A Note on Existence and Path Properties of Space-Time Processes corresponding to Time Dependent Fleming-Viot Operators

-revised version-

Jörg Kienitz, University of Bielefeld, Germany

January 11, 1999

Key words: Time dependent Dirichlet forms, Fleming-Viot operators, parabolic Capacity, path properties

Abstract

We study a class of time dependent Dirichlet forms (E, D(E)) having a space of measures as state space E and derive some general results about them. Especially we prove that under certain conditions they "generate" space-time diffusion processes. All of this is applied to construct time-dependent Fleming-Viot processes and derive some path properties using parabolic capacitary methods. We establish a general method to compare the parabolic and the elliptic case.

1 Introduction

The main purpose of this paper is to construct time-dependent Fleming-Viot processes using the theory of time-dependent Dirichlet forms which is included in the so called "Theory of generalized Dirichlet Forms" and derive some path properties by proving a general result about capacities. Here we develope a general method for carrying over results from the elliptic to the parabolic case and vice versa.

The theory of generalized Dirichlet forms was developed in the work of Stannat, [11] and [12]. It extends the classical (symmetric) theory of Fukushima and the non-symmetric (coercive) theory of Ma and Röckner. A generalized Dirichlet form is a bilinear form defined on some L_2-space which is in general neither symmetric nor coercive but still posseses an associated C_0-resovent,

C_0-semigroup and a generator on L_2. It also covers the time-dependent case. In Section 2 we recall this case in detail, as well as some general results from [6] and [12]. The general results are used to construct space-time Fleming- Viot processes in Section 3. First these diffusions arose as high-density limits of certain Markov chain models, e.g. the Wright-Fisher or the Moran-model, see [1] or [4] for details. There, each individual is of some type. The number of occuring types is a natural number d. The underlying type space, the state space of the process, is nothing but the d − 1-dimensional simplex Δ_d:

Δ_d := { x ∈ R^d | d∑ i=1 x_i = 1, x_i ≥ 0 } . (1)

The component x_i of an element x ∈ Δ_d can be considered as the fraction of type i in the population. The operator generating the diffusion is given by Lf := 1 2 d∑ i,j=1 x_i(δ_{ij} − x_j) ∂^2f ∂x_i∂x_j + d∑ i=1 (_d ∑ j=1 q_{ij}x_j ) ∂f ∂x_i , (2)

which can be defined on the twice differentiable functions restricted to Δ_d. Here Q = (q_{ij})_{1≤i,j≤d} is a d × d-matrix which is the generator of a Markovchain. The entries can be viewed as the intensity of a mutation from type i to type j and the diffusion part describes the sampling rate. The main idea of Fleming and Viot, [5], for studying the limiting diffusion processes was to take as state space the space M_1(S) of all probability measures on a Polish space S equipped with the weak topology. Now the operator to be studied is as follows: L^{F V} u(μ) = 1 2 ∫ S ∫ S μ(dy) (δ_y(dx) − μ(dx)) ∇_x(∇_yu(μ)) (3) + ∫ S μ(dy) A (∇_xu(μ)) + ∫ S ∫ S μ(dx)μ(dy)σ(x, y)∇_xu(μ) − ∫ S ∫ S μ(dx)μ(dy) (∫ S×S σ(x, y) μ(dx) ⊗ μ(dy) ) ∇_xu(μ). The function u is an element of an appropriate space of test functions. Here ∇ denotes the "gradient" defined below, A is the mutation operator and the last two summands represent the selection part. In Section 3 the geometry needed to define Dirichlet forms of gradient type introduced in [9],[10] is recalled. Furthermore, we introduce bilinear forms for which it is shown that they are time-dependent Dirichlet forms. At this stage we use some facts about Dirichlet forms. For the crucial notions as sector condition, closability or associated processes we refer to the excellent book [8]. The results obtained are used to study the special case where the underlying measure m is the reversible measure m^{F V} of the Fleming-Viot process which exists for specific mutation operators A. The first approach via bilinear forms to this subject is due to Overbeck, Röckner and Schmuland in [10]. In this framework it is possible to construct Fleming-Viot processes with singular coefficients and interactive selection. The selection is modelled using a density function, which is only a positive maybe unbounded measurable function in the domain of the underlying Dirichlet form. These processes so far could be constructed by using Girsanov transform as done in [1]. However, the price to pay was the assumption of neutral mutation (see below) and that the process can only start at E-q.e. point of the state space. In the more general case here being under consideration, the diffusion operators can be time-dependent, the mutation operator A can depend on time and on the space variable μ, and nevertheless changing the underlying geometry, i.e. the sampling rate, is allowed. Therefore some results of Dawson and March [2] are generalized. First of all we can model time-dependent interactive selection by considering time-dependent density function which may be unbounded. And as described above singular coefficients are allowed so that the Girsanov transform does not work. In the last Section 4, specific path properties of the constructed processes are proved. For example if one looks at the state space in the finite dimensional case it is proved that as in the symmetric case the process does not hit the edges and vertices of Δ if the effect of the mutation is not too strong. We do not only derive path properties of the constructed processes, but prove a general method to employ parabolic capacities in Section 4. Hence it is possible to carry over all the results obtained by using exceptional sets from the elliptic case from [10]. As in [10] there are also some general results where the underlying measure is not necessarily the stationary reversible measure of the Fleming-Viot process. First of all if m-a.e. the measure μ is purely atomic then X_t is purely atomic for all t. That means the associated process only hits purely atomic measures. In the special case where the underlying measure is the stationary reversible measure of the Fleming-Viot process exceptional sets are determined, necessary and sufficient conditions in terms of the mutation measure ν_0 and the mutation intensity θ are given in [10] to describe certain sets which are not hit by the process. Because all these are results about exceptional sets or capacities they carry over to the more general situation being under consideration here by using the methods developed in Section 4.

