EXPONENTIAL MIXING FOR CLASSICAL CONTINUOUS SYSTEMS

YU. G. KONDRATIEV, R. A. MINLOS, M. RÖCKNER, AND G. V. SHCHEPAN’UK

Abstract. Using the method of cluster expansions, we prove exponential L_{2+}”-mixing (” arbitrarily small and positive) for Gibbs measures corresponding to dilute continuous systems of particles interacting via a stable, exponentially decreasing pair potential.

KEY WORDS: Gibbs measure, cluster expansion, exponential mixing.

Introduction

Although the Dobrushin–Lanford–Ruelle approach [4, 5, 6, 18, 30] to investigate equilibrium systems of particles in classical statistical mechanics through the construction and study of corresponding Gibbs measures is widely followed [27, 14, 28, 20, 24, 26, 21, 17], mixing properties for Gibbs measures corresponding to classical continuous systems so far were regarded only by H. Spohn [31]. Using results of G. Del Grosso [7] (see also works of Minlos and Halfina [22, 13]) he proved L_2-exponential mixing for the case of classical continuous systems of particles interacting via a positive potential of finite range.

However, the positivity condition, which seems crucial and unavoidable in [31], imposes too strong restrictions on the class of possible potentials. For example, it excludes a large class of interaction potentials between molecules usually regarded in physics, see Fig. 1.

Estimates for correlation functions have been previously obtained in [8, 9, 10, 11]. They give mixing properties of the corresponding Gibbs measures on polynomials. It is, however, interesting in itself and important for many applications, such as the study of fluctuations and their stochastic dynamics [31, 3], to have the same estimates for all square integrable functions on the configuration space.

In the present work we prove exponential L_{2+ε}-mixing, where ε is arbitrary small and positive, for Gibbs measures corresponding to dilute continuous systems of particles interacting via a stable, exponentially decreasing pair potential. So, the potential pictured in Fig. 1 is covered by our considerations. Our method relies on the cluster expansion technique developed in [8, 9, 10, 11], see also [19, 23].

6

-^r

ṽ

Fig. 1. The most typical interaction potential between two particles situated at points x, x^0 ∈ Rd is a function of r := |x − x^0|, ie, v(x, x^0) = ṽ(r), with ṽ as above.

1. Poisson measures on configuration space

Let B(R^d) denote the Borel σ-algebra on R^d and let L(Λ), Λ ∈ B(R^d), be the system of all bounded Borel

subsets of Λ. Define the configuration spaces Γ_Λ, Γ^{fin}_Λ as the sets of all locally finite and finite configurations in Λ, respectively, ie,

Γ_Λ := { γ ⊂ Λ | #(γ ∩ Λ^′) < ∞ for all Λ^′ ∈ L(Λ) } , Γ^{fin}_Λ := { γ ⊂ Λ | #γ < ∞ } , #γ being the cardinality of the set γ.

Date: 12 January 1999.

Bonn University, D–53013 Bonn, Germany, e-mail: kondratiev@uni-bonn.de; BiBoS research center, Bielefeld University, D–33615, Bielefeld, Germany; Institute for Mathematics of the Ukrainian National Science Academy, 3 Tereshchenkivs’ka St, MSP, Kyiv-4, 252601, Ukraine.

Institute for Information Transmission Problems of the Russian Science Academy, 19 Bolshoj Karetnyj pereulok, Moscow, 101447, Russia, e-mail: minl@ippi.ras.ru.

Department for Mathematics, Bielefeld University, D–33615 Bielefeld, Germany, e-mail: roeckner@mathematik.uni-bielefeld.de. BiBoS research center, Bielefeld University, D–33615, Bielefeld, Germany, e-mail: shchepan@physik.uni-bielefeld.de; Institute for Mathematics of the Ukrainian National Science Academy, 3 Tereshchenkivs’ka St, MSP, Kyiv-4, 252601, Ukraine, e-mail: gena@imath.kiev.ua. 1

Let BΛ′ (ΓΛ) and BΛ′ (Γ^{fin}_Λ ), Λ, Λ^′ ∈ B(R^d), Λ^′ ⊂ Λ, be the σ-algebras on ΓΛ and Γ^{fin}_Λ generated by all

mappings of the form γ → #(γ ∩ Λ^{′′}) ∈ Z_+ := {0, 1, 2, . . .}, where Λ^{′′} ∈ L(Λ^′) and γ is taken from Γ_Λ and Γ^{fin}_Λ , respectively.

Remark 1. Below, we shall omit the lower indices at Γ, Γ^{fin} and B if they are equal to R^d, eg, B(Γ) := BRd(ΓRd).

We set γ_Λ := γ ∩ Λ.

Let π^z be the Poisson measure over B(Γ) with intensity z > 0. Then for all Λ ∈ L(R^d) and any

BΛ(Γ)-measurable function F_∫ Γ F (γ)π^z (dγ) = e^{−z|Λ|} ∞∑ n=0 z^n n! ∫ Λ^n F ( {x_i}^n_{i=1} ) (dx)^1_n (1.1)

(if the right-hand side of (1.1) exists), where (dx)^1_n := dx_1 . . . dx_n. The existence of π^z is insured by Kolmogorov’s theorem.

In a similar way for the Lebesgue–Poisson measure λ^z_Λ over B_Λ(Γ^{fin}_Λ ), Λ ∈ B(R^d), we have ∫ Γ^{fin}_Λ

F (γ)λ^z_Λ(dγ) = ∞∑ n=0 z^n n! ∫ Λ^n F ( {x_i}^n_{i=1} ) (dx)^1_n (1.2)

for any B_Λ(Γ^{fin}_Λ )-measurable function F .

Obviously, the Lebesgue–Poisson measure possesses the following ‘cluster property’.

Lemma 1. For all Λ_1, Λ_2 ∈ B(R^d) such that Λ_1 ∩ Λ_2 = ∅ and all F_i ∈ L_2 ( Γ_{Λ1∪Λ2} , B_{Λi} (Γ_{Λ1∪Λ2} ), λ^z_{Λ1∪Λ2} ) , i = 1, 2, ∫

Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )λ^z_{Λ1∪Λ2} (dγ) = ∫ Γ^{fin}_{Λ1}

F_1(γ_{Λ1} )λ^z_{Λ1} (dγ) ∫ Γ^{fin}_{Λ2}

F_2(γ_{Λ2} )λ^z_{Λ2} (dγ)

Below we will also need the following lemma. See also [19, 20].

Lemma 2. For any F_1, . . ., F_p ∈ L_1(Γ^{fin}_Λ , λ^z_Λ), Λ ∈ B(R^d), ∫ Γ^{fin}_Λ

λ^z_Λ(dγ) ∑ (γ^1 ,...,γ^p) γ^1 ∪···∪γ^p =γ γ^i∩γ^j =∅, i≠j

F_1(γ^1) . . . F_p(γ^p) = p∏ i=1 ∫ Γ^{fin}_Λ

F_i(γ^i)λ^z_Λ(dγ^i) (1.3)

and ∫ Γ^{fin}_Λ \{∅}

λ^z_Λ(dγ) ∑ (γ^1 ,...,γ^p) γ^1 ∪···∪γ^p =γ γ^i∩γ^j =∅, i≠j γ^i≠∅, i=1,...,p

F_1(γ^1) . . . F_p(γ^p) = p∏ i=1 ∫ Γ^{fin}_Λ \{∅}

F_i(γ^i)λ^z_Λ(dγ^i) (1.4)

Proof. Concerning formula (1.3), we have: ∫ Γ^{fin}_Λ

λ^z_Λ(dγ) ∑ (γ^1 ,...,γ^p ) γ^1 ∪···∪γ^p =γ γ^i∩γ^j =∅, i≠j

F_1(γ^1) . . . F_p(γ^p) = ∞∑ n=0 z^n n! ∫ Λ^n

(dx)^1_n ∑ (γ^1,...,γ^p) γ^1∪···∪γ^p ={x_1 ,...,x_n} γ^i∩γ^j =∅, i≠j

F_1(γ^1) . . . F_p(γ^p ) =

= ∞∑ n=0 z^n n! ∑ k_1+···+k_p=n k_1,...,k_p≥0

∫ Λ^n

(dx)^1_n ∑ (γ^1,...,γ^p) γ^1∪···∪γ^p ={x_1 ,...,x_n} γ^i∩γ^j =∅, i≠j #γ^i =k_i, i=1,...,p

F_1(γ^1) . . . F_p(γ^p ) =

= ∞∑ n=0 ∑ k_1+···+k_p =n k_1,...,k_p≥0 z^{k1} . . . z^{kp} n! C^{k1,...,kp} n p∏ i=1 ∫ Λ^ki F_i ( {x^i_1, . . . , x^i_{ki} } ) (dx^i)^1_{ki} =

= ∞∑ k_1=0 · · · ∞∑ k_p=0 z^{k1} . . . z^{kp} k_1! . . . k_p! p∏ i=1 ∫ Λ^ki F_i ( {x^i_1, . . . , x^i_{ki} } ) (dx^i)^1_{ki} =

= p∏ i=1 (_∞∑ k_i=0 z^{ki} k_i! ∫ Λ^ki F_i ( {x^i_1, . . . , x^i_{ki} } ) (dx^i)^1_{ki} ) = p∏ i=1 ∫ Γ^{fin}_Λ

F_i(γ^i)λ^z_Λ(dγ^i).

The proof of (1.4) is essentially the same with the only difference that the summation over n, k_1, . . . , k_p should start at 1.

2. Gibbs perturbations of Poisson measures In what follows we consider a classical continuous system of particles interacting via a pair potential v, which is supposed to be symmetric: v(x, x^′) = v(x^′, x), for all x, x^′ ∈ R^d, and translationally invariant: v(x, x^′) = v̂(x − x^′), x, x^′ ∈ R^d. In addition, we suppose it to be stable: ∃B > 0 : ∀n ≥ 2, ∀x_1, . . ., x_n ∈ R^d ∑ 1≤i<j≤n v(x_i, x_j) ≥ −Bn, (2.1) and to be exponentially decaying at infinity, ie, there exist positive constants v_0, r_0 and – such that |v̂(x)| ≤ v_0e^−–^{|x|} ∀x : |x| ≥ r_0. (2.2) Remark 2. From a physical point of view it is natural to assume even more, namely, that the potential v is not only symmetric and translationally invariant but also rotationally invariant, ie, v(x, x^′) = ṽ(|x − x^′|) (cf Fig. 1). Having in mind this example of a pair potential we, nevertheless, do not use the assumption of rotational invariance.

To any finite configuration γ_Λ ∈ Γ_Λ, in a bounded region Λ ∈ L(R^d), and fixed boundary conditions γ_Λc ∈ Γ_Λc there corresponds the following potential energy

U (γ_Λ, γ_Λc ) := ∑ {x, x^′ }⊂γ_Λ v(x, x^′) + ∑_∗ x∈γ_Λ , x^′∈γ_Λc

v(x, x^′), (2.3)

where the star attached to the second sum means that, by definition, we put the series equal to infinity if it does not converge absolutely.

Let us introduce Gibbs states G^{z,β}_Λ (· | γ_Λc ) in a finite volume Λ ∈ L(R^d) with boundary conditions γ ∈ Γ corresponding to a continuous system with inverse temperature β > 0, activity z > 0 and a stable potential v as a probability measures over B(Γ) as follows

G^{z,β}_Λ (Δ | γ_Λc ) =

Ξ^{z,β}_Λ (γ_Λc )^{−1} ∫ Γ χ_Δ(γ^′_Λ ∪ γ_Λc ) exp[−βU (γ^′_Λ, γ_Λc )]π^z(dγ^′), if Ξ^{z,β}_Λ (γ_Λc ) < ∞,

0, otherwise. (2.4)

where χ_A(·) is the charachteristic function of a set A and

Ξ^{z,β}_Λ (γ) := ∫ Γ exp[−βU (γ^′_Λ, γ_Λc )] π^z(dγ^′). (2.5)

Definition 1. A Gibbs state G^{z,β}(·) corresponding to a continuous system with inverse temperature β > 0, activity z > 0 and a stable potential v is a probability measure on (Γ, B(Γ)) such that for any Λ ∈ L(R^d) and

Δ ∈ BΛ(Γ)_∫ Γ G^{z,β}_Λ (Δ | γ_Λc )G^{z,β}(dγ) = G^{z,β}(Δ). (2.6)

Remark 3. The stability condition on the potential of interaction ensures the existence of finite volume Gibbs states with empty boundary conditions. See eg [14, 19, 27, 2, 17] for more details.

It is a rather complicated question whether the set of Gibbs measures corresponding to a classical continuous system interacting via a pair potential v is not empty at least for some z and β. One of the possible ways to show this is to construct a cluster expansion of the Radon-Nikodym derivatives

p_Λ(γ_Λ) := G^{z,β}_Λ (dγ_Λ|{∅}) λ^z_Λ(dγ_Λ)

, Λ ∈ L(R^d), (2.7) and prove its convergence as Λ ↗ R^d. From this it follows that the limit lim Λ↗Rd^{Gz,βΛ (· |∅) (2.8)} exists. Then, under our conditions on the potential, by one of the main theorems from [15] the limiting measure will be Gibbsian. This method is implemented in Section 3 below (cf Theorem 1).

