Estimates of variable stepsize Runge{Kutta methods for sectorial evolution equations with nonsmooth data

Wolf–Jürgen Beyn^� Fakultät für Mathematik, Universität Bielefeld

Postfach 10 01 31, D–33501 Bielefeld Germany email: beyn@mathematik.uni-bielefeld.de

Barnabas M. Garay^{�y} Mathematics Institute, Technical University Müegyetem rkp. 3–9. H–1521 Budapest Hungary email: garay@math.bme.hu

1 Introduction

In a recent series of papers, Lubich and Ostermann [16], [17], [18], [19], [20] have established the basic properties of Runge–Kutta dicretizations of sectorial evolution equations and have created the basis for a qualitative theory to follow. The main features of their results may be summarized as follows:

- The stability theory of Runge–Kutta methods for sectorial evolution equations can be drawn from a general approach to Runge Kutta methods for integral equations of convolution type [16],

- the basic assumption on the Runge–Kutta method is the so-called A(θ)- stability. It requires a bound of the stability function evaluated on the boundary of a sector that is slightly bigger than the sector which contains the spectrum of the unbounded operator [16],

- due to incompatibilites of initial boundary conditions the order of convergence is generally less than the classical order for ODE’s, it may however be conserved in the interior of the domain [16],[17],

�supported by SFB 343 ’Diskrete Strukturen in der Mathematik’ ysupported by the Alexander von Humboldt Foundation

- for nonsmooth initial data uniform estimates of the first order can be obtained for the solutions as well as for derivatives with respect to intial values. These can then be used to study the error of longtime dynamics, such as periodic solutions [19] or transitions to periodic solutions at a Hopf bifurcation [20].

In this paper we develop a unified approach to some of their results in the nonsmooth data case and, based on this, we present extensions to the case of variable stepsizes. For discretizations in space of semilinear evolution equations with nonsmooth data we refer for completeness to [12] as the starting point of the general theory and to [23] where more recent references can be found.

There are various approaches in the literature which deal with Runge-Kutta estimates for sectorial evolution equations [14],[3], [1],[21],[7],[2]. We mention in particular the work of Bakaev [1],[2] and Gonzalez, Palencia [21],[7] who both treat variable stepsizes and (more generally than in this paper) sectorial operators that vary in time. However, they restrict to linear equations in the homogenous [21],[7] or inhomogenous case [2] and – more importantly – they concentrate on stability estimates with L_1-norms in time. In accordance with [19] we think that such estimates are not sufficient to yield sharp error bounds in the nonsmooth data case. Rather, one has to make use of the smoothing effect of the discrete equations by applying in some way or another Abels summation trick (summation by parts). This will be worked out in detail in sections 5 and 6. In a first step in section 3 we set up a refined operational calculus for unbounded operators and for functions which are analytic in a neighbourhood of a sector in the negative half plane and which vanish at infinity to some algebraic (in general noninteger) order. This function class extends the Dunford-Taylor class which requires analyticity at infinity and it can be considered as an extension of the classical Dunford-Gelfand class to functions with certain weak singularities. This operational calculus turns out to be the appropriate tool for the basic stability estimates and it allows us to restructure and unify the Lubich, Ostermann results. Moreover, we use it later on to derive estimates for the case of variable stepsizes.

These results will be prepared in sections 4 and 5 by some stability estimates for variable stepsizes and a convergence result for constant stepsize. Though parts of these results are well-known we provide full proofs here because this will motivate the estimates for variable stepsizes in section 6 and because our approach sometimes differs from standard proofs, e.g. for the classical convergence result of LeRoux [14].

In section 6 we then deal with the general case of variable stepsize and nonsmooth data. It turns out that extra assumptions are needed here which either require that the stability function vanishes at infinity or which impose some condition of quasi-uniformity on the underlying grid. It remains as an open problem whether such additional conditions can be avoided altogether. If this is not the case it would be highly desirable to formulate a simple grid condition which is sufficient for convergence and which subsumes all of the above-mentioned additional requirements.

Acknowledgement The second author thanks the Alexander von Humboldt Foundation for supporting his visit to the Department of Mathematics at the University of Bielefeld. Both authors are grateful for further support by the SFB 343 (University of Bielefeld) and for the hospitality of the Departments of Mathematics at the Technical University of Budapest and at the University of Bielefeld.

2 Sectorial evolution equations

The equation we deal with is of the form

u̇ = Au + f(u), t > 0 (2.1)

where A is the infinitesimal generator of an analytic semigroup {e^{At}}_{t≥0} in some Banach space (X, | · |). In other words our assumption is

(A0) A is a densely defined closed linear operator on X satisfying the spectral condition σ(A) ⊂ Σ_{a,θ} = {z ∈ C \ {a} : θ < | arg(z − a)| ≤ π} for some real a, θ with θ ∈ (^π_2 , π) and the resolvent estimate |(zI − A)^{−1}| ≤ M 1 + |z − a| whenever z ∉ Σ_{a,θ} (2.2)

for some positive constant M.

Since a ∉ σ(A) and σ(A) is closed, there exists an ω_0 > 0 with the property that σ(A) ⊂ S_{a,θ} = Σ_{a,θ} \ {z ∈ C : |z − a| ≤ ω_0}. The reason for introducing the modified sector S_{a,θ} is that its boundary curve Γ = ∂S_{a,θ} will serve as a proper contour for the operational calculus to follow, see (2.4), (2.5) below.

By passing to a somewhat greater M if necessary, we may assume that |(zI − A)^{−1}| ≤ M |z − a| for all z /∈ S_{a,θ}. (2.3)

We then have the contour integral representation e^{At} = 1 2πi ∫ Γ e^{zt}(zI − A)^{−1}dz, t > 0 (2.4) where the boundary curve Γ = ∂S_{a,θ} is oriented upwards. Note that {e^{At}}_{t≥0} is the solution semigroup of the homogeneous equation u̇ = Au. For these and other properties of analytic semigroups, see Hale [9], Henry [11] and Pazy [22]. For a particularly good survey of the essentials, see Appendix A in Stuart [23].

The simplest example in infinite dimensions is

X = L_2(0, π) equipped with norm |u| = ( 1 π ∫_π 0 |u(x)|^2dx)^{12}

and A = Δ_D , the Laplacian subject to Dirichlet boundary conditions on [0, π]. Then the spectrum σ(Δ_D ) consists of the sequence of eigenvalues {−k^2}^∞_{k=1} and the constants a ∈ (−1, ∞) resp. θ ∈ (^π_2 , π) can be chosen arbitrarily. Inequality (2.2) may be written more precisely as max{|z − a| · |(zI − Δ_D )^{−1}| : z ∉ Σ_{a,θ}} = 1 sin θ while the resolvent resp. the contour integral representation simplifies to the eigenfunction expansions

(zI − Δ_D)^{−1}u = ∞∑ k=1 c_k(z + k^2)^{−1} sin kx, z ∉ {−k^2}^∞_{k=1}

resp. e^{ΔD t}u = ∞∑ k=1 c_ke^{−k2t} sin kx, t ≥ 0 for all u = ∑_∞ k=1 c_k sin kx ∈ L_2(0, π).

In order to describe our requirements on the nonlinearity f in (2.1), we briefly recall the concept of fractional power spaces. The linear operator A gives rise to a collection of bounded linear operators (aI − A)^{−α} = 1 2πi ∫ Γ (a − z)^{−α}(zI − A)^{−1}dz, α > 0. (2.5) Here we let (a − z)^{−α} be the principal branch of the reciprocal root function which is analytic on C \{t ∈ R : t ≥ a} and positive for z = t < a. The operators (aI − A)^{−α}, α > 0 have densely defined inverses (aI − A)^α = ((aI − A)^{−α})^{−1}, α > 0 which are unbounded in general and they give rise to a nested collection of fractional power spaces

X^α = range((aI − A)^{−α}), α > 0

equipped with the norm |u|_α = |(aI − A)^αu| for all u ∈ X^α, α > 0. It is important to note that {X^α}_{α>0} does not depend on the particular choice of the constant a and that the norms corresponding to different a’s are equivalent.

Note also that X^1 = D(A), the domain of A and (aI − A)^1 = aI − A. Finally, we set X^0 = X and (aI − A)^0 = I.

Returning to the example (X, A) = (L_2(0, π), Δ_D), it is easily checked that with the choice a = 0 we have

(L_2(0, π))^α = {u = ∞∑ k=1 c_k sin kx ∈ L_2(0, π) : |u|_α = ( 1 2 ∞∑ k=1 k^{4α}|c_k|^2)^{12} < ∞} and (aI − Δ_D )^αu = ∞∑ k=1 c_k(a + k^2)^α sin kx for all u ∈ X^α, a > −1 and α ≥ 0.

Note that X^1 = D(Δ_D) = H^2(0, π)∩H^1_0 (0, π), endowed with the H^2–norm from the Sobolev space H^2(0, π) and X^{12} = H^1_0 (0, π). For details, we refer again to [9], [11] and [22].

We also recall two inequalities which play a fundamental role in the whole theory of sectorial evolution equations. There exists a constant Ω > 0 such that

|e^{At}| ≤ Ωe^{at} for all t ≥ 0 (2.6) and |(aI − A)^αe^{At}| ≤ Ωt^{−α}e^{at} for all t > 0 and α ∈ [0, 1). (2.7)

The (L_2(0, π), Δ_D) example shows that both (2.6) and (2.7) are sharp. With Ω replaced by a continuous function Ω(·), inequality (2.7) holds true for all α ∈ [0, ∞). For proofs, we recommend [22], especially p. 30.

Now we are in a position to formulate the assumptions for f. Throughout the paper we make the following assumption

(F0) For a fixed α ∈ [0, 1) a mapping f : X^α → X is given which satisfies for some L ≥ 0 the Lipschitz condition |f(u) − f(ũ)| ≤ L|u − ũ|_α for all u, ũ ∈ X^α. (2.8) It follows that the solutions of equation (2.1) form a nonlinear C^0 semigroup in X^α. In other words, given u_0 ∈ X^α arbitrarily, there exists a unique continuous function Φ(·, u_0) : [0, ∞) → X^α with the properties that Φ(0, u_0) = u_0, f(Φ(·, u_0)) : [0, ∞) → X is continuous, Φ(t, u_0) ∈ D(A) for t > 0 and Φ(·, u_0) satisfies (2.1) for t > 0 ( this is the definition of a solution as in [9]) and the function Φ : [0, ∞) × X^α → X^α is continuous and has the semigroup property.

Recall that the solutions of (2.1) in the above sense coincide with those solutions of the integral equation

u(t) = e^{At}u_0 + ∫_t 0 e^{A(t−s)}f(u(s))ds, t ≥ 0 (2.9) for which both u : [0, ∞) → X^α and f(u(·)) : [0, ∞) → X are continuous. Note that the function Φ(·, u_0) : (0, ∞) → X^α is continuously differentiable but in general differentiability at t = 0 only holds under extra conditions on u_0. Further, if f : X^α → X is of class C^r, r = 1, 2, . . . , ∞ or analytic, then also Φ : (0, ∞) × X^α → X^α is of class C^r, r = 1, 2, . . . , ∞ or analytic. The underlying fact is that the classical Picard–Lindelöf theory for ODE’s extends to sectorial evolution equations when working with a pair of embedded Banach spaces (X^α, X).

For later use, we note there is a continuous function b : [0, ∞) × [0, ∞) → [0, ∞) for which

|Φ(t, u_0)|_α ≤ b(t, |u_0|_α) for all t ≥ 0, u_0 ∈ X^α. (2.10)

The particular form of the function b can be given via a Gronwall inequality with singular kernel function. We refer also to the estimate of u̇(t) = dΦ(t, u_0)/dt in X^α as given in Lemma 5.1 (see [11],p.71). This is an important regularity result which has played a crucial role in the error analysis with nonsmooth data since the pioneering papers by Crouzeix and Thomée [5] as well as Hale, Lin and Raugel [10]. Finally, we note that assumptions (A0) and (F0) are met by broad classes of reaction–diffusion and Navier–Stokes equations [11], [22], [9].

All the previous results on existence, uniqueness and continuous dependence remain valid if (2.1) is replaced by

u̇ = Au + g(t, u), t > 0 (2.11)

where A is as above and g : R × X^α → X (α ∈ [0, 1)) is a function satisfying for some μ ∈ (0, 1] the Hölder–Lipschitz condition |g(t, u) − g(t̃, ũ)| ≤ L(|t − t̃|^μ + |u − ũ|_α) for all (t, u), (t̃, ũ) ∈ R × X^α . (2.12) Also Lubich and Ostermann [16], [17], [18], [19], [20] work in this nonautonomous setting. Moreover, in the special case when X is a Hilbert space and α =^1_2 , they allow A to depend on t (or even on u, [18]) in a particular way. We consider only autonomous equations in this paper. However, it is a straightforward but sometimes lengthy technical task to show that all results we present in the sequel remain valid if (2.1) and (2.8) are replaced by (2.11) and case μ = 1 of (2.12), respectively. If our interest is focused on a bounded subset of X^α as well as on short intervals of existence of the solutions, then the global Lipschitz estimate (2.8) can be weakened to a local one.

Consider again the (X, A) = (L_2(0, π), Δ_D) example with f : X^{12} → X defined by (f(u))(x) = (1 + x)u^2(x), x ∈ (0, π). Since X^{12} = H^1_0 (0, π) consists of absolutely continuous functions and we have the Sobolev imbedding estimate sup 0<x<π |u(x)| = sup_{0<x<π} | ∫_x 0 u^′(ξ)dξ| ≤ (π ∫_π 0 |u^′(ξ)|^2dξ)^{12} = π|u| 1_2 for all u ∈ X^{12} ,

it is easy to modify f outside an arbitrary ball {u ∈ X^{12} : |u| 1_2 ≤ ρ} so that the new function f_ρ satisfies inequality (2.8) with some constant L = L(ρ) and α =^1_2 . For example, let μ_ρ : [0, ∞) → [0, 1] be a C^∞ function with the properties that μ_ρ(r) = 1 whenever r ≤ ρ and μ_ρ(r) = 0 whenever r ≥ ρ + 1 and take f_ρ(u) = μ_ρ(|u| 1_2 )f(u), u ∈ X^{12} .

3 Some operational calculus and its application to Runge{Kutta schemes

Consider a general m-stage Runge–Kutta method with parameters A = {a_{ij} }^m_{i,j=1}, b = {b_j }^m_{j=1} and {c_i}^m_{i=1}. Applied to equation (2.1), the Runge–Kutta method takes the form

U_{n+1} = U_n + h m∑ j=1 b_j (AU_{nj} + f(U_{nj} )), n = 0, 1, . . . (3.1)

where U_0 = u_0 ∈ X^α and the internal stage values {U_{ni}}^m_{i=1} are defined by the system of equations

U_{ni} = U_n + h m∑ j=1 a_{ij} (AU_{nj} + f(U_{nj} )), i = 1, 2, . . . , m, (3.2) n = 0, 1, . . .. The underlying idea is of course to approximate Φ(nh, u_0) by U_n and Φ(nh + c_ih, u_0), i = 1, 2, . . . , m by U_{ni} with the accuracy depending on the choice of parameters. We assume that ∑_m j=1 b_j = 1.

In what follows we investigate if, for stepsize h sufficiently small and U_n ∈ X^α, a transformed version of equation (3.2) can be solved for the vector

(U_{n1}, . . . , U_{nm})^T ∈ X^α := (X^α)^m = X^α × . . . × X^α(m times).

Rewrite (3.2) as U_{ni} − h m∑ j=1 a_{ij} AU_{nj} = U_n + h m∑ j=1 a_{ij} f(U_{nj} ), i = 1, 2, . . . , m (3.3) and, with h > 0 as a parameter, consider the matrix function M_h(z) = I_m − hAz, z ∈ C . Assume that

(A1) A is invertible

(A2) the eigenvalues of A satisfy | arg(z)| < θ.

By Cramer’s rule, there exist rational functions N_{h,ik} with poles at {z ∈ C : det(M_h(z)) = 0} such that m∑ k=1 N_{h,ik}(z) · M_{h,kj} (z) = m∑ k=1 M_{h,ik}(z) · N_{h,kj} (z) = δ_{ij} , i, j = 1, . . . , m (3.4) whenever det(M_h(z)) ≠ 0. In virtue of (A1), N_{h,ij} is a proper rational function in the sense that the degree of its denominator is greater than the degree of its nominator. Since det(M_h(z)) = 0 is equivalent to (zh)^{−1} ∈ σ(A), the assumption (A2) implies that, for h sufficiently small, say h ∈ (0, h_0], no pole of N_{h,ij} is contained in cl(Σ_{a,θ}). Actually, one can take h_0 = ∞ if a ≤ 0 and, h_0 = Δ/a with some positive constant Δ if a > 0 .

