{⊗n}, f_n ⟩ L_2(R^{dn}) .

By (4.7), we have ∫ Γ Q_n(φ^{⊗n}, γ)Q_n(f_n, γ) exp [ ⟨b, γ⟩ ] π_z (dγ) =

= n! z^n exp [ z⟨b̃⟩ ]^n∑ k=0 C^k_n ( z⟨φ, b̃⟩ )_k k! ⟨ b̃^{⊗k} ⊗ (φ + φb̃)^{⊗(n−k)}, f_n ⟩ L_2(R^{dn}) . Therefore, ∫ Γ | |Q_n(f_n, γ) | |^2 exp [⟨b, γ⟩]π_z (dγ) = z^n exp [z⟨b̃⟩] n∑ k=0 (n!)^2 (k!)^2(n − k)! ×

× ∫ R^{d(n+k)} f_n(x_1, . . . , x_k, x_{k+1}, . . . , x_n)f_n(x^′_1, . . . , x^′_k, x_{k+1}, . . . , x_n) ×

× k∏ i=1 (~ b(x_i)b̃(x^′_i) )^n∏ j=k+1 ( 1 + b̃(x_j ) ) dx_1 . . . dx_n dx^′_1 . . . dx^′_k ≤ c_n‖f_n‖^2_{L2(}Rdn_).

Theorem 4. Let H_0 and H be self-adjoint operators associated with the Dirichlet forms corresponding to the measures π_z and μ. Suppose also that v and |∇v| are from L^{loc}_2 (R^d ), v(x) = v(−x), and the potential V defined by formula (4.1) with a ∈ C^∞_0 (R^d ) satisfying assumption (4.2). Then for all n ∈ N the wave operators W^±(H, H_0, J_n) exist and, in particular, the wave operators W^±(H, H_0) exist on all polynomials. Moreover, σac(H) = σac(H_0).

Remark 7. By a modification of the following proof it is possible to weaken the condition v, ∇v ∈ L^{loc}_2 (R^d ) allowing a non integrable positive singularity of the potential v, see eg [2].

Proof. Let us show that for all n ∈ N the wave operators (4.5) exist. To do this, it suffices to show that for any F from some total subset of P_nH there exists t_F > 0 such that ∞∫ t_F ‖ ‖(H − H_0)e^{±itH}0 F ‖ ‖_{Hμ} dt < ∞. (4.8)

We may take F (γ) = Q_n(f_n, ·) with kernels f_n = φ_1 ⊗ · · · ⊗ φ_n, where as before φ_1, . . . , φ_n ∈ F^{−1} ( C^∞_0 (R^d \ {0}) ) , and denote φ_{i,±t} := e^{±itΔ}φ_i, i = 1, . . . , n. Then, see (2.2), e^{±itH0} Q_n(f_n, γ) = Q_n(φ_{1,±t} ⊗ · · · ⊗ φ_{n,±t}, γ), and using formulae (4.4) and (1.14), we get that (H − H_0)e^{±itH0} Q_n(f_n, γ) = 1 2 ∑ τ ⊂{1,...,n} τ ≠∅ (−1)^{|τ |−1} ( |τ| − 1 ) !⟨K_{φτ,±t} , : γ^{⊗2} :⟩Q_{|τ̄|} ( ⊗_{i∈τ̄} φ_{i,±t}, γ ) ,

where, by definition, φ_{τ,±t} := ∏ i∈τ φ_{i,±t} and τ̄ := {1, . . . , n} \ τ. So, ‖ ‖(H − H_0)e^{±itH}0 Q_n(f_n, γ) ‖ ‖_{Hμ} ≤ 1 2 ∑ τ ⊂{1,...,n} τ ≠∅ ( |τ| − 1 ) ! ‖ ‖⟨K_{φτ,±t} , : γ^{⊗2} :⟩Q_{|τ̄|}( ⊗_{i∈τ̄} φ_{i,±t}, γ) ‖ ‖_{Hμ} ,

and because of the finite number of terms in the sum over τ, (4.8) can be reduced to ∞∫ t_F ‖ ‖⟨K_{φτ,±t} , : γ_{⊗2} :⟩Q_{|τ̄|}( ⊗ i∈τ̄ φ_{i,±t}, γ )‖ ‖_{Hμ} dt < ∞ ∀τ ⊂ {1, . . . , n}, τ ≠ ∅. (4.9) We may assume that τ = {1, . . . , k}, k = 1, . . . , n, n ∈ N.