Remark 4. The limit in (2.8) we will always understand in sense of weak local convergence, ie, we will say that a measure G^{z,β}(·) is a (weak local) limit of finite volume Gibbs measures G^{z,β}_Λ (· | γ_Λc ) with boundary condition γ if and only if for any Λ^′ ∈ L(R^d) and any B_Λ′ (Γ)-measurable function F ∫ Γ F (γ)G^{z,β}(dγ) = lim_{Λ↗}R_d ∫ Γ F (γ^′_Λ)G^{z,β}_Λ (dγ^′ | γ_Λc ).

Remark 5. As it follows from (2.4), (2.5), (1.1) and (1.2), the density p_Λ(γ_Λ), Λ ∈ L(R^d), has the following form:

p_Λ(γ_Λ) = (~ Ξ^{z,β}_Λ )_{−1} exp[−βU (γ_Λ, ∅)] (2.9) with ~Ξ^{z,β}_Λ := e^{z|Λ|}Ξ^{z,β}_Λ (∅) = ∫ Γ^{fin}_Λ exp [ − βU (γ_Λ, ∅) ] λ^z_Λ(dγ_Λ). (2.10)

For any finite configuration γ, let ∑_{(γ)} denote the sum over all partitions of γ into non-empty subsets: ∑_{(γ)} [. . . ] = #γ∑ n=1 ∑ {γ^1 ,...,γ^n} γ^1 ∪···∪γ^n =γ γ^i ∩γ^j =∅, i≠j γ^i ≠∅, i=1,...,n

[...] = #γ∑ n=1 1 n! ∑ (γ^1,...,γ^n) γ^1∪···∪γ^n =γ γ^i∩γ^j =∅, i≠j γ^i≠∅, i=1,...,n

[...], (2.11)

let G(γ), Gc(γ), F(γ) be the sets of all graphs, connected graphs, trees^1 respectively whose vertices coincide

with elements, or points, of γ, and let

δ_∅(γ) = { 1, γ = ∅, 0, γ ≠ ∅. In what follows we are going to work with a cluster expansion suggested and further developed in [8, 9, 10, 11, 19], namely, we are going to represent p_Λ(γ_Λ), Λ ∈ L(R^d), in the form

p_Λ(γ_Λ) = (~ Ξ^{z,β}_Λ )_{−1}{ δ_∅(γ_Λ) +

∑_{(γΛ)}

k(γ^1_Λ) . . . k(γ^n_Λ) } , (2.12)

with some function k(·) over Γ^{fin} \ {∅} satisfying the estimate |k(γ)| ≤ (e^{2βB} )^{#γ} ∑ T ∈T(γ) ∏ {x,x^′}∈T | |e^{−βv(x,x′)} − 1 | |. (2.13)

To construct this cluster expansion it suffices to show that for any non-empty finite configuration γ exp [ − β ∑ {x,x^′}⊂γ v(x, x^′) ] = ∑_{(γ)} k(γ_1) . . . k(γ_n), (2.14) but exp [ − β ∑ {x,x^′}⊂γ v(x, x^′) ] = ∏ {x,x^′}⊂γ exp [ − βv(x, x^′) ] = = ∏ {x,x^′}⊂γ (( exp [ − βv(x, x^′) ] − 1 ) + 1 ) = ∑ G∈G(γ) ∏ {x,x^′}∈G ( exp [ − βv(x, x^′) ] − 1 ) , and so (2.14) is satisfied with

k(γ) := ∑ G_c∈G_c (γ) ∏ {x,x^′}∈G_c ( exp [ − βv(x, x^′) ] − 1 ) , γ ∈ Γ^{fin} \ {∅}. (2.15)

1For definition of a tree, or tree graph, see eg [25].

Less trivial is the proof of the bound (2.13) on the function k(γ) defined by (2.15). For the proof see Lemma 2

from § 4, Chapter 4 in [19], or [16] for more details.

Remark 6. It is useful to put k(∅) := 0 and regard k(·) as a function over Γ^{fin}.

Proposition 1. Let f : R_+ → R be such that | |f(x) | | ≤ Ce−x, then |e^{f(x)} − 1| ≤ ψ(C)e^{−x}, x ∈ R_+, where ψ(C) := Ce^C .

Proof. |e^{f(x)} − 1| = | | | | ∞∑ n=1 ( f(x) )_n n! | | | | ≤ ∞∑ n=1 | |f(x) | |^n n! = | |f(x) | | ∞∑ n=1 | |f(x) | |^{n−1} n! ≤ | |f(x) | | ∞∑ n=1 | |f(x) | |^{n−1} (n − 1)! =

= | |f(x) | |^∞ ∑ n=0 | |f(x) | |^n n! = | |f(x) | |e^{|f(x)|} ≤ Ce^{−x}e^C = ψ(C)e^{−x}.

Proposition 2. If the interaction potential v exponentially decays at infinity, then |e^{−βv̂(x)} − 1| < K(β)e^−–^{|x|} , (2.16) where

K(β) = max { (e^{2βB} + 1)e–^{r0} , ψ(βv_0) } . Proof. For all x ∈ R^d such that |x| ≥ r_0, Proposition 1 and (2.2) give that | |e^{−βv̂(x)} − 1 | | ≤ ψ(βv_0 )e^−–^{|x|} ≤ K(β)e^−–^{|x|}, whereas for all x ∈ R^d such that |x| < r_0, the stability condition (2.1) and the assumption that v(x, x^′) = v̂(x−x^′)

imply that | |e^{−βv̂(x)} − 1 | | ≤ e^{2βB} + 1 < (e^{2βB} + 1)e–^{(r}0^{−|x|)} ≤ K(β)e^−–^{|x|} .

Remark 7. Estimate (2.13) on the absolute value of the function k, inequality

n^{n−2} ≤ e^nn!, (2.17)

the fact that [25] ∑ T ∈T (_{{1,...,n}}) 1 = n^{n−2}, (2.18)

Remark 6 and the assumptions of stability and exponential decay at infinity on the interaction potential v imply

that k ∈ L_1(Γ_Λ, λ^z_Λ) for any Λ ∈ L(R^d). Indeed, using the definition of Lebesgue–Poisson measure (1.2) and

subsequently integrating with respect to the ending points of a tree graph T ∈ T ( {1, . . ., n} ) , we get that ∫ Γ^{fin}_Λ | |k(γ_Λ) | |λ^z_Λ(dγ_Λ) = ∞∑ n=1 (ze^{2βB} )^n n! ∫ Λ^n

(dx)^1_n ∑ T ∈T (_{{x1,...,xn}}) ∏ {x,x^′}∈T | |e^{−βv̂(x−x′)} − 1 | | ≤

≤|Λ|C(β)^{−1} ∞∑ n=1 ( ze^{2βB} C(β) )_n n! ∑ T ∈T (_{{1,...,n}}) 1 = |Λ|C(β)^{−1} ∞∑ n=1 ( ze^{2βB}C(β) )_n n! n^{n−2} ≤

≤|Λ|C(β)^{−1} ∞∑ n=1 ( ze^{2βB+1}C(β) )_n = z|Λ|e^{2βB+1} 1 − ze^{2βB+1}C(β) , where

C(β) := ∫ Rd^{|e−βv̂(x) − 1|dx < ∞,} and hence by (2.16) C(β) < K(β) ∫ Rd^{e−} –|x|_{dx = Ω(d)K(β)} (d − 1)!_{–d , (2.19)}

where Ω(d) is a volume of a d-dimensional unit sphere.

Proposition 3. If formula (2.12) for the cluster expansion of p_Λ(γ_Λ), Λ ∈ L(R^d), defined by (2.7) holds with k ∈ L_1(Γ^{fin}_Λ , λ^z_Λ), then

~Ξ^{z,β}_Λ = ∫ Γ^{fin}_Λ

λ^z_Λ(dγ_Λ) { δ_∅(γ_Λ) +

∑_{(γΛ)} k(γ^1_Λ) . . . k(γ^n_Λ) } = exp [ ∫ Γ^{fin}_Λ

k(γ_Λ)λ^z_Λ(dγ_Λ) ] . (2.20)

Proof. As it follows from (2.9), (2.10) and (2.12) 1 = ∫ Γ^{fin}_Λ

p_Λ(γ_Λ)λ^z_Λ(dγ_Λ) = (~ Ξ^{z,β}_Λ )_{−1} ∫ Γ^{fin}_Λ

λ^z_Λ(dγ_Λ) { δ_∅(γ_Λ) +

∑_{(γΛ)}

k(γ^1_Λ) . . . k(γ^n_Λ) } .

Whence we get the first equality in (2.20), whereas the second one is an easy consequence of Lemma 2, Remark 6, definition (2.11) and the fact that λ^z_Λ(∅) = 1 for all Λ ⊆ R^d. Indeed, ∫ Γ^{fin}_Λ

λ^z_Λ(dγ_Λ) { δ_∅(γ_Λ) +

∑_{(γΛ)}

k(γ^1_Λ) . . . k(γ^n_Λ) } = 1 + ∫ Γ^{fin}_Λ

λ^z_Λ(dγ_Λ)

#γ_Λ∑

n=1 1 n! ∑ (γ^1_Λ,...,γ^n_Λ ) γ^1_Λ∪···∪γ^n_Λ =γ_Λ γ^i_Λ∩γ^j_Λ =∅, i≠j γ^i_Λ≠∅, i=1,...,n

k(γ^1_Λ) . . . k(γ^n_Λ) =

= 1 + ∞∑ n=1 1 n! ∫ Γ^{fin}_Λ

λ^z_Λ(dγ_Λ) ∑ (γ^1_Λ,...,γ^n_Λ ) γ^1_Λ∪···∪γ^n_Λ =γ_Λ γ^i_Λ∩γ^j_Λ =∅, i≠j

k(γ^1_Λ) . . . k(γ^n_Λ) =

= 1 + ∞∑ n=1 1 n! ( ∫ Γ^{fin}_Λ

k(γ^′_Λ)λ^z_Λ(dγ^′_Λ) )_n = exp [ ∫ Γ^{fin}_Λ

k(γ^′_Λ)λ^z_Λ(dγ^′_Λ) ] .

3. Convergence of cluster expansion and existence of limiting Gibbs measure Estimate (2.13) is crucial to prove the existence of the limit in (2.8) (cf [19] and the proof below). Moreover, by one of the main theorems from [15] we then obtain existence of Gibbs measure. We summarize all this in the following

Theorem 1. For a stable exponentially decreasing potential v, and sufficiently small (but positive) inverse temperature β and activity z, namely, such that 2ze^{2βB+1}Ω(d)K(β) (d − 1)!

–^{d < 1, (3.1)}

there exists a Gibbs measure G^{z,β} corresponding to the limit (2.8) (in sense of the weak local convergence) of finite volume Gibbs states G^{z,β}_Λ with empty boundary conditions. Moreover, the density of its restriction to

BΛ′ (Γ), Λ^′ ∈ L(R^d), (with respect to Lebesgue–Poisson measure λ^z_Λ′ )

p^{Λ′} (γ_Λ′ ) :=

G^{z,β} ¯B_{Λ′ (Γ)} (dγ_Λ′ )

λ^z_Λ′ (dγ_Λ′ )

(3.2)

is given by the following formula

p^{Λ′} (γ_Λ′ ) = f(Λ^′)~p^{Λ′} (γ_Λ′ ) = f(Λ^′) { δ_∅(γ_Λ′ ) + ∑_{(γΛ′ )} r^{Λ′} (γ^1_Λ′ ) . . . r^{Λ′} (γ^n_Λ′ ) } , (3.3)

where

r^{Λ′} (γ_Λ′ ) := ∫ Γ^{fin}_{Λ′c}

k(γ_Λ′ ∪ γ_Λ′c )λ^z_Λ′c (dγ_Λ′c ) (3.4)

and f(Λ^′) = exp [ ∫

Γ^{fin}_{Λ′c}

k(γ_Λ′ c )λ^z_Λ′ c (dγ_Λ′ c ) − ∫ Γ^{fin} k(γ)λ^z (dγ) ] . (3.5)

Proof. Let us first show that for any Λ^′ ∈ B(Λ), Λ ∈ L(R^d), the density

p^{Λ′}_Λ (γ_Λ′ ) :=

G^{z,β}_Λ ¯B_{Λ′ (ΓΛ)} (dγ_Λ′ )