In particular, N_{h,ij} (i, j = 1, 2, . . . , m) belongs to the function class

C_{a,θ} = {η : C → C | η is defined and is analytic on an open neighborhood of Γ ∪ S_{a,θ} in C and there exists a κ > 0 such that lim sup{|z|^κ · |η(z)| : z ∈ Σ_{a,θ}, |z| → ∞} < ∞}. In view of inequality (2.3), we may define N_{h,ij} (A) = 1 2πi ∫ Γ N_{h,ij} (z) · (zI − A)^{−1}dz, i, j = 1, . . . , m. (3.5) Lemma 3.1 Formula (3.5) defines a collection of bounded linear operators on X satisfying the identities (i, j = 1, . . . , m) m∑ k=1 N_{h,ik}(A) · M_{h,kj} (A)u = δ_{ij} u whenever u ∈ D(A) (3.6) and_m ∑ k=1 M_{h,ik}(A) · N_{h,kj} (A)u = δ_{ij} u whenever u ∈ X. (3.7) Proof: This is an application of various results from A. E. Taylor’s operational calculus for densely defined closed linear operators [24]. He considered the function class

T = {τ : C → C | τ is analytic at ∞ and on some neighborhood U^τ of σ(A) ∪ {∞} in C } and defined a linear multiplicative mapping of T into L(X, X), the Banach space of bounded linear operators on X. This map τ → τ(A) is defined as follows. Let D^τ be a closed neighborhood of σ(A) ∪ {∞} in U^τ with the property that its boundary γ^τ = ∂D^τ consists of a finite number of positively oriented (pairwise nonintersecting) smooth Jordan curves, then set τ(A) = τ(∞)I + 1 2πi ∫ γ^τ τ(z) · (zI − A)^{−1}dz, τ ∈ T . (3.8) In case of τ ∈ C_{a,θ} ∩ T (because the integral does not depend on the particular choice of D^τ ), we may take γ^τ = Γ_R ∪ c^R_0 where R > 0 is sufficiently large and Γ_R = {z ∈ Γ : |z| ≤ R} and c^R_0 = {Re^{iϑ} ∈ C : |ϑ| ≤ θ}.

Inequality (2.3) and the growth order condition on τ ∈ C_{a,θ} ∩ T imply τ(∞) = 0 and that the integral over c^R_0 tends to zero as R → ∞. Formula (3.8) then simplifies to τ(A) = 1 2πi ∫ Γ τ(z) · (zI − A)^{−1}dz, τ ∈ C_{a,θ} ∩ T . (3.9) Since N_{h,ij} ∈ C_{a,θ} ∩ T (i, j = 1, . . . , m), we may apply A. E. Taylor’s operational calculus to (3.4): our lemma follows from Lemma V.8.6 of [24] or from Theorem VII.9.8 of [6]. � In what follows we shall frequently work with functions of the form (a − z)^αξ(z) where α ∈ [0, 1) and ξ is a proper rational function with no poles on Γ ∪ S_{a,θ}. Such functions belong to C_{a,θ} \ T (if α ≠ 0). Note also that (as a function of z) e^{zt} ∈ C_{a,θ} ∩ T for all t > 0. Hence we find it more comfortable to work with the function class C_{a,θ} and to define η(A) = 1 2πi ∫ Γ η(z) · (zI − A)^{−1}dz, η ∈ C_{a,θ}. (3.10) Lemma 3.2 The mapping C_{a,θ} → L(X, X), η → η(A) is linear and multiplicative.

Proof: Since η(A) ∈ L(X, X) and linearity are trivial and C_{a,θ} is closed under multiplication, we only need to show that η_1(A)η_2(A) = η_1η_2(A) for all η_1, η_2 ∈ C_{a,θ}. We mimic the proof of the semigroup property e^{At}e^{As} = e^{A(t+s)}, t, s > 0 from p. 21 of [11]. Defining η_2(A), the integration contour can be taken as an unbounded Jordan arc Δ being a slightly deformed copy of Γ shifted into S_{a,θ} \ σ(A). Using the resolvent identity and Fubini’s theorem, we obtain that

η_1(A)η_2(A) = 1 2πi ∫ Γ η_1(z)(zI − A)^{−1}dz · 1 2πi ∫ Δ η_2(w)(wI − A)^{−1}dw = ( 1 2πi )_2 ∫ Γ ∫ Δ η_1(z)η_2(w) 1 z − w { (wI − A)^{−1} − (zI − A)^{−1} } dw dz = 1 2πi ∫ Δ ( 1 2πi ∫ Γ η_1(z) z − w dz ) η_2(w)(wI − A)^{−1}dw + 1 2πi ∫ Γ ( 1 2πi ∫ Δ η_2(w) w − z dw ) η_1(z)(zI − A)^{−1}dz. Next we apply the Cauchy formula to each inner integral. In view of the growth condition imposed on our function class C_{a,θ}, standard manipulations lead to closed Jordan curves as integral contours. We conclude that the first inner integral equals η_1(w) whereas the second inner integral is equal to zero. Hence

η_1(A)η_2(A) = 1 2πi ∫ Δ η_1(w)η_2(w)(wI − A)^{−1}dw = η_1η_2(A). �

Remark 3.3 It is important to note that (3.10) implies

η(A) = (z_0I−A)^{−k} whenever η(z) = (z_0−z)^{−k} for z ∈ Γ∪S_{a,θ}, z_0 /∈ Γ∪S_{a,θ}

and k = 1, 2, . . .. In fact, the integration contour can be transformed to Γ_R ∪ c^R_0 with R sufficiently large and then to a small circle (with negative orientation) around z_0 and then the classical formula

(k − 1)! 2πi ∮ (zI − A)^{−1} (z − z_0)^k dz = d^{k−1} dz^{k−1} (zI − A)^{−1} | | | |_{z=z0} = (−1)^{k−1}(k−1)!(z^0I−A)^{−k}

applies. This observation is not only a consistency–type property but paves the way for extending the spectral calculus to polynomials of A, leads easily to a direct proof of Lemma 3.1 above and serves also a basis for the proof of Lemma V.8.6 of [24] and of Theorem VII.9.8 of [6] our Lemma 3.1 is based on. Since M_h(A) = I − hAA and neither T nor C_{a,θ} contain polynomials of degree ≥ 1, it is absolutely essential that the operational calculus extends to polynomials. For the T –based calculus, this is done in a series of lemmas, theorems and exercises in Section V.8 of [24] and in Section VII.9 of [6]. (See also the more detailed presentation in Chapter X of [4].) It is not a hard but rather lengthy task to check that the same results hold true for the C–based operational calculus, too. The results are listed in Appendix B. We refer also to the Appendix A where we point out that the operational calculus in C_{a,θ} based on (3.10) is equivalent to extending the standard Dunford–Gelfand calculus for bounded operators to integrals with certain weak singularities.

Our next lemma is a consequence of the C–based operational calculus and its extension to polynomials.

Lemma 3.4 Let η be a function of the form η(z) = (a−z)^αξ(z) where α ∈ [0, 1) and ξ is a proper rational function with no poles on Γ ∪ S_{a,θ}. Then η, ξ ∈ C_{a,θ} and η(A) = (aI − A)^αξ(A).

Remark 3.5 Since η(z) = (a − z)(a − z)^{α−1}ξ(z), this Lemma can be derived from Proposition B1 in Appendix B. But we prefer to give a direct proof which is shorter than the presentation of the extended operational calculus. We shall make use of Theorem 12.1 of Komatsu [13] stating that range(e^{At}) ⊂ X^α and (aI − A)^αe^{At} = 1 2πi ∫ Γ (a − z)^αe^{zt}(zI − A)^{−1}dz, t > 0 and α ∈ (0, 1). (3.11)

Notice that (3.11) also holds for α = 0 due to (2.4).

Proof: Decomposing ξ into partial fractions we obtain range(ξ(A)) ⊂ X^1 by the previous remarks. Hence (αI − A)^αξ(A) is well defined and it is sufficient to prove that (aI − A)^α(wI − A)^{−k} = 1 2πi ∫ Γ (a − z)^α 1 (z − w)^k (zI − A)^{−1}dz (3.12) for each w ∉ Γ ∪ S_{a,θ} and k = 1, 2, . . . . Since both sides are analytic in w and analytic continuations from {w ∈ C : Re w > a} to C \ (Γ ∪ S_{a,θ} ) are unique, we may assume that Re w > a. The starting point for the computation to follow is the well–known Laplace transform formula (see e.g. [22], p. 8)

(wI − A)^{−1} = ∫_∞ 0 e^{−wt}e^{At}dt, Re w > a. Differentiating both sides (k − 1) times with respect to w and multiplying by (aI − A)^α yields (aI − A)^α(wI − A)^{−k} = 1 (k − 1)! ∫_∞ 0 t^{k−1}e^{−wt}(aI − A)^αe^{At}dt. This is possible because (aI − A)^α is closed as the inverse of a bounded linear operator. The remaining steps of the computation are justified by inequalities (2.6) and (2.7). Combining (3.11) with Fubini’s theorem, (3.12) follows immediately. In fact, 1 (k − 1)! ∫_∞ 0 t^{k−1}e^{−wt} ( 1 2πi ∫ Γ (a − z)^αe^{zt}(zI − A)^{−1}dz ) dt = 1 2πi ∫ Γ (a − z)^α ( 1 (k − 1)! ∫_∞ 0 t^{k−1}e^{(z−w)t}dt ) (zI − A)^{−1}dz = 1 2πi ∫ Γ (a − z)^α 1 (w − z)^k (zI − A)^{−1}dz. � Returning to (3.3), consider the related system of equations U_{ni} = m∑ j=1 N_{h,ij} (A)(U_n + h m∑ k=1 a_{jk}f(U_{nk})), i = 1, . . . , m. (3.13) Recall that X ⊃ X^α ⊃ X^1 = D(A) = D(M_h(A)), U_n ∈ X^α and f : X^α → X. As a by–product of Lemma 3.1, equation (3.3) is equivalent to (3.13) and any solution (U_{n1}, . . . , U_{nm})^T ∈ X^α = (X^α)^m of (3.13) is automatically in X^1 = (X^1)^m. Equipped with the norm ||U||_α = max{|U^i|_α : i = 1, . . . , m}, X^α is a Banach space.

Lemma 3.6 For any fixed V ∈ X^α and for sufficiently small h ∈ (0, h_0], the operator G_V : X^α → X^α defined by

(G_V (U))^i = m∑ j=1 N_{h,ij} (A)(V + h m∑ k=1 a_{jk} f(U^k)), i = 1, . . . , m for U = (U^1, . . . , U^m)^T ∈ X^α, is a contraction on X^α. In particular, the system (3.13) has a unique solution in X^α. Moreover, we have the estimate

||G_V (·) − G_Ṽ (·)||_α ≤ const · |V − Ṽ |_α for any V, Ṽ ∈ X^α. (3.14)

Proof: By (2.8) and the definition of the various norms, it is obvious that ||G_V (U) − G_V (Ũ)||_α ≤ hL · const(A) · max_{1≤i≤m} m∑ j=1 |(aI − A)^α · N_{h,ij} (A)| · ||U − Ũ||_α

for all U, Ũ ∈ X^α. In order to estimate |(aI −A)^α ·N_{h,ij} (A)|, note that M_h(z) = I_m − hAz = M_1(hz) and correspondingly, N_h(z) = N_1(hz) for all (h, z) ∈ R+ × C with (hz)^{−1} ∉ σ(A). For h sufficiently small, it follows from (A1), (A2) that N_{h,ij} satisfies the conditions imposed on ξ in Lemma 3.4. Moreover, no pole of N_{h,ij} is contained in cl(Σ_{a,θ}), i, j = 1, . . . , m. Hence (aI − A)^α · N_{h,ij} (A) = 1 2πi ∫ Γ (a − z)^α · N_{1,ij} (hz)(zI − A)^{−1}dz and, though (a − z)^α is not analytic at z = a for α ∈ (0, 1), we may replace Γ by the curve γ_a = ∂(Σ_{a,θ}), oriented upwards. Since |N_{1,ij} (hz)| ≤ const · min{1, (hρ)^{−1}} for a ± ρe^{iθ} = z ∈ γ_a, ρ > 0, (3.15) it follows from (2.2) that for i, j = 1, . . . , m and 0 < h ≤ h_0 < 1 |(aI − A)^α · N_{h,ij} (A)| ≤ const ∫_∞ 0 ρ^α · min{1, (hρ)^{−1}} 1 1 + ρ dρ ≤ const · ∫_{1/h} 0 ρ^α 1 + ρ dρ + const · ∫_∞ 1/h h^{−1}ρ^{α−2}dρ ≤ const(α) · h^{−α} if α ∈ (0, 1) and const · log h^{−1} if α = 0.

In particular, by passing to a smaller h_0 if necessary, we have for α ∈ (0, 1) and h ∈ (0, h_0] that ||G_V (U) − G_V (Ũ)||_α ≤ const · h^{1−α}||U − Ũ||_α ≤ 1 2 ||U − Ũ||_α, (3.16) the desired contraction estimate.

For the proof of (3.14) we use the fact that the operators N_{1,ij} (hA) = N_{ij} (hA), i, j = 1, . . . , m have the same norm considered as operators in X or in X^α (see equation (3.22) below). We obtain ||G_V (U) − G_Ṽ (U)||_α = max_{1≤i≤m} | |^m ∑ j=1 N_{1,ij} (hA) · (V − Ṽ ) | |_α

≤ max 1≤i≤m m∑ j=1 |N_{h,ij} (A)| · |V − Ṽ |_α for any V, Ṽ ∈ X^α, U ∈ X^α.

We know already that |N_{h,ij} (A)| ≤ const · log h^{−1}. By (A1) there are no poles of N_{h,ij} in the complex disc {z ∈ C : |z| ≤ δ/h} and hence we can shift the integration from γ_a to the keyhole contour γ_{KH} = {a + δe^{iϑ}/h : ϑ ∈ [−θ, θ]} ∪ {a ± ρe^{iθ} : ρ ≥ δ/h} Then we obtain using (2.2) that |N_{h,ij} (A)| ≤ | 1 2πi ∫ γ_k N_{1,ij} (hz)(zI − A)^{−1}dz |

≤ const · ∫_θ −θ M 1 + δ/h · δ h dϑ + const · ∫_∞ δ/h 1 hρ · M 1 + ρ dρ ≤ const for all i, j = 1, . . . , m, h ∈ (0, h_0].

This proves (3.14) and the very same integration trick shows that (3.16) is valid for α = 0, too. � For the following theorem it is useful to introduce for i, j = 1, . . . , m the rational functions r, q_j , s_i, s_{ij} : C → C , i, j = 1 . . . , m in matrix notation by r(z) = 1 + zb^T N (z)1, (3.17) q^T (z) = {q_j (z)} = b^T N (z), s(z) = {s_i(z)} = N (z)1, {s_{ij} (z)} = N (z)A, (3.18) where N (z) = (I_m − Az)^{−1} and 1 = (1, 1 . . . , 1)^T ∈ R^m . As is well known the stability function r(z) plays a crucial role in the whole theory of discretization.

Theorem 3.7 Starting from an arbitrary U_0 = u_0 ∈ X^α, the Runge–Kutta method (3.1)–(3.2) gives rise to a sequence {U_n}^∞_{n=0} ⊂ X^α via the recursion U_{n+1} = r(hA)U_n + h · F_h(U_n), n = 0, 1, . . . F_h(U_n) =^m ∑ j=1 q_j (hA)f(U_{nj} ), h ∈ (0, h_0] (3.19)

where (U_{n1}, . . . , U_{nm})^T ∈ X^α is uniquely determined by the system U_{ni} = s_i(hA)U_n + h m∑ j=1 s_{ij} (hA)f(U_{nj} ), i = 1, 2, . . . , m. (3.20) The numerical solution can be represented as

U_n = r^n(hA)U_0 + h n−1∑ k=0 r^{n−k−1}(hA) m∑ j=1 q_j (hA)f(U_{kj} ), n = 1, 2, . . . . (3.21) where the internal stage values {{U_{kj} }^m_{j=1}}^∞_{k=0} are determined by (3.20).

In these expressions the operator functions r(hA), q_j (hA), s_i(hA), s_{ij} (hA) all belong to L(X, X) and their restrictions to X^α belong to L(X^α, X^α), i, j = 1, 2, . . . , m.

Proof: This is simply an amalgamation of the previous results. With the notations used in Lemmas 3.1 and 3.6, N (hz) = N_h(z) whenever (zh)^{−1} ∉ σ(A). In particular, for h ∈ (0, h_0], the rational functions r_h, q_{h,j} , s_{h,i}, s_{h,ij} : C → C defined by r_h(z) = r(hz) etc. have no poles on cl(Σ_{a,θ}) and r_h − r_h(∞), q_{h,j} , s_{h,i}, s_{h,ij} are proper. Thus Lemma 3.2 applies.

