Construction of diffusions on configuration spaces

Zhi–Ming Ma

Institute of Applied Mathematics Academia Sinica 100080 Beijing People’s Repuplic of China

Michael Röckner

Fakultät für Mathematik Universität Bielefeld 33615 Bielefeld Germany

Abstract

We show that any square field operator on a measurable state space E can be lifted by a natural procedure to a square field operator on the corresponding (multiple) configuration space Γ_E. We then show the closability of the associated lifted (pre–)Dirichlet forms E^Γ_μ on L^2(Γ_E; μ) for a large class of measures μ on Γ_E (without assuming an integration by parts formula) generalizing all corresponding results known so far. Subsequently, we prove that under mild conditions the Dirichlet forms E^Γ_μ are quasi–regular, and that hence there exist associated diffusions on Γ_E, provided E is a complete separable metric space and Γ_E is equipped with a suitable topology, which is the vague topology if E is locally compact. We discuss applications to the case where E is a finite dimensional manifold yielding an existence result on diffusions on Γ_E which was already announced in [AKR96a, AKR96b], resp. used in [AKR98, AKR97b]. Furthermore, we present applications in particular detail to the case where E is the free loop space.

AMS Subject Classification Primary: 60 J 60, 31 C 25 Secondary: 60 G 60, 82 C 22, 82 C 21

Key words and phrases: diffusion processes, Dirichlet forms, configuration spaces, square–field operators, (mixed) Poisson measures, Gibbs measures, loop spaces, closability, quasi–regularity Running head: Diffusions on configuration spaces

Contents

0 Introduction 4

1 Lifting of square field operators to configuration spaces 7 1.1 The framework . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.2 Test functions and lifting formula . . . . . . . . . . . . . . . . 8 1.3 Well–definedness . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.4.1 Riemannian manifolds . . . . . . . . . . . . . . . . . . 11 1.4.2 The free loop space . . . . . . . . . . . . . . . . . . . . 12

2 Closability of corresponding (pre–) Dirichlet forms 14 2.1 Corresponding pre–Dirichlet forms . . . . . . . . . . . . . . . 14 2.2 A class of measures on configuration space . . . . . . . . . . . 16 2.3 Lifting of closability . . . . . . . . . . . . . . . . . . . . . . . . 18 2.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.4.0 Poisson measures . . . . . . . . . . . . . . . . . . . . . 22 2.4.1 Riemannian manifolds . . . . . . . . . . . . . . . . . . 22 2.4.2 The free loop space . . . . . . . . . . . . . . . . . . . . 23

3 Topology for configuration spaces 27 3.1 A metric on M(E) . . . . . . . . . . . . . . . . . . . . . . . . 28 3.2 {E_k}–vague topology . . . . . . . . . . . . . . . . . . . . . . . 30 3.3 The induced metric on Γ_E . . . . . . . . . . . . . . . . . . . . 33

4 Quasi–regularity and diffusions 34 4.1 Definition and a general criterion for quasi–regularity . . . . . 36 4.2 A larger class of cylinder functions . . . . . . . . . . . . . . . 37 4.3 A weakly differentiable metric on Γ_E . . . . . . . . . . . . . . 43 4.4 Corresponding diffusions . . . . . . . . . . . . . . . . . . . . . 46 4.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.5.1 Riemannian manifolds . . . . . . . . . . . . . . . . . . 47 4.5.2 The free loop space . . . . . . . . . . . . . . . . . . . . 47

Appendix 48

References 52

0 Introduction

Let Γ_X be the configuration space over a finite dimensional Riemannian manifold X, i.e.,

Γ_X := {γ ⊂ X | γ ∩ K is a finite set for every compact K ⊂ X}

equipped with the vague topology via the identification γ ≡ ∑ x∈γ ε_x. In [AKR98] a natural “differential geometry” was introduced on Γ_X via a canonical lifting procedure that “lifts” geometric objects on X (as the tangent bundle T X, the Riemannian metric ⟨ , ⟩_{T X} , the gradient ∇^X , the divergence div^X , etc.) to Γ_X . In [AKR98] and the subsequent papers [AKR97a], [AKR97b], [RS98], [RSch98], [dSKR98], this “geometry” on Γ_X has been exploited to analyze Dirichlet forms for various (mixed Poisson or Gibbs) measures μ on Γ_X and associated diffusion processes, to study their ergodic and spectral properties, identify the corresponding intrinsic metric on Γ_X , to prove a Rademacher theorem, to solve stochastic differential equations for infinite interacting particle systems, etc. We refer to [R98] for a survey on these results. The present paper supplements the above papers and yields substantial generalizations with completely new applications. Its main results can be summarized as follows:

(1) As announced in all the above references, we provide a complete proof for the existence of diffusions with state space Γ_X and associated with the Dirichlet forms studied there. Such a proof was not given previously in sufficient generality and was so far only carried out in special cases (i.e., if X = R^d and the underlying measure μ is a Gibbs measure of a certain type) by H. Osada [Os96] and M. Yoshida [Y96] (but see also Remark 4.14 below). We thus supplement the more recent papers mentioned above and extend the work initiated in [Os96] and [Y96] developing a method which (cf. point (4) below) extends to even infinite dimensional base manifolds X (such as loop spaces).

(2) We generalize the above lifting procedure to arbitrary square field operators S(·, ·) acting on a space D of functions on X (replacing ⟨∇^X · , ∇^X· ⟩_{T X} resp. C^∞_0 (X)) to obtain square field operators S^Γ acting on the corresponding finitely based functions F^ΓC^∞_b (D) on Γ_X (cf. Subsections 1.2, 1.3). This yields (pre–) Dirichlet forms of type

E^Γ_μ (F, G) = ∫ Γ_X S^Γ(F, G) dμ ; F, G ∈ F^ΓC^∞_b (D) , on L^2(Γ_X ; μ) for e.g. probability measures μ on Γ_X . We also replace X by an arbitrary measurable space E and Γ_X by Γ_E, i.e., the space of all multiple configurations on E.

(3) We prove closability of the (pre–) Dirichlet forms on Γ_X (or more generally on Γ_E) mentioned under (2). for a large class of measures satisfying a condition on their associated Campbell–measures (cf. Subsections 2.2, 2.3). We emphasize that in contrast to [AKR98, AKR97a] and [R98] we do not need an integration by parts formula.

(4) In case E is a metric space, we prove that the closures of the (pre–) Dirichlet forms under (2) (provided the latter are closable) are quasi– regular on Γ_E in the sense of [MR92], [AMR93] under very general assumptions (cf. Subsection 4.3), if Γ_E is given a suitable topology (which is the vague topology in case E is locally compact, cf. Section 3). As a consequence by the main result in [MR92], [AMR93] (see also [MRZ98]) we obtain the corresponding diffusions on Γ_E (cf. Subsection 4.4).

(5) We show in detail that (2)–(4) apply to the previously studied case where E = X = Riemannian manifold (hence obtain the desired diffusions on Γ_X mentioned under (1)), and also to the case E = L(R^d ) = free loop space over R^d . R^d is, however, equipped with a general elliptic metric (with bounded derivatives). We also include a comprehensive exposition of the proof of the closability of the underlying (pre–) Dirichlet form on L(R^d ), since the corresponding one in the original paper [ALR93] was a little sketchy. Based on this result we then show that the lifted (pre–) Dirichlet form on Γ_{L(}Rd_) (cf. (2)) is closable by the method mentioned under (3). As an application of (4) we then obtain corresponding diffusions on Γ_{L(}Rd_), i.e., infinite particle systems consisting of loops. We thus complete a programme already announced as forthcomming work in [AKR96a, AKR96b].

All the above results depend on (quite weak, checkable) conditions in terms of “downstairs” quantities on E, so are of a “lifted type”. Doing this generalized lifting procedure while assuming less structure on the base space E (i.e., assuming merely that E is a measurable or metric space) we loose, of course, the nice geometric structure of Γ_E which was used essentially in e.g. [AKR98, AKR97a, AKR97b] or [R98]. However, as far as the Dirichlet forms and diffusions on Γ_E are concerned, our framenwork is sufficient, and particularly designed for applications to cases where the base manifold is infinite dimensional, e.g. E equal to L(R^d ) or more general Finsler manifolds (cf. e.g. [EM97]).

As far as the measures μ on Γ_E are concerned, to which the above applies, we cover mixed Poisson measures and Ruelle type measures if E = X is a finite dimensional Riemannian manifold (cf. Subsections 1.4.1, 2.4.1, 4.4.1). If E = L(R^d ) we only discuss Poisson measures on Γ_{L(}Rd_) in detail in this paper (cf. Subsections 1.4.2., 2.4.2, 4.5.2). Corresponding Gibbs states will be treated in a forthcoming paper. One final aim is namely to contruct infinite particle systems consisting of loops undergoing very singular interactions.

We should also mention that, since the natural assumption on the underlying measures μ on Γ_E is that they should only have first moments (cf. Subsection 2.1), in the proof of quasi–regularity (cf. (4) above) we have to perform a careful study of square field operators on L^1 instead of L^2. This is done in Subsection 4.2. One difficulty is that the Banach–Alaoglu resp. Banach–Saks Theorems do not hold on L^1.

The organization of this paper is apparent from the table of contents above. We only would like to add that we have devoted the entire Section 3 to a precise analysis of a suitable topology on Γ_E, in case E is not locally compact. We also make a comparison whith another commonly used topology on Γ_E (cf. the Appendix).

Finally, we would like to mention that the present paper is an extended version of a preprint already finished in Spring 1997 which, in particular, is refered to in the articles [AKR98, AKR97a]. All results have been presented in main talks on several conferences, e.g. in Anogia at the Euro–Conference on “Dirichlet forms and their Applications in Geometry and Stochastics” in June 1997 as well as at the Mathematical Sciences Research Institute in Berkeley in November 1997 within the “MSRI–Year in Stochastic Analysis”, and in their final extended form at the Institute Henri Poincaré in Paris in May 1998 at the main conference of the TMR–Project “Stochastic Analysis and its Applications”.

1 Lifting of square field operators to configuration spaces

In this section we summarize some very simple considerations concerning the construction of square field operators on configuration spaces, to be used below.

1.1 The framework

Let (E, B) be a measurable space such that {x} ∈ B for all x ∈ E and B is countably generated. For a B–measurable function f : E → R and a (positive) measure γ on (E, B) we use the notation ⟨f, γ⟩ := ∫ f dγ (1.1)

provided the integral makes sense. Below we fix E_k ∈ B, k ∈ N, such that

E_k ⊂ E_{k+1} for all k ∈ N and E = ∞⋃ k=1 E_k . (1.2)

Let M({E_k}) denote the set of all (positive) measures γ on (E, B) such that γ(E_k) < ∞ for all k ∈ N. Let Γ_E := Γ_E({E_k}) denote the set of all γ ∈ M({E_k}) such that γ(A) ∈ Z_+∪{+∞} for all A ∈ B. By our assumption on (E, B) we have for all γ ∈ Γ_E that γ = ∑ x∈supp γ γ({x}) ε_x

where ε_x denotes Dirac measure in x and supp γ := {x ∈ E | γ({x}) > 0} is countable. Γ_E is called (multiple) configuration space (over E, (E_k)_{k∈}N).

Let F_b({E_k}) denote the set of all bounded, B(E)–measurable functions f : E → R such that there exists k ∈ N such that f = 0 on E^c_k (where A^c := E \ A for A ⊂ E). Let D := D({E_k}) be a linear subspace of F_b({E_k}) having the following property:

(D.1) φ(f_1, . . . , f_N ) ∈ D for all N ∈ N ; f_1, . . . , f_N ∈ D and φ ∈ C^∞_b (R^N ) with φ(0) = 0.

Let S := D × D → F_b({E_k}) be a bilinear map satisfying the following chain rule:

(S.1) For all N ∈ N; f_1, . . . , f_N , g_1, . . . , g_N ∈ D, and all φ, ψ ∈ C^∞_b (R^N ); x ∈ E S(φ_0(f_1, . . . , f_N ), ψ_0(g_1, . . . , g_N ))(x) = N∑ i,j=1 ∂_iφ(f_1(x), . . . , f_N (x)) ∂_jψ(g_1(x), . . . , g_N (x)) S(f_i, g_j)(x),

where φ_0 := φ−φ(0, . . . , 0), ψ_0 := ψ −ψ(0, . . . , 0) and ∂_i := derivative w.r.t. the i–th coordinate.

As usual we set S(f) := S(f, f), f ∈ D.

Remark 1.1 A bilinear form as S above (in particular, if it is symmetric and positive definite) is called a square field operator (cf. e.g. [BH91]).

1.2 Test functions and lifting formula

It is now very easy to “lift” S to the following space F^ΓC^∞_b (D) of functions on the configuration space Γ_E: F^ΓC^∞_b (D) := {g(⟨f_1, ·⟩, . . . , ⟨f_N , ·⟩) | N ∈ N; f_1 , . . . , f_N ∈ D, g ∈ C^∞_b (R^N )}. (1.3) We define for F := g_F (⟨f_1, ·⟩, . . . , ⟨f_N , ·⟩), G := g_G(⟨g_1, ·⟩, . . . , ⟨g_M , ·⟩) ∈ F^ΓC^∞_b (D) and γ ∈ Γ_E S^Γ(F, G)(γ) := N∑ i=1 M∑ j=1 ∂_ig_F (⟨f_1, γ⟩, . . . , ⟨f_N , γ⟩) ∂_jg_G(⟨g_1, γ⟩, . . . , ⟨g_M , γ⟩) ⟨S(f_i, g_j), γ⟩ (1.4) and S^Γ(F ) := S^Γ(F, F ). However, it is not clear immediately whether S^Γ is well–defined for F, G ∈ F^ΓC^∞_b (D), i.e., independent of the representation of F, G : Γ_E → R chosen in (1.4).

1.3 Well–definedness

We have the following Lemma 1.2 Let F ∈ F^ΓC^∞_b (D), γ ∈ Γ_E, x ∈ E. Then E ∋ y → F (1_{E\{x}} · γ + γ({x}) ε_y) − F (1_{E\{x}} · γ) ∈ D . Furthermore, for all F, G ∈ F^ΓC^∞_b (D), γ ∈ Γ_E, S^Γ(F, G)(γ) = ∑ x∈supp γ γ({x})^{−1}S(F (1_{E\{x}} · γ + γ({x}) ε_·) − F (1_{E\{x}} · γ), G(1_{E\{x}} · γ + γ({x}) ε_·) − G(1_{E\{x}} · γ))(x) . (1.5) In particular, S^Γ is well–defined by (1.4) on F^ΓC^∞_b (D) × F^ΓC^∞_b (D). (We note here that the sum over x ∈ supp γ has only a finite number of non–zero summands, since γ ∈ Γ_E; F, G ∈ F^ΓC^∞_b (D)). Proof. If F = g_F (⟨f_1, ·⟩, . . . , ⟨f_N , ·⟩) ∈ F^ΓC^∞_b (D), we have E ∋ y → F (1_{E\{x}}γ + γ({x}) ε_y) − F (1_{E\{x}}γ) = φ^{F,x,γ}_0 (f_1(y), . . . , f_N (y)) ∈ D , where for z_1, . . . , z_N ∈ R φ^{F,x,γ}(z_1, . . . , z_N ) := g_F (⟨f_1, 1_{E\{x}}γ⟩+γ({x})z_1, . . . , ⟨f_N , 1_{E\{x}}γ⟩+γ({x})z_N ). Furthermore, if G = g_G(⟨g_1, ·⟩, . . . , ⟨g_M , ·⟩) ∈ F^ΓC^∞_b (D), then the right hand side of (1.5) is equal to ∑ x∈supp γ γ({x})^{−1}S(φ^{F,x,γ}_0 (f_1, . . . , f_N ), φ^{G,x,γ}_0 (g_1, . . . , g_M ))(x)

(with φ^{F,x,γ}, φ^{G,x,γ} as above) which in turn by (S.1) is the same as ∑ x∈supp γ N∑ i=1 M∑ j=1 γ({x})^{−1}∂_iφ^{F,x,γ}(f_1(x), . . . , f_N (x)) ∂_jφ^{G,x,γ}(g_1(x), . . . , g_M (x)) S(f_i, g_j)(x) = N∑ i=1 M∑ j=1 ∑ x∈supp γ γ({x}) ∂_ig_F (⟨f_1, γ⟩, . . . , ⟨f_N , γ⟩) ∂_jg_G(⟨g_1, γ⟩, . . . , ⟨g_M , γ⟩) S(f_i, g_j)(x) = N∑ i=1 M∑ j=1 ∂_ig_F (⟨f_1, γ⟩, . . . , ⟨f_N , γ⟩) ∂_jg_G(⟨g_1, γ⟩, . . . , ⟨g_M , γ⟩) ⟨S(f_i, g_j), γ⟩ . � Remark 1.3 We note that by (1.4) (since 1 ∈ F^ΓC^∞_b (D)) S(1, F ) = S(F, 1) = 0 for all F ∈ F^ΓC^∞_b (D) .