2 Time-Dependent Dirichlet Forms

In this section we recall parts of the framework from [11] and [12]. Let I ⊆ R be an interval and (E^{(t)}, V )_{t∈I} a family of Dirichlet forms with continuity constant K independent of t and common domain V which is a linear subspace of some L_2-space H = L_2(X, m). V is a real Hilbert space with norm ‖ · ‖_V . Assume (a) t −→ E^{(t)}(u, v) is B(I)-measurable for all u ∈ V, t ∈ I. (b) There exists a constant c > 0 such that

c‖u‖^2_V ≥ E_1^{(t)}(u, u) ≥ c^{−1}‖u‖^2_V ∀u ∈ V, t ∈ I. For ū, v̄ ∈ V := L_2(I; V, dt) let A(ū, v̄) := ∫ I E^{(t)}(ū(t), v̄(t)) dt. Here L_2(I; V, dt) denotes the Hilbert space consisting of (classes) of Lebesgue-measurable functions which take values in V and ‖ū‖_{L2(I;V,dt)} := (∫ I ‖ū(t, ·)‖^2_V dt ) 1_2 < +∞. Here ‖ · ‖_V denotes the Hilbert space norm on V . By definition (A, V) is a coercive closed form on H := L_2(I; H, dt) with continuity constant K. Let (U_t) be the C_0-semigroup of contractions on H given by:

U_th(s) := { h(s + t) , if s, s+t ∈ I 0 , else. (4) and the corresponding adjoint semigroup:

Û_th(s) := { h(s − t) , if s-t, s ∈ I 0 , else.

(U_t)_{t≥0}, (Û_t)_{t≥0} define C_0-semigroups of contractions on H and Ĥ respectively such that (U_t)_{t≥0} and (Û_t)_{t≥0} can be extended to C_0-semigroups of contractions on V̂^′ := L_2(I; V^′, dt). The corresponding generators are denoted by (^d_{dt} , D(^d_{dt} , V^′)) and ( ^^d_{dt} , D( ^^d_{dt} , V^′)). If one only considers I = R then one only has one possibility for the extension. The domains of the generators are D( ^^d_{dt} , V^′) = D(^d_{dt} , V^′) = H^{1,2}(R; V^′). Here H^{1,2}(R, V^′) as usual denotes the Sobolev space of square-integrable functions having square-integrable weak derivatives of first order given by {ū(t, ·) ∈ V^′,^{dū}_{dt} (t, ·) ∈ V^′}. For the generators^^d_{dt} = −^d_{dt} holds. For I ≠ R boundary conditions are fixed by (4). For a detailed discussion we refer to [6]

Let (G_α)_{α≥0}, (Ĝ_α)_{α≥0} be the associated (co-)resolvent of (U_t)_{t≥0}, (Û_t)_{t≥0} on H and F := D(^d_{dt} , V^′) ∩ V, ^F := D( ^^d_{dt} , V^′) ∩ V. The time-dependent Dirichlet form associated with the family (E^{(t)}, V )_{t∈I} is now given by: E(ū, v̄) := { A(ū, v̄) − ⟨^{dū}_{dt} , v̄⟩ , if ū ∈ F, v̄ ∈ V A(ū, v̄) − ⟨^^{dv̄}_{dt} , ū⟩ , if ū ∈ V, v̄ ∈ F̂. (5)

Some Potential Theory

Definition 2.1 [12,III 1.1] In the following P_1 denotes the set of all 1- excessive functions in H, i.e. u ∈ P_1 is equivalent to βG_{β+1}u ≤ u for all β ≥ 0. Furthermore if L_h := {v | v ∈ H, v ≥ h} and β_h(v) := (v − h)^−, then by [12,III Proposition 1.6] there are uniquely determined h_α ∈ F, ĥ_α ∈ F̂ such that

E_1(h_α, v) = α(β_h(h_α), v)_H, E_1(v, ĥ_α) = α(β_h(ĥ_α), v)_H,

for all v ∈ V. For h ∈ H such that L_h ∩ F ≠ ∅ there exists e_h ∈ L_h ∩ P_1 and

(i) lim_{α→∞} h_α = e_h strongly in H and weakly in V,

(ii) e_h ≤ u for all u ∈ L_h, u 1-excessive,

(iii) E_1(e_h, v) ≥ A_1(e_h, e_h) for all v ∈ L_h ∩ F̂.

e_h is called the 1-reduced function of h. The following notation will be used in the sequel: If U is an open subset and h ∈ H then h_U := e_{h·1U} denotes the 1-reduced function of h · 1_U .

Definition 2.2 [12,III 2.3](Nests and exceptional sets)

(i) An increasing sequence of closed subsets (E_k)_{k≥1} is called E-Nest if for all u ∈ F ∩ P_1: lim_{k→∞} u_{E\Ek} = 0 in H.