It is left to prove that r(hA)_{|X} α etc. belong to L(X^α, X^α). Using Lemma 3.2 again, (r(hA) − r(∞)I)(aI − A)^{−α}u = (aI − A)^{−α}(r(hA) − r(∞)I)u ∈ X^α for all u ∈ X. Since r(∞)I(aI − A)^{−α}u = (aI − A)^{−α}r(∞)Iu ∈ X^α, it follows that r(hA)(aI − A)^{−α}u ∈ X^α for all u ∈ X. But v ∈ X^α if and only if v = (aI − A)^{−α}u for some u ∈ X. Hence r(hA)v ∈ X^α and (aI − A)^αr(hA)v = r(hA)(aI − A)^αv for all v ∈ X^α. By the definition of the norm | · |_α and the density of X^α in X, we conclude that r(hA)_{|X} α ∈ L(X^α, X^α) and |r(hA)_{|X} α |_α = |r(hA)|. (3.22) � In the following definition we use the curve

γ_0 = {z ∈ C : | arg(z)| = θ or z = 0}

and notice that r(0) = 1. Moreover,we introduce the acute angle θ^c = π − θ between γ_0 and the negative half-axis. This angle is in common use with Runge– Kutta methods while it is customary to work with the obtuse angle θ for sectorial operators.

Definition 3.8 We say that the Runge–Kutta method (3.1)–(3.2) is strictly A(θ^c)–stable if it satisfies (A1), (A2) as well as (A3) |r(∞)| < 1 (A4) |r(z)| < 1 whenever z ∈ γ_0 \ {0}.

This is a stricter version of what is called strong A(θ^c)–stability by Lubich and Ostermann in [16],[19]. They use the term strongly A(θ^c)–stable if (A1), (A2), (A3) and

(A4)’ |r(z)| ≤ 1 whenever z ∈ γ_0.

are satisfied. Then they usually assume strong A(θ^c +ε)-stability for some ε > 0 which implies strict A(θ^c)–stability by the maximum principle. It seems to us that the above notion is more convenient to work with when handling contour integrals and deriving basic estimates (see Section 4) and this pays off in the case of variable stepsizes (see Section 6).

Concluding this section, we recall some elementary consequences of assumptions (A1)-(A4). As a direct corollary of the standing assumption ∑_m j=1 b_j = 1, met by all consistent Runge–Kutta methods, we have that r^′(0) = 1 and further, for |ha| small enough, e^{ha−Q|ha|2} ≤ r(ha) ≤ e^{ha+Q|ha|2} (3.23) with some positive constant Q.

Lemma 3.9 Assume that the Runge-Kutta method is strictly A(θ^c)–stable. Then there are positive constants h_0, p, q and δ such that for h ∈ (0, h_0] |r(hz)| ≤ r(ha)e^{2ρh} whenever z = a + ρe^{iϑ}, 0 ≤ ρh ≤ δ, ϑ ∈ [−π, π] (3.24) |r(hz)| ≤ r(ha)e^{−pρh} whenever z = a ± ρe^{iθ}, 0 ≤ ρh ≤ δ (3.25) |r(hz)| ≤ r(ha)(1 − q) whenever z = a ± ρe^{iθ}, δ ≤ ρh (3.26) |r(∞)| ≤ r(ha)(1 − q) (3.27) Proof: In proving (3.24) and (3.25), assume that |ha| ≤ Δ and 0 ≤ ρh ≤ δ where Δ and δ are positive constants we specify later. Here we require only that the poles of r are exterior to the complex disc {z ∈ C : |z| ≤ Δ + δ}. Our starting point is the integral representation r(hz) = r(ha) + r^′(0)(hz − ha) + ∫_1 0 [r^′(ha + τ(hz − ha)) − r^′(0)](hz − ha)dτ. With z = a + ρe^{iϑ}, property r^′(0) = 1 implies that |r(hz)| ≤ ( r^2(ha) + 2r(ha)ρh · cos ϑ + ρ^2h^2

) 1_2 + ε(Δ + δ)ρh with some positive ε(Δ + δ) satisfying ε(Δ + δ) → 0 as Δ + δ → 0. There is no loss of generality in assuming that 7/8 ≤ r(ha) ≤ 9/8 and δ ≤ 1/2. It is readily checked that ( r^2(ha) + 2r(ha)ρh · cos ϑ + ρ^2h^2

) 1_2 ≤ r(ha) + (cos ϑ + δ)ρh for all ϑ. Since cos θ < 0 we can choose 0 < p <^4_5 and δ > 0 such that

cos θ + δ ≤ − 5 4 p and sup{ε(τ) : 0 < τ ≤ 2δ} ≤ p/8 By passing to a new Δ if necessary, we may assume that Δ ≤ δ. Inequalities (3.24) and (3.25) then follow from r(hz) ≤ r(ha) + (1 + 1/2)ρh + ε(Δ + δ)ρh ≤ r(ha) + 7ρh/4 ≤ r(ha)(1 + 2ρh) ≤ r(ha)e^{2ρh} whenever |ϑ| ≤ π and r(hz) ≤ r(ha)−5pρh/4+pρh/8 = r(ha)−9pρh/8 ≤ r(ha)(1−pρh) ≤ r(ha)e^{−pρh} whenever ϑ = ±θ. Inequalities (3.26) and (3.27) are obtained from (A3) and (A4) via a simple compactness argument. This step might require a further modification of Δ. �

4 Estimates for strictly A(`^c)-stable Runge{Kutta methods

In order to prove approximation results for the Runge–Kutta method (3.1)– (3.2), some preparatory inequalities are needed. The most important ones are discrete analogs of the inequalities (2.6) and(2.7), respectively.

Lemma 4.1 Assume that the Runge–Kutta method is strictly A(θ^c)–stable. Then there exist positive constants Ω and h_0 such that |r^k (hA)| ≤ Ω · r^k(ha), h ∈ (0, h_0], k ∈ N. (4.1) Lemma 4.2 Let the Runge–Kutta method be strictly A(θ^c)–stable and let α ∈ [0, 1) be arbitrary. Then there exist positive constants Ω and h_0 such that for j = 1, . . . , m |(aI −A)^α ·r^k(hA)·q_j (hA)| ≤ Ω(k +1)^{−α}h^{−α}r^k(ha), h ∈ (0, h_0], k ∈ N. (4.2) Remark 4.3 Lemma 4.1 is a restatement of Lemma 3.1(ii) in Lubich and Ostermann [20]. Actually, they state (4.1) with Ωr^k (ha) replaced by Ω(ε)e^{(a+ε)kh}, ε > 0, but in view of (3.23), this is equivalent to the formulation above. Lemma 4.2 is a slight modification of Lemma 3.1(i) of [20]. In order to handle internal stage values directly, Lubich and Ostermann estimate |(aI − A)^αr^k (hA)s(hA)q_j (hA)| instead. The constants Ω and h_0 depend only on α, the Runge-Kutta method itself and the three constants in (2.2).

Assuming strong A(θ^c)-stability, case a = 0 of (4.1) is proved in Lubich and Nevanlinna [15]. However, in case a ≠ 0 the inequalities (4.1) and (4.2) seemingly do not remain valid if strict A(θ^c)-stability is weakened to strong A(θ^c)-stability. The case a = 0 in equation (4.2) is more delicate. If (A4) is weakened to (A4)’, then the equation |r(±ρe^{iθ})| = 1, ρ ≠ 0 has finitely many solutions, say ρ_1, ρ_2, . . . , ρ_N and, for these we have

|r(±ρe^{iθ})| = 1 − c_k(ρ − ρ_k)^{2(1+μk )} + . . . for ρ − ρ_k small and k = 1, 2, . . . , N

with suitable c_k > 0 and μ_k ∈ N. Then a subtle integration estimate near ρ_k (similar to the one used in proving Theorem 3.3 of [15]) shows that inequality (4.2) still holds for α ∈ [0, α_0] where α_0 = min{(2(1 + μ_k))^{−1} : k = 1, 2, . . . , N}.

The estimate (4.1) is the genuine counterpart of (2.6) and has a long history in numerical analysis , see e.g. [3]. For an arbitrary α ≥ 0 it is not hard to show that strict A(θ^c)-stability (or strong A(θ^c)-stability if a = 0 and α ∈ [0, α_0]) plus the extra assumption r(∞) = 0 imply the estimate |(aI − A)^α · r^k (hA)| ≤ Ωk^{−α}h^{−α}r^k (ha), h ∈ (0, h_0], k ∈ N, k > α. (4.3) This latter inequality has certainly more resemblance to (2.7) than (4.2). But, as the solution formula (3.21) suggests, the inequality (4.3) fits better to nonlinear problems.

In what follows we will prove a generalization of Lemma 4.1 for variable stepsizes. As a by-product we obtain that by a suitable choice of norms one may take Ω = 1 in (4.1).

Lemma 4.4 Assume that the Runge–Kutta method is strictly A(θ^c)–stable. Then there exist positive constants h_0 and Ω such that

|r(h_1A)r(h_2A) . . . r(h_N A)| ≤ Ω · r(h_1a)r(h_2a) . . . r(h_N a) (4.4)

for all finite sequences (h_1, h_2, . . . , h_N ), h_n ∈ (0, h_0], N ∈ N. Moreover, there is an equivalent norm || · || on X such that |r^k(hA)| ≤ r^k (ha), h ∈ (0, h_0], k ∈ N. (4.5) Remark 4.5 Note that both Bakaev [1] and Palencia [21] prove case a=0 of Lemma 4.4 assuming only strong A(θ^c)-stability. For evolution operators that vary in time this latter result is generalized by Gonzalez and Palencia [7]. In case a < 0 the inequality (4.5) can be interpreted as a strong form of exponential stability for the linear recursion U_{n+1} = r(hA)U_n, the discretized version of the linear equation u̇ = Au. The variable stepsize estimate (4.4) has a similar interpretation since we have r(h_1a)r(h_2a) . . . r(h_N a) ≤ e^{a(1+Qah0)(h1+h2+...+hN )} as a simple consequence of (3.23).

Proof: First we repeat the renorming argument from p.18 of [22] to show that (4.5) is a consequence of (4.4). For brevity, we set H = {χ = (h_1, . . . , h_N ) ∈ R^N : h_n ∈ (0, h_0], n = 1, 2, . . . , N; N ∈ N}. Assuming (4.4), it is readily checked that the formula ||u|| = sup { |r(h_1A)r(h_2A) . . . r(h_N A)u| r(h_1a)r(h_2a) . . . r(h_N a) : χ ∈ H } , u ∈ X (4.6)

defines a norm with all the required properties. Notice that in case N = 0 the fraction in (4.6) is set to |u| by definition.

Consider now a χ ∈ H and assume without loss of generality that

h_1 ≤ h_2 ≤ . . . ≤ h_N ≤ h_0 (4.7)

where h_0 and the constants p, q, δ below are taken from Lemma 3.9. Since r − r(∞) ∈ C_{a,θ}, we can use the C-based operational calculus and the integral representation r(h_1A)r(h_2A) · · · r(h_N A) = r^N (∞) · I + N∑ k=1 1 2πi ∫ Γ r(h_1z)r(h_2z) . . . r(h_{k−1}z) (r(h_k z) − r(∞)) r^{N−k} (∞)(zI − A)^{−1}dz.

To evaluate the k-th integral, we shift the integration contour to Γ^k_1 ∪ Γ^k_2 ∪ Γ^k_3 , k = 1, 2, . . . , N where

Γ^k_1 = {z = a + (h_1 + h_2 + . . . + h_k)^{−1}δe^{iϑ} ∈ C : ϑ ∈ [−θ, θ]},

Γ^k_2 = {z = a ± ρe^{iθ} ∈ C : (h_1 + h_2 + . . . + h_k)^{−1}δ ≤ ρ ≤ δ/h_k}, Γ^k_3 = {z = a ± ρe^{iθ} ∈ C : ρ ≥ δ/h_k} with orientations inherited from the orientation of Γ. Since r − r(∞) is a proper rational function, we have that |r(hz) − r(∞)| ≤ const · min{δ^{−1}, (ρh)^{−1}} for h ∈ (0, h_0], z = a ± ρe^{iθ} ∈ C . (4.8) For brevity, we write

Π = r(h_1a)r(h_2a) . . . r(h_N a), H_k = h_1 + . . . + h_k

and note that r^N (∞) ≤ Π · (1 − q)^N by (3.27). In view of (3.24), (3.27) and (2.2), the integral over Γ^k_1 is bounded by ∫_θ −θ r(h_1a)e^{2δ h1H}k . . . r(h_{k−1}a)e^{2δ} hk−1 Hk · const ·r(h_{k+1}a)(1 − q) . . . r(h_N a)(1 − q) · M 1 +^δ_{Hk} · δ H_k dϑ ≤ const · Π(1 − q)^{N−k} · ∫_π −π e^{2δ} Hk−1 Hk dϑ ≤ const · Π(1 − q)^{N−k}. In view of (3.25), (4.7),(4.8), (3.27) and (2.2), the integral over Γ^k_2 is bounded by const ∫_{δ/hk} δ/H_k r(h_1a)e^{−h1ρp} . . . r(h_{k−1}a)e^{−hk−1ρp}r(h_{k+1}a)(1−q) . . . r(h_N a)(1−q)· M 1 + ρ dρ

≤ const · Π(1 − q)^{N−k} · ∫_{δ/hk} δ/H_k e^{−Hk−1ρp} ( e^{−hk ρp} · e^{δp} ) 1 ρ dρ ≤ const · Π(1 − q)^{N−k} · ∫_∞ δ/H_k e^{−Hk ρp} · 1 ρ dρ = const · Π(1 − q)^{N−k} · ∫_∞ δ e^{−τ p} · 1 τ dτ. Finally, the combination of (3.24) and (3.26), (4.8), (3.27) and (2.2) yield that the integral over Γ^k_3 is not greater than ∫_∞ δ/h_k r(h_1a) . . . r(h_{k−1}a) · const h_kρ · r(h_{k+1}a)(1 − q) . . . r(h_N a)(1 − q) · M 1 + ρ dρ ≤ const · Π(1 − q)^{N−k} · ∫_∞ δ/h_k 1 h_kρ^2 dρ = const · Π(1 − q)^{N−k} · ∫_∞ δ 1 τ^2 dτ.

Summing all contributions, we see that

|r(h_1A)r(h_2A) · · · r(h_N A)| ≤ Π(1 − q)^N + N∑ k=1 const · Π(1 − q)^{N−k}

≤ const · Π · N∑ k=0 (1 − q)^{N−k} ≤ const · Π

and this ends the proof of Lemma 4.4. � It is a natural question if and how Lemma 4.2 can be generalized for methods with variable stepsize. In Section 5 we will show that under the additional assumption r(∞) = 0 we have an estimate |(aI − A)^αr(h_1A) · · · r(h_N A)q_j (h_{N+1}A)| ≤ Ω( N+1∑ n=1 h_n)^{−α}r(h_1a) · · · r(h_N a) (4.9) for all finite sequences (h_1, . . . , h_{N+1}) ∈ R^{N+1} , h_n ∈ (0, h_0], n = 1, . . . , N + 1; N ∈ N and for j = 1, . . . , m. The conditions of Lemma 4.2 alone do not seem to imply inequality (4.9). In fact, consider the simple special case a = 0, α = 1/2, h_1 = h_2 = . . . = h_N = h, Nh = 1 and h_{N+1} ≤ h/2. Then |(−A)^{1/2}r^N (hA)q_j (h_{N+1}A)| does not seem to be bounded as h/h_{N+1} → ∞. The difficulty appears when evaluating the integral representation over Γ̃ = {ρe^{iθ} = z ∈ C : δ/h ≤ ρ ≤ δ/h_{N+1}} — this part of the integration contour Γ can not be shifted too much. One can hardly obtain a better bound for the integral over Γ̃ than const · (1 − q)^N h^{−1/2}_{N+1} .

The extra assumption r(∞) = 0 can be replaced by other requirements. For example, (4.9) is valid if α = 0. This follows immediately from (4.4) and the uniform boundedness of {|q_j (hA)|}_{h∈(0,h0]}. An alternative extra assumption for (4.9) is the existence of positive constants c and C for which c ≤ h_i/h_k ≤ C, i, k = 1, 2, . . . , N; N ∈ N. The proof of this latter result is just a little harder than the proof of Lemma 4.2.

Next, we outline for completeness the proof of Lemma 4.2. Proof: The operator (aI − A)^αr^k(hA)q_j (hA) may be represented as 1 2πi (∫ Γ1 + ∫ Γ2 ) (a − z)^αr^k (hz)q_j (hz)(zI − A)^{−1}dz where Γ_1 = {a ± ρe^{iθ} : 0 ≤ ρh ≤ δ} and Γ_2 = {a ± ρe^{iθ} : δ ≤ ρh}. Combining Lemma 3.9, the analogue of (4.8) for q_j and (2.2), it is easily seen that |(aI − A)^αr^k (hA)q_j (hA)| is bounded by

const · ∫_{δ/h} 0 ρ^αr^k(ha)e^{−kpρh} · M 1 + ρ dρ + const · ∫_∞ δ/h ρ^αr^k (ha)(1 − q)^k · 1 hρ · M 1 + ρ dρ

≤ const · r^k(ha) (∫_δ 0 ( τ h )_α e^{−(k+1)pτ} · 1 τ dτ + ∫_∞ δ ( τ h )_α (1 − q)^k · 1 τ^2 dτ )

≤ const · r^k(ha)h^{−α} (( 1 k + 1 )_α · ∫_∞ 0 τ^{α−1}e^{−τ} dτ + (1 − q)^k · ∫_∞ δ τ^{α−2}dτ )

≤ const · r^k(ha)h^{−α}(k + 1)^{−α} provided that α ∈ (0, 1).

