SELFINJECTIVE ALGEBRAS OF EUCLIDEAN TYPE WITH ALMOST REGULAR NONPERIODIC

AUSLANDER–REITEN COMPONENTS

by GRZEGORZ BOBIŃSKI and ANDRZEJ SKOWROŃSKI

Abstract. We give a complete description of finite dimensional selfinjective algebras of Euclidean tilted type over an algebraically closed field whose all nonperiodic Auslander–Reiten components are almost regular. In particular, we describe the tame selfinjective finite dimensional algebras whose all nonperiodic Auslander–Reiten components are almost regular and generalized standard.

AMS Subject Classification: 16D50, 16G20, 16G60, 16G70.

1. Introduction. Throughout the paper K denotes a fixed algebraically closed field. By an algebra is meant a finite dimensional K-algebra (associative, with an identity). For an algebra A, we denote by mod A the category of finite dimensional right A-modules, by D : mod A → mod A^{op} the standard duality Hom_K(−, K), by Γ_A the Auslander–Reiten quiver of A, by Γ^s_A the stable Auslander–Reiten quiver of A, obtained from Γ_A by removing the nonstable vertices and arrows attached to them, and by τ_A and τ^−_A the Auslander–Reiten translations D Tr and Tr D, respectively. We shall identify an indecomposable module from mod A with the vertex of Γ_A corresponding to it. A connected component C of Γ_A which coincides with its stable part C^s is said to be regular. An algebra A is called tame if the indecomposable A-modules occur, in each dimension d, in a finite number of discrete and a finite number of one-parameter families. Moreover, if there is a common bound for the numbers of one-parameter families then the algebra A is said to be domestic. Finally, by a Dynkin (respectively, Euclidean) quiver we mean a quiver Δ without oriented cycles whose underlying graph Δ is a Dynkin graph A_m , D_n , E_6 , E_7 , or E_8 (respectively, an Euclidean graph ~A_m , ~D_n , ~E_6 , ~E_7 , or^~E_8 ).

An algebra A is called selfinjective if all projective modules in mod A are injective. The classical examples of selfinjective algebras are provided by the blocks of group algebras KG of finite groups G, and more generally by the Hopf algebras. An important class of selfinjective algebras is formed by the algebras of the form ^B/G, where ^B is the repetitive algebra [16] (locally finite dimensional, without identity)

^B = ... ... 0 Q_{i−1} B_{i−1} Q_i B_i Q_{i+1} B_{i+1}

0^{..} .^{..}.

of an algebra B, where B_i = B and Q_i =_BD(B)_B for all i ∈ Z, the algebras B_i are placed on the main diagonal of ^B, all the remaining entries are zero, the matrices in ^B have only finitely many nonzero elements, addition is the usual addition of matrices, multiplication is induced from the B-bimodule structure of D(B) and the zero map D(B) ⊗_B D(B) → D(B), and G is an admissible group of K-linear automorphisms of ^B (the induced action of G on the isomorphism classes of indecomposable projective ^B-modules is free and has a finite number of orbits). Denote by ν ^_B the Nakayama automorphism of ^B shifting B_i to B_{i+1} and Q_i to Q_{i+1} for all i ∈ Z. Then the infinite cyclic group (ν ^_B) generated by ν ^_B is admissible and ^B/(ν ^_B) is the trivial extension B n D(B) of B by D(B). We note that if B is of finite global dimension then the stable module category mod ^B of mod ^B is equivalent, as a triangulated category, to the derived category D^b(mod B) of bounded complexes over mod B [14].

Let Δ be a finite connected quiver without oriented cycles, H the path algebra KΔ of Δ, T a tilting H-module and B = End_H (T ) the associated tilted algebra of type Δ. An algebra A of the form ^B/G, where G is an admissible group of K-linear automorphisms of ^B, is called a selfinjective algebra of tilted type Δ. It is known that A = ^B/G is representationfinite (respectively, representation-infinite tame) if and only if Δ is a Dynkin quiver [16] (respectively, Δ is an Euclidean quiver [1, 24]). Moreover, if A is a representation-infinite selfinjective algebra of tilted type Δ then Γ^s_A admits at least one component of the form ZΔ [1, 10]. A connected component C of Γ_A with C^s = ZΔ for an Euclidean quiver Δ is said to be a component of Euclidean type. It has been proved in [11, Section 4] that if G is a finite group and Λ is a block of KG, then Γ^s_Λ admits a component of the form ZΔ (for a finite quiver Δ without oriented cycles) if and only if Γ_Λ admits a component of Euclidean type, and if and only if K is of characteristic 2 and the defect groups of Λ are Klein 4-groups. Moreover, if it is the case then Λ is Morita equivalent to a selfinjective algebra of Euclidean tilted type ~A_1 or ~A_5 . The following characterization of selfinjective algebras of Euclidean tilted type has been established in [24]: a basic connected selfinjective algebra A is of Euclidean tilted type if and only if A is domestic and admits a simply connected Galois covering. It has been also conjectured by the second named author that every basic connected selfinjective algebra Λ whose Auslander– Reiten quiver admits a component of Euclidean type is a deformation (in the sense of algebraic geometry) of a selfinjective algebra of Euclidean tilted type. We refer to [1, 19, 24] for more details on selfinjective algebras of Euclidean tilted type.

In the paper we are interested in the following problem. It is known (see [3, 22]) that if A is an algebra then Γ_A (respectively, Γ^s_A) does not contain a component of the form ZΔ with Δ an Euclidean (respectively, Dynkin) quiver. We call a connected component C of Γ_A almost regular if its stable part C^s is obtained from C by removing exactly one projective-injective module. The main aim of the paper is to describe the selfinjective algebras of Euclidean tilted type whose all nonperiodic components are almost regular. Moreover, applying results established by the second named author and K. Yamagata [26, 27], we obtain a complete description of all tame selfinjective algebras whose all nonperiodic Auslander–Reiten components are almost regular and generalized standard (in the sense of [25]).

The paper is organized as follows. In Section 2 we formulate our main results. Section 3 is devoted to a description of some two-parametric tilted algebras of extended Euclidean type playing a fundamental role in our investigations. In Section 4 we complete the proofs of our main results. Finally, in Section 5 we present several examples illustrating our considerations.

For basic background on the topics considered here we refer to [2, 9, 12, 22, 23].

The paper has been written during the authors stay at the University of Bielefeld, supported by SFB 343 (first named author) and the Alexander von

Humboldt Foundation (second named author). The research of both authors has been also supported by the Polish Scientific Grant KBN No. 2PO3A 012 14. 2. The main results. Let B be a tilted algebra of Euclidean type Δ.

Then the Auslander–Reiten quiver Γ ^_B of ^B is of the form

Γ ^_B = ⋁ p∈Z (X_p ∨ R_p), where, for each p ∈ Z, X_p is a component with the stable part ZΔ, R_p is a P_1(K)-family of components whose stable parts are stable tubes, and ν ^_B(X_p) = X_{p+2} and ν ^_B(R_p) = R_{p+2} (see [1]). Then a K-linear automorphism ψ of ^B is said to be positive (respectively, strictly positive) if ψ(X_0) = X_q for some q ≥ 0 (respectively, q > 0). Let G be an admissible group of Klinear automorphisms of ^B. It is shown in [24, (2.9)] that G is infinite cyclic and generated by a positive automorphism ψ of ^B. Moreover, there exists a positive integer m such that ψ(X_p) = X_{p+m} and ψ(R_p) = R_{p+m} for any p ∈ Z. Consider the Galois covering F^B : ^B → ^B/G (in the sense of [13]) and the associated push-down functor F^B_λ : mod ^B → mod ^B/G. Then it follows from [1] that ^B is locally support-finite, and consequently the functor F^B_λ is dense and preserves Auslander–Reiten sequences (see [8, (2.5)]). Thus Γ ^_{B/G} is obtained from Γ ^_B by identifying (via F^B_λ ) X_p with X_{p+m} and R_p with R_{p+m} for all p ∈ Z, that is

Γ ^_{B/G} = F^B_λ (X_0) ∨ F^B_λ (R_0) ∨ · · · ∨ F^B_λ (X_{m−1}) ∨ F^B_λ (R_{m−1}).