(ii) A subset N ⊂ E is called E-exceptional if there exists an E-nest (E_k)_{k≥1} such that N ⊂ ⋂ k≥1 E^c_k.

(iii) A property holds E-quasi-everywhere (E-q.e.) if the property holds outside some E-exceptional set.

Definition 2.3 Let U ⊂ E, U open, and 0 < φ ∈ L_2(E, m). The capacity is given by Cap_φ(U) := (h_U , φ)_H (6) and for arbitray A ⊂ E,

Cap_φ(A) := inf_Aæ_U Uopen Cap_φ(U). (7) By the general theory one has the following important result about Capacities and exceptional sets:

Proposition 2.4 [12, III Prop. 2.10] Let (E_k)_{k≥0} be an increasing sequence of closed subsets of E. (E_k)_{k≥1} is an E-Nest iff lim_{k→∞} Cap_φ(E^c_k) = 0.

Remark 2.5 [12,III 2.6] Assume (E_k)_{k≥1} to be an E-nest. Then ⋃ k≥1 V_{Ek} is a dense set in V. Here we set V_{Ek} = {u|u ∈ V, u = 0 m-a.e on E\E_k} Therefore, if (A, V) is a Dirichlet form (E_k)_{k≥1} is an A-nest in the sense of [7, III.2.1].

Definition 2.6 [12,III 3.1](Quasi continuity) An E-q.e. defined function f : E → R is called E-quasi-continuous if f ∈ C({E_k}) for some E-nest (E_k)_{k≥1} where C ({E_k}) = { f : A −→ R | ⋃ k≥1 E_k ⊂ A ⊂ E, f|_{Ek} is continuous for all k } . Definition 2.7 A right process M = (Ω, M, (X_t)_{t≥0}, (P_x)_{x∈EΔ} ) with state space E, filtration (M_t)_{t≥0} and associated resolvent (R_α)_{α>0} is called Eassociated (in the resolvent sense, or r.s. for short) if R_αf is an m-version of G_αf for all α > 0 and f ∈ B_b ∩ H. M is called properly associated to E (r.s.) if additionally R_αf is E-q.c. for all α > 0, f ∈ B_b ∩ H.

Definition 2.8 A time-dependent Dirichlet form (E, D(E)) associated with (A, V) is called quasi-regular if:

(i) There exists an E-nest (E_k)_{k≥1} consisting of compact sets.

(ii) There exists a dense subset of F whose elements have E-q.c. m-versions.

(iii) There are u_n, n ∈ N, having E-q.c. m-versions ũ_n, n ∈ N, and there exists an E-exceptional set N ⊂ E such that {ũ_n | n ∈ N} separates the points of E\N.

Remark 2.9 If (E^{(t)}, V ) is quasi-regular for all t, the time-dependent Dirichlet form E is quasi-regular. (cf [12])

The main theorem now is a special case of the main theorem of the theory of generalized Dirichlet forms connecting the analytic and the probabilistic part of the theory.

Theorem 2.10 [12, IV Corollary 3.2]Let E be a time-dependent Dirichlet form. E is quasi-regular iff there exists an m-tight special-standard process (X_t)_t which is properly associated to E (r.s.).

We need the following version of [8, Prop. 5.30] about cadlag sample paths. Proposition 2.11 Let M = (Ω, M, (X_t)_{t≥0}, (P_x)_{x∈EΔ} ) be a right process with state space E, filtration (M_t)_{t≥0} and lifetime ζ. Furthermore, let M be properly associated to the time-dependent Dirichlet form (E, D(E)) on L_2(E, m).

(i) If (E_k)_{k≥1} is an E-nest, then P_x[ lim_{k→∞} σ_{E\Ek} < ζ] = 0 for E − q.e. z ∈ E. (8) Let N ∈ B(E) be E-exceptional. Then P_x[σ_N < ∞] = P_x[σ_N < ζ] = 0 for E − q.e. z ∈ E. (9) Here σ_A := inf{t > 0 | X_t ∈ A}.

(ii) Assume M is a special standard process and u : E −→ R is E-q.c. then for E − q.e. x ∈ E we have that u(X_{t−}) = u(X_t)_− for all t ∈ (0, ζ) P_x-a.e. and

P_x[t → u(X_t) is right-continuous on [0, ∞) and

(10) t → u(X_{t−}) is left-continuous on (0, ζ)] = 1.

Proof:(cf. [12, Lemma IV.3.10] and [8, Proof of Prop. 5.30]) If (i) holds than (ii) follows immediately. Therefore we show (i). Let φ > 0, h := R_1φ and U_k := E\E_k. Now Cap_φ(U_k) = ∫ E E_x [ e^{−σUk} R_1φ(X_{σUk} ) ] φ(x) m(dx) = ∫ E E_x [∫_ζ σ_{Uk} e^{−s}φ(X_s) ds ] φ(x) m(dx) holds. Define

h_k(z) := E_x [∫_ζ σ_{Uk} e^{−s}φ(X_s) ds ] , k ∈ N. Then h_k ↓ 0 m-a.e. for k → ∞. Because we have that M is properly associated with E in the resolvent sense, R_αf is E-q.c. for all α > 0, f ∈ B_b ∩ H. Now one obtains that h_k^{k→∞}−→ 0 E-quasi uniformly which means (i) holds. 2