In view of (4.1), the remaining case α = 0 is equivalent to subcase α = 0, k = 0. Inequality |q_j (hA)| ≤ Ω follows from integrating over the keyhole contour {a + δe^{iϑ}/h : ϑ ∈ [−θ, θ]} ∪ Γ_2. � In what follows, we discuss Runge–Kutta estimates for the homogenous equation u̇ = Au. We present a truly fundamental theorem of Le Roux [14] first (see Lemma 4.7 below) and then turn to various generalizations.

Definition 4.6 For P = 1, 2, . . . we say that a Runge–Kutta method is of order P if its stability function satisfies r(0) = r^′(0) = . . . = r^{(P)}(0) = 1 but r^{(P+1)}(0) ≠ 1.

The fundamental estimate is the following.

Lemma 4.7 [14]. Let the operator A satisfy (A0) with a = 0 and assume that the Runge–Kutta method is of order P and strictly A(θ^c)-stable. Then there exists positive constants Ω and h_0 such that

|r^N (hA) − e^{ANh}| ≤ ΩN^{−P} whenever h ∈ (0, h_0], N = 1, 2, . . . . (4.10)

For illustration we treat an example.

Example 4.8 Reconsider the model case (X, A) = (L_2(0, π), Δ_D ) from Section 1 with r(z) = (1 − z)^{−1}, the stability function of the backward Euler method. For u = ∑_∞ k=1 c_k sin kx ∈ L_2(0, π) we have | ( r^N (hΔ_D) − e^{ΔD Nh} ) u|^2 = 1 2 ∞∑ k=1 ( (1 + k^2h)^{−N} − e^{−k2hN} )_2

c^2_k

for each N ∈ N, h ≥ 0. Hence

lim_{h→0+} |r^N (hΔ_D) − e^{ΔD Nh}| = M_N where M_N = max_{x≤0} ( (1 − x)^{−N} − e^{xN} )

for each N ∈ N. By an elementary Taylor expansion argument, lim N→∞ N · M_N = 2/e^2.

There are two important consequences. In contrast to ordinary equations, local error terms do not tend (uniformly) to zero with decreasing stepsize. In fact, |r(hΔ_D ) − e^{ΔD h}| → M_1 = 0.2036 . . . as h → 0^+. The second consequence is that, at least for the P = 1 case, Lemma 4.7 is sharp. If r is the stability function of the P-th order RADAU IIA method (a strictly A(θ^c)-stable Runge– Kutta method for all θ^c ∈ (^π_2 , π) with r(∞) = 0 and odd P, see [8] ), then — as before lim_{h→0+} |r^N (hΔ_D) − e^{ΔD Nh}| = max_{x≤0} |r^N (x) − e^{xN} |.

A direct computation shows that N^P ( r^N (− 1 N ) − 1 e ) = N^P · 1 e { e^{N log(1+[r(−1/N)−e−1/N ]/e−1/N )} − 1 }

→ (−1)^P 1 − r^{(P+1)}(0) e(P + 1)! as N → ∞. In particular, Lemma 4.7 is sharp for any odd integer P.

In the next step we generalize Lemma 4.7 to the case a ≠ 0. As a motivation we consider the case a ≠ 0 under the additional assumption

σ(A) ∩ {z ∈ C : Re z = b} = ∅ for some b ≤ 0

By a standard Dunford-Gelfand projection we may then decompose the space X = X_{cu} ⊕ X_{ss} and the operator A = A_{cu} + A_{ss} into a center-unstable and a strongly stable part (cf. [20] for a similar reasoning), where A_{cu} : X_{cu} ⊂ D(A) → X_{cu} is bounded with spectrum Rez > b and A_{ss} : D(A)∩X_{ss} → X_{ss} is sectorial with constant a = 0. Since Runge-Kutta methods inherit this decomposition we may then apply Lemma 4.4 to A_{ss} and use standard O(h^P ) estimates for the A_{cu}-part.

Lemma 4.9 Assume that the Runge–Kutta method is of order P and strictly A(θ^c)-stable. Then there exists positive constants Ω and h_0 such that |r^N (hA)−e^{ANh}| ≤ ΩM^N (|a|h^P +N^{−P} ) for 0 < h ≤ h_0, N = 1, 2, . . . (4.11) holds with M = max{r(ha), e^{ah}}. The constants Ω and h_0 depend only on P, the three constants in (2.2) as well as on the stability function r i.e. on the Runge–Kutta method itself.

Proof: We use Lemma 3.9 in estimating each term in the integral representation r^N (hA) − e^{ANh} = r^N (∞) · I + 1 2πi ∫ Γ1 ( r^N (hz) − e^{zNh} ) (zI − A)^{−1}dz − 1 2πi ∫ Γ3 r^N (∞)(zI − A)^{−1}dz + 1 2πi ∫ Γ2 ( r^N (hz) − r^N (∞) ) (zI − A)^{−1}dz − 1 2πi ∫ Γ2 e^{zNh}(zI − A)^{−1}dz where, with the usual orientation, Γ_1 = {a±ρe^{iθ} : 0 ≤ ρh ≤ δ}, Γ_2 = {a±ρe^{iθ} : δ ≤ ρh}, Γ_3 = {a+δe^{iϑ}/h : ϑ ∈ [−θ, θ]}.

Note that |r^N (∞)| ≤ r^N (ha)(1 − q)^N ≤ M^N N^{−P} , N = 1, 2, . . .. The main term is the first integral. Observe that |e^{zh}| = e^{ah}e^{ρh cos θ} ≤ e^{ah}e^{−pρh} for z ∈ Γ_1 ∪ Γ_2. (4.12) Moreover, for z ∈ Γ_1, h ∈ (0, h_0] and N = 1, 2, . . . we have |r^N (hz) − e^{zNh}| = |r(hz) − e^{zh}| ∑_{N−1} k=0 |r^k(hz)| · |e^{z(N−1−k)h}| ≤ const · |hz|^{P+1}Ne^{−(N−1)pρh}M^{N−1} (4.13) and |z|^{P+1} = (a^2 + 2aρ cos θ + ρ^2)^{(P+1)/2} ≤ const(a, P) · (|a| + ρ^{P+1}). (4.14) Thus the first integral is bounded by

const · NM^N (∫_∞ 0 |a|h^{(P+1)}e^{−pρhN} dρ + ∫_∞ 0 (hρ)^{(P+1)}e^{−pρhN} ·^{dρ}_ρ )

≤ const · M^N (|a|h^P + N^{−P} ).

(4.15)

The integral over Γ_3 can be easily estimated by |r^N (∞)| (∫_θ −θ M 1 + δ/h · δ h dϑ ) ≤ const · (1 − q)^N r^N (ha).

Using (4.8), we find for the third integral the bound const ∫_∞ δ/h |r(hz) − r(∞)|N(1 − q)^{N−1}r^{N−1}(ha) M 1 + ρ dρ

≤ const · N(1 − q)^N r^N (ha) · ∫_∞ δ/h 1 ρh · 1 ρ dρ ≤ const · N(1 − q)^N r^N (ha). Finally, the last integral is bounded by const · e^{aNh} ∫_∞ δ/h e^{−pρhN} · 1 ρ dρ ≤ const · e^{aNh} 1 N e^{−pδN} . Summing all contributions, (4.11) follows. � Remark 4.10 Replacing N by N + 1 as in (4.9) the variable stepsize analogue of (4.11) is |r(h_1A)r(h_2A) · · · r(h_{N+1}A) − e^{AH} | ≤ ΩN ( max 1≤i≤N+1 h_i )_P (|a| + H^{−P} ) (4.16)

for all finite sequences (h_1, h_2, . . . , h_{N+1}) ∈ R^{N+1} with h_n ∈ (0, h_0],n = 1, 2, . . . , N+ 1 where H = N+1∑ j=1 h_j and N = N+1∏ j=1 max{r(h_j a); e^{hj a}}.

Inequality (4.16) is proved in Section 5 as Lemma 6.2 under the conditions of Lemma 4.9 plus the extra assumption r(∞) = 0. As with (4.9) it seems that (4.16) is no longer valid if this extra assumption is dropped. Consider again the special case P = 1, a = 0, h_1 = h_2 = . . . = h_N = h, h_{N+1} ≤ h/2, Nh = 1 and h/h_{N+1} → ∞ as N → ∞. Arguing as in the proof of Lemma 4.9, a straightforward but rather lengthy computation yields that |r^N (hA)r(h_{N+1}A) − e^{A(Nh+hN +1)}| ≤ const · 1 N + 1 2π | | ∫ Γ_⋆ r^N (hz)(r(h_{N+1}z) − r(∞))(zI − A)^{−1}dz | | where Γ_⋆ = {±ρe^{iθ} : δ/h ≤ ρ ≤ δ/h_{N+1}}. There is no possibility to change the Γ_⋆-part of the original contour Γ_1 ∪ Γ_2 too much. Integrating over Γ_⋆, inequalities (3.26), (4.8) and (2.2) imply only that

|r^N (hA)r(h_{N+1}A) − e^{A(1+hN +1)}| ≤ const ( 1 N + (1 − q)^N log h h_{N+1} )

and this is not of order O(N^{−1}) if h/h_{N+1} → ∞ as N → ∞. This makes plausible that (4.16) does not follow from the conditions of Lemma 4.9 alone. Besides r(∞) = 0, an alternative extra assumption for (4.16) is the existence of positive constants c and C for which c ≤ h_i/h_k ≤ C, i, k = 1, 2, . . . , N +1; N ∈ N. The proof of this latter result is just a little harder than the proof of Lemma 4.9.

5 Convergence in case of constant stepsizes

In this section we prove the fundamental convergence theorem for the case of constant stepsizes. Neglecting notational discrepancies Theorem 5.3 is identical to Theorem 2.1 in [19]. We present a much simpler proof than the original. It follows the same pattern as standard Runge–Kutta proofs for the global error in ordinary differential equations [8] :

1. Derive a linear recurrence for the sequence of consecutive errors and

2. apply a discrete Gronwall lemma.

When deriving this linear recurrence, we apply Abel’s rearrangement trick (summation by parts) enabling us to prove sharp upper bounds for certain contour integrals. Abel’s rearrangement trick (5.4) complies with the smoothing effect [11] of sectorial evolution equations and its application constitutes the main technical novelty of the present paper. Besides, as we shall see in Section 6 below, our proof works also in the variable stepsize case.

We start again with equation (2.1) and assume that the linear operator A satisfies (A0) and the nonlinear operator f : X^α → X satisfies the condition (F0). For a fixed u_0 ∈ X^α let ū denote the solution of (2.1) with ū(0) = u_0. We know already from Section 2 that ū is defined on [0, ∞), ū : [0, ∞) → X^α is continuous and ū : (0, ∞) → X^α is continuously differentiable. As in Section 3, the corresponding Runge-Kutta solutions are denoted by {U_n}^∞_{n=0} and the stage values are {U_{ni}}^m_{i=1}, n = 0, 1, 2, . . .. We assume that the Runge-Kutta method is of order P and is A(θ^c)-stable. For the stepsize we require that h ∈ (0, h_0] where h_0 is chosen in such a way that the statements of Lemmas 4.1, 4.2 and 4.9 hold.

We recall a fundamental regularity estimate from Henry [11] p.71 which will be used repeatedly in the proof of Theorem 5.3 below.

Lemma 5.1 Let T > 0 be arbitrary. Then there exists a constant K > 0 with the property that | ˙ū(t)|_α ≤ K/t for all t ∈ (0, T ]. (5.1)

The constant K depends on T as well as on α, L, |u_0|_α, |f(u_0)| and on the three constants M, θ, a from (2.2) .

Remark 5.2 Scrutinizing the proof in Henry [11], a sharper estimate can be derived. For example, assume that {ū(t) : t ≥ 0} is bounded in X^α. Then

| ˙ū(t)|_α ≤ K(t^{−1}e^{at} + t^{−α}e^{Qt}) for all t > 0

where Q = 2^{−1}(2a + |a| + (ΩLΓ(1 − α))^{1/(1−α)}).

Here, Γ stands for the Gamma-function, and the constant K depends only on a, α, Ω, L (the constants in (2.7) and (2.8), respectively) as well as on |f(0)|_α and sup{|ū(t)|_α : t ≥ 0}. This suggests we cannot expect nice formulae derived from this and it explains why, in contrast to our previous estimates, we will use the finite time T in the sequel.

Theorem 5.3 [19]. Assume that the conditions listed prior to Lemma 5.1 are all satisfied and let T > 0 be arbitrary. Then there exists a constant K > 0 such that, for all h ∈ (0, h_0] and n = 1, 2, . . . with nh ≤ T , |U_n − ū(nh)|_α ≤ K(n^{−P} + h^{1−α}n^{−α} log n). (5.2) The constant K depends on T, α, L, |u_0|_α, |f(u_0)|, M, θ, a as well as on the stability function of the Runge-Kutta method.

Proof: Starting from (3.19)–(3.21) and the integral representation

ū(nh) = e^{Anh}u_0 + ∫_{nh} 0 e^{A(nh−s)}f(ū(s))ds, we derive a recursive chain of inequalities for the sequence of errors {|e_n|_α} given by e_n = U_n − ū(nh) , n = 0, 1, 2, . . . .

We write e_n as a sum of five terms as follows

e_n = I_n + II_n + III_n + IV_n + V_n = (r^n(hA) − e^{Anh})u_0 + h ∑_{n−1} k=0 r^{n−1−k} (hA) m∑ j=1 q_j (hA)(f(U_{kj} ) − f(ū_{kj} ))

+ h ∑_{n−1} k=0 r^{n−1−k} (hA) m∑ j=1 q_j (hA)(f(ū_{kj} ) − f(ū(kh + h)))

+ ∑_{n−1} k=0 ∫_{kh+h} kh r^{n−1−k} (hA) m∑ j=1 q_j (hA) − e^{A(nh−s)} f(ū(kh + h))ds

+ ∑_{n−1} k=0 ∫_{kh+h} kh e^{A(nh−s)}(f(ū(kh + h)) − f(ū(s)))ds, n = 1, 2, . . .. Here the auxiliary stage values (ū_{k1}, . . . , ū_{km})^T ∈ X^α; k = 0, 1, 2, . . . are uniquely determined by the system ū_{ki} = s_i(hA)ū(kh) + h ∑_m j=1 s_{ij} (hA)f(ū_{kj} ), i = 1, 2, . . . , m. (5.3) By (3.22) and Lemma 4.9, |I_n|_α ≤ |r^n(hA) − e^{Anh}|_α · |u_0|_α = |r^n(hA) − e^{Anh}| · |u_0|_α ≤ ΩM^n(|a|h^P + n^{−P} ) and therefore, by using h ≤ T/n ≤ const/n,

|I_n|_α ≤ const · n^{−P} whenever n = 1, 2, . . . and nh ≤ T. Applying Lemma 4.2, inequality (2.8) and the combination of (3.16) and (3.14) with V = U_k, Ṽ = ū(kh), we obtain that |II_n|_α ≤ h ∑_{n−1} k=0 ∑_m j=1 |(aI − A)^αr^{n−k−1}(hA)q_j (hA)| · |f(U_{kj} ) − f(ū_{kj} )| ≤ h ∑_{n−1} k=0 Ω((n − k)h)^{−α}r^{n−1−k} (ha) · L · max_{1≤j≤m}|U_{kj} − ū_{kj} |_α ≤ h · const ∑_{n−1} k=0 ((n − k)h)^{−α}|e_k|_α whenever n = 1, 2, . . . ; nh ≤ T. The very same reasoning yields that |III_n| ≤ h · const ∑_{n−1} k=0 Ω((n − k)h)^{−α} · max_{1≤j≤m}|ū_{kj} − ū(kh + h)|_α whenever n = 1, 2, . . . and nh ≤ T . In view of (5.3), inequality (3.16) with V = ū(kh) and U = (ū(kh + h), . . . , ū(kh + h))^T ∈ X^α as starting point of the iteration to the fixed point U^∗ = (ū_{k1}, . . . , ū_{km})^T ∈ X^α implies that max_{1≤j≤m}|ū_{kj} − ū(kh + h)|_α = ||U^∗ − U||_α ≤ 2||G_{ū(kh)}(U) − U||_α =

2 max_{1≤i≤m}|s_i(hA)ū(kh) + h ∑_m j=1 s_{ij} (hA)f(ū(kh + h)) − ū(kh + h)|_α and further, replacing f(ū(kh + h)) by −Aū(kh + h) + ˙ū(kh + h), = 2 · max_{1≤i≤m}|III^1_{ik} + III^2_{ik} + III^3_{ik}|_α where, for each i = 1, 2, . . . , m and k = 0, 1, 2, . . ., III^1_{ik} = s_i(hA)(ū(kh) − ū(kh + h)), III^2_{ik} = [s_i(hA) − I − h ∑_m j=1 s_{ij} (hA)A]ū(kh + h), III^3_{ik} = h ∑_m j=1 s_{ij} (hA) ˙ū(kh + h). Observe first that III^2_{ik} = 0 ∈ X^α. This follows immediately from the T -based operational calculus. In fact, the rational function C \ σ(A^{−1}) → C , z → s_i(z) − 1 − z ∑_m j=1 s_{ij} (z) is just the i-th coordinate of the function C \ σ(A^{−1}) → C^m , z → s(z) − 1 − zS(z)1 = (I_m − Az)^{−1}1 − 1 − z(I_m − Az)^{−1}A1 = (I_m − Az)^{−1}{I_m − (I_m − Az) − Az}1 = 0 and thus the expression in the square bracket vanishes.

