Triangular Bimodules, Quasi-hereditary Algebras, and Actions of Parabolic Subgroups in GLn

Thomas Brüstle Lutz Hille

Abstract

Let R be a parabolic subgroup in GLn. It acts on its unipotent radical Ru and on any unipotent normal subgroup U via conjugation. These actions can be described using matrices over certain bimodules over the path algebra kA t of a directed Dynkin quiver of type A . All those bimodules are upper triangular with respect to the natural order of kA t .

In our main theorem, we show that the category of matrices over an arbitrary upper triangular bimodule B is equivalent to the category of

Δ�filtered modules over a quasi-hereditary algebra A. Thus, the orbits

of the action of R on U are in natural bijection to the isomorphism classes of Δ�filtered modules over A with dimension vector d, where d is the dimension vector of block sizes of the Levi factor R/Ru. Moreover the stabilizer of an orbit is isomorphic to the group of invertible elements in the endomorphism algebra of the corresponding Δ�filtered A�module.

In a second part we compute the quiver and relations of the quasihereditary algebra A corresponding to the action of the parabolic group R on U.

1 Introduction

Let k be a fixed ground field. Recently all instances of parabolic subgroups R in GL_n(k) acting with a finite number of orbits on its unipotent radical R_u were classified (see [HR1],[HR2]). More generally, let R^{(l)}u be the l-th member of the descending central series; we can also consider the action of R on the Lie-algebra r (l) u of R^{(l)}_u . Also all instances of pairs (R, l), where R acts with a finite number of orbits on r^{(l)}_u were classified in [BH]. One main step in the proof of the results above relates the orbits of the action of R on r^{(l)}_u to a classification problem of modules over a certain quasi-hereditary algebra A, where A depends only on the number of blocks of R/R_u and on l.

The aim of this paper is to obtain a general result that relates the orbits of certain algebraic groups with isomorphism classes of Δ−filtered modules over some quasi-hereditary algebra. We consider therefore a finite-dimensional bimodule B over a finite-dimensional k−algebra Λ and investigate the category mat B of matrices over B (see section 2.1). Let P_Λ(i) for i = 1, . . . , t denote a complete set of indecomposable, pairwise non-isomorphic, projective left Λ−modules. Then

01991 Mathematics Subject Classification: Primary 16G20, 14L30, Secondary 16E60, 22E47

we consider for each dimension vector d = (d_1, . . . , d_t) the opposite group R(d) of the group of automorphisms of ⊕^t_{i=1}P_Λ(i)^{di} . If Λ is a basic algebra, then the group R(1, . . . , 1) is isomorphic to the group of units in Λ.

The group R(d) acts on the vector space of all matrices over B of dimension vector d, and the orbits correspond to the isomorphism classes of matrices. In this way, we obtain a large class of linear algebraic groups acting on a k−vector space of certain matrices. If Λ is the path algebra of the directed Dynkin quiver of type A_t and B the bimodule of radical morhisms, for instance, we obtain the action of the parabolic group R on its unipotent radical (see section 3). In our main result, we require B to be upper triangular, i.e. the algebra Λ is directed and the bimodule structure of B is determined by an upper triangular matrix (see section 2.4). Examples of upper triangular bimodules are provided by posets and directed vector space categories as well as bimodules stemming from the action of a parabolic group R on any unipotent normal subgroup U of R (see section 3.2).

Theorem 1.1 Let B be an upper triangular bimodule over a directed algebra Λ. Then the category of B-matrices mat B admits a projective generator P whose endomorphism algebra A is quasi-hereditary, and the functor Hom (P, −) induces an equivalence between mat B and the category F(Δ) of Δ−filtered A^{op}− modules. Moreover, any quasi-hereditary algebra whose category of Δ−filtered modules is equivalent to mat B is Morita equivalent to A^{op}.

In case of directed vector space categories, this Theorem is proven (by different means) in [Ba]. Note that it allows results concerning Δ−filtered modules over quasi-hereditary algebras (such as the existence of almost split sequences, behaviour of the Euler form, degeneration properties) to be applied to the category mat B. Thus we obtain a uniform approach to various categories such as subspace categories of directed vector space categories, orbits of parabolic groups R on some unipotent normal subgroup U and matrices over upper triangular bimodules.

