APPROXIMATION OF HUNT PROCESSES BY MULTIVARIATE

POISSON PROCESSES

Zhi-Ming Ma^{1); 2)} Michael Röckner^{2)} Wei Sun^{1)}

Abstract We prove that arbitrary Hunt processes on a general state space can be approximated by multivariate Poisson processes starting from each point of the state space. The key point is that no additional regularity assumption on the state space and on the underlying transition semigroup is used.

Running Title: Approximation of Hunt processes Key words: Hunt process, multivariate Poisson process, weak convergence AMS Subject Classifications: Primary: 60J40, Secondary: 60J10, 31C15, 60J45

1) Institute of Applied Mathematics, the Chinese Academy of Sciences, Beijing 100080, P.R. China 2) Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, 33501 Bielfeld, Germany

1. Introduction

In [MRZ98], it was proved that any Hunt process associated with a Dirichlet form on a general state space can be approximated by Markov chains (more precisely, by multivariate Poisson processes, see (2.1) below) whose construction is based on the Yoshida approximation of the generator and tightness arguments. Among other things, the above mentioned approximation scheme gave a new proof for the existence of Hunt processes for a large class of Dirichlet forms (i.e. strictly quasi-regular ones). But, as mentioned in the introduction of [MRZ98], the price for the new existence theorem is that one gets only the approximation of the path space measures P_x for quasi-every x in the state space.

This paper is a continuation of the discussion initiated in [MRZ98]. In fact, we shall prove that any Hunt process (associated to a Dirichlet form or not) can be approximated by multivariate Poisson processes and this approximation works for all P_x, i.e. each point x of the state space (see Theorem 2.1 below). This generalizes the approximations result in [MRE98] considerably. However, we do not recover the existence result of [MRE98] mentioned above.

We should mention that under some additional regularity assumptions on the state space (e.g. if it is a locally compact separable metric space) and on the underlying transition semigroup (e.g. if it is a Feller semigroup), the Yoshida approximation by Markov chains to the underlying process is wellknown (cf. the beautiful exposition in [EK86]). However, because of the involved tightness argument, it is difficult (at least to our knowledge) to relax the regularity assumptions. The strategy we use in this paper is to change the topology of the state space, and then to implement the tightness argument in the new topological space. Note that although we change the topology during the proof, the limit process is always a Hunt process w.r.t. the original topology, as it was pointed out in [MRZ98, Theorem 4.4]. In this paper we shall eventually prove moreover that also the weak convergence takes place w.r.t. the original topology (see Section 5 below) which completes the results in [MRZ98].

2. Statement of the Main Result

Throughout this paper we assume that E is a metrizable Lusin space (cf. [DMe75. III. 16]). Let d be a compatible metric on E. We adjoin an extra point Δ (the cemetery) to E and write E_Δ for E ∪{Δ}. If E is locally compact, then Δ can be considered either as an isolated point of E_Δ, or as a point “at infinity” of E_Δ with the topology of the one point compactification. We select one of the above two topologies and fix it. If E is not locally compact then we simply consider Δ as an isolated point of E_Δ. Let (Ω, F, (Z_t)_{t≥0}, (P_x)_{x∈EΔ}) be a Hunt process with state space E (see [MR92, IV. 1.13] for the definition of Hunt processes on non-locally compact spaces). The transition semigroup and resolvent of kernels related to (Z_t)_{t≥0} are defined in a standard way, i.e.

P_tf(x) :=P_t(x, f) := E_x[f(Z_t)], ∀ x ∈ E_Δ, t ≥ 0, f ∈ B_b(E_Δ). R_αf(x) :=R_α(x, f) := E_x [ ∫ ∞ 0 e^{−αt}f(Z_t) dt ]

= ∫ ∞ 0 e^{−αt}P_tf(x) dt, ∀ α > 0, x ∈ E_Δ, f ∈ B_b(E_Δ). Here and henceforth B_b(E_Δ) denotes all the bounded Borel functions on E_Δ. For fixed n ∈ N, let {Y^n(k), k = 0, 1, · · · , } be a Markov chain in E_Δ with some initial distribution ν and transition function nR_n, and let (Π^n_t )_{t≥0} be a Poisson process with parameter n, i.e.