The remaining two terms can be estimated by using Lemma 5.1. The very same integration trick we used in deriving the boundedness of {|N_{h,ij} (A)| : h ∈ (0, h_0]} (see Lemma 3.6) applies to {s_i(hA)}_{h∈(0,h0]} and {s_{ij} (hA)}_{h∈(0,h0]}. Hence |III^1_{ik}|_α + |III^3_{ik}|_α ≤ const · | | | | ∫_{kh+h} kh ˙ū(τ)dτ | | | | α + h| ˙ū(kh + h)|_α

≤ const ∫_{kh+h} kh K τ dτ + h K kh + h ≤ const · 1 k + 1 for k = 1, 2, . . .

and, using the boundedness of {|ū(τ)|_α : 0 ≤ τ ≤ T } guaranteed by (2.10), |III^1_{ik} |_α + |III^3_{ik}|_α ≤ const for k = 0, i = 1, 2, . . . , m. The conclusion is that |III_n|_α ≤ h · const ∑_{n−1} k=0 ((n − k)h)^{−α}(k + 1)^{−1} whenever nh ≤ T.

A similar application of (5.1) plus (2.7) shows that |V_n|_α ≤ ∑_{n−1} k=0 ∫_{kh+h} kh |(aI − A)^αe^{A(nh−s)}| · |(f(ū(kh + h)) − f(ū(s))|ds ≤ (∫_h 0 + ∑_{n−2} k=1 ∫_{kh+h} kh + ∫_{nh} nh−h ) Ω e^{a(nh−s)} (nh − s)^α · L · |ū(kh + h) − ū(s)|_αds ≤ h · const ∑_{n−1} k=0 ((n − k)h)^{−α}(k + 1)^{−1} whenever nh ≤ T.

The remaining term |IV_n|_α needs considerably more care. We apply Abel’s rearrangement trick and rewrite IV_n = ∑_n k=1 ω_{n−k}g_k, n = 1, 2, . . . as

IV_n = ∑_{n−1} k=1 (∑_{n−1} ℓ=n−kω ℓ ) (g_k − g_{k+1}) + (∑_{n−1} ℓ=0 ω_ℓ ) · g_n (5.4)

where ω_ℓ = hr^ℓ(hA) ∑_m j=1q_j (hA) − ∫_{(n−ℓ)h} (n−ℓ−1)h e^{A(nh−s)}ds, ℓ = 0, 1, . . . , n − 1; g_k = f(ū(kh)), k = 1, 2, . . . , n. We claim that there exists a positive constant Ω (depending on T, α, P, the three constants in (2.2) and on the Runge-Kutta method itself) such that |ω_ℓ|_{0→α} ≤ Ωh^{1−α}(ℓ + 1)^{−α−P} , ℓ = 0, 1, . . . , n − 1 (5.5) and | ∑_{n−1} ℓ=0 ω_ℓ|_{0→α} ≤ Ωh^{1−α}n^{−α−P+1} (5.6)

whenever h ∈ (0, h_0], n = 1, 2, . . . and nh ≤ T . Here | · |_{0→α} denotes the norm of an operator from X into X^α.

To prove (5.5) and (5.6), we need a suitable integral representation for ω_ℓ, ℓ = 0, 1, . . . , n − 1. Combining (2.4) with Fubini theorem, we obtain that 2πi ∫_{(n−ℓ)h} (n−ℓ−1)h e^{A(nh−s)}ds = ∫_{(n−ℓ)h} (n−ℓ−1)h ∫ Γ e^{z(nh−s)}(zI − A)^{−1}dzds = ∫ Γ ∫_{(n−ℓ)h} (n−ℓ−1)h e^{z(nh−s)}ds(zI − A)^{−1}dz = ∫ Γ e^{ℓhz} e^{zh} − 1 z (zI − A)^{−1}dz. Together with the simple identity ∑_m j=1 q_j (hz) = b^T (I_m − Ahz)^{−1}1 = (r(hz) − 1)/(hz), this implies that

ω_ℓ = 1 2πi ∫ Γ ( r^ℓ(hz) r(hz) − 1 z − e^{ℓhz} e^{zh} − 1 z ) (zI − A)^{−1}dz or, equivalently

ω_ℓ = h 2πi ∫ Γ1 ( (r^ℓ(hz) − e^{ℓhz}) e^{zh} − 1 zh + r^ℓ(hz) r(hz) − e^{zh} hz ) (zI − A)^{−1}dz + h 2πi ∫ Γ2 ( r^ℓ(hz) r(hz) − 1 hz − e^{ℓhz} e^{zh} − 1 zh ) (zI − A)^{−1}dz where Γ_1 = {a ± ρe^{iθ} : 0 ≤ ρh ≤ δ} and Γ_2 = {a ± ρe^{iθ} : δ ≤ ρh}.

Using (4.12) the integral over Γ_2 can be estimated by

const · h ∫_∞ δ/h ρ^α ( (1 − q)^ℓr^ℓ(ha) 1 hρ + e^{ℓha}e^{−ℓpρh} 1 hρ ) M 1 + ρ dρ ≤ const · M^ℓ ∫_∞ δ/h ρ^{α−1}((1 − q)^ℓ + e^{−ℓpδ}) dρ ρ = constM^ℓ((1 − q)^ℓ + e^{−ℓpδ}) ∫_∞ δ ( τ h )_{α−1} dτ τ ≤ const · h^{1−α}M^{ℓ+1}(ℓ + 1)^{−P−1}.

On the other hand, case N = ℓ (and α ≠ 0) of the estimates (4.12),(4.15) and of (4.11) imply that the integral over Γ_1 is bounded by

const · h ∫_{δ/h} 0 ρ^α(ℓM^ℓe^{−ℓpρh}|zh|^{P+1} + r^ℓ(ha)e^{−ℓpρh}|zh|^P )e^{−pρh}e^{pδ} M 1 + ρ dρ ≤ const·hM^{ℓ+1}(h(ℓ+1))^{−α}(|a|h^P +(ℓ+1)^{−P} +(ℓ+1)^{−1}(|a|h^{P−1}+(ℓ+1)^{−(P−1)})) and (5.5) follows from the simple inequality h ≤ T/(ℓ + 1) = const/(ℓ + 1), ℓ = 0, 1, . . . , n − 1. The proof of (5.6) is based on the integral representation ∑_{n−1} ℓ=0 ω_ℓ = h 2πi (∫ Γ1 + ∫ Γ2 ) r^n(hz) − e^{nhz} hz (zI − A)^{−1}dz. The very same argument we used in proving (5.5) gives that | ∑_{n−1} ℓ=0 ω_ℓ|_{0→α} ≤ const · h ∫_∞ δ/h ρ^α((1 − q)^nM^n + e^{−npρh}M^n) 1 hρ · dρ ρ + const · h ∫_{δ/h} 0 ρ^α(nM^ne^{−npρh}|zh|^P ) M 1 + ρ dρ ≤ const · hM^n(hn)^{−α}n^{−(P−1)} = Ωh^{1−α}n^{−α−P+1}. Returning to (5.4), it follows by Lemma 5.1 that |IV_n|_α ≤ ∑_{n−1} k=1 ∑_{n−1} ℓ=n−kΩh 1−α(ℓ + 1)^{−α−P} |g_k − g_{k+1}| + Ωh^{1−α}n^{−α−P+1}|g_n| ≤ Ωh^{1−α} ∑_{n−1} k=1 ∑_∞ ℓ=n−k(ℓ + 1) −α−1 · L|ū(kh) − ū(kh + h)| α + Ωh^{1−α}n^{−α}|g_n| ≤ Ωh^{1−α} ∑_{n−1} k=1 ∫_∞ n−k τ^{−α−1}dτ · L K k + Ωh^{1−α}n^{−α}(|f(u_0)| + L|ū(nh) − u_0|_α) ≤ const · h^{1−α} ∑_{n−1} k=0 (n − k)^{−α}(k + 1)^{−1} whenever n = 1, 2, . . . ; nh ≤ T.

Since (∑ [^{n−1}_2 ] k=0 + ∑_{n−1} k=[^{n+1}_2 ] ) (n − k)^{−α}(k + 1)^{−1} ≤ const · n^{−α}(1 + log n),

we arrive at the inequality |III_n|_α + |IV_n|_α + |V_n|_α ≤ const · h^{1−α}n^{−α}(1 + log n).

Summing all the five contributions, we conclude there is a constant C such that, for all h ∈ (0, h_0] and n = 1, 2, . . . with nh ≤ T , |e_n|_α ≤ C(n^{−P} + h(nh)^{−α} log n + h ∑_{n−1} k=0 ((n − k)h)^{−α}|e_k|_α), (5.7)

the desired recursive chain of inequalities for the finite real sequence {|e_n|_α}. Note that |e_0|_α = 0.

The proof can be finished by showing that (5.2) is a direct consequence of (5.7). This will be the content of the next Lemma. � The following is a discrete Gronwall type Lemma with weak singularities. It should be compared with the corresponding continuous version in [11], Lemma 7.1.1.

Lemma 5.4 To any two positive constants T, C one can associate new constants C, D, E, h_0 > 0 with the following property. For any nonnegative sequence η_n ∈ R satisfying η_0 = 0 and η_n ≤ C(n^{−P} + h(nh)^{−α} log n + h ∑_{n−1} k=0 ((n − k)h)^{−α}η_k) (5.8)

for n = 1, 2, . . . with nh ≤ T and h ∈ (0, h_0], the following estimate holds η_n ≤ C(n^{−P} + Dh(nh)^{−α} log n)e^{Enh}. (5.9) Proof: In the induction step we have to check that C ( n^{−P} + h(nh)^{−α} log n + h n−1∑ k=1 ((n − k)h)^{−α}C(k^{−P} + Dh(kh)^{−α} log k)e^{Ekh} )

≤ C(n^{−P} + Dh(nh)^{−α} log n)e^{Enh} whenever n = 2, 3, . . . and nh ≤ T. We do this by showing for n = 2, 3 . . . the estimates h ∑_{n−1} k=1 ((n − k)h)^{−α}k^{−P} e^{−E(n−k)h} ≤ Bh(nh)^{−α} log n + εn^{−P} (5.10) and h ∑_{n−1} k=1 ((n − k)h)^{−α}h(kh)^{−α} log(k)e^{−E(n−k)h} ≤ εh(nh)^{−α} log n (5.11) where B is a fixed positive constant and ε = ε(E) → 0 as E → ∞. Since k^{−α} log k ≤ 2(k + 1)^{−α} log n for k = 1, 2, . . . , n − 1 we obtain (5.11) from the following statement sup_{n=2,3,...}(nh)^α ∑_{n−1} k=1 ((n − k)h)^{−α}((k + 1)h)^{−α}e^{−E(n−k)h} → 0 as E → ∞. (5.12) We can also reduce (5.10) to (5.12) because the following estimate holds for all E > 0 h ∑_{n−1} k=1 ((n − k)h)^{−α}k^{−P} e^{−E(n−k)h} = (∑ [^{n−1}_2 ] k=0 . . . + ∑_{n−1} k=[^{n+1}_2 ] . . . )

≤ h · const · (nh)^{−α} ∑[^{n−1}_2 ] k=1 k^{−P} + h · const · n^{−P} ∑_{n−1} k=[^{n+1}_2 ] ((n − k)h)^{−α}e^{−E(n−k)h} ≤ h · const · (nh)^{−α} log n

+ h · const · n^{−P} ∑_{n−1} k=1 ((n − k)h)^{−α}((k + 1)h)^{−α}(nh)^αe^{−E(n−k)h}. It is left to prove (5.12). Since the sum in (5.12) is the lower approximating Riemann sum of an integral it suffices to show

sup_{x>0} ∫_x 0 x^α · e^{−E(x−τ )} (x − τ)^α · 1 τ^α dτ → 0 as E → ∞. (5.13)

Substituting τ = x/s, we find for the integral in (5.13) the estimate ∫_∞ 1 x^α · e^{−Ex(s−1)/s} (x(s − 1)/s)^α · 1 (x/s)^α · x s^2 ds

≤ ∫_2 1 x^α · e^{−Ex(s−1)/2} (x(s − 1))^α · xds + ∫_∞ 2 e^{−Ex/2} (x/2)^α · xs^{α−2}ds = (2/E)^{1−α} ∫_{Ex/2} 0 e^{−u} u^α du + x^{1−α}e^{−Ex/2} ∫_∞ 2 2^αs^{α−2}ds ≤ const ( E^{α−1} + max{x^{1−α}e^{−Ex/2} : 0 ≤ x < ∞} ) ≤ const/E^{1−α}. This hold for every E > 0 and (5.13) follows. The rest is easy. In view of (5.10) and (5.11), inequality (5.9) holds true provided that

C(1 + Cε) ≤ C and C(1 + CB + CDε) ≤ CD. (5.14)

It is readily seen that both inequalities are satisfied with C = 2C, D = 2BC + 1 whenever E is chosen so large that ε = ε(E) ≤ 1/(2C). �

Remark 5.5 The example (X, A) = (L_2(0, π), Δ_D ) of Section 2 shows that, at least for the backward Euler method of order P = 1, inequalities (5.5) and (5.6) are sharp. Arguing as in Example 4.8, it is not hard to derive that h^{α−1} · lim_{h→0+} |ω_ℓ|_{0→α} = max_{x≤0} (−x)^α|(1 − q)^{−(ℓ+1)} + (e^x − 1)e^{x(ℓ+1)}/x| and further,

|ω_ℓ|_{0→α} ≥ c_0h^{1−α}(ℓ + 1)^{−α−1} and | ∑_{n−1} ℓ=0 ω_ℓ|_{0→α} ≥ c_0h^{1−α}n^{−α} for some constant c_0 > 0, and each h ∈ (0, h_0], ℓ ∈ N, n ∈ N \ {0}. These lower estimates point to the importance of Abel’s rearrangement trick we used in handling term IV_n in the proof of Theorem 5.3. A direct application of (5.5) via the triangle inequality leads only to the estimate |IV_n|_α = | ∑_{n−1} k=0 ω_{n−k−1}f(ū(kh + h))|_α ≤ const · h^{1−α} and therefore, in the final analysis, it does not imply (5.2) but only the much weaker inequality |e_n|_α ≤ K(n^{−P} + h^{1−α}) whenever h ∈ (0, h_0], n = 1, 2, . . . and nh ≤ T.

6 Convergence for variable stepsizes

We consider equation (2.1) again and assume that all conditions listed in the first paragraph of Section 4 are satisfied. We allow arbitrary sequences of stepsizes of the form (h_1, h_2, . . . , h_N ) ∈ R^N , h_n ∈ (0, h_0], n = 1, 2, . . . , N and throughout the rest of the section we use the notation

H_k = k∑ j=1 h_j , h_{∗k} = max_{1≤j≤k} h_j .

If no confusion arises we abbreviate the values for the maximal index k = N as H = H_N , h_∗ = h_{∗N} .

We set h = h_n in the Runge-Kutta formulas (3.1),(3.2) and obtain as in Theorem 3.7 an approximating sequence {U^v_n}^∞_{n=0} ⊂ X^α (here the superscript v stands for variable stepsize). By a simple induction argument we find for n = 1, 2, . . . the following explicit representation

U^v_n = r(h_1A) . . . r(h_nA)U^v_0 + n−1∑ k=0 h_{k+1}r(h_{k+2}A) . . . r(h_nA) m∑ j=1 q_j (h_{k+1}A)f(U^v_{kj} ), (6.1) where U^v_0 = u_0 is an initial value and the internal stage values {{U^v_{kj} }^m_{j=1}}^∞_{k=0} are determined by

U^v_{ki} = s_i(h_{k+1}A)U^v_k + h_{k+1} m∑ j=1 s_{ij} (h_{k+1}A)f(U^v_{kj} ), i = 1, 2, . . . , m. (6.2) From now on, we assume that r(∞) = 0. This is the price we have to pay for not imposing any quasi-uniformity conditions on the stepsize sequence. A careful step-by-step reconsideration of the proofs below shows that an alternative extra assumption is the existence of positive constants c and C for which c ≤ h_i/h_k ≤ C, i, k = 1, 2, . . . , n; n ∈ N \ {0}. In a first step we restate and prove the estimates (4.9) and (4.16). The main technique used here is a subtle subdivision of the integration contours depending on the values of the step-sizes. Our main goal will then be to prove a variable stepsize analog of Theorem 5.3.

