Ray Hölder-continuity for Fractional Sobolev Spaces in Infinite Dimensions and Applications

Jiagang REN Department of Mathematics Huazhong University of Science and Technology Wuhan, Hubei 430074 P.R.China

Michael RÖCKNER Fakultät für Mathematik Universität Bielefeld 33615 Bielefeld Germany

Abstract

We prove Hölder-continuity on rays in the direction of vectors in the (generalized) Cameron-Martin space for functions in Sobolev spaces in L^p of fractional order α ∈ (^1_p , 1) over infinite dimensional linear spaces. The underlying measures are required to satisfy some easy standard structural assumptions only. Apart from Wiener measure they include Gibbs measures on a lattice and Euclidean interacting quantum fields in infinite volume. A number of applications, e.g., to the two-dimensional polymer measure, are presented. In particular, irreducibility of the Dirichlet form associated with the latter measure is proved without restrictions on the coupling constant.

AMS Mathematics Subject Classification (1991): Primary: 60H07, 31C25 Secondary: 28C20, 46G12

Key words: Fractional order Sobolev spaces in infinite dimensions, Hölder continuity, Malliavin calculus, Dirichlet forms, Euclidean quantum fields, irreducibility.

Contents

1. Introduction

2. A general result for a class of probability measures on linear space

2.1 Framework 2.2 The general result 2.3 Classical gradient Dirichlet forms

3. Examples

3.1 Abstract Wiener spaces 3.2 Gibbs measures for lattice systems 3.3 The free Euclidean field 3.4 Euclidean P (Φ)_2-quantum fields in infinite volume

4. Proof of Theorem 2.1

5.Applications

5.1 Invariance of closedness under Doob transforms 5.2 Invariance of irreducibility under Doob transforms 5.3 The two-dimensional polymer measure

References

1 Introduction

Let H^α_p (R^n ) denote the usual (α, p)-Sobolev space over R^n constructed in terms of Fourier transforms of tempered distributions. The well-known Sobolev embedding theorem states that if αp > n, then every element in H^α_p (R^n ) admits a continuous version ([42, Chap. 2] or [1]).

The analogue of H^α_p (R^n ) over an abstract (infinite dimensional) Wiener space is the Malliavin-Watanabe space D^α_p which is defined in terms of the Ornstein-Uhlenbeck operator and which is a fundamental object in Malliavin Calculus. Since the main Wiener functionals of interest in Malliavin Calculus are Itô functionals obtained as stochastic integrals and solutions of stochastic differential equations with smooth coefficients, it was the spaces D^α_p with integer α which were mainly studied ([19, 27, 44]).

Recently, however, due to rising interest in refining certain results in Malliavin Calculus and also due to the fact that many important Wiener functionals such as local times and self-intersection local time are not smooth Wiener functionals but only belong to some fractional Sobolev spaces, the latter have received much attention ([18, 25, 33, 45]).

Because of the infinite dimensionality of the underlying space, Sobolev spaces over an abstract Wiener space lack many properties of Sobolev spaces over finite dimensional spaces. For example, it is well-known that even smooth Wiener functionals (that is, Wiener functionals belonging to all the Sobolev spaces) may be discontinuous. Thus analogues of Sobolev-type embedding theorems do not hold. Nevertheless, we know that for every fixed direction in the Cameron-Martin space every element in D^1_p has a modification which is almost surely absolutely continuous in this direction, provided p > 1 ([21, 41]).

The corresponding result for fractional Sobolev spaces on Wiener space to be expected is the following (see also Remark 2.2 below for the higher dimensional analogue):

Suppose αp > 1. For every fixed direction in the Cameron-Martin space H, any element in D^α_p admits a modification which is Hölder continuous along this direction.

We give a proof of this result which (apart from Kolmogorov’s continuity criterion) is based on operator semi-group theory. It turns out that this proof works in much more general cases than just the abstract Wiener space case. In fact, a large class of probability measures on linear spaces satisfying some easy standard structural conditions (see condition (C) in Subsection 2.1) can be taken to replace Wiener measure. We describe the framework and the general result in Section 2 (cf. Theorem 2.1), where we also present some general examples in the case p = 2 (see Subsection 2.3).

In Section 3 we give a number of concrete examples showing that the above class of probability measures apart from Wiener measure, in particular, includes Gibbs measures on a lattice as well as Euclidean quantum fields with polynomial (self-)interactions in infinite volume.

Section 4 is devoted to the proof of the general result, Theorem 2.1, while in Section 5 we discuss applications. We first prove general results on the invariance of closedness and irreducibility of classical Dirichlet forms under Doob transforms (cf. Proposition 5.1 and Corollary 5.3). As a special case we recover all main results in [2] on the stochastic quantization of the polymer measure μ_g in R^2 . We can even improve two of the main results in [2] in an essential way. First, we prove irreducibility of the corresponding Dirichlet form for all coupling constants g ∈ (−g_0, +∞) rather than only (−g_0, g_0) as in

[2] (cf. Remark 5.6 below). Second, we can prove that the stochastic process (a^{μg}_{th} )_{t∈}R given by the Radon-Nikodym derivatives a^{μg}_{th} := dμ(· + th) dμ , t ∈ R , has a version with continuous sample paths for all h in the classical Cameron-Martin space H rather than only those h ∈ H with bounded derivatives as proved in [2].

As another application we prove that if A is a measurable set in the Wiener space with Wiener measure strictly between 0 and 1, its indicator 11_A cannot be in D^α_p with αp > 1 (cf. Proposition 5.5). This generalizes a result of D. Nualart for the special case α = 1, p = 2 ([29]).

2 A general result for a class of probability measures on linear space

2.1 Framework

Let E be a locally convex topological vector space over R which is Souslin, i.e., the continuous image of a Polish space (e.g. E is a separable Banach space). Let E^′ denote its dual with dualization_E′ ⟨, ⟩_E and let B(E) denote the Borel σ-algebra on E. Let μ be a positive measure on (E, B(E)) such that μ(E) < ∞ and let B(E)^μ denote the completion of B(E) w.r.t. μ. Let L^p(E; μ) := L^p(E; B(E), μ), p ≥ 1, be the corresponding real L^p-spaces equipped with the usual norm ‖ ‖_p.

Fix p > 1 and let (T_t)_{t≥0} be a C^0 (i.e., strongly continuous) semi-group on L^p(E; μ) which is the restriction of a bounded analytic semi-group defined on the complexification of L^p(E; μ). Suppose (T_t)_{t≥0} is sub-Markovian (f ∈ L^p(E; μ), 0 ≤ f ≤ 1 ⇒ 0 ≤ T_tf ≤ 1 for all t ≥ 0). In particular, (T_t)_{t≥0} extends to a C^0-semi-group on all L^{p′} (E; μ) for all p^′ ≥ p. Let (L, D(L)) be the generator of (T_t)_{t≥0} on L^p(E; μ).