Taking into account formula (1.8) and our assumption about the functions φ_1, . . . , φ_n: ⟨φ_{i,±t}⟩ = (2π)^{d/2}(Fφ_i)(0) = 0, one can see that Q_{n−k} (_n ⊗_{i=k+1} φ_{i,±t}, γ ) = ⟨_n ⊗_{i=k+1} φ_{i,±t}, : (γ − z)^{⊗(n−k)} : ⟩ = ⟨_n ⊗_{i=k+1} φ_{i,±t}, : γ^{⊗(n−k)} : ⟩ , k ∈ N, and so (4.9) is equivalent to ∞∫ t_F ‖ ⟨K_{φ1,±t...φk,±t} , : γ^{⊗2} :⟩⟨φ_{k+1,±t} ⊗ · · · ⊗ φ_{n,±t}, : γ^{⊗(n−k)} :⟩ ‖ H_μ dt < ∞ ∀k ∈ {1, . . . , n}, n ∈ N. (4.10)

As follows from the definition of measure μ, formulae (4.2), (1.2) and Lemma 5 (see Appendix B), ‖ ‖⟨K_{φ1,±t...φk,±t} , : γ^{⊗2} :⟩⟨φ_{k+1,±t} ⊗ · · · ⊗ φ_{n,±t}, : γ^{⊗(n−k)} :⟩ ‖ ‖^2_{Hμ} =

= Ξ^{−1}_z ∫ Γ | ⟨K_{φ1,±t...φk,±t} , : γ^{⊗2} :⟩⟨φ_{k+1,±t} ⊗ · · · ⊗ φ_{n,±t}, : γ^{⊗(n−k)} :⟩ |_2 exp [ − 1 2 ⟨V, : γ^{⊗2} :⟩ ] π_z(dγ) ≤

≤ Ξ^{−1}_z ∫ Γ | |⟨K_{φ1,±t...φk,±t} , : γ^{⊗2} :⟩⟨φ_{k+1,±t} ⊗ · · · ⊗ φ_{n,±t}, : γ^{⊗(n−k)} :⟩ | |^2 exp [ ⟨b, γ⟩ ] π_z(dγ) =

≤ Ξ^{−1}_z e^⟨e^{b,z⟩} ∫ Γ | ⟨K_{φ1,±t...φk,±t} , : γ^{⊗2} :⟩⟨φ_{k+1,±t} ⊗ · · · ⊗ φ_{n,±t}, : γ^{⊗(n−k)} :⟩ |_2 π_{ze}b (dγ) ≤ ≤ Ξ^{−1}_z e^⟨e^{b,z⟩}P ( ze^B, | supp a|, z‖~b‖_{L2(}Rd_), ‖φ_i‖_{L2(}Rd_), ‖φ_{i,±t}‖_{L∞(}Rd_), i = k + 1, . . . , n ) ‖K_{φ1,±t...φk,±t} ‖^2_{L2(}Rd_), where, as in the proof of Lemma 4, ~b := e^b − 1, B = ess sup b, and P is a non-negative polynomial of 2n + 3 real variables ze^B, | supp a|, z‖~b‖_{L2(}Rd_), ‖φ_{k+1}‖_{L2(}Rd_), . . . , ‖φ_n‖_{L2(}Rd_), ‖φ_{k+1,±t}‖_{L∞(}Rd_), . . . , ‖φ_{n,±t}‖_{L∞(}Rd_).