P (Π^n_t = k) = e^{−nt} (nt)^k k! . Assume that (Π^n_t )_{t≥0} is independent of {Y^n(k), k = 0, 1, · · · , } and define

Z^n_t = Y^n(Π^n_t ), ∀ t ≥ 0. (2.1)

Then (Z^n_t )_{t≥0} is a strong Markov process in E_Δ. Following [J74] we call (Z^n_t )_{t≥0} multivariate Poisson process with intensity n and state space E_Δ. Define P^n_t f := e^{−nt} ∞∑ k=0 (nt)^k k! (nR_n)^kf, ∀ f ∈ B_b(E_Δ). (2.2)

It is well-known that (P^n_t )_{t≥0} is the transition semigroup of (Z^n_t )_{t≥0}, i.e., for all f ∈ B_b(E_Δ), t, s ≥ 0, we have

E[f(Z^n_{t+s}) | σ(Z^n_s′ , s^′ ≤ s)] = (P^n_t f)(Z^n_s ).

(see [EK86, IV, 2]). Note that (P^n_t )_{t≥0} is a strongly continuous contraction semigroup on the Banach space (B_b(E_Δ), ‖ · ‖_{EΔ} )(‖f‖_{EΔ} := sup_{x∈EΔ} |f(x)|), and the corresponding generator is given by L^nu(x) = n(nR_nu(x) − u(x)) = n ∫ EΔ (u(y) − u(x)) nR_n(x, dy) (2.3) for all u ∈ B_b(E_Δ).

Let D_{EΔ} [0, ∞) be the space of all cadlag functions from [0, ∞) to E_Δ, equipped with the Skorohod topology related to d (see [EK86, III]). Let P_x (resp. P^n_x ) be the law of (Z_t)_{t≥0} (resp. (Z^n_t )_{t≥0}) on D_{EΔ} [0, ∞) with initial distribution δ_x for x ∈ E_Δ.

Now we can state our main result.

Theorem 2.1. (cf. Theorem 5.3 below) For any x ∈ E_Δ, P^n_x weakly converges to P_x on D_{EΔ} [0, ∞) (with respect to the Skorohod topology related to d), when n → ∞.

3. Construction of a Compact Metric Space (E, ρ) (E, ρ)

Without loss of generality we may assume that Ω = Ω_{EΔ} := D_{EΔ}[0, ∞) and (Z_t)_{t≥0} = (X_t)_{t≥0} be the coordinate process on Ω_{EΔ} . As usual we set X_∞ := Δ. Let (F^n_t )_{t≥0}, (F_t)_{t≥0} be the natural right continuous filtration of (X_t)_{t≥0} completed w.r.t. (P^n_x )_{x∈EΔ} , (P_x)_{x∈EΔ} respectively. By a routine argument following [Ge75], one can check that M_n := (Ω_{EΔ} , (X_t)_{t≥0}, (F^n_t )_{t≥0}, (P^n_x )_{x∈EΔ}) and M := (Ω_{EΔ} , (X_t)_{t≥0}, (F_t)_{t≥0}, (P_x)_{x∈EΔ}) are Hunt processes. For a Borel subset B ∈ B(E_Δ), we define σ_B := inf {t ≥ 0 | X_t ∈ B}, τ_B := inf {t ≥ 0 | X_t ∈ B or X_{t−} ∈ B}. (Here and henceforth we make the convention that X_{0−} = X_0). Note that if B is open, then σ_B coincides with τ_B.

From now on we fix x_0 ∈ E_Δ. Following LeJan [L83], we define

Cap_{x0} (B) := E_{x0} [e^{−τB} ], B ∈ B(E_Δ).

It has been shown in [L83] that Cap_{x0} is a Choquet capacity on E_Δ. Moreover, for any f ∈ B_b(E_Δ), R_αf is Cap_{x0} -quasi-continuous, i.e., there exists an increasing sequence of closed set (F_k)_{k∈}N such that Cap_{x0} (E_Δ\F_k) ↓ 0 and R_αf is continuous on F_k for each k ∈ N.

Remark. In [L83] it was assumed that E is a locally compact metrizable space. But the argument in [L83] goes through for a metrizable Lusin space E. See Section 5 in Chapter IV of [MR92].