We note that there exists a representation-infinite tilted algebra B^′ of the same Euclidean type Δ such that ^B ≃ ^B^′ [1, Sections 2 and 3]. Moreover, the class of representation-infinite tilted algebras of Euclidean type is formed by all domestic tubular extensions and domestic tubular coextensions of tame concealed algebras (see [22, (4.9)]). A special class of tame concealed algebras is formed by the following canonical algebras of Euclidean type: the path algebras Λ(p, q), 1 ≤ p ≤ q, of the quiver r r r r r r r r r r � @@I œ œ œ œ œ œ @@I � α1

β1 α2

β2

· · ·

· · ·

α_p�1

β_q�1 αp

βq

and the bound quiver algebras Λ(p, q, r) = KΔ(p, q, r)/I(p, q, r), (p, q, r) = (2, 3, 3), (2, 3, 4), (2, 3, 5), (2, 2, n−2) with n ≥ 4, where Δ(p, q, r) is the quiver r r r r r r r r r r r r r r �œ @@I œ œ œ œ œ œ œ œ œ @@Iœ � α1 β1 γ1 α2 β2

γ2

· · · · · · · · ·

α_p�1

β_q�1

γ_r�1 αp βq γr

and I(p, q, r) is the ideal in KΔ(p, q, r) generated by α_1 · · · α_p + β_1 · · · β_q + γ_1 · · · γ_r. The algebras Λ(p, q), Λ(2, 2, n−2), Λ(2, 3, 3), Λ(2, 3, 4), Λ(2, 3, 5) are tame concealed algebras of type ~A_{p+q} , ~D_n , ~E_6 , ~E_7 , ~E_8 , respectively. Finally, by an extended Euclidean quiver we mean an arbitrary quiver Δ without oriented cycles whose underlying graph Δ is one of the extended Euclidean graphs

~A_m r r r r r r r r r r r � @@ · · ·

· · · @@ �^{(m + 2 vertices, m ≥ 1)} ~D_n r r r r r r r r r @@ �^{· · ·} � @@^{(n + 2 vertices, n ≥ 4)}

~E_6 r r r r r r r r

~E_7 r r r r r r r r

~E_8 r r r r r r r r r

The main aim of the paper is to prove the following facts.

Theorem 1. Let A be a basic connected selfinjective algebra. The following conditions are equivalent:

(i) A is of Euclidean tilted type and every nonperiodic component of Γ_A is almost regular.

(ii) A is of Euclidean tilted type and every nonperiodic component of Γ_A has a section of extended Euclidean type.

(iii) A is of tilted type and every nonperiodic component of Γ_A is almost regular and admits a section of extended Euclidean type.

(iv) A ≃ ^B/G, where B is a domestic tubular extension of a canonical tame concealed algebra Λ and G is an admissible infinite cyclic group of Klinear automorphisms of ^B.

(v) A ≃ ^B/G, where B is a domestic tubular coextension of a canonical tame concealed algebra Λ and G is an admissible infinite cyclic group of Klinear automorphisms of ^B.

Here, by a section in a component C of Γ_A we mean a full convex subquiver Σ without oriented cycles of C and intersecting each τ_A-orbit of C exactly once. Moreover, following [25] a translation subquiver C of Γ_A is called generalized standard if for any modules X and Y in C the infinite radical rad^∞(X, Y ) is zero. As a consequence of the above theorem and [27, Theorem 5.5] we get the following result.

Theorem 2. Let A be a basic connected selfinjective algebra. The following conditions are equivalent:

(i) A is of Euclidean tilted type, Γ_A has at least two nonperiodic components, and every nonperiodic component of Γ_A is almost regular.

(ii) Every nonperiodic component of Γ_A is almost regular and Γ_A admits a generalized standard left stable full translation subquiver of Euclidean type which is closed under predecessors in Γ_A.

(iii) Every nonperiodic component of Γ_A is almost regular and Γ_A admits a generalized standard right stable full translation subquiver of Euclidean type which is closed under successors in Γ_A.

(iv) A ≃ ^B/(φν ^_B), where B is a domestic tubular extension (respectively, coextension) of a canonical tame concealed algebra Λ and φ is a positive automorphism of ^B.

Recall that the annihilator ann C of a component C in Γ_A is the intersection of the annihilators of all modules in C. In the next section we shall define families A(u, v, w, t), D^′(u, w), D^{′′}(u, w), E^′(u, w, t), E^{′′}(u, v, w, t) of two-parametric tilted algebras of extended Euclidean type. Then we have the following consequence of the above theorem, [27, Corollary 5.6], and the facts proved in the next section.

Theorem 3. Let A be a basic connected selfinjective algebra. The following conditions are equivalent:

(i) A is of Euclidean tilted type, Γ_A has at least three nonperiodic components, and every nonperiodic component of Γ_A is almost regular.

(ii) A is tame, Γ_A has at least one nonperiodic indecomposable nonprojective module, and every nonperiodic component of Γ_A is almost regular and generalized standard.

(iii) Γ_A contains a nonperiodic component C such that D = A/ ann C is one of the tilted algebras A(u, v, w, t), u, v, w, t ≥ 1, D^′(u, w), u, w ≥ 1, u + w ≥ 3, D^{′′}(u, w), u ≥ 2, w ≥ 1, E^′(u, w, t), u, w ≥ 1, (u + w, t) = (4, 3), (5, 3), (6, 3), (4, 4), (4, 5) or E^{′′}(u, v, w, t), u, v ≥ 2, w, t ≥ 1, (u+w, v + t) = (4, 4), (4, 5), (4, 6) and C is the unique connecting component of Γ_D.

(iv) A = ^B/(φν ^_B), where B is a domestic tubular extension (respectively, coextension) of a canonical tame concealed algebra Λ and φ is a strictly positive automorphism of ^B.

3. Tilted algebras of extended Euclidean type. The aim of this section is to describe a class of two-parametric tilted algebras with almost regular connecting component, playing the crucial role in our investigations.

We shall assume (without loss of generality) that all considered algebras are basic. For such an algebra B, there exists an isomorphism B ≃ KQ/I, where KQ is the path algebra of the Gabriel quiver Q = Q_B of B and I is an admissible ideal in KQ. Equivalently, B = KQ/I may be considered as a K-category whose object class is the set Q_0 of vertices of Q, and the set of morphisms B(x, y) from x to y is the quotient of K-space KQ(x, y), formed by the linear combinations of paths in Q from x to y, by the subspace I(x, y) = KQ(x, y) ∩ I. An algebra B with Q_B having no oriented cycles is said to be triangular. A full subcategory C of B is said to be convex if any path in Q_B with source and target in Q_C lies entirely in Q_C . Finally, for a vertex x of Q_B, we shall denote by P (x) = P_B(x) and I(x) = I_B(x) the indecomposable projective B-module and the indecomposable injective B-module corresponding to x, respectively.

In order to obtain conditions for one-point extensions and coextensions of algebras to be representation-infinite we shall use vector space category methods (see [21, 22, 23]). Recall that a vector space category K is a K-category together with a faithful functor | − | : K → mod K. Given a vector space category K , the subspace category U(K ) is defined as follows:

its objects are triples (V, X, φ), where V is an object of mod K, X is an object of K , and φ : V → |X| is a K-linear morphism. A morphism from (V, X, φ) to (V^′, X^′, φ) in U(K ) is given by a pair (α, β), where α : V → V^′ is a Klinear map, β : X → X^′ is a morphism in K , and |β|φ = φ^′α. An example of a vector space category is provided by the additive category add KS of the incidence category of a partially ordered set S. For a finite partially ordered set S we have the following known result due to M. Kleiner [18]: the subspace category U(add KS) is of finite representation-type if and only if S contains no full subcategory whose Hasse diagram has one of the following forms:

r r r r_{(1, 1, 1, 1)} , r r r r r r^{???}_{(2, 2, 2)} , r r r r r r r^{??}_{(1, 3, 3)} , r r r r r r r r^? ? ? ? ? (1, 2, 5) , r r r r r r r r^{?AU ?} ? ? ? (N, 4) .