3 Time-Dependent Dirichlet Forms and Fleming- Viot Processes

Framework

In this subsection we recall the definition of an appropriate tangent bundle to define Dirichlet forms. The interested reader is refered to [6], [9] and [10] for more details on the geometry of the Fleming-Viot process. We consider the diffusion operator L^{F V} mentioned in the introduction acting on a nice space of test functions. Let us recall some notations and definitions from [9] and [10]. At first set μ(f) := ∫ S f dμ for f ∈ B_b(S), where B_b denotes bounded measurable functions. Furthermore we take as a space of test functions the finitely based smooth cylinder functions FC^∞ given by FC^∞ = {μ → φ(μ(f_1), ..., μ(f_n)) | f_1, ..., f_n ∈ C_b(S), φ ∈ C^∞(R^n ), n ∈ N} . Finally let m be a finite positive measure with supp[m] = M_1(S).

The Tangent Bundle

First let us recall the definition of a measurable field of Hilbert spaces (see e.g. [3]):

Let (A, A, ν) be a measure space. A collection H = (H_α)_{α∈A} of Hilbert spaces together with a linear space S(A → H) consisting of maps ω (called measurable sections) from A to the disjoint union ⋃ α∈A H_α such that ω(α) ∈ H_α is called measurable field of Hilbert spaces iff

(a) ω ∈ S(A → H) iff the map α → (ω(α), σ(α))_{Hα} is measurable for each σ ∈ S(A → H).

(b) There exists a countable subset {l_i | i ∈ N} of S(A → H) such that the linear span of {l_i(α) | i ∈ N} is dense in H_α for each α ∈ A.

Let H̃ be the set of all square-integrable measurable sections. H̃ is a real vector space with inner product (ω_1, ω_2)~_H = ∫ A(ω_1(α), ω_2(α))_{Hα} ν(dα). If one identifies two sections ω_1, ω_2 with ‖ω_1 − ω_2‖ = 0, H̃ is a Hilbert space, which is separable if H_α is for all α. H̃ is called the direct integral of (H_α)_α and is denoted by ∫_⊕ A H_α ν(dα). For further details see [3].

Definition 3.1 (Tangent Bundle) Let T M_1(S) := (T_μM_1(S))_{μ∈M1(S)} := (L_2(S, μ))_{μ∈M1(S)}. Then T M_1(S) is a measurable field of Hilbert spaces over M_1(S). FC^∞ is an algebra of functions on M_1(S) that generate the Borel-σ-algebra w.r.t. the weak topology (by definition!). As in [10] we consider the following map:

∇ : FC^∞ −→ S (M_1(S) → T M_1(S))

(11)

given by ∇u(μ) := (∇_xu(μ))_{x∈S} (12) where ∇_xu(μ) := d dt u((1 − t)μ + tδ_x) |_{t=0}

(13)

∇ is called the (intrinsic) gradient.

Remark 3.2 1)We have an explicit representation of ∇u for test functions u ∈ FC^∞, u(μ) = u(μ(f_1), ..., μ(f_n)): ∇_xu(μ) = n∑ l=1 ∂φ ∂y_l (μ(f_1), ..., μ(f_n))(f_l(x) − μ(f_l)), x ∈ S. (14)

2) We can think of M_1(S) with inner product ⟨·, ·⟩_μ as being a non-flat manifold with the corresponding tangent bundle T M_1(S).

In this paper we restrict ourselves to Fleming-Viot processes with neutral mutation and without selection until it is otherwise stated. The mutation operator is defined as Af(x) := θ 2 ∫ S (f(ξ) − f(x)) ν_0(dξ), (15)

where f ∈ B_b(S), θ > 0 and ν_0 is a probability measure on S.

Bilinear forms Let E := M_1(S) and let b(·, ·, ·), d(·, ·, ·) : I × S × E −→ R, (16) be measurable functions, such that sup_{t∈I} sup_{μ∈E} ‖b_t(μ)‖_μ , sup_{t∈I} sup_{μ∈E} ‖d_t(μ)‖_μ < +∞,

(17) where we set b_t(μ)(·) := b(t, ·, μ) and d_t(μ)(·) := d(t, ·, μ). In the following let N : I × E −→ ⋃ μ∈E L(L_2(S, dμ)) = ⋃ μ∈E L(T_μ), (18)

N(t, μ) ∈ L(L_2(S, μ)), be a measurable mapping in the space of all linear operators on the underlying tangent bundle, denoted by ⋃ μ∈E L(L_2(S, μ)) or as T M_1(S).