Let Q_+, Q^∗_+ denote the non-negative, respectively strictly positive rational numbers. Let J_0 be a countable family of nonnegative bounded continuous functions on E_Δ which separates the points of E_Δ and contains the constant function 1. Let J_1 be the smallest family of excessive functions containing {R_αu | u ∈ J_0, α ∈ Q^∗_+} and having the properties that if u, v ∈ J_1, α, c_1, c_2 ∈ Q^∗_+, then R_αu, c_1u + c_2v, u ∧ v are all in J_1. Clearly, J_1 separates the points of E_Δ and contains the constant function 1.

Lemma 3.1. There exists an increasing sequence of compact subsets {E_k}_{k∈}N of E_Δ such that

(i) E_{x0} [e^{−σEΔ\F}k ] → 0 as k → ∞;

(ii) u|_{Ek} is continuous for each u ∈ J_1 and k ∈ N.

Proof. By [L83, Lemma 2] (see also the argument of [MR92, IV. Section 5]) each u ∈ J_1 is Cap_{x0} -quasi-continuous. By [FOT94, Lemma 7.1.1], J_1 is a countable family. Therefore, it follows from e.g. [MR92, III. 3.3] that there exists a common increasing sequence (F_k)_{k∈}N of closed subsets of E_Δ such that Cap_{x0} (E_Δ\F_k) → 0 and u|_{Ek} is continuous for all u ∈ J_1 and k ∈ N. On the other hand, by [MR92, Theorem IV 1.15] there exists an increasing sequence of compact subsets (F^′_k)_{k∈}N of E_Δ such that P_{x0} [ lim_{k→∞} σ_{EΔ\F} ′_k < ∞] = 0. Let E_k = F_k ∩ F^′_k. Then (E_k)_{k∈}N satisfies assertions (i) and (ii).

Note that by Lemma 3.1 (i) we may assume that x_0 ∈ E_k for all k ∈ N. Since J_1 is countable. We may write J_1 = {u_j | j ∈ N}. Set Y := ⋃ k≥1 E_k, where E_k is as specified in the above lemma. We define for x, y ∈ Y ρ(x, y) = ∞∑ j=1 1 2^j

(|u_j(x) − u_j(y)| ∧ 1). (3.1)

Let E be the completion of Y with respect to ρ. Then E is a compact metric space. Let J_1 − J_1 denote all the functions which are expressed by a difference of two functions in J_1. For u ∈ J_1 − J_1, we denote by u the ρ-continuous extension of u|_Y to E. Let J be the collection of all such u. Then J is a linear lattice and contains 1. Hence J is ρ-uniformly dense in C_b(E) (:=all the bounded ρ-continuous functions on E).

Remark. The metric ρ induces a topology on E_Δ which is called the Ray-topology and has been intensively discussed in the literature (see [Ge75, S88]).

Note that the ρ-topology and the d-topology coincide on E_k for each k, hence by Lemma 3.1 (Z_t)_{t≥0} with initial distribution δ_{x0} can be regarded as a cadlag process with state space E. Let (Z^n_t )_{t≥0} be defined by (2.1). By making use of the following lemma, one can show that for each n ∈ N, (Z^n_t )_{t≥0} with initial distribution δ_{x0} can also be regarded as a cadlag process with state space E.

Lemma 3.2 (cf. [MRZ98, Lemma 3.8 and 3.9]) For n ≥ 2, U ⊂ E_Δ open, and x ∈ E_Δ, we have E^n_x [e^{−2σU} ] ≤ E_x[e^{−σU} ]. (3.2)

Hence for each n ∈ N

E^n_{x0} [e^{−σE}Δ^{\E}k ] → 0, as k → ∞. (3.3)

Proof. For any x ∈ E_Δ we denote E_x[e^{−σU} ] by e(x). Since (n−1)R_ne(x) ≤ e(x) for each n ≥ 2, it follows that ((n − 1)R_n)^ke(x) ≤ e(x) for all k ∈ N. Hence P^n_t e(x) =e^{−nt} ∞∑ k=0 (nt)^k k! (nR_n)^ke(x) =e^{−nt} ∞∑ k=0 (nt)^k k! ( n n − 1 )k ((n − 1)R_n)^ke(x) ≤e^{−nt} ∞∑ k=0 (^{n2}_{n−1} t)^k k! e(x) = e^{(1+ 1n−1 )t}e(x).