A one-point extension of an algebra B by a B-module M is the algebra B[M] = [ K M 0 B ]

with the usual addition and multiplication of matrices. The quiver of B[M] contains the quiver of B as a convex subquiver and there is an additional (extension) vertex which is a source. We shall denote by Hom(M, mod B) the vector space category whose objects are the spaces of B-homomorphisms Hom_B(M, Y ), where Y are modules from mod B without indecomposable direct summand Y^′ with Hom_B(M, Y^′) = 0, the morphisms Hom_B(M, Y ) → Hom_B(M, Z) are of the form Hom_B(M, f), where f : Y → Z is a morphism in mod B, and | Hom_B(M, Y )| is just the underlying K-space of Hom_B(M, Y ). Then the indecomposable objects of mod B[M] which are not in mod B are given by the indecomposable objects (V, Hom_B(M, Y ), φ) of the subspace category U(Hom(M, mod B)) with V ≠ 0 (see [23, Chapter 17] for details). We note that if in addition we have dim_K Hom_B(M, N) ≤ 1 for any indecomposable module N from mod B then Hom(M, mod B) is the additive category of the incidence algebra of the partially ordered set (poset) S whose vertices are the isoclasses [Hom_B(M, Y )] of indecomposable objects Hom_B(M, Y ) of Hom(M, mod B), and [Hom_B(M, Y )] ≤ [Hom_B(M, Z)] if and only if there is a nonzero morphism Hom_B(M, Y ) → Hom_B(M, Z) in Hom(M, mod B). If U(Hom(M, mod B)) is of finite representation type and End_B(Y ) ≃ K for any indecomposable B-module Y with Hom_B(M, Y ) ≠ 0 then Hom(M, mod B) is of the described above poset type. Moreover, if U(Hom(M, mod B)) is tame and dim_K Hom_B(M, Y ) ≥ 2 for an indecomposable module Y in mod B with End_B(Y ) ≃ K, then dim_K Hom_B(M, Y ) = 2 and for any indecomposable object Hom_B(M, Z) of Hom(M, mod B) we have a nonzero morphism in Hom(M, mod B) from Hom_B(M, Y ) to Hom_B(M, Z) or from Hom_B(M, Z) to Hom_B(M, Y ) (see [21, (2.4)]). In the paper, we shall abreviate an indecomposable object Hom_B(M, Y ) with dim_K Hom_B(M, Y ) = 1 by r, and with dim_K Hom_B(M, Y ) = 2 by . Let B be representation-finite. We say that a family of B-modules Y_1, . . . , Y_t makes the one-point extension B[M] representation-infinite provided Hom_B(M, Y_1), . . . , Hom_B(M, Y_t) are indecomposable objects of Hom(M, mod B) and the full subcategory of Hom(M, mod B) given by these objects is a minimal representation-infinite full subcategory of Hom(M, mod B). Dually, one defines the one-point coextension [M]B = [ B D(M) 0 K ]

of B by M and the corresponding vector space category Hom(mod B, M) ≃ Hom(D(M), mod B^{op}) whose subspace category describes (as above) the indecomposable modules in mod[M]B which are not B-modules.

Let B be a tilted algebra of Dynkin type, and M be a B-module. The extension B[M] will be called canonical, if B[M] is a tilted algebra of Euclidean type corresponding to the type of B, that is, if B is tilted of type A_m , m ≥ 1, then B[M] is tilted of type ~A_m , if B is of type D_n , n ≥ 4, then B[M] is of type ~D_n , and, if B is of type E_p , p = 6, 7, 8, then B[M] is of type ~E_p . Dually, we define canonical coextensions of tilted algebras of Dynkin type.

In the proof of our first proposition we will need additive functions starting and stopping at a given indecomposable module. Let B be a tilted algebra of Dynkin type and X be an indecomposable B-module. The function f : Γ^′ → Z, where Γ^′ is a full translation subquiver of Γ_B formed by all successors of X, given by the formula f(Y ) = dim_K Hom_B(X, Y ) for each successor Y of X, is an additive function on Γ^′ called the additive function starting at X. Similary, an additive function g on the full translation subquiver Γ^{′′} of Γ_B given by the set of all predecessors of X, defined by g(Y ) = dim_K Hom_B(Y, X) for each predecessor Y of X, will be called the additive function stopping at X. Note that both the additive function starting at X and the additive function stopping at X cannot take negative values. The additive functions stopping and starting at a given vertex of Γ_B have been discussed in [12, (6.5)].

Proposition 3.1. Let B be a product of tilted algebras of Dynkin type, and M be a B-module such that B[M] and [M]B are representation-infinite tilted of Euclidean type. Then there exist vertices x_1, . . . , x_t in Q_B such that the modules I(x_1), . . . , I(x_t) form a unique (up to isomorphism) family of indecomposable modules making B[M] representation-infinite and P (x_1), . . . , P (x_t) form a unique family of indecomposable modules making [M]B representation-infinite. Moreover, t = 1 if and only if B is connected and both the extension B[M] and the coextension [M]B are canonical.

Proof. It is obvious that B[M] and [M]B are tilted of the same Euclidean type Δ. It is also clear that the extension B[M] is canonical if and only if the coextension [M]B is canonical. Thus we will only check whether the extension B[M] is canonical or not. We have to consider all possible shapes of the quiver Δ and all possibilites to get Δ from the disjoint union Q_B of Dynkin quivers by the one-point extension B[M].

Assume first that Δ is a quiver of type ~A_m , m ≥ 1. If follows that A is tilted of type A_m and M is a direct sum of two indecomposable modules X_1 and X_2. If m = 1, then X_1 ≃ X_2 and the vector space category Hom(M, mod B) has the form =X, where X ≃ X_1 ≃ X_2 is the unique indecomposable module in mod B. Of course, X = I(x_1) = P (x_1) for the unique vertex x_1 of Q_B, and the extension B[M] is canonical. Here and later on, for each X in mod A we denote by X the corresponding object Hom_B(M, X) (respectively, Hom_B(X, M)) in Hom(M, mod B) (respectively, in Hom(mod B, M)).

Let m > 1. Then X_1 ≄ X_2 and Hom(M, mod B) is a full subcategory of the following categoryr

r r r r r r r r r r r HHj

�*

HHj �* HHj �* HHj �* � �*H Hj �* HHj �* HHj

�*

HHj ppp ppp ppp ppp =X1

=X2

=Y2 .

In particular, it must contain Y_2. Similarly, the dual vector space category Hom(mod B, M) must contain an object Y_1 with dim_K Hom_B(Y_1, M) = 2. If we consider the additive function starting at Y_1, then we conclude that Y_2 must be injective. The same way, using the additive function stopping at Y_2, we infer that Y_1 is projective. Hence there exists a vertex x_1 of Q_B such that Y_1 = P (x_1). Since dim M(x_1) = dim_K Hom_B(P (x_1), M) = 2, we get dim_K Hom_B(M, I(x_1)) = dim M(x_1) = 2. Thus Y_2 = I(x_1), because Y_2 is a unique indecomposable B-module Z with dim_K Hom_B(M, Z) = 2. It is obvious that the extension B[M] is canonical.

Assume Δ is of type ~D_n , n ≥ 4. Suppose first that the extension B[M] is canonical, so B is of type D_n , M is indecomposable and the category Hom(M, mod B) is a full subcategory of the following category

r r r r r r r r r r

�*HHj HHj�* HHj HHjH Hj HHj �*-HHj HHj-�* �*-HHj � �*H Hj-�* �* �* �*HHj �* HHj �* ppp ppp ppp ppp =M

Y2 .

Then Hom(M, mod B) must contain Y_2, and dually Hom(mod B, M) must contain a two-dimensional object Y_1. A simple analysis of the additive functions starting at Y_1 and stopping at Y_2 shows that Y_1 is projective and Y_2 is injective. It follows again that Y_1 = P (x_1) and Y_2 = I(x_1) for a vertex x_1 of Q_B.

Assume now that B[M] is not canonical. Then we have to consider some cases: B can be a product of four algebras of type A_1 , for n = 4, B can be a product of two algebras of type A_1 and an algebra of type A_3 , for n = 5, B can be a product of two algebras of type A_1 and one algebra of type D_{n−2} , for n ≥ 6, B can be a product of two algebras of type A_3 , for n = 6, B can be a product of an algebra of type A_3 and an algebra of type D_{n−3} , for n ≥ 7, and finally, B can be a product of an algebra of type D_p and an algebra of type D_q , where p, q ≥ 4, and p + q = n, for n ≥ 8. We will only deal with the last case, since the arguments in the remaining cases are similar. In this situation, M is a direct sum of two indecomposable modules X_1 and X_2 and the category Hom(M, mod B) is a full subcategory of the following category r r r r r r r r r r r r �* HHj �* HHj �*

HHj

�*-

-HHj

HHj-

-�*

HHj

�* HHj �* HHj �* ppp ppp ppp ppp =X1 =X2

=Z1 Z2

Z3 =Z4

.