By (3.5) ‖φ_{i,±t}‖_{L∞(}Rd_), i = k + 1, . . . , n, are bounded for all t > t_F . So, consider ‖K_{φ1,±t...φk,±t} ‖_{L2(}Rd_). We have that ‖K_{φ1,±t...φk,±t} ‖_{L2(}R2d_) = = ‖ ‖ ‖ ⟨ ∇_xV (x, y), ∇(φ_{1,±t} . . . φ_{k,±t})(x) ⟩ R^d + ⟨ ∇_yV (x, y), ∇(φ_{1,±t} . . . φ_{k,±t})(y) ⟩ R^d ‖ ‖ ‖_{L2(}R_{2d)} ≤ ≤ ‖ ‖ ⟨ ∇_xV (x, y), ∇(φ_{1,±t} . . . φ_{k,±t})(x) ⟩ R^d ‖ ‖_{L2(}R_{2d)} + ‖ ‖ ⟨ ∇_yV (x, y), ∇(φ_{1,±t} . . . φ_{k,±t})(y) ⟩ R^d ‖ ‖_{L2(}R_{2d)} = ≤ 2 ‖ ‖ ‖ ⟨ ∇_xV (x, y), ∇(φ_{1,±t} . . . φ_{k,±t})(x) ⟩ R^d ‖ ‖ ‖_{L2(}R_{2d)} = ≤ 2 ‖ ‖ ‖ k∑ i=1 ⟨ ∇_xV (x, y), ∇φ_{i,±t}(x) ⟩ R^d k∏ j=1 j≠i φ_{j,±t}(x) ‖ ‖ ‖_{L2(}R_{2d)} ≤

≤ 2 k∑ i=1 ‖ ‖ ⟨ ∇_xV (x, y), ∇φ_{i,±t}(x) ⟩ R^d k∏ j=1 j≠i φ_{j,±t}(x) ‖ ‖_{L2(}R_{2d)} ≤

≤ 2 k∑ i=1 (_k∏ j=1 j≠i ‖ ‖φ_{j,±t}(x) ‖ ‖_{L∞(}R_{d)} )‖ ‖⟨∇_xV (x, y), ∇φ_{i,±t}(x)⟩ R^d ‖ ‖ L_2(R^{2d})

. (4.11)

By (3.5), (4.10) will follow from the estimate ∞∫ t_F ‖ ‖⟨∇_xV (x, y), ∇φ_{±t}(x)⟩R_d ‖ ‖_{L2(}R_{2d)}dt < ∞ ∀φ ∈ F^{−1}(C^∞_0 (R^d \ {0})). (4.12)

But because of the fact that our potential V has a bounded support, from the method of stationary phase (see the corollary after Theorem XI.14 in [17]), it follows that ‖ ‖⟨∇_xV (x, y), ∇φ_{±t}(x)⟩R_d ‖ ‖_{L2(}R_{d)} vanishes faster than

any power of t, and therefore (4.12) holds.

Since e^{itH0} and e^{itH} are contractions on H and H_μ, respectively, for all t ∈ R, and J_n : H → H_μ is bounded (Lemma 4), the above implies the existence of the wave operators W^±(H, H_0, J_n) for all n ∈ N.

The proof of the equality σ_{ac}(H) = σ_{ac}(H_0) is analogous to that in the proof of Theorem 3.

Corollary 1. Suppose, in addition to the assumptions of Theorem 4, that V ≥ 0. Then, the wave operators W^±(H, H_0) defined by (4.6) exist for all F ∈ H.

Proof. Since ‖ · ‖_{Hμ} ≤ ‖ · ‖_H, the operators e^{itH} e^{−itH} , t ∈ R, are uniformly bounded from H into H_μ. Hence, from the existence of the limits in (4.6) on the set of all polynomials (which is dense in H) the existence of the wave operators W^±(H, H_0) on the whole space H follows.

Appendix A.

Here, just as in Section 4, we consider a local Gibbs perturbation of the Poisson measure π_z and give another, more simple, proof of Theorem 4 for the case when the potential V is a non-negative function^1. Namely, we verify the Cook criterion on the same set of exponents as in the proof of Theorem 3, ie for any φ ∈ F^{−1} ( C^∞_0 (R^d \{0}) ) , φ > −1, there exists such t_φ > 0 that ∞∫ t_φ ‖ ‖ ‖(H − H_0) exp [⟨ log(1 + φ_{±t}), · ⟩] ‖ ‖ ‖ H_μ dt < ∞, (A.1)

where φ_{±t} := e^{±itΔ}φ.