This gives e^{−2t}P^n_t e(x) ≤ e(x), x ∈ E_Δ. But lim_{t→0} e^{−2t}P^n_t f(x) = f(x) holds for all x ∈ E_Δ and f ∈ B_b(E_Δ). Hence e(x) is 2-excessive related to (P^n_t ) and consequently, we have

E^n_x [e^{−2σU} e(X_{σU} )] ≤ e(x). (3.4)

Since obviously for any x ∈ E_Δ, X_{σU} ∈ U P^n_x − a.s. on {σ_U < ∞}, we have that for any x ∈ E_Δ, e^{−2σU} ≤ e^{−2σU} e(X_{σU} ), P^n_x − a.s.. Therefore, (3.2) follows from (3.4). (3.3) is a direct consequence of Lemma 3.1 (i) and (3.2).

Let ~P_{x0} (resp. ~P^n_{x0} ) be the law of (Z_t) (resp. (Z^n_t )) on D_E[0, ∞) which is equipped with the Skorohod topology related to ρ. The corresponding expectation will be denoted by ~E_{x0} [ · ] (resp. ~E^n_{x0} [ · ]). The coordinate process on D_E[0, ∞) will be denoted again by (X_t)_{t≥0}.

Lemma 3.3. Let f ∈ C_b(E). Then for any T > 0 and ε > 0 there exists a function g ∈ J_1 − J_1 such that ~E_{x0} [ sup_{t≤T} |R_1g − f| (X_t) ] ≤ ε (3.5) and ~E^n_{x0} [ sup_{t≤T} |R_1g − f| (X_t) ] ≤ ε for all n ∈ N. (3.6) Proof. Since J is uniformly dense in C(E). We can take a function u ∈ J_1 − J_1 such that ‖u − f‖_E ≤^ε_3 . By Lemma 3.1 we can find k_0 ∈ N such that ~E_{x0} [e^{−σE\Ek}0 ] = E_{x0} [e^{−σEΔ\Ek}0 ] ≤ ε 6 e^{−2(T +1)}(‖u‖_E + 1)^{−1}.

By (3.2) for all n ∈ N we then have ~E^n_{x0} [e^{−2σE\Ek}0 ] = E^n_{x0} [e^{−2σEΔ\Ek}0 ] ≤ ε 6 e^{−2(T +1)}(‖u‖_E + 1)^{−1}.

The above two inequalities imply that ~P_{x0} [σ_{E\Ek0} ≤ T + 1] ≤ 1 6 ε ‖u‖_E + 1 e^{−(T +1)} ≤ 1 6 ε ‖u‖_E + 1 , ~P^n_{x0} [σ_{E\Ek0} ≤ T + 1] ≤ 1 6 ε ‖u‖_E + 1 . Since u is the difference of two excessive functions and E_{k0} is compact, there exists α ∈ Q^∗_+ such that ‖αR_αu − u‖_{Ek0} ≤^ε_3 . Then ~E_{x0} [ sup_{t≤T} |αR_αu − f| (X_t) ] ≤ ε 3 + ~E_{x0} [ sup_{t≤T} |αR_αu − u| (X_t) ] ≤ ε. Similarly, for n ∈ N, ~E^n_{x0} [ sup_{t≤T} |αR_αu − f| (X_t) ] ≤ ε. The proof is completed by employing the resolvent equation to rewrite αR_αu as R_1g for some g ∈ J_1 − J_1.

4. Convergence of the Finite Dimensional Distributions

Lemma 4.1 Let f = R_1u for some u ∈ B_b(E_Δ). Then for any T > 0, sup_{t≤T} sup_{x∈EΔ} |P^n_t f(x) − P_tf(x)| −→ 0, n → ∞. (4.1) In particular, if u ∈ J_1 − J_1, then (t, x) → P_tf(x) is uniformly continuous on [0, T ] × Y where Y := ⋃ k≥1 E_k is equipped with ρ-topology.

Proof. We assume first that f = R_αR_1u for some α ∈ Q^∗_+ and u ∈ B_b(E_Δ). In this case we have (cf. the proof of [MRZ98, Theorem 4.3]) sup_{t≤T} sup_{x∈EΔ} |P^{n1}_t f(x) − P^{n2}_t f(x)| ≤ T ( 1 n_1 + 1 n_2 ) ‖w‖_{EΔ} (4.2) with w := R_1(αR_αu − u) − (αR_αu − u) ∈ B_b(E_Δ).