By [30, Section 2.6] for α > 0 the fractional power (1 − L)^α of (1 − L) is defined as the inverse of the bounded linear operator

(1 − L)^{−α} := 1 Γ(α) ∫ ∞ 0 t^{α−1}e^{−t}T_t dt, (2.1) where Γ denotes the classical Gamma-function. Let us define the corresponding Bessel- Sobolev spaces (cf. [12, 20]):

D^α_p := (1 − L)^{−α/2}(L^p(E; μ)) (2.2)

with norm ‖u‖_{p,α} := ‖(1 − L)^{α/2}u‖_p , u ∈ D^α_p . (2.3) Clearly, D^{α′}_p′ ⊂ D^α_p if α^′ ≥ α, p^′ ≥ p. Below for 0 < α < 1 we want to give conditions on k ∈ E ensuring that every u ∈ D^α_p has a B(E)^μ-measurable μ-version u_k such that t −→ u_k(z + tk) , t ∈ R , is Hölder continuous for all z ∈ E.

We need some preparations. For k ∈ E define

τ_k(z) := z − k , z ∈ E . (2.4)

Fix k ∈ E satisfying the following condition:

(C) μ is k–quasi-invariant, i.e., μ ∘ τ^{−1}_{sk} ∼= μ for all s ∈ R, and the Radon-Nikodym derivatives a^μ_{sk} := d(μ ∘ τ^{−1}_{sk} ) dμ , s ∈ R , have the following properties:

(C1) a^μ_{sk} ∈ ∩_{q≥1}L^q(E; μ), for all s ∈ R, and for all q ∈ [1, ∞) the function s −→ ‖a^μ_{sk}‖_q is locally bounded on R. (C2) For all compact C ⊂ R ∫ C 1 a^μ_{sk}(z) ds < ∞ for μ-a.e. z ∈ E. Here ds denotes Lebesgue measure on R. We recall that choosing appropriate versions by [4, Prop. 2.4] we may always assume that a^μ_{sk}(z) is jointly measurable in s and z and that (C.2) holds for all z ∈ E (rather than only μ-a.e. z ∈ E).

For examples of measures μ satisfying condition (C) we appeal to the reader’s patience and refer to Section 3 below.

As in [21] we define the measure

σ^μ_k (A) := ∫ R μ ∘ τ^{−1}_{sk} (A)ds , A ∈ B(E) . (2.5) Note that obviously for l ∈ E^′ (:= dual of E) with_E′ ⟨l, k⟩_E = 1 we have that σ^μ_k ∘l^{−1} = ds, that σ^μ_k ∘ τ^{−1}_{sk} = σ^μ_k for all s ∈ R, and that σ^μ_k is equivalent to μ, i.e., there exists ρ^μ_k : E → (0, ∞) such that

μ = ρ^μ_k · σ^μ_k . (2.6)

Again by [4, Prop. 2.4] choosing appropriate versions we may always assume to have the following relations between a^μ_{sk} and ρ^μ_k : a^μ_{sk}(z) = ρ^μ_k (z + sk) ρ^μ_k (z) for all z ∈ E , s ∈ R , (2.7)

ρ^μ_k (z) = ( ∫ R a^μ_{sk}(z)ds)^{−1} for all z ∈ E . (2.8)

In particular, by (C2) and the remarks following it we have that ∫ C ρ^μ_k (z + sk)^{−1}ds < ∞ for all compact C ⊂ R and all z ∈ E . (2.9)

2.2 The general result

Before we state our general result we recall the definition of one-component Dirichlet forms from [6].

Let l ∈ E^′ such that_E′ ⟨l, k⟩_E = 1 and define P_k(z) :=_E′ ⟨l, z⟩_E · k , z ∈ E , and π_k := Id_E − P_k . (2.10) Clearly, π_k(E) is a closed linear subspace of E and E = π_k(E) ⊕ kR . (2.11) Then by (2.6) and an elementary calculation we obtain that for all f : E → R, B(R)- measurable, bounded, ∫ E f(z)μ(dz) = ∫ π_k(E) ∫ R f(x + sk)ρ^μ_k (x + sk) ds μ_k(dx) , (2.12) where μ_k := μ ∘ π^{−1}_k , (2.13) and correspondingly,

L^2(E; μ) = ∫ ⊕ π_k(E) L^2(R; ρ^μ_k (x + sk)ds) μ_k(dx) (2.14)

in the sense that each f ∈ L^2(E; μ) corresponds to a “field of vectors” (f_x)_{x∈πk(E)} where f_x := f(x+·k), x ∈ π_k(E) (cf. [6] for details and references). Define D(E_{μ,k}) to be the set of all u ∈ L^2(E; μ) such that for the corresponding element (u_x)_{x∈πk(E)} in ∫ ⊕ π_k(E) L 2(R; ρ^μ_k (x +

sk)ds)μ_k(dx) for μ_k-a.e. x ∈ π_k(E) there exists a locally absolutely continuous ds-version ũ_x of u_x on R such that (^{dũx}_{ds} )_{x∈πk(E)} ∈ ∫ ⊕ π_k(E) L 2(R; ρ^μ_k (x + sk)ds)μ_k(dx). For u ∈ D(E_{μ,k}) we define^{∂μu}_{∂k} as the element in L^2(E; μ) corresponding to (^{dũx}_{ds} )_{x∈πk(E)} according to (2.14). Note that, since ρ^μ_k > 0, u −→ ∂^μu ∂k is a well-defined operator on L^2(E; μ). Define E_{μ,k}(u, v) := ∫ ∂^μu ∂k ∂^μv ∂k dμ ; u, v ∈ D(E_{μ,k}). (2.15) (E_{μ,k}, D(E_{μ,k})) is called one-component Dirichlet form on L^2(E; μ) if it is closed (which is e.g. the case if (C.2) holds, cf. [6, Theorem 2.2]).

Now we are prepared to state our general result:

Theorem 2.1 Let p > 1 and let E, μ, (T_t)_{t≥0} be as above and let k ∈ E satisfy condition (C1). Assume that the following condition holds:

(A) There exist T , C ∈ (0, ∞) such that for all t ∈ (0, T ], T_t(L^∞(E; μ)) ⊂ D(E_{μ,k}) and ‖ ∂^μT_tf ∂k ‖_p ≤ C‖T_tf‖_{p,1} for all f ∈ L^∞(E; μ). Let α ∈ (^1_p , 1). Then every u ∈ D^α_p has a B(E)^μ-measurable μ-version u_k such that for all z ∈ E, t −→ u_k(z + tk), t ∈ R , is Hölder-continuous of order β for all β ∈ (0, α −^1_p ).

Remark 2.2 Theorem 2.1 has its obvious generalization to obtain μ-versions u_k of u ∈ D^α_p for k := (k_1, · · · , k_n) ∈ E^n so that for all z ∈ E,

(t_1, · · · , t_n) −→ u_k(z + t_1k_1 + · · · + t_nk_n) , (t_1, · · · , t_n) ∈ R^n

is Hölder-continuous of order β for all β ∈ (0, α −^n_p ) provided α ∈ (^n_p , 1), n ∈ N.

The proof of Theorem 2.1 will be given in Section 4 below. For concrete examples where condition (A) holds we again refer to Section 3. For the case p = 2 a whole class of examples will be discussed in the next subsection. They are provided by the classical gradient Dirichlet forms introduced in [6].

