Schumacher’s Quantum Coding Revisited

Andreas Winter

The author is with SFB 343, Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, 33501 Bielefeld, Germany. Electronic address: winter@mathematik.uni-bielefeld.de

Abstract

We review the different models of noiseless coding of a source emitting quantum states: quantum encoding vs. arbitrary (unphysical) encoding, fidelity and trace norm difference vs. entanglement fidelity. We show the coding theorem in the most restrictive of these models, and prove the strong converse in the most powerful model.

Keywords

Quantum source, entanglement, fidelity, noiseless coding, strong converse.

I. Introduction The subject of quantum information is very young, in fact one of its major roots is the paper [10] (which appeared only after its successor [8]). It is concerned with the following basic problem of information theory:

Consider a source emitting pure quantum states π on a fixed complex Hilbert space H, say for definiteness from a finite set P, with probabilities P (π). Suppose that we get the states π_1, . . . , π_n from n independent emissions, and we want to encode their joint state π^n = π_1 ⊗ · · · ⊗ π_n using as little resources as possible and such that the original state can be recovered from the encoding within a good approximation. The resource is to be basically the dimension of the Hilbert space of the encodings. As Schumacher [10] observed this gives an operational definition of the von Neumann entropy of the ensemble.

In the following section we will precisely define the model(s), and discuss their relation, in section IV we will prove the noiseless coding theorem for the weakest model: quantum encoding together with entanglement fidelity. In section V we will first review the different proofs for the (weak) converse which appeared so far, and prove the strong converse in the most powerful model: arbitrary encoding together with (ordinary) fidelity.

II. The different models Fix the complex Hilbert space H, d = dim H < ∞. L(H) denotes the algebra of (bounded) linear operators of H, L(H)_∗ (understood as the predual under the trace pairing).

A (discrete memoryless) quantum source (q–DMS) is a pair (P, P ) with a finite set

P ⊂ L(H)_∗ of states on L(H) and a p.d. P on P. The average state of the source is P P =^∑_{π∈P} P (π)π.

An n–block code for the q–DMS (P, P ) is a pair (ε_∗, δ_∗) where ε_∗ : P^n → L(H)_∗ maps P^n into the states on L(K) (with some Hilbert space K), and δ_∗ : L(K)_∗ → L(H)^{⊗n}_∗ is trace preserving and completely positive (i.e. it is a physical state transformation, see [3]).

We say that (ε_∗, δ_∗) is quantum encoding if ε_∗ is the restriction to P^n of a trace preserving and completely positive map ε_∗ : L(H)^{⊗n}_∗ → L(K). If there is no condition on ε_∗ we say that (ε_∗, δ_∗) is arbitrary encoding.

DRAFT February 12, 1999

For an n–block code (ε_∗, δ_∗) define 1. the (average) fidelity

F̄ = F̄ (ε_∗, δ_∗) = ∑ π^n∈P^n P^n(π^n)·Tr ((δ_∗ε_∗π^n)π^n)

2. the (average) distortion

D̄ = D̄(ε_∗, δ_∗) = ∑ π^n∈P^n P^n(π^n)· 1 2 ‖δ_∗ε_∗π^n − π^n‖_1

3. the entanglement fidelity (see [11])

F_e = F_e(ε_∗, δ_∗) = Tr ( ((δ_∗ε_∗ ⊗ id)Ψ^{⊗n}_P P)Ψ^{⊗n}_P P )

where Ψ_P P is a purification of P P, i.e. it is a pure state on an extended system (by tensor product with some space H_0), and P P = Tr_{H0} Ψ_P P (cf. [11] where it is proved that F_e does not depend on the purification chosen). Note that this makes sense only if (ε_∗, δ_∗) is quantum encoding.

Theorem 1:

D̄^2 ≤ 1 − F̄ ≤ D̄ and 1 − F̄ ≤ 1 − F_e Proof: The first double inequality is in [13] (even for lossy processes), the other is in [11].

The n–block code (ε_∗, δ_∗) is called an (n, λ)¯_F –code if 1 − F̄ (ε_∗, δ_∗) ≤ λ. Similarly for F_e. The n–block code (ε_∗, δ_∗) is called an (n, λ)¯_D–code if D̄(ε_∗, δ_∗) ≤ λ.