Thus the category Hom(M, mod B) must contain the objects Z_1, Z_2, Z_3 and Z_4. Similarly, the vector space category Hom(mod B, M) has to contain four pairwise incomparable one-dimensional objects Y_1, Y_2, Y_3 and Y_4. Considering the additive functions starting at Y_1, Y_2, Y_3 and Y_4, we obtain that the modules Z_1, Z_2, Z_3 and Z_4 are injective. Similarly, we prove that Y_1, Y_2, Y_3 and Y_4 are projective, using the additive functions stopping at Z_1, Z_2, Z_3, Z_4. Hence, there exist vertices x_1, x_2, x_3 and x_4 of Q_B such that Y_i = P (x_i), i = 1, . . . , 4. It follows that the objects Hom_B(M, I(x_i)), i = 1, . . . , 4, are one-dimensional and pairwise incomparable, and hence, by the uniqueness of the family making B[M] representation-infinite, there exists a permutation σ of {1, 2, 3, 4} with Z_i ≃ I(x_{σ(i)}), for i = 1, . . . , 4.

Now suppose that Δ is of type ~E_6 . We again start with the canonical case. It means that B is tilted of type E_6 , M is indecomposable, and the vector space category Hom(M, mod B) is a full subcategory of the following category

r r r r r r r r r r r r r r r r r

- �*HHj

�*HHj �*HHj HHj �*-HHj �* HHj- �* �

�*-H Hj �*HHj -�* HHj HHj �*HHj �* HHj �* - M= Y2 .

Hence the category Hom(M, mod B) must contain the two-dimensional object Y_2. Dually, the vector space category Hom(mod B, M) contains a twodimensional object Y_1. Similarly as above, it follows that Y_1 = P (x_1) and Y_2 = I(x_1) for a vertex x_1 of Q_B.

There are two possibilities when B[M] is not canonical. Namely, the algebra B can be a product of three tilted algebras of type A_2 , or it can be a product of an algebra of type A_1 and an algebra of type A_5 . In the first situation, M is a direct sum of three pairwise nonisomorphic indecomposable modules X_1, X_2 and X_3 and the vector space category Hom(M, mod B) is a full subcategory of the following category r r r r r r �* �* �* =X1 =X2 =X3

=Z1 =Z2. =Z3 Thus the vector space category Hom(M, mod B) has to contain the objects X_1, X_2, X_3, Z_1, Z_2, Z_3. Similarly, the vector space category Hom(mod B, M) must contain the objects X_1, X_2, X_3 and Y_1, Y_2, Y_3, where Y_i = τ_BZ_i, i = 1, 2, 3. Then it follows that Y_1, Y_2, Y_3 are projective, X_1, X_2, X_3 are projective-injective, and Z_1, Z_2, Z_3 are injective. In particular, these are unique families of indecomposable B-modules making B[M] and [M]B representation-infinite. Obviously Y_1 = P (x_1), Y_2 = P (x_2), Y_3 = P (x_3), X_1 = P (x_4) = I(x_4), X_2 = P (x_5) = I(x_5), X_3 = P (x_6) = I(x_6), Z_1 = I(x_1), Z_2 = I(x_2), Z_3 = I(x_3), where x_1, x_2, x_3, x_4, x_5, x_6 constitute the set of all vertices of Q_B.

In the second case, M is a direct sum of two indecomposable modules X_1 and X_2, and the vector space category Hom(M, mod B) is a full subcategory of the following category r r r r r r r r r �*HHj � �*H Hj�* HHj HHj �*HHj �* HHj �* =X1

=X2 =Z1 =Z2 =Z3 ,

so has to contain the objects X_1, Z_1, Z_2, Z_3. Dually, the vector space category Hom(mod B, M) has to contain four pairwise incomparable onedimensional objects X_1, Y_1, Y_2 and Y_3. It is now straightforward that X_1, Z_1, Z_2, Z_3 have to be injective, X_1, Y_1, Y_2, Y_3 projective, and there exist vertices x_1, x_2, x_3 and x_4 of Q_B, and a permutation σ of {2, 3, 4}, such that

X_1 = P (x_1) = I(x_1), Y_i = P (x_{i+1}) and Z_i = I(x_{σ(i+1)}), for i = 1, 2, 3.

It remains to consider fourteen cases related with Δ of type ~E_7 or ~E_8 . We

will not present all of them here, since the considerations are very similar to

the ones above. For the sake of our future proofs we will only exhibit the

canonical cases.

Assume that Δ is of type ~E_7 and the extension B[M] is canonical. Then

B is of type ~E_7 , M is indecomposable and the category Hom(M, mod B) is

a full subcategory of the following category r r r r r r r r r r r r r r r r r r r r r r r r r r r HHj H Hj -HHj -�* HHj �*HHj

�*HHj

�*HHj

�*HHj �* HHj �*-HHj �* HHj- �* �

�*-HHj �*HHj- �*HHj HHj �*HHj

�*HHj HHj �*HHj �* -HHj �* -�* �* �* =M

Y2 .

Thus the category Hom(M, mod B) has to contain the object Y_2, and the

dual category Hom(mod B, M) must contain a two-dimensional object Y_1.

It follows that Y_1 = P (x_1) and Y_2 = I(x_1) for a vertex x_1 of Q_B.

Finally, if Δ is of type ~E_8 and the extension B[M] is canonical, then B

is of type E_8 , M is indecomposable, and the category Hom(M, mod B) is a

full subcategory of the following category r r r r r r r r r r r r r r r r r r r r r r r r r HHj H Hj HHj

HHj -H Hj -�*HHj � �*H Hj�*

�*HHj �* �*HHj �*- �*HHj

�*HHj - HHj �*HHj

�*HHj HHj �*HHj

�*HHj HHj �*-HHj �* HHj- �* =M

=Y2 rr rr rrr r r r r r r r r r r r r r r r r r r �* �* �* �*-�*-HHj �* HHj �*HHj HHj �*HHj HHj �*HHj - HHj �*HHj �*- �*HHj

�*HHj �* �*HHj

�*HHj �* �*HHj -�* HHj �*-HHj

Y2= .

Then the category Hom(M, mod B) must contain the object Y_2, and the vec-

tor space category Hom(mod B, M) must contain a two-dimensional object

Y_1. As usual, we conclude that Y_1 is projective and Y_2 is injective, and more-

over there exists a vertex x_1 of Q_B such that Y_1 = P (x_1) and Y_2 = I(x_1). �

We have the following useful corollary.

Corollary 3.2. Let B be a product of tilted algebras of Dynkin type, M be a B-module such that B[M] and [M]B are representation-infinite tilted algebras of Euclidean type. In addition, let a and b denote the corresponding extension and coextension vertices, and x_1, . . . , x_t be vertices of Q_B such that the modules I(x_1), . . . , I(x_t) form the unique family of indecomposable B-modules making B[M] representation-infinite, and the modules P (x_1), . . . , P (x_t) constitute the unique family of indecomposable B-modules making [M]B representation-infinite. Then the smallest convex subcategory of B[M] containg the vertices a, x_1, . . . , x_t is a unique tame concealed convex subcategory of B[M], while the smallest convex subcategory of [M]B containg the vertices b, x_1, . . . , x_t is a unique tame concealed convex subcategory of [M]B. Proof. Let C be the smallest convex subcategory of B[M] containing the vertices a, x_1, . . . , x_t, and B^′ be the algebra obtained from C by deleting the vertex a. It is clear that C = B^′[M^′], where M^′ = M|_B0 is the restriction of M to B^′. Since B^′ is a convex subcategory of B, it follows that the modules I(x_1), . . . , I(x_t) remain injective when restricted to B^′. Hence, the full subcategory of Hom(M^′, mod B^′) formed by Hom_B0(M^′, I(x_1)|_B0), . . . , Hom_B0(M^′, I(x_t)|_B0) is isomorphic to the full subcategory of Hom(M, mod B) formed by the objects Hom_B(M, I(x_1)), . . . , Hom_B(M, I(x_t)), thus C is representation-infinite. On the other hand, since I(x_1), . . . , I(x_t) is the unique family of indecomposable modules making B[M] representation-infini-te, it follows that each proper convex subcategory of C is representationfinite, and hence C is tame concealed. Similarly, we prove the second assertion. �

Let D be a two-parametric tilted algebra with almost regular connecting component C. Denote by V the unique indecomposable projective-injective D-module. There exist vertices a and b of Q_D such that V = P (a) = I(b). Let D_1 and D_2 denote the algebras obtained from D by deleting the vertices a and b, respectively. We will call them left end and right end algebras of D, respectively. Then it follows that D_1 and D_2 are one-parametric tilted algebras of the same Euclidean type. In addition, if B denotes the algebra obtained from D by deleting the both vertices a and b, then B is a product of tilted algebras of Dynkin type, and D_1 = [M]B and D_2 = B[M], where M = rad V/ soc V . If both the extension B[M] and the coextension [M]B are canonical, the algebra D is said to be a canonical two-parametric tilted algebra . Note that each canonical two-parametric tilted algebra is of extended Euclidean type, but in Section 5 we exhibit an example of a two-parametric tilted algebra of extended Euclidean type with almost regular connecting component which is not canonical.