2.3 Classical gradient Dirichlet forms

Let E, μ be as in the previous subsection and assume there exists a real separable Hilbert space (H, ⟨ , ⟩) densely and continuously embedded into E. H should be thought of as a “tangent space” to E at each z ∈ E. Let K be a dense linear subspace of H such that Condition (C) in Subsection 2.1 holds for all k ∈ K. Define

D(E_μ) : = { u ∈ ⋂ k∈K D(E_{μ,k}) | there exists a B(E)/B(H)-measurable

function ∇u : E −→ H such that for each k ∈ K, ⟨∇u(z), k⟩_H = ∂^μu ∂k (z) for μ-a.e. z ∈ E and ∫ E ⟨∇u(z), ∇u(z)⟩_H μ(dz) < ∞ } , (2.16)

and for u, v ∈ D(E_μ) E_μ(u, v) := ∫ E ⟨∇u(z), ∇v(z)⟩_H μ(dz). (2.17) Then by [6, Theorem 3.10], (E_μ, D(E_μ)) is a symmetric Dirichlet form on L^2(E; μ) in the sense of e.g. [28]. Most importantly,

(E_μ, D(E_μ)) is closed, (2.18)

i.e., D(E_μ) equipped with the Hilbertian norm (E_μ(·, ·) + ‖ · ‖^2)^{1/2} is complete. The conditions in [6, Theorem 3.10] are, in fact, satisfied, since every k ∈ K satisfies condition (C2). We also note that any finitely based bounded smooth cylinder function E ∋ z −→ f(_E′ ⟨l_1, z⟩_E, · · · ,_E′ ⟨l_m, z⟩_E), l_1, · · · , l_m ∈ E^′, f ∈ C^∞_b (R^m ), belongs to D(E_μ), so (E_μ, D(E_μ)) is densely defined.

In [6] (E_μ, D(E_μ)) was called classical (gradient) Dirichlet form. We do not recall the general definition of a Dirichlet form (since we do not really use it below) but instead refer to [11], [9], [28], [13]. We only need the fact that (E_μ, D(E_μ)) has associated to it a unique negative definite self-adjoint linear operator (L_μ, D(L_μ)) satisfying E_μ(u, v) = (√ −L_μu, √ −L_μv ) L2(E;μ) for all u, v ∈ D(E_μ) = D (√ −L_μ ) . (2.19)

Let T_t := e^{tLμ} , t ≥ 0, denote the corresponding strongly continuous semi-group on L^2(E; μ). Then (T_t)_{t≥0} satisfies all assumptions imposed on the C^0-semi-group in Subsection 2.1 (cf. e.g. [28, Chap. I, Section 1.2]). Furthermore, as follows directly from spectral theory we then have

D(E_μ) = D^1_2, T_t(L^2(E; μ)) ⊂ D(E_μ) ⊂ D(E_{μ,k}) for all k ∈ K,

where D^1_2 is as defined in Subsection 2.1 with L_μ taking the rôle of L. In particular, for all k ∈ K condition (A) in Theorem 2.1 holds with p = 2 for the semi-group (T_t)_{t≥0}, since

E_{μ,k}(u, u) ≤ const. E_μ(u, u) for all u ∈ D(E_μ).

Hence Theorem 2.1 applies for all k ∈ K, p = 2.

Remark 2.3 In fact the assumption that (E_μ, D(E_μ)) is of gradient type made above is not necessary. Everything works for the more general (but mostly less interesting) classical Dirichlet forms discussed in [6, Theorem 3.8].

3 Examples

Apart from Gaussian cases (see Subsections 3.1 and 3.3) we particularly want to present in detail the Euclidean P (Φ)_2-quantum field in infinite volume as a “really non-Gaussian” measure (i.e., not absolutely continuous w.r.t. a Gaussian measure) to which Theorem 2.1 applies (cf. Subsection 3.4 below). Other non-Gaussian cases, i.e., Gibbs measures on a lattice are only briefly touched upon in Subsection 3.2.

3.1 Abstract Wiener spaces

Let μ be a Gaussian mean-zero measure on (E, B(E)) whose reproducing kernel Hilbert space or Cameron-Martin space is H, i.e., (E, H, μ) is an abstract Wiener space if E is a separable Banach space ([15]). Then by the classical Cameron-Martin Theorem condition (C) in Subsection 2.1 holds for all k ∈ H(⊂ E). (cf. e.g., [28, Chap. I, Lemma 3.12]).

Let (T_t)_{t≥0} be the C^0-semi-group defined in Subsection 2.3 for E, H, μ as above and K = H. It is well-known that (T_t)_{t≥0} is given by Mehler’s formula, i.e., for t ≥ 0, f ∈ L^2(E; μ) T_tf(z) = ∫ E f(e^{−t}z + √ 1 − e^{−2t}z^′)μ(dz^′) (3.1)

for μ-a.e. z ∈ E (cf. [7, Sect. 5] resp. [8, Sect. 6] which even cover more general “tangent spaces” H resp. non-symmetric cases). Then condition (A) in Theorem 2.1 holds for all p > 1. This follows from Meyer’s equivalence. We refer e.g. to [41] for details. So, Theorem 2.1 applies in this case for all k ∈ H and all p > 1, and thus we have proved what was asserted in the introduction of this paper.

3.2 Gibbs measures for lattice systems

Condition (C2) for all k in a dense subspace of E has been verified for a large class of Gibbs measures on lattices with finite and infinite dimensional single spin spaces in [4, Subsections 4.1 resp. 4.2]. In these cases E is a subspace of RZ^d resp. C([0, 1], RN )Z^d.

Condition (C.1) can easily be checked for many concrete interactions. So, by Subsection 2.3 for (T_t)_{t≥0} as defined there with H = l_2(Z^d) and K := linear span of the canonical basis of l_2(Z^d), Theorem 2.1 applies with p = 2. (cf. [4, Subsection 4.1]).

3.3 The free Euclidean field

Let E := D^′ := D^′(R^d ) (i.e., the space of Schwartz distributions on R^d ) and let μ := μ_0 be the free Euclidean field of mass m > 0 on R^d , i.e., the mean-zero Gaussian measure on B(D^′) with covariance ∫ D⟨l_1, z⟩_D′_D⟨l_2, z⟩_D′ μ_0(dz) = ( l_1, (−Δ + m^2)^{−1}l_2 ) L2(R^d;dx) , l^1, l^2 ∈ D := C^{∞0} (R^d ), (3.2)

where Δ denotes the Laplacian and dx Lebesgue measure on R^d . Since the Cameron- Martin space (i.e., the reproducing kernel Hilbert space) for μ_0 is H^{−1,2}(R^d ) (i.e., the dual of the classical Sobolev space of order 1 in L^2(R^d ; dx)), as in Subsection 3.1 it follows by the Cameron-Martin Theorem that condition (C), in particular, holds for all k ∈ K := D. Let (T_t)_{t≥0} be the C^0-semi-group defined in Subsection 2.3 for E, K, μ as above but with

H := L^2(R^d ; dx) .

