Some remarks on the group of R-equivalence classes of semisimple groups over arithmetic fields

Vladimir Chernousov^�

Fakultät Mathematik, Universität Bielefeld, Postfach 10 01 31, 33501 Bielefeld, Germany e-mail: chernous@mathematik.uni-bielefeld.de

Lev Timoshenko

Institute of Mathematics, Academy of Sciences Belarus, Surganova 11, 220 072 Minsk, Belarus e-mail: timoshenko@im.bas-net.by

Abstract

We compute the group of R-equivalence classes of some simple simply connected algebraic groups of types^{3,6}D_4 and E_6 defined over an algebraic number field. It is also proved that the variety of a semisimple algebraic group G defined over a p-adic field K is rational over K if all its absolutely simple components are defined over K and have a type different from A_n,^2D_n ; in particular, the corresponding group of R-equivalence classes is always trivial.

�Supported by SFB 343 \Diskrete Strukturen in der Mathematik" and INTAS, Project 93-2618 Ext. 1

1 Introduction

Let G be a semisimple algebraic group defined over either a non-archimedean locally compact field of characteristic zero, i. e. a finite extension of the p-adic number field Q_p , or an algebraic number field F . As one of the applications of his norm principle [G1] Ph. Gille obtained in [G2], [G3] the following elegant formula for the computation of the group of R-equivalence classes G(F )/R. Consider a semisimple simply connected covering of the group G 1 −→ μ −→ ~G −→ G −→ 1 (1) and a flasque resolution of the module μ 1 −→ μ −→ E −→ P −→ 1. (2) If F is a local field as above then one has G(F )/R ≃ H^1(F, E). (3) If F is an algebraic number field then the sequences (1), (2) induce an exact sequence ~G(F )/R −→ G(F )/R −→ H^1(F, E) −→ 1. (4) It follows from (4) that in order to get the same nice and complete formula (3) for the computation of the group G(F )/R in the case of an algebraic number field F it is necessary to establish additionally that for an arbitrary absolutely simple simply connected F -group ~H the equality ~H(F )/R = 1 holds.

If ~H is isotropic over F then by the Kneser – Tits conjecture the group of F -points ~H(F ) coincides with its subgroup generated by unipotent elements; in particular, ~H(F )/R = 1. At present we know (cf. [PR]) that the Kneser – Tits conjecture is true for all ~H with the possible exception of some groups of type E_6 and of F -rank 1. We show in § 2 that for the remaining cases the equality ~H(F )/R = 1 is, in fact, an easy consequence of results of the paper [CM] and the exact sequence (4).

Consider now the anisotropic case. If ~H has type A_n then the equality ~H(F )/R = 1 is again a trivial consequence of results of the paper [CM] (outer type) and Voskresenskii’s theorem (inner type; cf. Appendix in [V]).

For anisotropic groups of the other types the Margulis – Platonov conjecture states that the group of F -points ~H(F ) is projectively simple, i. e. it has no non-central normal subgroups, and hence the equality ~H(F )/R = 1 also holds.

At present the Margulis – Platonov conjecture is proved for all groups with the exception of groups of types^2A_n,^{3,6}D_4, E_6 (cf. [PR], [R], [RPot], [S]). In the first part of the paper we establish the triviality of the group of Requivalence classes for an arbitrary group ~H of type^{3,6}D_4.

Thus summarizing we get that in order to show that for an arbitrary semisimple algebraic group G defined over an algebraic number field F the natural map G(F )/R → H^1(F, E) is an isomorphism, and in particular G(F )/R is an abelian group, it remains to be proven that for an arbitrary simple simply connected F -anisotropic group ~H of type E_6 one has ~H(F )/R = 1.

It follows from formula (3) that for a local field as above the structure of the group G(F )/R depends only on the discrete module μ. Therefore any two semisimple algebraic groups over F have the same group of R-equivalence classes if the kernels of the corresponding simply connected coverings coincide; in particular, G(F )/R = 1 if all absolutely simple components of the group G are defined over F and have inner type.

If one assumes additionally that G has no simple components of type^1A_n then it is easy to show that G is R-trivial, i. e. G(K)/R = 1 for an arbitrary extension K/F . We explain this phenomenon in the second part of the paper. We prove more precisely that the variety G is rational over F . Here our argument is based mainly on ideas and methods of the paper [CP]. It should be noted that by Merkurjev’s result [M1] the property to be R-trivial can not be extended to groups containing simple components of type A_n.

Note also that it is still unknown in general whether the R-triviality of G implies the property to be F -rational or at least to be a direct factor of a stably F -rational group. According to [CS] this always holds for algebraic tori.

In the paper we use the following notation and conventions.

If G is a semisimple algebraic group over an arbitrary field F , we denote the corresponding simply connected covering by ~G and by μ its fundamental group. The centralizer C_G(S) of a maximal F -split torus S is called the anisotropic kernel of G and its commutator subgroup

C_G(S)^{(1)} = [ C_G(S), C_G(S) ]

is called the semisimple anisotropic kernel.

G_{m,F} is the 1-dimensional F -split torus.

μ_n denotes the module of n-th roots of unity and ξ_n denotes a primitive n-th root of unity.

For a finite separable extension L/F the symbol R_{L/F} stands for the Weil functor of the field restriction.

Br (F) denotes the Brauer group of a field F . By “algebra over F ” we mean a central simple associative finite-dimensional algebra over F . If A is an algebra over F , then A^{op} denotes the opposite algebra and SL(1, A) denotes the set of elements in A^∗ with reduced norm equal 1. Clearly, SL(1, A) is the group of F -points of the corresponding absolutely simple simply connected algebraic F -group SL(1, A).

A^n_F is the n-dimensional affine space over the field F . A connected algebraic

group G defined over F is called F -rational if the variety G is rational over F , i. e. G is birationally isomorphic over F to the affine space A^n_F . We say that a group G is stably F -rational if the variety G × A^n_F is rational over F for some natural number n. Furthermore, we say that two algebraic groups G_1, G_2 over F are stably birationally isomorphic and denote this by G_1 ≈ G_2 if the varieties G_1 × A^n_F and G_2 × A^m_F are birationally isomorphic over F for some natural numbers n, m.

By a point in ”generic” position in an algebraic variety X we mean a point in some non-empty Zariski open subset U ⊂ X which always can be easily specified from the argument.

In the paper we assume familiarity of the reader with the classification of absolutely simple algebraic groups in terms of Tits indices (cf. [T]).

For the sake of brevity a non-archimedean locally compact field of characteristic 0 is called a local field. If F is an algebraic number field, V^F_∞ or simply V_∞ denotes the set of all archimedean valuations.

Acknowledgment. The first-named author thanks the University of

Bielefeld for its hospitality during the preparation of this paper.

2 Isotropic groups of type E_6

Let X be an algebraic variety defined over a field F . Recall first the notion of R-equivalence introduced by Manin in [Ma]. Two points x, y ∈ X(F ) are called strictly R-equivalent if there exists a rational map φ : A^1_F → X over F defined at the points 0, 1 and such that φ(0) = x, φ(1) = y. Points x, y ∈ X(F ) are called R-equivalent if there exists a finite sequence

x = x_1, x_2, . . . , x_n = y

of points of X(F ) such that all neighbors x_i, x_{i+1} are strictly R-equivalent.

It is obvious that R-equivalence is an equivalence relation and therefore the set X(F ) is partitioned into disjoint classes of R-equivalent points. The set of R-equivalence classes is usually denoted by X(F )/R.

An element g ∈ G(F ) of an F -defined connected algebraic group G is called R-trivial if it is R-equivalent to 1. We denote the set of all R-trivial elements by R G(F ).

Lemma 2.1 R G(F ) is a normal subgroup in G(F ).

Proof is trivial. 2

The group structure in G(F ) induces a group structure on the set of Requivalence classes G(F )/R. The set G(F )/R equipped with the natural group structure is called the group of R-equivalence classes. Lemma 2.2 There exists a natural isomorphism G(F )/R G(F ) ≃ G(F )/R. Proof follows from the definitions. 2

An arbitrary homomorphism φ : G → H defined over F induces a homomorphism G(F ) → H(F ) which takes R G(F ) to R H(F ). Therefore we have a well-defined group homomorphism φ/R : G(F )/R → H(F )/R. Lemma 2.3 1) If G_1, G_2 are connected algebraic groups defined over F then (G_1 × G_2)(F )/R ≃ G_1(F )/R × G_2(F )/R.

2) If L/F is a finite separable extension and G is a connected algebraic group defined over L, then one has R_{L/F} (G)(F )/R ≃ G(L)/R. Proof follows immediately from the definitions. 2 Proposition 2.4 ([CS], Proposition 11). Let F be an infinite field and let G be a connected algebraic group over F . Then for an arbitrary non-empty open set U ⊂ G defined over F the natural map U(F )/R −→ G(F )/R is a bijection.

Corollary 2.5 If the group G is rational over F , then G(F )/R = 1. Corollary 2.6 If the groups G_1, G_2 are birationally isomorphic over F , then there exists a bijection G_1(F )/R ≃ G_2(F )/R. In particular, G_1(F )/R = 1 if and only if G_2(F )/R = 1.

Corollary 2.7 If the groups G_1, G_2 are stably birationally isomorphic over F then there exists a bijection G_1(F )/R ≃ G_2(F )/R.