Indeed, using the definition of the measure μ in formula (4.4), the assumption about the positivity of V , and formulae (1.2), (3.10), one obtains that ‖ ‖ ‖(H − H^0) exp [⟨ log(1 + φ_{±t}), · ⟩] ‖ ‖ ‖_{Hμ} = 1 4 Ξ^{−1}_z ∫ Γ | ⟨K_{ξ±t} , : γ^{⊗2} :⟩e^{⟨ξ±t ,γ⟩} |_2 exp [ − 1 2 ⟨V, : γ^{⊗2} :⟩ ] π_z (dγ) ≤

≤ 1 4 Ξ^{−1}_z ∫ Γ | |⟨K_{ξ±t} , : γ^{⊗2} :⟩e^{⟨ξ}±t^{,γ⟩} | |^2π_z (dγ) =

≤ 1 4 Ξ^{−1}_z ∫ Γ ⟨K_{ξ±t} ⊗ K_{ξ±t} , : γ^{⊗2} : ⊗ : γ^{⊗2} :⟩ exp [ 2⟨Re ξ_{±t}, γ⟩ ] π_z (dγ) =

≤ 1 4 Ξ^{−1}_z exp [ z ∫ R^d (e^{2 Re ξ±t(x)} − 1)dx ] ∫ Γ ⟨K_{ξ±t} ⊗ K_{ξ±t} , : γ^{⊗2} : ⊗ : γ^{⊗2} :⟩π_{ze}2 Re ξ_{±t} (dγ) =

≤ 1 4 Ξ^{−1}_z exp [ z‖φ‖_{L2(}Rd_) ] ∫ Γ ⟨K_{ξ±t} ⊗ K_{ξ±t} , : γ^{⊗2} : ⊗ : γ^{⊗2} :⟩π_{ze}2 Re ξ_{±t} (dγ), where just as in the proof of Theorem 2, ξ_{±t} := log(1 + φ_{±t}).

Next, using formulae (1.7), (1.5), (3.9), (3.6) and Schwarz’ inequality we get ∫ Γ ⟨K_{ξ±t} ⊗K_{ξ±t} , : γ^{⊗2} : ⊗ : γ^{⊗2} :⟩π_{ze}2 Re ξ_{±t} (dγ) = | | | ∫ R^{2d}

K_{ξ±t} (x_1, x_2)ze^{Re ξ±t (x1)}ze^{Re ξ±t (x2)}dx_1dx_2 | | |^2 +

+ 4 ∫ R^{3d}

K_{ξ±t} (x_1, x_2)K_{ξ±t} (x_1, x̃_2)ze^{Re ξ±t (x1)}ze^{Re ξ±t (x2)}ze^{Re ξ±t(x̃2)}dx_1dx_2dx̃_2 +

+ 2 ∫ R^{2d} | |K_{ξ±t} (x_1, x_2) | |ze^{Re ξ}±t^{(x}1^)ze^{Re ξ}±t^{(x}2^)dx_1dx_2 ≤

≤ (3 2 z )_4| | ∫ R^{2d}

K_{ξ±t} (x_1, x_2)dx_1dx_2 | | |^2 + 4 (3 2 z )_3 ∫

R^{3d} | |K_{ξ±t} (x_1, x_2) | | | |K_{ξ±t} (x_1, x̃_2) | |dx_1dx_2dx̃_2 +

+ 2 (3 2 z )_2 ∫

R^{2d} | |K_{ξ±t} (x_1, x_2) | |dx_1dx_2 ≤

≤ {( 3 2 z )_4

| supp a|^2 + 4 (3 2 z )_3

| supp a| + 2 (3 2 z )_2} ∫ R^{2d} | |K_{ξ±t} (x, y) | |dxdy.

1In this case, Hμ ⊃ H and the wave operators W �(H, H0) exist on the whole space H, see Corollary 1.

Therefore, (A.1) is equivalent to ∞∫ t_φ ‖K_{ξ±t} ‖_{L2(}R2d_)dt < ∞ (A.2)

for all φ ∈ F^{−1} ( C^∞_0 (R^d \ {0}) ) , φ > −1. But because of (3.5) we can always choose t_φ so that for all t > t_φ ‖φ_{±t}‖_{L∞(}Rd_) < 1 2 , and so

‖K_{ξ±t} ‖_{L2(}R2d_) ≤ 2 ‖ ‖ ‖ ⟨ ∇_xV (x, y), ∇φ_{±t}(x) 1 + φ_{±t}(x) ⟩ R^d ‖ ‖ ‖ L_2(R^{2d}) ≤ 4 ‖ ‖⟨∇_xV (x, y), ∇φ_{±t}(x)⟩ R^d ‖ ‖ L_2(R^{2d}) , which reduces (A.2) to (4.12).

Appendix B.