The following lemma will allow us to reduce our considerations to the sincere case.

Lemma 3.3. Let D be a two-parametric tilted algebra with almost regular connecting component and V be the unique indecomposable projectiveinjective D-module. Then supp V is a two-parametric tilted algebra with almost regular connecting component. Moreover, supp V is canonical if and only if D is canonical.

Proof. It is known (see [22, p. 375]) that supp V is a tilted algebra. Hence, it is enough to show that supp V is two-parametric. Recall also that supp V is a convex subcategory of A (see [6]). Let a, b, B and M be as above. It follows from Proposition 3.1 that there exist vertices x_1, . . . , x_t such that I_B(x_1), . . . , I_B(x_t) is a unique family of indecomposable modules making B[M] representation-infinite, while P_B(x_1), . . . , P_B(x_t) is a unique family of indecomposable modules making [M]B representation-infinite. In particular, the vertices x_1, . . . , x_t belong to supp V . Of course, a and b also belong to supp V , hence it follows from Corollary 3.2 that both the unique tame concealed subcategory of B[M] and the unique tame concealed subcategory of [M]B are contained in supp V . Hence supp V is two-parametric, and clearly its connecting component is almost regular. The last assertion also follows Proposition 3.1, since D (respectively, supp V ) is canonical if and only if t = 1. �

Now we introduce some families of algebras. First, for each quadruple of positive integers p, q, r, s, we denote by Δ_1(p, q, r, s) the following quiver r r r r r r r r r r � @@I œ œ œ œ · · ·

· · · œ œ @@I � α1

β1 α2

β2 α_p�1

β_q�1 αp βq r r r r r r r r r r � @@I œ œ œ œ · · ·

· · · œ œ @@I � ρ1

σ1 ρ2

σ2 ρ_r�1

σ_s�1 ρr

σs

and for p, q ≥ 2, r, s ≥ 1, by Δ_2(p, q, r, s) the following quiver r r r r r r r r r r r � @@I œ œ œ œ œ · · ·

· · · œ œ @@I œ � α1

β1 α2 γ1

β2 α_p�1 γ2

β_q�1 αp

βq r r r r r r r r r r � @@I œ œ œ œ · · ·

· · · œ œ @@I � ρ1

σ1 ρ2

σ2 ρ_r�1

σ_s�1 ρr

σs .

We define A(p, q, r, s), p, q, r, s ≥ 1, as the bound quiver algebra A(p, q, r, s) = KΔ_1(p, q, r, s)/I(p, q, r, s), where I(p, q, r, s) is the ideal generated by α_pρ_1, β_qσ_1, α_1 · · · α_pσ_1 · · · σ_s − β_1 · · · β_qρ_1 · · · ρ_r. By D^′(p, r), p, r ≥ 1, p + r ≥ 3, we will denote the bound quiver algebra KΔ_1(p, 2, r, 2)/I^′(p, q), where the ideal I^′(p, q) is generated by α_pρ_1, α_1 · · · α_pσ_1 − β_1β_2σ_1, β_2ρ_1 · · · ρ_r − β_2σ_1σ_2. The family D^{′′}(p, r), p ≥ 2, r ≥ 1, consists of all the bound quiver algebras of the form KΔ_2(p, 2, r, 1)/I^{′′}(p, r), where the generators of I^{′′}(p, r) are the elements α_1 · · · α_p + β_1β_2 + γ_1γ_2, α_pρ_1, γ_2ρ_1 · · · ρ_r − γ_2σ_1, β_2σ_1. For p, r ≥ 1 and s such that (p + r, s) = (4, 3), (5, 3), (6, 3), (4, 4), (4, 5), we define E^′(p, r, s) as bound quiver algebra KΔ_1(p, 2, r, s)/J^′(p, r, s), where J^′(p, r, s) is generated by α_pρ_1, β_2ρ_1 · · · ρ_r − β_2σ_1 · · · σ_s, α_1 · · · α_pσ_1 − β_1β_2σ_1. Finally, for p, q ≥ 2, and r, s ≥ 1 such that (p + r, q + s) = (4, 4), (4, 5), (4, 6), we have the family E^{′′}(p, q, r, s) of all the bound quiver algebras of the form KΔ_2(p, q, r, s)/J^{′′}(p, q, r, s), with the generators of the ideal J^{′′}(p, q, r, s) being the elements α_1 · · · α_p +β_1 · · · β_q +γ_1γ_2, α_pρ_1, β_qσ_1, γ_2ρ_1 · · · ρ_r −γ_2σ_1 · · · σ_s.

We are now able to prove the following fact.

Proposition 3.4. Let D be a canonical two-parametric tilted algebra with a sincere projective-injective indecomposable module. Then D or D^{op} belongs to one of the families A(p, q, r, s), p, q, r, s ≥ 1, D^′(p, r), p, r ≥ 1, p + r ≥ 3, D^{′′}(p, r), p ≥ 2, r ≥ 1, E^′(p, r, s), p, r ≥ 1, (p + r, s) = (4, 3), (5, 3), (6, 3), (4, 4), (4, 5), E^{′′}(p, q, r, s), p, q ≥ 2, r, s ≥ 1, (p+r, q +s) = (4, 4), (4, 5), (4, 6).

Proof. Let a and b be the vertices of Q_D such that V = P (a) = I(b) is the unique indecomposable projective-injective D-module. If we denote by B the algebra obtained from D by deleting the vertices a and b and M = rad V/ soc V , then it follows from the definition of canonical two-parametric tilted algebras that both the extension B[M] and the coextension [M]B are canonical. In particular, B is a tilted algebra of Dynkin type.

Assume first that B is tilted of type A_m , m ≥ 1. Then D is tilted of type ~A_m and it follows (see [20]) that D is of the form A(p, q, r, s) for some positive integers p, q, r, s.

Let now B be of type D_n , n ≥ 4. It follows from the proof of Proposition 3.1 and our assumption that V is sincere, that the convex subquiver of Γ_B containg all the injective modules is a convex subquiver of the following quiver 1 1 1 1 0

1 1 1

0 2 1 1 1

0 1 1 � � A A HHY H Hj �ß � �* p � 1 vertices, p ˘ 1

r � 1 vertices, r ˘ 1 h h HHj H

Hj HHj

HHj �*H Hj HHj HHj HHj�*H Hj-�*

�*HHj �*-HHj �* �* HHj �* � �* ppp ppp ppp p p p ppp ppp containing exactly one of the vertices in circles and exactly one of the vertices in squares, and all the vertices without frames. Here and later on, each vertex is replaced by the dimension of the space of B-homomorphisms from M to the corresponding module. Hence, it follows that A or its opposite algebra belongs to one of the families D^′(p, r) or D^{′′}(p, r).

Suppose that B is tilted of one of the types E_6 , E_7 , E_8 . Again, we infer from the proof of Proposition 3.1 that the convex suquiver of Γ_B containing all the injective modules is a convex subquiver of the following quiver 1

1

1

1

1

1

1

1

0

0

1 1 1

0 2 0

1 1 1

0

0

1

1

1

1

�

A

�

A

A� A

�

HHY

�ß

HHj

�*

�ß HHHY �* HHHj

p � 1 vertices, p ˘ 1

q � 1 vertices, q ˘ 1 r � 1 vertices, r ˘ 1

s � 1 vertices, s ˘ 1 h h HHj

�*

HHj

�*

HHj

�*

HHj

�*

�*HHj

�*HHj

HHj HHj �* �*

HHj �*HHj -�* HHj �* �* HHj�*- HHj �*HHj �* �* HHj HHj

HHj�*

HHj �*

�*

HHj

ppp

ppp ppp ppp ppp ppp p p p

p p p ppp ppp ppp ppp

containing exactly one encircled vertex and all the vertices which are not encircled. In addition the numbers p, q, r, s must satisfy the condition (p + r, q + s) = (3, 3), (3, 4), (3, 5), (4, 3), (5, 3), and then it follows that D or its opposite algebra belongs to one of the families E^′(p, r, s) and E^{′′}(p, q, r, s). � Now we define the families A(u, v, w, t), D^′(u, w), D^{′′}(u, w), E^′(u, w, t), E^{′′}(u, v, w, t) of algebras announced in Section 2. We denote by Δ_1(u, v, w, t), u, v, w, t ≥ 1, the following quiver r r � @@I œ œ œ œ · · ·

· · · œ œ @@I � α1

β1 α2

β2 α_p�1

β_q�1 αp βq r f f f f f f f f r � @@I œ œ œ œ · · ·

· · · œ œ @@I � ρ1

σ1 ρ2

σ2 ρ_r�1

σ_s�1 ρr

σs ,

where each vertex denoted by a square can be replaced by a connected subquiver of the following infinite quiver

@@I � @@ @@I ?

