MODERATE DEVIATIONS FOR SELF-NORMALIZED SUMS

G. P. Chistyakov^{1,3} and F. Götze^{2,3}

1Institute for Low Temperature Physics and Engineering, National Academy of Sciences of Ukraine,

2University of Bielefeld

March 1999

Abstract. For self-normalized sums, say S_n/V_n, we consider Linnik type zones, where the ratio P ( Sn/Vn ¿ x ) / ( 1 − Φ(x) ) converges to 1, and establish optimal bounds for remainder terms related to this convergence.

1. Introduction and results. Let X, X_1, X_2 . . . , denote independent identically distributed (i.i.d.) random variables such that E X = 0 and 0 < σ^2 = E X^2 < ∞. Write S_n =^n ∑ j=1 X_j, and V^2_n =^n ∑ j=1 X^2_j .

Define the self-normalized sum as S_n/V_n, if V_n ≠ 0, and 0 if V_n = 0.

Let Λ(n) denote a non-decreasing function satisfying Λ(n) → ∞, as n → ∞. The interval [0, Λ(n)] is called zone of normal convergence if

1 − P ( Sn < xσ √ n ) 1 − Φ(x) → 1, P ( Sn < −xσ √ n ) Φ(−x) → 1 (1.1)

uniformly in x ∈ [0, Λ(n)], where Φ denotes the standard Gaussian distribution function. It is well-known, assuming that the condition β = E |X|^3 < ∞ holds, that the Berry–Esseen bound implies (1.1) with Λ(n) = (1 − ε) √ log n, for 0 < ε < 1. In

1991 Mathematics Subject Classification. Primary 60F10, 60F15; Secondary 60G50 ,62F03. Key words and phrases. Linnik zones, self-normalized sum, t-statistic, moderate deviations, nonuniform bounds.

3Research supported by the SFB 343 in Bielefeld.

Typeset by AMS-TEX 1

this case the zone of normal convergence is of logarithmic size and is rather narrow. Consider the condition E exp { |X_1|^{4α/(2α+1)} } < ∞ (1.2)

with some α such that 0 < α 6 1/6. Linnik (1961) (see as well Ibragimov and Linnik (1971)) proved the following result. For any function ρ(n) with lim_{n→∞} ρ(n) = ∞ the relation (1.1) holds with Λ(n) = n^α/ρ(n). Furthermore, if (1.1) holds with Λ(n) = n^αρ(n), then the condition (1.2) is fulfilled. This result of Linnik shows that for deterministically normalized sums the existence of exponential moments is a natural condition for the existence of power type zones of normal convergence.

Giné, Götze and Mason (1997) noticed that the tails of S_n/V_n are uniformly sub-Gaussian in cases when the sequence S_n/V_n is stochastically bounded. This observation suggests that Linnik type results for self-normalized sums have to hold under conditions considerably weaker than (1.2). Shao (1998) established that for self-normalized sums Linnik type results hold under the more natural condition of the existence of the third moment β < ∞. In this paper we shall obtain optimal explicit bounds for the remainders in the relations (1.1) for the self-normalized sums (see Theorem 1 and Corollary 1 below). The bounds will depend on n, x, σ, β only. In Theorems 3 and 4 we extend the results to the non-i.i.d. situation. In this more general setting the bounds depend on x and on Lyapunov’s ratio L_n only.

Below we shall denote by θ different real valued quantities such that |θ| 6 1. We shall prove the following relations P ( Sn/Vn > x ) 1 − Φ(x) = 1 + cθrn(x), for x ¿ 0, (1.3) P ( Sn/Vn < x ) Φ(x) = 1 + cθrn(x), for x 6 0, (1.4)

where c denotes an absolute constant and r_n(x) is a function which we have to specify. Notice that for |x| > √ n the left-hand sides of (1.3) and (1.4) are equal to zero since P ( |S_n|/V_n > |x| ) = 0.

Theorem 1. Assume that X is a symmetric random variable such that σ^2 = 1 and β < ∞. Then the relations (1.3) and (1.4) hold with

r_n(x) = β/ √ n, for |x| 6 1, |x|^3β/ √ n, for 1 6 |x| 6 n^{1/6}/β^{1/3}, 1, for |x| > n^{1/6}/β^{1/3}. Write

G(x, l) = sup P (S_n/V_n > x), x ¿ 0, and G(x, l) = sup P (S_n/V_n < x), x 6 0, (1.5) where the supremum is taken over all symmetric X such that the Lyapunov ratio L_n := β/ ( σ^3 √ n ) is fixed, that is, L_n = l. Let ρ(l) be a function such that ρ(l) ¿ 1. Consider the relations G(x, l) 1 − Φ(x) = 1 + c θ ( l + 1 ρ(l) ) , for x ¿ 0, (1.6) G(x, l) Φ(x) = 1 + c θ ( l + 1 ρ(l) ) , for x 6 0. (1.7)

Corollary 1. Under the assumptions of Theorem 1 the relations (1.6) and (1.7) hold for |x| 6 1/(lρ(l))^{1/3}.

In particular, Corollary 1 yields P ( Sn/Vn > x ) 1 − Φ(x) = 1 + o(1), (1.8)

uniformly for x = o ( n^{1/6} ) . To see this it suffices to choose an appropriate function ρ.

Theorem 1 extends to the case of non-symmetric random variables as follows.

Theorem 2. Let X be a random variable such that E X = 0, σ^2 = 1, and β < ∞. Then the relations (1.3) and (1.4) hold with

r_n(x) = β/ √ n, for |x| 6 1, M_{1n}(x), for 1 < |x| 6 n^{1/6}/β^{1/3}, exp { 65β|x|^3/ √ n } , for n^{1/6}/β^{1/3} < |x| 6 √ n/(2^{11}β),

x exp { x^2/2 − |x| √ n/(2^{15}β^2) } , for |x| > √ n/(2^{11}β),

where M_{1n}(x) = min { f(x, β/ √ n), 1 |x| + β √ n |x|^3 } , and f(x, τ) = x^2 min_{γ∈[0,1/2]} { |x|τ^{1−γ} + E X^2I { |X| > 1 6 τ^{(1−γ)/4} √ n |x|3^/4 }} . By I{A} we denote the indicator function of the event A. Notice that the function M_{1n}(x) admits the following simple estimate

M_{1n}(x) 6 min { cx^2(|x|L_n)^{4/5}, 1 |x| + L_n|x|^3 } , |x| ¿ 1. (1.9)

Corollary 2. Let G(x, l) be defined by (1.5) with the supremum taken over all X (eventually non-symmetric) such that E X = 0 and β/(σ^3 √ n) = l. Then under the assumptions of Theorem 2 the following relations hold, for |x| 6 1/ ( lρ(l) )_{1/3} , G(x, l) 1 − Φ(x) = 1 + c θ ( l^{1/10} + 1 ρ(l) ) , for x ¿ 0, (1.10) G(x, l) Φ(x) = 1 + c θ ( l^{1/10} + 1 ρ(l) ) , for x 6 0. (1.11)

Let us discuss some results for self-normalized sums related to the CLT and their refinements. Self-normalized sums satisfy the CLT provided that X belongs to the domain of attraction of a normal law (Maller (1981), Csörgő and Mason (1981)). Griffin and Mason (1991) proved that the condition is necessary in the symmetric case. Giné, Götze and Mason (1997) proved that the condition is necessary for non-symmetric X as well. These results indicate that the self-normalization may improve the limiting behavior of sums.

Berry–Esseen bounds of increasing generality and accuracy were obtained in Hall (1988), Slavova (1985), Sharakhmetov (1995), Bentkus and Götze (1996), Bentkus, Bloznelis and Götze (1996). The paper of Bentkus and Götze (1996) contains bounds which imply, in particular, sufficient conditions for the CLT. The bounds extend to the non-i.i.d. case, see Bentkus, Bloznelis and Götze (1996). The bounds of the last two papers imply our results for |x| 6 c.

Sub-Gaussian type behavior of tails related to self-normalized sums was observed in Logan, Mallows and Rice (1973). Giné, Götze and Mason (1997) showed that the tails of S_n/V_n are uniformly sub-Gaussian in the case when a sequence S_n/V_n, n ¿ 1, is stochastically bounded. Shao (1997, 1998, 1999) considered large and moderate deviations. In particular, he proved (1.8) in the zone x = o ( n^{1/6} ) . Wang and Jing (1999) proved a bound for symmetric non-identically distributed random variables. Under the conditions of Theorem 1 it implies (1.3) and (1.4) in the i.i.d. case with

r_n(x) = L_n, for |x| 6 1, |x|^4L_n, for 1 6 |x| 6 5^{−1}L^{−1/3}_n , |x|, for |x| > 5^{−1}L^{−1/3}_n . (1.12)

Notice that the function r_n(x) in (1.12) contains for |x| ¿ 1 an extra factor |x|, compared to r_n(x) from Theorem 1. Wang and Jing (1999) proved as well a bound for non-symmetric random variables which differs from the bound of Theorem 2 by an extra factor exp { εx^2 } , ε > 0. Now let us consider the case of non i.i.d. random variables. Henceforth X_1, . . . , X_n denote independent random variables with distribution functions F_1, . . . , F_n respectively. Assume that

E X_j = 0, 0 < σ^2_j = E X^2_j < ∞, and β_j = E |X_j|^3 for all j. Write

B^2_n =^n ∑ j=1 σ^2_j , A_n =^n ∑ j=1 β_j , L_n = A_n/B^3_n.

Theorem 3. Let X_1, . . . , X_n be symmetric independent random variables such that L_n < ∞. Then the relations (1.3) and (1.4) hold with

r_n(x) = L_n, for |x| 6 1, |x|^3L_n, for 1 6 |x| 6 L^{−1/3}n , 1, for |x| > L^{−1/3}_n . Corollary 3. Let G(x, l) be defined by (1.5) with supremum taken over all symmetric non-identically distributed random variables X_1, . . . , X_n such that L_n = l. Then under the assumptions of Theorem 3 the relations (1.6) and (1.7) are valid for |x| 6 1/ ( lρ(l) )_{1/3} . Note that Theorem 1 is an obvious consequence of Theorem 3. We omit the evident proofs of Corollaries 1 and 3. To formulate the results in the non-symmetric case introduce the following notation. Denote

^A_n = (β_1/σ_1)^2 + · · · + (β_n/σ_n)^2, ^σ^2 = max_{j=1,...,n} σ^2_j , ^β = max_{j=1,...,n} β_j and ^B^2_n = min {l_1,...,l_{[n/4]}} ( E V^2_n − [n/4]∑

j=1 σ^2_{lj} ) , where min is taken over all subpopulations {l_1, . . . , l_{[n/4]}} of the population {1, . . . , n}. Introduce a parameter δ_n ∈ (0, 1/4] by the relation

δ_n log e δn = 1 4 min { 1 3 · 27 ^B^4_n/(n ^A_n), 1 } . (1.13)

Introduce also the parameters

R_{1n} = 1 2 min { B^2_n/(16 ^A^{1/2}_n ), B_n/(8^β^{1/3}), B^3_n/(5e^2n^β), 1/(2^{10}L_n) } , R_{2n} = min { ^B^4_n/(2^9 ^A_n√n), δ_nB_n/(8^σ), ^B^3_n/(3e^3n^β) } , Using these parameters R_{1n} and R_{2n} we formulate our general result.