(So in contrast to Subsection 3.1., H is not the Cameron-Martin space of μ_0.) It is well-known (cf. [7, Sect. 5]) that (T_t)_{t≥0} is given by the following (generalized) Mehler formula: T_tf(z) = ∫ f(e^{−t(−Δ+m2)}z + √ 1 − e^{−2t(−Δ+m2)}z^′)μ_0(dz^′) ,

for μ_0-a.e. z ∈ E, (3.3)

for all f ∈ L^2(E; μ_0), t ≥ 0. In particular, it follows by [38, Theorem 3.1] that Meyer’s equivalence also holds in this case at least for finitely based smooth functions whose derivatives of all orders are polynomially bounded. (We should mention that this theorem really applies though only stated in [38] for separable Banach spaces E. But as follows from [7, Sect. 5] (see, in particular, [5, Example 5.6] for a similar case), D^′ above can always be replaced by a properly constructed separable Banach space). So, for all p > 1, condition (A) holds at least for such nice functions u. But since such functions are dense in L^p(E; μ_0) and since by analyticity T_t is continuous from L^p(E; μ_0) to D^1_p for all t > 0, it follows that (A) holds for all u ∈ L^p(E; μ_0). So, Theorem 2.1 applies for all k ∈ D and all p > 1 in this case for (T_t)_{t≥0} as in (3.3).

Remark 3.1 Above we considered the case of the free field only for simplicity and since we need it in the next subsection. Everything above, of course, extends for properly chosen spaces K in full generality to the situation considered in [38].

3.4 Euclidean P (Φ)_2-quantum fields in infinite volume

Let d = 2. As in the previous subsection let E := D^′ = D^′(R^2 ), H := L^2(R^2 ; dx), K := D = D(R^2 ) and μ_0 the free Euclidean fields of mass m > 0 on R^2 .

Clearly, for φ_1, . . . , φ_j ∈ D, ∏j i=1 D⟨φi, ·⟩D^′ ∈ L 2(D^′; μ_0). Define for n ∈ N, P^{(n)} := P^{(≤n)} − P^{(≤n−1)} with P^{(≤n)} being the closed linear span of the monomials ∏j i=1 D⟨φi, ·⟩D^′ , j ≤ n in L^2(D^′; μ_0). Now if ε ∈ (0, 1], h ∈ L^{1+ε}(R^2 ; λ^2) and n ∈ N, define : z^n : (h) to be the unique element in P^{(n)} such that ∫ D^′ : z^n : (h) : n∏ i=1 D⟨φ_i, ·⟩_D′ : dμ_0 = n! ∫ R^2 n∏ i=1 (∫ R^2

(−Δ + m^2)^{−1}(x − y_i) φ_i(y_i)λ^2(dy_i) ) h(x) λ^2(dx) , where : ∏n i=1 D⟨ φi, ·⟩D^′ : is the orthogonal projection of ∏n i=1 D⟨ φi, ·⟩D^′ in L 2(D^′; μ_0) onto P^{(n)} (see [39, p.12] for an explicit definition of the ”Wick product” : ∏n i=1 D⟨φi, ·⟩D^′ : and [39, §V.1] for the existence of : z^n : (h)). Clearly, for h_1, h_2 ∈ L^{1+ε}(R^2 ; λ^2), α, β ∈ R : z^n : (αh_2 + βh_2) = α : z^n : (h_1) + β : z^n : (h_2) μ_0 − a.e. (3.4) Let P : R → R be defined by

P (s) := 2N∑ n=0 b_n s^n, s ∈ R , (3.5)

b_n ∈ R, N ∈ N and b_{2N} > 0. Define for U ⊂ R^2 , U open, bounded,

a_U (z) := 2N∑ n=0 b_n : z^n : (11_U ) , (3.6)

where as usual 11_U means indicator function of U. We have that e^{−aU} ∈ L^p(D^′; μ_0) for all p ∈ [1, ∞) (3.7) (cf. [39, §5.2] and [14]).

Define for U ⊂ R^2 , U open, D(U) := {φ ∈ D | supp φ ⊂ U} , and let σ(U) be the sub-σ-algebra of B(D^′) generated by all φ ∈ D(U). For A ⊂ R^2 define σ(A) := ⋂ A⊂U U open σ(U) .

Definition 3.2 ([16, 17]) A probability measure ν on (D^′, B(D^′)) is called a Guerra– Rosen–Simon (=GRS)–Gibbs state with coupling constant λ ≥ 0 if for any U ⊂ R^2 , U open and bounded,

(i) ν_{|σ(U)} (i.e., the restriction of ν to σ(U)) is absolutely continuous with respect to μ_{0|σ(U)}. (ii) E_ν[f | σ(U^c)] = E_ν [f | σ(∂U)] ν-a.e. for any σ(U)-measurable f : D^′ → R_+ (where U^c := R^2 \ U and ∂U means topological boundary of U).

(iii) For every σ(U)-measurable f : D^′ → R_+ E_ν[f | σ(∂U)] = E_{μ0} [fe^{−λaU} | σ(∂U)] E_{μ0} [e^{−λaU} | σ(∂U)] ν − a.e.

Let G_λ denote the set of all GRS-Gibbs states with coupling constant λ ≥ 0.

From now on we fix λ ≥ 0.

Remark 3.3 (i) In [35] a (local) specification (π^λ_U )_{U∈}L was constructed such that the associated Gibbs states are exactly the GRS-Gibbs states above and a representation formula of arbitrary GRS-Gibbs states in terms of extremal Gibbs states was derived. We refer to [35] for the precise definition of (π^λ_U )_{U∈}L. We emphasize that it is entirely useless to construct some abstract specification so that the associated Gibbs states are exactly the GRS-Gibbs states. The point of [35] is that the corresponding kernels are given by explicit formulae.

(ii) By [35, Theorems 5.4 and 5.6] in Definition 3.2 (i) ”absolutely continuous” can be replaced by ”equivalent”.

(iii) We have that G_λ ≠ ∅ and, in general, #G_λ > 1 as shown in the above quoted literature (cf. e.g. [16, 17, 10, 35, 34]).

For k ∈ D, t ∈ R, define for z ∈ D^′

a_{tk}(z) := a^0_{tk}(z)· a^λ_{tk}(z) (3.8)

where

a^0_{tk}(z) := exp [ −t_D⟨(−Δ + m^2) k, z⟩_D′ − 1 2 t^2 ( (−Δ + m^2) k, k ) L2(R^2;dx) ] (3.9) and

a^λ_{tk}(z) := exp [ −λ 2N∑ n=0 b_n n−1∑ i=0 ( n i ) t^{n−i} : z^i : (k^{n−i}) ] . (3.10)

The reader should forgive us concerning the abuse of notation concerning (3.6) and (3.8).

Define the convex set

G_{λ,0} := {μ ∈ G_λ| (C1)holds for all k ∈ D}.

Remark 3.4 By [14, Lemma 12.5.2] we know that G_{λ,0} ≠ ∅ at least if the polynomial P is of type “even plus linear”.

By (the easy half of) [4, Theorem 4.11] we know that every μ ∈ G_λ is k-quasi-invariant for every k ∈ D with corresponding Radon-Nikodym derivative given by (3.8). In particular, (C2) holds. So, by Subsection 2.3 for (T_t)_{t≥0} as defined there, Theorem 2.1 applies to all μ ∈ G_{λ,0} and all k ∈ D with p = 2.