Definition 3.3 For u, v ∈ FC^∞ let E^0(u, v) := ∫ E ⟨∇u(μ), ∇v(μ)⟩_μ m(dμ), (19) E^{(t)}_{N,b,d}(u, v) := ∫ E ⟨N_t(μ)∇u(μ), ∇v(μ)⟩_μ m(dμ) (20)

+ ∫ E ⟨b_t(μ), ∇u(μ)⟩_μv(μ) m(dμ)

+ ∫ E ⟨d_t(μ), ∇v(μ)⟩_μu(μ) m(dμ),

and with the notations of Section 2 E(ū, v̄) = ∫ I E^{(t)}_{N,b,d}(ū, v̄) dt ± ∫ I ∫ E ∂ū ∂t v̄ dmdt, (21) where ū ∈ F, v̄ ∈ V or v̄ ∈ F̂, ū ∈ V. Theorem 3.4 Let E^0 be closable in L_2(E, m) with closure (E, D(E)). Assume the conditions in (17) for b and d and let c ∈ B_b(I × E). (22)

Assume the following condition: ∫ E u^2(μ)c_t(μ) m(dμ) + ∫ E ⟨b_t(μ) + d_t(μ), ∇u(μ)⟩_μu(μ) m(dμ) ≥ 0, (23)

for all u ∈ FC^∞, t ∈ I. For N there exists ν, M > 0 such that for all (t, μ) ∈ I × E: ν^{−1}⟨h, h⟩_μ ≤ ⟨N_t(μ)h, h⟩_μ ≤ ν⟨h, h⟩_μ (24) and ‖Ň_t(μ)‖_{L(Tμ)} ≤ M, (25)

where Ň :=^1_2 (N − N̂) and N̂ is the adjoint of N. Then (E^{(t)}_{N,b,d,c}, FC^∞) satisfies a weak sector condition with sector constant K independent of t. In particular it can be extended to a coercive closed form (E^{(t)}, D(E^{(t)})) on L_2(E, m) which is even a Dirichlet form.

Proof:

In the following let me write E^{(t)} instead of E^{(t)}_{N,b,d,c} and E^{(t)}_N instead of E^{(t)}_{N,0,0,0}. The theorem is proved if we can show that the weak sector condition and closability hold. Also the existence of a constant as in (Section 2 (b)) must be shown.

1. Weak sector condition:

Let Ě^{(t)}(u, v) :=^1_2 (E^{(t)}(u, v) − E^{(t)}(v, u)), then one obtains for the nonsymmetric part of the form E^{(t)} | |Ě^{(t)}(u, v) | | ≤ 3Kν^{−1}E^{(t)}_{N,1}(u, u)^12 E^{(t)}_{N,1}(v, v)^12 , (26)

where K := sup_μ{‖Ň_t(μ)‖_{L(Tμ)} ∨ ‖b_t − d_t‖_μ}. Because of [12, I.2.1 (iv)] this means the form (E^{(t)}, FC^∞) satisfies the weak sector condition with continuity constant independent of t.

2. Closability:

Let u_n ∈ FC^∞_b , n ∈ N, such that u_n^{n→∞}−→ 0 in L_2(E, m) and (u_n)_{n∈}N is a E^{(t)}_N -Cauchy sequence. Henceforth by (23), (24) and (25) (u_n)_{n∈}N is also E^0- Cauchy. According to the assumption E^0 is closable,therefore

lim_{n→∞} E^0(u_n, u_n) = 0

and thus by (24) lim_{n→∞} ∫ E ⟨N_t(μ)∇u_n(μ), ∇u_n(μ)⟩_μ m(dμ) ≤ lim_{n→∞} νE^0(u_n, u_n) = 0

Hence ∫ E u_n(μ)(⟨d_t(μ) + b_t(μ), ∇u_n(μ)⟩_μ + cu_n(μ)) m(dμ)^{n→∞}−→ 0. Therefore E^{(t)}_N (u_n, u_n)^{n→∞}−→ 0, which proves the closability of E^{(t)}. 3. Existence of the claimed constant Using (23) one has E^{(t)}(u, u) ≥ ∫ E ⟨N_t(μ)∇u(μ), ∇u(μ)⟩_μ m(dμ) ≥ ν^{−1}E^0(u, u) and taking into account that

| ⟨Λ_t(μ), ∇u(μ)⟩_μv(μ) | ≤ (1/2⟨∇u(μ), ∇u(μ)⟩_μ + 2c^2_0u^2(μ))^{12} ·(1/2⟨∇v(μ), ∇v(μ)⟩_μ + 2c^2_0v^2(μ))^{12} .

by Cauchy Schwarz inequality, where Λ_t := b_t or d_t are uniformly bounded by c_0 := max{sup_{t,μ} ‖b_t‖_μ, sup_{t,μ} ‖d_t‖_μ}. Clearly | | | | ∫ E u(μ)v(μ)c_t(μ) m(dμ) | | | | ≤ ‖c^t‖^∞E^01 (u, u) 1 2 E^0_1 (v, v)^{12} .

because c is bounded. Finally this leads to E^{(t)}(u, u) ≤ CE^0_1 (u, u), with C := ν + const + ‖c_t(μ)‖_∞. This implies the existence of a constant K as stated in the theorem. 2 By the results of the last Theorem (E^{(t)}, D(E^0))_{t∈I} is a family of Dirichlet forms satisfying (a) and (b) in Section 2. In particular, the associated timedependent Dirichlet form E (cf. (5), Section 2) is defined.

Remark 3.5 Time-dependent density functions:

Let φ be a measurable function, φ(t, ·) ∈ D(E^{(t)}) such that φ(t, ·) > 0 for all t > 0 and assume there is a positive constant c > 0 and t_0 such that

c^{−1}φ(t_0, ·) ≤ φ(t, ·) ≤ c φ(t_0, ·), for all t > 0

(27)

then E_{φt} (u, v) := ∫ E ⟨∇u(μ), ∇v(μ)⟩_μ φ^2_t m(dμ) (28)

where m is as in Theorem 3.4 and φ_t(·) := φ(t, ·), is closable on L_2(E, φ^2_t m), again by [10]. Therefore we can use this bilinear form as the starting point in Theorem 3.4.