Theorem 4. Let X_1, . . . , X_n be independent random variables such that L_n < ∞. Then the relations (1.3) and (1.4) hold with

r_n(x) = L_n, for |x| 6 1, min{1, M_{2n}(x)}, for 1 < |x| 6 ^R_{1n}, exp { 65L_n|x|^3 } , for ^R_{1n} < |x| 6 max{2, R_{1n}}, x exp { x^2/2 − min{R_{1n}, R_{2n}}x/16 } , for |x| > max{2, R_{1n}}, where ^R_{1n} = max { 2, min{R_{1n}, L^{−1/3}_n } } and

M_{2n}(x) = x^2 min_{γ∈[0,1/2]} { |x|L^{1−γ}_n + B^{−2}_n n∑ j=1 E X^2_j I { |X_j| > L^{(1−γ)/4} n B_n/(6|x|^{3/4}) }} .

It is not difficult to deduce from Theorem 4

Corollary 4. Let G(x, l) be defined by (1.5) with the supremum taken over all random variables X_1, . . . , X_n such that R_{1n} ¿ L^{−2/7}_n and L_n = l. Then the following relations hold, for |x| 6 1/ ( lρ(l) )_{2/7} , G(x, l) 1 − Φ(x) = 1 + c θ ( l + 1 ( ρ(l) )4_/5 ) , for x ¿ 0, (1.14) G(x, l) Φ(x) = 1 + c θ ( l + 1 ( ρ(l) )4_/5 ) , for x 6 0. (1.15)

Notice that the zone |x| 6 1/ ( lρ(l) )_{1/3} in Corollaries 2 and 3 is wider than the zo- ne |x| 6 1/ ( lρ(l) )_{2/7} of Corollary 4 if ρ(l) 6 1/l.

Consider Student’s t-statistic T_n defined by

T_n = 1 √ n n∑ j=1 X_j /( 1 n − 1 n∑ j=1 (X_j − X̄_n)^2 )_{1/2}

where X̄_n = S_n/n. It is well known (see Efron, 1969) that for x ¿ 0

P (T_n ¿ x) = P ( S_n Vn ¿^{( nx2}_{n + x2 − 1}^{)1/2)}. (1.16)

Denote Δ_{Tn} (x) = | P (T_n < x)−Φ(x)|. With the help of (1.16) we obtain the following non-uniform bounds and Cramer large (moderate) deviations for T_n as an immediate consequence of Theorem 2 and 3 and (1.9).

Theorem 5. Under the assumptions of Theorem 3, we have, for all positive integers n and real x,

Δ_{Tn} (x) 6 c min { (1 + |x|^3)L_n, 1 }( 1 − Φ (( nx_2 n + x2 − 1 )_{1/2})) . Under the assumptions of Theorem 2, we have, for all positive integers n and real x such that |x| 6 √ n/(2^{11}β),

Δ_{Tn} (x) 6 cM_{3n}(x) (1 + |x|)^{−1} exp { − nx2 2(n + x2 − 1) + 65 β √ n ( nx_2 n + x2 − 1 )_{3/2}} , where

M_{3n}(x) = β √ n , for |x| 6 1, min { 1, x^2(β|x|/ √ n)^{4/5}, |x|^{−1} + β|x|^3/ √ n } , for |x| > 1. For |x| > √ n/(2^{11}β), we have

Δ_{Tn} (x) 6 c exp { − n|x| 215β2(n + x2 − 1)1^/2 } .

2. Proof of Theorem 3. To prove Theorem 3 we apply the saddle-point method to the inverse formula for P ( S_n/V_n < x ) and with the help of this method obtain the optimal result in the case of symmetric random variables. Our method of the proof of Theorem 3 essentially differs from the methods used by Shao (1997, 1999), and Wang and Jing (1999).

By the Berry–Esseen inequality for self-normalized sums (see Bentkus, Bloznelis and Götze (1996)), it is sufficient to prove Theorem 3 for x ¿ 1.

We have, by the inverse formula (see Petrov (1975), p. 12),

P ( S_n Vn < N ) − P ( S_n Vn < x ) = lim_{T →∞} 1 2π T∫ −T e�ixt_{− e}�iNt it E e^{itSn/Vn} dt (2.1)

for all real x, N. Rewrite this formula, using the well-known relation

E e^{itSn/Vn} = ∫ R^n n∏ j=1 cos tx_j vn dF_1(x_1) . . . dF_n(x_n) (t ∈ C ), (2.2) where v_n = {x^2_1 +· · ·+x^2_n}^{1/2} and C is the open complex plane. Here and in the sequel we shall assume that 0/0 = 0. Let D denote a Borel’s set of R^n . Denote

I(x, N, D) = ∫ D lim_{T →∞} 1 2π T∫ −T e�ixt_{− e}�iNt it n∏ j=1 cos tx_j vn dt dF_1(x_1) . . . dF_n(x_n),

where v_n = {x^2_1 +· · ·+x^2_n}^{1/2}. Then with the help of (2.2) and Lebesgue’s dominated convergence theorem we obtain from (2.1)

1 − P ( S_n Vn < x ) = lim_{N→∞} I(x, N, R^n \ D) + lim_{N→∞} I(x, N, D). (2.3) The function under the integral sign on the right-hand side of (2.1) is a regular function t for all values of t and its absolute value is bounded in each strip | Im t| < a (a > 0). Using Cauchy’s theorem we obtain the formula

lim_{T →∞} 1 2π T∫ −T e�ixt_{− e}�iNt it n∏ j=1 cos tx_j vn dt

= e^{−x2} lim_{T →∞} 1 2π T∫ −T e�ixt x + it n∏ j=1 cos (t − ix)x_j vn dt

− ye^{−Nx} lim_{T →∞} 1 2π T∫ −T e�iNt x + it n∏ j=1 cos (t − ix)x_j vn dt

It is easy to see that

sup (x_1,...,x_n)∈R^n sup_{N∈} R | | | lim_{T →∞} T∫ −T e^{−iNt} 1 x + it n∏ j=1 cos (t − ix)x_j vn dt | | | < ∞.

Indeed, the product of the second and third factor under the integral sign is the Fourier transform of a function f such that 0 6 f(u; x_1, . . . , x_n) 6 A < ∞, where A does not depend on x_1, . . . , x_n and N.

¿From the last two relations we deduce the following key formula lim N→∞ I(x, N, D) = e^{−x2} ∫ D n∏ j=1 cosh xx_j vn · lim_{T →∞} I(x, T ) dF_1(x_1) . . . dF_n(x_n) (2.4) for all x > 0, where I(x, T ) = 1 2π T∫ −T e�ixt x + it n∏ j=1 ψ_j (t; x) dt and ψ_j (t; x) = cos{(t − ix)x_j /v_n}/ cosh{xx_j /v_n}. In the sequel we use the formulas (2.3) and (2.4) with D = Q, where Q is the set of points (x_1, . . . , x_n) ∈ R^n such that

L = L(x_1, . . . , x_n) = |x1|3 + · · · + |xn|3 v3_n 6 1 8(x + 1)3 . (2.5)

To estimate I(x, N, Q) we need the following lemmas.

Lemma 2.1. Let X_1, . . . , X_n be independent random variables such that E X_j = 0, σ^2_j > 0, β_j < ∞, j = 1, . . . , n. Then, for any ε > 0, P ( |V^2_n − B^2_n| > εB^2_n ) 6^4_{ε3/2} Ln, (2.6) E |X1|3 + · · · + |Xn|3 V 3_n 6 15Ln. (2.7)

Proof. To prove (2.6) we use the von Bahr and Esseen result (see Petrov, 1975, p. 60). Let Y_1, . . . , Y_n be independent random variables with zero means and finite absolute moments of order p (1 6 p 6 2). Then E | n∑ k=1 Y_k|^p 6 ( 2 − 1 n )^n∑ k=1 E |Y_k|^p. We obtain with the help of Chebyshev’s inequality and the previous bound P ( |V^2_n − B^2_n| > εB^2_n ) 6^(εB^2_n^{)−3/2} E^|^{n∑}_{j=1}^(X^2_j − σ^2_j^{)|}^{3/2}

6 2^{n∑}_{j=1}^(εB^2_n^{)−3/2} E^|X^2_j − σ^2_j^{|3/2} 6 4ε^{−3/2}Ln

and (2.6) is proved.

To prove (2.7) we first note that, by Jensen’s inequality, |X_1|^3 + · · · + |X_n|^3 6 V^3_n . Using this bound and (2.6) with ε = 1/2 we obtain

E V^{−3}_n n∑ j=1 |X_j|^3 6 E I { |V^2_n − B^2_n| > B^2_n/2 } V^{−3}_n n∑ j=1 |X_j|^3

+ E I { |V^2_n − B^2_n| 6 B^2_n/2 } V^{−3}_n n∑ j=1 |X_j|^3 6 2^{7/2}L_n + 2^{3/2}B^{−3}_n n∑ j=1 β_j 6 15L_n,

which is (2.7).

Lemma 2.2. Let X_1, . . . , X_n denote independent random variables under the assumptions of Lemma 2.1. Denote by f_n(t) the characteristic function of the random variable B^{−1}_n ∑_n j=1 X_j. Then | |fn(t) − e^{−t2 /2} | | 6 16Ln|t|^3e^{−t2 /3}, |t| 6^1_{4Ln} . The proof of this lemma see Petrov (1975), p. 109–111.

Lemma 2.3. Let X be a random variable such that E e^{yX} < ∞ for 0 6 y 6 a. Then, for x > 0 and 0 6 y 6 a,

1 − P (X < x) = e^{−yx} lim_{T →∞} 1 2π T∫ −T e�ixt y + it E e (y+it)X dt.

The proof of this lemma is similar to the proof of the formula (2.4) and hence will be omitted.

Corollary 2.1. The following formula holds, for x > 0,

1 − Φ(x) = e^{−x2/2} 1 2π ∞∫ −∞ e�t^2/2 x + it dt. For the proof it suffices to apply Lemma 2.3 for the standard normal random variable X.

Lemma 2.4. The following inequality holds 1 √ 2π ( 1 x − 1 x3 ) e^{−x2 /2} 6 1 − Φ(x) 6 1 √ 2πx e^{−x2 /2}, x > 0. The proof of this well-known inequality can be found, for instance, in Feller (1968, p. 175).

The following result is due to Pinelis (1994, p. 359).

Lemma 2.5. Let X_1, . . . , X_n be i.i.d. random variables such that P (X_1 = ±1) = 1 2 and y_1, . . . , y_n be real numbers such that y^2_1 + · · · + y^2_n = 1. Then, for any u > 0, P ( |y_1X_1 + · · · + y_nX_n| > u ) < 2c ( 1 − Φ(u) ) , where c = 2e^3/9.