Given an upper triangular bimodule B, we describe in section 2.3 explicitely how to construct a projective generator P of the category mat B. However, one can in general not expect to get quiver and relations of the endomorphism algebra A of P directly from B. But, we succeed in obtaining such a description of A for the problem described in the beginning: a parabolic subgroup R acts on a unipotent normal subgroup U. This is our main example, which is considered in detail in section 3. If the normal subgroup U is in addition abelian, then we can also consider another action, which admits the same orbits (see 3.1, part 2), but with different stabilizers; hence, we also obtain a different quasi-hereditary algebra. This shows that the abstract equivalence in Theorem 1.1 preserves not only the orbits, but much more structure. For results related to the geometry of the orbits, we also refer to [BHRZ].

Basic Notation. We denote by k a fixed field. Our algebras are always finite dimensional k−algebras with unit, but in general non-commutative. Modules are supposed to be finitely generated left modules, in particular, mod k is the category of finite dimensional k−vector spaces and mod Λ is the category of finitely generated left modules over an algebra Λ. All groups are linear algebraic groups defined over k, where we consider only the k−rational points.

Also all categories are k−categories and an equivalence preserves the underlying k−structure.

For more details on quasi-hereditary algebras, we refer to [DR], and our basic reference for representations of quivers is [R]. We also mention the text book [GR] for an introduction to representation theory, in particular to matrix problems. For more information on representation theory of posets and vector space categories, we also refer to [S].

Acknowledgement. Both authors are grateful to H. v. Höhne and D. Vossieck for several helpful discussions concerning the subject of the paper.

2 Matrices over Bimodules and Standardization

2.1 Bimodules

Let Γ be a finite dimensional k−algebra and X_1, . . . X_t be a finite number of pairwise non-isomorphic indecomposable Γ−modules. We denote by Λ the opposite algebra of End_Γ(⊕^t_{i=1}X_i). If the algebra Γ is representation finite and X_i is a set of representatives of the isomorphism classes of indecomposable Γ−modules, then Λ is the Auslander algebra of Γ. More generally, we denote for any vector d = (d_1, . . . , d_t) of non-negative integers d_i the opposite algebra of End_Γ(⊕^t_{i=1}X^{di}_i ) by Λ(d).

Definition. A bimodule B over add X_i is a k−bilinear functor (add X_i)^{op} × add X_i → mod k. This is equivalent to having a bimodule B over Λ.

The bifunctors Hom_Γ(−, −), Ext^i_Γ(−, −) and rad_Γ(−, −) provide natural examples of bimodules over add X_i. Here rad_Γ(X, Y ) denotes the k−vector space of radical morphisms from X to Y (cf. [GR,§3.2] or [Ri,§2.2]). With these examples in mind, we use for any bimodule B over add X_i the following notation: If ϕ : X0 → X and ψ : Y → Y 0 are morphisms in add X_i and m is an element of B(X, Y ), then we denote the element B(ϕ, ψ)(m) of

B(X0_{, Y} 0_{) by ϕmψ.}

Definition. Let B be a bimodule over add X_i. A matrix over B is a pair (X, m), where X ∈ add X_i and m ∈ B(X, X). The matrices over B form an exact category mat B (see Lemma 2.1) whose morphism set from (X, m) to

(X0_{, m}0_{) consists of all morphisms ϕ : X → X}0_{in add Xi satisfying ϕm = m}0_{ϕ.}

Note that the equality ϕm = m0ϕ is defined in the vector space B(X, X0). The notation mϕ for B(X, ϕ)(m) suggests to view this equation as a commutative diagram, keeping in mind that ϕ is a morphism, whereas m and m0 are elements of B(X, X) and B(X0, X0), respectively. X^m−→ X ϕ ↓ ↓ ϕ X0^{m′}_{−→ X}0 We call the objects (X, m) matrices since we identify B(X, X) with ⨁ i,j B(X_i, X_j ) and m with (m_{ij} )_{i,j} when X = ⨁ i X_i. This notation follows [D] and [C-B].

2.2 Exact Structures

Fix a bimodule B over add X_i. Let E denote the class of pairs (i, d) of composable morphisms in mat B 0 −→ (X0, m0)^i−→ (X, m)^d−→ (X00, m00) −→ 0 such that the induced sequence of Γ−modules 0 −→ X0^i−→ X^d−→ X00 −→ 0 is split exact in add X_i.

Lemma 2.1 ([T,x2]) The pair (mat B, E) is an exact category in the sense of [Qu].