The rate of an n–block code (ε_∗, δ_∗) is defined as R(ε_∗, δ_∗) =^1_n log dim K. From the previous theorem it is clear that the most restrictive model is where we have to find an (n, λ)_{Fe} –code with quantum encoding, whereas the most powerful model is where we have to find an (n, λ)¯_F –code with arbitrary encoding (equivalently we may use D̄). Now we define for a q–DMS (P, P ) 1. the λ–(quantum,F_e)–rate as

R_{q,Fe} (λ) = lim sup_{n→∞} min{R(ε_∗, δ_∗) : (ε_∗, δ_∗) an

(n, λ)_{Fe} –code with qu. encoding}

2. the λ–(quantum,F̄ )–rate as

R_{q,}¯_F (λ) = lim sup_{n→∞} min{R(ε_∗, δ_∗) : (ε_∗, δ_∗) an

(n, λ)¯_F –code with qu. encoding}

3. the λ–(arbitrary,F̄ )–rate as

R_{a,}¯_F (λ) = lim sup_{n→∞} min{R(ε_∗, δ_∗) : (ε_∗, δ_∗) an

(n, λ)¯_F –code with arb. encoding}

Despite our lot of definitions the situation turns out to be quite simple:

Theorem 2: For all λ ∈ (0, 1) the three λ–rates of the q–DMS (P, P ) are equal to the von Neumann entropy of the ensemble (P, P ):

R_{q,Fe} (λ) = R_{q,}¯_F (λ) = R_{a,}¯_F (λ) = H(P P)

where H(ρ) = −Tr (ρ log ρ) is the von Neumann entropy, see [9].

Proof: Between the first two members of the chain we have “≥” by theorem 1, between the second and the third “≥” is obvious. R_{q,Fe} (λ) ≤ H(P P) follows from the noiseless coding theorem IV.5. Finally R_{a,}¯_F (λ) ≥ H(P P) follows from the strong converse theorem V.8 On the history of this theorem see the remarks in the sections IV and V.

III. Shadows In this section we introduce some combinatorial concepts useful in the later discussion. Construct variance–typical projectors Π^n_{V,ρ,α} using typical (or generated) sequences in the sense of Wolfowitz [15]: for a diagonalization ρ = ∑ j q_jπ_j let s_j = √ q_j(1 − q_j) and T^n_{V,ρ,α} = {(j_1, . . . , j_n) : ∀j |N(j|j^n) − nq_j| ≤ s_jα √ n} with N(j|j^n) = |{i : j = j_i}|, and define Π^n_{V,ρ,α} = ∑ (j1,... ,jn)∈T^n_{V,ρ,α} π_{j1} ⊗ · · · ⊗ π_{jn}

For a state ρ define μ(ρ) as the minimal nonzero eigenvalue of √ ρ(1 − ρ), and N(ρ) =

dim supp √ ρ(1 − ρ). Finally define K = 2^{log e}_e .

Then one has (cf. [15]) Lemma 3: For every state ρ and n > 0 Tr (ρ^{⊗n}Π^n_{V,ρ,α}) ≥ 1 − 2N(ρ)e^{−2μ(ρ)2α2} and with Π^n = Π^n_{V,ρ,α}

Π^n exp ( −nH(ρ) − Kdα √ n ) ≤ Π^nρ^{⊗n}Π^n ≤

≤ Π^n exp ( −nH(ρ) + Kdα √ n )

DRAFT February 12, 1999

Tr Π^n_{V,ρ,α} ≤ exp ( nH(ρ) + Kdα √ n ) Every η–shadow B of ρ^{⊗n} (this means 0 ≤ B ≤ 1 and Tr (ρ^{⊗n}B) ≥ η) satifies Tr B ≥ ( η − 2N(ρ)e^{−2μ(ρ)2α2} ) exp ( nH(ρ) − Kdα √ n ) Proof: The first estimate is just the well known Hoeffding inequality [4]. The second estimate is the key: to prove it let π^n = π_{j1} ⊗ · · · ⊗ π_{jn} one of the eigenprojections of ρ^{⊗n} which contributes to Π^n_{V,ρ,α}. Then

Tr (ρ^{⊗n}π^n) = q_{j1} · · · q_{jn} = ∏ j q^{N(j|jn)} j Taking logs and using the defining relation for the N(j|j^n) we find | | | | ∑ j −N(j|j^n) log q_j −nH(ρ) | | | | ≤ ∑ j − log q_j|N(j|j^n) − nq_j| ≤ ∑ j −α √ n √ q_j log q_j