It is now easy to see that (S^Γ, F^ΓC^∞_b (D)) inherits a property similar to property (S.1) of (S,D).

Lemma 1.4 Let F_1, . . . , F_N , G_1, . . . , G_N ∈ F^ΓC^∞_b (D), φ, ψ ∈ C^∞_b (R^N ). Then for all γ ∈ Γ_E

S^Γ(φ(F_1, . . . , F_N ), ψ(G_1, . . . , G_N ))(γ) = N∑ i,j=1 ∂_iφ(F_1(γ), . . . , F_N (γ)) ∂_jψ(G_1(γ), . . . , G_N (γ)) S^Γ(F_i, G_j)(γ) (1.6) Proof. Immediate by (1.4). � Remark 1.5 Let σ ∈ M({E_k}). Suppose there exists N ∈ B such that σ(N) = 0 and that for f, g ∈ D, S(f, g)(x) is only defined for x ∈ N^c, and only on N^c equal to a function in F_b({E_k}). If also (S.1) only holds for all x ∈ N^c, then nevertheless S^Γ(F, G)(γ) is well–defined by (1.4) for all F, G ∈ F^ΓC^∞_b (D) and γ ∈ {γ̃ ∈ Γ_E | γ̃(N) = 0}. This follows from the proof of Lemma 1.2. Also the assertion of Lemma 1.4 then still holds for such γ. This is useful to realize, since μ({γ ∈ Γ_E | γ(N) > 0}) = 0 for all (positive) measures μ on (Γ_E, σ(N_A | A ∈ B)) where N_A := γ(A), γ ∈ Γ_E, such that the measure B ∋ A → σ^μ(A) := ∫ Γ_E

γ(A) μ(dγ) (1.7)

is absolutely continuous w.r.t. σ. Indeed, in this case for all k ∈ N and N_k := N ∩ E_k 0 = ∫ γ(N_k) μ(dγ) = ∞∑ n=0 n μ({γ ∈ Γ_E | γ(N_k) = n}).

Therefore, μ({γ ∈ Γ_E | γ(N_k) > 0}) = 0, hence μ({γ ∈ Γ_E | γ(N) > 0} = 0. We shall use this in our applications to the free loop space below.

1.4 Examples

Throughout this paper we are mainly interested in the following two case studies to which the above (and all results obtained in the following sections) apply: a) E := a (finite dimensional) Riemannian manifold, b) E := the free loop space. A more comprehensive study of a large class of base spaces E including these two will be done in a forthcoming paper.

1.4.1 Riemannian manifolds

Let E be a finite dimensional Riemannian manifold X with tangent bundle T X and inner product ⟨ , ⟩_{T X} and let B be equal to its Borel σ–algebra B(X). Let E_k, k ∈ N, be open, relatively compact subsets of X such that the closure E_k of E_k is contained in E_{k+1} for all k ∈ N. Let D := C^∞_0 (X), i.e., the set of all infinitely differentiable real–valued functions on X with compact support. Define S(f, g) := ⟨∇^X f, ∇^X g⟩_{T X} ; f, g ∈ D . Then (S^Γ, F^ΓC^∞_b (D)) is well–defined on Γ_X by (1.4) and satisfies the chain rule (1.6).

1.4.2 The free loop space

Let us recall the framework of [ALR93]: Let g := (g_{ij}) be a uniformly elliptic Riemannian metric with bounded derivatives over R^d and Δ_g := (det g)^{−1/2} ∑ ∂/∂x_i[(det g)^{1/2} g^{ij}∂/∂x_j ] the corresponding Laplacian. Let p_t(x, y), x, y ∈ R^d , t ≥ 0, be the associated heat kernel with respect to the Riemannian volume element. Let W (R^d ) denote the set of all continuous paths ω : [0, 1] → R^d and let L(R^d ) := {ω ∈ W (R^d ) | ω(0) = ω(1)}, i.e., L(R^d ) is the free loop space over R^d . Let P^x_1 be the law of the bridge defined on {ω ∈ L(R^d ) | ω(0) = ω(1) = x} coming from the diffusion on R^d generated by Δ_g and let

σ := ∫ P^x_1 p_1(x, x)dx (1.8)

be the Bismut/Høegh–Krohn measure on L(R^d ) which is σ–finite, but not finite. We consider L(R^d ) equipped with the Borel σ–algebra B(L(R^d )) coming from the uniform norm ‖ · ‖_∞ on L(R^d ) which makes it a Banach space. The tangent space T_ωL(R^d ) at a loop ω ∈ L(R^d ) was introduced in [JL91] as the space of periodical vector fields X_t(ω) = τ_t(ω) h(t), t ∈ [0, 1], along ω. Here τ denotes the stochastic parallel transport w.r.t. σ associated with the Levi–Civita connection of (R^d , g) and h belongs to the linear space H_ω consisting of all absolutely continuous maps h : [0, 1] → T_{ω(0)}R^d ≡ R^d such that

(h, h)_{ω(0)} :=

∫_1 0 g_{ω(0)}(h^′(s), h^′(s)) ds +

∫_1 0 |h(x)|^2 ds < ∞ (1.9) and satisfying the holonomy condition τ_1(ω)h(1) = h(0) (cf. [JL91] for details). Note that if we consider L(R^d ) as continuous maps from S^1 to R^d , this notion is invariant by rotations of S^1 and (1.9) induces an inner product on T_ωL(R^d ) which turns it into a Hilbert space. Below we shall also need the Hilbert space ~T_ωL(R^d ) (⊃ T_ωL(R^d )) with inner product ( , )_H which is constructed analogously but without the holonomy condition, i.e., H_ω is replaced by H which denotes the linear space of all absolutely continuous maps h : [0, 1] → T_{ω(0)}R^d ≡ R^d satisfying (1.9). We note that by the uniform ellipticity of g, H is indeed independent of ω ∈ L(R^d ) and the norms ‖ · ‖_{ω(0)} := ( , )^{1/2}_{ω(0)}, ω ∈ L(R^d ), are all equivalent. Let FC^∞_0 denote the linear span of the set of all functions u : L(R^d ) → R such that there exist

k ∈ N, f ∈ C^∞_0 ((R^d )^k), t1, . . . , tk ∈ [0, 1] with

u(ω) = f(ω(t_1), . . . , ω(t_k)), ω ∈ L(R^d ). (1.10)

Note that FC^∞_0 is dense in L^2(σ) :=(real)L^2(L(R^d ); σ). Let FC^∞, FC^∞_b be defined correspondingly with C^∞((R^d )^k) resp. C^∞_b ((R^d )^k) replacing C^∞_0 ((R^d )^k). We define the directional derivative of u ∈ FC^∞, u as in (1.10) at ω ∈ L(R^d ) with respect to X(ω) ∈ ~T_ωL(R^d ) by

∂_hu(ω) := ∂_X u(ω) := k∑ i=1 d_if(ω(t_1), . . . , ω(t_k)) X_{ti} (ω)

= k∑ i=1 g_{ω(ti)}(∇_if(ω(t_1), . . . , ω(t_k)), τ_{ti} (ω)h(t_i)) (1.11)

where h ∈ H with X(ω) = (τ_t(ω)h(t))_{t∈[0,1]} and ∇_i resp. d_i denotes the gradient (with respect to g) resp. the differential relative to the i–th coordinate of f. We extend ∂_h to all of FC^∞ by linearity. Note that if we consider u as a function on W (R^d ) then

∂_X u(ω) = d ds u(ω + sX(ω))|_{s=0}, ω ∈ L(R^d ) . (1.12)

Hence ∂_X u is well–defined by (1.11)(i.e., independent of the special representation of u).

Let for u ∈ FC^∞ and ω ∈ L(R^d ), D̃u(ω) be the unique element in H such that (D̃u(ω), h)_{ω(0)} = ∂_hu(ω) for all h ∈ H and let Du(ω) be its (w.r.t. ( , )_{ω(0)}) orthogonal projection onto H_ω.

Since H is separable and consists of continuous functions on [0, 1] it follows by the construction of the stochastic parallel transport that there exists N ∈ B(L(R^d )) with σ(N) = 0 such that both Du(ω) and ~Du(ω) are defined for all ω ∈ N^c and all u ∈ FC^∞. The measurability of ω → D̃u(ω) will be discussed in Subsection 2.4.2 below.

For u ∈ FC^∞ we have that for all ω ∈ N^c

‖Du(ω)‖_{ω(0)} ≤ ‖D̃u(ω)‖_{ω(0)} (1.13)

and if u(ω) = f(ω(s_1), . . . , ω(s_k)) then for all ω ∈ N^c D̃u(ω)(s) = k∑ i=1 G(s, s_i) τ_{si} (ω)^{−1}∇_if(ω(s_1), . . . , ω(s_k)) (1.14) where G is the Green function of −(d^2/dt^2) + 1 with Neumann boundary conditions on [0, 1], i.e., G(s, u) = e 2(e^2 − 1) (e^{u+s−1} + e^{1−(u+s)} + e^{|u−s|−1} + e^{1−|u−s|}). (1.15) For u, v ∈ FC^∞ define

S(u, v)(ω) := (Du(ω), Dv(ω))_{ω(0)}, ω ∈ L(R^d ) . (1.16)

For k ∈ N let U_k denote the open ball in R^d of radius k and define for open subsets of L(R^d ) by

E_k := {ω ∈ L(R^d ) | ω(0) ∈ U_k}. (1.17)

Define D to be the linear span of the set of all functions u : L(R^d ) → R of the type specified in (1.10), but with t_1 = 0. We note that v_χ · u ∈ D for all u ∈ FC^∞_0 and v_χ := χ(ω(0)), ω ∈ L(R^d ), χ ∈ C^∞_0 (R^d ). Clearly, D satifies (D.1) and by (1.13), (1.14) we see that S(u, v) is equal to a function in F_b({E_k}) on N^c. It follows by (1.14) that (S,D) satisfies (S.1) for all x ∈ N^c. (This is even true with FC^∞ replacing D). Hence Remark 1.5 implies that S^Γ(F, G)(γ) is well–defined by (1.4) for all F, G ∈ F^ΓC^∞_b (D) and all γ ∈ Γ_{L(}Rd_) such that γ(N) = 0.

2 Closability of corresponding (pre–) Dirichlet forms

In this section we consider square field operators S on the base space E and their “lifts” S^Γ to the configuration space Γ_E as above. But we additionally assume minimum properties on S so that itself and hence S^Γ lead to symmetric pre–Dirichlet forms E^E and E^Γ over E, Γ_E respectively. In particular, we prove that closability of (a “weighted version ” of) E^E implies the closability of E^Γ for a large class of reference measures. Examples and applications are discussed at the end of this section. Let (E, B), (E_k)_{k∈}N, (S, D) (with properties (D.1), (S.1)) and Γ_E, (S^Γ, F^ΓC^∞_b (D)) be as in Section 1.

2.1 Corresponding pre–Dirichlet forms

Below we assume that (S, D) satisfies the following additional conditions:

(S.2) S(f, f)(x) ≥ 0 for all f ∈ D, x ∈ E. (S.3) S(f, g)(x) = S(g, f)(x) for all f, g ∈ D, x ∈ E. Lemma 2.1 (S^Γ, F^ΓC^∞_b (D)) inherits properties (S.2), (S.3), i.e., S^Γ(F, F )(γ) ≥ 0 for all F ∈ F^ΓC^∞_b (D), γ ∈ Γ_E (2.1) and S^Γ(F, G)(γ) = S^Γ(G, F )(γ) for all F, G ∈ F^ΓC^∞_b (D), γ ∈ Γ_E. (2.2) Proof. (2.1) follows from (1.5), and (2.2) also by (1.5) or by (1.4). � Let σ ∈ M({E_k}). Define E^E_σ (f, g) := ∫ E S(f, g)(x) σ(dx) ; f, g ∈ D. (2.3) As before, once we have fixed σ it is enough to assume that (S.1), (S.2), (S.3) hold for all x outside a σ–zero set (cf. Remark 1.5 for details).

Let B(Γ_E) := σ({N_A | A ∈ B}) (cf. Remark 1.5) and let μ be a probability measure on (Γ_E, B(Γ_E)) satisfying the following condition: (μ.1) ∫ Γ_E γ(Ek) μ(dγ) < ∞ for all k ∈ N .

Then for any f ∈ F_b({E_k}) ∫ ⟨|f|, γ⟩ μ(dγ) < ∞ , (2.4) hence we may define

E^Γ_μ (F, G) := ∫ Γ_E

S^Γ(F, G)(γ) μ(dγ); F, G ∈ F^ΓC^∞_b (D). (2.5) Let D^σ (resp. F^ΓC^{∞,μ}_b (D)) denote the σ–classes (resp. the μ–classes) determined by D (resp. F^ΓC^∞_b (D)). Suppose that the following condition (S.σ) (connecting S and σ) holds:

(S.σ) S(f, g) = 0 σ–a.e. for all f, g ∈ D such that f = 0 σ–a.e.

Then E^E_σ can be defined (representative–wise) on D^σ ×D^σ, hence (E^E_σ , D^σ) is a positive definite symmetric bilinear form on L^2(E; σ) (:= (real)L^2(E; B; σ)). Likewise, suppose that the following condition (S^Γ.μ) (connecting S^Γ and μ) holds:

(S^Γ.μ) S^Γ(F, G) = 0 μ–a.e. for all F, G ∈ F^ΓC^∞_b (D) such that F = 0 μ–a.e.

Then (E^Γ_μ , F^ΓC^{∞,μ}_b (D)) is a positive definite symmetric bilinear form on L^2(Γ_E; μ) (:=(real)L^2(Γ_E; B(Γ_E); μ).

For the notions “closable”, “closure” and “Dirichlet form” appearing in the next proposition we refer to [MR92, Chap. I, Sect. 3 and 4].