We note that Ext^2(−, −) vanishes for all objects in mat B (see e.g. [T]). Thus, we write Ext for the first extension group in the category mat B. Proposition 2.2 ([Qu],[GR,x9.1]) If (C, E) is a skeletally small exact category, then there is an equivalence G : C → D onto a full subcategory D of an abelian category such that D is closed under extensions and that E is formed by the composable pairs (i, d) inducing exact sequences 0 −→ GX^{Gi}−→ GY^{Gd}−→ GZ −→ 0. We also refer to [K, App. A] for a proof.

2.3 Triangular Bimodules

Definition. The bimodule B over add X_i is triangular if B(X_i, X_j ) = 0 when- ever i ≥ j. Note that this definition depends on the chosen numeration of the X_i’s. When B is a triangular bimodule, we identify the Γ−module X_i with the B−matrix (X_i, 0). Let F(X) denote the full subcategory of all B−matrices which have a filtration by elements in {X_1, . . . , X_t}.

Lemma 2.3 Let B be a triangular bimodule over add X_i. Then (i) mat B = F(X);

(ii) Ext(X_i, X_j ) = 0 for i ≥ j; (iii) mat B has enough projectives.

Proof. (i). Let (X, m) be a B−matrix with X ≠ 0. Let i ∈ {1, . . . , t} be the smallest index such that X_i is a direct summand of X. Then (X, m) is isomorphic to a B−matrix ( X0_{⊕ Xi,}^{[ m}0^∗_{0 0}^{])}_,

where m0 ∈ B(X0, X0) and ∗ ∈ B(X_i, X0). Therefore we obtain a short exact sequence 0 −→ (X0, m0)^i−→ (X, m)^d−→ (X_i, 0) −→ 0. The desired filtration of (X, m) is constructed by induction on the number of direct summands of X. Consequently mat B ⊂ F(X). The reversed inclusion is obvious.

(ii). Recall that Ext(X_i, X_j ) is formed by short exact sequences 0 −→ (X_j , 0)^i−→ (X, m)^d−→ (X_i, 0) −→ 0. As discussed in part (i), the B−matrix (X, m) is isomorphic to ( X_j ⊕ X_i, [ 0 ∗ 0 0 ]) , where ∗ ∈ B(X_i, X_j ).

(iii). Recall that an object P is projective if Ext(P, X) = 0 for all objects X. Since we have an additive exact category with simple objects X_i = (X_i, 0), this is equivalent to showing Ext(P, X_i) = 0 for all simple objects X_i. We construct an object P_i inductively in the following way: X^0_i := X_i and X^l_i is the universal extension of X^l�^1_i by simple objects: 0 −→ ⨁ r Ext(X^l�^1_i , X_r) ⊗ X_r −→ X^l_i −→ X^l�^1_i −→ 0.

If we apply Hom(−, X_j ) to this sequence, then we obtain a long exact sequence

0 → Hom(X^l�^1_i , X_j ) → Hom(X^l_i , X_j ) → ⨁ r Hom(X_r, X_j ) ⊗ Ext(X^l�^1_i , X_j )

→ Ext(X^l�^1_i , X_j ) → Ext(X^l_i , X_j ) → Ext(X_r, X_l) → 0.

By construction of the universal extension, the connecting homomorphism is surjective, thus Ext(X^l_i , X_j ) ≃ Ext(X_r, X_l). Applying induction we obtain that the process of extending X^l_i must stop, since B is triangular, and we have (ii): thus X^l_i = X^{l0}_i for some index l_0 and all l ≥ l_0. In fact l_0 ≤ t. We denote the object X^{l0}_i by P 0_i . It is a projective object by construction, however not indecomposable in general. By P_i we denote the unique indecomposable direct summand which contains X_i in its filtration. Thus P_i is indecomposable and projective.

It remains to show, that we have enough projectives. Let (X, f) be a matrix. Then (X, 0) ≃ (X^{ai}_i , 0) for certain natural numbers a_i. There exists a map ⊕P^{ai}_i −→ (X, f) sending the top of P_i to (X_i, 0), thus this map yields a surjection. 2

We note that the last statement was already proven in [T]. However, since we use a different language in this note, we prove this statement again for the convenience of the reader.

Since we have enough projective objects in mat B when the bimodule B is triangular, we can construct a finite dimensional algebra A, so that mat B is a full subcategory of the category mod A of left finitely generated A modules. The category mat B consists of those modules which have a filtration by the images of (X_i, 0) for the various i.

Lemma 2.4 Let A be the opposite algebra of the endomorphism algebra of a projective generator of mat B. Then mat B is a full subcategory of mod A.