Our next aim is to prove the statement of Theorem 3 for 1 6 x 6 L^{−1/3}_n . Let us return to the formula (2.4) and represent the interior integral I(x, T ), T > 1 10 L^{−1}, in the form

I(x, T ) = 1 2π (^{12 L}

�1/3 ∫ −^1_2 L�^{1/3} + ∫ 1 2 L�1/36_{|t|}6 1_{10 L}�1 + ∫ 1 10 L�^1<|t|6T ) e�ixt x + it n∏ j=1 ψ_j (t; x) dt := I_1(x) + I_2(x) + I_3(x, T ). (2.8)

By (2.5), we see that 1 vn max_j |x_j| 6 L^{1/3} 6 1 2(x + 1) (2.9)

for the points (x_1, . . . , x_n) ∈ Q. In the sequel we suppose that (x_1, . . . , x_n) ∈ Q.

Estimate now the integral I_1(x), using (2.9). Note that | tanh y| 6 y for all real y and | tan y| 6 2|y| for real y such that |y| 6 1, and, by (2.9), max{x, |t|} |x_j| vn 6 max{x,^1_2 L^{−1/3}}L^{1/3} 6^1_2 , 2|t|x^{x2j}_{v2n} 6 L^{−1/3}xL^{2/3} 6^1_2

for t ∈ [− 1 2 L^{−1/3}, 1 2 L^{−1/3}]. With the help of the series expansion for the function log(1 + z), |z| < 1, we easily deduce the following relation for the functions ψ_j (t; x)

ψ_j (t; x) = cos tx_j vn ( 1 + i tanh xx_j vn tan tx_j vn )

= cos tx_j vn exp { i tanh xx_j vn tan tx_j vn + 3θ t2x2x4_j v4_n + 4iθ t3x3x6_j v6_n } (2.10)

for t ∈ [− 1 2 L^{−1/3}, 1 2 L^{−1/3}]. Recall that tanh y = −i tan(iy). By the inequalities | tanh y − y| 6 |y|^3/2 for all real y and | tan y − y| 6 |y|^3 for real y such that |y| 6 1, we have, for the same t,

tanh xx_j vn tan tx_j vn = tx x2_j v2_n + θtx x4_j v4_n ( t^2 + 1 2 x^2 + 1 2 t^2x^2 x2_j v2_n ) . (2.11)

We obtain from (2.10) and (2.11) n∏ j=1 ψ_j (t; x) = e^{f1(t;x)+if2(t;x)}e^{itx} n∏ j=1 cos tx_j vn , where f_1(t; x) = 3θt^2x^2 1 v4_n n∑ j=1 x^4_j ,

f_2(t; x) = θtx(t^2 + 1 2 x^2) 1 v4_n n∑ j=1 x^4_j + 9 2 θt^3x^3 1 v6_n n∑ j=1 x^6_j .

The function exp{f_1(t; x) + if_2(t; x)} admits the following bound | |e^f1^{(t;x)+if}2^{(t;x)} − 1 | | 6^|e^{f1(t;x)} − 1^| + 2e^{f1(t;x)} sin^{2 f2(t; x)}_2 + e^{f1(t;x)|} sin f2(t; x)^| 6^|e^{f1(t;x)} − 1^| +^1_2 e^{f1(t;x)}f^2_2 (t; x) + e^{f1(t;x)}|f2(t; x)|.

By (2.9), we have

|f_1(t; x)| 6 3 2 t^2xL 6 1 4 t^2, | e^{f1(t;x)} − 1 | 6^|f1(t; x)^|e^{|f1(t;x)|} 6 ct^2xLe^{t2/4}, |f_2(t; x)| 6 c|t|(t^2 + x^2)L, f^2_2 (t; x) 6 c t2 ( t2 + x2 )2 (1 + x)3 L

for t ∈ [− 1 2 L^{−1/3}, 1 2 L^{−1/3}]. Using these bounds we arrive at the inequality | |e^f1^{(t;x)+if}2^{(t;x)} − 1 | | 6 c^(t^2x + |t|(t^2 + x^2) +^{t2(t2 + x2)2}_{(1 + x)3}^)Le^{t2/4} (2.12)

for the same t. By Lemma 2.2, note that | |^n∏ j=1 cos tx_j vn − e^{−t2/2} | | 6 16L|t|^3e^{−t2 /3} (2.13) for |t| 6 1 4L1^/3 . Since e^{−itx} n∏ j=1 ψ_j (t; x) = e^{−t2/2} + (^n∏ j=1 cos tx_j vn −e^{−t2 /2} ) + ( e^{f1(t;x)+if2(t;x)} −1 )^n∏ j=1 cos tx_j vn , we can write the integral I_1(x) with the help of (2.12) and (2.13) in the form

I_1(x) = 1 2π ∞∫ −∞ e�t^2/2

x + it dt + θ(r1 + r2 + r3). (2.14)

Here the non-negative quantities r_1, r_2, and r_3 admit the bounds

r_1 6 8L πx ∞∫ −∞ |t|^3e^{−t2 /3} 6 c x L,

r_2 6 cL x ∞∫ −∞ ( t^2x + |t|(t^2 + x^2) + t^2(t^2 + x^2)^2(1 + x)^{−3} ) e^{−t2 /12} dt 6 cxL,

r_3 6 1 2πx ∫

|t|> 1 2 L�1/3 e^{−t2 /2} dt 6 cL x . (2.15)

Let us estimate the integral I_2(x). First we determine Lyapunov’s ratio L_1 for the random variables Y_j , j = 1, . . . , n, with characteristic functions ψ_j (t; x), j = 1, . . . , n, respectively. Since

E Y_j = x_j vn tanh xx_j vn , Var Y_j = x2_j v2_n ( 1 − tanh^2 xx_j vn ) , E |Y_j − E Y_j |^3 = |x_j |3 v3_n ( 1 − tanh^4 xx_j vn ) , we have

L_1 = (^n∑ j=1 ( 1 − tanh^2 xx_j vn ) x2_j v2_n )_{−3/2}^n∑ j=1 ( 1 − tanh^4 xx_j vn ) |x_j|_3 v3_n . By (2.9), we see that 15 16 L 6 L_1 6 ( 4 3 )_{3/2} L. (2.16)

In addition we note that

1 ¿^{n∑}_{j=1} Var Yj ¿ 1 −^{x2}_{v4n}^{n∑}_{j=1} x^4_j = 1 −^1_2 |θ|xL. (2.17)

By Lemma 2.2 and (2.16), (2.17), we then obtain | | | n∏ j=1 ψ(t; x) | | | 6 c^(1 + t^{2)}e^{−(1−xL/2)t2/3} 6 c^(1 + t^{2)}e^{−t2 /4} for |t| 6 1 10 L^{−1}. This bound yields the inequality

|I_2(x)| 6 c x ∫ |t|>^1_2 L�^{1/3} ( 1 + t^2 ) e^{−t2/4} dt 6 c x L. (2.18)

Consider now the integral I_3(x, T ) for T > 1 10 L^{−1}. Represent it in the form

I_3(x, T ) = 1 2π ∫ 1 10 L�^1<|t|6T e�ixt it n∏ j=1 ψ_j (t; x) dt

− x 2π ∫ 1 10 L�^1<|t|6T e�ixt it(x + it) n∏ j=1 ψ_j (t; x) dt := I_{3,1}(x, T ) + I_{3,2}(x, T ).

It is easy to see that |I_{3,2}(x, T )| 6 x 2π ∫ |t|>^1_{10} L�^1 dt |t| √ x2 + t2 6 x 2π ∫ |t|>^1_{10} L�^1 dt t2 6^5_π xL. (2.19)

Rewrite I_{3,1}(x, T ) in the form 1 2π T∫ −T e�ixt it n∏ j=1 ( ψ_j(t; x) − e^{−t2/2} ) dt − 1 2π ∫ |t|6^1_{10} L�^1 e�ixt it n∏ j=1 ( ψ_j (t; x) − e^{−t2 /2} ) dt

+ 1 2π ∫ 1 10 L�^1<|t|6T e�ixt it e^{−t2 /2} dt := I_{3,1,1}(x, T ) − I_{3,1,2}(x) + I_{3,1,3}(x, T ). (2.20)

First we note that lim_{T →∞} I_{3,1,1}(x, T ) = Φ(x) − P (Y < x),

where Y = ∑_n j=1 Y_j and, by the Berry–Esseen inequality and (2.16), (2.17),

| lim_{T →∞} I_{3,1,1}(x, T )| 6 cL_1 + | Φ(x/ √ Var Y ) − Φ(x) | 6 cL. By Lemma 2.2 and (2.16), (2.17), we get

|I_{3,1,2}(x)| 6 1 2π ∫ |t|6^1_{10} L�^1 | |^n∏ j=1 ψ_j (t; x) − e^{− Var Y t2/2} | | dt |t|

+ 1 2π ∞∫ −∞ | |e^{−t2 /2} − e^{− Var Y t2/2} | | dt |t| 6 cxL1 ∞∫ −∞ ( |t| + t^2 ) e^{−t2/4} dt 6 cxL_1 6 cxL.

In addition we have |I_{3,1,3}(x, T )| 6 cL. In view of the last three bounds, we obtain from (2.20) the inequality | | | lim_{T →∞} I3,1(x, T ) | | | 6 cxL. (2.21) Comparing (2.19) and (2.21) we finally deduce | | | lim_{T →∞} I3(x, T ) | | | 6 cxL. (2.22)

Let us return now to formula (2.14). By Corollary 2.1 and (2.14), (2.15), we have

I_1(x) = ( 1 − Φ(x) ) e^{x2/2} + θcxL. (2.23) Then, in view of (2.18), (2.22), and (2.23), we obtain from (2.8)

lim_{T →∞} I(x, T ) = ( 1 − Φ(x) ) e^{x2 /2} + θcxL. (2.24)

Using (2.9) and the series expansion for log(1 + z), |z| < 1, we see that, for (x_1, . . . , x_n) ∈ Q, log cosh xx_j vn = log { 1 + 1 2 ( xx_j vn )_2 + 1 4! ( xx_j vn )_4( 1 + θ 20 ( xx_j vn )_2)}

= 1 2 ( xx_j vn )_2 − 1 12 ( xx_j vn )_4(

1 + 2θ ( xx_j vn )_2) . Using again (2.9) we obtain, for (x_1, . . . , x_n) ∈ Q, n∏ j=1 cosh xx_j vn = exp { x_2 2 − x4 12 n∑ j=1 ( x_j vn )_4 + θx6 6 n∑ j=1 ( x_j vn )_6} = e^{x2/2} ( 1− 1 2 |θ|x^3L ) . (2.25) Applying (2.24) and (2.25) to (2.4), we deduce with the help of (2.7) and Lemma 2.4 the relation lim N→∞ I(x, N, Q) = ( 1 − Φ(x) ) ∫ Q dF_1(x_1) . . . dF_n(x_n)+cθx^2e^{−x2 /2} ∫ Q θL dF_1(x_1) . . . dF_n(x_n)

= ( 1 − Φ(x) ) ∫ Q dF_1(x_1) . . . dF_n(x_n)+cθx^2e^{−x2 /2}L_n. (2.26)

With the help of (2.5) and (2.7) we note that ∫ R^n\Q dF_1(x_1) . . . dF_n(x_n) 6 8(1 + x)^3 ∫ R^n\Q L dF_1(x_1) . . . dF_n(x_n) 6 cx^3L_n. (2.27)

Then, applying (2.27) to (2.26), we arrive, in view of Lemma 2.4, at the relation lim N→∞ I(x, N, Q) = 1 − Φ(x) + cθx^2e^{−x2/2}L_n = ( 1 − Φ(x) )( 1 + cθx^3L_n ) . (2.28)

To estimate I(x, N, R^n \ Q) we use Lemma 2.5 with y_j = x_j /v_n and (2.1), (2.27). We have | lim_{N→∞} I(x, N, R^n \ Q)| 6 c ( 1 − Φ(x) ) ∫ R^n\Q dF_1(x_1) . . . dF_n(x_n) 6 cx^3L_n ( 1 − Φ(x) ) . (2.29)

The statement of Theorem 3 for 1 6 x 6 L^{−1/3}n follows from (2.3) with D = Q and (2.28), (2.29).