Proposition 2.2 (i) If condition (S.σ) holds then, (E^E_σ , D^σ) is a pre– Dirichlet form on L^2(E; σ) (i.e., if (E^E_σ , D^σ) is densely defined and closable on L^2(E; σ), then its closure (E^E_σ , D(E^E_σ )) is a Dirichlet form).

(ii) If condition (S^Γ.μ) holds, then (E^Γ_μ , F^ΓC^{∞,μ}_b (D)) is a pre–Dirichlet form on L^2(Γ_E; μ).

Proof. Both assertions (i) and (ii) follow by (S.1) resp. Lemma 1.4 directly from [MR92, Chap. I, Proposition 4.10] (see also [MR92, Chap. II, Excerise 2.7]). �

2.2 A class of measures on configuration space

We still consider the situation of Subsection 2.1 (i.e., conditions (D.1), (S.1)– (S.3) are still in force and σ ∈ M({E_k}), but assume, in addition, that the probability measure μ on (Γ_E, B(Γ_E)) with property (μ.1) satisfies the following condition (μ.σ) w.r.t. σ:

(μ.σ) There exists a B(Γ_E) ⊗ B–measurable function

ρ : Γ_E × E → R_+ such that for all B(Γ_E) ⊗ B–measurable functions h : Γ_E × E → R_+ ∫ Γ_E ∫ E h(γ, x) γ(dx) μ(dγ) = ∫ Γ_E ∫ E h(γ + ε_x, x) ρ(γ, x) σ(dx) μ(dγ).

Remark 2.3 (i) The left hand side of the equality in condition (μ.σ) is just the integral of h w.r.t. the so–called Campbell–measure of μ (see e.g. [NZ79] and the references therein).

(ii) There are many examples for which condition (μ.σ) is satisfied. In particular, it holds for Gibbs measures in which we are specially interested. We refer to Subsection 2.4 below for details and references.

(iii) Condition (μ.σ) implies that the mean or intensity measure σ^μ of μ is absolutely continuous w.r.t. σ, more precisely

σ^μ(A) := ∫ Γ_E γ(A) μ(dγ) = ∫ E 1_A(x) ∫ Γ_E ρ(γ, x) μ(dγ) σ(dx). The following is a generalization of [dSKR98, Theorem 5.1] (see also [R98, Theorem 6.9]). The proof, however, after our preparations is more or less the same. We include it for the reader’s convenience.

Theorem 2.4 Let (S, D), (S^Γ, F^ΓC^∞_b (D)), σ ∈ M({E_k}), and μ be as above (so that conditions (D.1), (S.1)–(S.3), (μ.1), (μ.σ) are satisfied). Then the following assertions hold.

(i) Let F, G ∈ F^ΓC^∞_b (D). Then ∫ Γ_E S^Γ(F, G)(γ) μ(dγ) = ∫ Γ_E ∫ E S(F (γ + ε_.) − F (γ), G(γ + ε_.) − G(γ)) ρ(γ, x) σ(dx) μ(dγ) . (2.6) (ii) Suppose that for μ–a.e. γ ∈ Γ_E condition (S.σ_γ ) (i.e., (S.σ) with σ replaced by σ_γ := ρ(γ, ·) · σ) holds. Then condition (S^Γ.μ) holds as well and hence (E^Γ_μ , FC^{∞,μ}_b (D)) is well–defined and a pre–Dirichlet form on L^2(Γ_E; μ). Proof. (i): By (1.4) and condition (μ.σ), if F = g_F (⟨f_1, ·⟩, . . . , ⟨f_N , ·⟩), G = g_G(⟨g_1, ·⟩, . . . , ⟨g_M , ·⟩), we have ∫ Γ_E S^Γ(F, G)(γ) μ(dγ)

= ∫ Γ_E ∫ E N∑ i=1 M∑ j=1 ∂_ig_F (⟨f_1, γ⟩, . . . , ⟨f_N , γ⟩) ∂_jg_G(⟨g_1, γ⟩, . . . , ⟨g_M , γ⟩) S(f_i, g_j)(x) γ(dx) μ(dγ) = ∫ Γ_E ∫ E N∑ i=1 M∑ j=1 ∂_ig_F (⟨f_1, γ⟩ + f_1(x), . . . , ⟨f_N γ⟩ + f_N (x)) ∂_jg_G(⟨g_1, γ⟩ + g_1(x), . . . , ⟨g_M , γ⟩ + g_M (x)) S(f_i, g_j)(x) ρ(γ, x) σ(dx) μ(dγ) (2.7)

By (S.1) the latter is clearly equal to the right hand side of (2.6). (We note that because of (D.1), F (γ + ε_·) − F (γ) and G(γ + ε_·) − G(γ) are both in D). (ii): If F ∈ FC^∞_b (D) such that F = 0 μ–a.e., then by condition (μ.σ) for all k ∈ N 0 = ∫ Γ_E γ(E_k) |F (γ)| μ(dγ) = ∫ Γ_E ∫ E 1_{Ek} (x) |F (γ + ε_x)| σ_γ (dx) μ(dγ) (2.8)

Since k ∈ N was arbitrary, it follows that for μ–a.e. γ ∈ Γ_E F (γ + ε_x) = 0 for σ_γ–a.e. x ∈ E, hence for μ–a.e. γ ∈ Γ_E F (γ + ε_x) − F (γ) = 0 for σ_γ –a.e. x ∈ E.

Since by assumption (S.σ_γ ) holds for μ–a.e. γ ∈ Γ_E, this implies that the right hand side of (2.6) applied to F := G is zero, hence by (2.6) S^Γ(F, F ) = 0 μ–a.e., and the assertion follows by the Cauchy–Schwarz inequality and Proposition 2.2 (ii). �

2.3 Lifting of closability

In this subsection we additionally assume that for μ–a.e. γ ∈ Γ_E condition (S.σ_γ ) and, furthermore, that the following condition (C) holds: (C) There exists a σ^μ–integrable function w : E → (0, 1] such that (E^E_{w·σγ} ; D^{σγ} ) defined by E^E_{w·σγ} (f, g) := ∫ E S(f, g) w dσ_γ ; f, g ∈ D^{σγ} , is closable on L^2(E; w σ_γ ) for μ–a.e. γ ∈ Γ_E.

Remark 2.5 By conditions (μ.1), (μ.σ) it immediately follows that there exists N ∈ B(Γ_E) such that μ(N) = 0 and σ_γ ∈ M({E_k}) for all γ ∈ N^c. Therefore, in (C) E^E_{w·σγ} (f, f) < ∞ for all f ∈ D^{σγ} , γ ∈ N^c.

We are now prepared to prove the main result of this subsection, whose proof is an adaption of [dSKR98, Theorem 6.3] resp. [R98, Theorem 6.13] to our more general situation here.

Theorem 2.6 Let (S, D), (S^Γ, F^ΓC^∞_b (D)), σ ∈ M({E_k}), and μ as above (so that conditions (D.1), (S.1)–(S.3), (μ.1), (μ.σ), (S.σ_γ ) for μ–a.e. γ ∈ Γ_E, and condition (C) are satisfied). Then (E^Γ_μ , FC^{∞,μ}_b (D)) is closable on L^2(Γ_E; μ). In particular, if FC^{∞,μ}_b (D) is dense in L^2(Γ_E; μ), then its closure (E^Γ_μ , D(E^Γ_μ )) is a Dirichlet form on L^2(Γ_E; μ).

Proof. Let (F_n)_{n∈}N be a sequence in FC^{∞,μ}_b (D) such that F_n → 0 in L^2(Γ_E; μ) as n → ∞ and

E^Γ_μ (F_n − F_m, F_n − F_m) −→_{n,m→∞} 0 . (2.9)

We have to show that

E^Γ_μ (F_{nk} , F_{nk} ) −→_{k→∞} 0 (2.10)

for some subsequence (n_k)_{k∈}N. Let (n_k)_{k∈}N be a subsequence such that (∫ Γ_E F^2_{nk} dμ )_{1/2} + E^Γ_μ (F_{nk+1} − F_{nk} , F_{nk+1} − F_{nk} )^{1/2} < 1 2^k for all k ∈ N . (2.11)

Then ∞ > ∞∑ k=1 E^Γ_μ (F_{nk+1} − F_{nk} , F_{nk+1} − F_{nk} )^{1/2}

≥ ∫ Γ_E ∞∑ k=1 (∫ E S((F_{nk+1} − F_{nk} )(γ + ε_·) − (F_{nk+1} − F_{nk} )(γ))(x) σ_γ (dx) )_{1/2} μ(dγ) where we used (2.6). Consequently, ∞∑ k=1 E^E_{σγ} (u^{(γ)}_{nk+1} − u^{(γ)}_{nk} , u^{(γ)}_{nk+1} − u^{(γ)}_{nk} )^{1/2} < ∞ for μ–a.e. γ ∈ Γ_E, (2.12)

where for k ∈ N, γ ∈ Γ_E

u^{(γ)}_{nk} (x) := F_{nk} (γ + ε_x) − F_{nk} (γ) , x ∈ E .

(Recall that u_{nk} ∈ D by (D.1)). (2.12) and the fact that w from condition (C) is bounded imply that for μ–a.e. γ ∈ Γ_E E^E_{wσγ} (u^{(γ)}_{nk} − u^{(γ)}_{nl} , u^{(γ)}_{nk} − u^{(γ)}_{nl} ) −→_{k,l→∞} 0 . (2.13)

Claim 1. For μ–a.e. γ ∈ Γ_E ∫ E (u^{(γ)}_{nk} )^2 w dσ_γ −→_{k→∞} 0 .

To prove Claim 1 we first note that for μ–a.e. γ ∈ Γ_E ∫ w dσ_γ < ∞ as follows immediately from condition (μ.σ) (taking h(γ, x) := w(x) for x ∈ E, γ ∈ Γ_E), since w ∈ L^1(E; σ^μ). Therefore, for μ–a.e. γ ∈ Γ_E ∫ E F^2_{nk} (γ) w dσ_γ = F^2_{nk} (γ) ∫ w dσ_γ −→_{k→∞} 0 (2.14)

Furthermore, by (μ.σ) ∫ Γ_E ∫ E F^2_{nk} (γ + ε_x) w(x) σ_γ (dx) (1 + ⟨w, γ⟩)^{−1} μ(dγ) = ∫ Γ_E

F^2_{nk} (γ) ∫ E w(x) 1 + ⟨w, γ⟩ − w(x) γ(dx) μ(dγ) ≤ ∫ Γ_E F^2_{nk} (γ) μ(dγ) < 1 2^k , since the integral w.r.t. γ is dominated by 1 for all γ ∈ Γ_E and because of (2.11). Hence ∞ > ∞∑ k=1 ( ∫ Γ_E ∫ E F^2_{nk} (γ + ε_x) w(x) σ_γ(dx) (1 + ⟨w, γ⟩)^{−1}μ(dγ) )_{1/2}

≥ ∫ Γ_E ∞∑ k=1 ( ∫ E F^2_{nk} (γ + ε_x) w(x) σ_γ(dx) )_{1/2} (1 + ⟨w, γ⟩)^{−1} μ(dγ) . But ⟨w, γ⟩ < ∞ for μ–a.e. γ ∈ Γ_E, since w ∈ L^1(E; σ^μ). Hence we conclude that for μ–a.e. γ ∈ Γ_E ∫ F^2_{nk} (γ + ε_x) w(x) σ_γ(dx) −→_{k→∞} 0 . (2.15) Now Claim 1 follows by (2.14) and (2.15). Claim 2. For μ–a.e. γ ∈ Γ_E S(u^{(γ)}_{nk} ) −→_{k→∞} 0 σ_γ –a.e.

To prove Claim 2 we note that by Claim 1 and (2.13) assumption (C) implies that for μ–a.e. γ ∈ Γ_E E^E_{wσγ} (u^{(γ)}_{nk} , u^{(γ)}_{nk} ) −→_{k→∞} 0 . Hence Claim 2 follows from (2.12) since w > 0.

From Claim 2 we now easily deduce (2.10) by (2.6) and Fatou’s Lemma as follows:

E^Γ_μ (F_{nk} , F_{nk} ) ≤ ∫ Γ_E

liminf l→∞ ∫ E S(u^{(γ)}_{nk} − u^{(γ)}_{nl} )(x) σ_γ (dx) μ(dγ) ≤ liminf_{l→∞} E^Γ_μ (F_{nk} − F_{nl} , F_{nk} − F_{nl} ), which by (2.9) can be made arbitrarily small for k large enough. � Remark 2.7 (i) All above results are obviously valid in the more general situation described in Remark 1.5.

(ii) If (E^Γ_μ , F^ΓC^{∞,μ}_b (D)) is closable on L^2(Γ_E; μ), then S^Γ extends to all of D(E^Γ_μ ) × D(E^Γ_μ ). We shall use this fact below without further notice.

2.4 Examples

2.4.0 Poisson measures

Let σ ∈ M({E_k}) and μ := π_σ be the Poisson measure on (Γ_E, B(Γ_E)) with intensity σ, i.e., π_σ is the unique probability measure on (Γ_E, B(Γ_E)) such that ∫ e^{⟨f,γ⟩} π_σ(dγ) = e^{R (ef −1) dσ} for all f ∈ F_b({E_k}). (2.16)

Then it is well-known that μ := π_σ satisfies conditions (μ.1) (since σ^μ = σ) and (μ.σ) with ρ(γ, x) = 1 for all x ∈ E, γ ∈ Γ_E. Condition (μ.σ) is just the so–called Mecke identity (cf. [Mec67, Satz 3.1]) in this case.

2.4.1 Riemannian manifolds

Consider the situation described in Subsection 1.4.1 with (E_k)_{k∈}N and (S,D) as given there, and let σ be any positive Radon measure on (X, B(X)). Clearly, conditions (S.2) and (S.3) hold in this case.

a) ¯ := ßœ

Then Theorem 2.4 (i) applies and, clearly, if every x ∈ supp σ (:= the largest closed subset A of X such that σ(X \ A) = 0) is an accumulation point of supp σ \ {x} (which is e.g. the case if σ is absolutely continuous w.r.t. m), then condition (S.σ) holds. Hence Theorem 2.4 (ii) applies.

In order to satisfy condition (C), e.g., the following condition will do:

(σ.m) There exists ρ :=^{dσ}_{dm} , where m is the volume element on X, such that either (i) √ ρ ∈ H^{1,2}_{loc} (X; m) (i.e., √ ρ is locally in the Sobolev space of order 1 in L^2(X; m)).

(ii) For m–a.e. x ∈ {ρ > 0} there exists ε > 0 such that ∫ {y| |y−x|<ε} 1 ρ(y) m(dy) < ∞ (cf. [MR92, Chap. II, Subsections 1a) and 2a)] whose results immediately generalize to manifolds). Condition (σ.m) implies that (C) holds for any continuous strictly positive w : X → (0, 1], which is σ–integrable and Theorem

2.6 applies. Since, clearly, D is dense in L^2(X; σ) and F^ΓC^∞_b (D) is dense in L^2(Γ_X ; π_σ), the closure (E^X_σ , D(E^X_σ )) and (E^Γ_{πσ} , D(E^Γ_{πσ} )) are Dirichlet forms on L^2(X; σ) , L^2(Γ_X ; π_σ) respectively.

b) ¯ := Gibbs measure

This case has been discussed in all detail in [dSKR98, Sect. 6], and, in particular, in [R98, Sect. 6] to which we refer for definitions and exact conditions (which are generally very weak) implying that Theorems 2.4 and 2.6 apply in these cases. Here again w : X → (0, 1] can be taken to be any continuous strictly positive function, which is σ^μ–integrable. In particular, we generalize the closability results in [Os96] and [Y96] (cf. [R98, Remark 7.5]).