Proof. This is a standard result. We fix a projective generator P . Then the functor X → Hom(P, X) defines a full exact embedding of mat B into mod End(P )^{op}. 2

In this way, we obtain a particular module category in which we can embed our exact category, not just an abstract existence result as in Proposition 2.2. We note that in all our examples in section 3 the algebra Λ is a subalgebra of A, which simplifies many computations. However, in general the algebra Λ is only a quotient of some subalgebra Λ of A:

Proposition 2.5 There exists a subalgebra Λ of A such that Λ is a quotient of Λ. Proof. We first construct the algebra Λ. Let P −→ ⊕^t_{i=1}X_i be a surjection of the projective generator P onto the direct sum of simple objects in mat B, and let U be the kernel. Thus we have an exact sequence 0 −→ U −→ P −→ ⊕^t_{i=1}X_i −→ 0. We define Λ to be the opposite algebra of the algebra of all endomorphisms f of P satisfying f(U) ⊂ U. Recall that Λ is the opposite algebra of End(⊕^t_{i=1}X_i). Since f ∈ Λ maps U into itself, it induces an endomorphism of ⊕^t_{i=1}X_i. In this way, we obtain an algebra homomorphism Λ −→ Λ. We claim that this algebra homomorphism is surjective: let g be an element of End(⊕^t_{i=1}X_i). Then g induces a map g0 ∈ Hom(P, ⊕^t_{i=1}X_i) which lifts to a map in End(P ) since P is projective and P −→ ⊕^t_{i=1}X_i is surjective. This shows the claim. 2

2.4 Upper Triangular Bimodules and Quasi-Hereditary Algebras

Definition. The bimodule B over add X_i is upper triangular if the algebra Λ is directed (i.e. rad_Λ(X_i, X_j ) = 0 whenever i ≥ j) and if B(X_i, X_j ) = 0 whenever i ≥ j. Remark. Lemma 2.3 can be reformulated as follows: if the bimodule B is upper triangular, then X_1, . . . , X_t is standardizable in the sense of [DR,§3] and mat B = F(X). Thus each upper triangular bimodule B defines a quasihereditary algebra A = A(B), unique up to Morita equivalence. The aim of this part is to make this correspondence more precise (Theorem 2.7). We need the following result.

Theorem 2.6 ([DR,x3]) Let X_1, . . . , X_t be a standardizable set of objects of an abelian category D. Then there exists a quasi-hereditary algebra A, unique up to Morita equivalence, such that the subcategory F(X) of C and the category of all Δ−filtered A−modules are equivalent.

If we combine Proposition 2.2 and Theorem 2.6, then we immediately obtain our main result, which is a restatement of Theorem 1.1. We denote the images of X_i under the embedding of Proposition 2.2 by Δ(i). Moreover, F(Δ) denotes the category of Δ−filtered A−modules, that is the category of those modules which have a filtration by the various Δ(i).

Theorem 2.7 Let B be an upper triangular bimodule over add X_i and A be the opposite algebra of the endomorphism algebra of a projective generator P of mat B. Then the algebra A is quasi-hereditary and the functor Hom (P, −) induces an equivalence between mat B and F(Δ). Moreover, any quasi-hereditary algebra whose category of Δ−filtered modules is equivalent (as an exact category) to mat B is Morita equivalent to A.

Proof. The proof of the existence and uniqueness up to Morita equivalence of the algebra A follows from Proposition 2.2 and the previous Theorem: We embed the category mat B in an abelian category D, as stated in Proposition 2.2. Then we apply the Theorem above. Assume we have two different embeddings into categories D and D0 as in Proposition 2.2. Then the corresponding images are equivalent exact categories. By construction (see the proof of Theorem 2.4 in [DR]), we obtain Morita equivalent quasi-hereditary algebras A and A0. The particular form of A follows by construction. 2

Remark. Thus we have a functor Hom (P, −) which identifies mat B with F(Δ) ⊂ mod A. This functor maps the simple object X_i to the simple object Δ(i) of F(Δ) and maps the indecomposable projective object P (i) to the corresponding projective A−module.

We note that it is natural to work with proj Λ instead of add X_i. Then Λ is a quotient of a subalgebra of A by Proposition 2.5. In several examples (in fact this holds for all examples in the last section), we obtain Λ as a subalgebra of A, and, moreover, the category of Δ−filtered modules coincides with those modules which are projective over Λ. However, we do not have a characterization of those bimodules, or algebras A, with this property.