Since each form (E^{(t)}, FC^∞) is quasi-regular the associated time-dependent Dirichlet form E is quasi-regular too ([12, IV 4(a)]). Therefore, there exists an associated special standard process (Y_t)_t. To see that this process is in fact a Fleming-Viot process one has

Proposition 3.6 The process (Y_t)_{t>0} solves the martingale problem for the operator (L̄^{F V} , D(L̄^{F V} )), where L̄^{F V} ū(t, μ) (= L^{F V} ū(t, μ) + ∂_tū(t, μ) on appropriate testfunctions) in the sense that for every ū ∈ D(L̄^{F V} )

~ū(Y_t) − ~ū(Y_0) − ∫_t 0 L̄^{F V} ū(Y_s) ds, t ≥ 0 (29)

is a martingale corresponding to the given filtration under P_{(t,μ)} for E-q.e. (t, μ) ∈ R × E. Here ~ū denotes an E-q.c. m-version of ū.

Proof: Let ū ∈ D(L̄^{F V} ). First note that ~ū(Y_t) − ~ū(Y_0) does not depend on the E-q.c. m-version of ū. Second, also ∫_t 0 L̄F V ū(Y_s) ds exists and does not depend on the m-version of L̄^{F V} ū. The rest follows using the Markovproperty and Fubini’s theorem. 2

3.1 Applications

(i)In [2] Dawson and March considered sampling rates which depend on the point μ ∈ M_1(S). Their operators are of the form

L_1u(μ) := 1 2 ∫ S ∫ S γ(μ, x, y)(∇_x − ∇_y)^2u(μ) μ(dx) μ(dy) + ∫ S Ã(μ)∇_xu(μ) μ(dx) where (Ã(μ), Ã) is the generator of a conservative Feller process and γ(μ, x, y) ≥ 0 is symmetric and continuous. The diffusion part of L_1 is 1 2 ∫ S ∫ S γ(μ, x, y)(∇_x − ∇_y)^2u(μ) μ(dx) μ(dy) γ sym. = ∫ S ∫ S μ(dx)(δ_y(dx) − μ(dy)) γ(μ, x, y)∇_x∇_yu(μ). Therefore, one sees that the classical case is given by γ(μ, x, y) ≡^1_2 . In the above framework we are able to modify the underlying geometry using the operators (N_{t,μ})_{t,μ}. This is nothing but changing the diffusion part of the Fleming-Viot operators, i. e. the sampling rate. In this model the sampling rate can also be time-dependent and need not be symmetric.

(ii) Other Perturbations Consider a drift of the form B(μ, x), where B has to fulfill the conditions in Theorem 3.4.

For example one obtains for the special mutation operator B for a function f ∈ B_b(S), b measurable and bounded B(μ)f(x) := θ 2 ∫ S (f(ξ) − f(x))b(μ, ξ) μ(dξ), that ∫ S B(μ)∇_xu(μ) μ(dx) = θ 2 ⟨b, ∇u(μ)⟩_μ. (30) In view of |B(μ)f(x)| = θ 2 ∫ S (f(ξ) − f(x))b(μ, ξ) μ(dξ) ≤ θ ( ‖f‖_∞ sup_{μ∈M1(S)} ‖b‖_μ ) < +∞, This means the mutation operator can be time and space dependent. This is a perturbation in the sense of Theorem 3.5.

(iii) Time-Dependent Densities - Interactive Time-Dependent Selection In the above model one can consider fitness functions as in [4]. The fitness function can be choosen time-dependent as it is shown in the following: For test functions u, v ∈ FC^∞, φ ∈ V, φ > 0 m^{F V} ⊗ dt-a.e., satisfying (27) and φ^n_t := φ_t ∧ n ( ∈ D(E^{(t)}) ) one has, in view of (φ^n_t )^2 ∈ D(E^{(t)}): ∫ R E^{φnt} (u, v) dt^{P rodr.}= − ∫ R ∫ E L̄^{F V} uv(φ^n_t )^2 − ⟨∇u, ∇(φ^n_t )⟩_μvφ^n_t dm^{F V} dt. and with Lebesgue’s convergence theorem: ∫ R E^{φt} (u, v) dt = − ∫ R ∫ E L̄^{F V} uvφ^2_t − φ^{−1}_t ⟨∇u, ∇φ_t⟩_μvφ^2_t dm^{F V} dt. For the corresponding generator (L^φ, D(L^φ)) of E^φ one obtains formally L^φu(μ) = L̄^{F V} u(μ) + φ^{−1}_t ⟨∇u, ∇φ_t⟩_μ. Having the time-independent case in mind one can consider the operator L^tu(μ) = L̄^{F V} u(μ) + ⟨∇u(μ), V_t(μ)⟩_μ.

Where we set V_t(μ, x) = ∫ S v_t(x, y) μ(dy) for all t ∈ R. The function v_t is nothing but the fitness-function considered at any time t ∈ R. It is usually assumed that the function v_t is bounded and symmetric, but in the above framework it may be unbounded.