2.4.2 The free loop space

Consider the situation described in Subsection 1.4.2 with (E_k)_{k∈}N and (S,D) as given there. Clearly, conditions (S.2), (S.3) hold in this case. Then by the definition (see (1.8)) of σ we have that σ ∈ M({E_k}). In order to define E^E_σ (with E := L(R^d )) by (2.3) we first have to show that ω → S(u, v)(ω) is B(L(R^d ))–measurable for all u, v ∈ D. We shall, in fact, prove more, namely that we can construct the direct integral of H_ω, ω ∈ L(R^d ), i.e.,

H := ∫_⊕ L(R^d) H_ω σ(dω), in the sense of [Di69, Chap. II, Sect. 1] and that Du ∈ H for all u ∈ D. To this end we first note that for all ω ∈ N^c (cf. Subsection 1.4.1 for the definition of N) every h ∈ H has a unique decomposition

h(t) = ĥ(ω)(t) + a(ω) · t, t ∈ [0, 1], (2.17)

with a(ω) := h(1) − τ_1(ω)^{−1}h(0) and ĥ(ω)(t) := h(t) − a(ω) · t. Clearly, ĥ(ω) ∈ H_ω. Furthermore, obviously (since τ_1(ω) is a bijection) H_ω ∩ {[0, 1] ∋ t → a · t | a ∈ R^d } = {0}, and both these subspaces of H are closed w.r.t. ‖ · ‖_{ω(0)}. Hence the map P_ω : H → H_ω defined by P_ωh := ĥ(ω) , h ∈ H, with ĥ(ω) as in (2.17) is continuous. Defining P_ω : H → H_ω by P_ω :≡ 0 for ω ∈ N, we obtain that for all h_1, h_2 ∈ H L(R^d ) ∋ ω → (Pωh1, Pωh2)_{ω(0)} is B(L(R^d ))–measurable.

Now let {h̃_n ∈ H | n ∈ N} be a dense set in H (w.r.t. ‖ · ‖_{ω(0)}; recall that ‖ · ‖_{ω(0)}, ω ∈ L(R^d ), are all equivalent). Then {P_ωh̃_n | n ∈ N} is a dense subset of H_ω (w.r.t. ‖ · ‖_{ω(0)}). Picking a linear independent subset thereof and applying Gram–Schmidt orthogonalization (w.r.t. ( , )_{ω(0)}) and setting h_n(ω) := 0 for all ω ∈ N, n ∈ N, we obtain an orthonormal basis {h_n(ω) | n ∈ N} of H_ω, ω ∈ N^c, such that for all n, m ∈ N L(R^d ) ∋ ω → (hn(ω), hm(ω))_{ω(0)} is B(L(R^d ))–measurable. We fix (h_n(ω))_{n∈}N, ω ∈ L(R^d ), for the rest of this section. Now we define a measurable field of vectors M in the sense of [Di69, Chap. II] as follows: let M be the set of all maps (“sections”) V : L(R^d ) → ⋃ ω∈L(R^d) H_ω, such that V (ω) ∈ H_ω (where H_ω := {0} for ω ∈ N)

and for all n ∈ N L(R^d ) ∋ ω → (V (ω), hn(ω))_{ω(0)} is B(L(R^d ))–measurable. Let

H := ∫_⊕ L(R^d)

H_ω σ(dω) (2.18)

be the corresponding direct integral of (H_ω, ( , )_{ω(0)})_{ω∈L(}Rd_) in the sense of [Di69, Chap. II, Sect. 1], i.e., all V ∈ M such that

‖V ‖^2_H := ∫ L(R^d)

‖V (ω)‖^2_{ω(0)} σ(dω) < ∞ . (2.19)

Note that by an obvious variant of the classical Riesz–Fischer theorem (H, ‖ · ‖_H) is complete. Let Π_ω : H → H_ω denote the (w.r.t. ( , )_{ω(0)}) orthogonal projection. Then, clearly, L(R^d ) ∋ ω → (Πωh, hn(ω))ω(0) = (h, hn(ω))ω(0) is B(L(R^d ))–measurable for all h ∈ H, n ∈ N. That is, ω → Π_ωh belongs

to M. Hence it easily follows from (1.14) that ω → Du(ω) = Πω(D̃u(ω))

belongs to M. Since σ ∈ M({E_k}), (1.14) implies that ω → D̃u(ω) is in H. Since for all ω ∈ N^c and all u ∈ D (Du(ω), Du(ω))_{ω(0)} ≤ (D̃u(ω), D̃u(ω))_{ω(0)} , we hence conclude that also ω → Du(ω) is in H. So, we may define (as in (2.3)) E^E_σ (u, v) := ∫ L(R^d) S(u, v) dσ ; u, v ∈ D . Next, let us show that (S.σ) holds. We recall the following result from [L93, L97] (see also [Go98] for another proof) which we need below in an essential way.

Proposition 2.8 For all n ∈ N there exists β_n ∈ ⋂ p≥1 L^p(L(R^d ); σ) such that

for all u, v ∈ D ∫ ∂_{hn(ω)}u(ω) v(ω) σ(dω) = − ∫ u(ω) ∂_{hn(ω)}v(ω) σ(dω) − ∫ u(ω)v(ω)β_n(ω) σ(dω) (2.20)

where ∂_{hn(ω)} is defined by (1.11) with h replaced by h_n(ω). As an immediate consequence we obtain:

Lemma 2.9 Condition (S.σ) holds. In particular, S respects σ–classes of D and (E^E_σ , D^σ) is a well–defined positive definite symmetric bilinear form on L^2(L(R^d ); σ).

Proof. Let u_1, u_2 ∈ D such that u_0 := u_1 − u_2 = 0 σ–a.e. Let n ∈ N. Then by Proposition 2.8 for all n ∈ N, v ∈ D, ∫ ∂_{hn(ω)}u_0(ω) v(ω) σ(dω) = 0 . Since D is dense in L^2(L(R^d ); σ), it follows that ∂_{hn(ω)}u_0(ω) = 0 for σ–a.e. ω ∈ L(R^d ). Hence for all n ∈ N and σ–a.e. ω ∈ L(R^d )

(Du_0(ω), h_n(ω))_ω = (D̃u_0(ω), h_n(ω)) = ∂_{hn(ω)}u_0(ω) = 0 . (2.21)

Therefore, Du_0 = 0 as an element in H. Thus, S(u_0, v) = 0 σ–a.e. for all v ∈ D. � Next we show that (E^E_σ , D^σ) is closable on L^2(L(R^d ); σ). In fact, this was claimed already in [ALR93], but the proof was a little sketchy. So, we give the details here.

Proposition 2.10 (i) (E^E_σ , D^σ) is closable on L^2(L(R^d ); σ). (ii) If (E^E_σ , D(E^E_σ )) denotes the closure of (E^E_σ , D^σ) on L^2(L(R^d ); σ) and if w ∈ D(E^E_σ ), w bounded, w > 0 σ–a.e. Then also (E^E_{w·σ}, D^σ) is closable on L^2(L(R^d ); w · σ).

Proof. (i): Let u_n ∈ D, n ∈ N, such that u_n → 0 in L^2(L(R^d ); σ) as n → ∞ and E^E_σ (u_n − u_m, u_n − u_m) → 0 as n, m → ∞. Since (H, ‖ · ‖_H) (cf. (2.18), (2.19)) is complete, there exists V ∈ H such that lim_{n→∞} ‖Du_n − V ‖_H = 0 . We have to show that

V = 0 (as an element of H). (2.22)

But by (2.21) and Proposition 2.8 for all k ∈ N, u ∈ D ∫ ( u(ω)h_k(ω), V (ω) ) ω σ(dω) = lim_{n→∞} ∫ u(ω) ( h_k(ω), Du_n(ω) ) ω σ(dω) = lim_{n→∞} ∫ u(ω)∂_{hk(ω)}u_n(ω) σ(dω) = − lim_{n→∞} ∫ ( ∂_{hk(ω)}u(ω) + u(ω)β_k(ω) ) u_n(ω) σ(dω) = 0 .

But, clearly ω → u(ω) h_k(ω), k ∈ N, u ∈ D, form a total set in H. So, (2.22) follows.

(ii): By assertion (i) and by approximation (2.20) extends to all u ∈ D(E^E_σ ). Replacing u in (2.20) by u · w (∈ D(E^E_σ )) and using the product rule, we obtain that (2.20) holds for the measure w · σ instead of σ with β_n replaced by β_n + ∂_{hn(·)}w/w. Now the assertion follows by exactly the same arguments as in the proof of assertion (i). �

Let now μ := π_σ be the Poisson measure on Γ_E with intensity measure σ. By Subsection 2.4.0 we know that (μ.1) and (μ.σ) are satisfied with σ_γ for all γ ∈ Γ_E. So, if (S^Γ, F^ΓC^∞_b (D)) is defined by (1.4) (i.e., as in Subsection 1.4.2), then Theorem 2.4 applies. Furthermore, by [AMR97, Lemma 5.2.1] there exists a strictly positive, bounded continuous function w ∈ D(E^E_σ ). Hence, by Proposition 2.10 also (C) holds. Hence also Theorem 2.6 applies to (E^Γ_{πσ} , FC^{∞,μ}_b (D)) given by (2.5).

Remark 2.11 (i) So far, we have only considered the case μ = Poisson measure π_σ. Similarly, we can consider mixed Poisson measures here (and likewise in Subsection 2.4.1), i.e., μ = ∫ R+ π_{zσ} λ(dz) , where λ is a probability measure on (R_+ , B(R_+ )) such that ∫ R+ z λ(dz) < ∞. (ii) We can also consider Gibbs measures on Γ_{L(}Rd_). Candidates for such have been constructed in [KLRRSh97]. But the claim made in the latter reference that they are actually Gibbs measures is yet unproved, since the proof for this given there contains a substantial gap. More details on this will be discussed in [AKMR98].

3 Topology for configuration spaces

Our next aim is to find conditions (e.g. on (E^E_σ , D(E^E_σ ))) that imply the quasi– regularity of (E^Γ_μ , D(E^Γ_μ )) on Γ_E. For this we need a separable topology on Γ_E which can be metrized by a complete metric. The construction thereof is the purpose of this section.

3.1 A metric on M(E)

In this section we assume that (E, ρ) is a separable metric space. Let B(E) denote the corresponding Borel σ–algebra and B_b(E) the set of all bounded B(E)–measurable real functions on E. Let M(E) denote the set of all finite positive measures on B(E), and M_1(E) the subspace of M(E) consisting of all probability measures. Recall that the Prohorov metric p on M_1(E) for γ_1, γ_2 ∈ M_1(E) is defined by

p(γ_1, γ_2) := inf{ε > 0 | γ_1(A) ≤ γ_2(A^ε) + ε for all A ∈ B(E)} (3.1)

where A^ε := {x ∈ E | ρ(x, A) < ε}. It is known that p induces the topology of weak convergence which is separable since (E, ρ) is separable. p is equivalent to the following metric β

β(γ_1, γ_2) := sup{| ∫ f dγ_1 − ∫ f dγ_2| | f ∈ B_b(E) such that ‖f‖_{BL} ≤ 1} (3.2)

where ‖f‖_{BL} := sup_{x∈E} |f(x)|+sup_{x≠y} |f(x)−f(y)| ρ(x, y)^{−1}. See e.g. [Du89, Sect. 11.3] for details.

Below for any B(E)–measurable function f on E and any Borel measure γ on E we write f̄(γ) := ∫ f dγ provided the integral makes sense. For A ∈ B(E) and ε > 0, we set g_{A,ε}(x) := 1 1 + ε (ε − ρ(x, A) ∧ ε) , ∀x ∈ E . (3.3) We now define for γ_1, γ_2 ∈ M(E)

ρ̄_0(γ_1, γ_2) := sup{|ḡ_{A,ε}(γ_1) − ḡ_{A,ε}(γ_2)| | A ∈ B(E), ε > 0}. (3.4)

Note that in (3.4) it is enough to take the supremum over all closed subsets A of E since g_{A,ε} = g¯_{A,ε} for all A ∈ B(E) (here Ā stands for the closure of A). Lemma 3.1 If γ_1, γ_2 ∈ M_1(E), then

p(γ_1, γ_2) ≤ 2 ρ̄_0(γ_1, γ_2)^{1/2} and ρ̄_0(γ_1, γ_2) ≤ β(γ_1, γ_2) ≤ 2p(γ_1, γ_2).

Proof. See the proof of Theorem 11.3.3. and Corollary 11.6.5 in [Du89]. �

Theorem 3.2 ρ̄_0 is a metric on M(E) and the ρ̄_0–topology coincides with the (separable) topology of weak convergence on M(E). Moreover, ρ̄_0 is complete on M(E) if ρ is complete on E.

Proof. Obviously ρ̄_0 is symmetric and satisfies the triangle inequality. Moreover, ρ̄_0 has the following properties:

ρ̄_0(γ_1 + γ_3, γ_2 + γ_3) = ρ̄_0(γ_1, γ_2) , for all γ_1, γ_2, γ_3 ∈ M(E); (3.5) ρ̄_0(c γ_1, c γ_2) = c ρ̄_0(γ_1, γ_2) , for all γ_1, γ_2 ∈ M(E), c ∈ R^+ ; (3.6) ρ̄_0(γ_1, γ_2) ≥ |γ_1(E) − γ_2(E)| , for all γ_1, γ_2 ∈ M(E); (3.7) ρ̄_0(c_1γ, c_2γ) = |c_1 − c_2|γ(E) , for all c_1, c_2 ∈ R^+ , γ ∈ M(E). (3.8)

Indeed, (3.5) and (3.6) can be verified straightforward. (3.7) is verified by noticing that g_{E,ε} =^ε_{1+ε} for all ε > 0, which also implies (3.8). Suppose now ρ̄_0(γ_1, γ_2) = 0. By (3.7) we have γ_1(E) = γ_2(E). Without loss of generality we may assume γ_1(E) = c > 0. Let γ^′_1 = c^{−1}γ_1, and γ^′_2 = c^{−1}γ_2. Applying (3.6) and Lemma 3.1 we see γ^′_1 = γ^′_2, consequently γ_1 = γ_2, which shows that ρ̄_0 is a metric on M(E). In the remainder of the proof we fix a probability measure μ ∈ M_1(E). For any element γ ∈ M(E) we set γ^# :=^{γ+μ}_{γ(E)+1} . Then applying (3.5)–(3.8) we see that the following two statements are equivalent:

(a) ρ̄_0(γ_n, γ) −→ 0 when n → ∞,

(b) ρ̄_0(γ^#_n , γ^#) −→ 0 and γ_n(E) −→ γ(E) when n → ∞.

But by Lemma 3.1 the above statement (b) is equivalent to

(c) γ^#_n converges weakly to γ^# and γ_n(E) −→ γ(E).

Consequently (a) is equivalent to γ_n converges weakly to γ. In other words, the ρ̄_0–topology coincides with the topology of weak convergence on M(E).