The above mentioned results allow to reduce the computation of groups of R-equivalence classes of arbitrary connected reductive groups to the case of anisotropic reductive groups. Namely, let G be a connected reductive group defined over F . Denote a maximal F -split torus in G by S. It follows from the Bruhat – Tits decomposition that there exists a birational F -isomorphism G ≃ U × C_G(S) × U, where U is the unipotent radical of a minimal parabolic F -subgroup P containing S. Since the variety U is rational over F , Corollaries 2.5, 2.6 and Lemma 2.3 show that G(F )/R ≃ C_G(S)(F )/R. Furthermore, the bundle C_G(S) → C_G(S)/S is locally trivial, for S is an F - split torus, implying G ≈ C_G(S) ≈ C_G(S)/S, hence by Corollary 2.7 we get G(F )/R ≃ [ C_G(S)/S ](F )/R. (5) For an absolutely simple simply connected group of type A_n the computation of the group of R-equivalence classes is given in the following two theorems.

Theorem 2.8 (cf. Appendix in [V]). Let A be an algebra over an arbitrary field F . Then R SL(1, A) = [A^∗, A^∗] and therefore SL(1, A)/R ≃ SL(1, A)/[A^∗, A^∗]. The factor group SL(1, A)/[A^∗, A^∗] is known as the reduced Whitehead group and it is denoted by SK_1(A). It is well-known that over local and global fields SK_1(A) = 1 and so we get immediately from Theorem 2.8

Corollary 2.9 If G is a simply connected inner form of type A_n defined over either a local or global field F , then G(F )/R = 1.

We pass now to the computation of the group of R-equivalence classes of outer forms of type A_n. Let L/F be a separable quadratic extension and let A be an algebra over L with an involution σ of the second kind. Denote by Σ 0 the set of all elements in A with reduced norm in F and by Σ the subgroup of

Σ 0_{generated by the σ-invariant elements in A.}

Theorem 2.10 ([CM]). Let G = SU(A, σ). Then we get G(F )/R ≃ Σ 0/Σ.

The factor group Σ 0/Σ is known as the reduced unitary Whitehead group and it is denoted by SUK_1(A, σ). It is well-known that the group SUK_1(A, σ) is trivial over local and global fields and also over an arbitrary field if the index of A is square-free. Therefore we get from Theorem 2.10

Corollary 2.11 1) If F is a local or global field, then SU(A, σ)/R = 1. 2) If F is an arbitrary field and the index of A is square-free, then we have SU(A, σ)/R = 1. Theorem 2.12 Let F be an algebraic number field and let G be an absolutely simple simply connected algebraic group over F of type E_6 and of F -rank 1. Then G(F )/R = 1.

Proof. According to the Tits classification [T] there are two possibilities for the Tits F -index of the group G :

a) � � r r rr i^{α2 α4 α3 α1}_α 6 α_5

b) � � r r rr � � � � α_2 α_4 α_3 α^1

α_6 α_5 Denote a maximal F -split torus of G by S and let T be an arbitrary torus over F containing S. Let Σ = Σ(G, T ) be the root system of the group G relative to T and let Π = {α_1, . . . , α_6} ⊂ Σ be an arbitrary basis. In what follows we use without explanation the standard notation x_α(u), h_α(t), w_α from the book [St], where α ∈ Σ and u, t are parameters, and also use relations indicated on p. 32 of that book. If X ⊆ Σ, we denote by G_X the subgroup generated by the root subgroups x_{±α}(u) for all roots α ∈ X.

Consider first diagram a). It follows from (5) that it suffices to prove

[ C_G(S)/S ](F )/R = 1

or equivalently H(F )/R = 1, where

H = C_G(S)^{(1)}/C_G(S)^{(1)} ∩ S.

We get from diagram a) that the group ~H = C_G(S)^{(1)} is simply connected of type^2A_5 and is generated by the root subgroups

x_{±α1} ( ), x_{±α3} ( ), . . . , x_{±α6} ( ).

According to [T] the torus S is the identity component of the group given by the following system of equations for an element t ∈ T :

α_1(t) = 1 α_3(t) = 1 . . . α_6(t) = 1

Simple computations show that

S = ⟨ h_{α1} (t)h_{α3} (t^2)h_{α4} (t^3)h_{α5} (t^2)h_{α6} (t)h_{α2} (t^2) | t ∈ F^∗ ⟩, whence C_G(S)^{(1)} ∩ S = μ_2.

Thus we established that H is the right-hand term of an exact sequence 1 −→ μ −→ ~H −→ H −→ 1, where μ = μ_2. Recall (cf. [CS]) that an exact sequence (2) is called a flasque resolution of a module μ if P is a permutation F -torus and E is an F -torus such that its cocharacter module E_∗ = Hom (G_m, E) is coflasque, i. e. H^1(Γ, E_∗) = 1 for any open subgroup Γ ≤ Gal (F/F).

In our case μ = μ_2, so a flasque resolution is of the form 1 −→ μ −→ G_{m,F}^ϕ−→ G_{m,F} −→ 1, where ϕ is the second power map. It follows that E ≃ G_{m,F} and therefore according to (4) and Corollary 2.11 we finally obtain H(F )/R = H^1(F, E) = H^1(F, G_{m,F} ) = 1.

Consider next diagram b). In contrast to the previous case the center Z of the anisotropic kernel C_G(S) does not coincide with S, because it has dimension two.

We first describe the structure of the torus Z. It is clear that there are only two possibilities for Z : either Z = R_{L/F} (G_{m,L}), where L/F is the quadratic extension over which G has inner type, or Z = G_{m,F} × R^{(1)}_{L/F} (G_{m,L}). In the first case the module Z_2 ≤ Z of elements of order 2 is of the form Z_2 = R_{L/F} (μ_2) and in the second case we have Z_2 = μ_2 × μ_2.

From diagram b) it follows that Z is the identity component of the group given by the following system of equations α_2(t) = 1 . . . α_5(t) = 1 for t ∈ T . Solving this system we obtain

Z = ⟨ h_{α2} (t)h_{α4} (t^2)h_{α3} (u)h_{α1} (u^2/t^2)h_{α5} (t^3/u)h_{α6} (t^4/u^2) | t, u ∈ F^∗ ⟩, whence Z_2 = ⟨ h_{α2} (−1)h_{α5} (−1), h_{α2} (−1)h_{α3} (−1) ⟩, so that Z_2 ≃ R_{L/F} (μ_2), as the Galois group acts non-trivially on the vertices of the Dynkin diagram corresponding to the roots α_3 and α_5.

Thus we proved that Z = R_{L/F} (G_{m,L}) implying H^1(K, Z) = 1 for any extension K/F . To complete the computation of the group G(F )/R we need the following two statements.

Lemma 2.13 Let F be an arbitrary field and G_1 be a connected algebraic group over F . If G_2 is a connected F -subgroup of G_1 such that for any extension K/F the kernel of the natural morphism H^1(K, G_2) → H^1(K, G_1) is trivial then the variety G_1 is birationally isomorphic over F to the product G_2 × (G_1/G_2).

Proof follows immediately from the surjectivity of the morphism

G_1(E) → (G_1/G_2)(E),

where E is the field generated by the coordinates of a generic point ω over F of the variety G_1/G_2. 2

Proposition 2.14 Let G be an adjoint group of type^{1,2}D_4 defined over a global field F . Then G(F )/R = 1.

Proof follows immediately from the Gille sequence (4). Namely, it is known (cf. [PR]) that the group of F -points of the simply connected covering ~G is projectively simple, and therefore ~G(F )/R = 1. Furthermore, the center of ~G equals either μ_2 × μ_2 (inner type) or R_{L/F} (μ_2) (outer type) and it is easy to check that in both cases the torus E a flasque resolution of the center of ~G has trivial cohomology group in dimension 1. 2

It is easy now to complete the proof of Theorem 2.12. By Lemma 2.13, one has C_G(S) ≃ Z × C_G(S)/Z, hence C_G(S)/R ≃ [ C_G(S)/Z ](F )/R. But C_G(S)/Z is an adjoint group of type^2D_4, as C_G(S)/Z ≃ C_G(S)^{(1)}/C_G(S) ∩ Z, and | C_G(S) ∩ Z | = 4. Therefore in view of Proposition 2.14 we get [ C_G(S)/Z ](F )/R = 1. Theorem 2.12 is proved completely. 2

Remark 2.15 It is proved in [CP] that the variety of an arbitrary simple group G of type E_6 defined over any field F and of F -rank ≥ 2 is rational over F ; in particular G(F )/R = 1.

Remark 2.16 In the preprint [Th], Theorem 4.12, Nguyen Thang computed the group of R-equivalence classes of a reductive algebraic group G defined over a global or local field F without using (as he claimed) Gille’s results [G1]- [G3] and, in particular, he also proved the triviality of G(F )/R for an isotropic group G of type E_6. Unfortunately, there is a glaring mistake in the preprint. At the beginning of § 4 Nguyen Thang identified two R-structures on the group H^1(F, μ), where μ is the kernel of the corresponding simply connected covering ~G → G, one of which is the natural one and the other one comes from the morphism G(F ) → H^1(F, μ). At this point he did not realize that in the case of an arbitrary field F these two structures are different and that the main results of P. Gille mentioned above state exactly that they coincide in the case of global and local fields. If one assumes the validity of this key fact then there is nothing to prove and all the other results of [Th] related to the R-equivalence property are trivial consequences of it.

We conclude this section by proving two statements which we need in the second part of the paper.

Let A be an algebra over an arbitrary field F of prime degree p and let G be a semisimple algebraic F -group, the simply connected covering ~G of which has the form ~G = SL(1, A_1) × · · · × SL(1, A_s),

where A_1, . . . , A_s are algebras over F which coincide with either A or A^{op}. Put μ = Ker φ, where φ : ~G → G is the correponding covering map, and let

~H = SL(1, A_1) × 1 × · · · × 1

and H = φ( ~H).

Proposition 2.17 The variety G is birationally isomorphic over F to the direct product H × G/H; in particular, if p = 2, 3 then G is rational over F .