This appendix is devoted to the proof of the following

Lemma 5. Let K ∈ L_2(R^d × R^d ) be supported in Λ × Λ ⊂ R^d × R^d , |Λ| < ∞. Then, for all n ∈ N, φ_1, . . . , φ_n ∈ F^{−1} ( C^∞_0 (R^d \ {0}) ) , and any non-negative bounded measurable function z̃ on R^d such that (z̃ − z) ∈ L_2(R^d ) for some z ≥ 0 ∫ Γ | |⟨K, : γ^{⊗2} :⟩⟨φ_1 ⊗ · · · ⊗ φ_n, : γ^{⊗n} :⟩ | |^2π_{z̃}(dγ) ≤ ≤ P ( sup z̃, |Λ|, ‖z̃ − z‖_{L2(}Rd_), ‖φ_i‖_{L2(}Rd_), ‖φ_i‖_{L∞(}Rd_), i = 1, . . . , n ) ‖K‖^2_{L2(}Rd_), (B.1)

where P is a non-negative polynomial of 2n + 3 real variables.

Proof. The main steps of the proof are the same as those leading to estimating the integral ∫ Γ ⟨K, : γ^{⊗2} :⟩π_{z̃} (dγ) in Appendix A, with the only difference that now we cannot write down explicitly all the terms arising after applying formulae (1.7) and (1.5) to ∫ Γ ⟨K ⊗ K ⊗ φ_1 ⊗ · · · ⊗ φ_n ⊗ φ_1 ⊗ · · · ⊗ φ_n, : γ^{⊗2} : ⊗ : γ^{⊗2} : ⊗ : γ^{⊗n} : ⊗ : γ^{⊗n} :⟩π_{z̃} (dγ).

Nevertheless, we can divide them into three groups and give an explicit rule for estimating the terms from each of the group, leading to formula (B.1).

Let us ascribe to the first group the terms corresponding to such partitions ~ff in formula (1.7), every element of which contains no more than one number from the set {1, 2, 3, 4}. For example, as in ~ff =^{{1, 5, 6 + n}, {2}, {3}, {4}, {6, 7 + n}, {7}, {8}, . . ., {4 + 2n}^}. The contribution of the corresponding term to the integral on the left-hand side of (B.1) can be written as follows∫

R^{d(2n+1)}

K(x_1, x_2)K(x̃_1, x̃_2)φ_1(x_1)φ_2(y_2)φ_3(y_3)φ_4(y_4) . . . φ_n(y_n) ×

× φ_1(ỹ_1) φ_2(x_1) φ_3(y_2) φ_4(ỹ_4) . . . φ_n(ỹ_n)(z̃dx)^1_2(z̃dx̃)^1_2(z̃dy)^2_n(z̃dỹ_1)(z̃dỹ)^4_n = =⟨φ_3, z̃⟩⟨φ_4, z̃⟩ . . . ⟨φ_n, z̃⟩⟨φ_1, z̃⟩⟨φ_4, z̃⟩ . . . ⟨φ_n, z̃⟩ × × ∫ R^d φ_2(y_2)φ_3(y_2)z̃(y_2)dy_2 ∫ Λ^4

K(x_1, x_2)K(x̃_1, x̃_2)φ_1(x_1)φ_2(x_1)(z̃dx)^1_2(z̃dx̃)^1_2 ≤ ≤|⟨φ_3, z̃⟩| |⟨φ_4, z̃⟩| . . . |⟨φ_n, z̃⟩| |⟨φ_1, z̃⟩| |⟨φ_4, z̃⟩| . . . |⟨φ_n, z̃⟩| × × ‖φ_2‖_{L2(}Rd_{,z̃dx)}‖φ_3‖_{L2(}Rd_{,z̃dx)}‖φ_1‖_{L∞(}Rd_)‖φ_2‖_{L∞(}Rd_)(sup z̃|Λ|)^2‖K(x, y)‖^2_{L2(}R2d_{,z̃dx z̃dy)}.

We note that the sign of complex conjugation inside the modulo and norm signs in the above formula is useful for inferring the general rule.