3 Actions of Parabolic Subgroups in GL_n

3.1 Actions of Parabolic Subgroups and Matrix Problems

Recall that a standard parabolic subgroup in GL_n has an upper triangular block structure. We denote the size of the blocks by d = (d_1, . . . , d_t) for d_i ≥ 1 and all i = 1, . . . , t. Thus for d = (1, . . . , 1), the corresponding standard parabolic subgroup P (d) is isomorphic to the automorphism group of the algebra kA_t (here A_t is the directed Dynkin quiver) and for general d, it is isomorphic to the automorphism group of the Morita equivalent upper triangular block matrix algebra

. . . . ..................... ..... ..... ..... ... . . . . . . . .

.....................

.....................

..................... . . . .

d_1 d_2 d_3

d_t d_1 d_2 d_3 d_t

Λ(d) =

* * * * * *

*

* * * 0 0 0

0 0 0

. Now we consider the action of P (d) on a unipotent normal subgroup U via conjugation. Thus U has also a block structure: the entries in the diagonal are always unit matrices, and the set of blocks containing non-zero entries is contained in the upper part and is closed under left and upper shift. Hence, U is determined by a subset I ⊂ {(i, j) | i < j; i, j = 1, . . . , t}, where for all (i, j) ∈ I we have (i − 1, j), (i, j + 1) ∈ I. The group U will be denoted by U(I), or if necessary by U(I)(d), since it depends on both, d and I. In the next subsection, we construct a bimodule B = B(I) over Λ, such that the orbits of the action of P (d) on U(I)(d) coincide with isomorphism classes of matrices over B(I) with dimension vector d. Moreover, we determine the quasi-hereditary algebra A = A(I) such that the category of matrices over B and the category of Δ−filtered modules over A are equivalent according to Theorem 2.7.

Next we consider the simultaneous action of two parabolic groups P (d^+) and P (d�) on an invariant vector space V contained in the tensor product of the two natural representations W^+ and W � of P (d^+) and P (d�) respectively. The orbits of this action correspond in a natural way to the orbits of the action of the parabolic group P (d^+, d�), that is just take the dimension vector (d^+, d�) = (d^+_1 , . . . , d^+_{t+} , d�_1 , . . . , d�_{t−} ), on a normal subgroup U(I) of the abelian unipotent subgroup U({1, . . . , t^+} × {1, . . . , t�}). In other words we consider the action of two parabolic groups P (d^+) and P (d�) on the vector space of block matrices M(J) which have nonzero entries only in the (i, j)−blocks for (i, j) in J. As in the previous problem, J must be closed under shift to the top and to the right, that is whenever (i, j) ∈ J, then (i − 1, j) and (i, j + 1) are also in J. Again we want to construct a bimodule B = B(J) over Λ(d^+) from the left and

Λ(d�_{) from the right such that the orbits of the action are in natural one-to-one}

correspondence with the isomorphism classes of matrices over B. If we require in addition, that the stabilizer of a point x ∈ V of the action is exactly the automorphism group of the endomorphism algebra of the corresponding matrix, then we get different bimodules for the two different actions (see Theorem 3.1 and Theorem 3.2), however the isomorphism classes of matrices coincide. Thus we restrict for a given set J as above to the first problem, the action of P (d^+) × P (d�), since the other problem is already considered before.

3.2 The Action of a Parabolic Group via Conjugation

We keep the notation from the previous part: P (d) denotes a standard parabolic subgroup consisting of upper triangular block matrices, and U(I) is a normal unipotent subgroup which has arbitrary entries in all (i, j)−blocks for (i, j) in I. We associate to I a set I^{gen} consisting of all blocks (i, j) ∈ I which are minimal with respect to a shift to the left and the bottom: that is (i, j) ∈ I^{gen} precisely when (i + 1, j) and (i, j − 1) are both not in J. Moreover, we define a set I0 ⊂ I consisting of all (i, j) satisfying (i + 1, j + 1) ∈ I but (i + 1, j) /∈ I, and an index j0 satisfying (1, j0) /∈ J but (1, j0 + 1) ∈ J. We illustrate these sets in the following figure: the elements in I are denoted by ” ∗ ”.