Indeed by (2.2) we have for n_1, n_2 ∈ N P^{n1}_t f − P^{n2}_t f = ∫ t 0 d ds (P^{n1}_s P^{n2}_{t−s}f) ds = ∫ t 0 P^{n1}_s P^{n2}_{t−s}(L^{n1} − L^{n2} )f ds, consequently

sup_{t≤T} sup_{x∈EΔ} |P^{n1}_t f(x) − P^{n2}_t f(x)| ≤ T sup_{x∈EΔ} |L^{n1} f(x) − L^{n2} f(x)|. (4.3) Using the explicit formula (2.3) one can check that (L^{n1} − L^{n2} )f = R_{n1} w − R_{n2} w with w specified as above. Consequently (4.2) follows from (4.3).

Taking into account the right continuity of t → P^n_t f(x), we conclude from (4.2) that for each x ∈ E_Δ, there exists a right continuous function, say P^∗_t f(x), t ∈ [0, ∞), such that for any T > 0 sup_{t≤T} sup_{x∈EΔ} |P^n_t f(x) − P^∗_t f(x)| −→ 0, n → ∞. (4.4) On the other hand, if we define for β > 0, n ∈ N R^n_βf(x) = E^n_x [ ∫ ∞ 0 e^{−βt}f(X_t) dt ] , ∀ x ∈ E_Δ. Then one can check that (cf. [MRZ98, Lemma 4.1]) R^n_βf = ( n β + n )2 R βn_{β+n} f + 1 β + n f.

Letting n → ∞ we see that for all β > 0 ∫ ∞ 0 e^{−βt}P^n_t f(x) dt = R^n_βf(x) → R_βf(x) = ∫ ∞ 0 e^{−βt}P_tf(x) dt. By the uniqueness of the Laplace transform, we conclude that P^∗_t f(x) = P_tf(x) for all t ∈ [0, ∞). Hence (4.1) is verified for f = R_αR_1u, which extends to the general situation immediately since by the resolvent equation lim_{α→∞} ‖(α − 1)R_αR_1f − R_1f‖_{EΔ} = 0 for all f ∈ B_b(E_Δ). The last assertion of the lemma follows from (4.1) and the fact that (t, x) → P^n_t f(x) is uniformly continuous on [0, T ] × Y for each n ∈ N and f ∈ J_1 − J_1.

Proposition 4.2. For any m ∈ N, f ∈ C_b(E^m), 0 = t_1 < t_2 < · · · < t_m, ~E^n_{x0} [f(X_{t1} , X_{t2} , · · · , X_{tm} )] → ~E_{x0} [f(X_{t1} , X_{t2} , · · · , X_{tm} )], n → ∞. (4.5) Proof. By virtue of Stone-Weirestrass theorem, we need only to show that for any m ∈ N, f_1, f_2, · · · , f_m ∈ C_b(E), 0 = t_1 < t_2 < · · · < t_m, ~E^n_{x0} [f_1(X_{t1} )f_2(X_{t2} ) · · · f_m(X_{tm} )] → ~E_{x0} [f_1(X_{t1} )f_2(X_{t2} ) · · · X_{tm} )], n → ∞. (4.6) Note that (4.6) holds for m = 1 by (4.1). Suppose (4.6) holds for m = k, we are going to show that then it holds also for m = k + 1. To this end let f_1, f_2, · · · , f_k ∈ C_b(E) and f_{k+1} = R_1u for some u ∈ J_1 − J_1. Let φ be the ρ-continuous extension of (P_{tk+1−tk} f_{k+1})|_Y . Then f_kφ ∈ C_b(E). By the induction assumption and the Markov property of (Z_t)_{t≥0}, we get ~E^n_{x0} [f_1(X_{t1} ) · · · (f_kφ)(X_{tk} )] → ~E_{x0} [f_1(X_{t1} ) · · · f_k(X_{tk} )f_{k+1}(X_{tk+1} )]. (4.7) But if we denote the ρ-continuous extension of (P^n_{tk+1−tk} f_{k+1})|_Y by φ_n, then by the Markov property of (Z^n_t )_{t≥0} we have