Lemma 6.1 Assume that the Runge–Kutta method is strictly A(θ^c)-stable and and its stability function satisfies r(∞) = 0. Then for any α ∈ [0, 1) there exist positive constants Ω and h_0 such that for all j = 1, . . . , m

|(aI − A)^αr(h_1A) · · · r(h_N A)q_j (h_{N+1}A)| ≤ ΩH^{−α}_{N+1}r(h_1a) · · · r(h_N a) (6.3)

holds with H_{N+1} = ∑_{N+1} k=1 h_k for all finite sequences (h_1, . . . , h_{N+1}) ∈ R^{N+1} satisfying h_n ∈ (0, h_0], n = 1, 2, . . . , N + 1, N ∈ N.

Proof: Case N = 0 follows from (4.2) with k = 0 and case α = 0 is a consequence of (4.4) and the uniform boundedness of the |q_j (hA)|. We can thus restrict ourselves to the case α ∈ (0, 1) and N ≥ 1. For b ∈ R and 0 ≤ d < c ≤ ∞, define γ^{c,d}_b = {w = b ± ρe^{iθ} ∈ C : c ≤ ρ ≤ d}. Note that γ_0 = γ^{0,∞}_0 . In what follows we repeatedly apply Lemma 3.9 as well as inequalities (4.8) (both for r and q_j ; j = 1, 2, . . . , m) and (2.2) without any further notice.

We introduce the abbreviation

r_{[k]} = r(h_1a) · · · r(h_ka)

and with H = ∑_N k=1 h_k we first prove the slightly weaker estimate

|(aI − A)^αr(h_1A) · · · r(h_N A)q_j (h_{N+1}A)| ≤ ΩH^{−α}r_{[N]}. (6.4)

There is no loss of generality in assuming that h_1 ≤ h_2 ≤ . . . ≤ h_N . We distinguish the following two cases: Case 1 h_N ≥ H/3 :

Using our C-based operational calculus with w/h_N instead of z the operator (aI − A)^αr(h_1A) · · · r(h_N A)q_j (h_{N+1}A) can be represented as 1 2πi (∫ Γ1 + ∫ Γ2 ) (a − w h_N )^αr( h_1 h_N w) · · · r( h_N h_N w)q_j ( h_{N+1} h_N w)( w h_N I − A)^{−1} dw h_N where Γ_1 = γ^{δ,∞}_{ahN} and Γ_2 = γ^{0,δ}_{ahN} . Since r(∞) = 0 the integral over Γ_1 can be estimated by r(h_1a) · · · r(h_{N−1}a) ∫_∞ δ ( ρ h_N )^α const ρ · M 1 + ρ/h_N · dρ h_N ≤ const · h^{−α}_N · r_{[N]} ≤ const · H^{−α}r_{[N]}.

Similarly, the integral over Γ_2 is bounded by

const · r(h_1a) · · · r(h_N a) ∫_δ 0 ( ρ h_N )^αe^{−pρH/hN} dρ ρ = const(pH)^{−α}r_{[N]} ∫_{δpH/hN} 0 τ^αe^{−τ} dτ τ ≤ constH^{−α}r_{[N]} ∫_∞ 0 τ^{α−1}e^{−τ} dτ. Summing the two contributions, (6.4) follows.

Case 2 h_N <^H_3 :

Then there exists an index J ∈ N with the property that H 3 < h_1 + . . . + h_J < 2H 3 . We use this index and the integration contours Γ_1 = γ^{δ,∞}_{ahJ} , Γ_2 = γ^{0,δ}_{ahJ} and write the operator (aI − A)^αr(h_1A) · · · r(h_N A)q_j (h_{N+1}A) as 1 2πi (∫ Γ1 + ∫ Γ2 ) (a − w h_J )^αr( h_1 h_J w) · · · r( h_N h_J w)q_j ( h_{N+1} h_J w)( w h_J I − A)^{−1} dw h_J The integral over Γ_1 is bounded by ∫_∞ δ ( ρ h_J )^αr(h_1a) · · · r(h_{J−1}a)r(h_J a)(1 − q) · · · r(h_{N−1}a)(1 − q) · const ρh_N /h_J · const · M 1 + ρ/h_J dρ h_J ≤ const · r_{[N−1]}(1 − q)^{N−J} · ( 1 h_J )^α · h_J h_N · ∫_∞ δ ρ^{α−2}dρ = const · r_{[N−1]}(1 − q)^{N−J} ( h_J H )^{1−α} H h_N H^{−α} ≤ const · r_{[N−1]}H^{−α} H h_N (1 − q)^{N−J} . In view of the simple inequality

(N − J)h_N ≥ h_{J+1} + . . . + h_N > H 3 the extra factor h^{−1}_N H(1−q)^{N−J} is less than sup{3x(1−q)^x : x ≥ 1} ≤ const(q).

Similarly the integral over Γ_2 is bounded by ∫_δ 0 ( ρ h_J )^αr(h_1a)e^{−pρ h1h}J · · · r(h_J a)e^{−pρ hJh}J r(h_{J+1}a) · · · r(h_N a) · const · dρ ρ

≤ const·r_{[N]} ∫_δ 0 ( ρ h_J )^αe^{−pρH/(3hJ )} dρ ρ = const·r_{[N]}(pH)^{−α} ∫_{δpH/hJ} 0 τ^{α−1}e^{−τ /3}dτ. Again the sum of the two contributions leads to (6.4) which finishes case 2.

Next we notice that inequality (6.3) is a direct consequence of (6.4) in case h_{N+1} ≤ H. If h_{N+1} > H we use the curves Γ_1 = γ^{δ,∞}_{ahN +1} , Γ_2 = γ^{0,δ}_{ahN +1} and write (aI − A)^αr(h_1A) · · · r(h_N A)q_j (h_{N+1}A) as 1 2πi (∫ Γ1 + ∫ Γ2 ) (a− w h_{N+1} )^αr( h_1 h_{N+1} w) · · · r( h_N h_{N+1} w)q_j (w)( w h_{N+1} I−A)^{−1} dw h_{N+1} The integral over Γ_1 is bounded by r(h_1a) · · · r(h_N a) ∫_∞ δ ( ρ h_{N+1} )^α· const ρ · dρ ρ ≤ consth^{−α}_{N+1}r_{[N]} ≤ const(H+h_{N+1})^{−α}r_{[N]}.

Since h_{N+1} ≥ h_N the integral over Γ_2 can be estimated by

const · r_{[N]} ∫_δ 0 ( ρ h_{N+1} )^αe^{−pρH/hN +1} dρ ρ ≤ const · r_{[N]} ∫_δ 0 ( ρ h_{N+1} )^αe^{−pρ(H+hN +1)/hN +1} e^{pρ} dρ ρ ≤ const · r_{[N]}(p(H + h_{N+1}))^{−α}e^{δp} ∫_∞ 0 τ^{α−1}e^{−τ} dτ. From these two estimates inequality (6.3) follows. �

Lemma 6.2 Consider a Runge–Kutta method which is strictly A(θ^c)-stable, of order P and satisfies r(∞) = 0. Then there exists positive constants Ω and h_0 such that |r(h_1A)r(h_2A) · · · r(h_N A) − e^{AH} | ≤ ΩN h^P_∗ (|a| + H^{−P} ) (6.5) for all finite sequences (h_1, h_2, . . . , h_N ) ∈ R^N , h_n ∈ (0, h_0], n = 1, 2, . . . , N; N ∈ N \ {0} where H = h_1 + . . . + h_N , h_∗ = max_{1≤j≤N} h_j and N = (max{r(h_1a); e^{h1a}}) · . . . · (max{r(h_N a); e^{hN a}}). Proof: We may assume that h_1 ≤ h_2 ≤ . . . ≤ h_N ≤ h_0 where the constant h_0 as well as the constants p, q and δ below are taken from Lemma 3.9. We start with the integral representation r(h_1A)r(h_2A) · . . . · r(h_N A) − e^{AH} = 1 2πi ∑_N k=1[ ∫ γ^k1 + ∫ γ^k2 ] r(h_1z) . . . r(h_{k−1}z){r(h_kz) − e^{hk z}}e^{hk+1z} . . . e^{hN z}(zI − A)^{−1}dz + ∫ γ3 [r(h_1z) · . . . · r(h_N z) − e^{Hz} ](zI − A)^{−1}dz where for k = 1, . . . , N γ^k_1 = {z = a ± ρe^{iθ} ∈ C : ρ ≤ δ/h_k}, γ^k_2 = {z = a ± ρe^{iθ} ∈ C : δ/h_k ≤ ρ ≤ δ/h_1} and γ_3 = {z = a ± ρe^{iθ} ∈ C : ρ ≥ δ/h_1} Applying (4.14), the sum of the integrals over γ^k_1 (k = 1, 2, . . . , N) is bounded by const ∑_N k=1 ∫_{δ/hk} 0 r(h_1a)e^{−ph1ρ} . . . r(h_{k−1}a)e^{−phk−1ρ}{|a|h^{P+1}_k + (h_kρ)^{P+1}} · {r(h_ka) 1 r(h_k a) e^{−phk ρ} · e^{phk ρ}}e^{hk+1a}e^{−phk+1ρ} . . . e^{hN a}e^{−phN ρ} · M 1 + ρ dρ ≤ const · N ∑_N k=1 ∫_{δ/hk} 0 e^{−pHρ}{|a|h^{P+1}_k + (h_kρ)^{P+1}} · 1 1 + ρ dρ ≤ const · N (∑_N k=1 ∫_∞ 0 e^{−pHρ}|a|h_kh^P_N dρ + ∫_∞ 0 e^{−pHρ}h_kh^P_N ρ^P dρ )

≤ const · N · h^P_N ∫_∞ 0 e^{−pHρ}H(|a| + ρ^P )dρ ≤ const · N · h^P_N (|a| + H^{−P} ). Integration over γ^k_2 is more complicated. We use (4.8), the binomial theorem as well as the simple inequality sup{x^j e^{−pδx} : x ≥ 0} ≤ const(p, δ, P), j = 0, 1, ..., P. The contour γ^k_2 is subdivided into smaller pieces. There is no loss of generality in assuming that e^{−pδ} ≤ 1 − q. After these preparations, the sum of the integrals over γ^k_2 (k = 1, 2, . . . , N) can be estimated as follows

const ∑_N k=2 ∑_k i=2 ∫_{δ/hi−1} δ/h_i r(h_1a)e^{−ph1ρ} . . . r(h_{i−1}a)e^{−phi−1ρ}r(h_ia)(1 − q) · . . . · r(h_{k−1}a)(1 − q){ 1 h_kρ + e^{−phk ρ}}e^{hk+1a}e^{−phk+1ρ} . . . e^{hN a}e^{−phN ρ} · M 1 + ρ dρ ≤ const · N ∑_N k=2 ∑_k i=2 (1 − q)^{k−i} · ∫_{δ/hi−1} δ/h_i e^{−pHi−1δ/hi} · 1 h_kρ e^{−p(H−Hk )δ/hi} · dρ ρ ≤ const · N N∑ k=2 k∑ i=2 (1 − q)^{k−i}e^{−pδHi−1/hi} ∫_∞ δ/h_i 1 h_kρ^2 dρ(1 − q)^{N−k}

≤ const · N ( h_N H_n )_{P N}∑ k=2 k∑ i=2 (1 − q)^{N−i}e^{−pδHi−1/hi} · h_i h_k · ( H h_N )_P

≤ const · N ( h_N H )_P ∑_N k=2 ∑_k i=2(1 − q)^{N−i}e^{−pδHi−1/hi} · 1 · ∑_P j=0 ( P j )( H_{i−1} h_i )_j ( H − H_{i−1} h_N )_{P−j}

≤ const · N ( h_N H )_P ∑_N k=2 ∑_k i=2 (1 − q)^{N−i} · const · (N − i + 1)^P

= const · N ( h_N H )_P ∑_N i=2 ∑_N k=i(1 − q)^{N−i}(N − i + 1)^P = const · N ( h_N H )_P ∑_N i=2 (1 − q)^{N−i}(N − i + 1)^{P+1}.

Here the last sum is obviously bounded.

Finally, the integral over γ_3 is bounded by

const · ∫_∞ δ/h1 [r(h_1a)(1 − q) . . . r(h_{N−1}a)(1 − q) 1 h_N ρ + e^{h1a}e^{−ph1ρ} . . . e^{hN a}e^{−phN ρ}] · M 1 + ρ dρ ≤ const · N ∫_∞ δ/h1 [(1 − q)^{N−1} 1 h_N ρ^2 + e^{−pHρ} ρ ]dρ ≤ const · N (1 − q)^{N−1}[ h_1 h_N + ∫_∞ δ e^{−pτ} τ dτ] ≤ const · N (1 − q)^{N−1} ≤ const · N ( h_N H )^P N^P (1 − q)^{N−1} ≤ const( h_N H )^P .

Summing all contributions, (6.5) follows. � As a final preparation we derive some α-norm estimates on a finite interval (0, T ] similar to Lemma 6.2.

Lemma 6.3 Under the assumptions of Lemma 6.2 consider a finite interval (0, T ] and for stepsizes h_1, . . . , h_N satisfying H = ∑_N j=1 h_j ≤ T define the following functions in the class C_{a,θ}

Q_{1,k}(z) = e^{zHk} − 1 z e^{z(H−Hk )}, (6.6) Q_{2,k}(z) = r(h_1z) · · · r(h_k z) − 1 z r(h_{k+1}z) · · · r(h_N z), (6.7)

Q_3(z) = r(h_1z) · · · r(h_N z) − e^{zH} z . (6.8)

Then the following inequalities hold for h_∗ = max_{1≤j≤N} h_j sufficiently small |Q_{1,k}(A)|_{0→α} + |Q_{2,k}(A)|_{0→α} ≤ C H_k (H − H_k)^α , (6.9)

|Q_3(A)|_{0→α} ≤ C ( h_∗ H )_p H^{1−α}. (6.10)

Proof: Our starting point is the integral representation (aI − A)^αQ_{1,k}(A) = 1 2πi ∫ Γ (a − z)^α e^{zHk} − 1 z e^{z(H−Hk )}(zI − A)^{−1}dz.

By slightly shifting the integration contour Γ, we can integrate on γ_1 ∪ γ_2 where γ_1 = {z = a ± ρe^{iθ} ∈ C : ρ ≤ δ/H_k} and γ_2 = {z = a ± ρe^{iθ} ∈ C : ρ ≥ δ/H_k}. The integral over γ_1 can be estimated by

const ∫_{δ/Hk} 0 ρ^αH_ke^{−pρ(H−Hk )} M 1 + ρ dρ ≤ const · H_k ∫_∞ 0 ρ^αe^{−pρ(H−Hk )}dρ ≤ const H_k (H − H_k)^α . By using the simple inequalities |a ± ρe^{iθ}| ≥ const(θ)ρ, ρ ≥ 0, and e^{−x} ≤ const(α)x^{−α}, x > 0 the integral over γ_2 is bounded by

const ∫_∞ δ/H_k ρ^α 1 ρ e^{−pρ(H−Hk )} M 1 + ρ dρ ≤ const · e^{−pδ H−HkH}k ∫_∞ δ/H_k ρ^{α−2}dρ ≤ const ( H_k H − H_k )_α · H^{1−α}_k . Consider now the integral expression for (aI − A)^αQ_{2,k}(A) 1 2πi ∫ Γ (a − z)^α r(h_1z) . . . r(h_k z) − 1 z r(h_{k+1}z) . . . r(h_N z)(zI − A)^{−1}dz. For z ∈ γ_1 the expression z^{−1}(r(h_1z) . . . r(h_kz) − 1) can be estimated by using telescope summation r(h_1z) . . . r(h_k z) − 1 z = k∑ i=1 r(h_iz) − 1 z r(h_{i+1}z) . . . r(h_k z) and is less then const · (h_1 + . . . + h_k). Otherwise, if z ∈ γ_2, then the expression z^{−1}(r(h_1z) . . . r(h_kz) − 1) is also less then const · H_k since |z| ≥^δ_{Hk} − |a|. Hence the second integral over γ_1 ∪ γ_2 is bounded by

const · H_k ∫_∞ 0 ρ^α|r(h_{k+1}z) . . . r(h_N z)| M 1 + ρ dρ with z = a ± ρe^{iθ}. The latter integral can be estimated as in the proof of Lemma 6.1 by const(H − H_k)^α. Notice that there is no change in the proof if the stepsizes start with h_{k+1} instead of h_1 and if the q_j -factor is not present.

Finally, for (6.10) we consider the integral 1 2πi ∫ Γ (a − z)^α r(h_1z) . . . r(h_N z) − e^{z(h1+...+hN )} z (zI − A)^{−1}dz and show that its norm in X is bounded by const · h^P_∗ /H^{α+P−1}. This task requires the very same tricks we applied in the proof of Lemma 6.2. We may assume that h_1 ≤ h_2 ≤ . . . ≤ h_N = h_∗.

The integral can be rewritten as N∑ k=1 h_k ∫ γ^k1 ∪γ^k2 (a−z)^αr(h_1z) . . . r(h_{k−1}z) r(h_kz) − e^{hk z} h_kz e^{hk+1z} . . . e^{hN z}(zI−A)^{−1}dz

+ ∫ γ3 (a − z)^α r(h_1z) . . . r(h_N z) − e^{zH} z (zI − A)^{−1}dz where as in Lemma 6.2 γ^k_1 = {z = a ± ρe^{iθ} ∈ C : ρ ≤ δ/h_k}, γ^k_2 = {z = a ± ρe^{iθ} ∈ C : δ/h_k ≤ ρ ≤ δ/h_1} for all k = 1, 2, . . . , N and γ_3 = {z = a ± ρe^{iθ} ∈ C : ρ ≥ δ/h_1}.