The statement of Theorem 3 for x > L^{−1/3}_n immediately follows from Lemma 2.5 and the formulas (2.1) and (2.2).

3. Proof of Theorems 2 and 4. In this section we prove Theorem 2 and 4 and their corollaries. To this end we need some auxiliary results. We use here the notation from Section 1. Lemma 3.3 gives an upper bound for P ( |S_n|/V_n > x ) for large positive x. We will prove this lemma with the help of Lemma 3.1.

Lemma 3.1. Let X_1, . . . , X_n be random variables, satisfying the assumptions of Theorem 4. Then

E exp { yS_n/V_n } 6 c exp^{y^2/2 + 2^6n^^β|y|^3/^^B^3_n^}, y ∈ [−R2n, R2n]. (3.1)

If in addition X_1, . . . , X_n are i.i.d. random variables and σ^2_1 = 1, then

E exp { yS_n/V_n } 6 c exp^{y^2/2 + 2^6Ln|y|^{3}}, y ∈ [−^√n/(2^9β^2_1 ),^√n/(2^9β^2_1 )]. (3.2)

To prove this lemma we need the following auxiliary lemma.

Lemma 3.2. The following inequality holds P ( V^2_n 6 B^2_n/2

) 6 exp^{ − (3 · 2^7)^{−1}B^4_n^{/ ^}An^}.

Proof. Consider the truncated random variables ^X^2_j = X^2_j I{|X_j | 6 12β_j /σ^2_j } for j = 1, . . . , n. Let us show that E ^X^2_j ¿ 3σ^2_j /4. By Chebychev’s inequality, we have

P (|X_j| > x) 6 β_j x^{−3}, x > 0. (3.3)

Integrating by parts and using (3.3), we obtain the bound

E X^2_j I { |X_j| > 12β_j /σ^2_j } 6^(12βj /σ^2_j^{)2} P^(|Xj | > 12βj /σ^2_j^) + 2 ∞∫ 12β_j /σ^2_j P (|X_j| > x)x dx 6 σ^2_j /4 which provides the necessary bound.

Since A ⊂ B, where A = {X^2_1 +· · ·+X^2_n 6 B^2_n/2} and B = { ^X^2_1 +· · ·+ ^X^2_n 6 B^2_n/2}, it suffices to estimate P (B). It is easy to see that

P (B) 6 P (_n∑ j=1 ( E ^X^2_j − ^X^2_j

) ¿ B^2_n/4^) 6 e^{−t/4 n∏}_{j=1} E e^{tB�2n ( E bX2j − bX2j )}.

Since E e^{tB} �2_{n (} E b_X2_{j −} b_X2_{j )} = e^{tB} �2_n E b_X2_j ( 1 − tB^{−2}_n E ^X^2_j + θt^2B^{−4}_n E ^X^4_j /2 ) 6 exp^{6t^2B^{−4}_n β^2_j /σ^2_j^},

we obtain the simple bound

P (B) 6 exp { − t(1 − 24tB^{−4}_n ^A_n)/4 } . Putting here t = B^4_n/(48 ^A_n) we arrive at the assertion of the lemma.

Proof of Lemma 3.1. Without loss of generality it suffices to prove Lemma 3.1 for y ¿ 0. In the first step we establish (3.1). Represent E e^{ySn/Vn} in the form

E e^{y SnV}n = E n∏ j=1 ( yX_j Vn + g ( yX_j Vn )) = E n∑ k=0 y^k ∑ {l_1,...,l_k} k∏ j=1 X_{lj} Vn ∏ l≠l_1 ,...,l_k g ( yX_l Vn )

= E (^n1∑ k=0 + n∑ k=n_1+1 ) y^k ∑ {l_1,...,l_k} k∏ j=1 X_{lj} Vn ∏ l≠l_1 ,...,l_k g ( yX_l Vn ) := E ^S_1 + E ^S_2, (3.4)

where g(y) = e^y − y, n_1 = [δ_nn], and the summation in the interior sum on the righthand side of (3.4) is taken over all subpopulations {l_1, . . . , l_k} of size k of the population {1, . . . , n}. Recall that the parameter δ_n is defined by the relation (1.13). The function g(y) admits the simple bound g(y) = ∞∑ m=0 y2^m (2m)! + y 3 ∞∑ m=0 y2^m (2m + 3)! := g1(y) + y

3g_2(y) 6 ( 1 + y^3 ) e^{y2/2}, y ¿ 0. (3.5) In addition for any event A the following inequality holds

E I{A} exp { y Vn n∑ j=1 |X_j | } = E I{A} n∏ j=1 ( y|X_j| Vn + g ( y|X_j| Vn )) 6 P (A) exp{y^√n}. (3.6)

In view of (3.6) and Lemma 3.2, we obtain, for 0 6 y 6 B^4_n/(3 · 2^7 ^A_n √ n), E I { V^2_n 6 B^2_n/2 } exp { y Vn n∑ j=1 |X_j| } 6 exp^{y^√n − B^4_n/(3 · 2^{7 ^}An)^} 6 1. (3.7)

Since | ^S_2| 6 exp { y(|X_1| · · · + |X_n|)/V_n } , it follows from (3.7) E I { V^2_n 6 B^2_n/2 } | ^S_2| 6 1 (3.8)

for the same y. Let us estimate E I { V^2_n > B^2_n/2 } | ^S_2|. Using (3.5) we see that, for

0 6 k 6 n and y ¿ 0, y^k | | E I { V^2_n > B^2_n/2 }^k∏ j=1 X_{lj} Vn ∏ l≠l_1 ,...,l_k g ( yX_l Vn )| | 6 e^{y2/2( √2y}_{Bn}^{)k k∏}_{j=1} E |Xl_j |^∏_{l≠l1,...,lk} E^(1 +^{2√2|Xl|3y3}_{B3n}^) 6 e^{y2/2 k∏}_{j=1}^{√2σlj y}_{Bn}^∏_{l≠l1 ,...,lk}^(1 +^{2√2βly3}_{B3n}^) 6 e^{y2/2+2√2Lny3 k∏}_{j=1}^{√2σlj y}_{Bn} ._{(3.9)} By (3.9) and Stirling’s formula, we have, for 0 6 y 6 δ_nB_n/(8^σ), e^{−y2 /2−2√2Lny3} E I { V^2_n > B^2_n/2 } | ^S_2| 6 n∑ k=n_1+1 ∑ {l_1,...,l_k } k∏ j=1 √ 2σ_{lj} y Bn 6^{n∑}_{k=n1+1}^{(n}_k^{)( √2^σy}_{Bn}^{)k} 6^{n∑}_{k=n1 +1}^{(n}_k^{)( δn}_4^{)k} 6^{n∑}_{k=n1+1}^1_{k!}^{( nδn}_4^{)k} 6 c._{(3.10)}

Let us estimate | E ^S_1|. First we introduce the random variable

^I =

n_1∏

m=0 ∏ {l_1,...,l_m} I_{l1 ,...,lm} ,

where I_{l1 ,...,lm} = I {( V^2_n − ∑_m j=1 X^2_{lj} ) > 1 2 ( B^2_n − ∑_m j=1 σ^2_{lj} )} and {l_1, . . . , l_m} are all

subpopulations of size m of the population {1, . . . , n}. By Lemma 3.2, we note that E ( 1 − I_{l1 ,...,lm} ) 6 exp^{ −^(B^2_n −^{m∑}_{j=1} σ^2_{lj}^{)2/}(3 · 2^{7 ^}An)^} 6 exp^{ −^^B^4_n^/(3 · 2^{7 ^}An)^}.

Therefore, recalling (1.13) and using Stirling’s formula, it is not difficult to show

E (1 − ^I) 6

n_1∑

m=0 ( n m ) exp { − ^B^4_n / (3 · 2^7 ^A_n) } 6 c^{( n}_{n1}^) exp^{ −^^B^4_n^/(3 · 2^{7 ^}An)^} 6 c exp^{ − 2^{9 ^}B^4_n^{/ ^}An^}. (3.11)

We have with the help of (3.11), for 0 6 y 6 ^B^4_n / (2^9 ^A_n √ n), E (1 − ^I) n∏ j=1 ( y|X_j| Vn + g ( y|X_j| Vn )) = E (1 − ^I) exp { y(|X_1| + · · · + |X_n|)/V_n } 6 c exp^{y^√n − 2^{9 ^}B^4_n^{/ ^}An^} 6 1. (3.12)

¿From (3.12) it follows

E (1 − ^I)| ^S_1| 6

n_1∑

k=0 y^k ∑ {l_1,...,l_k} E ( 1 − ^I )^k∏ j=1 |X_{lj} | Vn ∏ l≠l_1 ,...,l_k g ( y|X_l| Vn ) 6 1 (3.13)

for the same y.

Now we estimate the expectation of every summand of ^S_1. For simplicity consider the summand G_{1,...,k}(y) = k∏ j=1 X_j Vn n∏ l=k+1 g ( yX_l Vn ) . One can estimate the expectation of the rest summands of the sum ^S_1 in a similar way. Write n∏ l=k+1 g ( yX_l Vn ) = n∏ l=k+1 { g_1 ( yX_l Vn ) + ( yX_l Vn )_3

g_2 ( yX_l Vn )}

= n−k∑ q=0 y^{3q} ∑ {l_1,...,l_q } G(y; q, l_1, . . . , l_q), (3.14)

where G(y; q, l_1, . . . , l_q) = q∏ s=1 ( X_{ls} Vn )_3

g_2 ( yX_{ls} Vn ) ∏ m≠l_1,...,l_q g_1 ( yX_m Vn )

and the functions g_1 and g_2 are defined in (3.5). The summation in the second sum on the right-hand side of (3.14) is taken over all subpopulations {l_1, . . . , l_q} of size q of the population {k + 1, . . . , n}. Fixing the parameter q and the set {l_1, . . . , l_q}, we get G(y; q, l_1, . . . , l_q) = ∑ {p_{k+1},...,p_n} q∏ s=1 1 (2p_{ls} + 3)! ∏ m≠l_1,...,l_q 1 (2pm)! K(q; pk+1, . . . , pn)y 2(p_{k+1}+···+p_n), (3.15)

where the summation is taken over all sets {p_{k+1}, . . . , p_n} of non-negative integers and K(q; p_{k+1}, . . . , p_n) = q∏ s=1 ( X_{ls} Vn )_{3+2pls} ∏ m≠l_1,...,l_q ( X_m Vn )_{2pm} . Following Giné, Götze and Mason (1997) apply the elementary identity ∞∫ 0 λ^{a−1}e^{−λb} dλ = Γ(a) b^a , a > 0, b > 0, with b = V^2_n and a = a(q, k) = k/2 + p_{k+1} + · · · + p_n + 3q/2, to obtain E I_{1,...,k} k∏ j=1 X_j Vn K(q; p_{k+1}, . . . , p_n)

= 1 Γ ( a(q, k) ) E ∞∫ 0 λ^{a(q,k)−1}I_{1,...,k} k∏ j=1 X_j q∏ s=1 X^{3+2pls} l_s ∏ m≠l_1,...,l_q X^{2pm}_m e^{−λV 2n} dλ (3.16)

in the case when a(q, k) > 0. The order of the integrals can be reversed and the righthand side of (3.16) can be rewritten in the form 1 Γ ( a(q, k) ) ∞∫ 0 λ^{a(q,k)−1} (^k∏ j=1 E X_j e^{−λX2j} ) f(λ) dλ, (3.17)

where f(λ) = E I_{1,...,k}V^{2a(q,k)−k} n K(q; p_{k+1}, . . . , p_n) exp { − λV^2_{k,n} } , V^2_{k,n} = n∑ j=k+1 X^2_j .