4 Proof of Theorem 2.1

Consider the situation of the theorem and fix α, p as there. We need two lemmas:

Lemma 4.1 There exists C_α ∈ (0, ∞) such that for all t > 0 and all u ∈ D^α_p

(i) ‖T_tu‖_{p,1} ≤ C_α t^{− 1}2^{(1−α)} e^{− 1}2^t ‖u‖_{p,α}, (ii) ‖T_tu − u‖_p ≤ C_α t^{α/2} ‖u‖_{p,α}. Proof. (i): ‖T_tu‖_{p,1} = ‖(1 − L)^{1/2}T_tu‖_p = ‖(1 − L)^{12 (1−α)}T_t(1 − L)^{α/2}u‖_p

≤ C_α t^{− 12 (1−α)} ‖u‖_{p,α} (4.1)

where the last inequality follows by [30, Theorem 6.13 (c)].

(ii): The assertion follows by [30, Theorem 6.13 (d)].

Q.E.D.

Lemma 4.2 Suppose p^′ ∈ (1, p), f ∈ L^∞(E; μ), t ∈ (0, T ], M ∈ N, and t_1, t_2 ∈ [−M, M],

t_1 < t_2. Then ‖T_tf(· + t_2k) − T_tf(· + t_1k)‖_p′ ≤ C sup_{|s|≤M} ‖a^μ_{sk}‖^{1/p′}p_{p−p′} |t_2 − t_1| ‖T_tf‖_{p,1} , (4.2) (where C, T are as in condition (A)).

Proof: Set G := T_tf. Then by condition (A) we have G ∈ D(E_{μ,k}) and, therefore, using

(2.12) we obtain (with G̃_x as in the definition of D(E_{μ,k})) that ‖G(· + t_2k) − G(· + t_1k)‖_p′ = [∫ π_k(E) ∫ R |G̃_x(s + t_2) − G̃_x(s + t_1)|^{p′} ρ^μ_k (x + sk) ds μ_k(dx) ]1/p′

= ∫ π_k(E) ∫ R | | | | ∫ t_2 t1 dG̃_x dτ (s + τ) dτ | | | | p^′ ρ^μ_k (x + sk) ds μ_k(dx) 1/p^′

≤ |t_2 − t_1|^p ′−1 p′ ∫ π_k(E) ∫ t_2 t1 ∫ R | | | | | dG̃_x ds (s) | | | | | p^′ ρ^μ_k (x + (s − τ)k) ds dτ μ_k(dx) 1/p^′

= (2.7) |t2 − t1| p′−1 p′ ∫ t_2 t1 ∫ π_k(E) ∫ R | | | | | dG̃_x ds (s) | | | | | p^′ a^μ_{−τk}(x + sk)ρ^μ_k (x + sk) ds μ_k(dx) dτ 1/p^′

= (2.12) |t2 − t1| p′−1 p′ ∫ t_2 t1 ∫ | | | | ∂^μG ∂k | | | | | p^′ a^μ_{−τk} dμ dτ 1/p^′

≤ |t_2 − t_1| sup_{|τ|≤M} ‖a^μ_{τk} ‖^{1/p′}p_{p−p′} ‖ ∂^μG ∂k ‖_p ≤ (A) C |t_2 − t_1| sup_{|τ|≤M} ‖a^μ_{τk}‖^{1/p′}p_{p−p′} ‖G‖_{p,1}.

Q.E.D.

Now we are prepared to prove Theorem 2.1.

Proof of Theorem 2.1: Let p^′ ∈ (^1_α , p), M ∈ N, and s, t ∈ [−M, M] such that |t−s| ≤ T where T is as in condition (A). Choose the unique n ∈ N such that 2^{−n}T < |t − s| ≤ 2^{−n+1}T. (4.3) Set t_n := (2^{−n}T )^2. We note that if u_m := inf(sup(u, −m), m), m ∈ N, then by the analyticity of (T_t)_{t≥0}, lim_{m→∞} ‖T_{tn} u_m − T_{tn} u‖_{p,1} = 0. Hence by Lemmas 4.1, 4.2 and (C1) ‖u(· + tk) − u(· + sk)‖_p′ ≤ ‖u(· + tk) − T_{tn} u(· + sk)‖_p′ + ‖T_{tn} u(· + sk) − u(· + sk)‖_p′ + lim sup m→∞ ‖T_{tn} u(· + tk) − T_{tn} u_m(· + tk)‖_p′ + lim sup m→∞ ‖T_{tn} u_m(· + sk) − T_{tn} u(· + sk)‖_p′ + lim sup m→∞ ‖T_{tn} u_m(· + tk) − T_{tn} u_m(· + sk)‖_p′ ≤ sup_{|τ|≤M} ‖a_{τk}‖^{1/p′}p_{p−p′} ( 2C_αt^{α/2}_n + C|t − s| lim sup_{m→∞} ‖T_{tn} u_m‖_{p,1} )

≤ C_α sup_{|τ|≤M} ‖a_{τk}‖^{1/p′}p_{p−p′} ( 2t^{α/2}_n + C|t − s|t^{− 12 (1−α)}n ) ‖u‖_{p,α} ≤ 2C_α sup_{|τ|≤M} ‖a_{τk}‖^{1/p′}p_{p−p′} ( 1 + C2^{−α} ) |t − s|^α‖u‖_{p,α}. Since αp^′ > 1, it follows by Kolmogorov’s theorem (cf. e.g. [40, Corollary 2.1.4]) that there exists a B(R) ⊗ B(E)^μ-measurable function g : R × E −→ R such that for all z ∈ E, g(·, z) is Hölder-continuous of order β for all β ∈ (0, α −^1_p ) and for all t ∈ R, u(· + tk) = g(t, ·) μ − a.e.. (4.4) Now we fix a B(E)-measurable μ-version of u and define for z ∈ E T_z := {t ∈ R | g(t, z) = u(z + tk)}. (4.5) Since by (4.4) and Fubini’s theorem T_z has full Lebesgue measure for μ-a.e. z ∈ E, we can find D_k ∈ B(E)^μ with μ(D_k) = 1 and

ds(R\T_z ) = 0 and Q ⊂ T_z for all z ∈ D_k. (4.6)

Now for z ∈ E we define u_k(z) := { g(t, z_0) if z = tk + z_0 ∈ R · k + D_k 0 if z ∈ E\(R · k + D_k).

(4.7) Of course, representations z = tk + z_0 of z ∈ R · k + D_k with t ∈ R , z_0 ∈ D_k are not unique. So, we first have to show that u_k is well-defined. Suppose t_1k + z_1 = t_2k + z_2 (4.8) with t_1, t_2 ∈ R, z_1, z_2 ∈ D_k. Then for all t ∈ (T_{z1} − t_1) ∩ (T_{z2} − t_2), g(t + t_1, z_1) = u(z_1 + (t + t_1)k) = u(z_2 + (t + t_2)k) = g(t + t_2, z_2).