~E^n_{x0} [f_1(X_{t1} ) · · · (f_kφ_n)(X_{tk} )] = ~E^n_{x0} [f_1(X_{t1} ) · · · f_k(X_{tk} )f_{k+1}(X_{tk+1} )]. (4.8) By the above lemma we have ‖φ^n − φ‖_E → 0 as n → ∞. Therefore, (4.8) implies

| ~E^n_{x0} [f_1(X_{t1} ) · · · f_{k+1}(X_{tk+1} )] − ~E^n_{x0} [f_1(X_{t1} ) · · · (f_kφ)(X_{tk} )]| ≤‖f_1‖_E‖f_2‖_E · · · ‖f_k‖_E‖φ^n − φ‖_E → 0 as n → ∞, which together with (4.7) inplies that

~E^n_{x0} [f_1(X_{t1} ) · · · f_{k+1}(X_{tk+1} )] → ~E_{x0} [f_1(Xt_1) · · · f_{k+1}(X_{tk+1} )]

for f_1, f_2, · · · , f_k ∈ C_b(E) and f_{k+1} = R_1u with u ∈ J_1 − J_1. The proof is completed by employing Lemma 3.3.

5. Weak Convergence of {P^n_{x0} }_{n∈N}{P^n_{x0} }_{n∈N}{P^n_{x0} }n∈N

Let D_R[0, ∞) be the space of all real-valued cadlag functions on [0, ∞). Lemma 5.1 For any f ∈ C_b(E), the laws of {f ∘ Z^n}_{n∈}N with initial distribution δ_{x0} form a tight family on D_R[0, ∞).

Proof. Let f ∈ C_b(E). Then by Lemma 3.3 for every ε > 0 and T > 0 there exists g ∈ J_1 − J_1 such that if we set ξ^n(t) = R_1g(Z^n_t ), then E^n_{x0} [ sup_{t≤T} | ξ^n(t) − f(Z^n_t )|] ≤ ε. By the strong Markov property ξ^n(t) is expressed by

ξ^n(t) − ξ^n(0) = M^n_t + ∫ t 0 L^n(R_1g)(Z^n_s ) ds

where (M^n_t )_{t≥0} is a P^n_{x0} -martingale. By (2.3) we have L^n(R_1g) = nR_n(R_1g−g). Therefore, by the contraction property of nR_n, we have

sup_{n∈} N E^n_{x0} [ ∫ T 0 sup_{t≤T} |L^n(R_1g)(Z^n_t )| ds ] ≤ T ‖R_1g − g‖_{EΔ} < ∞. Thus the lemma is proved by applying [EK86, III. Theorem 9.4].

Proposition 5.2. As n → ∞, ~P^n_{x0} converges weakly to ~P_{x0} on D_E[0, ∞) with respect to the Skorohod topology related to ρ.

Proof. By virtue of the above lemma, we see that by [EK86, III. Theorem 9.1] { ~P^n_{x0} }_{n∈}N is relatively compact on D_E[0, ∞). But by Proposition 4.2 and [EK86, III. Theorem 7.8] any weak limit of a subsequence of { ~P^n_{x0} }_{n∈}N must have the same finite dimensional distributions as ~P_{x0} and hence coincides with ~P_{x0} .

Theorem 5.3. As n → ∞, P^n_{x0} converges weakly to P_{x0} on D_{EΔ} [0, ∞)

with respect to the Skorohod topology related to d.

Proof. Let ε > 0 be arbitrary. By Lemma 3.1 (i) and Lemma 3.2 we can

inductively take a subsequence {k_l}_{l≥1} ⊂ N such that

inf_n { ~P^n_{x0} (B_l)} ∧ ~P_{x0} (B_l) > 1 − ε 2^l

where

B_l := { w ∈ D_E[0, ∞) | w(t) ∈ E_{kl} for all t ∈ [ 0, − log ε 2^l )} . Set B = ⋂ l≥1 B_l. Then B is a closed subset of D_E[0, ∞) (since each B_l is

so by [Ek86, III. Proposition 5.2 and III. Lemma 5.1]). Since the ρ-topology

and the d-topology coincide on each E_k, by [EK86, III. Proposition 6.5] one

can check that B is also a closed subset of D_{EΔ} [0, ∞) and the two topologics

coincide on B. Moreover, ~P_{x0} (resp. ~P^n_{x0} ) coincides with P_{x0} (resp. P^n_{x0} )