Proof. If the number s of components of ~G equals 1, the statement is trivial, since H coincides with G. In general consider the restriction φ|_{eH} : ~H −→ G. Since p is a prime number we have that either the center Z_1 = μ_p of ~H is a subgroup of μ or φ|_{eH} is injective.

In the first case the group H is adjoint, hence it is a direct factor of G and there is nothing to prove. Let Z_1 ∩ μ = 1. By Lemma 2.13, it suffices to check that for any extension K/F one has Ker [ τ : H^1(K, H) −→ H^1(K, G) ] = 1.

Take an arbitrary element λ ∈ Ker τ. Since the restriction φ|_{eH} is injective there exists the unique λ0 ∈ H^1(K, ~H) such that λ = θ(λ0), where θ is the natural bijection θ : H^1(K, ~H) −→ H^1(K, H).

By construction, θ(λ0) is trivial in H^1(K, G). Therefore we get

λ0_{∈ Im [ H1(K, μ) −→ H1(K, SL(1, A1) × · · · × SL(1, As)) ]. (6)}

We may write μ as the direct product of its submodules μ = ν_1 × · · · × ν_t each of them isomorphic to μ_p. Without loss of generality one can assume that the direct factors ν_i are generated by elements of the form a_i = (1, . . . , 1 n_i−1 , ξ^{mni,i}p , . . . , ξ^{ms,i}_p ), where m_{ni,i}, . . . , m_{s,i} are natural numbers such that m_{ni,i} ≢ 0 (mod p) for all i = 1, . . . , t and n_1 = 1 > n_2 > . . . > n_t. (7) Identify H^1(K, SL(1, A_i)) and H^1(K, ν_i) with K^∗/Nrd(A_K) and K^∗/(K^∗)^p respectively, where A_K = A ⊗_F K. Since λ0 ∈ H^1(K, ~H) we have

λ0_{= (a·Nrd(AK), 1, . . . , 1)}

for some a ∈ K^∗. On the other hand the condition (6) implies that there are b_1, . . . , b_t ∈ K^∗ such that

λ0_=^{t∏} i=1 (1, . . . , 1, b^{mni,i}_i Nrd(A_K), . . . , b^{ms,i}_i Nrd(A_K)). (8)

Taking (if necessary) another direct product decomposition of μ one can additionally assume that the n_2−th, . . . , n_t−th components of a_1 are trivial. Then taking into account (8) and (7) we conclude that

1 · Nrd(A_K) = b^{mn2,2}_2 · Nrd(A_K)

1 · Nrd(A_K) = b^{mn3,2}_2 b^{mn3,3}_3 · Nrd(A_K) . . . 1 · Nrd(A_K) = b^{mnt,2}_2 . . . b^{mnt,t}_t · Nrd(A_K).

From these equalities it follows that b_2, . . . , b_t ∈ Nrd(A_K), as by assumption m_{n2,2} . . . m_{nt,t} ≢ 0 (mod p). Therefore the condition (8) can been rewritten in the form

(aNrd(A_K), 1, . . . , 1) = (b^{mn1,1}_1 Nrd(A_K), . . . , b^{ms,1}_1 Nrd(A_K)).

As Z_1 ∩ μ = 1, we have that p does not divide at least one of the powers m_{2,1}, . . . , m_{s,1}. It follows that b_1 ∈ Nrd(A_K) and hence a ∈ Nrd(A_K), i. e.

λ0_{= λ = 1.}

An inductive argument shows that the variety G is birationally isomorphic over F to the direct product of varieties of simple F -groups where each of them is F -isomorphic to either SL(1, A), SL(1, A^{op}) or PSL(1, A), PSL(1, A^{op}). It follows that with the additional assumption p = 2, 3 the variety G is rational over F , for by the Chevalley – Grothendieck theorem (cf. [Ch], [DG]) the field of rational functions of an arbitrary connected group G is isomorphic to the function field of a generic maximal torus of G and on the other hand by Voskresenskii’s theorem (cf. [V]) all tori of dimension at most 2 are rational over their definition fields. Thus Proposition 2.17 is proved. 2

Let D be a quaternion skew field over F , let h be a skew hermitian form over D relative to the standard involution and let

G^′ = SU(D, h) × · · · × SU(D, h).

Consider an arbitrary F -defined central subgroup μ ≤ G^′ and the canonical homomorphism φ : G^′ → G = G^′/μ. Denote H^′ = SU(D, h) × 1 × · · · × 1

and let H = φ(H^′).

Proposition 2.18 The variety G is birationally isomorphic over F to the direct product H × G/H.

Proof is carried out analogously as in the previous case. 2

3 Groups of type^{3,6}D_4

Theorem 3.1 Let F be an algebraic number field and let G be an absolutely simple simply connected linear algebraic group over F of type^{3,6}D_4. Then the equality G(F )/R = 1 holds.

Proof. The variety of any isotropic group of type^{3,6}D_4 defined over an arbitrary field F of characteristic ≠ 2 is rational over F (cf. [CP], Proposition 12), and in particular the corresponding group of R-equivalence classes is always trivial. This means that without loss of generality we may assume that G is an F -anisotropic group.

Let L/F be the minimal Galois extension over which G becomes a group of inner type and let Γ = Gal (L/F). Recall that if G is a group of type^3D_4 then [L : F ] = 3 and Γ ≃ Z/3Z; otherwise we have [L : F ] = 6 and Γ ≃ S_3. It easily follows from the Hasse principle for Galois cohomology that there exists a quadratic extension K/F which quasi-splits G and K ⊈ L (see the proof of Proposition 6.15 in [PR]).

Let τ be the non-trivial automorphism K/F and let σ ∈ Γ be an arbitrary element of order 3. Fix a subfield F ⊂ P ⊆ L of degree 3 over F . In the case [L : F ] = 3 the field P clearly coincides with L. If [L : F ] = 6, let λ be the non-trivial automorphism L/P . Obviously we have λσλ^{−1} = σ^2.

Since K and L are linearly disjoint over F , we can extend the automorphisms σ, λ ∈ Gal (L/F), τ ∈ Gal (K/F) in a natural way to automorphisms of the extension E/F , where E = K ·L. For simplicity we denote these extensions by the same letters σ, λ, τ.

By construction, G has a K-defined Borel subgroup B. As G is F -anisotropic, the intersection T = B ∩ τ(B) is an F -defined maximal torus of G which splits over E. Let Σ = Σ(T, G) be the root system of G relative to T and let Π ⊂ Σ be the basis corresponding to the Borel subgroup B.

Our proof will be based on a criterion for an element g ∈ G(E) in ”generic” position to be F -defined. To formulate it we need a special parametrization of E-points of a Chevalley group G(E).

Let W = W (T, G) be the Weyl group. It is well-known that the reflections w_α with respect to the simple roots α ∈ Π generate W . Consider an element w_0 ∈ W having a maximal length with respect to the set of generators S = ⟨ w_α | α ∈ Π ⟩ of W . It is known (cf. [B], chapter 6, §1) that such an element is unique and it is characterized by the property that it takes positive roots to negative ones. Recall also that the length r of its reduced decomposition w_0 = w_{α1} . . . w_{αir} , α_{ij} ∈ Π, coincides with the number of positive roots. We number elements of the basis Π = {α_1, α_2, α_3, α_4} as follows:

HHH� � r r r r α_1 α_2 α^3

α_4 (9)

Lemma 3.2 In the notation above one has a decomposition

w_0 = (w_{α2} w_{α1} w_{α3} w_{α4} ) (w_{α2} w_{α1} w_{α3} w_{α4} ) (w_{α2} w_{α1} w_{α3} w_{α4} ). (10)

Proof. Easy computations show that the element ν ∈ W on the right-hand side of (10) takes the roots α_i to −α_i, i = 1, . . . , 4. This means that ν(Σ^+) = Σ^−, where Σ^+ (resp. Σ^−) is the set of positive (resp. negative) roots with respect to Π, and thereby, by uniqueness, ν coincides with w_0. 2

Let us also denote

β_1 = α_2, β_2 = α_1, β_3 = α_3, β_4 = α_4

and further put β_{i+4} = β_i, i = 1, . . . , 8. Consider the product morphism corresponding to the reduced decomposition (10)

φ : A^{24} × (G_{m,E})^4 → G,

(u_1, . . . , u_{12}, v_1, . . . , v_{12}, t_1, . . . , t_4) −→ 4∏ i=1 h_{αi} (t_i) 12∏ i=1 [ x_{−βi} (u_i)x_{βi} (v_i) ]. (11)

Proposition 3.3 ϕ is a birational E-isomorphism.

Proof: see [PR], ch. 9, §4, Lemma 20. 2

We now describe the action of Gal (E/F) on elements of G(E). To this end recall preliminary the structure of quasi-split groups of type^{3,6}D_4 over an arbitrary field K. Let G_0 be a K-split group of type D_4. Let T_0 be a maximal K-split torus of G_0 and denote the corresponding root subgroups of G_0 by ⟨x_α(u)⟩, α ∈ Σ. Consider the group of algebraic automorphisms Aut G_0 and the canonical homomorphism

χ : Aut G_0 → Aut Δ,

where Δ is the Dynkin diagram (9).

According to [St], §10, p. 147, any automorphism η ∈ Aut Δ, i. e. any permutation of vertices {α_1, α_3, α_4} of Δ, can be lifted to an automorphism η_{G0} of the group G_0 such that η_{G0} (x_{±αi} (u)) = x_{±η(αi)}(u), i = 1, . . . , 4. (12) It follows that χ is surjective and it admits a section, because the group Aut G_0 is the semi-direct product of its subgroup of inner automorphisms G_0 and its subgroup generated by the automorphisms (12) (which is obviously isomorphic to Aut Δ). In order to introduce no additional notation, we will denote the subgroup ⟨ η_{G0} | η ∈ S_3 = Aut Δ ⟩ of Aut G_0 by the same symbol Aut Δ.