Since (T_{z1} − t_1) ∩ (T_{z2} − t_2) has full Lebesgue-measure and since g(·, z_i), i = 1, 2, are continuous, it follows that g(t + t_1, z_1) = g(t + t_2, z_2) for all t ∈ R .

In particular, for t = 0 we obtain g(t_1, z_1) = g(t_2, z_2) , so u_k is well-defined.

It remains to show that u_k has the desired properties. Since 0 ∈ Q ⊂ T_z for all z ∈ D_k, we have that u_k(z) = g(0, z) = u(z) for all z ∈ D_k , so u_k = u μ-a.e..

Furthermore, let z ∈ E. If z ∈ R · k + D_k, i.e., z = tk + z_0, t ∈ R, z_0 ∈ D_k, then u_k(z + sk) = g(s + t, z_0) for all s ∈ R . (4.9) But, if z ∈ E\(R · k + D_k), then sk + z ∈ E\(R · k + D_k) for all s ∈ R (because if sk + z = t_1k + z_1, t_1 ∈ R, z_1 ∈ D_k, then z = (t_1 − s)k + z_1 ∈ R · k + D_k ).

Hence u_k(z + sk) = 0 for all s ∈ R . (4.10) (4.9) and (4.10) imply that for all z ∈ E s −→ u_k(z + sk), s ∈ R , has the desired Hölder-continuity property and the proof is completed. Q.E.D.

5 Applications

The general results presented in Subsections 5.1 and 5.2 below are motivated by the applications to the polymer measure over R^2 discussed in Subsection 5.3.

5.1 Invariance of closedness under Doob transforms

We consider the situation of Subsection 2.3. So let E, H, K, μ, (E_μ, D(E_μ)), (L_μ, D(L_μ)) and (T_t)_{t≥0} be as defined there. In particular, condition (C) holds for all k ∈ K. Let D^α_p be the Sobolev space corresponding to L := L_μ. Let p ∈ (1, ∞) and assume throughout this and the next subsection that:

Condition (A) holds for all k ∈ K. (5.0)

By the results in Subsection 2.3 condition (5.0) always holds for p = 2.

Proposition 5.1 Let α ∈ (^1_p , 1), u ∈ D^α_p and f ∈ C(R) such that φ := f(u) > 0 μ-a.e. and φ ∈ L^1(E; μ). Then (E_{φ·μ}, D(E_{φ·μ})) (defined as in Subsection 2.3 with φ · μ replacing μ) is closed on L^2(E; φ·μ) (cf. (2.18)) in Subsection 2.3).

Remark 5.2 (i) The Dirichlet form (E_{φ·μ}, D(E_{φ·μ})) is sometimes called the Doobtransform of (E_μ, D(E_μ)). So, by Proposition 5.1 we have “invariance of closedness” under such transforms.

(ii) Of course, Proposition 5.1 has its natural analogue for the one-component Dirichlet forms (E_{μ,k}, D(E_{μ,k})) introduced in Subsection 2.2 as well as for the more general classical Dirichlet forms mentioned in Remark 2.3.

(iii) Proposition 5.1 is well-known for α ≥ 1 in particular cases (cf. e.g. [28] or [36]). (iv) We note that (C2) might not hold for k ∈ K and φ·μ replacing μ. But the mere definition of (E_μ, D(E_μ)) in Subsection 2.3 does not require this. So, (E_{φ·μ}, D(E_{φ·μ})) is really defined in the same way as (E_μ, D(E_μ)).

Proof of Proposition 5.1. Applying (2.12) we get for all k ∈ K and all g : E −→ R,

B(R)-measurable, bounded, ∫ E g(z)φ(z)μ(dz) = ∫ π_k(E) ∫ R g(x + sk)φ_k(x + sk)ρ^μ_k (x + sk) ds μ_k(dx), (5.1) where φ_k := f(u_k) and u_k is as in Theorem 2.1. Now the assertion follows directly from [6, Theorem 3.10], since every k ∈ K satisfies (C.2) (for μ).

Q.E.D.

5.2 Invariance of irreducibility under Doob-transforms

We consider the same situation as in the previous subsection. In particular, condition (5.0) is still in force. We recall that a Dirichlet form (E, D(E)) on L^2(E; μ)) is called irreducible, if

v ∈ D(E) , E(v, v) = 0 ⇒ v = const. (5.2)

It is well-known that it is enough to check (5.2) for bounded v (cf. [28, Chap. I, Proposition 4.17].

Corollary 5.3 Let α ∈ (^1_p , 1), u ∈ D^α_p , and f ∈ C(R), f > 0, such that φ := f(u) ∈ L^1(E; μ). Then, if (E_μ, D(E_μ)) is irreducible on L^2(E; μ), so is (E_{φ·μ}, D(E_{φ·μ})) on L^2(E; φ·μ)).

Proof: Let v ∈ D(E_{φ·μ}) ∩ L^∞(E; φ · μ) such that E_{φ·μ}(v, v) = 0 and let k ∈ K. Then by (5.1) (with φ_k as defined there) 0 = ∫ E ( ∂^{φ·μ}v ∂k )2 φ_k dμ = ∫ π_k(E) ∫ R ( dṽ_x ds (s) )2 φ_k(x + sk) ρ^μ_k (x + sk) ds μ_k(dx). Since φ_k(x + sk) > 0 for all x ∈ π_k(E), s ∈ R, it is easily seen that v ∈ D(E_μ) and 0 = ∫ π_k(E) ∫ R ( dṽ_x ds (s) )2 ρ^μ_k (x + sk) ds μ_k(dx) = ∫ E ( ∂^μv ∂k )2 dμ. Consequently, v ∈ D(E_μ) and E_μ(v, v) = 0, so v = const. μ-a.e., hence φ · μ-a.e..

Q.E.D.

We emphasize that Corollary 5.3 is really a consequence of the explicit description of the domains D(E_μ) and D(E_{φ·μ}) which are otherwise quite unrelated.

Remark 5.4 For a characterization of irreducibility of Dirichlet forms of type (E_μ, D(E_μ)) we refer to [4, Theorem 3.3]. It is well-known that in the cases discussed in Subsection 3.1 and 3.3, i.e., the case of an abstract Wiener space resp. the free Euclidean field, we have irreducibility. The same is true for infinite volume Euclidean P (Φ)_2)-measures (cf. Subsection 3.4) if the coupling constant λ is small enough. We refer to [4, Remark 4.15 (iii)] for details. So, Corollary 5.3 applies in all these cases (but only for p = 2 in the latter situation).

By the previous remark the following generalizes a result due to D. Nualart who proved for α = 1, p = 2 in the abstract Wiener space case ([29, p.31, Remark 2]).

Proposition 5.5 Let α ∈ (^1_p , 1) and suppose that (E_μ, D(E_μ)) is irreducible. Let 11_A ∈ B(E) be such that 11_A ∈ D^α_p . Then μ(A) = 1 or 0.