λ^z_Λ′ (dγ_Λ′ )

of the restriction of the finite volume Gibbs measure G^{z,β}_Λ to B_Λ′ (Γ_Λ) (with respect to Lebesgue–Poisson measure λ^z_Λ′ ) is given by the following formula

p^{Λ′}_Λ (γ_Λ′ ) = f_Λ(Λ^′) { δ_∅(γ_Λ′ ) + ∑_{(γΛ′ )} r^{Λ′}_Λ (γ^1_Λ′ ) . . . r^{Λ′}_Λ (γ^n_Λ′ ) } , (3.6)

where

r^{Λ′}_Λ (γ_Λ′ ) := ∫ Γ^{fin}_{Λ\Λ′}

k(γ_Λ′ ∪ γ_{Λ\Λ}′ )λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ ) (3.7)

and f_Λ(Λ^′) := ~Ξ^{z,β}_{Λ\Λ′} /~ Ξ^{z,β}_Λ = exp [ ∫

Γ^{fin}_{Λ\Λ′}

k(γ_{Λ\Λ}′ )λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ ) − ∫ Γ^{fin}_Λ

k(γ_Λ)λ^z_Λ(dγ_Λ) ] . (3.8)

Indeed, using formulae (2.12), (1.3), Proposition 3 and the fact that λ^z_Λ(∅) = 1 for all Λ ⊆ R^d, we get

p^{Λ′}_Λ (γ_Λ′ ) = ∫ Γ^{fin}_{Λ\Λ′}

p_Λ(γ_Λ′ ∪ γ_{Λ\Λ}′ )λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ ) =

= (~ Ξ^{z,β}_Λ )_{−1} ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ ) { δ_∅(γ_Λ′ ∪ γ_{Λ\Λ}′ ) + ∑_{(γΛ′ ∪γΛ\Λ′ )} k(γ^1_Λ) . . . k(γ^n_Λ) } =

= (~ Ξ^{z,β}_Λ )_{−1} ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ ) ∑ (γ_1,γ_2 ) γ_1∪γ_2 =γ_{Λ\Λ}′ γ_1 ∩γ_2 =∅

[ δ_∅(γ_Λ′ ∪ γ_1) +

+ ∑_{(γΛ′ )} ∑

(γ^1_1 ,...,γ^{n′}_1 )

γ^1_1 ∪···∪γ^{n′}_1 =γ_1 γ^i_1 ∩γ^j_1 =∅, i≠j

k(γ^1_Λ′ ∪ γ^1 ) . . . k(γ^{n′}_Λ′ ∪ γ^{n′}_1 ) ][ δ_∅(γ_2) +

∑_{(γ2)}

k(γ^1_2 ) . . . k(γ^{n2}_2 ) ] =

= (~ Ξ^{z,β}_Λ )_{−1} ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_1) [ δ_∅(γ_Λ′ )δ_∅(γ_1) +

∑_{(γΛ′ )} ∑

(γ^1_1 ,...,γ^{n′}_1 )

γ^1_1 ∪···∪γ^{n′}_1 =γ_1 γ^i_1 ∩γ^j_1 =∅, i≠j

k(γ^1_Λ′ ∪ γ^1 ) . . . k(γ^{n′}_Λ′ ∪ γ^{n′}_1 ) ] ×

× ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_2) [ δ_∅(γ_2) +

∑_{(γ2 )}

k(γ^1_2 ) . . . k(γ^{n2}_2 ) ] =

= (~ Ξ^{z,β}_Λ )_{−1}[ δ_∅(γ_Λ′ ) +

∑_{(γΛ′ )} ∫

Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_1) ∑ (γ^1_1 ,...,γ^{n′}_1 )

γ^1_1 ∪···∪γ^{n′}_1 =γ_1 γ^i_1 ∩γ^j_1 =∅, i≠j

k(γ^1_Λ′ ∪ γ^1 ) . . . k(γ^{n′}_Λ′ ∪ γ^{n′}_1 ) ] ~Ξ^{z,β}_{Λ\Λ′} =

=~Ξ^{z,β}_{Λ\Λ′} /~ Ξ^{z,β}_Λ [ δ_∅(γ_Λ′ ) + ∑_{(γΛ′ )}^{n′}∏ i=1 ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ^i_1)k(γ^i_Λ′ ∪ γ^i_1) ] =

=f_Λ(Λ^′) [ δ_∅(γ_Λ′ ) + ∑_{(γΛ′ )}^{n′}∏ i=1 r^{Λ′}_Λ (γ^i_Λ′ ) ] .

As follows from the ‘cluster property’ of Lebesgue–Poisson measure ∫ Γ^{fin}_Λ

k(γ_Λ)λ^z_Λ(dγ_Λ) − ∫ Γ^{fin}_{Λ\Λ′}

k(γ_{Λ\Λ}′ )λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ ) =

= ∫ Γ^{fin}_{Λ′}

λ^z_Λ′ (dγ_Λ′ ) ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ )k(γ_Λ′ ∪ γ_{Λ\Λ}′ ) − ∫ Γ^{fin}_{Λ\Λ′}

k(γ_{Λ\Λ}′ )λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ ) =

= ∫ Γ^{fin}_{Λ′} \{∅}

λ^z_Λ′ (dγ_Λ′ ) ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ )k(γ_Λ′ ∪ γ_{Λ\Λ}′ ),

and so f_Λ(Λ^′) also can be expressed by the following formula

f_Λ(Λ^′) = exp [ − ∫ Γ^{fin}_{Λ′} \{∅}

λ^z_Λ′ (dγ_Λ′ ) ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ )k(γ_Λ′ ∪ γ_{Λ\Λ}′ ) ] . (3.8^′)

In the same way as it was shown in Remark 7, estimate (2.13) on the absolute value of function k, the definition of Lebesgue–Poisson measure (1.2), formula (2.18) and inequality (2.17) imply that ∫ Γ^{fin}_{Λ′} \{∅}

λ^z_Λ′ (dγ_Λ′ ) ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ ) | k(γ_Λ′ ∪ γ_{Λ\Λ}′ ) | ≤

≤ ∫ Γ^{fin}_{Λ′} \{∅}

λ^z_Λ′ (dγ_Λ′ ) ∫ Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ )(e^{2βB} )^{#(γΛ′ ∪γΛ\Λ′ )} ∑ T ∈T(γ_Λ′ ∪γ_{Λ\Λ}′ ) ∏ {x,x^′}∈T | |e^{−βv(x,x′)} − 1 | | =

≤ ∞∑ n=1 (ze^{2βB} )^n n! ∞∑ m=0 (ze^{2βB} )^m m! ∫ (Λ^′)^n

(dx)^1_n ∫ (Λ\Λ^′)^m (dx)^{n+1}_{n+m} ∑ T ∈T (_{{x1,...,xn+m }}) ∏ {x,x^′}∈T | |e^{−βv̂(x−x′)} − 1 | | ≤

≤|Λ^′|C(β)^{−1} ∞∑ n=1 ( ze^{2βB} C(β) )_n n! ∞∑ m=0 ( ze^{2βB} C(β) )_m m! e^{n+m}(n + m)! ≤

≤|Λ^′|C(β)^{−1} ∞∑ p=1 ( ze^{2βB+1}C(β) )_p ∑ n+m=p n≥0, m≥0 (n + m)! n!m! = |Λ^′|C(β)^{−1} ∞∑ p=1 ( 2ze^{2βB+1}C(β) )_p =

≤ 2ze^{2βB+1}|Λ^′| 1 − 2ze^{2βB+1}C(β) =: D_1 ( z, β, |Λ^′| ) . (3.9)

This also means that ∫

Γ^{fin}_{Λ\Λ′}

λ^z_{Λ\Λ}′ (dγ_{Λ\Λ}′ ) | |k(γ_{Λ′} ∪ γ_{Λ\Λ′} ) | |

is uniformly (with respect to Λ ⊆ R^d) bounded for λ^z_Λ′ -almost all γ_Λ′ ∈ Γ^{fin}_Λ′ \ {∅}.

It is easy to see that for any γ ∈ Γ^{fin} there exists a limit of χ_{ΓΛ\Λ′} (γ)k(γ_Λ′ ∪ γ) as Λ ↗ R^d, and moreover,

∀γ ∈ Γ^{fin} lim_{Λ↗}R_d χ_{ΓΛ\Λ′} (γ)k(γ_Λ′ ∪ γ) = χ_{Γ(Λ′)c} (γ)k(γ_Λ′ ∪ γ).

Therefore, there exist limits of f_Λ(Λ^′), r^{Λ′}_Λ (γ_Λ′ ) and p^{Λ′}_Λ (γ_Λ′ ) (for λ^z_Λ′ -almost all γ_Λ′ ∈ Γ^{fin}_Λ′ \ {∅}) as Λ ↗ R^d, and moreover, they are equal to f(Λ^′), r^{Λ′} (γ_Λ′ ) and p^{Λ′} (γ_Λ′ ) respectively, which proves the existence of the limiting measure G^{z,β} in (2.8) as well as formulae (3.3)–(3.5). As follows from one of the main theorems from [15] under our conditions on the interaction potential v, this limiting measure satisfies the DLR equation (2.6), and hence is a Gibbs measure.

Remark 8. Formulae (3.8^′) and (3.9) also show that

f(Λ^′) ≤ e^{D1} (_{|Λ′|}) . (3.10)

4. Decay of correlations

From the convergence of the cluster expansion (2.12) it is also possible to extract some L_p-exponential mixing properties for the limiting Gibbs measure, also known as exponential decay of correlations in statistical mechanics. In this section we formulate and prove the L_{2+ε}-exponential mixing property, where ε can be arbitrary small but positive.

Theorem 2. Let the interaction potential v be stable and exponentially decaying at infinity in the sense of (2.2). Then, for any ε, δ > 0, sufficiently small inverse temperature β and activity z, namely, such that 2ze^{2βB+1}Ω(d)K(β) (d − 1)!

–^d ( 1 + 1 δ )_d < 1, (4.1)

any Λ_1, Λ_2 ∈ L(R^d) such that Λ_1 ∩ Λ_2 = ∅, and all F_i ∈ L_{2+ε} ( Γ, BΛ_i (Γ), G^{z,β)}, i = 1, 2, there exists a constant D = D ( z, β, –, ε, δ, |Λ_1|, |Λ_2|, ‖F_1‖_{L2+ε} , ‖F_2‖_{L2+ε} ) (4.2)

such that | |⟨F_1F_2⟩ − ⟨F_1⟩⟨F_2⟩ | | ≤ D exp [ − –ε (1 + δ)(2 + ε) dist(Λ_1, Λ_2) ] , (4.3)

where ⟨ · ⟩ denotes the expectation with respect to the measure G^{z,β} constructed in Theorem 1.

By a standard technique (see, eg, the proof of Theorem 17.2.2 in [12] or its modification to our case in Appendix A), the statement of Theorem 2 follows from the next L_∞-exponential mixing property of the measure G^{z,β}. Theorem 3. Let the interaction potential v be stable and exponentially decaying at infinity. Then for any δ > 0, Λ_1, Λ_2 ∈ L(R^d) such that Λ_1 ∩ Λ_2 = ∅, and all F_i ∈ L_∞ ( Γ, BΛ_i (Γ), G^{z,β)}, i = 1, 2, there exists a constant

D^′ = D^′ ( z, β, –, δ, |Λ_1|, |Λ_2| ) (4.4)

such that | |⟨F_1F_2⟩ − ⟨F_1⟩⟨F_2⟩ | | ≤ D^′ exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_{‖F1‖L∞ ‖F2‖L∞ , (4.5)}

for sufficiently small z and β satisfying (4.1).

Remark 9. The proof of this theorem is quite long and essentially based on the analysis of the cluster expansion obtained in Section 2.