= 2α √ n ∑ j − √ q_j log √ q_j ≤ 2d log e e α √ n Now the bound on Tr Π^n_{V,ρ,α} is immediate since Tr Π^nρ^{⊗n}Π^n ≤ 1. Finally let B an η–shadow of ρ^{⊗n}. Then Tr ( Π^nρ^{⊗n}Π^nB ) = Tr (ρ^{⊗n}B) −

− Tr ( (ρ^{⊗n} − Π^nρ^{⊗n}Π^n)B ) ≥ η − 2N(ρ)e^{−2μ(ρ)2α2} From the upper bound on Π^nρ^{⊗n}Π^n the last inequality of the lemma follows.

IV. Noiseless coding Let α > 0. The Schumacher scheme with constant α for the q–DMS (P, P ) is the following family of n–block codes (ε_∗, δ_∗) with quantum encoding: define Π^n = Π^n_{V,P} P_{,α} and the Hilbert space K = supp Π^n, and

ε_∗ : L(H)^{⊗n}_∗ −→ L(K)_∗ σ −→ Π^nσΠ^n + 1 − Tr (σΠ^n) dim K 1 δ_∗ : L(K)_∗ −→ L(H)^{⊗n}_∗ σ −→ σ

Remark 4: Essentially the Schumacher scheme was first defined in [10], with a slightly different definition of Π^n. The great contribution of [10] was to notice the possibility and importance of having a typical subspace, and the following theorem is just a variation of the original argument. Subsequently there appeared minor modifications and refinements (see [8] and [7]), but all rely on one or another notion of typical subspace of H^{⊗n}.

Theorem 5: The Schumacher scheme has rate

R(ε_∗, δ_∗) ≤ H(P P) + Kdα √ n and entanglement fidelity

F_e(ε_∗, δ_∗) ≥ 1 − 4N(P P)e^{−2μ(P} P^{)2α2} Proof: The rate estimate is immediate from the shadow lemma III.3. For the fidelity consider a purification of P P = ∑ j q_j|φ_j⟩⟨φ_j|, e.g. the projector of |ψ⟩ = ∑ j √q_j|φ_j⟩⊗|φ_j⟩ on L(H^{⊗2}). With that the fidelity estimate follows easily from the shadow lemma III.3.

By slightly changing the definition of the subspace used we arrive at the JHHH–scheme [7]: just take for Π^n the projector Π^n_{H(·)≤R} = l. c. supp_{H(ν)≤R}Π^n_{V,ν,0} (the least common support) with some rate R ≥ 0. Then in [7] it is proved that this gives universally good compression of all sources (P, P ) with H(P P) < R. For one thing (see [7]) Tr Π^n_{H(·)≤R} ≤ (n + 1)^{d2+d} exp(nR)

and for the fidelity one has

Theorem 6: Let (ε_∗, δ_∗) the JHHH–scheme with rate R and block length n. Then for every q–DMS (P, P )

F̄ (ε_∗, δ_∗) ≥ 1 − 2(n + 1)^d exp ( −n · min_{H(ν)≥R} D(ν‖P P) )

Proof: First note that by direct calculation for ν codiagonal with a state ρ we have Π^n_{V,ν,0}ρ^{⊗n}Π^n_{V,ν,0} = Π^n_{V,ν,0} exp(−nD(ν‖ρ) − nH(ν)) (see also [14]). Fix a diagonalization P P = ∑ j q_jπ_j and observe Π^n_{H(·)≤R} ≥ ∑ ν∈C [π1 ,... ,π_d],H(ν)≤R Π^n_{V,ν,0}

DRAFT February 12, 1999

Using the simple fact that Π_{V,ν,0} ≠ 0 only if ν ∈^1_n N[π_j |j] and Tr Π^n_{V,ν,0} ≤ exp(nH(ν)) we find as in the previous theorem

1 − F̄ (ε_∗, δ_∗) ≤ 2 ∑ ν∈ 1_n N[π_j |j],H(ν)>R exp(−nD(ν‖P P)

≤ 2(n + 1)^d exp ( −n · min_{H(ν)≥R} D(ν‖P P) )

where the last estimate is by type counting: there are at most (n + 1)^d different ν diagonal in the basis {π_j|j} and Π^n_{V,ν,0} ≠ 0.