Since E X_1 = · · · = E X_n = 0, it is easy to see that | E X_je^{−λX2j} | 6 λβ_j , j = 1, . . . , n.

Applying the last estimates to (3.17) we conclude | | | E I1,...,k k∏ j=1 X_j Vn K(q; p_{k+1}, . . . , p_n) | | | 6^{k∏}_{j=1} βj E I1,...,kV^{2a(q,k)−k}_n |K(q; pk+1, . . . , pn)| ∞∫ 0 λ^{a(q,k)+k−1}e^{−λV 2k,n} dλ 6^{k∏}_{j=1}^{βj}_{^B3n}^{Γ(a(q, k) + k)} Γ ( a(q, k) ) E I_{1,...,k} q∏ s=1 ( |X_{ls} | V_{k,n} )_{3+pls} ∏ m≠l_1,...,l_q ( |X_m| V_{k,n} )_{2pm} . (3.18)

Let us return to the formulas (3.14), (3.15) and estimate the absolute value of E I_{1,...,k} ∏_k j=1 X_j Vn G(y; q, l_1, . . . , l_q) with the help of (3.18). Using Stirling’s formula we derive the relation Γ ( a(q, k) + k ) Γ ( a(q, k) ) 6 c^{( 3e}_2^{)k Γ(2a(q, k) + 1)} Γ ( 2a(q, k) − k + 1 ) . It is not difficult to conclude, using (3.14), (3.15), and (3.18), that | | E I_{1,...,k}^k∏ j=1 X_j Vn n∏ l=k+1 g ( yX_l Vn )| | 6 c^{( 3e}_2^{)k k∏}_{j=1}^{βj}_{^B3n} f^{(k)}_{1,...,k}(y) (3.19) for y ¿ 0, where f_{1,...,k}(y) = y^k E I_{1,...,k} n∏ l=k+1 g ( y|X_l| V_{k,n} ) . Consider the function f_{1,...,k}(z) as a function of the complex variable z. It is easy to see that f_{1,...,k}(z) is regular for all values of z and the coefficients of the Maclaurin series of f_{1,...,k}(z) are non-negative. Hence M(y; f_{1,...,k}) = f_{1,...,k}(y), where M(y; f_{1,...,k}) is the maximum modulus of f_{1,...,k}(z) for |z| = y. Applying the Cauchy inequality for the derivatives of regular functions to f(z) = f_{1,...,k}(y + z) with parameter y ¿ 0, we obtain the estimate f^{(k)}_{1,...,k}(y) 6 f_{1,...,k}(y + ρ)ρ^{−k}k! (3.20) for y ¿ 0 and ρ > 0. To apply (3.20) we need to estimate f_{1,...,k}(y + ρ). Using (3.5) we obtain, for y ¿ 0, f_{1,...,k}(y) 6 y^ke^{y2/2} n∏ l=k+1 E ( 1 + 2 √ 2|X_l|3y3 ^B3_n ) 6 y^ke^{y2/2 n∏}_{l=k+1} E^(1 +^{2√2β3l y3}_{^B3n}^) 6 y^ke^{y2/2+2√2Any3/ bB3n} ._{(3.21)}

In view of (3.21) and Stirling’s formula, and choosing in (3.20) ρ = k/y for 0 6 k 6 y^2 and ρ = y for k > y^2, we arrive at the relations, for y > 0, f^{(k)}_{1,...,k}(y) 6 M(k, y) = { c(2e)^ky^{2k}e^{y2/2+16√2Any3/} b^{B3n} , for k 6 y^2, 2^ke^{2y2+16√2Any3/} b^{B3n} k!, for k > y^2.

(3.22)

In addition we will use the following estimate | | E ( 1 − I_{1,...,k} )^k∏ j=1 X_j Vn n∏ l=k+1 g ( yX_l Vn )| | 6 E^(1 −^^I^{) k∏}_{j=1}^{|Xj|}_{Vn}^{n∏}_{l=k+1} g^{( y|Xl|}_{Vn}^). (3.23) The inequalities (3.19), (3.22), and (3.23) provide a bound of | E G_{1,...,k}(y)|. In a similar way one obtains the same bound for the expectation of the remaining summands of ^S_1. In view of (3.13), (3.23) and (3.19), (3.22), we obtain

| E ^S_1| 6 1 +

(^{[y2]}∑ k=0 + n_1∑

k=[y^2]+1 )(n k ) c ( 3ey 2 )_k( ^β ^B3_n )_k M(k, y) := 1 + ∑ 1 + ∑ 2 (3.24)

for 0 6 y 6 ^B^4_n/(2^9 ^A_n √ n). By (3.22), we deduce, for y > 0, ∑ 1 6 ce^12^{y2+16√2Any3/ bB3}n^{[y} 2]∑ k=0 ( n k )( 3e2 ^βy3 ^B3_n )_k 6 ce^12^{y2+16√2Any3/ bB3n [y} 2]∑ k=0 1 k! ( 3e_2n^βy_3 ^B3_n )_k 6 ce^12^{y2+26nbβy3/ bB3n} ._{(3.25)}

By (3.22), we have, for 0 < y 6 ^B^3_n/(3e^3n^β), ∑ 2 6 e^{2y2+16√2Any3/ bB3ny3 n1∑}_{k=[y2]+1}^{( 3en^βy}_{^B3n}^{)k} 6 ce^{2y2+16√2Any3/ bB3n ( 3en^βy}_{^B3n}^{)[y2]+1} 6 ce^{16√2Any3/ bB3n} . (3.26) Finally the assertion (3.1) of the lemma immediately follows from (3.8), (3.10), and (3.24)–(3.26).

Let us prove (3.2), repeating the arguments used above. In the case of i.i.d. X_1, . . . , X_n the formula (3.4) has the form E e^{ySn/Vn} = E (^n1∑ k=0 + n∑ n_1+1 )(n k )_k∏ j=1 X_j Vn ∏ l≠1,...,k g ( yX_l Vn ) = E ^S_1 + E ^S_2.

We assume that n_1 = [n/4]. Repeating the argument which we used to prove (3.8) and (3.10), we see that these relations remain true for 0 6 y 6 2^{−9}β^{−2}_1 √ n. To estimate | | E ^S_1 | | we introduce the random variables ^I = I_{1,...,n1} and obtain the bound (3.19)

for | E^IG_{1,...,k}(y)| and (3.23) for | E (1 −^I)G_{1,...,k}(y)| in the same way, as in the proof of (3.19) and (3.23) for | E I_{1,...,k}G_{1,...,k}(y)| and | E (1−I_{1,...,k})G_{1,...,k}(y)| respectively. Then we conclude in the same way, as in the proof of (3.24)–(3.26), that (3.24)–(3.26) hold for 0 < y 6 2^{−9}β^{−2}_1 √ n. The assertion (3.2) of the lemma follows now from (3.8), (3.10) and (3.24)–(3.26).

As a simple consequence of Lemma 3.1 we obtain

Lemma 3.3. Under the assumptions of Theorem 4, the following bound holds P ( |S_n|/V_n ¿ x ) 6 { c exp { − x^2/2 + 2^6n^βx^3/ ^B^3_n } , for 0 6 x 6 R_{2n}, c exp { − Rx/16 } , for x > R, 0 < R 6 R_{2n}. (3.27) If in addition X_1, . . . , X_n are i.i.d. and σ^2_1 = 1, then (3.27) holds with the parameter R_{2n} = √ n/(2^9β^2_1 ).

Proof. Using Lemma 3.1 we see that the assertion of the lemma for 0 6 x 6 R_{2n} follows from the chain of the inequalities P ( |S_n|/V_n ¿ x ) 6 e^{−x2} E e^{x|Sn|/Vn} I{|Sn|/Vn ¿ x} 6 c exp^{ − x^2 + x^2/2 + 2^6n^^βx^3/^^B^3_n^} = c exp^{ − x^2/2 + 2^6n^^βx^3/^^B^3_n^}.

For all R ∈ (0, R_{2n}] and real x such that x > R we have, by Lemma 3.1, P ( |S_n|/V_n ¿ x ) 6 e^{−Rx/8} E e^{R|Sn|/(8Vn)} 6 e^{−Rx/16}e^{−R2(1/2−1/16−nbβR/ bB3n )/8} 6 e^{−Rx/16}e^{−R2 (1/2−1/16−1/(3e3))/8} 6 e^{−Rx/16}. ¿From the last two estimates we obtain (3.27). In order to prove the assertion of the lemma in the case of i.i.d. random variables we should repeat the argument above, applying Lemma 3.1 to this case.

Let γ ∈ [0, 1/2]. Introduce the random variables Y_j = X_j I{|X_j| 6 B_n/x}, j = 1, . . . , n, S^∗_n =^n ∑ j=1 Y_j , V^{∗2}_n =^n ∑ j=1 Y^2_j

Z_j = X_jI { |X_j| 6 1 6 L^{(1−γ)/4} n B_nx^{−3/4} } , j = 1, . . . , n, ^V^2_n =^n ∑ j=1 Z^2_j .

We shall need the following lemmas.

Lemma 3.4. The following bound is valid P ( S_n ¿ xV_n, |X_k| ¿ y ) 6 P^(|Xk| ¿ y^) P^(Sn − Xk ¿ x^√1 − x^{−2√}V^2_n − X^2_k^).

for all x ¿ 1, y ¿ 0 and 1 6 k 6 n.

Lemma 3.4 is Lemma 4 of Wang and Jing (1999).

Lemma 3.5. Let γ ∈ [0, 1/2]. For 6^4 6 x 6 L^{−1/3}_n , the following inequality holds P ( | ^V^2_n − B^2_n| ¿ L^{(1−γ)/2}_n B^2_nx^{1/2} ) 6 cL^2_n exp{−x^2/2}. Proof. Let us prove that P ( ^ V^2_n − B^2_n 6 −L^{(1−γ)/2}_n B^2_nx^{1/2}

) 6 cL^2_n exp{−x^2/2}. (3.28)

We see, using (3.3), that, for 6^4 6 x 6 L^{−1/3}_n , n∑ j=1 E X^2_j I { |X_j| > 1 6 L^{(1−γ)/4} n B_nx^{−3/4} } 6 18L^{(3+γ)/4}_n B^2_nx^{3/4} 6^1_2 L^{(1−γ)/2}_n B^2_nx^{1/2}.