@@I � � � r r r r r r r r p p p p p p p p p p p p p p p p p p p p p p p p ψ ϕ

ψ

δ ϕ ψ ϕ

x

containing the vertex x, and the original vertex is then identified with the vertex x. Similarly, each vertex denoted by a circle can be replaced by a connected subquiver of the following quiver

@@I � @@ @@I 6

@@I � � � r r r r r r r r p p p p p p p p p p p p p p p p p p p p p p p p ψ ϕ

ψ

ε ϕ ψ ϕ

y containing the vertex y, and the original vertex is the identified with the vertex y. The integer u is the sum of p and the number of arrows in the quivers denoted by squares with a horizontal bar and the integer v is the sum of q and the number of arrows in the quivers denoted by squares with a vertical bar. Analogically, using r (respectively, s) and quivers denoted by circles with a horizontal (respectively, vertical) bar we define w (respectively, t). Similarly we define the quiver Δ_2(u, v, w, t), u, v ≥ 2, w, t ≥ 1, as the following quiver

r r r � @@I œ œ œ œ œ · · ·

· · · œ œ @@I œ � α1

β1 α2 γ1

β2 α_p�1 γ2

β_q�1 αp

βq r f f f f f f f f r � @@I œ œ œ œ · · ·

· · · œ œ @@I � ρ1

σ1 ρ2

σ2 ρ_r�1

σ_s�1 ρr

σs ,

where the meaning of semigraphical sings is the same as above. We also define the numbers u, v, w, t in the same way as before.

The families A(u, v, w, t), D^′(u, w), D^{′′}(u, w), E^′(u, w, t) and E^{′′}(u, v, w, t) are defined similarly as the families A(p, q, r, s), D^′(p, r), D^{′′}(p, r), E^′(p, r, s) and E^{′′}(p, q, r, s). Namely, for u, v, w, t ≥ 1, A(u, v, w, t) is the bound quiver algebra KΔ_1(u, v, w, t)/I(u, v, w, t), where I(u, v, w, t) is the ideal in KΔ_1(u, v, w, t) generated by the elements α_pρ_1, β_qσ_1, α_1 · · · α_pσ_1 · · · σ_s − β_1 · · · β_qρ_1 · · · ρ_r and all the elements of the form α_iδ, β_iδ, ερ_i, εσ_i and ψϕ. If u, w ≥ 1, u + w ≥ 3, then D^′(u, w) denotes the bound quiver algebra KΔ_1(u, 2, w, 2)/I^′(u, w), where the ideal I^′(u, w) is generated by α_pρ_1, α_1 · · · α_pσ_1 −β_1β_2σ_1, β_2ρ_1 · · · ρ_r −β_2σ_1σ_2 and all the elements α_iδ, ερ_i and ψϕ.

Further, D^{′′}(u, w) = KΔ_2(u, 2, w, 1)/I^{′′}(u, w), u ≥ 2, w ≥ 1, and I^{′′}(u, w) is generated by α_1 · · · α_p + β_1β_2 + γ_1γ_2, α_pρ_1, β_qσ_1, γ_1ρ_1 · · · ρ_r − γ_1σ_1 and all the elements α_iδ, ερ_i and ψϕ. For u, w ≥ 1 and t such that (u + w, t) = (4, 3), (5, 3), (6, 3), (4, 4), (4, 5), we define E^′(u, w, t) as the bound quiver algebra KΔ_1(u, 2, w, t)/J^′(u, w, t), where the generators of J^′(u, w, t) are α_pρ_1, α_1 · · · α_pσ_1 − β_1β_2σ_1, β_2ρ_1 · · · ρ_r − β_2σ_1 · · · σ_s and all the elements of the form α_iδ, ερ_i, εσ_i and ψϕ. Finally, for u, v ≥ 2 and w, t ≥ 1 with (u + w, v + t) = (4, 4), (4, 5), (4, 6), we put E^{′′}(u, v, w, t) = KΔ_2(u, v, w, t)/J^{′′}(u, v, w, t), where the ideal J^{′′}(u, v, w, t) is generated by the elements α_1 · · · α_p+β_1 · · · β_q+ γ_1γ_2, α_pρ_1, β_qσ_1, γ_1ρ_1 · · · ρ_r − γ_1σ_1 · · · σ_s and all the elements of the form α_iδ, β_iδ, ερ_i, εσ_i and ψϕ. We have the following classification of canonical twoparametric tilted algebras.

Proposition 3.5. An algebra D is a canonical two-parametic tilted algebra if and only if D or D^{op} is isomorphic to one of the algebras A(u, v, w, t), u, v, w, t ≥ 1, D^′(u, w), u, w ≥ 1, u + w ≥ 3, D^{′′}(u, w), u ≥ 2, w ≥ 1, E^′(u, w, t), u, w ≥ 1, where (u + w, t) = (4, 3), (5, 3), (6, 3), (4, 4), (4, 5) or E^{′′}(u, v, w, t), u, v ≥ 2, w, t ≥ 1, (u + w, v + t) = (4, 4), (4, 5), (4, 6). Proof. Let D be a canonical two-parametric tilted algebra and X be a unique indecomposable projective-injective D-module. It follows from Lemma 3.3 that D^′ = supp X is also a canonical two-parametric tilted algebra. Moreover, the left end algebra D_1 of D is a domestic tubular extension of its unique convex tame concealed subcategory C_1. However, C_1 is also a unique convex tame concealed subcategory of the left end algebra D^′_1 of D^′, and we conclude from Proposition 3.4, that C_1 is a canonical tame concealed algebra. Now the claim follows, since a complete description of domestic tubular extensions of canonical tame concealed algebras is a direct consequence of [22, (3.7), (4.7), (4.9)].

On the other hand, if D or D^{op} belongs to the one of the above families, then obviously there exists a unique indecomposable projective-injective Dmodule V . Let a and b be the vertices of Q_D such that V = P (a) = I(b). Then the algebra D_1 obtained from D by deleting the vertex a is a domestic tubular extension of a canonical tame concealed algebra. In partcular, D_1 is tilted of Euclidean type, and this implies that the connecting component of Γ_D is almost regular and D_1 is the left end algebra of D. Moreover D_1 = [M]B, where M = rad V/ soc V and B is the algebra obtained from

D_1 by deleting the vertex b. Notice that there exists a vertex x of Q_B such that dim M(x) = 2, and consequently dim_K Hom_B(P_B(x), M) = 2, hence the coextension [M]B is canonical by Proposition 3.1, since M is indecomposable. Thus it follows that D is a canonical two-parametric tilted algebra. �

We have the following obvious consequence of the above proposition.

Corollary 3.6. If B is a domestic tubular extension (respectively, coextension) of a canonical tame concealed algebra, then B is the left (respectively, right) end algebra of a canonical two-parametric titled algebra.

Remark 3.7. An alternative proof of Proposition 3.5 can be done using the Bongartz–Happel–Vossieck list of tame concealed algebras [7, 15]. Namely, Proposition 3.1 and Corollary 3.2 imply that the convex tame concealed subcategories of canonical two-parametric tilted algebras are not Schurian, and hence have to be canonical. Thus we may classify all canonical twoparametric tilted algebras without considering the sincere case. However, since the Bongartz–Happel–Vossieck list is established using computer programs, for a completness of the proof, we have decided to present here its longer but direct version. Recall, that an algebra C is called Schurian if dim_K Hom_C (P_1, P_2) ≤ 1 for any indecomposable projective C-modules P_1 and P_2.

Remark 3.8. Proposition 3.5 is extended in [4] to a complete description of tame tilted algebras with almost regular connecting component.

Remark 3.9. It is known that if X is a directing module over an algebra B then the support algebra D of X is a tilted algebra and X lies in a connecting component of Γ_D. We have proved in [5] that the affine variety mod_B(d) of all B-modules of the dimension-vector d = dim X is a complete intersection with at most two irreducible components, and mod_B(d) is not irreducible (respectively, is not normal) if and only if D is one of the algebras exhibited in Propostion 3.4.