V. Strong converse The first proofs in [10], [8] for the optimality of the Schumacher scheme where valid only under the additional assumption that δ_∗ is of the form δ_∗(σ) = UσU^∗ for a unitary embedding U of K into H^{⊗n}. Also they achieved the bound H(P P) only in the limit of λ → 0 (so they proved a weak converse). The proof of [2] removed the restriction on δ_∗, but still yields only a weak converse. Also it works with some surprising and difficult fidelity estimates, involving even mixed state fidelity, see [6] (We may note that they seem to be related to our inequalities of theorem II.1). We should also mention the work [1] where a weak converse was proved for quantum encodings and using entanglement fidelity. The criticism of the authors on [2] however is unjustified: by the discussion in section II their result is weaker than that of [2].

Then Horodecki [5] noticed that considering D̄ instead of F̄ drastically simplifies the proof. His argument is as follows:

Assume that we are given a code (ε_∗, δ_∗) with arbitrary encoding in the states on a k–dimensional Hilbert space and

D̄ = 1 2 ∑ π^n∈P^n P^n(π^n)‖π^n − δ_∗ε_∗π^n‖_1 ≤ λ ≤ 1 4 So by Markov’s inequality there is a subset C ⊂ P^n with P^n(C) ≥ 1 − 2 √ λ and ∀π^n ∈ C ‖π^n − δ_∗ε_∗π^n‖_1 ≤ √ λ Now form the state σ = ∑ π^n∈P^n P n(π^n)ε_∗π^n, then by Uhlmann’s monotonocity of the quantum I–divergence [12] ∀π^n ∈ P^n D(ε_∗π^n‖σ) ≥ D(δ_∗ε_∗π^n‖δ_∗σ) Averaging we obtain ∑ π^n∈P^n P^n(π^n)D(ε_∗π^n‖σ) ≥ ∑ π^n∈P^n P^n(π^n)D(δ_∗ε_∗π^n‖δ_∗σ)

Now it is straightforward to calculate the l.h.s. of this to H(σ) − ∑ π^n∈P^n P n(π^n)H(ε_∗π^n), whereas the r.h.s evaluates similarly to H(δ_∗σ)− ∑ π^n∈P^n P n(π^n)H(δ_∗ε_∗π^n). Since 2λ, √ λ ≤ 1/2 we can use a continuity property of H, cf. [9]: ‖δ_∗σ − (P P)^{⊗n}‖_1 ≤ 2λ implies |H(δ_∗σ) − nH(P P)| ≤ −2λ log 2λ d^n and (for π^n ∈ C) ‖δ_∗ε_∗π^n − π^n‖_1 ≤ √ λ implies

|H(δ_∗ε_∗π^n) − H(π^n)| ≤ − √ λ log √ λ d^n Combining we get the chain of inequalities log k ≥ H(σ) ≥ H(σ) − ∑ π^n∈P^n P^n(π^n)H(ε_∗π^n) ≥ H(δ_∗σ) − ∑ π^n∈P^n P^n(π^n)H(δ_∗ε_∗π^n) ≥ nH(P P) − ∑ π^n∈P^n P^n(π^n)H(π^n) −

− 2 √ λ log d^n + 2λ log 2λ d^n + √ λ log √ λ d^n = nH(P P) − n(2λ + 3 √ λ) log d +

+ 2λ log 2λ + √ λ log √ λ Thus we proved

Theorem 7 (Weak converse) For every q–DMS (P, P )

lim inf λ→0 R_{a,}¯_D(λ) ≥ H(P P)

In fact much more is true:

Theorem 8 (Strong converse) Let (P, P ) a q–DMS and (ε_∗, δ_∗) an (n, λ)¯_F –code with arbitrary encoding, and α > 0. Then

dim K ≥ ( 1 − λ − 4 √ N(P P)e^{−μ(P P)2α2 )} · · exp ( nH(P P) − Kdα √ n ) Proof: Let B = δ_∗(1_K) and Π^n = Π^n_{V,P} P_{,α}. Since ε_∗π^n ≤ 1_K for every π^n ∈ P^n it is