Suppose now (E, ρ) is complete. Then by Lemma 3.1 M_1(E) is a ρ̄_0– closed subset of M(E). Let γ_n, n ∈ N, be a ρ̄_0–Cauchy sequence in M(E). Then γ^#_n , n ∈ N, is a ρ̄_0–Cauchy sequence in M_1(E) and γ_n(E), n ∈ N, is a Cauchy sequence of real numbers. Let γ^# be the limit of γ^#_n and c be the limit of γ_n(E), n ∈ N1, respectively. Then γ_n −→_{n→∞} c γ^# weakly. Thus ρ̄_0 is complete. �

Corollary 3.3 There exists a countable family of pairs (A_j, ε_j), j ∈ N, with A_j being closed subsets of E and ε_j strictly positive numbers such that for all γ, γ^′ ∈ M(E) ρ̄_0(γ, γ^′) = sup_j |ḡ_{Aj ,εj} (γ) − ḡ_{Aj ,εj} (γ^′)| . (3.9)

Proof. Let {γ_l | l ∈ N} be a countable dense subset of M(E). For each pair (γ_l, γ_m) we can find a sequence of pairs (A_{l,m,n}, ε_{l,m,n})_{n∈}N with A_{l,m,n} being closed subsets of E and ε_{l,m,n} being strictly positive numbers such that ρ̄_0(γ_l, γ_m) = sup_n |ḡ_{Al,m,n,εl,m,n} (γ_l) − ḡ_{Al,m,n,εl,m,n} (γ_m)| . Rearrange {(A_{l,m,n}, ε_{l,m,n}) | l, m, n ∈ N} by {(A_j, ε_j) | j ∈ N}. Then (A_j, ε_j), j ∈ N , is as desired. � 3.2 {Ek}–vague topology

From now on we shall deal with locally finite Borel measures on a separable metric space E. Recall that a positive Borel measure ν on E is said to be locally finite if for each x ∈ E there exists an open neighbourhood U of x such that γ(U) < ∞. If E is complete, every locally finite Borel measure is a Radon measure on E (cf. [Sch73]).

Let us call (E_k)_{k∈}N an exhausting sequence if (E_k)_{k∈}N is an increasing sequence of open sets such that ⋃ k∈N E^k = E. (E^k)^{k∈}N will be called a well–exhausting sequence if, in addition to the above property, there exists a sequence (δ_k)_{k∈}N of strictly positive numbers such that

E^{δk}_k ⊂ E_{k+1}, ∀k ∈ N . (3.10)

Let (E_k)_{k∈}N be an exhausting sequence. We shall write γ ∈ M({E_k}) if γ is a positive Borel measure and γ(E_k) < ∞ for all k ∈ N. Note that γ is locally finite if and only if γ ∈ M({E_k}) for some exhausting sequence (E_k)_{k∈}N. If in addition, E is locally compact, then we can find a well–exhausting sequence (E_k)_{k∈}N such that any locally finite measure γ is in M({E_k}). In the general case we have the following result:

Lemma 3.4 For any exhausting sequence (A_k)_{k∈}N, there exists a well– exhausting sequence (E_k)_{k∈}N such that M({A_k}) ⊂ M({E_k}) .

Proof. Let E_k := {x ∈ E | ρ(x, A^c_k) >^1_{2k} }, and let δ_k := 2^{−(k+1)}. Then E_k ⊂ A_k and (3.10) is fulfilled for each k. Hence one can check that (E_k)_{k∈}N is as desired. �

From now on we fix a well–exhausting sequence (E_k)_{k∈}N. For example, E_k := {x ∈ E | ρ(x, x_0) < k} for some fixed point x_0 ∈ E. We shall write f ∈ C_0({E_k}) if f ∈ C_b(E) and supp f ⊂ E_k for some k ∈ N. Note that if f ∈ C_0({E_k}), then f̄(γ) is well–defined for all γ ∈ M({E_k}).

Definition 3.5 Let γ, γ_n ∈ M({E_k}), n ∈ N. We say that (γ_n)_{n∈}N converges {E_k}–vaguely to γ, if |f̄(γ_n) − f̄(γ)| −→ 0 , ∀f ∈ C_0({E_k}) . (3.11) Note that if E is a locally compact space and E_k is relatively compact for all k, then M({E_k}) is exactly the family of all Radon measures on E and {E_k}–vague convergence coincides with the usual vague convergence for Radon measures. In this case it is well–known that there is a complete metric on M({E_k}) which induces the vague topology (which is separable). However, we have to modify this metric to cover non–locally compact spaces E, as we shall do below.

By our assumption (E_k)_{k∈}N is a well–exhausting sequence, hence there exists a sequence of positive numbers (δ_k)_{k∈}N satisfying (3.10). We set ϕ_k := 1+δ_k δ_k gEk,δk (cf. (3.3)), fix a function ζ ∈ C ∞ b (R) such that 0 ≤ ζ ≤ 1 on

[0, ∞), ζ(t) = t on [−^1_2 ,^1_2 ], ζ^′ > 0, ζ^{′′} ≤ 0, and define for γ_1, γ_2 ∈ M({E_k})

ρ̄(γ_1, γ_2) := sup_{k∈} N c_k ζ(ρ̄_0(ϕ_k · γ_1, ϕ_k · γ_2)), (3.12)

where c_k ∈ R_+ , k ∈ N, such that lim_{k→∞} c_k = 0.

Theorem 3.6 ρ̄ is a metric on M({E_k}), the corresponding induced topology is separable and a sequence converges w.r.t. this topology if and only if it converges {E_k}–vaguely. Moreover, ρ̄ is a complete metric on M({E_k}) if ρ is complete on E.

Proof. Suppose that ρ̄(γ_1, γ_2) = 0 for some γ_1, γ_2 ∈ M({E_k}). Then ϕ_k·γ_1 = ϕ_k · γ_2 for all k ∈ N. Letting k → ∞ we get γ_1 = γ_2, which implies that ρ̄ is a metric on M({E_k}). Let γ, γ_n ∈ M({E_k}), n ∈ N. One can easily check that the following statements (a) – (d) are equivalent:

(a) ρ̄(γ_n, γ) −→_{n→∞} 0. (b) ρ̄_0(ϕ_j · γ_n, ϕ_j · γ) −→_{n→∞} 0, ∀j ∈ N. (c) f̄(ϕ_j · γ_n) −→_{n→∞} f̄(ϕ_j · γ), ∀f ∈ C_b(E), j ∈ N. (d) f̄(γ_n) −→_{n→∞} f̄(γ), ∀f ∈ C_0({E_k}). Indeed, (a) ⇔ (b) follows directly from (3.12), (b) ⇔ (c) follows from Theorem 3.2. (c) ⇒ (d) follows from the fact that f ϕ_j = f if suppf ⊂ E_j. (d) ⇒ (c) follows from the fact that f ϕ_j ∈ C_0({E_k}) for all f ∈ C_b(E) and all

j ∈ N. Clearly, the equivalence of (a) and (d) means that the topology in-

duced by ρ̄ is compatible with {E_k}–vague convergence for sequences. Also, since ϕ_jϕ_{j+1} = ϕ_j, the equivalence (a) ⇔ (b) implies that ρ̄ is separable since ρ̄_0 is a separable metric on M(E). It remains to check the last assertion. To this end we now assume that ρ is a complete metric on E, then ρ̄_0 is complete on M(E). Let γ_n, n ∈ N, be a ρ̄–Cauchy sequence in M({E_k}). Then for each j ∈ N, (ϕ_j · γ_n)_{n∈}N is a ρ̄_0–Cauchy sequence in M(E). Hence there exists γ^{(j)} ∈ M(E) such that ρ̄_0(ϕ_j · γ_n, γ^{(j)}) −→_{n→∞} 0. Note that ϕ_{j+k}ϕ_j = ϕ_j for all j, k ∈ N. Hence by the uniqueness of the ρ̄_0–limit one can easily check that

ϕ_j · γ^{(j+k)} = γ^{(j)}, ∀j, k ∈ N . (3.13)

In particular, (3.13) implies γ^{(j)} ≤ γ^{(j+1)} for all j ∈ N. Hence one may define a positive Borel measure γ by

γ := γ^{(1)} + ∞∑ j=1 (γ^{(j+1)} − γ^{(j)}) .

Now (3.13) implies ϕ_j · γ = γ^{(j)}. Consequently γ ∈ M({E_k}) and ρ̄_0(ϕ_j · γ_n, ϕ_j · γ) = ρ̄_0(ϕ_j · γ_n, γ^{(j)}) −→_{n→∞} 0 for all j ∈ N. Hence ρ̄(γ_n, γ) −→_{n→∞} 0 and ρ̄ is complete on M({E_k}). �

Definition 3.7 The topology induced by (any) ρ̄ as in (3.12) on M({E_k}) is called the {E_k}–vague topology.

3.3 The induced metric on ΓE

Let E and M({E_k}) be as in the previous section. Let Γ_E be the subset of Γ_E consisting of all γ such that γ({x}) ≤ 1 for all x ∈ E.

For a subset A of E we denote by ∂A the boundary of A. For γ ∈ M({E_k}), we set

O_γ := {A ∈ E | A open, A ⊂ E_k for some k and γ(∂A) = 0}. Lemma 3.8 For any γ ∈ M({E_k}), O_γ forms a base for the topology of E. Proof. For x ∈ E and α > 0 we write B_α(x) := {y ∈ E | ρ(x, y) < α} . For any x ∈ E and δ > 0, we can always find k ∈ N and 0 < α ≤ δ such that B_α(x) ⊂ E_k and γ(∂B_α(x)) = 0. Clearly, the totality of such B_α(x) forms a topological base of E. � Proposition 3.9 Γ_E is an {E_k}–vaguely closed subset of M({E_k}). Proof. Let ρ̄(γ_n, γ) → 0 with γ_n ∈ Γ_E, for all n ∈ N. Then γ_n(A) → γ(A) for all A ∈ O_γ. Hence γ(A) ∈ N for A ∈ O_γ. Thus by monotone convergence γ(A) ∈ N for all open sets A. Applying the monotone class argument we see that γ(A) ∈ N for all Borel subsets A of E_k, k ∈ N. Hence γ ∈ Γ_E. �

From now on we give Γ_E the trace topology induced by ρ̄. Proposition 3.10 Γ_E is a G_δ set in Γ_E. More precisely, let U_k := {γ ∈ Γ_E | γ({x}) ≤ 1 for all x ∈ E_k} (E_k := closure of E_k) Then Γ_E = ⋂ n∈N U^k and each U^k is open in Γ^E.

Proof. Clearly, Γ_E = ⋂ k∈N U^k. Let γ ∈ U^k We set β_1 := inf{ρ(x, y) | x, y ∈ E_k, x ≠ y, γ({x}) = γ({y}) = 1}, β_2 := inf{ρ(x, E_k) | x ∈ E^{δk}_k \ E_k, γ({x}) ≥ 1} where δ_k is specified by (3.10). Let α :=^1_5 (β_1 ∧ β_2 ∧ δ_k). Note that α > 0 since γ(E^{δk}_k ) < ∞. For each x ∈ E_k we define a function f_x by

f_x(y) :=

1 + α α g_{Bα(x),α}(y) , (3.14) where g_{Bα(x),α} is specified by (3.3). Then f_x(x) = 1 and ∫ E f_x(y) γ(dy) ≤ 1. Let γ^′ ∈ Γ_E with ρ̄(γ, γ^′) < 2^{−k−2 α}_{1+α} . Then we have for x ∈ E γ^′({x}) ≤ ∫ E f_x(y) γ^′(dy) ≤ 1 + α α 2^{k+1} ρ_0(γ, γ^′) + ∫ E f_x(y) γ(dy) ≤ 3 2 . Therefore, γ^′({x}) ≤ 1, i.e., γ^′ ∈ U_k. Hence U_k is open in Γ_E. �

Proposition 3.11 Assume that every x ∈ E is an accumulation point of E \ {x}, then Γ_E is ρ̄–dense in Γ_E. (Hence our notation is justified.)

Proof. Let γ ∈ Γ_E and α > 0. Take k ∈ N large enough so that 2^{−(k−1)} < α. There are at most finitely many distinct points, say {x_i | 1 ≤ i ≤ n}, such that x_i ∈ E_{k+1} and γ({x_i}) > 0. Suppose that γ({x_i}) = n_i. Since E is connected we can find n_i different and distinct points {x_{ij} | 1 ≤ j ≤ n_i} in E_{k+1} such that ρ(x_i, x_{ij}) <^α_{2N} , where N := γ(E_{k+1}). Furthermore, we may assume that x_{ij}, 1 ≤ i ≤ n, 1 ≤ j ≤ n_i, are all different. We now set γ^′ := ∑ i,j δ_{xij} , δ_{xij} being the Dirac measure at the point x_{ij}. Then γ^′ ∈ Γ_E.

Due to the fact that |g_{A,ε}(x) − g_{A,ε}(y)| ≤ ρ(x, y) for all x, y ∈ E and all A ∈ B(E), ε > 0, one can check that

ρ̄_0(ϕ_j · γ, ϕ_j · γ^′) < α , for all 1 ≤ j ≤ k,

hence ρ̄(γ, γ^′) < α. Since γ ∈ Γ_E and α > 0 were arbitrary, Γ_E is ρ̄–dense in Γ_E. �

4 Quasi–regularity and diffusions

In this section we shall specify conditions that ensure the quasi–regularity of the Dirichlet form (E^Γ_μ , D(E^Γ_μ )) on L^2(Γ_E; μ) from Theorem 2.6. Let (E, ρ) be a complete separable metric space. We adopt the notation from Sections 1 and 2. We fix a well–exhausting sequence (E_k)_{k∈}N with (δ_k)_{k∈}N as in (3.10). Let Γ_E be equipped with the {E_k}–vague topology. Let (S, D) be as in Subsection 1.1 satisfying conditions (D.1), (S.1) and also (S.2), (S.3) from Subsection 2.1. We assume, in addition, that D consists of continuous functions. let μ be a probability measure on B(Γ_E) satisfying (μ.1) and let σ^μ ∈ M({E_k}) be defined as

σ^μ(A) := ∫ Γ_E γ(A) μ(dγ) , A ∈ B(E). (4.1) Let (S^Γ, F^ΓC^∞_b (D)) be as specified in (1.4) and assume that condition (S^Γ.μ) from Subsection 2.1 holds and that (E^Γ_μ , F^ΓC^{∞,μ}_b (D)) is closable on L^2(Γ_E; μ) (see Theorem 2.6 for sufficient conditions). Let (E^Γ_μ , D(E^Γ_μ )) denote its closure. As before, once we have fixed the measure σ^μ it is enough to assume that (S.1), (S.2), (S.3) hold outside a set of σ^μ–measure zero (cf. Remark 1.5 for details).

We shall see that the following condition implies that (E^Γ_μ , D(E^Γ_μ )) is quasi–regular:

(Q) There exist χ_j ∈ D, χ_j ≥ 0, j ∈ N, and f_{ln} : E → R, l, n ∈ N, continuous such that:

(i) sup_{l∈}N f_{ln} = ρ( · , y_n) for all n ∈ N and some dense subset {y_n | n ∈ N} of E. (ii) There exists C ∈ (0, ∞) such that for all j, l, n ∈ N and all φ ∈ C^∞_b (R)

χ_j·(φ∘f_{ln}) ∈ D and S(χ_j·(φ∘f_{ln})) ≤ C sup(‖φ^′‖_∞, ‖φ‖_∞)^2(χ_j+S(χ_j)^{1/2})^2 .

(iii) For all k ∈ N there exists j ∈ N such that χ_j = 1 on E_k.

We shall see below that (Q) can even be relaxed (cf. condition (Q) in Subsection 4.3) and that (Q) (resp. (Q)) can be easily checked in applications (cf. Subsection 4.5).