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ I0_{= {(1, 4), (3, 5), (4, 7)}, j}0_{= 1}

I^{gen} = {(1, 2), (3, 5), (4, 6)}

I = {(1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 5), (2, 6), (2, 7), (3, 5), (3, 6), (3, 7), (4, 6), (4, 7)}

To obtain the unipotent subgroup U = P^{(l)}_u considered in the introduction, for instance, one has to consider the set I which is generated by I^{gen} = {(i, i + l + 1) | i = 1, . . . , t − l − 1}. Let Λ be the basic algebra Λ(1, . . . , 1). We define a bimodule B(I) over Λ by the following data: a k−basis of B(I) consists of elements b_{(i,j)} for (i, j) ∈ I. Choose a basis of Λ consisting of elements λ_{(i,j)} for 1 ≤ i ≤ j ≤ t. We define a bimodule structure on the vector space B(I) via λ_{(i,j)}b_{(i}′_{,j}′_)λ_{(i}′′_{,j}′′_) = δ_{j,i}′ δ_j′_{,i}′′ b_{(i,j}′′_). Thus B(I) is the natural bimodule defined by ordinary matrix multiplication of the matrix of upper triangular matrices on the set of block-matrices with entries in the (i, j)−block for (i, j) in I. Note that B(I) is generated as a bimodule over Λ by the elements b_{(i,j)} for (i, j) ∈ I^{gen}.

Next we define a quasi-hereditary algebra A = A(I). This algebra does not depend on the entries in the dimension vector d, it only depends on I. First we define the quiver Q(I) of A(I): it has vertices Q_0 = {1, . . . , t}, and arrows α_i : i −→ i + 1 and β_{(j,i)} : j −→ i whenever (i, j) ∈ I0. Next we define relations α^rβ = βα^s whenever possible and a zero relation α^rβ starting in j0 and including the first possible arrow β. Then we define the algebra A to be the path algebra of the quiver Q(I) modulo the ideal generated by these relations. Again we illustrate the construction in a figure containing the quiver and the relations for the problem in the previous figure.

t t t t t t t

- - - - - - œ œ œ^{α1 α2 α3 α4 α5 α6}

β_{(4,1)} β_{(7,4)} β_{(5,3)} α_1α_2α_3β_{(4,1)} = 0 α_4β_{(5,3)} = β_{(4,1)}α_1α_2α_3 α_5α_6β_{(7,4)} = β_{(5,3)}α_3

Thus, for a given subset I, we have defined a bimodule B = B(I) over Λ and a quasi-hereditary algebra A = A(I). The next result states, that this quasihereditary algebra A is exactly the quasi-hereditary algebra of Theorem 2.7 associated to the bimodule B. We note that A has a unique structure of a quasi-hereditary algebra, so that the standard modules Δ(i) are exactly the projective Λ−modules P (i) via the natural embedding Λ ⊂ A.

Theorem 3.1 The category of modules with Δ−filtration over A(I) is equivalent to the category of matrices over B(I). This equivalence is induced by sending a matrix ( ⨁ i P (i) ⊗ k^{d(i)}, f) to the following representation: α_i is the inclusion to the first factor k^{Σl≤id(l)} −→ k^{Σl≤i+1d(l)} and β_{(j,i)} is the restriction of f to k^{Σl≤j d(l)}.

The proof uses the category of flags, which we introduce in section 3.4.

3.3 Actions of Parabolic Subgroups via Multiplication

We maintain the notation introduced in Section 3.1: Let d^+ = (d_1, . . . , d_t+ ) and

d�_{= (d1, . . . , dt− ) be two dimension vectors of length t}+_{and t}�_{, respectively,}

and J a subset in {1, . . . , t^+}×{1, . . . , t�} which is closed under right and upper shift, as explained before. We also denote J by a diagram.

Example. Let J = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 2)}. Then J0 = {(3, 2), (2, 1)}, and j0 = 0.

We define a quiver Q(J) as follows:

Q_0 = {(+, 1), . . . , (+, t^+), (−, 1), . . . (−, t�)} and Q_1 = {(a, i)^{α(a,i)}−→ (a, i + 1) | a = +, −} ∪ {(+, i)^{β(i,j)}−→ (−, j) | (i, j) ∈ J0}. Moreover, we consider the relations α^rβ = βα^s, whenever possible, and a zero relation α^rβ starting in j0 and including the first possible arrow β. We define the algebra A(J) to be the path algebra of this quiver subject to the relations defined above.

Note that A(J) is quasi-hereditary with respect to several orders, however we only consider the order defined by (a, i) ≤ (b, j) precisely when a = −, b = + or a = b and i ≤ j. This is equivalent to the property that the category of Δ−filtered modules coincides with the category of all modules with α_{(a,i)} injective.