Proof. Using formula (3.2) and the first equality from (3.3), we can write

⟨F_1F_2⟩ − ⟨F_1⟩⟨F_2⟩ = ∫ Γ F_1(γ_{Λ1} )F_2(γ_{Λ2} )G^{z,β}(dγ) − ∫ Γ F_1(γ_{Λ1} )G^{z,β}(dγ) ∫ Γ F_2(γ_{Λ2} )G^{z,β}(dγ) =

= ∫ Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )p^{Λ1∪Λ2} (γ_{Λ1∪Λ2} )λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) −

− ∫ Γ^{fin}_{Λ1}

F_1(γ_{Λ1} )p^{Λ1} (γ_{Λ1} )λ^z_{Λ1} (dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2}

F_2(γ_{Λ2} )p^{Λ2} (γ_{Λ2} )λ^z_{Λ2} (dγ_{Λ2} ) =

=f(Λ_1 ∪ Λ_2) ∫ Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )~p^{Λ1∪Λ2} (γ_{Λ1∪Λ2} )λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) −

− f(Λ_1)f(Λ_2) ∫ Γ^{fin}_{Λ1}

F_1(γ_{Λ1} )~p^{Λ1} (γ_{Λ1} )λ^z_{Λ1} (dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2}

F_2(γ_{Λ2} )~p^{Λ2} (γ_{Λ2} )λ^z_{Λ2} (dγ_{Λ2} ) =

= ( f(Λ_1 ∪ Λ_2) − f(Λ_1)f(Λ_2) ) ∫ Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )~p^{Λ1∪Λ2} (γ_{Λ1∪Λ2} )λ^z_{Λ1 ∪Λ2} (dγ_{Λ1∪Λ2} ) +

+ f(Λ_1)f(Λ_2) [ ∫

Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )~p^{Λ1∪Λ2} (γ_{Λ1 ∪Λ2} )λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) −

− ∫ Γ^{fin}_{Λ1}

F_1(γ_{Λ1} )~p^{Λ1} (γ_{Λ1} )λ^z_{Λ1} (dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2}

F_2(γ_{Λ2} )~p^{Λ2} (γ_{Λ2} )λ^z_{Λ2} (dγ_{Λ2} ) ] . (4.6)

Taking into account the fact that | | | | f(Λ_1 ∪ Λ_2) ∫ Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )~p^{Λ1∪Λ2} (γ_{Λ1 ∪Λ2} )λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) | | | | =

= | | | | | ∫ Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )p^{Λ1∪Λ2} (γ_{Λ1 ∪Λ2} )λ^z_{Λ1 ∪Λ2} (dγ_{Λ1∪Λ2} ) | | | | | =

= | | | | ∫ Γ F_1(γ_{Λ1} )F_2(γ_{Λ2} )G^{z,β}(dγ) | | | | ≤ ‖F1‖L_∞ ‖F2‖L_∞ ,

we can majorize the absolute value of the first summand in (4.6) by | | | |1 − f(Λ_1)f(Λ_2)

f(Λ_1 ∪ Λ_2) | | | | ‖F^1‖^{L∞} ‖F^2‖^{L∞} . (4.7)

Next, using formula (3.5), we get | | | f(Λ_1)f(Λ_2)

f(Λ_1 ∪ Λ_2) − 1 | | | =

=

| | | | | | | | | | exp [ ∫ Γ^{fin}_{Λc1}

k(γ_Λc_1 )λ^z_Λc_1 (dγ_Λc_1 ) − ∫ Γ^{fin} k(γ)λ^z (dγ) ] exp [ ∫ Γ^{fin}_{Λc2}

k(γ_Λc_2 )λ^z_Λc_2 (dγ_Λc_1 ) − ∫ Γ^{fin} k(γ)λ^z (dγ) ]

exp [ ∫ Γ^{fin}_{(Λ1∪Λ2)c}

k(γ_{(Λ1∪Λ2)}c )λ^z_{(Λ1∪Λ2 )c} (dγ_{(Λ1 ∪Λ2)}c ) − ∫ Γ^{fin} k(γ)λ^z (dγ) ] − 1

| | | | | | | | | | =

= | | | | | exp [ − ∫ Γ^{fin} k(γ)λ^z (dγ) + ∫ Γ^{fin}_{Λc1}

k(γ)λ^z_Λc_1 (dγ) + ∫ Γ^{fin}_{Λc2}

k(γ)λ^z_Λc_2 (dγ_Λc_2 ) − ∫ Γ^{fin}_{(Λ1∪Λ2)c}

k(γ)λ^z_{(Λ1 ∪Λ2 )}c (dγ) ] − 1 | | | | | =

= | | | | exp [ − ∫ Γ^{fin} k(γ)λ^z (dγ) + ∫ {γ∈Γ^{fin}|γ∩Λ_1 =∅} k(γ)λ^z (dγ) +

+ ∫ {γ∈Γ^{fin}|γ∩Λ_2 =∅} k(γ)λ^z (dγ) − ∫ {γ∈Γ^{fin}|γ∩Λ_1=∅,γ∩Λ_2 =∅} k(γ)λ^z (dγ) ] − 1 | | | | =

= | | | | exp [ − ∫ {γ∈Γ^{fin}|γ∩Λ_1≠∅} k(γ)λ^z (dγ) + ∫ {γ∈Γ^{fin} |γ∩Λ_1≠∅,γ∩Λ_2 =∅} k(γ)λ^z (dγ) ] − 1 | | | | =

= | | | | exp [ − ∫ {γ∈Γ^{fin}|γ∩Λ_1≠∅,γ∩Λ_2 ≠∅} k(γ)λ^z (dγ) ] − 1 | | | | , and so, as follows from Proposition 1, we will prove that the first term in the right-hand side of formula (4.6)

satisfies the estimate | | | | ( f(Λ_1 ∪ Λ_2) − f(Λ_1)f(Λ_2) ) ∫ Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )~p^{Λ1∪Λ2} (γ_{Λ1∪Λ2} )λ^z_{Λ1∪Λ2} (dγ_{Λ1 ∪Λ2} ) | | | | ≤

≤ ψ(D_0) exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_{‖F1‖L∞ ‖F2‖L∞ (4.8)}

with some constant D_0 = D_0 ( z, β, –, δ, min{|Λ_1|, |Λ_2|} ) , if we show that

I := ∫ {γ∈Γ^{fin}|γ∩Λ_1 ≠∅,γ∩Λ_2≠∅} | |k(γ) | |λ^z(dγ) ≤ D_0 exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_{. (4.9)}

It is easy to see that ∫ {γ∈Γ^{fin}|γ∩Λ_1≠∅,γ∩Λ_2 ≠∅} | k(γ) | λ^z (dγ) = ∫ Γ^{fin}_{Λ1} \{∅}

λ^z(dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2} \{∅}

λ^z(dγ_{Λ2} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z(dγ_{(Λ1 ∪Λ2)}c ) | k(γ) | .

and so, taking into account (2.13) and (2.16), we get that I ≤ ∫ Γ^{fin}_{Λ1} \{∅}

λ^z(dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2} \{∅}

λ^z(dγ_{Λ2} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z(dγ_{(Λ1 ∪Λ2)}c )(e^{2βB} )^{#γ} ∑ T ∈T(γ) ∏ {x,x^′}∈T | |e^{−βv̂(x−x′)} − 1 | | ≤

≤ ( K(β) )_{−1} ∫ Γ^{fin}_{Λ1} \{∅}

λ^z (dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2} \{∅}

λ^z(dγ_{Λ2} ) ×

× ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z(dγ_{(Λ1∪Λ2 )}c ) ( e^{2βB}K(β) )_{#γ} ∑ T ∈T(γ) ∏ {x,x^′}∈T e^−–^{|x−x′ |}.

Following the idea of [23], we can represent e^−–^{|x−x′ |} as exp [ − –_{1 + δ |x − x′|}^]_{exp}^[_− δ–_{1 + δ |x − x′|}^]_{, (4.10)}

and taking into account that the sum of lengths of all bonds which constitute a tree connecting two different

subsets Λ_1 and Λ_2 of R^d is always greater than or equal to the distance between these two subsets, we get that I ≤ ( K(β) )_{−1} ∫ Γ^{fin}_{Λ1} \{∅}

λ^z(dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2} \{∅}

λ^z (dγ_{Λ2} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z (dγ_{(Λ1∪Λ2)}c ) ( e^{2βB} K(β) )_{#γ} ×

× ∑ T ∈T(γ) exp [ − –_{1 + δ}^∑ {x,x^′}∈T |x − x^′| ] exp [ − δ–_{1 + δ}^∑ {x,x^′}∈T |x − x^′| ] ≤

≤ ( K(β) )_{−1} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∫}

Γ^{fin}_{Λ1} \{∅}

λ^z (dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2} \{∅}

λ^z(dγ_{Λ2} ) ×

× ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z(dγ_{(Λ1 ∪Λ2)}c ) ( e^{2βB} K(β) )_{#γ} ∑ T ∈T(γ) exp [ − δ–_{1 + δ}^∑ {x,x^′}∈T |x − x^′| ] ≤

≤ ( K(β) )_{−1} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∫}

Γ^{fin}_{Λ1} \{∅}

λ^z (dγ_{Λ1} ) ×

× ∫ Γ^{fin}_{(Λ1)c} \{∅}

λ^z (dγ_{(Λ1)}c ) ( e^{2βB} K(β) )_{#γ} ∑ T ∈T(γ) exp [ − δ–_{1 + δ}^∑ {x,x^′}∈T |x − x^′| ] . (4.11)

Using the definition of Lebesgue–Poisson measure (1.2), formulae (2.17), (2.18), and subsequently integrating with respect to the ending points of a tree graph T ∈ T_{m+n} we get that

I ≤ ( K(β) )_{−1} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∞∑} n=1 ∞∑ m=1 ( ze^{2βB} K(β) )_{n+m} n! m! × × ∑ T ∈Tn+m ∫ (Λ_1)^n

(dx)^1_n ∫ (Rd)m^{(dx)n+1n+m} ∏ {x,x^′}∈T exp [ − δ–_{1 + δ |x − x′|}^]_≤ ≤|Λ_1| ( A(–)K(β)^{)−1} exp^[ − –_{1 + δ} dist(Λ1, Λ2)^{] ∞∑}_{n=1}^{∞∑}_{m=1}^{(zA(}–^{)e2βB K(β))n+m}_{n! m!}^∑_{T ∈Tn+m} 1 ≤ ≤|Λ_1| ( A(–)K(β)^{)−1} exp^[ − –_{1 + δ} dist(Λ1, Λ2)^{] ∞∑}_{n=1}^{∞∑}_{m=1}^{(m + n)!}_{n! m!}^(2ze^{2βB+1}A(–)K(β)^{)n+m} ≤ ≤|Λ_1| ( A(–)K(β)^{)−1} exp^[ − –_{1 + δ} dist(Λ1, Λ2)^{] ∞∑}_{k=2}^(2ze^{2βB+1}A(–)K(β)^{)k}, (4.12)

where

A(–) :=^∫

Rd^{exp} [ − δ–_{1 + δ |x|}^]_{dx = Ω(d)} (d − 1)! –^d ( 1 + 1 δ )_d . (4.13)

So, (4.9) is satisfied with the constant

D_0 =

(2ze^{2βB+1})^2A(–)K(β) min{|Λ_1|, |Λ_2|} 1 − 2ze^{βB+1}A(–)K(β) . (4.14)

Here, we took into account that I is symmetric with respect to Λ_1 and Λ_2.

Similar but a bit more complicated estimates can be used to bound the second term from (4.6). Using the second equality from (3.3), formula (3.4) and the ‘cluster property’ of Lebesgue–Poisson measure we obtain that

f(Λ_1)f(Λ_2) [ ∫

Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )~p^{Λ1∪Λ2} (γ_{Λ1∪Λ2} )λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) −

− ∫ Γ^{fin}_{Λ1}

F_1(γ_{Λ1} )~p^{Λ1} (γ_{Λ1} )λ^z_{Λ1} (dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2}

F_2(γ_{Λ2} )~p^{Λ2} (γ_{Λ2} )λ^z_{Λ2} (dγ_{Λ2} ) ] =

=f(Λ_1)f(Λ_2) [ ∫

Γ^{fin}_{Λ1∪Λ2}

F_1(γ_{Λ1} )F_2(γ_{Λ2} )

∑_{(γΛ1 ∪Λ2 )}^n∏ i=1 r^{Λ1∪Λ2} (γ^i_{Λ1 ∪Λ2} )λ^z_{Λ1 ∪Λ2} (dγ_{Λ1∪Λ2} ) −

− ∫ Γ^{fin}_{Λ1}

F_1(γ_{Λ1} )

∑_{(γΛ1 )}^{n1}∏

i_1=1

r^{Λ1} (γ^{i1}_{Λ1} )λ^z_{Λ1} (dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2}

F_2(γ_{Λ2} )

∑_{(γΛ2 )}^{n2}∏

i_2=1

r^{Λ2} (γ^{i2}_{Λ2} )λ^z_{Λ2} (dγ_{Λ2} ) ] =

=f(Λ_1)f(Λ_2) ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1 ∪Λ2} (dγ_{Λ1∪Λ2} )F_1(γ_{Λ1} )F_2(γ_{Λ2} )

[ ∑_{(γΛ1∪Λ2 ) n}∏ i=1 r^{Λ1∪Λ2} (γ^i_{Λ1∪Λ2} ) −

− ∑_{(γΛ1 )}^{n1}∏

i_1=1

r^{Λ1} (γ^{i1}_{Λ1} )

∑_{(γΛ2 )}^{n2}∏

i_2=1

r^{Λ2} (γ^{i2}_{Λ2} ) ] =

=f(Λ_1)f(Λ_2) ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1 ∪Λ2} (dγ_{Λ1∪Λ2} )F_1(γ_{Λ1} )F_2(γ_{Λ2} ) ×

× [ ∑_{(γΛ1 ∪Λ2 )}^n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} k ( γ^i_{Λ1∪Λ2} ∪ γ^i_{(Λ1 ∪Λ2)}c ) λ^z_{(Λ1∪Λ2)}c ( dγ^i_{(Λ1∪Λ2)}c ) −

− ∑_{(γΛ1 )}^{n1}∏

i_1=1 ∫ Γ^{fin}_{Λc1}

k(γ^{i1}_{Λ1} ∪ γ^{i1}_Λc_1 )λ^z_{Λ1}c (dγ^{i1}_Λc_1 )

∑_{(γΛ2 )}^{n2}∏

i_2=1 ∫ Γ^{fin}_{Λ2c}

k(γ^{i2}_{Λ2} ∪ γ^{i2}_Λc_2 )λ^z_Λc_2 (dγ^{i2}_Λc_2 ) ] =

=f(Λ_1)f(Λ_2) ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1 ∪Λ2} (dγ_{Λ1∪Λ2} )F_1(γ_{Λ1} )F_2(γ_{Λ2} ) ×