It is easy to see that in the general situation the norm of φ_k or φ_k is in L_∞(R^d ), if the number 4 + k or 4 + n + k is contained in some ~α_i, i = 1, . . . , #~ff, together with one of the numbers 1, 2, 3 or 4, and is in L_2(R^d , ~zdx) if it is contained in some ~α_i, i = 1, . . . , #~ff, together with any other number from 5 to 4 + 2n. Otherwise, ie, if the number 4 + k or 4 + n + k is contained in some ~α_i, i = 1, . . . , #~ff, alone, we get |⟨φ_i, z̃⟩| or |⟨φ_i, z̃⟩| correspondingly.

Next, we ascribe to the second group the terms corresponding to the partitions ~ff with only one element containing more than one number from the set {1, 2, 3, 4}. For example, as in ~ff^{{1, 3, 5, 6 + n}, {2}, {4}, {6, 7 + n}, {7}, {8}, . . . , {4 + 2n}^}, which gives the following contribution to the integral on the left-hand side of (B.1): ⟨φ_3, z̃⟩⟨φ_4, z̃⟩ . . . ⟨φ_n, z̃⟩⟨φ_1, z̃⟩⟨φ_4, z̃⟩ . . . ⟨φ_n, z̃⟩ × × ∫ R^d φ_2(y_2)φ_3(y_2)z̃(y_2)dy_2 ∫ Λ^4

K(x_1, x_2)K(x_1, x̃_2)φ_1(x_1)φ_2(x_1)(z̃dx)^1_2(z̃dx̃_2) ≤ ≤|⟨φ_3, z̃⟩| |⟨φ_4, z̃⟩| . . . |⟨φ_n, z̃⟩| |⟨φ_1, z̃⟩| |⟨φ_4, z̃⟩| . . . |⟨φ_n, z̃⟩| × × ‖φ_2‖_{L2(}Rd_{,z̃dx)}‖φ_3‖_{L2(}Rd_{,z̃dx)}‖φ_1‖_{L∞(}Rd_)‖φ_2‖_{L∞(}Rd_) sup z̃|Λ| ‖K(x, y)‖^2_{L2(}R2d_{,z̃dx z̃dy)}. Finally, to the third group, we ascribe the terms corresponding to the partition ~ff in formula (1.7) with two different elements containing more than one number from the set {1, 2, 3, 4} (or to be precise, exactly by two of them), as in ~ff =^{{1, 3, 5, 6 + n}, {2, 4}, {6, 7 + n}, {7}, {8}, . . ., {4 + 2n}^}. The corresponding contribution to the integral in the left-hand side of (B.1) can be estimated by |⟨φ_3, z̃⟩| |⟨φ_4, z̃⟩| . . . |⟨φ_n, z̃⟩| |⟨φ_1, z̃⟩| |⟨φ_4, z̃⟩| . . . |⟨φ_n, z̃⟩| × × ‖φ_2‖_{L2(}Rd_{,z̃dx)}‖φ_3‖_{L2(}Rd_{,z̃dx)}‖φ_1‖_{L∞(}Rd_)‖φ_2‖_{L∞(}Rd_)‖K(x, y)‖^2_{L2(}R2d_{,z̃dx z̃dy)}. We then see that the only difference between the estimate of the terms from the different groups lies in the power of sup z̃|Λ|.

To conclude the proof of the lemma it is sufficient to note that ‖φ_i‖_{L2(}Rd_{,z̃dx)} ≤ (sup z̃)^{1/2}‖φ_i‖_{L2(}Rd_{,dx)}, i = 1, . . . , n, ‖K(x, y)‖^2_{L2(}R_{2d,z̃dx z̃dy)} ≤ (sup z̃)^2‖K(x, y)‖^2_{L2(}R_{2d)}, and |⟨φ, z̃⟩| = | | | ∫ R^d φ(x)z̃(x)dx | | | = | | | ∫ R^d φ(x) ( z̃(x) − z ) dx | | | ≤ ‖φ‖_{L2(}Rd_) ‖z̃ − z‖_{L2(}Rd_) for all φ ∈ F^{−1} ( S(R^d \ {0})^).

Acknowledgments.

The first author was supported by the DFG (Deutsche Forschungsgemeinschaft) through the project no. AL 214/9–2. The second author, A.K., would like to thank the BiBoS Research Center, Bielefeld University for the warm hospitality during his stay in May of 1997. The support by the DFG (through SFB’s 343) is also gratefully acknowledged. G.S. was partially supported by the project “Euklidische Gibbs Zustände” no. X 271.7, Deutsch–Ukrainische WTZ. He also gratefully acknowledges the kind hospitality of the SFB 343 and Research Center BiBoS, Bielefeld University.