Proof: Let u := 11_A and k ∈ K. Let u_k be as in Theorem 2.1. Then for μ-a.e. z ∈ E

u_k(z + tk) = 11_A(z + tk) ∈ {0, 1} for all t ∈ Q ,

hence by [4, Lemma 3.4] u ∈ D(E_{μ,k}) and E_{μ,k}(u, u) = 0. Consequently, u ∈ D(E_μ) and E_μ(u, u) = 0, so u = 11_A = const. μ-a.e. and the assertion follows.

Q.E.D.

5.3 The two-dimensional polymer measure

Let us first recall the (rigorous) definition of the two dimensional polymer measure μ_g. Let E := C_0([0, 1], R^2 ) be the set of all continuous paths in R^2 indexed by [0, 1] and starting at zero, equipped with the uniform topology. Let μ_0 denote Wiener measure on (E, B(E)). Let H be the classical Cameron-Martin space, i.e.,

H := {h ∈ E | h is absolutely continuous and ‖h‖^2_H := ∫ 1 0 |ḣ(s)|^2ds < ∞}. Then (E, H, μ_0) is an abstract Wiener space. Let α(x, A) be the self-intersection local time at x ∈ R^2 of z ∈ E on the set A ⊂ [0, 1] × [0, 1], i.e., α(x, A) = ∫ A δ_x(z_s − z_t)dsdt. (For its precise definition, the reader is referred to [37] and the references therein.) It is well-known that α(0, {(s, t) : 0 ≤ s < t ≤ 1}) = ∞, μ_0-a.e.. Therefore, one has to use renormalization. To this end we set α_{i,k} = α ( 0, [ 2(i − 1) 2^k , 2i − 1 2^k ) × [ 2i − 1 2^k , 2i 2^k )) , i = 1, · · · , 2^{k−1}, k = 1, 2, · · · Let E_{μ0} denote the expectation with respect to μ_0, and set

ξ_n := n∑ k=1 2^{k−}1∑ i=1 (α_{i,k} − E_{μ0} α_{i,k}), n ≥ 1. Then one can prove (see [23], [43]) that (ξ_n)_{n≥0} is almost surely convergent to a random variable ξ ∈ L^2(E; μ_0) and lim_{n→∞} E_{μ0} |ξ_n − ξ|^2 = 0. The random variable ξ is usually called the normalized self-intersection local time of planar Brownian motion. One can prove that there is g_0 ∈ (0, ∞) (see e.g. [24], [31]) such that

E_{μ0} exp(−gξ) { < ∞, ∀g ∈ (−g_0, ∞), = ∞, ∀g ∈ (−∞, −g_0). (5.3)

The two-dimensional polymer measure μ_g is defined by

μ_g := (E_{μ0} exp(−gξ))^{−1} exp(−gξ)μ_0 , g ∈ (−g_0, ∞).

Below we assume that g ∈ (−g_0, ∞). It has been proved in [3] that ξ ∈ D^α_2 \D^1_2 for all α < 1. Hence by the result in Subsection 3.1 (cf. Remark 5.3) both Proposition 5.1 and Corollary 5.3 apply with f(x) := exp(−gx), x ∈ R ; u := ξ.

Let us close with commenting on the relation and, particularly, the progress w.r.t. the result in [2].

Remark 5.6 (i) Let (E_{νg} , D(E_{νg} )) on L^2(E; ν_g) be as defined in [2, Section 1]. Then by definition D(E_{μg} ) ⊃ D(E_{νg} ) and E_{μg} = E_{νg} on D(E_{νg} ) × D(E_{νg} ). Hence the closedness of (E_{μg} , D(E_{μg} )) on L^2(E; μ_g) ensured by Proposition 5.1 implies Theorem 1.1 in [2], which was essential there for constructing the stochastic quantization of the two-dimensional polymer measure (cf. [2, Theorem 1.2]).

(ii) The irreducibility of (E_{μg} , D(E_{μg} )) for all g ∈ (−g_0, ∞) ensured by Corollary 5.3 generalizes [2, Theorem 1.5] where the same result was proved for (E_{νg} , D(E_{νg} )), but only for g ∈ (−g_0, g_0) and by a completely different method.

(iii) Obviously, by the Cameron-Martin Theorem for all k ∈ H, t ∈ R, a^{μg}_{tk} (z) = e^{−g(ξ(z+tk)−ξ(z))}e^{−t} ∫_1 0 k̇(s) dz(s)− 1 2 t2‖k‖2_H for μ-a.e. z ∈ E, where ∫ 1 0 k̇(s)dz(s) is the Itô-integral w.r.t. the Brownian motion (z(s))_{0≤s≤1} under μ_0. Choosing ξ_k as in Theorem 2.1 we obtain a generalization of [2, Theorem 1.4] to all directions k in the Cameron-Martin space rather than only those with bounded derivatives as proved in [2]. Since this was a question posed by a referee to [2], we formulate this result as a theorem below.

Theorem 5.7 Let for h ∈ H a^{μg}_{th} := d(μ_g ∘ τ^{−1}_{th} ) dμ_g , t ∈ R. Then the process (a^{μg}_{th} )_{t∈}R has a version with continuous sample paths for all h ∈ H.

Acknowledgment: It is a pleasure to thank Wilhelm Stannat, Sergio Albeverio and Vladimir Bogachev for helpful discussions about this work. We also thank the Humboldt Foundation for the financial support through a Humboldt-Fellowship granted to the first named author to work at Bielefeld University. Further financial support of the NSF of China, the German Science Foundation (DFG) through the Sonderforschungsbereich 343 and the EU-TMR Project, No. ERB-FMRX-CT96-0075 is gratefuly acknowledged.

References

[1] Adams, R.A.: Sobolev Spaces. New-York: Academic Press 1978.

[2] Albeverio, S., Hu, Y.-Z., Röckner, M. and Zhou, X.Y.: Stochastic quantization of the two-dimensional polymer measure. SFB-343 Preprint 1996, to appear in: Appl. Math. Optim.

[3] Albeverio, S., Hu Y. and Zhou X. Y.: A remark on non smoothness of the selfintersection local time of planar Brownian motion, Stat. and Prob. Letters, 32 (1997), 57-65.

[4] Albeverio, S., Kontratiev, Yu. G. and Röckner, M.: Ergodicity for the stochastic dynamics of quasi-invariant measures with applications to Gibbs states, J. Funct. Anal. 149 (1997), no. 2, 415–469.

[5] Albeverio, S. and Röckner, M.: Dirichlet forms, quantum fields and stochastic quantization. in: Stochastic Analysis, Path Integration and Dynamics, 1-21. (K.D.Elwothy, J.C.Zambrini, Eds.), Pitman, Longman, Harlow 1989.

[6] Albeverio, S. and Röckner, M.: Classical Dirichlet forms on topological vector spaces - closability and a Cameron-Martin formula. J. Funct. Anal. 88 (1990), 395-436.

[7] Bogachev, V.I. and Röckner, M.: Mehler formula and capacities for infinite dimensional Ornstein-Uhlenbeck processes with general linear drift. Osaka J. Math. 32 (1995), 237-273.

[8] Bogachev, V.I., Röckner, M. and Schmuland, B.: Generalized Mehler semigroups and applications. Probab. Th. Rel. Fields 105 (1996), 193-225.