× [ ∑_{(γΛ1 ∪Λ2 )}^n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} k ( γ^i_{Λ1∪Λ2} ∪ γ^i_{(Λ1 ∪Λ2)}c ) λ^z_{(Λ1∪Λ2)}c ( dγ^i_{(Λ1∪Λ2)}c ) −

− ∑_{(γΛ1 )}^{n1}∏

i_1=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2)}c ( dγ^{i1}_{(Λ1∪Λ2)c} ) ∫ Γ^{fin}_{Λ2}

λ^z_{Λ2} (dγ^{i1}_{Λ2} )k ( γ^{i1}_{Λ1} ∪ γ^{i1}_{Λ2} ∪ γ^{i1}_{(Λ1∪Λ2)c} ) ×

× ∑_{(γΛ2 )}^{n2}∏

i_2=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2)}c ( dγ^{i2}_{(Λ1∪Λ2)c} ) ∫ Γ^{fin}_{Λ1}

λ^z_{Λ1} (dγ^{i2}_{Λ1} )k ( γ^{i2}_{Λ1} ∪ γ^{i2}_{Λ2} ∪ γ^{i2}_{(Λ1∪Λ2)c} ) ] =

=f(Λ_1)f(Λ_2) ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1 ∪Λ2} (dγ_{Λ1∪Λ2} )F_1(γ_{Λ1} )F_2(γ_{Λ2} ) ×

× [ ∑_{(γΛ1 ∪Λ2 )}^n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} k ( γ^i_{Λ1∪Λ2} ∪ γ^i_{(Λ1∪Λ2 )}c ) λ^z_{(Λ1 ∪Λ2)}c ( dγ^i_{(Λ1∪Λ2)}c ) −

− ∑_{(γΛ1 )}^{n1}∏

i_1=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1 ∪Λ2)}c ( dγ^{i1}_{(Λ1∪Λ2)c} ) k ( γ^{i1}_{Λ1} ∪ γ^{i1}_{(Λ1 ∪Λ2)c} ) ×

× ∑_{(γΛ2 )}^{n2}∏

i_2=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2)}c ( dγ^{i2}_{(Λ1∪Λ2)c} ) k ( γ^{i2}_{Λ2} ∪ γ^{i2}_{(Λ1 ∪Λ2)c} ) −

− ∑_{(γΛ1 )} ∑_{(γΛ2 )} ∑

(Θ^1_{Λ2} ,...,Θ^{n1}_{Λ2} ,Θ^1_{Λ1} ,...,Θ^{n2}_{Λ1} ) Θ^{i1}_{Λ2} ∈{{∅},Γ^{fin}_{Λ2} \{∅}}, i_1=1,...,n_1 Θ^{i2}_{Λ1} ∈{{∅},Γ^{fin}_{Λ1} \{∅}}, i_2=1,...,n_2 #(Θ^1_{Λ2} ∪···∪Θ^{n1}_{Λ2} ∪Θ^1_{Λ1} ∪···∪Θ^{n2}_{Λ1} )≠1 n_1∏

i_1=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i1}_{(Λ1∪Λ2)c} ) ×

× ∫ Θ^{i1}_{Λ2}

λ^z_{Λ2} (dγ^{i1}_{Λ2} )k ( γ^{i1}_{Λ1} ∪ γ^{i1}_{Λ2} ∪ γ^{i1}_{(Λ1∪Λ2)c} )^{n2}∏ i_2=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i2}_{(Λ1∪Λ2 )c} ) ×

× ∫ Θ^{i2}_{Λ1}

λ^z_{Λ1} (dγ^{i2}_{Λ1} )k ( γ^{i2}_{Λ1} ∪ γ^{i2}_{Λ2} ∪ γ^{i2}_{(Λ1 ∪Λ2)c} ) ] =

=f(Λ_1)f(Λ_2) ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1 ∪Λ2} (dγ_{Λ1∪Λ2} )F_1(γ_{Λ1} )F_2(γ_{Λ2} ) ×

× [ ∑_{(γΛ1 ,γΛ2 )}^n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} k ( γ^i_{Λ1∪Λ2} ∪ γ^i_{(Λ1∪Λ2)}c ) λ^z_{(Λ1∪Λ2 )}c ( dγ^i_{(Λ1∪Λ2 )}c ) −

− ∑_{(γΛ1 )} ∑_{(γΛ2 )} ∑

(Θ^1_{Λ2} ,...,Θ^{n1}_{Λ2} ,Θ^1_{Λ1} ,...,Θ^{n2}_{Λ1} ) Θ^{i1}_{Λ2} ∈{{∅},Γ^{fin}_{Λ2} \{∅}}, i_1=1,...,n_1 Θ^{i2}_{Λ1} ∈{{∅},Γ^{fin}_{Λ1} \{∅}}, i_2=1,...,n_2 #(Θ^1_{Λ2} ∪···∪Θ^{n1}_{Λ2} ∪Θ^1_{Λ1} ∪···∪Θ^{n2}_{Λ1} )≠1 n_1∏

i_1=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i1}_{(Λ1∪Λ2)c} ) ×

× ∫ Θ^{i1}_{Λ2}

λ^z_{Λ2} (dγ^{i1}_{Λ2} )k ( γ^{i1}_{Λ1} ∪ γ^{i1}_{Λ2} ∪ γ^{i1}_{(Λ1∪Λ2)c} )^{n2}∏ i_2=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i2}_{(Λ1∪Λ2 )c} ) ×

× ∫ Θ^{i2}_{Λ1}

λ^z_{Λ1} (dγ^{i2}_{Λ1} )k ( γ^{i2}_{Λ1} ∪ γ^{i2}_{Λ2} ∪ γ^{i2}_{(Λ1 ∪Λ2)c} ) ] . (4.15)

Here

∑_{(γΛ1 ,γΛ2 )} denotes the sum over all partitions of γ_{Λ1} ∪ γ_{Λ2} into non-empty subsets so that at least one

subset contains points, or elements, both from γ_{Λ1} and γ_{Λ2} , ie, ∑_{(γ1 ,γ2)} [. . . ] =

#(γ_1 ∪γ_2 ) ∑ n=1 ∑ {γ^1,...,γ^n } γ^1∪···∪γ^n =γ_1 ∪γ_2 γ^i∩γ^j =∅, i≠j γ^i≠∅, i=1,...,n ∃k∈{1,...,n}:γ_i ∩γ^k≠∅, i=1,2

[. . . ]. (4.16)

Let us estimate the absolute value of the first term in the right-hand side of (4.15). Using estimates (2.13) and

(3.10) on the absolute values of k(γ) and f(Λ), inequality (2.16), and estimating the absolute values of F_1 and

F_2 by their supremum norms, we get that

I_1 =f(Λ_1)f(Λ_2) | | | | | ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} )F_1(γ_{Λ1} )F_2(γ_{Λ2} ) ×

× ∑_{(γΛ1 ,γΛ2 )}^n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} k ( γ^i_{Λ1∪Λ2} ∪ γ^i_{(Λ1∪Λ2)}c ) λ^z_{(Λ1∪Λ2 )}c ( dγ^i_{(Λ1∪Λ2 )}c ) | | | | ≤

≤f(Λ_1)f(Λ_2) ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) | |F_1(γ_{Λ1} ) | | | |F_2(γ_{Λ2} ) | | ×

× ∑_{(γΛ1 ,γΛ2 )}^n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} | |k(γ^i_{Λ1∪Λ2} ∪ γ^i_{(Λ1 ∪Λ2)c} ) | |λ^z_{(Λ1∪Λ2)c} (dγ^i_{(Λ1∪Λ2)c} ) ≤

≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) | |F_1(γ_{Λ1} ) | | | |F_2(γ_{Λ2} ) | | ×

× ∑_{(γΛ1 ,γΛ2 )}^n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

(e^{2βB} )^# (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ×

× ∑ T ∈T (_{γi} Λ1∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ∏ {x,x}∈T |e^{−βv(x,x′)} − 1| λ^z_{(Λ1∪Λ2)}c ( dγ^i_{(Λ1∪Λ2)}c ) ≤

≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) | |F_1(γ_{Λ1} ) | | | |F_2(γ_{Λ2} ) | | ×

× ∑_{(γΛ1 ,γΛ2 )}^n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

(e^{2βB} )^# (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ×

× ∑ T ∈T (_{γi} Λ1∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ∏ {x,x}∈T ( K(β)e^−–^{|x−x|} ) λ^z_{(Λ1∪Λ2)}c ( dγ^i_{(Λ1∪Λ2)}c ) ≤

≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) ×

× ∑_{(γΛ1 ,γΛ2 )} K(β)^{−n} n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} ( e^{2βB} K(β) )_# (_{γi} Λ1∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ×

× ∑ T ∈T (_{γi} Λ1∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) exp [ − ∑ {x,x}∈T –|x − x|^] λ^z_{(Λ1∪Λ2)}c^(dγ^i_{(Λ1∪Λ2)}c^).

Because of definition (4.16) the same trick as in (4.10)–(4.11) yields that

I_1 ≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∫}

Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) ×

× ∑_{(γΛ1 ,γΛ2 )} K(β)^{−n} n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} ( e^{2βB} K(β) )_# (_{γiΛ} 1∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ×

× ∑ T ∈T (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) exp [ − δ–_{1 + δ}^∑ {x,x}∈T |x − x| ] λ^z_{(Λ1∪Λ2)}c ( dγ^i_{(Λ1∪Λ2)}c ) ≤

≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∫}

Γ^{fin}_{Λ1∪Λ2} \{∅}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) ×

× ∑_{(γΛ1 ∪γΛ2 )} K(β)^{−n} n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} ( e^{2βB} K(β) )_# (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ×

× ∑ T ∈T (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ∏ {x,x}∈T exp [ − δ–_{1 + δ |x − x|}^]_{λz(Λ1∪Λ2)c} (_{dγi(Λ1∪Λ2)c} )_{, (4.17)}

where we used the fact that

∑_{(γ1 ,γ2 )} [. . . ] = 0 if γ_1 ∪ γ_2 = ∅,

and then, changed the sum

∑_{(γΛ1 ,γΛ2 )}

into

∑_{(γΛ1 ∪γΛ2 )} .

Taking into account definition (2.11) and applying formula (1.4), we obtain that

I_1 ≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∫}

Γ^{fin}_{Λ1∪Λ2} \{∅}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) ×

× #(γ_{Λ1} ∪γ_{Λ2} ) ∑ n=1 1 n! ∑ (γ^1_{Λ1∪Λ2} ,...,γ^n_{Λ1 ∪Λ2} )

γ^1_{Λ1∪Λ2} ∪···∪γ^n_{Λ1 ∪Λ2} =γ γ^i_{Λ1∪Λ2} ∩γ^j_{Λ1 ∪Λ2} =∅, i≠j γ^i_{Λ1 ∪Λ2} ≠∅, i=1,...,n

K(β)^{−n} n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} ( e^{2βB} K(β) )_# (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ×

× ∑ T ∈T (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ∏ {x,x}∈T exp [ − δ–_{1 + δ |x − x|}^]_{λz(Λ1∪Λ2)c} (_{dγi(Λ1∪Λ2)c} )_= ≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∞∑} n=1 1 n! ∫ Γ^{fin}_{Λ1∪Λ2} \{∅}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) ×

× ∑ (γ^1_{Λ1∪Λ2} ,...,γ^n_{Λ1 ∪Λ2} )

γ^1_{Λ1∪Λ2} ∪···∪γ^n_{Λ1 ∪Λ2} =γ γ^i_{Λ1∪Λ2} ∩γ^j_{Λ1 ∪Λ2} =∅, i≠j γ^i_{Λ1 ∪Λ2} ≠∅, i=1,...,n

K(β)^{−n} n∏ i=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c} ( e^{2βB}K(β) )_# (_{γiΛ} 1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ×

× ∑ T ∈T (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ∏ {x,x}∈T exp [ − δ–_{1 + δ |x − x|}^]_{λz(Λ1∪Λ2)c} (_{dγi(Λ1∪Λ2)c} )_= ≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∞∑} n=1 1 n! ×

× ( K(β)^{−1} ∫ Γ^{fin}_{Λ1∪Λ2} \{∅}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ_{(Λ1∪Λ2)}c ) ×

× ( e^{2βB} K(β) )_# (_{γΛ} 1 ∪Λ2 ∪γ(Λ1 ∪Λ2)c ) ∑ T ∈T (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ∏ {x,x}∈T exp [ − δ–_{1 + δ |x − x|}^{])n}_. But in the same way as it was done in (4.11)–(4.12) we get that ∫ Γ^{fin}_{Λ1∪Λ2} \{∅}

λ^z_{Λ1∪Λ2} (dγ_{Λ1 ∪Λ2} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2)}c ( dγ_{(Λ1∪Λ2)}c )( e^{2βB} K(β) )_# (_{γΛ} 1 ∪Λ2 ∪γ(Λ1 ∪Λ2)c ) ×

× ∑ T ∈T (_{γi} Λ1 ∪Λ2 ∪γ i (Λ1 ∪Λ2)c ) ∏ {x,x}∈T exp [ − δ–_{1 + δ |x − x|}^]_= = ∞∑ n=1 ∞∑ m=0 ( ze^{2βB} K(β) )_{n+m} n!m! ∫ (Λ_1∪Λ_2)^n

(dx)^1_n ∫ (_{(Λ1∪Λ2)c})_m (dx)^{n+1}_{n+m} ×

× ∑ T ∈T (_{{x1,...,xn+m }}) ∏ {x,x}∈T exp [ − δ–_{1 + δ |x − x|}^]_≤ ≤ ( |Λ_1 ∪ Λ_2| ) A(–)^{−1 ∞∑}_{n=1}^{∞∑}_{m=0}^{(n + m)!}_{n!m!}^(ze^{2βB+1}A(–)K(β)^{)n+m} ≤^{2ze2βB+1K(β)|Λ1 ∪ Λ2|} 1 − 2zA(–)e^{2βB+1}K(β) , which implies that

I_1 ≤ D_2 exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_{‖F1‖L∞ ‖F2‖L∞ (4.18)}

with

D_2 = D_2(z, β, –, |Λ_1|, |Λ_2|) := e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}){ exp [ 4ze^{2βB+1} max { |Λ_1|, |Λ_2|} 1 − 2ze^{βB+1} A(–)K(β) ] − 1 } . (4.19)

Remark 10. It is possible, starting from formula (4.17) to obtain the same estimate on I_1 in a way which does not use the formula (1.4). The corresponding calculations are given in Appendix B.