References

[1] S. Albeverio, Yu. G. Kondratiev and M. Röckner “Analysis and geometry on configuration spaces I.” J. Funct. Anal., 154, 444-500 (1998) [2] S. Albeverio, Yu. G. Kondratiev and M. Röckner “Analysis and geometry on configuration space II. The Gibbsian case”, Preprint SFB-343, no. 97-091, 60 p, available via WWW, ULR: http://www.mathematik.uni-bielefeld.de/sfb343/preprints. (To appear in Journal of Functional Analysis.)

[3] S. Albeverio, Yu. G. Kondratiev and M. Röckner “Diffeomorphism groups and current algebras: configuration space analysis in quantum theory”, Preprint SFB-343, no. 97-073, 33 p, available via WWW, ULR: http://www.mathematik.unibielefeld.de/sfb343/preprints. (To appear in Reviews in Mathematical Physics.)

[4] Yu. M. Berezansky and Yu. G. Kondratiev Spectral methods in infinite-dimensional analysis, Kluwer Academic Publisher, Dordrecht–Boston–London, 1995.

[5] O. Bratelli and D. Robinson Operators Algebras and Quantum Statistical Mechanics, vol. 2. Springer: Berlin–Heidelberg–New York, 1997.

[6] Y. Ito “On a generalization of non-linear Poisson functionals” Math. Rep. Toyoma Univ., 3 (1980), P. 111–122. [7] Y. Ito “Generalized Poisson functionals,” Probability Theory and Related Fields 77 (1988), P. 1-28. [8] Y. Ito and I. Kubo “Calculus on Gaussian and Poisson white noises,” Nagoya Mathematical Journal 111 (1988), P. 41–84.

[9] Ju. M. Kabanov “On extended stochastic integrals,” Teorija Verojatnostej i Primenenija 20, no. 4 (1975), P. 725–737 (in Russian).

[10] T. Kato Perturbation theory for linear operators, Springer-Verlag, Berlin–Heidelberg–New York, 1966. [11] Yu. G. Kondratiev and A. Yu. Konstantinov “The scattering problem for special perturbed harmonic systems” Selecta Mathematica formerly Sovietica 13, no. 3 (1994), P. 217–224.

[12] Yu. G. Kondratiev, E. W. Lytvynov, A. L. Rebenko, M. Röckner and G. V. Shchepan’uk “Euclidean Gibbs states for quantum systems with Boltzmann statistics via cluster expansions” Methods of Functional Analysis and Topology 3, no. 1 (1997), P. 62–81.

[13] E. W. Lytvynov, A. L. Rebenko and G. V. Shchepan’uk “Wick theorems in non-Gaussian white noise calculus”, Reports on Mathematical Physics 37, no. 2 (1996), P. 217–232.

[14] E. W. Lytvynov, A. L. Rebenko and G. V. Shchepan’uk “Wick calculus on spaces of generalized functions of compound Poisson white noise” Reports on Mathematical Physics 39, no. 2 (1997), P. 219–248.

[15] R. Menikoff anf D. Sharp “Representations of a local current algebra: their dynamical determination” Journal of Mathematical Physics 16, no. 12, P. 2341–2352.

[16] A. L. Rebenko and G. V. Shchepan’uk “The convergence of cluster expansion for continuous systems with many-body interaction,” Journal of Statistical Physics 88, no. 3/4 (1997), P. 665–689.

[17] M. Reed and B. Simon Methods of modern mathematical physics III. Scattering theory, Academic Press, New York–San Francisco–London, 1979.

[18] G. V. Shchepan’uk “Poisson fields and distribution functions in statistical mechanics of charged particles,” Ukrainian Mathematical Journal 47, no. 5 (1995), P. 710–719.

[19] D. Surgailis “On multiple stochastic integrals and associated Markov semigroups,” Probability and Mathematical Statistics 3, no. 2 (1984), P. 217–239.

[20] G. V. Shchepan’uk and A. L. Rebenko “Poisson field approach to classical statistical mechanics of charged balls with Yukawa interaction”. Preprint N 95.9, Institute for Mathematics of Ukrainian National Science Academy, Kyiv, 1995, 42 p.