4. Proofs of the main results. In order to proof our main results we need a more detailed structure of the module categories of repetitive algebras of tilted Euclidean type. For a triangular algebra B and a vertex i of Q_B we denote by T^+_i B the one-point extension B[I_B(i)]. If in addition i is a sink of Q_B then we denote by S^+_i B the full subcategory of T^+_i B formed by all objects except the object i, called the reflection of B at i [16]. The quiver of S^+_i B, denoted by σ^+_i Q_B, is obtained from Q_B by replacing the sink i be a source i^′ (the extension vertex of B[I_B(i)]). A reflection sequence of sinks i_1, . . . , i_t is a sequence of vertices of Q_B such that i_s is a sink of σ^+_{is}�_1 · · · σ^+_{i1} Q_B for any 1 ≤ s ≤ t.

Let B be a domestic tubular extension of a tame concealed algebra C. It follows from [22, (4.9)] that the preinjective component of Γ_B admits an Euclidean section Δ whose number of vertices is the number of vertices in Q_B. Applying [1, (4.3)] we conclude that there exists a reflection sequence of sinks i_1, . . . , i_r, i_{r+1}, . . . , i_s, i_{s+1}, . . . , i_t, i_{t+1}, . . . , i_n in Q_B, where n is the rank of K_0(B), 1 ≤ r ≤ s < t ≤ n, and the following statements hold:

(1) B_1 = S^+_{ir} · · · S^+_{i1} B is a domestic tubular coextension of a tame concealed algebra C_1,

(2) B_2 = S^+_{is} · · · S^+_{ir+1} B_1 is a domestic tubular extension of C_1, and B_2 = B_1 = C_1 for r = s,

(3) B_3 = S^+_{it} · · · S^+_{is+1} B_2 is a domestic tubular coextension of a tame concealed algebra C_2,

(4) B_4 = S^+_{in} · · · S^+_{it+1} B_3 is a domestic tubular extension of C_2, and B_4 = B_3 = C_2 for t = n,

(5) C_2 ≃ ν ^_B(C) and B_4 ≃ ν ^_B(B), (6) Γ ^_B = ⋁ p∈Z(Xp ∨ Rp), where X2q = ν^q_{^B}(X0), X2q+1 = ν^q_{^B}(X1), R2q = ν^q^_B(R_0), R_{2q+1} = ν^q^_B(R_1), for any q ∈ Z,

(7) X_0 is a nonperiodic component with the stable part ZΔ and consists of T^+_{ir} · · · T^+_{i1} B-modules,

(8) R_0 is a P_1(K)-family of components whose stable parts are tubes and consist of T^+_{is} . . . T^+_{ir+1} B_1-modules,

(9) X_1 is a nonperiodic component with the stable part ZΔ and consists of T^+_{it} · · · T^+_{is+1} B_2-modules,

(10) R_1 is a P_1(K)-family of components whose stable parts are tubes and consist of T^s_{in} · · · T^s_{it+1} B_3-modules.

Proof of Theorem 1. Let, as above, B be a domestic tubular extension of a tame concealed algebra C. Since X_{p+2} = ν ^_B(X_p) for p ∈ Z, then all nonperiodic components of Γ ^_B are almost regular if and only if the components X_0 and X_1 are almost regular. Assume X_0 is regular. Then B is the left end algebra of a two-parametric tilted algebra D with almost regular connecting component. Moreover, C_1 is a convex tame concealed subcategory of the right end algebra of D. Observe now that the projective-injective modules in X_1 consists of the indecomposable injective ^B-modules I ^_B(i_{s+1}), . . . , I ^_B(i_t), {i_{s+1}, . . . , i_t} is the set of common objects of C and B_2 and clearly it contains the set of common objects of C and C_1. Therefore, if X_1 is almost regular then C and C_1 have at most one common object, and applying Proposition 3.1 and Corollary 3.2 we conclude that D is a canonical two-parametric tilted algebra and C is a canonical tame concealed algebra. On the other hand, if D is canonical then a direct application of the reflection procedure leading from B to S^+_{in} · · · S^+_{i1} B = ν ^_B(B) shows that the injective envelope in mod ^B of the simple ^B-module given by the unique sink (respectively, source) of C is the unique indecomposable projective-injective module in X_0 (respectively, in X_1), and consequently all nonperiodic components of Γ ^_B are almost regular. Hence, the statements (i) and (iv) are equivalent. The equivalence of (iv) and (v) follows from the fact that the repetitive algebras of B and B_3 = S^+_{it} · · · S^+_{i1} B are isomorphic (see [16]). The implication (iv) ⇒ (iii) follows from the fact that if B is a domestic tubular extension of a canonical tame concealed algebra Λ then B is the left end algebra of a canonical twoparametric tilted algebra, by Corollary 3.6. The implications (iii) ⇒ (ii) and (ii) ⇒ (i) are obvious. This finishes the proof. �

Proofs of Theorems 2 and 3. Let B be a domestic tubular extension of a tame concealed algebra C, G an admissible group of K-linear automorphisms of ^B and A = ^B/G. It follows from [24, (2.9)] and the description of Γ ^_B presented above that Γ_A admits two (respectively, three) nonperiodic components if and only if G is infinite cyclic generated by φν ^_B for some positive (respectively, strictly positive) automorphism φ of ^B. Recall also that a tilted algebra B given by a tilting module without nonzero preinjective (respectively, preprojective) direct summand is tame if and only if B is of Euclidean type (see [17]). The required equivalences in Theorems 2 and 3 are then direct consequences of Theorem 1 and [27, Theorem 5.5 and Corollary 5.6]. �

5. Examples. In this final section we shall present some examples illustrating our considerations.

Example 5.1. Let B be the path algebra of the quiver^{0 1}œ α β . Then the repetitive algebra (category) ^B of B is the bound quiver category given by the quiver

· · · −2 −1 0 1 2 3 · · ·

œ œ œ œ œ œ œ α�2 β�2 α�1 β�1 α0 β0 α1 β1 α2 β2

and the ideal generated by α_iα_{i+1} and α_iβ_{i+1} − β_iα_{i+1} for all i ∈ Z, and the Nakayama shift ν ^_B is given by ν ^_B(i) = i+2 , ν ^_B(α_i) = α_{i+2} and ν ^_B(β_i) = β_{i+2} for all i ∈ Z. Moreover, we have the shift ψ : ^B → ^B given by ψ(i) = i + 1, ψ(α_i) = α_{i+1} and ψ(β_i) = β_{i+1} for all i ∈ Z, and clearly ψ^2 = ν ^_B. For any positive integer n, consider the selfinjective algebra A_n = ^B/(ψ^n). Note that A_n is the bound quiver algebra given by the quiver

n=0 1 2 n−1 œ @@I@@I 66 ?? � α0 β0 α1 β1 α_n�1

β_n�1 ppp ppp and the ideal generated by all elements α_iα_{i+1} and α_iβ_{i+1} − β_iα_{i+1} for 0 ≤ i ≤ n − 1, where α_n = α_0 and β_n = β_0. Then the Auslander–Reiten quiver Γ_{An} consists of n P_1(K)-families of stable tubes of rank 1 and n nonperiodic components, each of them of the same shape r r r r r r r r r r r �`�` @@R@@R �`�` @@R@@R �`�` @@R �` @@R �` @@R �` @@R@@R �`�` @@R@@R �`�` @@R@@R P

· · · · · · ,

where P is one of the projective-injective modules P (i), 0 ≤ i ≤ n − 1. Clearly, then all nonperiodic components of Γ_{An} are almost regular.

Example 5.2. Let A be the algebra given by the quiver

1

4 6

3 2

7

5

8 9 @@R - AA AAK � � �ff

@@R

�`

- � �ff @@IAA AAK � @@I @@I α β γ σρ ξ η δ ω λ θ ε μ π

and the ideal generated by the elements αβ + γσ + δω, ηβ, σηξ − σρ, ωρ, αβρ − δωηξ, ξα, ρδ, ηξγ − ργ, βρα − λθε, λμ, αλ, θελ − μπ, πθ. Then A is the trivial extension B n D(B) = ^B/(ν ^_B) of the tilted algebra B of type ~E_8 given by the quiver

1 2 3 4 5 6

7 8 9 �œ @@I � œ@@I � @@I � � α β γ σ δ ω η λ π θ

and the ideal generated by αβ + γσ + δω, αλ, πθ, βη, being a domestic tubular extension of the canonical tame concealed convex subcategory given by the vertices 1, 2, 3, 4, 5. It follows from [1] and our main results that Γ_A has exactly two nonperiodic components, both of them almost regular, one containing the projective module P (1), and the second one the projective module P (5). Moreover, Γ_A has two P_1(K)-families of quasi-tubes (the stable parts are tubes), one of them containing P (2), P (3), P (4), P (7), and the second one containing P (6), P (8), P (9).