Let us now go to the estimate of the absolute value of the second term in the right-hand side of (4.15). Estimating the absolute values of F_1 and F_2 by their supremum norms, taking into account (3.10) and using (1.4) in a way similar to that in estimating I_1, we get

I_2 =f(Λ_1)f(Λ_2) | | | | ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} )F_1(γ_{Λ1} )F_2(γ_{Λ2} )

∑_{(γΛ1 )} ∑_{(γΛ2 )} ∑

(Θ^1_{Λ2} ,...,Θ^{n1}_{Λ2} ,Θ^1_{Λ1} ,...,Θ^{n2}_{Λ1} ) Θ^{i1}_{Λ2} ∈{{∅},Γ^{fin}_{Λ2} \{∅}}, i_1=1,...,n_1 Θ^{i2}_{Λ1} ∈{{∅},Γ^{fin}_{Λ1} \{∅}}, i_2=1,...,n_2 #(Θ^1_{Λ2} ∪···∪Θ^{n1}_{Λ2} ∪Θ^1_{Λ1} ∪···∪Θ^{n2}_{Λ1} )≠1

×

× n_1∏

i_1=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i1}_{(Λ1∪Λ2)c} ) ∫ Θ^{i1}_{Λ2}

λ^z_{Λ2} (dγ^{i1}_{Λ2} )k ( γ^{i1}_{Λ1} ∪ γ^{i1}_{Λ2} ∪ γ^{i1}_{(Λ1∪Λ2 )c} ) ×

× n_2∏

i_2=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i2}_{(Λ1∪Λ2)c} ) ∫ Θ^{i2}_{Λ1}

λ^z_{Λ1} (dγ^{i2}_{Λ1} )k ( γ^{i2}_{Λ1} ∪ γ^{i2}_{Λ2} ∪ γ^{i2}_{(Λ1∪Λ2 )c} ) | | | | ≤

≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} ∫ Γ^{fin}_{Λ1∪Λ2}

λ^z_{Λ1∪Λ2} (dγ_{Λ1∪Λ2} )

∑_{(γΛ1 )} ∑_{(γΛ2 )} ∑

(Θ^1_{Λ2} ,...,Θ^{n1}_{Λ2} ,Θ^1_{Λ1} ,...,Θ^{n2}_{Λ1} ) Θ^{i1}_{Λ2} ∈{{∅},Γ^{fin}_{Λ2} \{∅}}, i_1=1,...,n_1 Θ^{i2}_{Λ1} ∈{{∅},Γ^{fin}_{Λ1} \{∅}}, i_2=1,...,n_2 #(Θ^1_{Λ2} ∪···∪Θ^{n1}_{Λ2} ∪Θ^1_{Λ1} ∪···∪Θ^{n2}_{Λ1} )≠1

×

× n_1∏

i_1=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i1}_{(Λ1∪Λ2)c} ) ∫ Θ^{i1}_{Λ2}

λ^z_{Λ2} (dγ^{i1}_{Λ2} ) | |k(γ^i1_{Λ1} ∪ γ^i1_{Λ2} ∪ γ^i1_{(Λ1∪Λ2)c} ) | | ×

× n_2∏

i_2=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i2}_{(Λ1∪Λ2)c} ) ∫ Θ^{i2}_{Λ1}

λ^z_{Λ1} (dγ^{i2}_{Λ1} ) | |k(γ^i2_{Λ1} ∪ γ^i2_{Λ2} ∪ γ^i2_{(Λ1∪Λ2)c} ) | | =

≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} ∫ Γ^{fin}_{Λ1} \{∅}

λ^z_{Λ1} (dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2} \{∅}

λ^z_{Λ2} (dγ_{Λ2} ) ×

× #γ_{Λ1}∑

n_1=1 1 n_1! ∑ (γ^1_{Λ1} ,...,γ^{n1}_{Λ1} )

γ^1_{Λ1} ∪···∪γ^{n1}_{Λ1} =γ_{Λ1}

γ^{i1}_{Λ1} ∩γ^{j1}_{Λ1} =∅, i_1≠j_1 γ^{i1}_{Λ1} ≠∅, i_1=1,...,n_1

#γ_{Λ2}∑

n_2=1 1 n_2! ∑ (γ^1_{Λ2} ,...,γ^{n2}_{Λ2} )

γ^1_{Λ2} ∪···∪γ^{n2}_{Λ2} =γ_{Λ2}

γ^{i2}_{Λ2} ∩γ^{j2}_{Λ2} =∅, i_2≠j_2 γ^{i2}_{Λ2} ≠∅, i_2=1,...,n_2

∑ (Θ^1_{Λ2} ,...,Θ^{n1}_{Λ2} ,Θ^1_{Λ1} ,...,Θ^{n2}_{Λ1} ) Θ^{i1}_{Λ2} ∈{{∅},Γ^{fin}_{Λ2} \{∅}}, i_1=1,...,n_1 Θ^{i2}_{Λ1} ∈{{∅},Γ^{fin}_{Λ1} \{∅}}, i_2=1,...,n_2 #(Θ^1_{Λ2} ∪···∪Θ^{n1}_{Λ2} ∪Θ^1_{Λ1} ∪···∪Θ^{n2}_{Λ1} )≠1

×

× n_1∏

i_1=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i1}_{(Λ1∪Λ2)c} ) ∫ Θ^{i1}_{Λ2}

λ^z_{Λ2} (dγ^{i1}_{Λ2} ) | |k(γ^i1_{Λ1} ∪ γ^i1_{Λ2} ∪ γ^i1_{(Λ1∪Λ2)c} ) | | ×

× n_2∏

i_2=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i2}_{(Λ1∪Λ2)c} ) ∫ Θ^{i2}_{Λ1}

λ^z_{Λ1} (dγ^{i2}_{Λ1} ) | |k(γ^i2_{Λ1} ∪ γ^i2_{Λ2} ∪ γ^i2_{(Λ1∪Λ2)c} ) | | =

≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} ∞∑ n_1=1 1 n_1! ∞∑ n_2=1 1 n_2! ∑ (Θ^1_{Λ2} ,...,Θ^{n1}_{Λ2} ,Θ^1_{Λ1} ,...,Θ^{n2}_{Λ1} ) Θ^{i1}_{Λ2} ∈{{∅},Γ^{fin}_{Λ2} \{∅}}, i_1=1,...,n_1 Θ^{i2}_{Λ1} ∈{{∅},Γ^{fin}_{Λ1} \{∅}}, i_2=1,...,n_2 #(Θ^1_{Λ2} ∪···∪Θ^{n1}_{Λ2} ∪Θ^1_{Λ1} ∪···∪Θ^{n2}_{Λ1} )≠1

×

× ∫ Γ^{fin}_{Λ1} \{∅}

λ^z_{Λ1} (dγ_{Λ1} ) ∑ (γ^1_{Λ1} ,...,γ^{n1}_{Λ1} )

γ^1_{Λ1} ∪···∪γ^{n1}_{Λ1} =γ_{Λ1}

γ^{i1}_{Λ1} ∩γ^{j1}_{Λ1} =∅, i_1≠j_1 γ^{i1}_{Λ1} ≠∅, i_1=1,...,n_1 n_1∏

i_1=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i1}_{(Λ1∪Λ2 )c} ) ×

× ∫ Θ^{i1}_{Λ2}

λ^z_{Λ2} (dγ^{i1}_{Λ2} ) | |k(γ^{i1}_{Λ1} ∪ γ^{i1}_{Λ2} ∪ γ^{i1}_{(Λ1 ∪Λ2)c} ) | | ×

× ∫ Γ^{fin}_{Λ2} \{∅}

λ^z_{Λ2} (dγ_{Λ2} ) ∑ (γ^1_{Λ2} ,...,γ^{n2}_{Λ2} )

γ^1_{Λ2} ∪···∪γ^{n2}_{Λ2} =γ_{Λ2}

γ^{i2}_{Λ2} ∩γ^{j2}_{Λ2} =∅, i_2≠j_2 γ^{i2}_{Λ2} ≠∅, i_2=1,...,n_2 n_2∏

i_2=1 ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2 )}c ( dγ^{i2}_{(Λ1∪Λ2 )c} ) ×

× ∫ Θ^{i2}_{Λ1}

λ^z_{Λ1} (dγ^{i2}_{Λ1} ) | |k(γ^i2_{Λ1} ∪ γ^i2_{Λ2} ∪ γ^i2_{(Λ1 ∪Λ2)c} ) | | =

≤e^{D1} (_{|Λ1|}) e^{D1} (_{|Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} ∞∑ n_1=1 1 n_1! ∞∑ n_2=1 1 n_2! ∑ (Θ^1_{Λ2} ,...,Θ^{n1}_{Λ2} ,Θ^1_{Λ1} ,...,Θ^{n2}_{Λ1} ) Θ^{i1}_{Λ2} ∈{{∅},Γ^{fin}_{Λ2} \{∅}}, i_1=1,...,n_1 Θ^{i2}_{Λ1} ∈{{∅},Γ^{fin}_{Λ1} \{∅}}, i_2=1,...,n_2 #(Θ^1_{Λ2} ∪···∪Θ^{n1}_{Λ2} ∪Θ^1_{Λ1} ∪···∪Θ^{n2}_{Λ1} )≠1

×

× n_1∏

i_1=1 ∫ Γ^{fin}_{Λ1} \{∅}

λ^z_{Λ1} (dγ_{Λ1} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2)}c ( dγ^{i1}_{(Λ1∪Λ2 )c} ) ∫ Θ^{i1}_{Λ2}

λ^z_{Λ2} (dγ^{i1}_{Λ2} ) | |k(γ^i1_{Λ1} ∪ γ^i1_{Λ2} ∪ γ^i1_{(Λ1 ∪Λ2)c} ) | | ×

× n_2∏

i_2=1 ∫ Γ^{fin}_{Λ2} \{∅}

λ^z_{Λ2} (dγ_{Λ2} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2)}c ( dγ^{i2}_{(Λ1∪Λ2 )c} ) ∫ Θ^{i2}_{Λ1}

λ^z_{Λ1} (dγ^{i2}_{Λ1} ) | |k(γ^i2_{Λ1} ∪ γ^i2_{Λ2} ∪ γ^i2_{(Λ1 ∪Λ2)c} ) | |. (4.20)

As it follows from the condition #(Θ^1_{Λ2} ∪· · ·∪Θ^{n1}_{Λ2} ∪Θ^1_{Λ1} ∪· · ·∪Θ^{n2}_{Λ1} ) ≠ 1 in the sum over (Θ^1_{Λ2} , . . . , Θ^{n1}_{Λ2} , Θ^1_{Λ1} , . . ., . . . , Θ^{n2}_{Λ1} ), every summand in the right-hand side of (4.20) contains at least one integral of the form ∫ Γ^{fin}_{Λ1} \{∅}

λ^z(dγ_{Λ1} ) ∫ Γ^{fin}_{Λ2} \{∅}

λ^z (dγ_{Λ2} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z(dγ_{(Λ1∪Λ2)}c ) | |k(γ_{Λ1} ∪ γ_{Λ2} ∪ γ_{(Λ1 ∪Λ2)c} ) | |.

But as it was already shown in (4.9)–(4.14), this integral can be estimated by

D_0 exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_.