The biological meaning is that v gives the relative fitness of an allele x to another allele y at any time t. The function V gives the fitness of an allele x to all alleles in the gene pool at any time t. In this model one can therefore describe the fitness-function as V_t(μ, x) =^{∇xφt(μ)}_{φt(μ)} + b_t(μ, x) where the first summand may be unbounded and therefore is V_t(μ, x). In contrast to the classical case we only need sup_μ sup_t sup_x |b_t(μ, x)| < +∞.

4 Path Properties via Parabolic Capacities

In the following we describe some path properties for the time-dependent processes corresponding to time-dependent Fleming-Viot operators. Everything can be shown using the path properties for the processes associated to the closure of (E^{(t)}, FC^∞)_{t∈I} which can be found in [10, Chap. 4, 6 and 7]. Throughout this section let E^{(t)} := E^{(t)}_{N,b,d,c}, t ∈ R, be a family of Dirichlet forms satisfying the assumptions of Theorem 3.4 of section 3. All these results are derived using exceptional sets or capacitary methods. In the following we establish a general method for carrying over results for capacities and exceptional sets from the elliptic situation to the parabolic situation and vice versa.

We start with a general result, where the underlying measure need not to be the time-reversible stationary measure of a Fleming-Viot process.

Theorem 4.1 Let μ be an m-a.e. purely atomic measure on S, (Y_t)_t be the m-tight special standard process associated to the time-dependent Dirichlet form E as in (21) of Chapter 3 and X_t be the projection of Y_t onto the Ecoordinate. Then we have the following: (i) If R × {X_t is not purely atomic} is E-exceptional then {X_t is not purely atomic} is E^{(t)}-exceptional for all t and (ii) If {X_t is not purely atomic} is E^{(t)}-exceptional for all t then R × {X_t is not purely atomic} is E-exceptional.

To prove the theorem we need two lemmas to be proved first.

Lemma 4.2 Let (E^{(t)}, V )_{t∈}R be a family of Dirichlet forms satisfying (a) and (b) of Section 2 and E the associated time-dependent Dirichlet form.

If N ⊂ E is E^{(t0)}-exceptional for t_0 ∈ R (and therefore for all t ∈ R), (s, s^′) × N(even R × N) is an E-exceptional set for all s, s^′ ∈ R, s < s^′.

Proof:

Define the following coercive bilinear form: Ẽ(u, v) := ( ∂u ∂t , ∂v ∂t ) H + A(u, v) , u, v ∈ D(Ẽ) := D( ∂ ∂t , H) ∩ V. Ẽ is a Dirichlet form.

To show that (s, s^′) × N is E-exceptional it is enough to show that ⋃ k F_{Kk} ⊂ F is dense. (cf. Remark III.2.11 in [12]) Let (E_k)_{k≥1} be an E^{(t)}-nest for a fixed t ∈ R (and therefore for all t ∈ R), let K_k := [−k, k] × E_k. To this end let D̃ := span{fu | f ∈ C^1_0 (R), u ∈ ⋃ k≥1 V_{Ek} }. D̃ ⊂ V is dense because ⋃ k≥1 V_{Ek} is a dense subset of V, (E_k)_{k≥1} is an E^{(t)}-nest, U_t(D̃) ⊂ D̃ for all t ≥ 0 and D̃ ⊂ D(^∂_{∂t} , V). One has that D̃ is a dense subset of D(^∂_{∂t} , V). Because of D̃ ⊂ ⋃ k≥1 D(Ẽ)_{Kk} it holds that (K_k)_{k≥1} is an Ẽ-nest. Furthermore, ⋂ k≥1 K^c_k = ⋂ k≥1 ([−k, k] × E_k)^c = ⋂ k≥1 (([−k, k]^c × E_k) ∪ ([−k, k]^c × E^c_k) ∪ ([−k, k] × E^c_k)) ⊇ R × ⋂ k≥1 E^c_k ⊇ (s, s^′) × N.

Therefore, (s, s^′)×N ⊂ ⋃ k≥1 K^c_k for an Ẽ-nest. It is therefore Ẽ-exceptional.2

Lemma 4.3 Let (E^{(t)}, V )_{t∈}R be a familiy of Dirichlet forms satisfying (a) and (b) of Sction 2 and E the associated time-dependent Dirichlet form. If the set (s, s^′) × N is E-exceptional then N is E^{(t)}-exceptional for all t ∈ R.

Proof:

Let us fix t_0 ∈ R and let 0 < φ ∈ L_2(E, m). We define w := G^{(t0)}_1 φ and h := 1_{(s,s}0_) ⊗ w.

Assumption: N is not E^{(t0)}-exceptional. Then one has inf_Næ_U U open E^{(t0)}_1 (w_U , w_U ) ≥ ϵ > 0.

Let W ⊆ R × E be open such that (s, s^′) × N ⊂ W . Then

A_1(h_W , h_W ) ≥ (s^′ − s)ϵK^{−2} holds where h_W denotes the 1-reduced function with respect to A, because for all v ∈ D(E^{(t0)}) such that v ≥ w on U, U open, we have that

E^{(t0)}_1 (w_U , w_U ) ≤ E^{(t0)}_1 (w_U , v) ≤ KE^{(t0)}_1 (w_U , w_U ) 1 2 E^{(t0)}_1 (v, v) 1 2 . Therefore, E^{(t0)}_1 (w_U , w_U ) ≤ K^2E^{(t0)}_1 (v, v). Now consider the set:W_t = {x | (t, x) ∈ W }. W_t is open for all t and h_W (t, ·) ≥ w on W_t dt−a.e. (t ∈ (s, s^′)). This means

E^{(t0)}_1 (h_W (t, ·), h_W (t, ·) ≥ K^{−2}E^{(t0)}_1 (w_{Wt} , w_{Wt} ) ≥ K^{−2}ϵ.