(3.29) Using Chebyshev’s inequality and (3.29) we have, for any t > 0, P (^n∑ j=1 Z^2_j − B^2_n 6 −L^{(1−γ)/2}_n B^2_nx^{1/2} ) 6 P^{( n∑}_{j=1}^( E Z^2_j − Z^2_j^) ¿^1_2 L^{(1−γ)/2}_n B^2_nx^{1/2)}

6 e^{− 1}2^{tL(1�γ)/2n x1/2 n∏}_{j=1} E e^{tB�2n ( E Z2j −Z2j )}._{(3.30)}

Taking into account the bound |Z_j | 6 1 6 L^{(1−γ)/4} n B_nx^{−3/4} we get E e^{−tB} �2_{n Z}2_j 6 (

1 − tB^{−2}_n E Z^2_j + 1 2 t^2B^{−4}_n E Z^4_j e^{tL(1} �γ)/2 n /(36x^{3/2}) ) 6 exp^{ − tB^{−2}_n E Z^2_j +^1_{12} t^2L^{(1−γ)/4}_n x^{−3/4}B^{−3}_n βj e^{tL(1�γ)/2n /(36x3/2)}}._{(3.31)}

¿From (3.31) it follows that n∏ j=1 E e^{tB} �2_{n (} E_Z2_{j −Z}2_{j )} 6 exp { 1 12 t^2x^{−3/4}L^{(5−γ)/4} n e^{tL(1} �γ)/2 n /(36x^{3/2}) } . (3.32)

Choosing in (3.32) t = 2L^{−(1−γ)/2}_n x^{3/2}(1 − 4x^{−2} log L_n) and applying the resulting bound to (3.30) with the same t, we obtain the inequality (3.28).

In the same way we prove the inequality P ( ^V^2_n − B^2_n ¿ 1 6 L^{(1−γ)/2} n B^2_nx^{1/2} ) 6 cL^2_n exp{−x^2/2}. (3.33)

The inequalities (3.28) and (3.33) give the assertion of the lemma.

Lemma 3.6. Let X_1, . . . , X_n satisfy the assumptions of Theorem 4. Suppose that f is a real-valued Borel function such that the random variables W_1 = f(X_1), . . . , W_n = f(X_n) satisfy the conditions | | | e^{yWj /Bn} − 1 − y2σ2_j 2B2_n | | | 6^{bx3βj}_{B3n} ; (3.34) | | | E Wj e^{yWj /Bn} − yσ2_j Bn | | | 6^{bx2βj}_{B2n} ,^| E W^2_j e^{yWj /Bn} − σ^2_j^| 6^{bxβj}_{Bn} , E |W_j |^3e^{yWj /Bn} 6 bβ_j , (3.35)

for y ∈ [9x/10, 11x/10] and all j, where b ¿ 1, and

1 6 x 6 x1 = min^{Bn/(2b^{1/3 ^}β^{1/3}),^(2^4bLn^{)−1}}.

Then P (^n∑ j=1 W_j ¿ yB_n ) = ( 1 − Φ(y) ) e^{θbLnx3} ( 1 + r(y) ) , y ∈ [9x/10, 11x/10],

where |r(y)| 6 cb ( x^3 + b^3L^{1/3}n ) L_n.

Note that the parameter x_1 satisfies x_1 ¿ L^{−1/3}_n /(2b^{1/3}) if L_n 6 ( 2^{9/2}b )_{−1} . Proof. To prove the lemma we use the same idea as in the proof of Theorem 3. Without loss of generality, we assume that L_n 6 c, where c is a sufficiently small absolute constant. By (3.34), E e^{yWj /Bn} < ∞ for 0 6 y 6 11x/10 and all j. Therefore the same property holds for the sum S_n = ( W_1 + · · · + W_n ) /B_n. Using Lemma 2.3 we obtain the formula

1 − P ( S_n < y ) = e^{−y2} lim_{T →∞} 1 2π T∫ −T e�iyt y + it n∏ j=1 E e^{(y+it)Wj /Bn} dt, 0 6 y 6 11x/10. (3.36) Consider independent random variables ^W_1, . . . , ^W_n with characteristic functions φ(t; ^W_1), . . . , φ(t; ^W_n) respectively given by φ(t; ^W_j ) = E e^{(y+it)Wj /Bn} / E e^{yWj /Bn} . In the sequel we denote

^a_j = E ^W_j , ^σ^2_j = Var ^W_j , ^β_j = E |^W_j − ^a_j |^3, B^2_n = ^σ^2_1 + · · · + ^σ^2_n.

Let Ln be Lyapunov’s ratio for the random variables^^W1, . . . ,^^Wn.

In the next step we calculate ^a_j , ^σ^2_j , and ^β_j . Using (3.34), the condition x ∈ [1, x_1], and the well-known inequality

σ^2_j /B^2_n 6 β^{2/3}_j /B^2_n 6 L^{2/3}_n , (3.37)

we see that E e^{yWj /Bn} = 1 + y2σ2_j 2B2_n + 1 6 θb x3β_j B3_n = 1 + r1(y; x, n),

where |r_1(y; x, n)| 6 1 2 ( 11xβ1/3_j 10Bn )_2 + b 6 ( xβ1/3_j Bn )_3

6^1_2^{( 11}_{20}^{)2} +^1_6^{( 1}_2^{)3} 6^1_5 (3.38)

for 1 6 y 6 11x/10. In view of (3.37), (3.38), and the condition x ∈ [1, x_1], we conclude, using the series expansion for log(1 + t), |t| < 1, that log E e^{yWj /Bn} = y2σ2_j 2B2_n + θ 6 x3β_j B3_n + 5θ 4 ( y2σ2_j 2B2_n + θ 6 x3β_j B3_n )_2 = y2σ2_j 2B2_n +θb x3β_j B3_n (3.39)

for 1 6 y 6 11x/10. In the same way we get ( E e^{yWj /Bn} )_{−1} = 1 − y2σ2_j 2B2_n + +θb x3β_j B3_n . (3.40)

¿From (3.39) it follows n∏ j=1 E e^{yWj /Bn} = exp { 1 2 y^2 + θbx^3L_n } , 1 6 y 6 11x/10. (3.41)

The following two relations (3.42) and (3.43) we verify for 1 6 y 6 11x/10, using (3.35), (3.37), (3.40), and the condition x ∈ [1, x_1]. As the first step we easily obtain ^a_j = E ( W_j /Bn ) e^{yWj /Bn} E e^{yWj /Bn} = yσ2_j B2_n + 2θb x2β_j B3_n . (3.42)

Then, taking into account (3.42), we deduce that

^σ^2_j = E ( W_j /Bn )2 e^{yWj /Bn} E e^{yWj /Bn} − ^a^2_j = σ2_j B2_n + 5θb xβ_j B3_n . (3.43)

At last, using the well-known inequality ^β_j 6 8 E |^W_j |^3 and (3.35), (3.38), we see that ^β_j 6 8 E |W^j/B^n|^3e^{yWj /Bn} E e^{yWj /Bn} 6 10b β_j B3_n . (3.44)

By (3.43), we first note that, for 1 6 x 6 x_1,

(1/2)^{2/3} 6 B^2_n = 1 + 5θbxL_n 6 21/16 (3.45)

and then with the help of (3.44) and (3.45)

Ln 6 20bLn. (3.46)

Let f_j (t) = φ(t; ^W_j)e^{−i}b^{aj t}, j = 1, . . . , n. Using the well-known inequality | f_j(t) − 1

| 6^1_2 ^σ^2_j t^2 6^1_2^^β^{2/3}_j t^2 6^1_2 L^{2/3}_n B^2_nt^2, t ∈ R, (3.47)

and (3.45), we get the expansion

log f_j (t) = − ∞∑ k=1 1 k ( 1 − f_j (t) )_k

for |t| 6 L^{−1/3}n and j = 1, . . . , n. This expansion and the bounds (3.45), (3.47) permit to show, for |t| 6 L^{−1/3}n , that n∑ j=1 | | log f_j (t) + 1 − f_j (t) | | 6^{n∑}_{j=1}^{∞∑}_{k=2}^1_k^{( 1}_2 ^σ^2_j t^{2)k} 6^3_8^{n∑}_{j=1} ^σ^4_j t^4

6^3_8 t^{4(} max_m ^σm^{) n∑}_{j=1}^^βj 6^3_8 L^{4/3}_n B^4_nt^4._{(3.48)}

We need as well the following well-known bound n∑ j=1 | |f_j (t) − 1 + 1 2 ^σ^2_j t^2 | | 6^1_6 |t|^{3 n∑}_{j=1}^^βj =^1_6 LnB^3_n|t|^3, t ∈ R.

Applying this bound to (3.48) we easily get with the help of (3.45) | | | n∑ j=1 log f_j (t) + 1 2 B^2_nt^{2|} 6 Ln|t|^3, |t| 6 L^{−1/3}_n . (3.49)

Let us return to the formula (3.36) and rewrite it in the form

1 − P ( S_n < y ) = e^{−y2} n∏ j=1 E e^{yWj /Bn} (^ I_1 + ^I_2 + ^I_3 ) , (3.50)

where

^I_1 = 1 2π (3bL^{1/3}_n )�^1 ∫ −(3bL^{1/3}_n )�^1 G(t; x) y + it dt, ^I_2 = 1 2π ∫ (3bL^{1/3}_n )�^16|t|6(2^7bL_n)�^1 G(t; x) y + it dt,

^I_3 = lim_{T →∞} 1 2π ∫ (2^7bL_n)�^1<|t|6T G(t; x) y + it dt, G(t; x) = e −iyt n∏ j=1 φ(t; ^W_j ).

Using (3.42), (3.45), (3.46), (3.49), and the inequality | e^z − 1 | 6 |z|e^{| Re z|} (z ∈ C ), we see that, for |t| 6 L^{−1/3}_n /(3b) and 1 6 x 6 x_1, | | |G(t; x) − exp { − 1 2 t^2 }| | = | | exp { − 1 2 t^2 + bL_n ( i2θx^2t + 5θxt^2 + 20θ|t|^3 )} − exp { − 1 2 t^2 }| | 6 cbLn^(x^2|t| + xt^2 + |t|^{3)} exp^{ −^1_2 t^2 + bLnt^{2(}5x + 20|t|^{)}} 6 cbx^2Ln(|t| + |t|^3) exp^{ −^{( 1}_2 −^5_{16} −^1_{16}^)t^{2}} = cbx^2Ln(|t| + |t|^3) exp^{ −^1_8 t^{2}}.