The other integrals of the type ∫ Γ^{fin}_{Λi} \{∅}

λ^z(dγ_{Λi} ) ∫ Γ^{fin}_{Λ{1,2}\{i}} \{∅} λ^z (dγ_{Λ{1,2}\{i}} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z(dγ_{(Λ1∪Λ2)}c ) | |k(γ_{Λ1} ∪ γ_{Λ2} ∪ γ_{(Λ1 ∪Λ2)c} ) | |, i = 1, 2,

can be estimated by ∫ Γ^{fin}_{Λ1∪Λ2} \{∅}

λ^z_Λ′ (dγ_{Λ1 ∪Λ2} ) ∫ Γ^{fin}_{(Λ1∪Λ2)c}

λ^z_{(Λ1∪Λ2)}c (dγ) | |k(γ_{Λ1 ∪Λ2} ∪ γ_{(Λ1∪Λ2 )c} ) | |, which, as follows from (3.9), is less than or equal to D_1 ( z, β, |Λ_1 ∪ Λ_2| ) . So, the right-hand side of (4.20) is less

than or equal to e^{D1} (_{|Λ1∪Λ2 |}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} D_0

D_1(|Λ_1 ∪ Λ_2|) ∞∑ n_1=1 1 n_1! ∞∑ n_2=1 1 n_2!

D_1 ( |Λ_1 ∪ Λ_2| )_{n1+n2} ×

× exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∑}

(Θ^1_{Λ2} ,...,Θ^{n1}_{Λ2} ,Θ^1_{Λ1} ,...,Θ^{n2}_{Λ1} ) Θ^{i1}_{Λ2} ∈{{∅},Γ^{fin}_{Λ2} \{∅}}, i_1=1,...,n_1 Θ^{i2}_{Λ1} ∈{{∅},Γ^{fin}_{Λ1} \{∅}}, i_2=1,...,n_2 #(Θ^1_{Λ2} ∪···∪Θ^{n1}_{Λ2} ∪Θ^1_{Λ1} ∪···∪Θ^{n2}_{Λ1} )≠1

1 =

= e^{D1} (_{|Λ1∪Λ2|}) ‖F_1‖_{L∞} ‖F_2‖_{L∞} D_0

D_1(|Λ_1 ∪ Λ_2|) ×

× ∞∑ n_1=1 1 n_1! ∞∑ n_2=1 1 n_2! ( 2D_1(|Λ_1 ∪ Λ_2|) )_{n1+n2} exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_≤ ≤ ‖F_1‖_{L∞} ‖F_2‖_{L∞} D_0

D_1(|Λ_1 ∪ Λ_2|) exp [ 5D_1 ( |Λ_1 ∪ Λ_2| )] exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_{. (4.21)}

Estimates (4.8), (4.18) and (4.21) show that inequality (4.5) holds with

D^′ = ψ(D_0) + D_2 +

D_0

D_1(|Λ_1 ∪ Λ_2|) exp [ 5D_1 ( |Λ_1 ∪ Λ_2| )] .

Remark 11. It would be interesting to extend the result of Theorem 2, and so that of Theorem 1, to a more

general case of many-body potentials by using the technique of the work [29].

Appendix A.

In this appendix we provide a proof of Theorem 2, which — as was already mentioned before — is a slight

modification of the proof of Theorem 17.2.2 in [12].

For the given F_i ∈ L_{2+ε} ( Γ, BΛ_i (Γ), G^{z,β)}, i = 1, 2, let us introduce Fi,N , F^′_{i,N} , N > 0, as follows F_{i,N} := { F_i, |F_i| ≤ N, 0, |F_i| > N, F^′_{i,N} := { 0, |F_i| ≤ N, F_i, |F_i| > N. Then F_i = F_{i,N} + F^′_{i,N} , and so | |⟨F_1F_2⟩ − ⟨F_1⟩⟨F_2⟩ | | = | |⟨(F_{1,N} + F^′_{1,N} )(F_{2,N} + F^′_{2,N} )⟩ − ⟨F_{1,N} + F^′_{1,N} ⟩⟨F_{2,N} + F^′_{2,N} ⟩ | | = = | |⟨F_{1,N} F_{2,N} ⟩ + ⟨F^′_{1,N} F_{2,N} ⟩ + ⟨F_{1,N} F^′_{2,N} ⟩ + ⟨F^′_{1,N} F^′_{2,N} ⟩ − − ⟨F_{1,N} ⟩⟨F_{2,N} ⟩ − ⟨F^′_{1,N} ⟩⟨F_{2,N} ⟩ − ⟨F_{1,N} ⟩⟨F^′_{2,N} )⟩ − ⟨F^′_{1,N} ⟩⟨F^′_{2,N} ⟩ | | ≤ ≤ | |⟨F_{1,N} F_{2,N} ⟩ − ⟨F_{1,N} ⟩⟨F_{2,N} ⟩ | | + | |⟨F^′_{1,N} F_{2,N} ⟩ | | + | |⟨F_{1,N} F^′_{2,N} ⟩ | | + + | |⟨F^′_{1,N} F^′_{2,N} ⟩ | | + | |⟨F^′_{1,N} ⟩⟨F_{2,N} ⟩ | | + | |⟨F_{1,N} ⟩⟨F^′_{2,N} )⟩ | | + | |⟨F^′_{1,N} ⟩⟨F^′_{2,N} ⟩ | |. (A.1)

By Theorem 3 | |⟨F_{1,N} F_{2,N} ⟩ − ⟨F_{1,N} ⟩⟨F_{2,N} ⟩ | | ≤ D^′N^2 exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_{. (A.2)}

Next, taking into account that max { |F_{i,N} |, |F^′_{i,N}| } ≤ |F_i|, i = 1, 2, (just because |F_i| = |F_{i,N} | + |F^′_{i,N} |, i = 1, 2)

and using the Schwarz inequality with respect to the probability measure G^{z,β}, we get | ⟨F^′_{1,N} F_{2,N} ⟩ | ≤ ⟨ |F^′_{1,N} | |F_{2,N}| ⟩ ≤ ⟨( |F^′_{1,N} | N )_ε |F^′_{1,N} | |F_{2,N} | ⟩ = N^{−ε} ⟨ |F^′_{1,N} |^{1+ε}|F_{2,N} | ⟩ ≤ ≤ N^{−ε} ⟨ |F_1|^{1+ε}|F_2| ⟩ ≤ N^{−ε} ⟨( |F_1|^{1+ε}

) 2+ε_{1+ε} ⟩^{1+ε}_{2+ε}

⟨|F_2|^{2+ε}⟩^{12+ε} = N^{−ε}‖F_1‖^{1+ε}_{L2+ε} ‖F_2‖_{L2+ε} , (A.3)

| |⟨F_{1,N} F^′_{2,N} ⟩ | | ≤ ⟨|F_{1,N} | |F^′_{2,N}|⟩ ≤ ⟨ |F_{1,N} | ( |F^′_{2,N} | N )_ε |F^′_{2,N} | ⟩ = N^{−ε} ⟨ |F_{1,N} | |F^′_{2,N} |^{1+ε} ⟩ ≤ ≤ N^{−ε} ⟨ |F_1| |F_2|^{1+ε} ⟩ ≤ N^{−ε}⟨|F_1|^{2+ε}⟩^{12+ε} ⟨( |F_2|^{1+ε}

) 2+ε_{1+ε} ⟩^{1+ε}_{2+ε} = N^{−ε}‖F_1‖_{L2+ε} ‖F_2‖^{1+ε}_{L2+ε} , (A.4)

| |⟨F^′_{1,N} F^′_{2,N} ⟩ | | ≤ ⟨|F^′_{1,N} | |F^′_{2,N}|⟩ ≤ ⟨ |F^′_{1,N} | 1 2 [( |F^′_{1,N} | N )_ε + ( |F^′_{2,N} | N )_ε] |F^′_{2,N} | ⟩ = = 1 2 N^{−ε} [ ⟨|F^′_{1,N} |^{1+ε}|F^′_{2,N} |⟩ + ⟨|F^′_{1,N} | |F^′_{2,N} |^{1+ε}⟩ ] ≤ 1 2 N^{−ε} [ ⟨|F_1|^{1+ε}|F_2|⟩ + ⟨|F_1| |F_2|^{1+ε}⟩ ] ≤ ≤ 1 2 N^{−ε} [⟨ ( |F_1|^{1+ε}

) 2+ε_{1+ε} ⟩^{1+ε}_{2+ε} ⟨ |F_2|^{2+ε}

⟩ 1_{2+ε} + ⟨ |F_1|^{2+ε}

⟩ 1_{2+ε} ⟨(

|F_2|^{1+ε}

) 2+ε_{1+ε} ⟩^{1+ε}_{2+ε} ] = = 1 2 N^{−ε} [ ‖F_1‖^{1+ε}_{L2+ε} ‖F_2‖_{L2+ε} + ‖F_1‖_{L2+ε} ‖F_2‖^{1+ε}_{L2+ε} ] , (A.5)

| |⟨F^′_{1,N} ⟩⟨F_{2,N} ⟩ | | ≤ ⟨|F^′_{1,N} |⟩⟨|F_{2,N} |⟩ ≤ ⟨( |F^′_{1,N} | N )_ε |F^′_{1,N} | ⟩ ⟨ |F_{2,N} | ⟩ = N^{−ε} ⟨ |F^′_{1,N} |^{1+ε} ⟩⟨ |F_{2,N} | ⟩ ≤ ≤ N^{−ε} ⟨ |F_1|^{1+ε} ⟩⟨ |F_2| ⟩ ≤ N^{−ε}⟨1^{2+ε}⟩^{12+ε} ⟨( |F_1|^{1+ε}

) 2+ε_{1+ε} ⟩^{1+ε}_{2+ε} ⟨

|F_2|^{2+ε}

⟩ 1_{2+ε} ⟨

1^{2+ε1+ε}

⟩ 1+ε_{2+ε} = = N^{−ε}‖F_1‖^{1+ε}_{L2+ε} ‖F_2‖_{L2+ε} , (A.6)

| |⟨F_{1,N} ⟩⟨F^′_{2,N} ⟩ | | ≤ ⟨|F_{1,N} |⟩⟨|F^′_{2,N} |⟩ ≤ ⟨|F_{1,N} |⟩ ⟨( |F^′_{2,N} | N )_ε |F_{2,N} | ⟩ = N^{−ε} ⟨ |F_{1,N} | ⟩⟨ |F^′_{2,N} |^{1+ε} ⟩ ≤ ≤ N^{−ε} ⟨ |F_1| ⟩⟨ |F_2|^{1+ε} ⟩ ≤ N^{−ε} ⟨ |F_1|^{2+ε}

⟩ 1_{2+ε} ⟨

1^{2+ε1+ε}

⟩ 1+ε_{2+ε}

⟨1^{2+ε}⟩^{12+ε} ⟨( |F_2|^{1+ε}

) 2+ε_{1+ε} ⟩^{1+ε}_{2+ε} = = N^{−ε}‖F_1‖_{L2+ε} ‖F_2‖^{1+ε}_{L2+ε} , (A.7) | |⟨F^′_{1,N} ⟩⟨F^′_{2,N} ⟩ | | ≤ ⟨|F^′_{1,N} |⟩⟨|F^′_{2,N} |⟩ = 1 2 ⟨ |F^′_{1,N} | ⟩⟨ |F^′_{2,N} | ⟩ + 1 2 ⟨ |F^′_{1,N} | ⟩⟨ |F^′_{2,N} | ⟩ ≤ ≤ 1 2 ⟨( |F^′_{1,N} | N )_ε |F^′_{1,N} | ⟩ ⟨ |F^′_{2,N} | ⟩ + 1 2 ⟨ |F^′_{1,N} | ⟩ ⟨( |F^′_{2,N} | N )_ε |F_{2,N} | ⟩ = = 1 2 N^{−ε} [⟨ |F^′_{1,N} |^{1+ε} ⟩⟨ |F^′_{2,N} | ⟩ + ⟨ |F^′_{1,N} | ⟩⟨ |F^′_{2,N} |^{1+ε} ⟩] ≤ 1 2 N^{−ε} [⟨ |F_1|^{1+ε} ⟩⟨ |F_2| ⟩ + ⟨ |F_1| ⟩⟨ |F_2|^{1+ε} ⟩] ≤ ≤ 1 2 N^{−ε} [ ⟨1^{2+ε}⟩^{12+ε} ⟨( |F_1|^{1+ε}

) 2+ε_{1+ε} ⟩^{1+ε}_{2+ε} ⟨ |F_2|^{2+ε}

⟩ 1_{2+ε} ⟨

1^{2+ε1+ε}

⟩ 1+ε_{2+ε} + + ⟨ |F_1|^{2+ε}

⟩ 1_{2+ε} ⟨

1^{2+ε1+ε}

⟩^{1+ε}_{2+ε}

⟨1^{2+ε}⟩^{12+ε} ⟨( |F_2|^{1+ε}

)^{2+ε}_{1+ε} ⟩^{1+ε}_{2+ε} ] = = 1 2 N^{−ε} [ ‖F_1‖^{1+ε}_{L2+ε} ‖F_2‖_{L2+ε} + ‖F_1‖_{L2+ε} ‖F_2‖^{1+ε}_{L2+ε} ] (A.8)

Substituting (A.2)–(A.8) into (A.1), we obtain | |⟨F_1F_2⟩ − ⟨F_1⟩⟨F_2⟩ | | ≤ D^′N^2 exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_{+ 3N −ε}^(_{‖F1‖1+εL2+ε ‖F2‖L2+ε + ‖F1‖L2+ε ‖F2‖1+εL2+ε}^)_, whence (4.3) follows by setting

N = exp

[ –_{(1 + δ)(2 + ε) dist(Λ1, Λ2)}^]

with D = [ D^′ + 3 ( ‖F_1‖^{1+ε}_{L2+ε} ‖F_2‖_{L2+ε} + ‖F_1‖_{L2+ε} ‖F_2‖^{1+ε}_{L2+ε} )] .