on B. Let f ∈ C_b(D_{EΔ} [0, ∞)). Then f|_B is continuous on B ⊂ D_E[0, ∞)

w.r.t. the trace topology of D_E[0, ∞). By Tietz’s extension theorem f can

be continuously extended to D_E[0, ∞), without enlarging the uniform norm

‖f‖_∞ := sup x∈D_EΔ [0,∞) |f(x)|. Let f denote this extension. Thus lim_{n→∞} | | | ∫ D_EΔ [0,∞) fdP^n_{x0} − ∫ D_EΔ [0,∞) dP_{x0} | | | ≤ lim_{n→∞} [| | ∫ B fdP^n_{x0} − ∫ B fdP_{x0} | | | + | | | ∫ D_EΔ [0,∞)\B fdP^n_x | | | + | | | ∫ f_{DEΔ [0,∞)\B}fdP_{x0} | | | ]

≤ lim_{n→∞} [| | ∫ B fdP^n_{x0} − ∫ B fdP_{x0} | | | + 2ε‖f‖_∞ ≤ lim_{n→∞} [| | ∫ D_E[0,∞) ~fd ~P^n_{x0} − ∫ D_E [0,∞) ~fd ~P_{x0} | | | + | | | ∫ D_E [0,∞)\B ~fd ~P^n_{x0} | | | + | | ∫ D_E[0,∞)\B ~fd ~P_{x0} | | ] + 2ε‖f‖_∞ ≤ lim_{n→∞} | | | ∫ D_E[0,∞) ~fd ~P^n_{x0} − ∫ D_E [0,∞) ~fd ~P_{x0} | | | + 4ε‖f‖_∞ = 4ε‖f‖_∞. Since ε was arbitrary, we conclude that lim_{n→∞} ∫ D_E [0,∞) fdP^n_{x0} = ∫ D_EΔ [0,∞) fdP_{x0} .

Since f ∈ C_b(D_{EΔ} [0, ∞)) was arbitrary, this completes the proof.

Acknowledgement Financial support of SFB 343 Bielefeld, the Chinese National Natural Science Foundation, the Mathematical Center of State Education Commission, the Tian-Yuan Mathematics Foundation and the Morningside Center of Mathematics is gratefully acknowledged.

References [AMR93] S. Albeverio, Z.M. Ma, M. Röckner: A Remark on the Support of Cadlag Processes. Stochastic Processes, 1–5, Springer, New York, 1993.

[DMe75] C. Dellacherie and P.A. Meyer: Probabilité et Potentiel. Chapters IIV, 1975.

[EK86] S.N. Ethier and T.G. Kurtz: Markov Processes: Characterization and Convergence. John Wiley & Sons, 1986.

[FOT94] M. Fukushima, Y. Oshima and M. Takeda: Dirichlet Forms and Symmetric Markov Processes. Walter de Gruyter, 1994.

[Ge75] R. Getoor: Markov Processes: Ray Processes and Right Processes.

Lect. Notes in Math. Berlin-Heidelberg-New York: Springer-Verlag, 1975, 440.

[J74] J. Jacod: Multivariate Point Processes: Predictable Projection. Radon- Nikod\’ym Derivatives, Representation of Martingales. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 1974/1975, 31: 235–253.

[L83] Y. LeJan: Quasi-continuous Functions and Hunt Processes. J. Math.

Soc. Japan, 1983, 35 (1): 37–42.

[MR92] Z.M. Ma and M. Röckner: Introduction to the Theory of (nonsymmetric) Dirichlet Forms. Berlin-Heidelberg-New York: Springer-Verlag, 1992.

[MRZ98] Z.M. Ma, M. Röckner and T.S. Zhang: Approximation of Arbitrary Dirichlet Processes by Markov Chains. Ann. Inst. Henri Poincaré, 1998, (34): 1–22.

[S88] M.J. Sharpe: General Theory of Markov Processes. San Diego: Academic Press, 1988.

[SZ96] D. W. Stroock and W. Zheng: Markov Chain Approximations to Symmetric Diffusions. Ann. Inst. Henri Poincaré, 1997, (33): 619-649