DRAFT February 12, 1999

clear that δ_∗ε_∗π^n ≤ B. Thus

Tr (B · Π^nπ^nΠ^n) ≥ Tr ((δ_∗ε_∗π^n)Π^nπ^nΠ^n)

= Tr ((δ_∗ε_∗π^n)π^n)

− Tr (δ_∗ε_∗π^n(π^n − Π^nπ^nΠ^n))

≥ Tr ((δ_∗ε_∗π^n)π^n) − ‖π^n − Π^nπ^nΠ^n‖_1

= Tr ((δ_∗ε_∗π^n)π^n) − √ 8(1 − Tr π^nΠ^n)

(the last estimate by theorem II.1). Averaging over P^{⊗n} we find, with the shadow lemma III.3 and concavity of the square root: Tr ( Π^n(P P)^{⊗n}Π^nB ) ≥ F̄ − √ 8 (1 − Tr (P P)^{⊗n}Π^n) ≥ 1 − λ − 4 √ N(P P)e^{−μ(P P)2α2} Since by the shadow lemma III.3

Π^n(P P)^{⊗n}Π^n ≤ Π^n exp ( −nH(P P) + Kdα √ n )

we conclude

Tr B ≥ Tr (BΠ^n) ≥ ( 1 − λ − 4 √ N(P P)e^{−μ(P P)2α2 )} · · exp ( nH(P P) − Kdα √ n )

and with dim K = Tr 1_K = Tr B the proof is complete.

Corollary 9: Let E_n = o(n) and λ_n ≤ 1 − e^{−En} . Then for every sequence (ε_{n∗}, δ_{n∗}) of (n, λ_n)¯_F –codes with arbitrary encoding for the q–DMS (P, P )

lim inf n→∞ R(ε_{n∗}, δ_{n∗}) ≥ H(P P)

VI. Conclusion

We reviewed and unified the present knowledge in quantum source coding, and added the strong converse to Schumacher’s quantum coding. Its proof is remarkable in that it employs a positive operator which is not necessarily bounded by 1 (this is why we could not directly apply the shadow lemma). Even though it has consequently no interpretation as a physical measurement, it can be analyzed to give information about the coding scheme.

References

[1] A. E. Allahverdyan, D. B. Saakian, “Converse coding theorems for quantum source and noisy channels”, LANL eprint quant-ph/9702034 [2] H. Barnum, Ch. A. Fuchs, R. Jozsa, B. Schumacher, “General Fidelity Limit for Quantum Channels”, Phys.

Rev. A 54 (1996), 4707–4711 [3] E. B. Davies, Quantum Theory of Open Systems, London 1976 [4] W. Hoeffding, “Probability Inequalities for Sums of Bounded Random Variables”, J. Amer. Statist. Assoc.

58 (1963), 13–30 [5] M. Horodecki, “Limits for compression of quantum information carried by ensembles of mixed states”, Phys.

Rev. A 57 (1998), 3364–3369 [6] R. Jozsa, “Fidelity for mixed states”, J. Mod. Optics 41,12 (1994), 2315–2323 [7] R. Jozsa, M. Horodecki, P. Horodecki, R. Horodecki, “Universal Quantum Information Compression”, Phys.

Rev. Letters 81 (1998), 1714–1717 [8] R. Jozsa, B. Schumacher, “A new proof of the quantum noiseless coding theorem”, J. Mod. Optics 41,12 (1994), 2343–2349 [9] M. Ohya, D. Petz, Quantum Entropy and Its Use, Berlin, Heidelberg, New York 1993 [10] B. Schumacher, “Quantum Coding”, Phys. Rev. A 51,4 (1995), 2738–2747 [11] B. Schumacher, “Sending entanglement through noisy quantum channels”, Phys. Rev. A 55,1 (1996), 2614– 2628 [12] A. Uhlmann,“Relative Entropy and the Wigner–Yanase–Dyson–Lieb Concavity in an Interpolation Theory”, Comm. Math. Phys. 54 (1977), 21–32 [13] A. Winter, “Coding Theorem and Strong Converse for Quantum Channels”, Preprint 98–074 of SFB 343 “Diskrete Strukturen in der Mathematik”, Universität Bielefeld, 1998 [14] A. Winter,“Rate and Error Estimates for Quantum Channels”, to appear [15] J. Wolfowitz, Coding Theorems of Information Theory, Berlin 1964

DRAFT February 12, 1999