Appendix B.

As it was already mentioned before, in this appendix we are going to present an alternative way to estimate I_1 starting from formula (4.17). Namely, plugging the definition of Lebesgue–Poisson measure (1.2) into the right-hand side of (4.17), we can get

I_1 ≤f(Λ_1)f(Λ_2)‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∞∑} m=1 z^m m! ∑_m K(β)^{−n} ×

× ∞∑ k_1=0 z^{k1} k_1! · · · ∞∑ k_1=0 z^{kn} k_n! ∑ T ∈T_m1_{+k1} · · · ∑ T ∈Tmn +k_n ( e^{2βB} K(β) )_{m+k1 +···+kn} ×

× ∫

(Λ_1∪Λ_2 )^m× (_{(Λ1∪Λ2)c})_{k1+···+kn} (dx)^1_{m+k1+···+kn} ∏ {x,x}∈T exp [ − δ–_{1 + δ |x − x|}^]_,

where

∑_m [. . . ] := m∑ n=1 1 n! ∑ m^1+···+m^n =m m^1 ,...,m^n≥1 m! m^1! . . .m^n!

[. . . ]. (B.1)

Then, subsequently integrating with respect to the ending points of tree graphs T_i ∈ T_mi_{+ki} , i = 1, . . . , n, just as in (4.12), and using (2.18), (2.17), we get that

I_1 ≤f(Λ_1)f(Λ_2)‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∞∑} m=1 ∑_m ( |Λ_1 ∪ Λ_2| A(–)K(β) )_n ×

× ∞∑ k_1=0 · · · ∞∑ k_n=0 ( ze^{2βB} K(β)A(–) )_{m+k1 +···+kn} m!k_1! . . . k_n! ∑ T ∈T_m1_{+k1} · · · ∑ T ∈Tmn +k_n 1 ≤

≤f(Λ_1)f(Λ_2)K(β)^{−1}‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∞∑} m=1 ∑_m (2 max { |Λ_1|, |Λ_2|} A(–)K(β) )_n ×

× ∞∑ k_1=0 · · · ∞∑ k_n=0 ( ze^{2βB+1}K(β)A(–) )_{m+k1 +···+kn} m!k_1! . . . k_n!

(m^1 + k_1)! . . . (m^n + k_n)! =

≤f(Λ_1)f(Λ_2)‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∞∑} m=1 m∑ n=1 1 n! ( 2 max { |Λ_1|, |Λ_2|} A(–)K(β) )_n ×

× ∑ m^1+···+m^n =m m^1,...,m^n≥1 ∞∑ k_1=0 · · · ∞∑ k_n=0

(m^1 + k_1)! . . . (m^n + k_n)!

m^1! . . .m^n!k_1! . . . k_n! ( ze^{2βB+1}K(β)A(–) )_{m+k1 +···+kn} .

Resummation

∞∑ m=1 m∑ n=1 [. . . ] = ∞∑ n=1 ∞∑ m=n [. . . ], as also shown on Fig. 2 w w w

w w w

w w

w w w w w w w w w w w w w w w w w w 1 2 3 4 5

1 2 3 4 5

n

1 2 3 4 5

1 2 3 4 5 n

6 6 6 6 6 6

∞∑ m=1 m∑ n=1 -

- - - - - - - - - - -_0 0

6 6_m w w w w 6 6 6 6

m

∞∑ n=1 ∞∑ m=n W W N I Y y

6

and the fact that_∞ ∑ m=n ∑ m^1 +···+m^n =m m^1,...,m^n ≥1 [. . . ] = ∞∑ m^1=1 · · · ∞∑ m^n=1 [. . . ],

yields

I_1 ≤f(Λ_1)f(Λ_2)‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^{] ∞∑} n=1 1 n! ( 2 max { |Λ_1|, |Λ_2|} A(–)K(β) )_n ×

× ∞∑ m=n ∑ m^1 +···+m^n =m m^1,...,m^n ≥1 ∞∑ k_1=0 · · · ∞∑ k_n=0

(m^1 + k_1)! . . . (m^n + k_n)!

m^1! . . . m^n!k_1! . . . k_n! ( ze^{2βB+1}K(β)A(–) )_{m+k1 +···+kn} =

≤f(Λ_1)f(Λ_2)‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_× × ∞∑ n=1 1 n! ( 2 max {|Λ_1|, |Λ_2|} A(–)K(β) ∞∑ m^′ =1 ∞∑ k^′=0

(m^′ + k^′)!

m^′!k^′! ( ze^{2βB+1}K(β)A(–) )_m′ ( ze^{2βB+1}K(β)A(–) )_k′ )n = ≤f(Λ_1)f(Λ_2)‖F_1‖_{L∞} ‖F_2‖_{L∞} exp [ − –_{1 + δ dist(Λ1, Λ2)}^]_× × { exp [ 2 max { |Λ_1|, |Λ_2|} A(–)K(β) ∞∑ m^′ =1 ∞∑ k^′=0

(m^′ + k^′)!

m^′!k^′! ( ze^{2βB+1}K(β)A(–) )_m′ ( ze^{2βB+1}K(β)A(–) )_k′ ] − 1 } . Finally, taking into account condition (4.1), formula (4.13), and the fact that ∞∑ m^′=1 ∞∑ k^′=0

(m^′ + k^′)!

m^′!k^′! ( ze^{2βB+1}K(β)A(–) )_m′ ( ze^{2βB+1}K(β)A(–) )_k′ =

= ∞∑ l=1 ( ze^{2βB+1}K(β)A(–) )_l ∑ m^′+k^′=l m^′ ≥1, k^′≥0 l! m^′!k^′! ≤

≤ ∞∑ l=1 ( ze^{2βB+1}K(β)A(–) )_l^l∑ m^′ =0 C^{m′}_l = ∞∑ l=1 ( 2ze^{2βB+1}K(β)A(–) )_l , we obtain exactly the same estimate as in (4.18)–(4.19).

Acknowledgments.

The first author was supported by the DFG (Deutsche Forschungsgemeinschaft) through the project no. AL 214/9–2. The second author, R.M., would like to thank the Research center BiBoS, Bielefeld University for the warm hospitality during his stay in November of 1997. The support of this visit by the DFG (through SFB’s 343) is gratefully acknowledged. G.S. was partially supported by the project “Euklidische Gibbs Zustände” no. X 271.7, Deutsch–Ukrainische WTZ and a DAAD research fellowship. He also gratefully acknowledges the kind hospitality of the SFB 343 and the Research Center BiBoS, Bielefeld University.

The authors are grateful to Prof. B. Nahapetian and T. Kuna for useful discussions.

References

[1] S. Albeverio, Yu. G. Kondratiev and M. Röckner “Analysis and geometry on configuration spaces” Journal of Functional Analysis 154, no. 2 (1998), P. 444–500.

[2] S. Albeverio, Yu. G. Kondratiev and M. Röckner “Analysis and geometry on configuration space. The Gibbsian case” Journal of Functional Analysis 157, no. 1 (1998), P. 242–291.

[3] S. Albeverio, Yu. G. Kondratiev and M. Röckner “Stochastic dynamics of fluctuations in classical continuous systems” (in preparation).

[4] R. L. Dobrushin “Gibbsian random fields for lattice systems with pair interaction” Funktsional’nyj Analiz i jego Prilozhenija

2, no. 4 (1968), P. 31-43.

[5] R. L. Dobrushin “Problem of uniqueness of the Gibbsian random field and the problem of phase transitions” Funktsional’nyj Analiz i jego Prilozhenija 2, no. 4 (1968), P. 44-57.

[6] R. L. Dobrushin “Gibbsian random fields for the particles without hard core” Teoreticheskaja i Matematicheskaja Fizika 4, no. 1 (1970), P. 101–118.

[7] G. Del Grosso “On the local central limit theorem for Gibbs processes” Communications in Mathematical Physics 37 (1974), P. 141–160.

[8] M. Duneau, D. Iagolnitzer and B. Souillard “Decrease properties of truncated correlation functions and analiticity properties for classical lattices and continuous systems” Communications in Mathematical Physics 31 (1973), P. 191–208.

[9] M. Duneau, D. Iagolnitzer and B. Souillard “Strong cluster properties for classical systems with finite range interaction” Communications in Mathematical Physics 35 (1974), P. 307–320.

[10] M. Duneau, B. Souillard and D. Iagolnitzer “Decay of correlations for infinite-range interactions” Journal of Mathematical Physics 16 (1975), P. 1662–1666.

[11] M. Duneau and B. Souillard “Cluster properties of lattice and continuous systems” Communications in Mathematical Physics

47 (1976), P. 155–166.

[12] I. A. Ibragimov and Yu. V. Linnik Independent and stationary sequences of random variables, Wolters-Noordhoff Publishing Groningen: the Netherlands, 1971.

[13] A. M. Halfina “Limiting equivalence of small and grand canonical ensembles (case of low density)” Matematicheskij Sbornik

80(122), no. 1(9), 1969, P. 3-51.

[14] H.-O. Georgii Canonical Gibbs measures, Lecture Notes in Mathematics 760, Springer: Berlin–Heidelberg–New York, 1979. [15] T. Kuna “Properties of marked Gibbs measures in high temperature regime.” (In preparation.) [16] Yu. G. Kondratiev, T. Kuna and J. L. Silva “Marked Gibbs measures via cluster expansion.” Preprint BiBoS no. 819/9/98, Bielefeld, 1998, 50 p.

[17] Yu. G. Kondratiev, E. W. Lytvynov, A. L. Rebenko, M. Röckner and G. V. Shchepan’uk “Euclidean Gibbs states for quantum systems with Boltzmann statistics via cluster expansions” Methods of Functional Analysis and Topology 3, no. 1 (1997), P. 62–81.

[18] O. E. Lanford and D.Ruelle “Observables at infinity and states with short range correlations in statistical mechanics” Communications in Mathematical Physics, 13 (1969), P. 194–215.

[19] V. A. Malyshev and R. A. Minlos Gibbs random fields. Cluster expansions, in: Mathematics and Its Applications (Soviet Series), Vol. 44, Kluwer Academic Publishers, Dordrecht–Boston–London, 1991, 248 p.

[20] R. A. Minlos “Lectures on statistical physics” Uspekhi Matematicheskikh Nauk, no. 1 (1968), P. 137–196. [21] R. A. Minlos “Limiting Gibbs distribution” Funktsional’nyj Analiz i Ego Prilozhenija 1, no. 2 (1967), P. 60-73. [22] R. A. Minlos and A. M. Halfina “Two dimensional limit theorem for the particle number and energy in the grand canonical ensemble” Izvestija Akademii Nauk SSSR, Serija: Matematika 34, no. 5 (1970), P. 1173–1191.

[23] R. A. Minlos and S. K. Pogosyan “Estimates of Ursell functions, group functions, and their derivatives” Teoreticheskaja i Matematicheskaja Fizika, 31, no. 2 (1977), P. 119–213.

[24] B. Nahapetian Limit theorems and some applications in statistical physics, Teubner-Texte zur Matematik 123, B. G. Teubner Verlagsgesellschaft: Stuttgart–Leipzig, 1991.

[25] O. Ore Theory of graphs, Providence, R.I.: American Mathematical Society, 1962.

[26] D. Ya. Petrina, V. I. Gerasimenko and P. V. Malyshev Mathematical foundation of classical statistical mechanics. Continuous systems. Gordon and Breach Science: New York–London–Paris, 1989.

[27] C. Preston Random fields, Lecture Notes in Mathematics 534. Springer-Verlag: Berlin–Heidelberg–New York, 1976. [28] C. Preston Specifications and their Gibbs states, manuscript (unpublished).

[29] A. L. Rebenko and G. V. Shchepan’uk “The convergence of cluster expansion for continuous systems with many-body interaction,” Journal of Statistical Physics 88, no. 3/4 (1997), P. 665–689.

[30] D. Ruelle “Superstable interactions in classical statistical mechanics” Communications in Mathematical Physics 18 (1970), P. 127–159.

[31] H. Spohn “Equilibrium fluctuations for interacting Brownian particles” Communications in Mathematical Physics 103 (1986), P. 1–33.