We note that since by condition (D.1) the set D forms an algebra, condition (Q) (resp. (Q)) and a monotone class argument immediately implies that D and F^ΓC^∞_b (D) is dense in L^p(E; σ^μ), L^p(Γ_E; μ) respectively for all p ∈ [1, ∞).

4.1 Definition and a general criterion for quasi– regularity

Under condition (Q) (resp. (Q) in Subsection 4.3) the definition of quasi– regularity given in [MR92, Chap. IV, Def. 3.1] obviously simplifies as follows: (E^Γ_μ , D(E^Γ_μ )) on L^2(Γ_E; μ) is quasi–regular if and only if the following condition holds:

(Q.1) There exists an E^Γ_μ –nest (K_n)_{n∈}N consisting of compact sets in Γ_E.

We recall that a sequence (A_n)_{n∈}N of closed subsets of Γ_E is called an E^Γ_μ –nest, if

{F ∈ D(E^Γ_μ ) | F = 0 on Γ_E \ A_n for some n ∈ N }

is dense in D(E^Γ_μ ) w.r.t. the norm

‖ · ‖_EΓ_{μ,1} := E^Γ_{μ,1}(·, ·)^{1/2} := ( E^Γ_μ (·, ·) + (·, ·)_L2_{(ΓE ;μ)} )_{1/2} . The following proposition provides an easy-to-check condition for the quasi– regularity of (E^Γ_μ , D(E^Γ_μ )), which is that one needs a suitable “weakly differentiable” metric on Γ_E:

Proposition 4.1 Suppose there exists a bounded complete metric ρ̄ on Γ_E generating the (separable) {E_k}–vague topology such that for all γ ∈ Γ_E, ρ̄(·, γ) ∈ D(E^Γ_μ )and S^Γ(ρ̄(·, γ)) ≤ η μ–a.e. for some η ∈ L^1(Γ_E; μ) (independent of γ). Then (Q.1) holds.

Proof. The assertion follows directly from the proof of [RS95, Theorem 3.4]. For the reader’s convenience we repeat the main argument here: Let γ_n ∈ Γ_E,

n ∈ N, such that {γn | n ∈ N} is dense in ΓE w.r.t. the {Ek}–vague topology.

For each n ∈ N define F_n := inf_{1≤i≤n} ρ̄(·, γ_i) .

By [RS95, Lemma 3.2] we know that

S^Γ(F_n) ≤ sup_{1≤i≤n} S^Γ(ρ̄(·, γ_i)) ≤ η for all n ∈ N .

Hence by the Banach–Saks Theorem (see e.g. [MR92, Appendix A, Theorem 2.2])

G_N := 1 N N∑ k=1 F_{nk} −→_{N→∞} F ∈ D(E^Γ_μ ) w.r.t. ‖ · ‖_EΓ_{μ,1}

for some subsequence (n_k)_{k∈}N. Hence by [MR92, Chap. III, Proposition 3.5] there exists an E^Γ_μ –nest (A_n)_{n∈}N such that

G_N −→_{N→∞} F uniformly on A_n for all n ∈ N .

Since F_k(γ) ↓ 0 as k → ∞ for all γ ∈ Γ_E, it follows that

F_k −→_{k→∞} 0 uniformly on A_n for all n ∈ N .

This implies that each A_n is uniformly ρ̄–bounded. Since A_n is closed, ρ̄ is complete, and ρ̄ generates the topology of Γ_E, it follows that each A_n is compact. �

In Subsection 4.3 below we shall prove that (Q) (resp. (Q)) implies that the metric ρ̄ on Γ_E defined in (3.12) for properly chosen c_k, k ∈ N, can be taken as the metric ρ̄ in Proposition 4.1

First we need some preparations.

4.2 A larger class of cylinder functions

In this subsection we do not use condition (Q) (resp. (Q)). We consider the following norm | · |_Γ on F^ΓC^{∞,μ}_b (D):

|F |_Γ := (∫ S^Γ(F ) dμ )_{1/2} + ∫ |F | dμ, F ∈ F^ΓC^{∞,μ}_b (D). Let V be the completion of (F^ΓC^{∞,μ}_b (D), | · |_Γ). The inclusion map i : (F^ΓC^{∞,μ}_b (D), | · |_Γ) ⊂ (L^1(Γ_E; μ), ‖ · ‖_L1_{(ΓE;μ)}) extends uniquely to a continuous linear map ī from V to L^1(Γ_E; μ).

Lemma 4.2 ī : V −→ L^1(Γ_E; μ) is one–to–one, i.e., V → L^1(Γ_E; μ). Furthermore, S^Γ extends uniquely to a bilinear continuous map from (V, | · |_Γ) × (V, | · |_Γ) to L^1(Γ_E; μ).

Proof. Let F_n ∈ F^ΓC^{∞,μ}_b (D), n ∈ N, be a | · |_Γ–Cauchy–sequence such that F_n −→ 0 in L^1(Γ_E; μ) as n → ∞. By the Cauchy–Schwarz inequality

S^Γ(F_n − F_m) ≥ (S^Γ(F_n)^{1/2} − S^Γ(F_m)^{1/2})^2

for all n, m ∈ N, hence (S(F_n))_{n∈}N is a Cauchy–sequence in L^1(Γ_E; μ), hence converges to some Y in L^1(Γ_E; μ). We have to show that Y = 0. So, let φ ∈ C^∞_b (R) such that φ(0) = 0 and φ^′(0) = 1. Then φ(F_n) −→_{n→∞} 0 in L^2(Γ_E; μ) and by Lemma 1.4

S^Γ(φ(F_n) − φ(F_m)) = φ^′(F_n)^2 S^Γ(F_n) + φ^′(F_m)^2 S^Γ(F_m) +φ^′(F_n)φ^′(F_m) S(F_n − F_m) −φ^′(F_n)φ^′(F_m) (S(F_n) + S(F_m)) −→ n,m→∞ 0 in L^1(Γ_E; μ).

Hence (because (E^Γ_μ , F^ΓC^{∞,μ}_b (D)) is closable on L^2(Γ_E; μ)) we have that in L^1(Γ_E; μ)

0 = lim_{n→∞} S^Γ(φ(F_n)) = lim_{n→∞} φ^′(F_n)^2 S^Γ(F_n) = φ^′(0)^2 Y = Y

where we used Lemma 1.4 again. �

Lemma 4.3 Let f ∈ D. Then ⟨f, ·⟩ ∈ V and S^Γ(⟨f, ·⟩) = ⟨S(f), ·⟩. In particular, condition (S.σ^μ) holds.

Proof. Let n ∈ N and φ_n ∈ C^∞_b (R) such that 0 ≤ φ^′_n ≤ 1, φ_n(t) = t for t ∈ [−n, n] and φ_n(t) = (n + 1) sign t on R \ [−n − 2, n + 2]. Then φ_n(⟨f, ·⟩) ∈ F^ΓC^∞_b (D), φ_n(⟨f, ·⟩) → ⟨f, ·⟩ in L^1(Γ_E; μ) as n → ∞ and by definition for all n ∈ N S^Γ(φ_n(⟨f, ·⟩)) = φ^′_n(⟨f, ·⟩)^2⟨S(f), ·⟩, which converges to ⟨S(f), ·⟩ in L^1(Γ_E; μ). Hence the assertion follows from Lemma 4.2 resp. assumption (S^Γ.μ). �

Now we can consider the following norm on D^{σμ} : |f|_E := (∫ S(f) dσ^μ )_{1/2} + ∫ |f| dσ^μ, f ∈ D^{σμ} . Note that by Lemma 4.3

|f|_E = |⟨f, ·⟩|_Γ for all f ∈ D^{σμ} . (4.2)

Let D denote the completion of D^{σμ} w.r.t. | · |_E. Again the inclusion map i : (D^{σμ} , | · |_E) ⊂ (L^1(E; σ^μ), ‖ · ‖_L1_{(E;σ}μ_)) extends uniquely to a continuous linear map ī from D to L^1(E; σ^μ).

Lemma 4.4 ī : D → L^1(E; σ^μ) is one–to–one, i.e., D ⊂ L^1(E; σ^μ). Furthermore, S extends uniquely to a bilinear continuous map from (D, | · |_E) × (D, | · |_E) to L^1(E; σ^μ) satisfying (S.1)–(S.3) with D replaced by D.

Proof. Let f_n ∈ D^{σμ} , n ∈ N, be a | · |_E–Cauchy sequence such that f_n → 0 in L^1(E; σ^μ) as n → ∞. By (4.2) it follows that (⟨f_n, ·⟩)_{n∈}N is a | · |_Γ–Cauchy sequence in V such that ⟨f_n, ·⟩ → 0 in L^1(E; σ^μ) as n → ∞. Hence Lemma 4.2 and (4.2) imply that |f_n|_E → 0 as n → ∞. The remaining parts of the assertion then easily follow from (4.2). �

Remark 4.5 Of course, the above arguments to “close square field operators” are entirely standard. We repeated them here because usually the underlying space is L^2, whereas we had to work on L^1.

Finally, we can now prove the result we are aiming for, i.e., that an enlarged space of cylinder functions is contained in D(E^Γ_μ ).

Define F^ΓC^∞_b (D) := {g(⟨f_1, ·⟩, . . . , ⟨f_N , ·⟩) | N ∈ N, f_1, . . . , f_N σ^μ–versions of elements in D, g ∈ C^∞_b (R^N )}. (4.3)

Proposition 4.6 F^ΓC^{∞,μ}_b (D) ⊂ D(E^Γ_μ ) and (1.4) holds for S^Γ with D replaced by D. Furthermore, ⟨f, ·⟩ ∈ V and S^Γ(⟨f, ·⟩) = ⟨S(f), ·⟩ for all f ∈ D.

Proof. Let F = g_F (⟨f_1, ·⟩, . . . , ⟨f_N , ·⟩) ∈ F^ΓC^∞_b (D). Then for 1 ≤ j ≤ N there are f^{(n)}_j ∈ D, n ∈ N, such that lim_{n→∞} |f_j − f^{(n)}_j |_E = 0, hence by (4.2) lim_{n→∞} |⟨f_j, ·⟩ − ⟨f^{(n)}_j , ·⟩|_Γ = 0 . Consequently, F^{(n)} := g_F (⟨f^{(n)}_1 , ·⟩, . . . , ⟨f^{(n)}_N , ·⟩) −→_{n→∞} F in L^2(Γ_E; μ) and for all n, m ∈ N

S^Γ(F^{(n)} − F^{(m)}) = N∑ i,j=1 [ ∂_ig_F (⟨f^{(n)}_1 , ·⟩, . . . , ⟨f^{(n)}_N , ·⟩) ∂_jg_F (⟨f^{(n)}_1 , ·⟩, . . . , ⟨f^{(n)}_N , ·⟩) ⟨S(f^{(n)}_i , f^{(n)}_j ), ·⟩ +∂_ig_F (⟨f^{(m)}_1 , ·⟩, . . . , ⟨f^{(m)}_N , ·⟩) ∂_jg_F (⟨f^{(m)}_1 , ·⟩, . . . , ⟨f^{(m)}_N , ·⟩) ⟨S(f^{(m)}_i , f^{(m)}_j ), ·⟩ −2 ∂_ig_F (⟨f^{(n)}_1 , ·⟩, . . . , ⟨f^{(n)}_N , ·⟩) ∂_jg_F (⟨f^{(m)}_1 , ·⟩, . . . , ⟨f^{(m)}_N , ·⟩) ⟨S(f^{(n)}_i , f^{(m)}_j ), ·⟩ ]

−→ 0 in L^1(Γ_E; μ) as n, m → ∞, since S(f^{(n)}_i , f^{(m)}_j ) −→ S(f_i, f_j) for all 1 ≤ i, j ≤ N in L^1(E; σ^μ) as n, m → ∞ by Lemma 4.4. The second part of the assertion is now obvious, while the last part follows as in the proof of Lemma 4.3. � The following result, which will be used below, is well–known for square field operators on L^2 (cf. e.g. [RS95, Lemma 3.2]). We need it, however, on L^1. Since the proof is slightly different, we include it here. Lemma 4.7 Let f, g ∈ D. Then: (i) |f| ∈ D and |S(|f|, g)| ≤ |S(f, g)| σ^μ–a.e. (ii) f ∨ g := sup(f, g) ∈ D, f ∧ g := inf(f, g) ∈ D and S(f ∨ g) ∨ S(f ∧ g) ≤ S(f) ∨ S(g).

(iii) (f − a)^+ ∧ c ∈ D for all c ∈ [0, ∞], a ∈ R, and S((f − a)^+ ∧ c) ≤ S(f), where f^+ := f ∨ 0.

(iv) Let χ ∈ D and let u_n := E → R be B–measurable such that χu_n ∈ D ∩ L^2(E; σ^μ), n ∈ N, u_n → u σ^μ–a.e. as n → ∞, and there exists

– ∈ (0, ∞) such that |χu_n|_{E,2} := (∫ (S(χu_n) + (χu_n)^2) dσ^μ )_{1/2} ≤ –. Then χu ∈ D and 1 N N∑ k=1 χu_{nk} −→ χu as N → ∞ w.r.t. | · |_{E,2} for some subsequence (n_k)_{k∈}N. In particular, S(χu) ≤ lim sup_{n→∞} S(χu_n) .

(v) Let χ ∈ D ∩ L^2(E; σ^μ) and let u : E → R be B(E)–measurable such that for all φ ∈ C^∞_b (R), χ · (φ ∘ u) ∈ D and for some C ∈ (0, ∞) (independent of φ)

S(χ · (φ ∘ u)) ≤ C sup(‖φ^′‖_∞, ‖φ‖_∞)^2(χ + S(χ)^{1/2})^2.

Then χ · ((u − a)^+ ∧ c) ∈ D for all c ∈ [0, ∞), a ∈ R, and

S(χ((u − a)^+ ∧ c)) ≤ (c ∨ 1)^2C(χ + S(χ)^{1/2})^2 .

Proof. (i): For n ∈ N let φ_n ∈ C^∞(R) such that φ_n(t) → |t| as n → ∞ for all t ∈ R, |φ^′_n| ≤ 1, φ_n(0) = 0, φ^′_n(t) → sign t as n → ∞ for all t ∈ R. (E.g. for n ∈ N take δ_n ∈ C^∞_0 (R) such that δ_n ≥ 0, ∫ δ_n dt = 1, δ_n(t) = δ_n(−t) for all t ∈ R, supp δ_n ⊂] −^1_n ,^1_n [. Then define

φ_n(t) := ∫ |t − s| δ_n(s) ds − ∫ |s| δ_n(s) ds, t ∈ R.)

Then φ_n(f) ∈ D by Lemma 4.4 and φ_n(f) → |f| as n → ∞ in L^1(E; σ^μ) (because φ_n(f) ≤ |f| for all n ∈ N). Furthermore, for all n, m ∈ N by (S.1) (cf. Lemma 4.4)

S(φ_n(f) − φ_m(f)) = (φ^′_n(f) − φ_m(f))^2 S(f).

Consequently, (φ_n(f))_{n∈}N is a | · |_E–Cauchy sequence, so Lemma 4.4 implies that |f| ∈ D. Furthermore, by (S.1) we have in L^1(E; σ^μ) |S(|f|, g)| = lim_{n→∞} |S(φ_n(f), g)| = lim_{n→∞} |φ^′_n(t) S(f, g)| ≤ |S(f, g)|.