Example 5.3. We shall present now an example of a selfinjective algebra of Euclidean tilted type whose Auslander–Reiten quiver admits a nonperiodic almost regular component (even with an extended Euclidean section) and also a nonperiodic component which is not almost regular. Let A be the bound quiver algebra given by the quiver

1 2 3 4

5

6 7

8 9 @@ @R@ @@I

- � � �ff 6 6 6AA AA AAU � �`

œ œ 6 ? α β γ δ σ

η ξ

ρ ε μ π λ ω

and the ideal generated by αβ − γσδ, γηξ − εμπλω, σδ − ηξ, ρξ − λω, δα, ξα, ωα, βγ, ωγ, βε, δε. Then A is of the form ^B/(ν ^_B) = B n D(B), where B is the bound quiver algebra given by the quiver

1 2 3 4 5

6

7

8 9 � @@I œ œ œ @@I �ßHHY � α γ σ η ε μ π ρ λ and the ideal generated by γη − εμπρ. A simple inspection of the Bongartz– Happel–Vossieck list of the tame concealed algebras [7, 15] shows that B is a tame concealed algebra of type ~E_8 . Hence A is a selfinjective algebra of Euclidean tilted type ~E_8 . Applying [1] we deduce that Γ_A contains exactly two nonperiodic components, one of them almost regular with a section r r r r r r r �*-HHj HHj H

Hj HHj -HHj HHj

P (1)

of extended Euclidean type ~D_8, and the second one containing the projective modules P (6), P (7), P (8), P (9) such that rad P (6) = τ^5_A rad P (7), rad P (8) = τ^4_A rad P (6), rad P (9) = τ^5_A rad P (9), and the τ_A-orbit of the radicals of P (6), P (7), P (8), P (9) intersects any Euclidean section (of type ~E_8 ) of the stable part of this component in the vertex whose deletion yields to a Dynkin quiver of type E_8 . Note that the tame concealed algebra B is not canonical.

Example 5.4. Our next example shows that there exists selfinjective algebra of Euclidean tilted type whose all indecomposable projective-injective modules lie on sections of nonperiodic components. Let A be the bound quiver algebra given by the quiver

0 1 2

3 4 @@R � @@I �` @@I �` @@R� α β γ σ ξ η ρ ω and the ideal generated by αξ − βη, βη − γρ, γρ − σω, ηα, ρα, ωα, ξβ, ρβ, ωβ, ξγ, ηγ, ωγ, ξσ, ησ, ρσ. Then A = ^B/(ν ^_B) = B n D(B) where B is the path algebra of the Euclidean quiver of type ~D_4

0

1 2

3 4 @@R � @@I �` α β γ σ .

Applying again [1] we conclude that Γ_A admits exactly two nonperiodic components with the following sections r r r^{�`�*-}HHj_{@@R}^{P (0) ,} r r r^{�`�*}HHj_{@@R} �` �* HHj @@R

P (1)

P (2)

P (3)

P (4)

.

Observe that one of these nonperiodic components is almost regular, and clearly the second one is not.

Example 5.5. We end the paper with an example showing an another extreme. Namely, there exist selfinjective algebras of Euclidean tilted type whose all indecomposable projective modules lie on one section of a nonperiodic component. Consider the bound quiver algebra A given by the quiver

1

2 3 @@R �` @@I � σ δ α β γffiflfflfi6

SELFINJECTIVE ALGEBRAS OF EUCLIDEAN TYPE 29

and the ideal generated by ασ − γ^2, δβ − γ^2, αδ, γδ, βσ, βγ, αγ, γσ. Then A = ^B/(ψ), where B is the path algebra of the quiver

1 2 3 4 5 6 � ?@@R ?� α β γ δ σ of Euclidean type ~D_5 and ψ is a K-linear automorphism of ^B such that ψ^2 = ν ^_B, and so A is of Euclidean tilted type ~D_5 . Further, according to [24], Γ_A admits exactly one nonperiodic component, and it is easy to see that this component has a section of the form r r r r^{�`�*@@R} �` �* �*-HHj

P (1)

P (2)

P (3) .

REFERENCES

1. I. Assem, J. Nehring and A. Skowroński, Domestic trivial extensions of simply connected algebras, Tsukuba J. Math. 13 (1989), 31–72.

2. M. Auslander, I. Reiten and S. O. Smalø, Representation theory of artin algebras, Cambridge Studies in Adv. Math. 36 (Cambridge University Press, 1995).

3. G. Bobiński, On additive functions for stable translation quivers, Coll. Math. 79, 203–210.

4. G. Bobiński, Tame tilted algebras with almost regular connecting components, in preparation.

5. G. Bobiński and A. Skowroński, Geometry of directing modules over tame algebras, J. Algebra, in press (1999).

6. K. Bongartz, Algebras and quadratic forms, J. London Math. Soc. 28 (1983), 461–469.

7. K. Bongartz, Critical simply connected algebras, Manuscr. Math. 46 (1984), 117– 136.

8. P. Dowbor and A. Skowroński, Galois coverings of representation-infinite algebras, Comment. Math. Helv. 62 (1987), 311–337.

9. K. Erdmann, Blocks of tame representation type and related algebras, Lecture Notes in Math. 1428 (Springer–Verlag, 1990).

10. K. Erdmann, O. Kerner and A. Skowroński, Self-injective algebras of wild tilted type, J. Pure Appl. Algebra, in press.

11. K. Erdmann and A. Skowroński, On Auslander–Reiten components of blocks and biserial algebras, Trans. Amer. Math. Soc. 330 (1992), 165–189.

30 GRZEGORZ BOBIŃSKI AND ANDRZEJ SKOWROŃSKI

12. P. Gabriel, Auslander–Reiten sequences and representation-finite algebras, in Representation Theory I , Lecture Notes in Math. 831 (Springer–Verlag, 1980), 1–71.

13. P. Gabriel, The universal cover of a representation-finite algebra, in Representations of Algebras, Lecture Notes in Math. 903 (Springer–Verlag, 1981), 68–105.

14. D. Happel, On the derived category of a finite dimensional algebra, Comment.

Math. Helv. 62 (1987), 339–389.

15. D. Happel and D. Vossieck, Minimal algebras of infinite representation type with preprojective component, Manuscr. Math. 42 (1983), 221–243.

16. D. Hughes and J. Waschbüsch, Trivial extensions of tilted algebras, Proc. London Math. Soc. 46 (1983), 347–364.

17. O. Kerner, Tilting wild algebra, J. London Math. Soc. 39 (1989), 29–47. 18. M. Kleiner, Partially ordered sets of finite type, in Investigations on representation theory, Zap. Naucn. Sem. LOMI 28 (Leningrad, 1972), 32–41.

19. H. Lenzing and A. Skowroński, On selfinjective algebras of Euclidean type, Colloq.

Math. 79 (1999), 71–76.

20. J. A. de la Peña, The families of two-parametric tame algebras with sincere directing modules, Canad. Math. Soc. Conf. Proc. 14 (CMS/AMS 1993), 361–392.

21. C. M. Ringel, Tame algebras, in Representation Theory I , Lecture Notes in Math.

831 (Springer–Verlag, 1980), 137–287.

22. C. M. Ringel, Tame algebras and integral quadratic forms, Lecture Notes in Math.

1099 (Springer–Verlag, 1984).

23. D. Simson, Linear representations of partially ordered sets and vector space categories, Algebra, Logic and Applications 4 (Gordon and Breach Science Publishers, 1992).

24. A. Skowroński, Selfinjective algebras of polynomial growth, Math. Ann. 285 (1989), 177-199.

25. A. Skowroński, Generalized standard Auslander–Reiten components, J. Math. Soc.

Japan 46 (1994), 517–543.

26. A. Skowroński and K. Yamagata, Socle deformations of self-injective algebras, Proc.

London Math. Soc. 72 (1996), 545–566.

27. A. Skowroński and K. Yamagata, Galois coverings of selfinjective algebras by repetitive algebras, Trans. Amer. Math. Soc. 351 (1999), 715–734.

Grzegorz Bobiński Faculty of Mathematics and Informatics, Nicholas Copernicus University, ul. Chopina 12/18, 87-100 Toruń, Poland e-mail: gregbob@mat.uni.torun.pl

Andrzej Skowroński Faculty of Mathematics and Informatics, Nicholas Copernicus University, ul. Chopina 12/18, 87-100 Toruń, Poland e-mail: skowron@mat.uni.torun.pl