Arguing as in the proof of Lemma 6.2, the sum of the integrals over γ^k_1 (k = 1, 2, . . . , N) is bounded by

const · ∑_N k=1 h_k ∫_{δ/hk} 0 ρ^αe^{−pHρ}{|a|h^P_k + (h_kρ)^P } M 1 + ρ dρ ≤ const · h^P_∗ ∫_∞ 0 ρ^αe^{−pHρ}H(|a| + ρ^{P−1})dρ ≤ const · h^P_∗ /H^{α+P−1}. Similarly, the sum of the integrals over γ^k_2 (k = 1, 2, . . . ,) can be estimated (changing just some ρ-factors) by

const N∑ k=2 k∑ i=2 ∫_{δ/hi−1} δ/h_i ρ^αr(h_1a)e^{−ph1ρ} . . . r(h_{i−1}a)e^{−phi−1ρ}r(h_ia)(1 − q) . . . · r(h_{k−1}a)(1 − q) 1 ρ { 1 h_kρ + e^{−phk ρ}}e^{hk+1a}e^{−phk+1ρ} . . . e^{hN a}e^{−phN ρ} · M 1 + ρ dρ ≤ const · N∑ k=2 k∑ i=2 (1 − q)^{N−i}e^{−pδHi−1/hi} ∫_∞ δ/h_i ρ^{α−3} h_k dρ

≤ const ( h_N H )_{α−1 N}∑ k=2 k∑ i=2 (1 − q)^{N−i}e^{−pδ(Hi−1)/hi} · h_i h_k · h^{1−α}_i

≤ const ( h_N H )_{P N}∑ k=2 k∑ i=2 (1 − q)^{N−i}e^{−pδHi−1/hi}

· H^{1−α} · P∑ j=0 ( P j )( H_{i−1} h_i )_j ( H − H_{i−1} h_N )_{P−j}

≤ const · h^P_N H^{α+P−1} N∑ k=2 k∑ i=2 (1 − q)^{N−i} · const · (N − i + 1)^P

= const · h^P_∗ H^{α+P−1} N∑ i=2 (1 − q)^{N−i}(N − i + 1)^{P+1}.

Finally, the integral over γ_3 is bounded by

const ∫_∞ δ/h1 ρ^α (1 − q)^N + (1 − q)^N ρ · 1 ρ dρ ≤ const · h^{1−α}_1 (1 − q)^N ≤ const · h^{1−α}_∗ ( h_∗N H )_{α+P−1} (1 − q)^N

= const · h^P_∗ H^{α+P−1} · N^{α+P−1}(1 − q)^N and this ends the proof of the Lemma. � The following result is the variable stepsize analogue of Theorem 5.3. Note that (6.11) simplifies to (5.2) if h_1 = . . . = h_N = h ∈ (0, h_0] and h_∗ = h, H = Nh ≤ T . Theorem 6.4 Under the assumptions of Lemma 6.1 consider a fixed time interval [0, T ). Then there exist constants K > 0 and h_0 > 0 such that for all sequences of positive stepsizes (h_1, . . . , h_N ) ∈ R^N with

H := h_1 + . . . + h_N ≤ T, h_∗ := max_{1≤j≤N} h_j ≤ h_0

we have the estimate

|U^v_N − ū(h_1 + · · · + h_N )|_α ≤ K (( h_∗ H )_P + h_∗ H^α log H h_∗ ) . (6.11)

The constant K depends on T, α, L, |u_0|_α, |f(u_0)|, M, θ, a as well as on the stability function of the Runge-Kutta method.

Proof: We use a chain of arguments similar to the case of constant stepsizes and we abbreviate r_j = r(h_j A). As usual we derive a recursive estimate for the errors |e^v_k|_α where

e^v_0 = 0 and e^v_k = U^v_k − ū(H_k) for k = 1, . . . , N,

and then apply discrete Gronwall techniques.

As in the constant stepsize case we use (2.9),(6.1) and decompose

e^v_N = I^v_N + II^v_N + III^v_N + IV^v_N + V^v_N

where I^v_N = (r_1 . . . r_N − e^{AH} )u_0,

II^v_N = N−1∑ k=0 h_{k+1}r_{k+2} . . . r_N m∑ j=1 q_j (h_{k+1}A)(f(U^v_{kj} ) − f(ū^v_{kj} )),

III^v_N = N−1∑ k=0 h_{k+1}r_{k+2} . . . r_N m∑ j=1 q_j (h_{k+1}A)(f(ū^v_{kj} ) − f(ū(H_{k+1}))),

IV^v_N = N−1∑ k=0 ∫_{Hk+1} H_k [r_{k+2} . . . r_N m∑ j=1 q_j (h_{k+1}A) − e^{A(H−s)}] · f(ū(H_{k+1})) ds,

V^v_N = N−1∑ k=0 ∫_{Hk+1} H_k e^{A(H−s)}(f(ū(H_{k+1})) − f(ū(s)))ds. Here the auxiliary stage values (ū^v_{k1}, . . . , ū^v_{km})^T ∈ X^α, k = 0, . . . , N − 1 are uniquely determined by the system

ū^v_{ki} = s_i(h_{k+1}A)ū(H_k) + h_{k+1} ∑_m j=1 s_{ij} (h_{k+1}A)f(ū^v_{kj} ), i = 1, 2, . . . , m. The terms I^v_N and II^v_N can be estimated as in the constant stepsize case. In fact, a direct application of Lemma 6.2 gives that

|I^v_N |_α ≤ |r_1 . . . r_N − e^{AH} | · |u_0|_α ≤ const · h^P_∗ (|a| + H^{−P} ) and therefore, by using |a|H^P ≤ |a|T^P ≤ const,

|I^v_N |_α ≤ const ( h_∗ H )_P . (6.12) Similarly, Lemma 6.1 gives that |II^v_N |_α ≤ N−1∑ k=0 h_{k+1} m∑ j=1 |(aI − A)^αr_{k+2} . . . r_N q_j (h_{k+1}A)| · |f(U^v_{kj} ) − f(ū^v_{kj} )|

and therefore, |II^v_N |_α ≤ const · N−1∑ k=0 h_{k+1} (H − H_k)^α |e^v_k|_α. (6.13) The method we used in the constant variable case applies also for estimating III^v_N and V^v_N . In fact, we obtain easily from Lemma 6.1 that |III^v_N |_α ≤ const · N−1∑ k=0 h_{k+1} (H − H_k)^α · max_{1≤i≤m}{|III^{1v}_{ik} |_α + |III^{3v}_{ik} |_α} where, for each k = 0, 1, . . . , N − 1 and i = 1, 2, . . . , m , |III^{1v}_{ik} |_α + |III^{3v}_{ik} |_α = |s_i(h_{k+1}A)(ū(H_k) − ū(H_{k+1}))|_α

+ |h_{k+1} ∑_m j=1 s_{ij} (h_{k+1}A) ˙ū(H_{k+1})|_α

≤ const · [|ū(H_k) − ū(H_{k+1})|_α + h_{k+1}| ˙ū(H_{k+1})|_α]. In view of Lemma 5.1, we have that

h_{k+1}| ˙ū(H_{k+1})|_α ≤ K · h_{k+1} H_{k+1} for k = 0, 1, . . . , N − 1. The expression |ū(H_k) − ū(H_{k+1})|_α requires a little more care. For k ≠ 0 we can apply Lemma 5.1 again and estimating the integral by a sum from above we obtain that |ū(H_k) − ū(H_{k+1})|_α ≤ ∫_{Hk+1} H_k K τ dτ ≤ h_{k+1} H_k , k ≠ 0. On the other hand, using the boundedness of {|ū(τ)|_α : 0 ≤ τ ≤ T } guaranteed by (2.10), we obtain that

|ū(H_k) − ū(H_{k+1})|_α ≤ const, k = 0, 1, . . . , N − 1. (6.14)

The conclusion is that |III^v_N |_α ≤ const · N−1∑ k=0 h_{k+1} (H − H_k)^α · min{ h_{k+1} H_k ; 1}. (6.15)

Applying (2.7) and (2.8), we obtain as in the constant stepsize case that

|V^v_N |_α ≤ const · ∑_{N−1} k=0 ∫_{Hk+1} H_k 1 (H − s)^α · |ū(H_{k+1}) − ū(s)|_αds. The argument we used for (6.14) applies to an arbitrary s ∈ (H_k, H_{k+1}] and yields |ū(H_{k+1}) − ū(s)|_α ≤ const · min{ h_{k+1} H_k ; 1}. Replacing the remaining integral by two different approximating sums, we conclude that

|V^v_N |_α ≤ const N−1∑ k=0 min{ h_{k+1} (H − H_{k+1})^α

; (H − H_k)^{1−α}} · min{ h_{k+1} H_k ; 1}. (6.16)

Before passing to the remaining term IV^v_N , we explain briefly the meaning and importance of the min{. . . ; . . .}-type estimates obtained for |III^v_N |_α and |V^v_N |_α above. Depending on the particular choice of the stepsizes, it may happen e.g. that H_k is too small for some k with h_{k+1} relatively large. This shows that the fraction h_{k+1}/H_k alone is entirely insufficient as an upper bound. However, h_{k+1} H_k ≤ 2 · h_{k+1} H_{k+1} ≤ 2 provided that H_k ≥ h_∗ . This points to the necessity of considering cases like

H_k ≤ h_∗ and h_∗ < H_k < H − h_∗ or H − h_∗ ≤ H_k

separately in the sequel.

The remaining term |IV^v_N |_α needs considerably more care. As in the constant stepsize case,we apply Abel’s rearrangement trick and rewrite IV_N , N = 1, 2, . . . as ( cf. (5.4) )

IV^v_N = ∑_{N−1} k=1 (∑_{N−1} ℓ=N−kω v ℓ ) (g^v_k − g^v_{k+1}) + (∑_{N−1} ℓ=0 ω^v_ℓ ) · g^v_N where, for each ℓ = 0, 1 . . . , N − 1 ω^v_ℓ = h_{N−ℓ}r_{N−ℓ+1} . . . r_N ∑_m j=1 q_j (h_{N−ℓ}A) − ∫_{HN −ℓ} H_{N −ℓ−}1 e^{A(H−s)}ds and for k = 1, 2, . . . , N g^v_k = f(ū(H_k)).

Observe that |IV^v_N |_α ≤ N−1∑ k=1 | |^{N−1} ∑ ℓ=N−k (aI −A)^αω^v_ℓ | |·|g^v_k −g^v_{k+1}|+ | |^{N−1} ∑ ℓ=0 (aI −A)^αω^v_ℓ | |·|g^v_N | (6.17)

where, combining (2.10) and (5.1),

|g^v_k − g^v_{k+1}| ≤ const · min{ h_{k+1} H_k ; 1} for k = 1, 2, . . . , N − 1 (6.18) and |g^v_N | ≤ const. (6.19) In order to handle the critical terms | ∑_{N−1} ℓ=N−k (aI − A)^αω^v_ℓ |, k = 1, 2, . . . , N appropriately, we use two different integral representations, namely ∑_{N−1} ℓ=N−k (aI−A)^αω^v_ℓ = 1 2πi ∫ Γ (a−z)^α [ r(h_1z) . . . r(h_kz) − 1 z r(h_{k+1}z) . . . r(h_N z)

− e^{zHk} − 1 z e^{z(H−Hk )} ] (zI − A)^{−1}dz (6.20) for small values of H_k and ∑_{N−1} ℓ=N−k(aI − A) αω^v_ℓ = 1 2πi ∫ Γ (a − z)^α [ r(h_1z) . . . r(h_N z) − e^{zH} z

− r(h_{k+1}z) . . . r(h_N z) − e^{z(H−Hk )} z ] (zI − A)^{−1}dz (6.21)

for the remaining case. Now we apply Lemma 6.3 and obtain the estimates | ∑_{N−1} ℓ=N−k(aI − A) αω^v_ℓ | ≤ const · H_k (H − H_k)^α , (6.22)

| N−1∑ ℓ=N−k (aI − A)^αω^v_ℓ | ≤ const[ h^P_∗ H^{α+P−1} + (max{h_j : k + 1 ≤ j ≤ N})^P (H − H_k)^{α+P−1} ]. (6.23)

Both estimates (6.22), (6.23) are valid for k = 1, 2, . . . , N − 1. The estimate (6.23) also holds for k = N if the second summand is set to zero in this case.

Next we will show below that (6.15),(6.16) implies the estimate

|III^v_N |_α + |V^v_N |_α ≤ const ( h_∗ H^α + h_∗ H^α log H h_∗ ) (6.24)

and (6.22), (6.23) lead to the same estimate for |IV^v_N |_α

|IV^v_N |_α ≤ const ( h_∗ H^α + h_∗ H^α log H h_∗ ) . (6.25)

Let us first show how to complete the proof on the basis of these estimates.

In view of (6.12) and (6.13) we obtain the inequality

|e^v_N |_α ≤ const (( h_∗ H )_P + N−1∑ k=0 h_{k+1} (H − H_k)^α |e^v_k|_α + h_∗ H^α + h_∗ H^α log H h_∗ ) . (6.26)

Note that the term h_∗/H^α can be omitted since it is always dominated by the sum of the first and the last term. Hence we have found a positive constant C satisfying |e^v_N |_α ≤ C (( h_∗ H )_P + h_∗ H^α log H h_∗ + N−1∑ k=0 h_{k+1} (H − H_k)^α |e^v_k|_α ) . (6.27)

Then an application of the Gronwall Lemma 6.5 below finishes the proof.

In order to prove (6.24) and (6.25), define the indices I, J, K ∈ {1, . . . , N} by H_{I−1} < h_∗ ≤ H_I , H_{J−1} < H 2 ≤ H_J , H_{K−1} ≤ H − h_∗ < H_K . We claim that the following relations hold I ≤ J ≤ K, H − H_{I−1} ≥ H 2 , H_K ≥ H 2 . (6.28)

Consider first the case h_∗ ≤^H_2 . Then I ≤ J is obvious and J ≤ K follows from H − H_{J−1} ≥ H −^H_2 ≥ h_∗. The other two estimates are consequences of

H − H_{I−1} ≥ H − h_∗ ≥^H_2 and H − H_K ≤ h_∗ ≤^H_2 . In the case^H_2 < h_∗ the maximum stepsize occurs exactly once, say h_k = h_∗. Then I = J = K = k holds and the remainder of (6.28) is trivial.

In order to prove (6.24), we estimate first |III^v_N |_α. Starting from (6.15), we obtain by using the defining inequalities for indices I, J as well as (6.28) that

|III^v_N |_α ≤ const (_{I−1} ∑ k=0 . . . + J−1∑ k=I . . . + N−1∑ k=J . . . ) ≤ const [_{I−1} ∑ k=0 h_{k+1} (H − H_k)^α + J−1∑ k=I h_{k+1} (H − H_k)^α · h_{k+1} H_k + N−1∑ k=J h_{k+1} (H − H_k)^α · h_{k+1} H_k ]

≤ const [_{I−1} ∑ k=0 h_{k+1} (H − H_{I−1})^α + J−1∑ k=I h_∗ (H/2)^α · 2h_{k+1} H_{k+1} + N−1∑ k=J h_{k+1} (H − H_k)^α · h_∗ H/2 ]

≤ const [ 2h_∗ (H/2)^α + h_∗ (H/2)^α · 2 ∫_H h_∗ 1 τ dτ + ∫_H H/2 1 (H − τ)^α dτ · h_∗ H/2 ]

= const [( 2^{1+α} +

2^α 1 − α ) h_∗ H^α + 2^{1+α} · h_∗ H^α log H h_∗ ] . Finding a similar upper bound for |V^v_N |_α is somewhat harder. Set

S = min{ h_K (H − H_K )^α

; (H − H_{K−1})^{1−α}} · min{ h_K H_{K−1} ; 1}

and distinguish two cases according as 3h_∗ ≥ H or not. If 3h_∗ ≥ H, then S ≤ H − H_{K−1} (H − H_{K−1})^α · 1 ≤ 2h_∗ (H/3)^α . If 3h_∗ < H, then S ≤ H − H_{K−1} (H − H_{K−1})^α · h_K H_{K−1} ≤ 2h_∗ (H − H_{K−1})^α · h_K H/3 ≤ 2h_∗ H/3 · ∫_H H/3 1 (H − τ)^α dτ. Finally, starting from (6.16), it is readily obtained via (6.28) and the choice of K that

|V^v_N |_α ≤ const [_{K−2} ∑ k=0 . . . + S + N−1∑ k=K . . . ]

≤ const [_{K−2} ∑ k=0 h_{k+1} (H − H_{k+1})^α min{ h_{k+1} H_k ; 1} + S + N−1∑ k=K H − H_k (H − H_k)^α h_{k+1} H_k ]

≤ const [_{K−2} ∑ k=0 h_{k+1} ((H − H_k)/2)^α min{ h_{k+1} H_k ; 1} + S + N−1∑ k=K h_∗ (H − H_k)^α h_{k+1} H/2 ]

≤ const [_{K−2} ∑ k=0 h_{k+1} (H − H_k)^α min{ h_{k+1} H_k ; 1} + S + h_∗ H/2 ∫_H H/2 1 (H − τ)^α dτ ]

The first term appears in (6.15) and the other two terms have the desired behavior, so that (6.24) follows.