(ii): Using that f ∨ g =^1_2 (f + g + |f − g|) and f ∧ g = − sup(−f, −g), the proof of (ii) can be deduced from (i) by exactly the same arguments as used in the proof of Lemma 3.2 in [RS95].

(iii): For n ∈ N we choose φ̃_n ∈ C^∞_b (R) such that φ̃_n(t) = t for t ∈ [0, c), φ̃_n(t) = −^1_n for t ∈ (−∞, −^2_n ], φ̃_n(t) = c+^1_n for t ∈ (c+^2_n , ∞), and 0 ≤ φ̃^′_n ≤ 1. Let φ_n(t) := φ̃_n(t − a) − φ̃_n(−a), t ∈ R. Then φ_n(f) → (f − a)^+ ∧ c in L^1(E; σ^μ) as n → ∞, and hence exactly the same arguments as in the proof of assertion (i) imply (iii).

(iv): Let D_2 := {χu ∈ D ∩ L^2(E; σ^μ) | u : E → R , B(E)–measurable} and let D_2 be the completion of D_2 w.r.t. |χu|_{E,2} := (∫ (S(χu) + (χu)^2) dσ^μ )_{1/2} . Then the embedding i : (D_2, | · |_{E,2}) ⊂ (L^2(E; σ^μ), ‖ · ‖_L2_{(E;σ}μ_)) uniquely extends to a continuous linear map ī : D_2 → L^2(E; σ^μ). ī is one–to–one, i.e., D_2 ⊂ L^2(E; σ^μ). (Indeed, if χu_n ∈ D_2, n ∈ N, such that χu_n → 0 as n → ∞ in L^2(E; σ^μ) and S(χ(u_n −u_m)) → 0 as n, m → ∞ in L^1(E; σ^μ), then χu_n → 0 as n → ∞ in L^1(E; σ^μ), since χ ∈ F_b({E_k}). Hence by Lemma 4.4, S(χu_n) → 0 as n → ∞ in L^1(E; σ^μ).) Therefore, assertion (iv) follows immediately from the Banach–Saks Theorem applied to the Hilbert space (D, | · |_{E,2}). (v): For n ∈ N we choose φ̃_n as in the proof of (iii). Then χφ̃_n(u) → χ · ((u − a)^+ ∧ c) in L^2(E; σ^μ) as n → ∞ and by assumption for all n ∈ N

S(χφ̃_n(u)) ≤ (c ∨ 1)^2 C (χ + S(χ)^{1/2})^2.

Hence the assertions follows by (iv). �

4.3 A weakly differentiable metric on ΓE

Below we shall use a weaker version of condition (Q), namely with D in (Q)(ii) replaced by the bigger set D defined in the previous subsection. We shall refer to this version as condition (Q). We recall that ϕ_k, k ∈ N, in (3.12) was defined as

ϕ_k :=

1 + δ_k δ_k g_{Ek,δk} (4.4) where g_{Ek,δk} is as defined in (3.3) and E_k, δ_k is as in the introductory part of this section. In this subsection we shall prove the following result.

Proposition 4.8 Assume condition (Q) holds. Set

c_k := (1 + ∫ χ̃^2_{jk} dσ^μ)^{−1/2}2^{−k/2}, k ∈ N ,

where χ̃_{jk} is as in Lemma 4.10 below, and as in (3.12) define

ρ̄(γ_1, γ_2) := sup_{k∈} N c_k ζ(ρ̄_0(ϕ_k · γ_1, ϕ_k · γ_2)). (4.5)

Then ρ̄ satisfies the conditions of Proposition 4.1 with η := sup_{k∈}N(2^{−k}(1 + ∫ χ̃^2_{jk} dσ^μ)^{−1}⟨χ̃^2_{jk} , ·⟩).

As a consequence of Propositions 4.1 (see also the discussion preceding it) and 4.8 we have:

Corollary 4.9 If condition (Q) holds, then (E^Γ_μ , D(E^Γ_μ )) is quasi–regular.

For the proof of Proposition 4.8 we need several lemmas. We assume (Q) to hold further on.

Lemma 4.10 Let ε > 0, k ∈ N, and A ⊂ E, A closed. Let j_k ∈ N such that χ_{jk} = 1 on E_{k+1} (where χ_j , j ∈ N, is as in assumption (Q)). Then ϕ_k g_{A,ε} ∈ D and S(ϕ_k g_{A,ε}) ≤ χ̃^2_{jk} where χ̃_{jk} := 2δ^{−1}_k χ_{jk} [ S(χ_{jk} )^{1/2} + C(χ_{jk} + S(χ_{jk} )^{1/2})

]_2 with C as in assumption (Q).

Proof. Claim. Let j ∈ N. Then χ_j g_{A,ε} ∈ D and S(χ_jg_{A,ε}) ≤ ( ε ∨ 1 1 + ε

)_2 [ S(χ_j)^{1/2} + C(χ_j + S(χ_j)^{1/2})

]_2 σ^μ–a.e.

To prove the Claim we note that by Lemma 4.7 (ii), (v) and condition (Q) (see also Lemma 4.4) for all ε ∈ (0, ∞), n, N ∈ N g_{Nn} := χ_j(ε − sup_{l≤N} f^+_{ln} ∧ ε) ∈ D and S(g_{Nn}) ≤ (ε ∨ 1)^2[S(χ_j)^{1/2} + C(χ_j + S(χ_j)^{1/2})]^2 σ^μ–a.e.

Let n ∈ N. Since by condition (Q), lim_{N→∞} g_{Nn}(x) = χ_j(x)(ε − ρ(x, y_n) ∧ ε) for all x ∈ E and in L^2(E; σ^μ), we conclude by Lemma 4.7 (iv) that χ_j(ε − ρ(·, y_n) ∧ ε) ∈ D and that S(χ_j(ε − ρ(·, y_n) ∧ ε)) ≤ (ε ∨ 1)^2 [ S(χ_j)^{1/2} + C(χ_j + S(χ_j)^{1/2})

]_2

σ^μ–a.e.

By exactly the same arguments we then obtain that the same holds for χ_j(ε− ρ(·, y) ∧ ε) for all y ∈ E. Now pick a dense subset {x_n | n ∈ N} of A and consider for N ∈ N u_N := sup_{n≤N} χ_j(ε − ρ(·, x_n) ∧ ε) = χ_j(ε − inf_{n≤N} ρ(·, x_n) ∧ ε) . Then by Lemma 4.7 (ii) and the above, u_N ∈ D and

S(u_N ) ≤ (ε ∨ 1)^2 [ S(χ_j)^{1/2} + C(χ_j + S(χ_j)^{1/2})

]_2 . Since u_N (x) → χ_j(x)(ε − ρ(x, A) ∧ ε) as N → ∞ for all x ∈ E and in L^2(E; σ^μ), the Claim follows by the definition of g_{A,ε} (cf. (3.3)).

Since χ_{jk} = 1 on E_{k+1}, we have that ϕ_kg_{A,ε} = 1 + δ_k δ_k (χ_{jk} g_{Ek,δk} ) · (χ_{jk} g_{A,ε}) . Hence by the Claim and (S.1) (cf. Lemma 4.4) S(ϕ_kg_{A,ε}) ≤ 4 ( δ_k ∨ 1 δ_k )_2 ( ε ∨ 1 1 + ε

)_2 χ^2_{jk} [ S(χ_{jk} )^{1/2} + C(χ_{jk} + S(χ_{jk} )^{1/2})

]_2 , (4.6) and the assertion follows. �

Lemma 4.11 Let k ∈ N, γ_0 ∈ Γ_E, and set F_k(γ) := ζ(ρ̄_0(ϕ_k · γ, ϕ_k · γ_0)), γ ∈ Γ_E.

(with ρ̄_0 as in (3.9)). Then F_k ∈ D(E^Γ_μ ) and S^Γ(F_k) ≤ ⟨χ̃^2_{jk} , ·⟩ μ–a.e.

Proof. Let A ⊂ E, A closed. By Lemma 4.10 and Proposition 4.6 |⟨ϕ_k g_{A,ε}, ·⟩ − ⟨ϕ_k g_{A,ε}, γ_0⟩| ∈ D(E^Γ_μ ) and S^Γ(|⟨ϕ_kg_{A,ε}, ·⟩ − ⟨ϕ_kg_{A,ε}, γ_0⟩|) ≤ ⟨χ̃^2_{jk} , ·⟩ μ–a.e. (since 1 ∈ D(E^Γ_μ ) and S^Γ(1) = 0 by Remark 1.3). Hence by Proposition 4.6 and [RS95, Lemma 3.2] for all n ∈ N, ζ(sup_{j≤n} |⟨ϕ_kg_{Aj ,εj} , ·⟩−⟨ϕ_kg_{Aj ,εj} , γ_0⟩|) ∈ D(E^Γ_μ ) and S^Γ(ζ(sup_{j≤n} |⟨ϕ_kg_{Aj ,εj} , ·⟩ − ⟨ϕ_kg_{Aj ,εj} , γ_0⟩|)) ≤ ⟨χ̃^2_{jk} , ·⟩ μ–a.e. (4.7) where (A_j, ε_j), j ∈ N, are as specified in Corollary 3.3. Since ζ(sup_{j≤n} |⟨ϕ_kg_{Aj ,εj} , γ⟩ − ⟨ϕ_kg_{Aj ,εj} , γ_0⟩|) → F_k(γ) as n → ∞ for all γ ∈ Γ_E, and in L^2(Γ_E; μ), (4.7) and the Banach–Saks Theorem implies the assertion. � Proof of Proposition 4.8. Let γ_0 ∈ Γ_E. Then by Lemma 4.11 for all k ∈ N S^Γ(c_kF_k) ≤ 2^{−k}(1 + ∫ χ̃^2_{jk} dσ^μ)^{−1}⟨χ̃^2_{jk} , ·⟩ ≤ η μ–a.e., thus by [RS95, Lemma 3.2] for all n ∈ N S^Γ(sup_{k≤n} c_kF_k) ≤ η μ–a.e.

But sup_{k≤n} c_kF_k → ρ̄(·, γ_0) as n → ∞ μ–a.e. and in L^2(Γ_E; μ). Hence the assertion follows by the Banach–Saks Theorem, since ∫ η dμ ≤ ∞∑ k=1 2^{−k}(1 + ∫ χ̃^2_{jk} dσ^μ)^{−1} ∫ χ̃^2_{jk} dσ^μ < ∞. �

4.4 Corresponding diffusions

The following is now easy to prove:

Proposition 4.12 Assume that condition (Q) holds. Then (E^Γ_μ , D(E^Γ_μ )) has the local property (i.e., E^Γ_μ (F, G) = 0 provided F, G ∈ D(E^Γ_μ ) with supp (|F |μ) ∩ supp (|G|μ) = ∅).

Proof. By the Cauchy–Schwarz inequality it suffices to prove the following:

Claim. Let F ∈ D(E^Γ_μ ). Then

S^Γ(F ) = 0 μ–a.e. on Γ_E \ supp (|F | · μ).

To prove the claim we take G ∈ D(E^Γ_μ ) such that 0 ≤ G ≤ 1_{ΓE\supp (|F |·μ)} and G > 0 μ–a.e. on Γ_E \supp (|F |·μ). Such a function G exists by [MR92, Chap. V, Proposition 1.7] since (E^Γ_μ , D(E^Γ_μ )) is quasi–regular. (In our case here we can actually prove by similar arguments as in the previous subsection that ρ̄(·, A) ∈ D(E^Γ_μ ) for all A ⊂ Γ_E, so we can take G := ρ̄(·, supp (|F | · μ)) ∧ 1.) Then GF = 0, hence 0 = S^Γ(GF, F ) = GS^Γ(F ) + F S^Γ(G, F ), therefore, S^Γ(F ) = 0 on {G > 0} = Γ_E \ supp (|F | · μ). � As a consequence of Proposition 4.12, Corollary 4.9, and [MR92, Chap.IV, Theorem 3.5, and Chap.V, Theorem 1.11] we now obtain the main result of this section.

Theorem 4.13 Assume that condition (Q) holds. Then there exists a conservative (strong Markov) diffusion process M = (Ω, F, (F_t)_{t≥0}, (Θ_t)_{t≥0}, (X_t)_{t≥0}, (P_γ)_{γ∈ΓE} )

on Γ_E (cf. [Dy65]) which is properly associated with (E^Γ_μ , D(E^Γ_μ )), i.e., for all (μ-versions of) F ∈ L^2(Γ_E; μ) and all t > 0 the function γ → p_tF (γ) := ∫ � F (X_t) dP_γ, γ ∈ Γ_E, (4.8)

is an E^Γ_μ -quasi-continuous version of exp(tH^Γ_μ )F , where H^Γ_μ is the generator of (E^Γ_μ , D(E^Γ_μ )) (cf. [MR92, Chap. I, Sect. 2]). M is up to μ-equivalence unique (cf. [MR92, Chap. IV, Sect. 6]). In particular, M is μ–symmetric (i.e., ∫ G p_tF dμ = ∫ F p_tG dμ for all F, G : Γ_E → R_+ , B(Γ_E)-measurable) and has μ as an invariant measure.

4.5 Examples

4.5.1 Riemannian manifolds

Consider the situation described in Subsections 1.4.1 resp. 2.4.1. We have already seen there that all assumptions except for (Q) made in this section are fulfilled, if μ = π_σ, resp. if μ is a Gibbs measure of Ruelle type. To show that Corollary 4.9, Proposition 4.12, and Theorem 4.13 apply we have to verify condition (Q) in this case.

Let us assume that our manifold E := X is complete, and let ρ be the distance function on X coming from the Riemannian metric. Then the existence of χ_j, j ∈ N, as in (Q) are guaranteed by the well–known Gaffney Lemma (cf. [Ba87]). The functions f_k ∈ D, k ∈ N, in (Q) can be taken to be in C^1_b (X). Their existence is well–known for large classes of (infinite dimensional) Finsler manifolds (cf. [EM97, Sect. 2] and references therein). Clearly, then χ_jf_k ∈ D for all j, k ∈ N, and (Q) (ii) follows from the chain rule. Hence even condition (Q) holds in this case.

Remark 4.14 The above result generalizes corresponding results in [Os96], [Y96]. But even in the special cases considered there our result is not covered by theirs, since our Dirichlet forms a priori have a smaller domain. So, our quasi–regularity implies theirs, but not vice versa. Whether the two domains actually coincide, is presently an open problem.

4.5.2 The free loop space

Consider the situation described in Subsections 1.4.2 resp. 2.4.2. Also here we already know that all our assumptions except for (Q) are fulfilled e.g. if μ is the Poisson measure on Γ_{L(}Rd_) (or if μ is one of the more general measures described in Remark 2.11). That (Q) is valid can also be derived from Proposition 2.8 in [EM97]. But its proof is based on a number of references containing substantial work on Finsler manifolds and, particularly, general classes of mapping spaces as examples of such (cf. [At78], [Pe67], and [Kr72]). So, we prefer to give a short direct and complete proof here.

Let k ∈ N and let E_k (and U_k) be as in (1.17) and δ_k :=^1_2 . Let χ̃_k ∈ C^∞_0 (U_{k+1}) such that χ̃_k ≥ 0 and χ̃_k = 1 on U_k. For j ∈ N define χ_j : L(R^d ) →

R+ by_χ

j(ω) := χ̃_j(ω(0)) , ω ∈ L(R^d ).