With the help of this bound we easily obtain, for 9x/10 6 y 6 11x/10,

^I_1 = 1 2π (3bL^{1/3}_n )�^1 ∫ −(3bL^{1/3}_n )�^1

e�t^2/2 y + it dt + cθbx 2L_n

= 1 2π ∞∫ −∞ e�t^2/2 y + it dt + cθbx 2L_n + cθ x e^{−(18b2L2/3n )} �1

= 1 2π ∞∫ −∞ e�t^2/2 y + it dt + cbθx 2( 1 + b^3L^{1/3}_n /x^3 ) L_n. (3.51)

By Lemma 2.2, (3.45), (3.46), and the condition 1 6 x 6 x_1, | | n∏ j=1 φ(t; ^W_j) | | 6^(cbxLnt^3 + 1^) exp^{ − t^{2(}1 − 5bxLn^)/3^}

6 c^(|t|^3 + 1) exp^{ − (1 − 5/16)t^2/3^} 6 c^(|t|^3 + 1^) exp^{ − t^2/5^}

for |t| 6 ( 2^7bL_n )_{−1} , and we have |^ I_2 | 6^c_x^∫ |t|>(3bL^{1/3}_n )�^1 |t|^3e^{−t2 /5} dt 6 c x e^{−(50b2L2/3n )} �1 6^c_x b^4L^{4/3}_n . (3.52)

It remains to estimate ^I_3. We see that

^I_3 = lim_{T →∞} 1 2π ∫ (2^7bL_n)�^1<|t|6T e�iyt it n∏ j=1 φ(t; ^W_n) dt

− y 2π ∫ |t|>(2^7bL_n)�^1 e�iyt it(y + it) n∏ j=1 φ(t; ^W_n) dt := ^I_{3,1} + ^I_{3,2}. Note that | |^I_{3,2}| 6 cbxL_n, y 6 11x/10. (3.53) Let us represent ^I_{3,1} in the form

^I_{3,1} = lim_{T →∞} 1 2π T∫ −T e�iyt it Q(t) dt − 1 2π ∫ |t|6(2^7bLn)�^1 e�iyt it Q(t) dt

+ 1 2π ∫ |t|>(2^7bL_n)�^1 e�iyt it e^{−t2/2} dt

:= ^I_{3,1,1}(y) − ^I_{3,1,2}(y) + ^I_{3,1,3}(y), (3.54)

where Q(t) = ∏_n j=1 φ(t; ^W_n) − e^{−t2 /2}. Since ^I_{3,1,1} = Φ(y) − P ( ^ S_n < y ) , where ^S_n = ^W_1 + · · · + ^W_n, we obtain, by the Berry–Esseen inequality and (3.45), (3.46), | |^I_{3,1,1} | | 6 cLn +^|Φ^(y^/Bn^) − Φ(y)^| 6 cbLn, 9x/10 6 y 6 11x/10. By Lemma 2.2 and (3.45), (3.46), we arrive at the inequality | |^I_{3,1,2} | | 6 cbxLn. In ad- dition it is easy to see that | |^I_{3,1,3} | | 6 cbLn. Applying the last three bounds to (3.54)

we obtain | |^I_{3,1}(y) | | 6 cbxLn for 9x/10 6 y 6 11x/10. Comparing this inequality

with (3.53), we deduce | |^I_3(y) | | 6 cbxLn for 9x/10 6 y 6 11x/10. (3.55)

Let us return to (3.50). By Corollary 2.1 and (3.51), we see that

^I_1 = (1 − Φ(y))e^{y2/2} + cθbx^2(1 + b^3L^{1/3}_n /x^3)L_n.

Applying this relation and (3.52), (3.55), (3.41) to (3.50), we arrive at the assertion of the lemma.

Lemma 3.7. Let 1 6 x 6 x_2 = B_n/(8^β^{1/3}). Under the assumptions of Theorem 4 on X_1, . . . , X_n the random variables { X_j − ax Bn ( X^2_j − σ^2_j )}n j=1 , { X_j I { |X_j| 6 B_n/x }}n j=1 , { Y_j − x 2Bn ( Z^2_j − E Z^2_j )}n j=1 , where a = 1/4, 1/2, 3/4, satisfy the assumptions of Lemma 3.6 with b = 4^3.

Proof. We shall prove prove the lemma for the random variables W_{a,j} = X_j − ax Bn ( X^2_j − σ^2_j ) , j = 1, . . . , n, only. For the remaining random variables it can be proved in a similar way. Rewrite yW_{a,j} /B_n in the form y Bn W_{a,j} = − ayx B2_n ( X_j − Bn 2ax )_2 + ayxσ2_j B2_n + y 4ax , (3.56)

where 9x/10 6 y 6 11x/10. In view of (3.37) and the condition 1 6 x 6 x_2, we conclude from (3.56) that

yW_{a,j} /B_n 6 6/5 for 0 6 y 6 11x/10. (3.57)

Therefore we get the bound ( y/B_n )_m |W_{a,j} |^me^{yWa,j /Bn} 6 (6/5)^me^{6/5}, m = 0, 1, . . . , 3 (3.58) for the same y. Let us verify the condition (3.34). In view of (3.57), we obtain with the help of Taylor’s formula E e^{yWa,j /Bn} = E e^{yWa,j /Bn} I { |X_j| 6 B_n/x } + E e^{yWa,j /Bn} I { |X_j| > B_n/x } = 1 + y Bn E W_{a,j} I { |X_j| 6 B_n/x } + y2 2B2_n E W 2 a,j I { |X_j| 6 B_n/x }

+ θy3 6B3_n e

6/5 E |W_{a,j} |^3I { |X_j| 6 B_n/x } + e^{6/5}θ P ( |X_j | > B_n/x ) . (3.59)

With the help of (3.3) and integrating by parts, we easily deduce, as in the proof of Lemma 3.2, that P ( |X_j| > B_n/x ) 6 x^3βj /B^3_n, | | | E Xj I { |X_j | 6 B_n/x }| | 6 3x^2βj /(2B^2_n), σ^2_j − E X^2_j I^{|Xj | 6 Bn/x^} 6 3βj x/Bn._{(3.60)}

In view of (3.60), we have | | E W_{a,j} I{|X_j | 6 B_n/x} | | 6^| E XjI^{|Xj| 6 Bn/x^{}|} + max { P ( |X_j | > B_n/x ) , σ^2_j − E X^2_j I { |X_j| 6 B_n/x }} 6^{( 3}_2 +^9_4^)x^2βj /B^2_n =^{15}_4 x^2βj /B^2_n. (3.61)

Using (3.60) and (3.37), we obtain, by elementary calculations, | | E W^2_{a,j}I{|X_j| 6 B_n/x} − σ^2_j | | 6 6xβj /Bn, E |Wa,j |^3I^{|Xj| 6 Bn/x^} 6 6x^3βj ._{(3.62)} Applying (3.60)–(3.62) to (3.59), we see, bearing in mind the condition 1 6 x 6 x_2,

that W_{a,1}, . . . , W_{a,n} satisfy the condition (3.34) of Lemma 3.6 with b = 4^3.

Now let us verify the first condition in (3.35). Write, using (3.57) and (3.58), | | | E Wa,je^{yWa,j /Bn} − yσ2_j Bn | | | 6^| E Wa,j e^{yWa,j /Bn} I^{|Xj| 6 Bn/x^} −^{yσ2j}_{Bn}^| + | | | E Wa,j e^{yWa,j /Bn} I { |X_j| > B_n/x })| | 6^| E Wa,j I^{|Xj| 6 Bn/x^{}|} + | | | y Bn E W^2_{a,j} I { |X_j| 6 B_n/x } − yσ2_j Bn | | | + y2 2B2_n e

6/5 E |W_{a,j}|^3I { |X_j| 6 B_n/x } + e^{6/5} 6Bn 5y P ( |X_j| > B_n/x ) . Again applying again (3.60)–(3.62) to the right-hand side of this inequality we get

that W_{a,1}, . . . , W_{a,n} satisfy the first condition in (3.35) with b = 4^3. The inequalities | | | E W^2_{a,j} e^{yWa,j /Bn} − σ^2_j | | | 6 4^3xβj /Bn, E |Wa,j |^3e^{yWa,j /Bn} 6 4^3βj can be verified in the same way. Thus, the random variables W_{a,1}, . . . , W_{a,n} satisfy

the assumptions of Lemma 3.6 with b = 4^3 which proves the lemma.

Lemma 3.8. For 0 6 x 6 2R_{1n}, we have P ( |S_n|/V_n > x ) 6 c^(1 − Φ(x)^)e^{65Lnx3} .

Proof. Obviously, it is sufficient to prove the assertion of the lemma for x ¿ 1. Write P ( S_n > xV_n ) = P ( S_n > xV_n, V^2_n < B^2_n/2 ) + P ( S_n > xV_n, | |V^2_n − B^2_n | | 6 B^2_n/2^) + P ( S_n > xV_n, V^2_n > 3B^2_n/2 ) . (3.63)

By Lemma 3.2, we have P ( S_n > xV_n, V^2_n < B^2_n/2

) 6 P^(V^2_n < B^2_n/2^) 6 exp^{ − B^4_n/(3 · 2^{7 ^}An)^}._{(3.64)}

Now let us estimate the second summand on the right-hand side of (3.63). Since, for

|y| 6 1/2,_{√1 + y} ¿ 1 + y/2 − y^2/4,

it is easy to see that P ( S_n > xV_n, | V^2_n − B^2_n

| 6 B^2_n/2^) 6 P^(Sn > xBn^{1+^1_{4B2n} (V^2_n − B^2_n)^}, V^2_n ¿ B^2_n^) + P ( S_n > xB_n { 1 + 3 4B2_n (V 2 n − B^2_n) } , V^2_n < B^2_n ) 6 P^(Sn −^x_{4Bn} (V^2_n − B^2_n) > xBn^) + P^(Sn −^{3x}_{4Bn} (V^2_n −B^2_n) > xBn^) := p1 + p2._{(3.65)}

By Lemma 3.7, the random variables { W_{1/4,j} }_n j=1 and { W_{3/4,j} }_n j=1 satisfy the as-

sumptions of Lemma 3.6 with b = 4^3. Therefore we have

p_k 6 c ( 1 − Φ(x) ) e^{65Lnx3} , k = 1, 2, (3.66)

for x 6 min { B_n/(8^β^{1/3}), 2^{−10}L^{−1}_n } . It remains to estimate the third summand on the right-hand side of (3.63). We see that P ( S_n > xV_n, V^2_n > 3B^2_n/2 ) 6 P^{( n∑}_{j=1} XjI^{|Xj| 6 Bn/x^} > xBn^) + P (^n∑ j=1 X_jI { |X_j| > B_n/x } > xB_n/5 ) := p_3 + p_4.

(3.67)

By Lemma 3.7, we note that the random variables X_j I { |X_j | 6 B_n/x } , j = 1, . . . , n satisfy the assumptions of Lemma 3.6. By this lemma, we conclude that (3.66) holds for k = 3. On the other hand, we have the simple bound

p_4 6 P (^n∑ j=1 I { |X_j| > B_n/x } > x^2/5 ) 6^{n∑}_{m=[x2/5]}^∑_{{l1,...,lm}}^{m∏}_{j=1} P^(|Xl_j | > Bn/x^), (3.68) where the summation in the second sum on the right-hand side 0f (3.68) is taken over all subpopulations {l_1, . . . , l_m} of size m of the population {1, . . . , n}. In view of (3.3) and Stirling’s formula, we obtain from (3.68), for x 6 B^3_n/(5e^2n^β),

p_4 6 n∑ m=[x^2/5] ( n m )( ^ βx3 B3_n )_m 6^c_{Γ([x2/5] + 1)}^{( n^βx3}_{B3n}^{)[x2/5]} 6 ce^{−ex2 /5}. (3.69)

Applying (3.64), (3.66) for k = 1, 2, 3, and (3.69) to (3.63), we arrive at the bound, for 0 6 x 6 2R_{1n}, P ( S_n > xV_n ) 6 c^(1 − Φ(x)^)e^{65Lnx3} .