It is well-known that all K-quasi-split groups of type^{3,6}D_4 can be obtained from G_0 by twisting it using cocycles

ξ ∈ Z^1(K, Aut Δ).

We easily conclude from (12) that Gal (K_s/K), where K_s is a separable closure of K, acts trivially on elements of the group Aut Δ, so that any cocycle ξ is the homomorphism ξ : Gal (K_s/K) −→ Aut Δ.

It follows then immediately from the definition of the twisting procedure and from (12) that the action of any element ν ∈ Gal (K_s/K) on the root subgroups ⟨x_{αi} (u)⟩ of G is given by

ν [ x_{αi} (u) ] = x_{ξ(ν)(αi)}(ν(u)),

where u ∈ K_s and i = 1, . . . , 4.

Coming back to our group G, which is, by construction, quasi-split over K, and to the notation introduced at the beginning of the section we obtain that up to numbering of the vertices {α_1, α_3, α_4} of the Dynkin diagram (9) one can always assume that σ and λ act on the root subgroups as follows:

σ[x_{±α1} (u)] = x_{±α3} [σ(u)], σ[x_{±α3} (u)] = x_{±α4} [σ(u)],

σ[x_{±α4} (u)] = x_{±α1} [σ(u)], σ[x_{±α2} (u)] = x_{±α2} [σ(u)],

λ[x_{±α1} (u)] = x_{±α1} [λ(u)], λ[x_{±α2} (u)] = x_{±α2} [λ(u)],

λ[x_{±α3} (u)] = x_{±α4} [λ(u)], λ[x_{±α4} (u)] = x_{±α3} [λ(u)].

(13)

It remains also to be determined the action of τ on the root subgroups. As T = B ∩ τ(B), the Borel subgroup τ(B) corresponds to negative roots Σ^− and hence τ takes positive roots to negative ones. The latter means that the natural embedding Gal (E/L) → W(T, G)

takes τ to the element w_0 from Lemma 3.2.

Consider a Chevalley basis {H_{αi} , i = 1, . . . , 4, X_α, α ∈ Σ} of the Lie algebra of G. It follows from the equality τ(α) = −α that τ(X_α) = c_α X_{−α}, where c_α ∈ E is some constant.

Lemma 3.4 τ[ x_α(u) ] = x_{−α}(c_ατ(u)) for all u ∈ E.

Proof follows from the equality x_α(u) = exp (uX_α). 2

The constants c_α, α ∈ Σ, have the following properties.

Lemma 3.5 1) c_α ∈ L for all α ∈ Σ; moreover, c_{α1} ∈ P and c_{α2} ∈ F ; 2) c_{α3} = σ(c_{α1} ), c_{α4} = σ^2(c_{α1} ); 3) c_{−α} = c^{−1}_α for all α ∈ Σ.

Proof. 1) The group G_α generated by elements x_{±α}(u) is, clearly, a simply connected group over L and has rank 1. Therefore G_α is isomorphic over L to SL(1, D_α), where D_α is a quaternion algebra over L. Since G_α splits over E, the algebra D_α contains a maximal subfield E. Let E = L( √ d) and let D_α = (d, d_α). Then a straightforward computation in the quaternion algebra D_α shows that c_α ≡ d_α (mod N_{E/L}(E^∗)), implying c_α ∈ L^∗.

By (13), the group G_{α1} (resp. G_{α2} ) is defined over P (resp. over F ) and splits over the quadratic extension P ( √ d) (resp. K = F ( √ d)). Therefore applying the previous argument to G_{α1} (resp. G_{α2} ) we obtain that c_{α1} ∈ P (resp. c_{α2} ∈ F ).

2) It follows immediately from the equalities

τσ[ x_{α1} (u) ] = τ[ x_{α3} (σ(u)) ] = x_{−α3} [ c_{α3} τσ(u) ]

στ[ x_{α1} (u) ] = σ[ x_{−α1} (c_{α1} τ(u)) ] = x_{−α3} [ σ(c_{α1} )στ(u) ] that c_{α3} = σ(c_{α1} ), for τσ = στ. One shows analogously that c_{α4} = σ^2(c_{α1} ).

3) The equalities

X_α = τ^2(X_α) = τ(c_αX_{−α}) = c_αc_{−α}(X_α)

show that c_αc_{−α} = 1. Lemma 3.5 is proved. 2

Corollary 3.6 One has

G_{α2}^F≃ SL(1, D), G_{{α1,α3,α4}}^F≃ R_{P/F}(SL(1, T)),

where D = (d, c_{α2} ) and T = (d, c_{α1} ) are quaternion algebras over F and P respectively.

Proof. The statement follows immediately from (13) and Lemmas 3.4 and 3.5. 2

Lemma 3.7 One has τ(h_{αi} (t)) = h_{αi} (τ(t)^{−1}), i = 1, . . . , 4, t ∈ E.

Proof follows from the fact that the one-dimensional E-split subgroups T_{αi} = ⟨h_{αi} (t) | t ∈ F_s⟩ of T are defined and anisotropic over L, since τ acts on the character module of T by multiplication on −1. 2

Our next purpose is to establish a criterion for elements of G(E) to be defined over F . Let g ∈ G(E) be an element in “generic” position. Proposition 3.3 shows that g can be written uniquely in the form g = 4∏ i=1 h_{αi} (t_i) 12∏ i=1 x_{−βi} (u_i)x_{βi} (v_i), (14)

where t_i, u_i, v_i ∈ E. Recall that β_1 = α_2, β_2 = α_1, β_3 = α_3, β_4 = α_4 and further β_{i+4} = β_i, i = 1, . . . , 8. Put

g_1 = x_{−α2} (u_1)x_{α2} (v_1), g_2 = 4∏ i=2 x_{−βi} (u_i)x_{βi} (v_i),

g_3 = x_{−α2} (u_5)x_{α2} (v_5), g_4 = 8∏ i=6 x_{−βi} (u_i)x_{βi} (v_i),

g_5 = x_{−α2} (u_9)x_{α2} (v_9), g_6 = 12∏ i=10 x_{−βi} (u_i)x_{βi} (v_i), so that g = 4∏ i=1 h_{αi} (t_i) g_1 . . . g_6. (15)

By construction, we have g_1, g_3, g_5 ∈ G_{α2} (E) and g_2, g_4, g_6 ∈ G_{{α1,α3,α4}}(E). Lemma 3.8 The element g belongs to G(K), i. e. σ(g) = g, λ(g) = g, if and only if the following conditions hold: 1) h_{α2} (t_2), g_1, g_3, g_5 ∈ G_{α2} (K);

2) h_{α1} (t_1)h_{α3} (t_3)h_{α4} (t_4), g_2, g_4, g_6 ∈ G_{{α1,α3,α4}}(K).

Proof follows from (13) and from the injectivity of parameterization (11). 2 Lemma 3.9 The following holds:

1) x = x_{−α2} (u)x_{α2} (v) lies in G_{α2} (K) if and only if u, v ∈ K; 2) h = h_{α2} (t) lies in G_{α2} (K) if and only if t ∈ K;

3) The element x = x_{−α1} (u_1) x_{α1} (v_1) x_{−α3} (u_3) x_{α3} (v_3) x_{−α4} (u_4) x_{α4} (v_4) lies in G_{{α1,α3,α4}}(K) if and only if u_1, v_1 ∈ P ·K and u_3 = σ(u_1), u_4 = σ^2(u_1), v_3 = σ(v_1), v_4 = σ^2(v_1);

4) The element h = h_{α1} (t_1) h_{α3} (t_3) h_{α4} (t_4) lies in G_{{α1,α3,α4}}(K) if and only if t_1 ∈ P ·K and t_3 = σ(t_1), t_4 = σ^2(t_1). Proof: see formulas (13). 2

We now turn to the analysis of the equality g = τ(g). In the decomposition (14) we put t = 4∏ i=1 h_{αi} (t_i), r_i = x_{−βi} (u_i) x_{βi} (v_i), i = 1, . . . , 12. Then the equation g = τ(g) is rewritten in the form t r_1 . . . r_{12} = τ(t) τ(r_1) . . . τ(r_{12}). (16) It is clear that τ(r_i) ∈ G_{βi} since by Lemma 3.4 we have

τ(r_i) = τ[ x_{−βi} (u_i) x_{βi} (v_i) ] = x_{βi} (c_{−βi} τ(u_i)) x_{−βi} (c_{βi} τ(v_i)) = = h_{βi} (1 + τ(u_iv_i)) x_{−βi} [ c_{βi} τ(v_i)/(1 + τ(u_iv_i)) ] x_{βi} [ τ(u_i)/c_{βi} (1 + τ(u_iv_i)) ]. Recall that in Chevalley groups one has h_β(t) x_α(u) h_β(t)^{−1} = x_α(t^{<α,β>}u). Using this relation we can rewrite the element τ(g) in the form τ(g) =^4 ∏ i=1 h_{αi} (τ(t_i)^{−1})^{12} ∏ i=1 h_{βi} (1 + τ(u_iv_i))· 12∏ i=1 x_{−βi} [ d_{βi} τ(v_i)(1 + τ(u_iv_i)) ] x_{βi} [ τ(u_i)/d_{βi} (1 + τ(u_iv_i)) ],

(17)

where d_{βi} are the ”constants” (which depend on u_{i+1}, . . . , u_{12}, v_{i+1}, . . . , v_{12} but do not depend on u_i, v_i) given by d_{β12} = c_{β12} , d_{β11} = c_{β11} (1 + τ(u_{12}v_{12}))^{<β11,β12>}, d_{β10} = c_{β10} (1 + τ(u_{12}v_{12}))^{<β10,β12>} (1 + τ(u_{11}v_{11}))^{<β10,β11>}, . . . d_{β1} = c_{β1} (1 + τ(u_{12}v_{12}))^{<β1,β12>} . . . (1 + τ(u_2v_2))^{<β1,β2>}.