Theorem 3.2 The category of matrices over B(J) is equivalent to the category of modules with Δ−filtration over the quasi-hereditary algebra A(J). This equivalence is induced by sending a matrix ( ⨁ i P (+, i) ⊗ k^{d(+,i)} ⊕ ⨁ j P (−, j) ⊗ k^{d(}�^{,j)}, f) to the following representation: α_{(a,i)} is the inclusion to the first factor: k^{Σl≤id(a,l)} −→ k^{Σl≤i+1d(a,l)} and β_{(i,j)} is the restriction of f to k^{Σl≤id(+,l)}.

The proof follows together with the proof of Theorem 3.1 in the following section and uses the category of flags associated to J.

3.4 Categories of Flags

In this section we introduce the category of flags FL(I) associated to a set I, and the category of separated flags FL^s(J) associated with a set J, where I and J are as introduced in the first part of this section. Using this technique we first prove Theorem 3.1; the proof of Theorem 3.2 is quite analogous.

Let V be a finite dimensional vector space together with a flag of length t F : {0} = V_0 ⊂ V_1 ⊂ . . . ⊂ V_t = V and an endomorphism f : V −→ V satisfying f(V_j ) ⊂ V_i, whenever (i, j) ∈ I0 and f(V_j′ ) = 0. The objects in the category FL(I) are those pairs (F, f). A morphism ϕ : (V, f) −→ (V 0, f0) is a linear map ϕ : V −→ V 0 which preserves the flag, that is ϕ(V_i) ⊂ V 0_i , and commutes with the given endomorphisms, that is gϕ = ϕf. We note that for I^{gen} = {(i, i + l + 1) | i = 1, . . . , t − l − 1}, this category was already considered in [BH] and for l = 0 in [HR2].

Lemma 3.3 The map assigning to a flag (F, f) the representation (V_i, α_i, β_{(i,j)}), where α is the injection V_i ⊂ V_{i+1} and β_{(i,j)} is the restriction of f, induces an equivalence between the category FL(I) and the category of Δ−filtered A(I)−modules.

Proof. Note that an A(I)−module has a Δ−filtration precisely when all maps α_{(i,j)} are injective. Then the proof is elementary and left to the reader (it is proven for special cases in [BH] and [HR2] and the proof of this Lemma does not need any additional argument). 2

In the next step, we prove that the category of matrices mat B(I) is also equivalent to FL(I). Recall that an object in mat B(I) consists of a projective Λ−module X together with an element m. We can identify the module X with a representation of A_t with injective maps, also denoted by α_i. That is we can identify X with a flag F : {0} = V_0 ⊂ V_1 ⊂ . . . ⊂ V_t = V . We choose a decomposition of the various V_i�_1 ⊕ V^c_i = V_i. Thus we obtain a decomposition V = ⊕V^c_i , where i = 1, . . . , t. With this decomposition the element m consists of a homomorphism m_{i,j} : V^c_i −→ V^c_j satisfying the condition m_{i,j} = 0 whenever B(X_i, X_j ) = 0. In this way we obtain for each flag (V, f) a matrix (⊕X_i ⊗ V_i, f). Lemma 3.4 The category mat B(I) is equivalent to the category of flags FL(I).

Proof. In fact the assignment above defines a flag for each matrix and, vice versa, for each matrix a flag. It is straightforward to check that the conditions f(V_j ) ⊂ V_i whenever (i, j) ∈ I and f(V_j′ ) = 0 on the endomorphism f in the flag are satisfied precisely when the conditions m_{(i,j)} = 0 whenever (i, j) /∈ I on the matrix m are satisfied. 2

Proof of Theorem 3.1 From the two Lemmata above, we obtain the equivalence of the categories mat B and F(Δ) in mod A(I). Since A(I) is quasihereditary and the matrix (X_i, 0) corresponds to Δ(i) under the equivalences in the two Lemmata above, we obtain our result by Theorem 2.7. 2

For the proof of Theorem 3.2 we need a modification of the category of flags: we consider the category of separated flags FL^s(J) corresponding to a set J, introduced in the beginning of this section. The objects are triples (F, G, f) consisting of two flags F : {0} = V_0 ⊂ V_1 ⊂ . . . ⊂ V_t+ = V and G : {0} = W_0 ⊂ W_1 ⊂ . . . ⊂ W_t− = W , and a linear map f : V −→ W satisfying the conditions f(V_j ) ⊂ V_i for (i, j) ∈ J and f(V_j′ ) = 0 for j0 ≠ 0. A morphism ϕ between two objects (F, G, f) −→ (F 0, G0, f0) consists of two linear maps ϕ_1 : V −→ V 0 and ϕ_2 : W −→ W 0, which preserve the flags and commute with the given endomorphisms, that is ϕ_2f = gϕ_1.