[9] Bouleau, N. and Hirsch, F.: Dirichlet forms and analysis on Wiener space. de Gruyter Studies in Mathematics, 14. Walter de Gruyter Co., Berlin, 1991. x+325 pp.

[10] Fröhlich, J. and Simon, B.: Pure states for general P (Φ)_2-theories: Construction, regularity and variational equality. Ann. Math. 105 (1977), 493-526

[11] Fukushima, M.: Dirichlet forms and symmetric Markov processes. Amersterdam:

North-Holland 1980.

[12] Fukushima, M. and Kaneko, H.: (r, p)-capacities for general Markovian semigroups.

Infinite-dimensional analysis and stochastic processes (Bielefeld, 1983), 41–47, Res. Notes in Math., 124, Pitman, Boston, Mass.-London, 1985.

[13] Fukushima, M., Oshima, Y. and Takeda, M.: Dirichlet forms and symmetric Markov processes. Berlin: de Gruyter 1994.

[14] Glimm, J. and Jaffe, A.: Quantum physics: A functional integral point of view.

New-york-Heidelberg-Berlin: Springer 1981.

[15] Gross, L.: Abstract Wiener spaces. Proc. 5th Berkeley Symp. Math. Stat. Prob. 2 (1965), 31-42.

[16] Guerra, F., Rosen, J. and Simon, B.: The P (Φ)_2-Euclidean quantum field theory as classical statistical mechanics. Ann. Math. 101 (1975), 111-259.

[17] Guerra, F., Rosen, J. and Simon, B.: Boundary conditions in the P (Φ)_2-Euclidean field theory. Ann. l’Inst. Henri Poincaré 15 (1976), 231-334.

[18] Hirsch, F.: Functions lipschitziennes et espaces de Sobolev fractionnaires. C. R. Acad.

Sci. Paris Sér. I Math. 324 (1997), no. 11, 1227–1230.

[19] Ikeda, N. and Watanabe, S.: Stochastic differential equations and diffusion processes.

Second edition. North-Holland Mathematical Library, 24. North-Holland Publishing Co., Amsterdam-New York; Kodansha, Ltd., Tokyo, 1989. xvi+555 pp.

[20] Kaneko, H.: On (r, p)-capacities for Markov processes. Osaka J. Math. 23 (1986), no. 2, 325–336.

[21] Kusuoka, S.: Dirichlet forms and diffusion processes on Banach spaces. J. Fac. Sci.

Univ. Tokyo Sect. IA Math. 29 (1982), no. 1, 79–95.

[22] Kusuoka, S.: On the foundations of Wiener-Riemannian manifolds. Stochastic analysis, path integration and dynamics (Warwick, 1987), 130–164, Pitman Res. Notes Math. Ser., 200, Longman Sci. Tech., Harlow, 1989.

[23] Le Gall, J.F.: Sur le temp local d’intersection du mouvement brownien plan et la méthode de renormalisation de Varadhan, S’em. Prob. XIX, 1983/84, Lect. Notes in Maths. 1123, 314-331, Berlin: Springer 1985

[24] Le Gall, J.F.: Exponential moments for the normalized self-intersection local time of planar Brownian motion. Sém. de Prob. XXVIII, Lect. Notes in Maths., Berlin: Springer 1994.

[25] Lescot, P. and Malliavin, P.: A pseudo-differential symbolic calculus for fractional derivatives on the Wiener space. C. R. Acad. Sci. Paris Sér. I Math. 322 (1996), no. 5, 475–479.

[26] Malliavin, P.: Implicit functions in finite corank on the Wiener space. in: Stochastic analysis (Katata/Kyoto, 1982), 369–386, North-Holland Math. Library, 32, North- Holland, Amsterdam-New York, 1984.

[27] Malliavin, P.: Stochastic analysis. Grundlehren der Mathematischen Wissenschaften 313. Springer-Verlag, Berlin, 1997. xii+343 pp.

[28] Ma, Z.-M. and Röckner, M.: An introduction to the theory of (non-symmetric) Dirichlet forms. Berlin: Springer 1992.

[29] Nualart, D.: The Malliavin calculus and related topics. Probability and its Applications. Springer-Verlag, New York, 1995. xii+266 pp.

[30] Pazy, A.: Semi-groups of linear operators and applications to partial differential equations. Department of Mathematics, University of Maryland, Lecture Note, No. 10. Department of Mathematics, University of Maryland, College Park, Md., 1974. iii+171 pp.

[31] Pitman, J.W. and Yor, M.: Quelques identités en loi pour les processus de Bessel.

Sém. de Prob. XXVIII, Lect. Notes in Maths., Berlin: Springer 1994.

[32] Reed, S. and Simon, B.: Method of Modern Mathematical Physics, II. New York · London · Academic Press, 1980.

[33] Ren, J. and Watanabe, S.: A convergence theorem for probability densities and conditional expectations of Wiener functionals. Dirichlet forms and stochastic processes (Beijing, 1993), 335–344, de Gruyter, Berlin, 1995.

[34] Röckner, M.: A Dirichlet problem for distributions and specifications for random fields. Memoirs of the Am. Math. Soc. 54, 324 (1985).

[35] Röckner, M.: Specifications and Martin boundaries for P (Φ)_2-random fields. Commun. Math. Phys. 106 (1986), 105-135.

[36] Röckner, M. and Zhang, T.S.: Uniqueness of generalized Schrödinger operators and applications, J. Funct. Anal. 105 (1992), 187-231.

[37] Rosen, J.: Tanaka’s formula and renormalization for intersections of planar Brownian motion. Ann. Probab. 14 (1986), 1245-1251.

[38] Shigekawa, I.: Sobolev spaces over the Wiener space based on an Ornstein-Uhlenbeck process, J. Math. Kyoto Univ., 32 (1992), no. 4, 731-748.

[39] Simon, B.: The P (Φ)_2 Euclidean (quantum) field theory. Princeton University Press 1974.

[40] Stroock, D. W. and Varadhan, S. R. S.: Multidimensional diffusion processes.

Grundlehren der Mathematischen Wissenschaften, 233. Springer-Verlag, Berlin-New York, 1979.xii+338 pp.

[41] Sugita, H.: On a characterization of the Sobolev spaces over an abstract Wiener space. J. Math. Kyoto Univ. 25 (1985), no. 4, 717–725.

[42] Triebel, H.: Interpolation Theory, Function Spaces, Differential Operators. North- Holland Publishing Company, Amsterdam-New York-Oxford, 1978.

[43] Varadhan, S.R.S.: Appendix to “Euclidean quantum field theory” by K.Symanzik.

In “Local Quantum Theory” (R.Jost, Ed.). New York: Academic 1969.

[44] Watanabe, S.: Lectures on stochastic differential equations and Malliavin calculus.

Notes by M. Gopalan Nair and B. Rajeev. Tata Institute of Fundamental Research Lectures on Mathematics and Physics, 73. Published for the Tata Institute of Fundamental Research, Bombay; by Springer-Verlag, Berlin-New York, 1984. iii+111 pp. [45] Watanabe, S.: Fractional order Sobolev spaces on Wiener space. Probab. Theory Related Fields 95 (1993), no. 2, 175–198.