(18)

Substituting (17) in the equation g = τ(g) and using the injectivity of parameterization (11) we obtain that the equality g = τ(g) holds iff

u_{12} = d_{β12} τ(v_{12})(1 + τ(u_{12}v_{12})), v_{12} = τ(v_{12})/d_{β12} (1 + τ(u_{12}v_{12})) . . . u_1 = d_{β1} τ(v_1)(1 + τ(u_1v_1)), v_1 = τ(u_1)/d_{β1} (1 + τ(u_1v_1)) 4∏ i=1 h_{αi} (t_iτ(t_i)) =^{12} ∏ i=1 h_{βi} (1 + τ(u_iv_i))

or equivalently

u_{12} = d_{β12} τ(v_{12}) (1 − d_{β12} v_{12}τ(v_{12}))^{−1}, . . . u_1 = d_{β1} τ(v_1) (1 − d_{β1} v_1τ(v_1))^{−1},

(19)

4∏ i=1 h_{αi} (t_iτ(t_i)) = 12∏ i=1 h_{βi} (1 − d_{βi} v_iτ(v_i))^{−1}. (20)

Thus we proved the following

Theorem 3.10 Let g ∈ G(E) be an element in “generic” position and let u_1, . . . , u_{12}, v_1, . . . , v_{12}, t_1, . . . , t_4 be its parameters in the decomposition (14). Then we have

1) g^{1−τ} belongs to T (E) iff relations (19) hold. Furthermore, for any integer i = 1, . . . , 6 we have

(g_i . . . g_6)^{1−τ} = ∏ j h_{βj} (1 − d_{βj} v_jτ(v_j)),

where g_1, . . . , g_6 are the components of g in the decomposition (15), d_{βj} are the constants given by (18), and the product is taken over all roots β_j occurring in g_i, . . . , g_6. 2) g = τ(g) iff relations (19), (20) hold.

Remark 3.11 Substituting (19) in (18) it is easy to make sure that

d_{βi} = c_{βi} (1 − d_{β12} v_{12} τ(v_{12}))^{−<βi,β12>} . . . (1 − d_{βi+1} v_{i+1} τ(v_{i+1}))^{−<βi,βi+1>}.

Let us come back to the proof of our main Theorem 3.1. Our strategy will consist in showing that for any element g ∈ G(F ) there are R-trivial elements x_1, . . . , x_l ∈ G(F ) such that g = x_1 . . . x_l. (21)

To this end, we show preliminary that it suffices to restrict ourselves by consideration of elements g from any subset V ⊂ G(F ) open in real topology.

Lemma 3.12 Let G_∞ = ∏ v∈V1^{G(Fv) and let U ⊂ G∞ be an arbitrary open}

in real topology subset. Then the normal subgroup N of G(F ) generated by G(F ) ∩ U coincides with G(F ).

Proof. It is known (cf. [PR]) that the groups G(F_v), v ∈ V_∞, have no non-central normal subgroups. It follows that N is dense in G_∞ and hence N U = G_∞. It follows that for any g ∈ G(F ) there exist n ∈ N and u ∈ U such that g = n u. But u = n^{−1}g ∈ U ∩ G(F ) ⊆ N, implying g ∈ N, as required. 2

As U we take the following set. Let v ∈ V^F_∞ . If F_v ≃ C , we put U_v = G(F_v). If F_v ≃ R, we denote by U_v the set consisting of all elements g ∈ G(F_v) which lie in the image of the map (11) and such that their corresponding parameters v_1, . . . , v_{12} satisfy the condition 1 − d_{βi} v_iτ(v_i) > 0, if β_i = α_2, and the condition N_{P ⊗Fv/Fv} (1 − d_{βi} v_iτ(v_i)) > 0, if β_i = α_1, α_3, α_4. Finally, let U = Π_{v∈V}1U_v and let us show that an arbitrary element g ∈ G(F ) ∩ U admits the decomposition (21).

We start with the decomposition of g in form (15). Recall that in this decomposition the factors g_1, g_3, g_5 ∈ G_{α2} (K) and g_2, g_4, g_6 ∈ G_{{α1,α3,α4}}. To carry out a transition from (15) to the decomposition (21) we establish that multiplying g from the right-hand side by proper R-trivial elements x_1, . . . , x_s from G(F ) one can “transpose” the factors g_1, . . . , g_6 in such a way to collect separately all g_i lying in G_{α2} and all g_i lying in G_{{α1,α3,α4}}. As a result we will get an element of the form

g x_1 . . . x_s = x_{s+1} x_{s+2},

where x_{s+1} ∈ G_{α2} and x_{s+2} ∈ G_{{α1,α3,α4}}. Since

x_{s+1} x_{s+2} ∈ G(F )

it follows from the injectivity of (11) that x_{s+1}, x_{s+2} are invariant under σ, λ, τ, i. e. they belong to G_{α2} (F ) and G_{{α1,α3,α4}}(F ) respectively, and it remains only to note that x_{s+1}, x_{s+2} are also R-trivial elements since by virtue of Corollary 3.6 the varieties G_{α2} , G_{{α1,α3,α4}} are rational over F .

The following two statements guarantee the possibility of rearrangement of components g_i and g_{i+1} in the decomposition (15). Let g_1 ∈ G_{α2} (K) and g_2 ∈ G_{{α1,α3,α4}}(K) be two elements in ”generic” position such that g^{τ−1}_2 ∈ T and (g_1g_2)^{τ−1} ∈ T . Put

(g_1g_2)^{τ−1} = 4∏ i=1 h_{αi} (a_i).

Under proving Theorem 3.10 we showed that a_3 = σ(a_1), a_4 = σ^2(a_1) and the parameters a_1, a_2 are reduced norms in the quaternion algebras D_1 = (d, c_{β1} ) and D_2 = (d, c_{α2} N_{P/F} (a_1)) over P and F respectively.

Lemma 3.13 Suppose that for all valuations v ∈ V^F_∞ such that F_v ≃ R the elements a_2 and N_{P/F} (a_1) = a_1a_3a_4 are positive. Then there exists x ∈ G(F ) such that g_1 g_2 x = z_2 z_1, where z_2 ∈ G_{{α1,α3,α4}} and z_1 ∈ G_{α2} .

Proof. We find the required element x in the form

x = g^{−1}_2 g^{−1}_1 4∏ i=1 h_{αi} (t_i) z_2 z_1, (22)

where z_1 = x_{−α2} (u_2) x_{α2} (v_2), z_2 = x_{−α1} (u_1) x_{α1} (v_1) x_{−α3} (u_3) x_{α3} (v_3) x_{−α4} (u_4) x_{α4} (v_4) and u_1, . . . , u_4, v_1, . . . , v_4, t_1, . . . , t_4 are some parameters. We have to pick up these parameters in such a way that x is defined over F .

Clearly, the elements g_1, g_2 are defined over K. So by virtue of Lemma 3.9 the condition for x to be defined over K is equivalent to the following relations: u_3 = σ(u_1), u_4 = σ^2(u_1), v_3 = σ(u_1), v_4 = σ^2(v_1), t_3 = σ(t_1), t_4 = σ^2(t_1) and t_2, u_1, v_1 ∈ K, u_2, v_2, t_1 ∈ P K.

Assume in addition that the parameters u_1, u_2 satisfy relations u_2 = d_{β2} τ(v_2) [ 1 − d_{β2} v_2τ(v_2) ]^{−1}, u_1 = d_{β1} τ(v_1) [ 1 − d_{β1} v_1τ(v_1) ]^{−1}, where

d_{β2} = c_{α2} , d_{β1} = c_{α1} (1 + τ(u_2v_2))^{−1} = c_{α1} (1 − c_{α2} v_2τ(v_2)), which is equivalent to z^{τ−1}_1 ∈ T, (z_2 z_1)^{τ−1} ∈ T (cf. formulas (19) and Remark 3.11).

It is easy to make sure that under these conditions we have (z_2 z_1)^{τ−1} = h_{α2} (1 − d_{β2} v_2τ(v_2)) h_{α1} (1 − d_{β1} v_1τ(v_1))· h_{α3} [ σ(1 − d_{β1} v_1τ(v_1)) ] h_{α4} [ σ^2(1 − d_{β1} v_1τ(v_1)) ], and hence the element x is defined over F if and only if

a_2 = (1 − d_{β2} v_2τ(v_2)) t_2τ(t_2) a_1 = (1 − d_{β1} v_1τ(v_1)) t_1τ(t_1)

or equivalently

a_2 = (1 − c_{α2} v_2τ(v_2)) t_2τ(t_2) a_1 = [ 1 − c_{α1} a_2v_1τ(v_1)/t_2τ(t_2) ] t_1τ(t_1)

Thus we reduce our problem to checking conditions a_2 ∈ Nrd D_3 and a_1 ∈ Nrd D_4, where D_3, D_4 are quaternion algebras over F and P respectively of the form D_3 = (d, c_{α2} ), D_4 = (d, c_{α1} a_2).

The first condition automatically holds, as, by assumption, a_2 is everywhere locally positive. It is obvious that the second condition also holds since on one hand, a_1 ∈ Nrd D_1 and on the other, the quaternion algebras D_1, D_4 locally coincide over F_v for all v ∈ V^F_∞ . Thus Lemma 3.13 is proved. 2 Conversely, let g_1 ∈ G_{α2} (K) and g_2 ∈ G_{{α1,α3,α4}}(K) be two elements in ”generic” position such that g^{τ−1}_1 ∈ T and (g_2 g_1)^{τ−1} ∈ T . As above, put

(g_2 g_1)^{τ−1} = 4∏ i=1 h_{αi} (a_i). Lemma 3.14 Suppose that for all valuations v ∈ V^F_∞ such that F_v ≃ R the elements a_2 and N_{P/F} (a_1) = a_1a_3a_4 are positive. Then there exists x ∈ G(F ) such that g_2 g_1 x = z_1 z_2, where z_2 ∈ G_{{α1,α3,α4}} and z_1 ∈ G_{α2} .