Similarly we obtain, for −2R_{1n} 6 x 6 0, P ( S_n < xV_n ) 6 cΦ(x)e^{65Lnx3} . ¿From the last two bounds the assertion of the lemma follows.

Proof of Theorem 4. To prove Theorem 4 we use some ideas of the papers by Wang and Jing (1999) and Shao (1997). Without loss of generality we assume that x ¿ 6^4, the parameter R_{1n} > 2, and L_n 6 c, where c is sufficiently small.

By the elementary inequality 2B_nV_n 6 B^2_n + V^2_n , we have P ( S_n ¿ xV_n ) ¿ P^(Sn −^x_{2Bn}^(V^2_n − B^2_n^) ¿ xBn^). (3.70)

In view of Lemma 3.7, the random variables W_{1/2,j}, j = 1, . . . , n, satisfy the assumptions of Lemma 3.6 with b = 4^3. Applying Lemma 3.6 with y = x, we obtain P ( S_n − x 2Bn ( V^2_n − B^2_n

) ¿ xBn^) =^(1 − Φ(x)^)e^{43θLnx3 (}1 + cθLnx^{3)}. (3.71)

Using Lemma 3.4 and (3.3), we note that P ( S_n ¿ xV_n ) 6 P^(S^∗_n ¿ xV^∗_n^) +^{n∑}_{k=1} P^(Sn ¿ xVn, |Xk| ¿^{Bn}_x^)

6 P^(S^∗_n ¿ xV^∗_n^) + max_k P^(Sn − Xk ¿^√x^2 − 1(V^2_n − X^2_k )^{1/2) n∑}_{k=1} P^(|Xk| ¿^{Bn}_x^)

6 P^(S^∗_n ¿ xV^∗_n^) + cLnx^3 max_k P^(Sn − Xk ¿ x^√1 − x^{−2}(V^2_n − X^2_k )^{1/2)}._{(3.72)}

In view of (3.37), min_k ( B^2_n − σ^2_k

) ¿ B^2_n^(1 − L^{2/3}n^) and we deduce with the help of

Lemma 3.8 that, for x 6 2 ( 1 − 4L^{2/3}_n ) R_{1n},

max_k P ( S_n − X_k ¿ x √ 1 − x^{−2}(V^2_n − X^2_k )^{1/2} ) 6 c^(1 − Φ(x)^)e^{65Lnx3} . (3.73)

Now we also assume that x 6 ^R_{1n}. It follows from (3.70)–(3.73), that in order to prove the theorem for x 6 ^R_{1n} it is sufficient to show that

P (S^∗_n/V^∗_n ¿ x) 6 ( 1 − Φ(x) )( 1 + c min{1, M_{2n}(x)} ) . (3.74)

Using the well-known estimate √ 1 + y ¿ 1 + y/2 − y^2, y ¿ −1, we see that

P (S^∗_n ¿ xV^∗_n ) 6 P (S^∗_n ¿ x ^V_n) = P ( S^∗_n ¿ xB_n ( 1 + B^{−2}_n ( ^ V^2_n − B^2_n ))1/2) 6 P^(S^∗_n ¿ xBn^(1 + (2B^2_n)^{−1( ^}V^2_n − B^2_n^) − B^{−4}_n^{( ^}V^2_n − B^2_n^{)2))}. (3.75)

With the help of Lemma 3.5 we deduce from (3.75) that

P (S^∗_n ¿ xV^∗_n ) 6 P ( S^∗_n ¿ xB_n ( 1− 1 x2 M_{2n}(x, γ)+ 1 2B2_n ( ^ V^2_n − E ^V^2_n ))) +cL^2_ne^{−x2 /2} (3.76) for all γ ∈ [0, 1/2], where

M_{2n}(x, γ) = x^3L^{1−γ}_n + x^2B^{−2}_n n∑ j=1 E X^2_j I { |X_j| > L^{(1−γ)/4} n B_n/(6x^{3/4}) } .

Using (3.29) we obtain that, for γ ∈ [0, 1/2] and x 6 ^R_{1n},

x^{−2}M_{2n}(x, γ) 6 xL^{1−γ}_n + 18x^{3/4}L^{(3+γ)/4}_n 6 10^{−1}.

By Lemma 3.7, the random variables Y_j − x ( Z^2_j − E Z^2_j ) /(2B_n), j = 1, . . . , n, satisfy the assumptions of Lemma 3.6. Applying this lemma with y = x ( 1 − x^{−2}M_{2n}(x, γ) ) to (3.76), we obtain, for all γ ∈ [0, 1/2],

P (S^∗_n ¿ xV^∗_n ) 6 ( 1 − Φ(x ( 1 − x^{−2}M_{2n}(x, γ) )( 1 + cL_nx^3 ) 6 1 − Φ(x) + c^(1 − Φ(x)^)M2n(x, γ) exp^{M2n(x, γ) + x^{−2}M^2_{2n}(x, γ)^}._{(3.77)}

Consider those x such that x 6 ^R_{1n} and M_{2n}(x) 6 1. Now (3.77) implies, for such x,

P (S^∗_n ¿ xV^∗_n ) 6 ( 1 − Φ(x) )( 1 + cM_{2n}(x) ) . (3.78)

Finally notice that (3.74) follows from (3.78) and Lemma 3.8.

To complete the proof of Theorem 4 note that for ^R_{1n} 6 x 6 R_{1n} it follows from Lemma 3.8. Whereas for x > R_{1n} it follows from Lemma 3.3. Thus, Theorem 4 is proved.

Proof of Corollary 4. Using (3.29) straightforward calculations yield

M_{2n}(x) 6 cx^2 ( |x|L_n )_{4/5} . (3.79)

The relations (1.14) and (1.15) now follow directly from Theorem 4 and (3.79).

Proof of Theorem 2. For |x| > n^{1/6}/β^{1/3} the proof is similar as the proof of Theorem 4, using Lemma 3.8 and Lemma 3.3 for i.i.d. random variables. To obtain the statement of the theorem for |x| 6 n^{1/6}/β^{1/3} we again use the bounds (3.70)– (3.74). In addition we need the following bound, due to Shao (1999), P ( S_n ¿ xV_n ) 6^(1 + 1/x^{) 1}√_{2πx} exp^{ − x^2/2 + cβx^3/^√n^} (3.80)

for any 2 6 x 6 n^{1/2}/2. Taking into account Lemma 2.4 we see that the statement of the theorem for 1 6 x 6 n^{1/6}/β^{1/3} immediately follows from (3.70)–(3.74), and (3.80). Similarly one can prove the statement of the theorem for −n^{1/6}/β^{1/3} 6 x 6 −1. Theorem 2 is proved.

Proof of Corollary 2. Note that the bound (1.9) is an obvious consequence of (3.79) and (3.80). To obtain (1.10) and (1.11) we consider two cases. First let |x| 6 l^{−1/4}. From Theorem 2 and (1.9) we have r_n(x) 6 cx^2(|x|l)^{4/5} 6 l^{1/10}.

Now let l^{−1/4} < |x| 6 ( lρ(l) )_{−1/3} . Then we have, by Theorem 2 and (1.9), r_n(x) 6 cl|x|^3 6 ( ρ(l) )_{−1} . The assertion of Corollary 2 follows from these estimates.

References

Bentkus, V., and Götze, F., The Berry–Esseen bound for Student’s statistic, Ann. Probab. 24 (1996), no. 1, 491–503.

Bentkus, V., Bloznelis, M., and Götze, F., A Berry–Esseen bound for Student’s statistic in the non-i.i.d. case, Journal of Theoretical Probability 9 (1996), 765–796.

Csörgő, S., and Mason, D.M., Approximations of weighted empirical processes with applications to extreme, trimmed and self-normalized sums., In: Proceeding of the First World Congress of the Bernoulli Society (Tashkent, 1986) 2 (1987), VNU Sci. Pres., Utrecht, 811–819.

Efron, B., Student’s t-test under symmetry conditions, J. Amer. Statist. Assoc. 64 (1969), 1278– 1302.

Feller, W., An Introduction to Probability Theory and Its Applications., vol. 1, Wiley, New York, London, Sydney, 1968, pp. 509.

Giné, E., Götze, F., and Mason, D., When is the Student t-statistic asymptotically standard normal, Ann. Probab. 25 (1997), 1514–1531.

Griffin, P.S., and Mason, D.M., On the asymptotic normality of self-normalized sums, Math. Proc.

Cambridge Philos. Soc. 109 (1991), 597–610.

Hall, P., On the effect of random norming on the rate of convergence in the central limit theorem, Ann. Probab. 16 (1987), 1265–1280.

Horváth, L., and Shao, Q.M., Large deviations and law of the iterated logarithm for partials sums normalized by the largest absolute observation, Ann. Probab. 24 (1996), 1368–1387.

Ibragimov, I.A., and Linnik, Yu.V., Independent and Stationary Sequences of Random Variables, Wolters-Noordhoff, Groningen, 1971, pp. 443.

Linnik, Yu.V., Limit theorems for sums of independent random variables, taking account of large deviations, Theor. Probab. Appl. 6 (1961), no. 2, 131–148.

Logan, B., Mallows, C., Rice, S. and Shepp, L., Limit distributions of self-normalized sums, Ann.

Probab. 1 (1973), 788–809.

Maller, A., A theorem on products of random variables, with application to regression, Austral. J.

Statist. 23, 177–185.

Petrov, V.V., Sums of Independent Random Variables., Springer, New York, 1975, pp. 346. Pinelis, I., Extremal probabilistic problems and Hotelling’s T 2 test under a symmetric condition, Ann. Statist. 22 (1994), 357–368.

Shao, Qi-Man, A Cramer type large deviation result for Student’s t-statistic, Journal of Theoretical Probability (to appear) (1999).

Shao, Qi-Man, Self-normalized large deviations, Ann. Probab. 25 (1997), 285–328. Shao, Qi-Man, Recent development in self-normalized limit theorems, In Asymptotic Methods in Probability and Statistics (1998), Elsevier Science, 467–480.

Sharakhmetov, Sh., The Berry–Esseen inequality for Student’s statistic, Uzbek. Math. Zh. (1995), no. 2, 101–112.

Slavova, V.V., On the Berry–Esseen bound for Student’s statistic, Lect. Notes Math. 1155, 335–390. Wang Q., and Jing B.-Y., An exponential non-uniform bounds for self-normalized sums, Ann.

Probab. (1999) (to appear).

Gennadii Chistyakov Institute for Low Temperature Physics and Engineering National Academy of Sciences of Ukraine 47 Lenin Ave. 310164 Kharkov Ukraine E-mail address: chistyakov@ilt.kharkov.ua

Friedrich Götze Fakultät für Mathematik Universität Bielefeld Postfach 100131 33501 Bielefeld 1 Germany E-mail address: goetze@mathematik.uni-bielefeld.de