Given such a separated flag (F, G, f), it is straightforward to define a representation of the algebra A(J) defined in the beginning of this section: the vector space in (+, i) is V_i and the vector space in (−, i) is W_i. The maps α are the inclusions of the flag, and the maps β are the restrictions of the map f. As before, it is easy to check the following Lemma.

Lemma 3.5 The natural map defined above induces an equivalence between the category FL^s(J) and the category of Δ−filtered A(J)−modules.

Also the second Lemma proven for the category of flags generalizes with appropriate modifications to the category of separated flags.

Lemma 3.6 The category mat B(J) is equivalent to the category FL^s(J).

Proof of Theorem 3.2. The proof is analogous to the proof of Theorem 3.1: the categories mat B(J) and F(Δ) are equivalent, A(J) is quasi-hereditary, and, by the uniqueness result of Theorem 2.7, we proved the Theorem. 2

References

[Ba] M. Bauch: Subspace Categories as Categories of Good Modules over Quasihereditary Algebras. Arch. Math. (Basel) 62 (1994), no. 2, 112–115.

[BH] T. Brüstle, L. Hille: Actions of Parabolic Subgroups of GL(V ) on Certain Unipotent Subgroups and Quasi-hereditary Algebras. Preprint, Bielefeld 1997, SFB-Preprint series 97 - 115.

[BHRZ] T. Brüstle, L. Hille, G. Röhrle, G. Zwara: Degenerations of the Orbits for Actions of a Parabolic Subgroup in GL_n on Certain Unipotent Subgroups and their Quotients. Preprint, Bielefeld 1998, to appear in Advances of Mathematics.

[C-B] W. W. Crawley-Boevey: Matrix problems and Drozd’s theorem, in: Topics in Algebra, Part 1 (Warsaw, 1988), 199–222, Banach Center Publ. 26, Part 1, PWN, Warsaw, 1990.

[D] Ju. A. Drozd: Matrix Problems and Categories of Matrices (Russian).

in Zap. Naychn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI), 28, (1972), 144–153.

[DR] V. Dlab, C. M. Ringel: The Module Theoretical Approach to Quasihereditary Algebras. in Tachikawa, Brenner (ed.), LMS Lecture Note Series 168, Cambridge University Press, Cambridge 1992, 200–224.

[GR] P. Gabriel, A. V. Roiter: Representations of Finite-dimensional Algebras.

Encyclopaedia of Math. Sci. Vol 73, Algebra VIII, Springer Verlag 1992.

[HR1] L. Hille, G. Röhrle: On Parabolic Subgroups of Classical Groups with a Finite Number of Orbits on the Unipotent Radical. C. R. Acad. Sci. Paris Sér. I 325 (1997), 465–470.

[HR2] L. Hille, G. Röhrle: A Classification of Parabolic Subgroups in Classical Groups with a Finite Number of Orbits on the Unipotent Radical. Transformation Groups, vol. 4, No. 1 (1999), 35–52.

[K] B. Keller: Chain Complexes and Stable Categories. Manus. Math. 67 (1990), 379–417.

[Q] D. Quillen: Higher Algebraic K-theory I. in: Algebraic K-Theory I.

Proc. Conf. Battelle Inst. 1972, LNM 341, Springer Verlag, Berlin Heidelberg New York 1973, 85–147.

[R] C. M. Ringel: Tame Algebras and Integral Quadratic Forms. LNM 1099, Springer Verlag, Berlin Heidelberg New York Tokio 1984.

[S] D. Simson: Linear Representations of Partially Ordered Sets and Vector Space Categories. Algebra, Logic and Applications 4, Gordon and Breach Science Publishers, Montreux, 1992

[T] R. Tiefenbrunner: Darstellungen von Bimodulproblemen. Diss. FU Berlin, 1995.

Thomas Brüstle Fakultät für Mathematik, Universität Bielefeld P.O.Box 100 131, D – 33501 Bielefeld, Germany E-mail: bruestle@mathematik.uni-bielefeld.de http://www.mathematik.uni-bielefeld.de/~bruestle/

Lutz Hille Mathematisches Seminar, Universität Hamburg Bundesstr. 55, D – 20146 Hamburg, Germany E-mail: hille@math.uni-hamburg.de http://www.math.uni-hamburg.de/home/hille