Proof is carried out analogously as in the previous one and so we omit it. 2 The following statement completes the proof of our main Theorem 3.1.

Proposition 3.15 The elements x from the previous two lemmas are R-trivial in the group G(F ).

Proof. Since two cases are equivalent, we consider the element x from Lemma 3.13 only. According to (22), we can write x in the form x = g^{−1}_2 g^{−1}_1 t z_2 z_1, where g_1, z_1 ∈ G_{α2} (K), g_2, z_2 ∈ G_{{α1,α3,α4}}(K), t ∈ T (K), z^{τ−1}_1 ∈ T, and moreover the corresponding parameter a in the equality z^{τ−1}_1 = h_{α2} (a) is positive as an element of F_v for all v ∈ V^F_∞ such that F_v ≃ R.

Let us consider the set Y = {(s_1, s_2, s_4) ∈ G_{α2} (K) × G_{{α1,α3,α4}}(K) × G_{{α1,α3,α4}}(K) | s^{−1}_2 s^{−1}_1 s_4 z_1 ∈ G(F )} and the morphism λ : Y −→ G(F ), (s_1, s_2, s_4) −→ s^{−1}_2 s^{−1}_1 s_4 z_1.

It is clear that the image of λ contains 1 and x and so it suffices to show that i) Y coincides with the set of F -points of some algebraic affine F -variety X; ii) X is birationally isomorphic over F to an algebraic group H defined over F which has the trivial group of R-equivalence classes. Let s_1 = h_{α2} (t_1) x_{−α2} (u_1) x_{α2} (v_1) s_2 = h_{α1} (t_2) h_{α3} (t_3) h_{α4} (t_4) x_{−α1} (u_2) x_{α1} (v_2) x_{−α3} (u_3) x_{α3} (v_3) x_{−α4} (u_4) x_{α4} (v_4) s_4 = h_{α1} (t_5) h_{α3} (t_6) h_{α4} (t_7) x_{−α1} (u_5) x_{α1} (v_5) x_{−α3} (u_6) x_{α3} (v_6) x_{−α4} (u_7) x_{α4} (v_7). Clearly, we have s_1 ∈ G_{α2} (K), s_2, s_4 ∈ G_{{α1,α3,α4}}(K). Then Lemmas 3.8 and 3.9 show that u_1, v_1 ∈ K, t_2, t_5, u_2, v_2, u_5, v_5 ∈ P ·K, and the parameters t_3, t_4, t_6, t_7, u_3, u_4, u_6, u_7, v_3, v_4, v_6, v_7 are uniquely determined by t_2, t_5, u_2, u_5, v_2, v_5.

Furthermore, we have already known that the condition s^{−1}_2 s^{−1}_1 s_4 z_1 ∈ G(F ) is equivalent to

(s_1 s_2)^{τ−1} ∈ T, (s_4 z_1)^{τ−1} ∈ T, (s_1 s_2)^{τ−1} = (s_4 z_1)^{τ−1}.

Then according to formulas (19), Theorem 3.10, item 1), Remark 3.11 the parameters u_1, u_2, u_5 are uniquely determined by v_1, v_2, v_5 and the remainder parameters t_1, t_2, t_5, v_1, v_2, v_5 satisfy the system of equations t_2 τ(t_2) (1 − c_{α1} v_2 τ(v_2)) = t_5 τ(t_5) (1 − d_{β1} v_5 τ(v_5)) t_1 τ(t_1) (1 − d_{β2} v_1 τ(v_1)) = a

(23)

where d_{β1} = c_{α1} a^{−<α1,α2>} = c_{α1} a d_{β2} = c_{α2} N_{P/F} [ t_2 τ(t_2) (1 − c_{α1} v_2 τ(v_2)) ]^{−<α2,α1>} = = c_{α2} N_{P/F} [ t_2 τ(t_2) (1 − c_{α1} v_2 τ(v_2)) ].

Using a proper biregular substitution we can rewrite the second equation of (23) in the form t_1 τ(t_1) − a v_1 τ(v_1) = d_{β2} , hence the system (23) is equivalent to Nrd_{T1} (w_2) = Nrd_{T2} (w_5) Nrd_{T3} (w_1) = c_{α2} N_{P/F}[Nrd_{T1} (w_2)]

(24)

where T_1, T_2 and T_3 are the quaternion algebras over P and F respectively of the form T_1 = (d, c_{α1} ), T_2 = (d, c_{α1} a), T_3 = (d, a), and w_2 ∈ T_1, w_5 ∈ T_2, w_1 ∈ T_3.

Note that according to our assumption a is positive in all real completions F_v; hence the quaternion algebra T_3 splits over all F_v, v ∈ V^F_∞ . This implies that c_{α2} is a reduced norm in T_3 and thus the system (24) is equivalent to Nrd_{T1} (w_2) = Nrd_{T2} (w_5) Nrd_{T3} (w_1) = N_{P/F} [ Nrd_{T1} (w_2) ]

(25)

which determines an F -subgroup H of the reductive group R_{P/F} (T^∗_1 ) × R_{P/F} (T^∗_2 ) × T^∗_3 .

Lemma 3.16 H(F )/R = 1.

Proof. It is obvious that H is a reductive group. Its semisimple part H^{(1)} coincides with R_{P/F} (SL(1, T_1)) × R_{P/F}(SL(1, T_2)) × SL(1, T_3) and its central torus is isomorphic over F to Z ≃ {(p, p, N_{P/F} (p)) ∈ R_{P/F} (G_{m,P} ) × R_{P/F} (G_{m,P} ) × G_{m,F} | p ∈ R_{P/F} (G_{m,P} )}, in particular, Z has trivial Galois cohomology group in dimension 1.

It follows then from Lemma 2.13 that

H(F )/R = [ H/Z ](F )/R = [ H^{(1)}/H^{(1)} ∩ Z ] (F )/R, and therefore by virtue of the sequence (4) the group H(F )/R is a term of an exact sequence H^{(1)}(F )/R = 1 −→ H(F )/R −→ H^1(F, E) → 1, where E is the torus from a flasque resolution of H^{(1)} ∩ Z. It remains to note that H^1(F, E) = 1, as H^{(1)} ∩ Z = μ_2. Lemma 3.16 and hence Proposition 3.15 are proved. 2

4 Semisimple p-adic groups of inner type

Throughout this section F denotes a local field whose residue field F has characteristic ≠ 2. Let ~G_1, . . . , ~G_s be absolutely simple simply connected algebraic groups of inner type defined over F . Put ~G = ~G_1 × · · · × ~G_s. The main result of this section is the following theorem.

Theorem 4.1 Let ~G be a group without components of types^1A_n. Then for an arbitrary F -defined central subgroup μ ≤ ~G the factor variety G = ~G/μ is rational over F .

In fact we prove a slightly more general statement. Namely, in the notation above suppose that all simple components of ~G are groups of one of the following types:

B_n (n ≥ 2), C_n (n ≥ 2),^1D_n (n ≥ 4), G_2, F_4,^{1,2}E_6, E_7, E_8,^{3,6}D_4.

Theorem 4.2 For an arbitrary F -defined central subgroup μ ≤ ~G the variety of the group G = ~G/μ is rational over F .

Proof is based on the classification of p-adic groups and Proposition 2.17. Recall first that by the Kneser theorem (cf. [PR], ch. VI) groups of types G_2, F_4, E_8 split over F and they have no centers. Therefore they are direct factors in G and without loss of generality we may assume that ~G consists of simple groups of types B_n, C_n,^1D_n,^{3,6}D_4, E_7,^{1,2}E_6 only.

Let ~G 0 ≤ ~G be a subgroup consisting of all simple components of the first five types mentioned above and analogously let ~G 00 ≤ ~G be a subgroup consisting of all simple components of type E_6. It is clear that ~G ≃ ~G 0 × ~G 00 and that the center of ~G 0 (resp. ~G 00) is a 2-primary (resp. 3-primary) group. It follows μ ≃ μ0 × μ00, where μ0 = μ ∩ ~G 0, μ00 = μ ∩ ~G 00, implying that it suffices to consider separately the cases when ~G either consists of components of type E_6 only or it has no components of such a type.

We begin with the first case, i. e. with simple components of type^{1,2}E_6. By [T], there are three possibilities for the Tits F -indices of ~G_1, . . . , ~G_s :

r r r r r r i i i i i i (26)

r r r r r ri i (27) � � r r rr � � � � � � � � i i_{(28)}

For a group ~G_i with the diagram (27) a semisimple F -anisotropic kernel is an almost direct product of two simple simply connected F -groups H_1, H_2 of inner type A_2. Therefore one has

H_1 ≃ SL(1, D_1), H_2 ≃ SL(1, D_2),

where D_1, D_2 are skew fields over F of degree 3.

Lemma 4.3 D_2 coincides with either D_1 or D_1^{op}; in particular for an arbitrary extension E/F algebras D_1 ⊗_F E and D_2 ⊗_F E have the same reduced norms.

Proof. From the tables in [T] it follows that any extension E/F splitting D_1 also splits D_2 and vice versa. Therefore the algebras D_1, D_2 generate the same cyclic subgroup in Br (F) and it remains to note that [D_i] has order 3 in Br (F). 2

As the first step of the proof of Theorem 4.2 we reduce the general case to the one where all simple components of ~G are either groups of inner type or groups of outer type splitting over the same quadratic extension L/F .