In this case w_{Wt} is of course the 1-reduced function with respect to E^{(t0)}. Finally we obtain : ∫ R E^{(t0)}_1 (h_W (t, ·), h_W (t, ·)) dt ≥ ∫ (s,s0) E^{(t0)}_1 (h_W (t, ·), h_W (t, ·)) dt ≥ (s^′ − s)K^{−2}ϵ.

We have shown that the set (s, s^′) × N is not A-exceptional. Regarding 2.5 one knows that each E-exceptional set is an A-exceptional set which is a contradiction to our assumption and therefore the set N must be E^{(t0)}-exceptional. 2

Proof of Theorem 4.2:

By Lemma 4.3 and Lemma 4.4 the claims of Theorem 4.2 follow from the fact that if μ is m-a.e. purely atomic {X_t is purely atomic} is E^{(t)}-exceptional as shown in [10]. 2

The Classical Fleming-Viot Case

We now specialize to the case where the underlying measure m = φ^2m^{F V} (i.e., the time-dependent Fleming-Viot process with time-dependent interactive selection). However, we make the additional assumption that c_1(t) ≤ φ(·, t)^2 ≤ c_2(t) , where c_1, c_2 : I → R (cf. [10, Chapter 7]). This means that a set is E^{(t)}_{N,b,d,c}-exceptional iff it is E^{(0)}-exceptional. When we want to emphasize the dependence on θ and ν_0 we will use the notation Π_{θ,ν0} =: m. We will now transfer the results from [10, Chapter 7] to the time-dependent situation.

Proposition 4.4 For fixed x_1, ..., x_k ∈ S, if ν_0({x_1, ..., x_k}) > 0 then { μ|μ = k∑ i=1 p_iϵ_i, p_i ≥ 0, k∑ i=1 p_i = 1 } × (s, s^′) is E−exceptional iff θν_0({x_1, ..., x_k}) ≥ 1. Proof:

Use the two lemmas of this section and [10, Proposition 7.6, Corollary 7.7]. 2 Theorem 4.5 For every k ≥ 1, the set { μ|μ = k∑ i=1 p_iϵ_i, p_i ≥ 0, k∑ i=1 p_i = 1 } × (s, s^′) is E−exceptional iff θ inf_{x1,...xk} ν_0({x_1, ..., x_k}) ≥ 1. Proof:

Use the two lemmas of this section and [10, Theorem 7.9]. 2

Corollary 4.6 If ν_0 is atomless, then E−q.e. (μ, t) ∈ E × I has infinitely many atoms iff θ ≥ 1.

Proof:

Use the the two lemmas of this section and [10, Corollary 7.10]. 2

AKNOWLEDGEMENT: I would like to thank Professor M. Röckner and Dr. W. Stannat for helpful comments and discussions.

REFERENCES

[1] D. A. Dawson,Measure valued Markov Processes, Ecolde d’Ete de Probabilites de Saint-Flour. Lecture Notes in Mathematics 1541, Springer, Berlin 1991.

[2] D. A. Dawson, P. March, Resolvent Estimates for Fleming-Viot Operators and Uniqueness of Related Martingale Problems, J. Func. Analysis 132, (1995), 417-472.

[3] J. Dixmier: Les algebres d’operateurs dans l’espace Hilbertian, Gauthier- Villars, Paris, 1969.

[4] S. N. Ethier, T. G. Kurtz: Fleming-Viot processes in population genetics, Siam J. Control and Optimization 31, (1993), 345-386.

[5] W.H. Fleming, M. Viot, Some measure-valued Markov processes in population genetics theory, Ind. Univ. Math. J. 28 (5), (1979), 817- 843.

[6] J. Kienitz, Zur Stochastischen Analysis von Fleming-Viot Prozessen, Diploma thesis, University of Bielefel, 1997

[7] J. Kienitz, In preparation, University of Bielefeld, 1998

[8] Z. M. Ma, M. Röckner, Introduction to the Theory of (Non Symmetric) Dirichlet Forms, Springer, Berlin 1992.

[9] L. Overbeck, M. Röckner, Geometric Aspects of Finite and Infinite Dimensional Fleming-Viot Processes, Random Operators and Stochastic Equations 5 (1), 1997, 25-58

[10] L. Overbeck, M. Röckner, B. Schmuland, An analytic approach to Fleming-Viot processes with interactive selection, Ann. Prob. 24, (1995), 1-36.

[11] W. Stannat, Generalized Dirichlet Forms and Associated Markov Processes, C.R. Acad. Paris, t. 319. pp. 1063-1068, 1994

[12] W. Stannat, The Theory of Generalized Dirichlet Forms and its applications in Analysis and Stochastics, SFB 343 Preprint, University of Bielefeld, 1997, To appear as a Memoir of the AMS.