Clearly, χ_j ∈ D and (Q) (iii) holds. Furthermore, let {ω_n | n ∈ N} be a dense subset of L(R^d ) w.r.t. the uniform norm ‖ · ‖_∞, and define for k, n ∈ N, i ∈ {1, . . . , d} f_{i,k,n}(ω) := φ(x^i(ω(s_k) − ω_n(s_k))), ω ∈ L(R^d ) , where φ ∈ C^∞_b (R) is a fixed odd function such that |φ| ≤ 2, 0 ≤ φ^′ ≤ 1, φ^{′′} ≤ 0 on [0, ∞), and φ(x) = x for x ∈ [−1, 1]. Furthermore, {s_k | k ∈ N} is a dense subset of [0, 1] and x^i : R^d → R, 1 ≤ i ≤ d, are the standard coordinate functions (cf. [ALR93], [RS95, Subsection 4b)]). By [AMR97, Lemma 5.2.2] it follows that (Q) (ii) holds for f_{l,n}, l, n ∈ N, if {f_{i,k,n} | i, k, n ∈ N} is renumbered appropriately. But obviously for all n ∈ N, ω ∈ L(R^d ) sup_{1≤i≤d} k∈N f_{i,k,n}(ω) = ‖ω − ω_n‖_∞ ∧ 1 .

So, (Q) (i) holds for ρ(ω, ω^′) := ‖ω − ω^′‖_∞ ∧ 1, ω, ω^′ ∈ L(R^d ). Taking this uniformly equivalent metric, we see that (Q) holds and thus Corollary 4.9, Proposition 4.12, and Theorem 4.13 apply.

Appendix

In this appendix we want to compare the {E_k}–vague topology on Γ_E introduced in Subsection 3.3 and the usual topology on configuration spaces described e.g. in [Sh94]. To this end let us set

Γ_{Ek} := {γ ∈ Γ_E | γ(E \ E_k) = 0} , k ∈ N.

For each k ∈ N, there is a natural projection map p_k : Γ_E → Γ_{Ek} defined by p_kγ := I_{Ek} · γ. The family of p_k determines an injection map I : Γ_E → ∏ k∈N Γ^Ek by setting I(γ) := (p^kγ)^{k∈}N. We give each Γ^Ek the topology induced by ρ̄ and give ∏ k∈N Γ^Ek the product topology. Then I induces a topology (which below will be called the I^∗–topology) on Γ_E. For

k ∈ N and n ∈ N, we set

Γ^{(n)}_{Ek} := {γ ∈ Γ_{Ek} | γ(E_k) = n} .

Lemma A.1 Γ^{(n)}_{Ek} is both ρ̄–open and ρ̄–closed in Γ_{Ek} .

Proof. Let γ_j ∈ Γ^{(n)}_{Ek} , j ∈ N, and ρ̄(γ_j, γ) −→_{j→∞} 0 for some γ ∈ Γ_{Ek} . Then

γ(E_k) = ∫ E ϕ_{k+1} dγ = lim_{j→∞} ∫ E ϕ_{k+1} dγ_j = n ,

where ϕ_{k+1} is specified in (3.12). Hence Γ^{(n)}_{Ek} is closed. Let γ ∈ Γ^{(n)}_{Ek} and γ^′ ∈ Γ_{Ek} be such that ρ̄(γ, γ^′) < 2^{−k−2}. Then by (3.12) and (3.7) we have

|γ(E_k) − γ^′(E_k)| ≤ ρ̄_0(ϕ_{k+1} · γ, ϕ_{k+1} · γ^′) ≤ 2^{k+1} ρ̄(γ, γ^′) < 1 2 . Hence n −^1_2 ≤ γ^′(E_k) ≤ n +^1_2 . But γ^′(E_k) must be an integer. Therefore γ^′(E_k) = n and γ^′ ∈ Γ^{(n)}_{Ek} . This means that {γ^′ ∈ Γ_{Ek} | ρ̄(γ, γ^′) < 2^{−k−2}} ⊂ Γ^{(n)}_{Ek} . Since γ ∈ Γ^{(n)}_{Ek} was arbitrary, Γ^{(n)}_{Ek} is ρ̄–open in Γ_{Ek} . � For γ ∈ Γ^{(n)}_{Ek} let {χ_i(γ) | 1 ≤ i ≤ n} be the n distinct points in E_k such that γ({χ_i(γ)}) = 1 for all 1 ≤ i ≤ n. In [Sh94] a metric on Γ^{(n)}_{Ek} has been defined by

d^{(n)}_k (γ, γ^′) := inf_{σ∈Λn} n∑ i=1 ρ(χ_i(γ), χ_{σ(i)}(γ^′)) ∀γ, γ^′ ∈ Γ^{(n)}_{Ek} , where Λ_n is the permutation group on {1, 2, . . . , n}. Lemma A.2 ρ̄ and d^{(n)}_k generate the same topology on Γ^{(n)}_{Ek} .

Proof. Since ρ̄ restricted to Γ^{(n)}_{Ek} is equivalent to ρ̄_0. We need only to compare ρ̄_0 and d^{(n)}_k . Note that for g_{A,ε} as in (3.4), we have |g_{A,ε}(x)−g_{A,ε}(y)| ≤ ρ(x, y) for all x, y ∈ E. Hence for γ, γ^′ ∈ Γ^{(n)}_{Ek} |ḡ_{A,ε}(γ) − ḡ_{A,ε}(γ^′)| = | n∑ i=1 g_{A,ε}(χ_i(γ)) − n∑ i=1 g_{A,ε}(χ_i(γ^′))| ≤ d^{(n)}_k (γ, γ^′) . Consequently, ρ̄_0(γ, γ^′) ≤ d^{(n)}_k (γ, γ^′) , ∀γ, γ^′ ∈ Γ^{(n)}_{Ek} . (A.1)

On the other hand, for fixed γ ∈ Γ^{(n)}_{Ek} we set

β := 1 5 inf{ρ(χ_i(γ), χ_j(γ)) | i ≠ j} . For α < β let f_x(ω) be defined as in (3.14). Let γ^′ ∈ Γ^{(n)}_{Ek} , ρ̄_0(γ, γ^′) <^α_{2(1+α)} . Then we have for each i |1 − n∑ j=1 f_{χi(γ)}(χ_j(γ^′))|

= | ∫ f_{χi(γ)} dγ − ∫ f_{χi(γ)} dγ^′| ≤ 1 + α α ρ̄_0(γ, γ^′) ≤ 1 2 . (A.2) Therefore, there must be some j satisfying ρ(χ_i(γ), χ_j(γ^′)) < 2α . Otherwise, we would have ∑_n i=1 f_{χi(γ)}(χ_j(γ^′)) = 0, contradicting (A.2).

Since (A.2) holds for each 1 ≤ i ≤ n, hence d^{(n)}_k (γ, γ^′) ≤ 2nα < 3nα, which means that

{γ^′ ∈ Γ^{(n)}_{Ek} | ρ̄_0(γ, γ^′) < α 2(1 + α) } ⊂ {γ^′ ∈ Γ^{(n)}_{Ek} | d^{(n)}_k (γ, γ^′) < 3nα}. Since α < β was arbitrary, the ρ̄_0–topology is stronger than the d^{(n)}_k –topology. This together with (A.1) implies that ρ̄_0 and d^{(n)}_k generate the same topology on Γ^{(n)}_{Ek} . �

The above Lemmas A.1 and A.2 imply that the I^∗–topology on Γ_E coincides with the topology described in [Sh94]. We now give some remarks on the comparison between the I^∗–topology and ρ̄–topology on Γ_E. Remark A.3 (i) It is easy to see that the ρ̄–topology is weaker (i.e., contains less opens sets) than the I^∗–topology. But they do not coincide. For example, let x ∈ ∂E_k for some k and take x_j ∈ E_k, j ∈ N, such that ρ(x_j, x) −→_{j→∞} 0. Then (δ_{xj} )_{j∈}N converges to δ_x weakly and ρ̄(δ_{xj} , δ_x) −→_{j→∞} 0. But (δ_{xj} )_{j∈}N does

not converge to δ_x in the I^∗–topology. Because we have p_kδ_{xj} = δ_{xj} ∈ Γ^{(1)}_{Ek} and p_kδ_x = 0 ∈ Γ^{(0)}_{Ek} , hence (p_kδ_{xj} )_{j∈}N and p_kδ_x are in two disconnected components of Γ_{Ek} (cf. Lemma A.1).

(ii) On the other hand the Portemanteau Theorem implies that the I^∗– topology and ρ̄–topology coincide on Γ^0_E := {γ ∈ Γ_E | γ(∂E_k) = 0 for all k ∈

N}. Note that in the classical case ΓE \ Γ^0_E is negligible w.r.t. Poisson

measure.

(iii) Since both Γ(E) equipped with the ρ̄–topology and Γ(E) equipped with the I^∗–topology are (topological) Lusin spaces and since the latter topology is finer than the first, it follows that the corresponding Borel σ–algebras coincide (cf. [Sch73]).

Acknowledgements We would like to thank Sergio Albeverio and Yuri Kondratiev for fruitful discussions about this paper. Financial support by the German Science Foundation (DFG) through the Sonderforschungsbereich 343, by the Ministry of Science and Education of Nordrhein–Westfalen and the EU–TMR Project, No. ERB–FMRX–CT96–0075 is gratefully acknowledged.

References

[AKR96a] S. Albeverio, Y.G. Kondratiev, M. Röckner: Differential geometry of Poisson spaces. C.R. Acad. Sci. Paris, t. 323, Série I, 1129–1134 (1996).

[AKR96b] S. Albeverio, Y.G. Kondratiev, M. Röckner: Canonical Dirichlet operator and distorted Brownian motion on Poisson spaces. C.R. Acad. Sci. Paris, t. 323, Série I, 1179–1184 (1996).

[AKR98] S. Albeverio, Y.G. Kondratiev, M. Röckner: Geometry and Analysis on configuration spaces. J. Funct. Anal. 154, 444–500 (1998).

[AKR97a] S. Albeverio, Y.G. Kondratiev, M. Röckner: Geometry and analysis on configuration spaces. The Gibbsian case. SFB–343– Preprint 1997. To appear in: J. Funct. Anal.

[AKR97b] S. Albeverio, Y.G. Kondratiev, M. Röckner: Diffeomorphism groups, current algebras and all that: configuration space analysis in quantum theory. SFB–343–Preprint 1997. To appear in: Reviews in Math. Phys.

[AKMR98] S. Albeverio, Y.G. Kondratiev, Z.M. Ma, M. Röckner: Stochastic dynamics for quantum continuous systems. In preparation.

[ALR93] S. Albeverio, R. Léandre, M. Röckner: Construction of a rotational invariant diffusion on the free loop spaces. C.R. Acad. Sci. Paris, t. 316, Série I, 287–292 (1993).

[AMR93] S. Albeverio, Z.M. Ma, M. Röckner: Quasi–regular Dirichlet forms and Markov processes. J. Funct. Anal. 111, 118–154 (1993).

[AMR97] S. Albeverio, Z.M. Ma, M. Röckner: Partitions of unity in Sobolev spaces over infinite dimensional state spaces. J. Funct. Anal. 143, 247–268 (1997).

[At78] C.J. Atkin: Bounded complete Finsler structures. 1 Studia Math. LXII, 219–228 (1978).

[Ba87] D. Bakry: Étude des transformations de Riesz dans les variétés a courbure minorée. Lect. Notes Math. 1247, 137–172, Berlin: Springer 1987.

[BH91] N. Bouleau, F. Hirsch: Dirichlet forms and analysis on Wiener spaces. Berlin–New York: de Gruyter 1991.

[Di69] J. Dixmier: Les algebres d’opŕateur dans l’espaces hilbertién. Paris: Gauthier–Villars 1969.

[dSKR98] J.L. da Silva, Y.G. Kondratiev, M. Röckner: On a relation between intrinsic and extrinsic Dirichlet forms for interacting particle systems. Preprint 1998.

[Du89] R.M. Dudley: Real analysis and probability. Pacific Grove: Wadsworth 1989.

[Dy65] E. B. Dynkin: Markov processes. Berlin: Springer 1965.

[EM97] K.D. Elworthy, Z.M. Ma: Vector fields on mapping spaces and related Dirichlet forms and diffusions. Osaka J. Math. 34, 626– 651 (1997).

[FOT94] M. Fukushima, Y. Oshima, M. Takeda: Dirichlet forms and symmetric Markov processes. Berlin: de Gruyter 1994.

[Go98] R. Goschnick: Doctorate Thesis, University of Bielefeld (1998).

[JL91] J.D.S. Jones, R. Léandre: L^p–Chen forms on loop spaces. In: Stochastic Analysis, ed. by M. Barlow and N. Bingham, 103– 163, Cambridge: Cambridge University Press 1991.

[KLRRSh97] Yu. G. Kondratiev, E.W. Lytvynov, A.L. Rebenko, M. Röckner, G.V. Shchepan’uk: Euclidean Gibbs states for quantum systems with Boltzmann statistics via cluster expansions. Methods of Funct. Anal. and Top. 3, 62–81 (1997).

[Kr72] N. Krikorian: Differentiable structures on function spaces. Trans. Am. Soc. 17, 62–82 (1972).

[L93] R. Léandre: Integration by parts formulas and rotationally invariant Sobolev calculus on free loop spaces. J. of Geometry and Physics 11, 517–528 (1993).

[L97] R. Léandre: Invariant Sobolev calculus on free loop spaces. Acta Appl. Math. 46, 267–350 (1997).

[MR92] Z.M. Ma, M. Röckner: An introduction to the theory of (non– symmetric) Dirichlet forms. Berlin: Springer 1992.

[MRZ98] Z.M. Ma, M. Röckner, T.S. Zhang: Approximation of Dirichlet processes by Markov chains. Ann. Inst. Henri Poincaré 34, 1–22 (1998).

[Mec67] J. Mecke: Stationäre zufällige Maße auf lokalkompakten abelschen Gruppen. Z. Wahrsch. verw. Geb. 9, 36–58 (1967).

[NZ79] X.X. Nguyen, H. Zessin: Integral and differential characterization of the Gibbs process. Math. Nachr. 88, 105–115 (1979).

[Os96] H.Osada: Dirichlet form approach to infinite-dimensional Wiener processes with singular interactions. Commun. Math. Phys. 176, 117-131 (1996).

[Pe67] J.P. Penot: Varietés differentiables d’applications et de chemins. C.R. Acad. Sci. Paris, Série A–B264, A1066–A1068 (1967).

[R98] M. Röckner: Stochastic analysis on configuration spaces: basic ideas and recent results. SFB-343-Preprint 1998. To appear in: New directions in Dirichlet forms. International Press.

[RS95] M. Röckner, B. Schmuland: Quasi–regular Dirichlet forms: examples and counterexamples. Can. J. Math. 47, 165–200 (1995).

[RS98] M. Röckner, B. Schmuland: A support property for infinite dimensional interacting diffusion processes. C.R. Acad. Sci. Paris, t. 326, Série I., 359–364 (1998).

[RSch98] M. Röckner, A. Schied: Rademacher’s theorem on configuration spaces and applications. SFB–343–Preprint 1998.

[Sch73] L. Schwartz: Radon measures on arbitrary topological space and cylindrical measures. London: Oxford University Press 1973.

[Sh94] Shimomura: Poisson measures on the configuration space and unitary representations of the group of diffeomorphisms. J. Math. Kyoto Univ. 34, 599–614 (1994).

[Y96] M.W.Yoshida: Construction of infinite-dimensional interacting diffusion processes through Dirichlet forms, Probab. Th. Rel. Fields 106, 265-297 (1996).