As char F ≠ 2, there exist only three quadratic extensions of F . Let L_1, L_2, L_3 be such extensions and we number the components ~G_1, . . . , ~G_s of ~G in such a way that first we have groups ~G_1, . . . , ~G_{i1} of inner type and then groups { ~G_{i1+1}, . . . , ~G_{i2} }, { ~G_{i2+1}, . . . , ~G_{i3} }, { ~G_{i3+1}, . . . , ~G_s} of outer type splitting over L_1, L_2, L_3 respectively. Put ~H_0 = ~G_1 × · · · × ~G_{i1} , ~H_1 = ~G_{i1+1} × · · · × ~G_{i2} , ~H_2 = ~G_{i2+1} × · · · × ~G_{i3} , ~H_3 = ~G_{i3+1} × · · · × ~G_s and denote

ν_0 = ~H_0 ∩ μ, ν_1 = ~H_1 ∩ μ, ν_2 = ~H_2 ∩ μ, ν_3 = ~H_3 ∩ μ.

Lemma 4.4 μ ≃ ν_0 × ν_1 × ν_2 × ν_3.

Proof. It suffices to show that ν_0, ν_1, ν_2, ν_3 generate μ. Recall that the center Z_i of ~G_i is a group of order 3 and as Gal (F/F)-module it has the following structure (see [PR]):

a) Z_i ≃ μ_3, if ~G_i is a group of inner type;

b) Z_i ≃ R^{(1)}_{L/F} (μ_3), if ~G_i is a group of outer type splitting over L.

Case 1. Suppose that ξ_3 ∈ F . Then for any σ ∈ Gal (F/F) and any non-trivial element x ∈ Z_i in case a) we have σ(x) = x and in case b) we have σ(x) = x, if σ|_L = 1, and σ(x) = x^2 otherwise. Let z = (z_0, z_1, z_2, z_3) ∈ μ be an arbitrary non-trivial element. We have to prove that z_i ∈ ν_i, i = 0, . . . , 3. Take three elements σ_1, σ_2, σ_3 ∈ Gal (F/F) such that σ_i|_{Li} ≠ 1 and σ_i|_{Lj} = 1 if i ≠ j. Since μ is defined over F , we get σ_1(z) ∈ μ. On the other hand according to our choice of σ_1 we have σ_1(z) = (z_0, z^2_1 , z_2, z_3). It follows that

σ_1(z) z^{−1} = (1, z_1, 1, 1) ∈ μ,

whence z_1 ∈ ν_1. One can check analogously that

σ_2(z) z^{−1} = (1, 1, z_2, 1), σ_3(z) z^{−1} = (1, 1, 1, z_3), hence z_2 ∈ ν_2, z_3 ∈ ν_3 implying z_0 ∈ ν_0 as well.

Case 2 : ξ_3 ∉ F . Then F (ξ_3) coincides with one of the fields L_1, L_2, L_3. Let F (ξ_3) = L_1. As above, we indicate first how σ ∈ Gal (F/F) acts on elements of the center Z_i.

Let x ∈ Z_i. Clearly, in case a) one has σ(x) = x, if σ|_{L1=F (ξ3)} = 1, and σ(x) = x^2 otherwise. It is easy also to make sure that in case b) we have

if L ≠ L_1, then σ(x) = { x, if σ|_{L1} = σ|_L = 1 or σ|_L ≠ 1, σ|_{L1} ≠ 1; x^2, if σ|_{L1} ≠ 1, σ|_L = 1 or σ|_{L1} = 1, σ|_L ≠ 1;

(29)

and if L = L_1, then σ(x) = x. Let z = (z_0, z_1, z_2, z_3) ∈ μ.

It follows immediately from (29) that for any σ ∈ Gal (F/F) such that σ|_{L1} = σ|_{L2} = 1 and σ|_{L3} ≠ 1 one has

σ(z) = (z_0, z_1, z_2, z^2_3 ),

whence z_3 ∈ ν_3. One shows analogously that z_2 ∈ ν_2 and so the element

z 0_{= (z0, z1, 1, 1) also lies in μ. Finally, picking up σ ∈ Gal (F/F) such that}

σ|_{L1} ≠ 1 we conclude from the equality

σ(z 0_{) = (z20 , z1, 1, 1)}

that z_0 ∈ ν_0, z_1 ∈ ν_1. Thus Lemma 4.4 is proved completely. 2

Let us continue the proof of Theorem 4.2 in the case where all components of ~G have type E_6. By Lemma 4.4, we have an isomorphism

G ≃ H_0 × H_1 × H_2 × H_3,

where H_i = ~H_i/ν_i, i = 0, . . . , 3. Therefore one can assume that all simple components of G are groups of either inner type or outer type E_6 splitting over the same quadratic extension L/F .

Case 1: ~G_1, . . . , ~G_s are groups of inner type. Let S be a maximal F - split torus of G. We have to show the rationality of the variety of the group C_G(S)/S. From the diagrams (26), (27) it follows that an F -anisotropic semisimple group C_G(S)/S is an almost direct product of simple F -groups of inner type A_2 and moreover, by virtue of Lemma 4.3, each of them is related to either D or D^{op} where D is a fixed skew field over F of degree 3 (recall that over a local field the 3-component of Br (F) has order 3). So our statement follows immediately from Proposition 2.17.

Case 2: ~G_1, . . . , ~G_s are groups of outer type splitting over a quadratic extension L/F . Let ~S_i be a maximal F -split torus of ~G_i. It follows from the diagram (28) that the centralizer C_{eGi} ( ~S_i) is isomorphic over F to the torus T_i of the form T_i ≃ G_m × G_m × R_{L/F} (G_{m,L}) × R_{L/F} (G_{m,L}). As the center Z_i of ~G_i lies in the last two components of T_i, the following lemma completes the proof.

Lemma 4.5 Let ν ≤ R_{L/F} (G_{m,L}) be an arbitrary subgroup over F of order 3 and let ~P = R_{L/F} (G_{m,L}) × · · · × R_{L/F} (G_{m,L}). Then for any subgroup μ ≤ ν × · · · × ν defined over F the variety P = ~P /μ is rational over F .

Proof is trivial. Namely, if ν × 1 × · · · × 1 ≤ μ, then P ≃ P_1 × P_2, where P_1 = 1 × R_{L/F} (G_{m,L}) × · · · × R_{L/F} (G_{m,L})/μ_1, P_2 = R_{L/F} (G_{m,L})/ν and μ_1 = μ ∩ [ 1 × R_{L/F} (G_{m,L}) × · · · × R_{L/F} (G_{m,L}) ] . As dim P_2 = 2, the variety P_2 is rational over F and by induction so is P . Let ν × 1 × · · · × 1 ∩ μ = 1. Denote the image of R_{L/F} (G_{m,L}) × 1 × · · · × 1 in P by P_1. As the torus P_1 has trivial Galois cohomology group in dimension 1, we have, by Lemma 2.13, that P ≈ P_1 × [ P/P_1 ] and hence one can again use the induction argument. Lemma 4.5 is proved. 2

Now we pass to the case where the center of ~G is a 2-primary group, i. e. there are no groups of type E_6 among the components ~G_1, . . . , ~G_s. For the reader’s convenience recall the classification of the Tits F -indices of non-split groups of types B_n, C_n,^1D_n,^{3,6}D_4, E_7 over local fields (see details in [T]): ´ ` r r r r i � � � �^{(30)}

. . . >

r r r r i i i (31)

. . . <

r r r r r ri i i (32)

. . . <

r r r r r r i i i (33)

. . . HH�

r r r r r i i i (34)

. . . HH�

r r r r r r r i i i i (35)

. . . HH�

r r r r ri r r r i i (36)

r r r r r r r i i i i (37)

The center Z_i of ~G_i has the following structure (see [PR], ch. 6):

Z_i = μ_2, if ~G_i is a group of type B_n, C_n, E_7; μ_4, if ~G_i is a group of type^1D_{2n+1}; μ_2 × μ_2, if ~G_i is a group of type^1D_{2n}; R^{(1)}_{L/F} (μ_2), if ~G_i is a group of type^{3,6}D_4,

(38)

where in the latter case L denotes a cubic extension of F over which ~G_i has type^{1,2}D_4. In what follows we denote by T (resp. D) a skew field over F of degree 4 (resp. degree 2). We divide the further proof of the rationality of the variety G = ~G/μ into three steps.

First step. We number the simple components of ~G in such a way that first we have the groups ~G_1, . . . , ~G_i of type^{3,6}D_4 and then the groups of the remainder types. Let H_1 = ~G_1 × · · · × ~G_i, H_2 = ~G_{i+1} × · · · × ~G_n. Clearly, ~G = H_1 × H_2 and using (38) it is easy to show that μ = μ_1 × μ_2, where μ_1 = H_1 ∩ μ, μ_2 = H_2 ∩ μ. It follows that

G ≃ H_1/μ_1 × H_2/μ_2

and hence one can assume that all simple components of G have types either B_n, C_n,^1D_n, E_7 or^{3,6}D_4.

According to (30) in the second case all simple components of ~G are quasisplit groups over F . So passing to the centralizer of a maximal F -split torus of ~G and repeating verbatim the argument from Lemma 4.5, it is easy to show that the variety G is birationally isomorphic over F to the direct product of the varieties of unipotent groups and F -rational tori of the form R_{L/F} (G_{m,L}), R_{L/F} (G_{m,L})/R^{(1)}_{L/F} (μ_2). This means that without loss of generality we may assume that ~G contains no simple components of exception type^{3,6}D_4.