Our next task is to prove (6.25). The starting point is of course inequality (6.17). As a simple consequence of (6.23), note that | ∑_{N−1} ℓ=N−k (aI − A)^αω^v_ℓ | ≤ const · h_∗ (H − H_k)^α for each k = 1, 2, . . . , N − 1.

Combining this and (6.22), (6.18), (6.19), (6.28) it follows that

|IV^v_N |_α ≤ const [_{I−1} ∑ k=0 . . . + J−1∑ k=I . . . + N−1∑ k=J . . . + h_∗ H^α ]

≤ const [_{I−1} ∑ k=0 H_k (H − H_k)^α · h_{k+1} H_k + J−1∑ k=I h_∗ (H − H_k)^α · h_{k+1} H_k + N−1∑ k=J h_∗ (H − H_k)^α · h_{k+1} H_k + h_∗ H^α ]

≤ const [_{I−1} ∑ k=0 h_{k+1} (H − H_{I−1})^α + J−1∑ k=I h_∗ (H/2)^α · 2 h_{k+1} H_{k+1} + N−1∑ k=J h_∗ (H − H_k)^α · h_{k+1} H/2 + h_∗ H^α ]

≤ const [ 2h_∗ (H/2)^α + h_∗ (H/2)^α · 2 ∫_H h_∗ 1 τ dτ + h_∗ H/2 · ∫_H H/2 1 (H − τ)^α dτ + h_∗ H^α ]

and this ends the proof of (6.25) as well as (6.27). �

Lemma 6.5 For any given constant C and any time interval (0, T ] there exist positive constants h_0, C, D and E with the following property. Let (h_1, . . . , h_N ) be a sequence of positive stepsizes with H = ∑_N k=1 h_k ≤ T and h_∗ = max_{1≤k≤N} h_k ≤ h_0 and let η_k, k = 0, . . . N be a sequence of nonnegative numbers satisfying η_0 = 0 and a recursive estimate η_j ≤ C (( h_{∗j} H_j )_P + h_{∗j} H^α_j log H_j h_{∗j} + j−1∑ k=0 h_{k+1} (H_j − H_k)^α η_k ) , j = 1, . . . , N. (6.29)

Then the following estimate holds for k = 1, . . . , N η_k ≤ C (( h_{∗k} H_k )_P + D · h_{∗k} H^α_k log H_k h_{∗k} ) · e^{EHk} . (6.30)

Proof: Generalizing (5.10) and (5.11) it is sufficient to prove the following two estimates N−1∑ k=1 h_{k+1} (H − H_k)^α ( h_{∗k} H_k )_P · e^{−E(H−Hk )} ≤ B · h_∗ H^α log H h_∗ + ε ( h_∗ H )_P , (6.31) N−1∑ k=1 h_{k+1} (H − H_k)^α ( h_{∗k} H^α_k log H_k h_{∗k} ) · e^{−E(H−Hk )} ≤ ε h_∗ H^α log H h_∗ + ε ( h_∗ H )_P , (6.32)

where B is a fixed positive constant and ε = ε(E) is a further positive constant that depends only on E.

In contrast to the constant stepsize case, it is not true in general that ε(E) → 0 as E → ∞. However, what we need is only that (cf. (5.14)) C(1 + Cε + CDε) ≤ C and C(1 + CB + CDε) ≤ CD. (6.33) Define

σ_0 = min{σ > 0 : σ ≥ 2C + 1 and σ^2 ≥ (CB + 2^{−1})σ + C}.

Set C = D = σ_0 and assume for the moment that

ε ≤ (2Cσ_0)^{−1}. (6.34) It is elementary to check that (6.33) is implied by (6.34). Hence it is enough to prove that, for some E and h_0 suitably chosen, both (6.31) and (6.32) hold true with some ε satisfying (6.34).

By using (6.28), the estimate for (5.13) and the defining inequalities for the indices I and J from the proof of Theorem 6.4, we see that the left-hand side of (6.31) is not greater than ∑_{I−1} k=1 h_{k+1} (H − H_k)^α · 1 · e^{−E(H−Hk )} + ∑_{J−1} k=I h_{k+1} (H − H_k)^α · h_{∗k} H_k · 1 + ∑_{N−1} k=J h_{k+1} (H − H_k)^α · ( h_∗ H )_P · ( H H_k )_P · e^{−E(H−Hk )} ≤ ∑_{I−1} k=1 h_{k+1} (H/2)^α · e^{−EH/2} + ∑_{J−1} k=I h_{k+1} (H/2)^α · 2 h_∗ H_{k+1} + ∑_{N−1} k=J h_{k+1} (H − H_k)^α · e^{−E(H−Hk )} · 2^P · ( h_∗ H )_P

≤ 2h_∗ (H/2)^α · e^{−EH/2} + 2h_∗ (H/2)^α ∫_H h_∗ 1 τ dτ + ∫_H H/2 e^{−E(H−τ )} (H − τ)^α dτ · 2^P · ( h_∗ H )_P

≤ 2^{1+α} h_∗ H^α · e^{−EH/2} + 2^{1+α} · h_∗ H^α log H h_∗ + const · 1 E^{1−α} · ( h_∗ H )_P .

The first term can be dominated by the second and the third, since for each E > 0 we have h_∗ H^α · e^{−EH/2} ≤ ( 2(1 − α) eE )_{1−α} 3^P ( h_∗ H )_P if H < 3h_∗ (6.35)

and trivially h_∗ H^α · e^{−EH/2} ≤ h_∗ H^α log H h_∗ if H ≥ 3h_∗. (6.36)

In order to tackle inequality (6.32), define

ρ_k = h_{∗k} · log(H_k/h_{∗k}) h_∗ · log(H/h_∗) for k = 1, . . . , N − 1. It is important to note that ρ_k ≤ 1. This is clear if h_{∗k} = h_∗. Otherwise h_∗ = βh_{∗k}, H_k = γh_{∗k} and H ≥ H_k + h_∗ = (γ + β)h_{∗k} with some β > 1 and γ ≥ 1. By passing to the new variable δ = β^{−1}γ, we see that

ρ_k ≤ sup{ log γ γ · log((1 + δ)^{1/δ} )

: δ ∈ (0, γ] and γ ≥ 1} = sup_{γ≥1} log γ log (γ + 1)

= 1.

Applying (6.28),(6.35),(6.36) and the estimate for (5.13) we obtain via ρ_k ≤ 1 that the left-hand side of inequality (6.32) is not greater than I−1∑ k=1 h_{k+1} (H − H_k)^α · h^{1−α}_∗ · sup{x^{−α} log x : x ≥ 1} · e^{−E(H−Hk )}

+ N−1∑ k=I h_{k+1} (H − H_k)^α · H^α H^α_k ( h_∗ H^α log H h_∗ ) · e^{−E(H−Hk )}

≤ I−1∑ k=1 h_{k+1} (H/2)^α · h^{1−α}_∗ 1 eα · e^{−EH/2}

+ N−1∑ k=I H^α · h_{k+1} (H − H_k)^α e^{−E(H−Hk )} ((H_{k+1})/2)^α · h_∗ H^α log H h_∗ ≤ h^{1−α}_∗ · const · h_∗ H^α · e^{−EH/2} + 2^α ∫_H 0 H^α · e^{−E(H−τ )} (H − τ)^α · 1 τ^α dτ · h_∗ H^α log H h_∗ ≤ const ( h^{1−α}_∗ h_∗ H^α · e^{−EH/2} + 1 E^{1−α} · h_∗ H^α log H h_∗ ) . Recalling that the first term has already been investigated before, the desired result follows easily. We first set the constant B in (6.31) and then satisfy the restriction (6.34) for ε by choosing E sufficiently large and h_0 sufficiently small. �

A Appendix

Following Section VII.9 of [6] (and correcting several misprints there) we explain briefly the appearence of the ”strange” term τ(∞)I in formula (3.8) and show how the operational calculus for unbounded operators can be traced back to the standard Dunford–Gelfand operational calculus for bounded operators. Then the relation between the Dunford–Gelfand calculus and our function class C_{a,θ} is discussed.

By letting w = H(z) = (z − z_0)^{−1} with some fixed z_0 ∉ σ(A), H(∞) = 0 and assuming (without loss of generality) that z_0 ∉ D^τ , the integral in (3.8) transforms as ∫ γ^τ τ(z)(zI − A)^{−1}dz = ∫ H(γ^τ )

τ(H^{−1}(w))(H^{−1}(w)I − A)^{−1} dw −w^2 . Set B = (A − z_0I)^{−1}. The key observation is that σ(B) = H(σ(A)) ∪ {0} and that (H^{−1}(w)I − A)^{−1} = wI − w^2(wI − B)^{−1} for all w /∈ σ(B). Consequently, our integral equals to − ∫ H(γ^τ )

τ(H^{−1}(w)) w dw · I + ∫ H(γ^τ ) τ(H^{−1}(w))(wI − B)^{−1}dw. Note that H(γ^τ ) contains a unique smooth Jordan curve c_0 encircling the origin (c_0 = H({ the boundary of the unbounded component of D^τ }) ) and therefore, by repeated use of Cauchy formula for analytic functions, − ∫ H(γ^τ )

τ(H^{−1}(w)) w dw = − ∫ c0 τ(H^{−1}(w)) w dw = τ(H^{−1}(0)) = −τ(∞). We conclude that (3.8) is equivalent to τ(A) = 1 2πi ∫ H(γ^τ ) τ(H^{−1}(w)) · (wI − B)^{−1}dw where B ∈ L(X, X), the function τ(H^{−1}(·)) : C → C is analytic on the open neighborhood H(U) of σ(B), H(D^τ ) is a closed neighborhood of σ(B) in H(U) and H(γ^τ ) = ∂H(D^τ ) consists of a finite number of positively oriented (pairwise nonintersecting) smooth Jordan curves. But this is exactly the framework of the Dunford–Gelfand calculus.

On the other hand, (3.10) goes over into η(A) = 1 2πi ∫ Γ^′

η(H^{−1}(w)) w dwI + 1 2πi ∫ Γ^′ η(H^{−1}(w)) · (wI − B)^{−1}dw where Γ^′ = H(Γ) ∪ {0} is a piecewise smooth Jordan curve with positive orientation. In view of the growth order condition imposed on each member of our function class C_{a,θ}, we have that

lim sup { |w|^{−k} · |η(H^{−1}(w))| | w ∈ H(Γ ∪ Σ_{a,θ}), w → 0 } is finite. It follows immediately that the first integral is zero. (In fact, for any r > 0 sufficiently small c_r = H(Γ ∪ Σ_{a,θ}) ∩ {w ∈ C ||w| = r} is a circular arc. Instead of integrating over Γ^′, we may integrate over c_r ∪ {w ∈ Γ^′ | ||w| > r} and over c_r ∪ {w ∈ Γ′ | ||w| < r} separately. By Cauchy formula, the integral over c_r ∪{w ∈ Γ^′ | ||w| > r} is zero. The integral over c_r ∪{w ∈ Γ′ | ||w| < r} is bounded by const · r^κ. By letting r → 0, the result follows.) Hence η(A) = 1 2πi ∫ Γ^′ η(H^{−1}(w))(wI − B)^{−1}dw which does not fit into the framework of Dunford–Gelfand calculus: Since 0 ∈ Γ^′ ∩ σ(B), we are facing an integral with a (weak) singularity.

It seems to be an interesting problem to characterize those function classes for which classical Dunford–Gelfand calculus extends to. This is a problem Zorn lemma applies to but e.g. we do not know if the operational calculus extends to a function ring containing both C_{a,θ} for some a, θ and the Taylor class T .

B Appendix

The following results are analogous to those on pp.316-317 of [6]. They show that, parallel to the T -based operational calculus, also the C-based operational calculus extends to polynomials. The parameters a ∈ R and θ ∈ (^π_2 , π) will be fixed in the following. The proofs of the results below can be easily given along the lines of those in Chapter X of [4], or [24] or [6].

Proposition B.1 Let f, g ∈ C_{a,θ} and assume that f = pg for some polynomial p of degree n. Then g(A)x ∈ D(A^n) and f(A)x = p(A)g(A)x for each x ∈ X.

Proposition B.2 Let f ∈ C_{a,θ} and let p be a polynomial of degree n. Then f(A)x ∈ D(A^n) and f(A)p(A)x = p(A)f(A)x for each x ∈ D(A^n).

Proposition B.3 Let p be a polynomial of degree n. Then p(A)x = 1 2πi ∫ Γ p(z) (z − a)^{n+1} (A − aI)^{n+1}(zI − A)^{−1}xdz for each x ∈ D(A^{n+1}).

Proposition B.4 Let f ∈ C_{a,θ} and assume that 1/((· − a)^{n+1}f(·)) ∈ C_{a,θ} for some n ∈ N. Then f(A) is invertible, D(A^{n+1}) ⊂ D([f(A)]^{−1})and

[f(A)]^{−1}x = 1 2πi ∫ Γ 1 (z − a)^{n+1}f(z) (A − aI)^{n+1}(zI − A)^{−1}xdz for each x ∈ D(A^{n+1}).

References

[1] Bakaev, N.Yu.: Some problems of well-posedness of difference schemes on nonuniform grids. Comput. Math. Math. Phys. 33, 511-524, 1993

[2] Bakaev, N.Yu. : On variable stepsize Runge-Kutta approximations of a Cauchy problem for the evolution problem. BIT 38, 462-485, 1998.

[3] Brenner Ph., Thomée V. : On rational approximations of semigroups.

SIAM J. Numer. Anal. 16, 683-694, 1979.

[4] Conway J. B. : A course in functional analysis. Springer, 1990.

[5] Crouzeix M., Thomée V. : On the discretization in time of semilinear parabolic equations with nonsmooth initial data. Math. Comp. 49, 359- 377, 1987.

[6] Dunford N., Schwartz J. T. : Linear Operators. Wiley Interscience, 1957.

[7] Gonzalez, C., Palencia, C. : Stability of time-stepping methods for abstract time-dependent parabolic problems. SIAM J. Numer. Anal. 973-989, 1998.

[8] Hairer E., Wanner G. : Solving Ordinary Differential Equations (2nd Ed.)

Vol. 1 and 2, Springer, 1996.

[9] Hale J.K. : Asymptotic Behavior of Dissipative Systems. AMS Mathematical Surveys and Monographs 25, Rhode Island, 1988.

[10] Hale J.K., Lin X.-B., Raugel, G. : Upper semicontinuity of attractors for approximations of semigroups and partial differential equations. Math. Comp. 50, 89-123, 1988.

[11] Henry D. : Geometric Theory of Semilinear Parabolic Equations. Springer Lecture Notes in Mathematics 840, 1981.

[12] Johnson C., Larsson S., Thomée V., Wahlbin L.: Error estimates for spatially discrete approximations of semilinear parabolic equations with nonsmooth initial data. Math. Comp. 49, 331-357, 1987.

[13] Komatsu H. : Fractional powers of operators. Pac. J. Math. 19, 285-346, 1966.

[14] Le Roux M.-N. : Semidiscretization in time for parabolic problems, Math.

Comp. 33, 219-231, 1975.

[15] Lubich Ch., Nevanlinna O. : On resolvent conditions and stability estimates. BIT 31, 293-313, 1991.

[16] Lubich Ch., Ostermann A. : Runge-Kutta methods for parabolic equations and convolution quadrature. Math. Comp. 60, 105-131, 1993.

[17] Lubich Ch., Ostermann A. : Interior estimates for time discretizations of parabolic equations. Appl. Num. Math. 18, 241-251, 1995.

[18] Lubich Ch., Ostermann A. : Runge–Kutta approximation of quasilinear parabolic equations. Math. Comp. 64, 601-627, 1995.

[19] Lubich Ch., Ostermann A. : Runge–Kutta time discretization of reactiondiffusion and Navier–Stokes equations: nonsmooth-data error estimates and applications to long-time behaviour. Appl. Num. Math. 22, 279-292, 1996.

[20] Lubich Ch., Ostermann A. : Hopf bifurcation of reaction-diffusion and Navier Stokes equations under discretization. Numer. Math. 81, 53-84, 1998.

[21] Palencia C. : On the stability of variable stepsize rational approximations of holomorphic semigroups. J. Math. Comput. 62, 93-103, 1994

[22] Pazy A. : Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer, 1983.

[23] Stuart A. : Perturbation theory for infinite dimensional dynamical systems.

In Theory and Numerics of Ordinary and Partial Differential Equations (Eds. J. Levesley, W.A. Light, M. Marletta). Clarendon Press, Oxford 1995; pp. 181-290.

[24] Taylor A.E. : Introduction to Functional Analysis, Wiley, 1967.