Second step. We reduce the general case to the one where ~G contains no components of types B_n, C_n, E_7 and components with the Tits diagrams (34), (35). The distinctive feature of all such components is the fact that their semisimple anisotropic kernels are almost direct products of groups of type A_1, i. e. groups of the form SL(1, D). Therefore, replacing all components of ~G having the above mentioned property with the centralizers of their maximal F -split tori and then factorizing them by the maximal F -split tori it is easy to see that we are in conditions of the following general theorem. Let ~G = ~G_1 × · · · × ~G_s, where all simple components ~G_i are either SL(1, D) or have the Tits diagram (36). Consider an arbitrary central subgroup μ ≤ ~G defined over F and put G = ~G/μ. Suppose also that ~G_1 = SL(1, D) and denote its image in G by H.

Theorem 4.6 The variety G is birationally isomorphic over F to the direct product H × G/H.

Proof is carried out in exactly the same fashion as Proposition 2.17. Namely, consider the restriction ϕ|_{eG1} : ~G_1 −→ G. Since the center Z_1 of ~G_1 consists of two elements there are two possibilities: either Z_1 ≤ μ or ϕ|_{eG1} is injective.

In the first case H is a direct factor in G and there is nothing to prove. Let Z_1 ∩ H = 1. Then by Lemma 2.13, it suffices to show that for any extension K/F one has Ker [ τ : H^1(K, H) −→ H^1(K, G) ] = 1. (39)

Recall that an F -group of type^1D_{2n+1} having the Tits diagram (36) is isomorphic over F to a spinor group Spin(D, h), where h is a non-degenerate skew-hermitian form over the quaternion algebra D having trivial discriminant and odd dimension and moreover h is not hyperbolic.

By our assumptions, the centers Z_i of the components ~G_i coincide either with μ_2 or with μ_4. It follows that μ is a direct product of its submodules of the form μ_2, μ_4. Therefore repeating verbatim the same argument as in Proposition 2.17 it is easy to see that the equality (39) follows from the following two lemmas.

Lemma 4.7 Let K/F be an arbitrary extension. Identifying H^1(K, μ_2) with K^∗/(K^∗)^2 we get Ker [ H^1(K, μ_2) −→ H^1(K, Spin (D, h)) ] = Nrd (D ⊗_F K)^∗/(K^∗)^2.

Proof. The exact sequence

SU (D, h)(K) −→ H^1(K, μ_2) −→ H^1(K, Spin (D, h))

shows that our kernel consists of spinor norms. It is well-known (see. [Sch]) that over a local field any skew-hermitian form of dimension ≥ 4 is isotropic. Therefore a subgroup of K/(K^∗)^2 consisting of spinor norms coincides exactly with Nrd (D ⊗_F K)/(K^∗)^2. 2

Lemma 4.8 Let K/F be an arbitrary extension. Identifying H^1(K, μ_4) with K^∗/(K^∗)^4 we get Ker [ H^1(K, μ_4) −→ H^1(K, Spin (D, h)) ] ⊂ Nrd (D ⊗_F K)/(K^∗)^4.

Proof. If

x(K^∗)^4 ∈ Ker [ H^1(K, μ_4) −→ H^1(K, Spin (D, h)) ] , then, clearly, we have

x(K^∗)^2 ∈ Ker [ H^1(E, μ_2) −→ H^1(K, SU (D, h)) ] , forcing x to be a multiplier of the skew-hermitian form h over K and hence a multiplier of its 3-dimensional anisotropic part h_{an} which has trivial discriminant.

The triviality of the discriminant of h_{an} implies that PSU(D, h_{an}) is an adjoint group of inner type^1A_3, hence its variety is rational over F ; in particular, the group of R-equivalence classes of PSU(D, h_{an}) is R-trivial. Then according to [M2] the group of multipliers of the form h over K coincides with the subgroup of K^∗ generated by the norms of all finite extensions L/K over which h becomes hyperbolic. By [M2] Lemma 4, the latter group is contained in N_{E·K/K} [ Nrd (C(h_{an}) ⊗_F K) ] , where C(h_{an}) is the Clifford algebra of h_{an} and E/F is its center. It remains to note that the components of the Clifford algebra C(h_{an}) coincide with either T or T^{op} and that if x is a reduced norm in T ⊗_F K then it is also a reduced norm in (T ⊗_F T ) ⊗_F K = D ⊗_F K. Thus Lemma 4.8 and hence Theorem 4.6 are proved. 2

Third step. Let all simple components ~G_1, . . . , ~G_s of ~G have type^1D_{2n+1} and the Tits diagram (36). As above, we can replace the components ~G_i with C_{eGi} ( ~S_i)/ ~S_i, where ~S_i is a maximal F -split torus of ~G_i. From the arguments in [CP] item 6.3, it follows that C_{eGi} ( ~S_i)/ ~S_i is glued by means of several copies of the groups SL (1, D) and SL (1, T ), the latter one being not a direct factor in C_{eGi} ( ~S_i).

Lemma 4.9 Let K/F be an arbitrary extension. Identifying H^1(K, μ_2) with K^∗/(K^∗)^2 we get Ker [ H^1(K, μ_2) −→ H^1(K, SL (1, T )) ] ⊆ Nrd (D ⊗_F K)/(K^∗)^2.

Proof. It suffices to note that

SL (1, T ) ≃ Spin (D, h_2),

where h_2 is a 2-dimensional F -anisotropic skew-hermitian form over D, and that the described kernel consists of spinor norms. 2

Lemma 4.10 Let K/F be an arbitrary extension. Identifying H^1(K, μ_4) with K^∗/(K^∗)^4 we get Ker [ H^1(K, μ_4) −→ H^1(K, SL (1, T )) ] ⊆ Nrd (D ⊗_F K)/(K^∗)^4.

Proof. If x is a reduced norm in T ⊗_F K then x is also a reduced norm in (T ⊗_F T ) ⊗_F K = D ⊗_F K. 2

Using Lemmas 4.9, 4.10 it is easy to complete the proof of Theorem 4.2. Namely, repeating verbatim the same argument as in Theorem 4.6 or in Proposition 2.17 we see that the group H = [_s ∏ i=1 C_{eGi} ( ~S_i)/ ~S_i ] /μ. is, in fact, birationally isomorphic over F to the direct product of its subgroup H^′ consisting of all its simple components of type A_1 and the corresponding factor group H/H^′. Therefore the variety of our initial group G is birationally isomorphic over F to the direct product of varieties of unipotent groups, rational varieties SL (1, D), PSL (1, D) and the group G0 which is glued by means of several copies of the rational group SL(1, T )/μ_2 = SU (D, h_2). In turn, by Proposition 2.18, the variety G0 is birationally isomorphic over F to the direct product of several copies of the groups SU (D, h_2) and PSU(D, h_2). Theorem 4.2 is completely proved. 2

References

[B] N. Bourbaki, Groupes et algèbres de Lie IV, V, VI, Hermann, Paris, 1968.

[CM] V. Chernousov, A. Merkurjev, R-equivalence and Special Unitary Group, J. Algebra, 209 (1998), 175-198.

[CP] V. Chernousov, V. Platonov, The rationality problem for semisimple group varieties, J. reine angew. Math., 504 (1998), 1-28.

[Ch] C. Chevalley, On algebraic group varieties, J. Math. Soc. Japan, 6 (1954), 303-324.

[CS] J.-L. Colliot-Thélène, J.-J. Sansuc, La R-équivalence sur les tores, Ann.

Scient. Ec. Norm. Sup., 4^e serie, 10 (1977), 175-230.

[DG] M. Demazure, A. Grothendieck, Schémas en groupes, Springer Lecture Notes 152, 1970.

[G1] P. Gille, R-équivalence et principe de norme en cohomologie galoisienne, C. R. Acad. Sci. Paris, 316 (1993), 315-320.

[G2] P. Gille, Un théorème de finitude arithmétique sur les groupes réductifs, C. R. Acad. Sci. Paris, 316 (1993), 701-704.

[G3] Gille P. La R-équivalence sur les groupes algébriques réductifs définis sur un corps global, Publ. Math. IHES, 86 (1997), 199-235.

[Ma] Yu. I. Manin, Cubic forms, Nauka, Moscow, 1977 (in Russian); English transl., North-Holland, Amsterdam-London, 1974, 2nd ed., 1986.

[M1] A. Merkurjev, Generic element in SK_1 for simple algebras, K-theory, 7 (1993), 1-3.

[M2] A. Merkurjev, R-equivalence and rationality problem for semisimple adjoint classical group, Publ. Math. IHES, 84 (1996), 189-213.

[PR] V. Platonov, A. Rapinchuk, Algebraic groups and number theory, Nauka, Moscow, 1991 (in Russian); English transl., Academic Press, N.Y., 1994.

[R] A. Rapinchuk, Normal subgroups in the multiplicative group of a division algebra and valuations, Preprint, 1999.

[RPot] A. Rapinchuk, A. Potapchik, Normal subgroups of SL(1, D) and the classification of finite simple groups, Proc. Indian Acad. Sci, 106 (1996), 329-368.

[Sch] W. Scharlau, Quadratic and Hermitian forms, Grundlehren math. Wiss., 270, Springer-Verlag, Berlin, 1985.

[S] Y. Segev, On finite homomorphic images of the multiplicative group of a division algebra, Ann. Math, 149 (1999), 219-251.

[St] R. Steinberg, Lectures on Chevalley groups, Mir, Moscow, 1975 (in Russian).

[T] J. Tits, Classification of algebraic semisimple groups, Proc. Symp. Pure Math., 9 (1966), 32-62.

[Th] Nguyen Q. Thang, Weak approximation, Brauer and R-equivalence in algebraic groups over arithmetical fields, E-Preprint series, Duke University, alg-geom: 97110115.

[V] V. Voskresenskii, Algebraic tori, Nauka, Moscow, 1977 (in Russian).