Faber polynomials corresponding to rational exterior mapping functions

Jörg Liesen^*

Fakultät für Mathematik, Universität Bielefeld, 33501 Bielefeld, Germany E-mail: liesen@mathematik.uni-bielefeld.de

Faber polynomials corresponding to rational exterior mapping functions of degree (m, m−1) are studied. It is shown that these polynomials always satisfy an (m + 1)-term recurrence. For the special case m = 2, it is shown that the Faber polynomials can be expressed in terms of the classical Chebyshev polynomials of the first kind. In this case, explicit formulas for the Faber polynomials are derived.

Key Words: Faber polynomials, Chebyshev polynomials, rational conformal mappings

1. INTRODUCTION

Suppose that Ω ⊂ C is a compact set containing more than one point. Further, suppose that its complement Ω^C := Ĉ \ Ω is simply connected in the extended complex plane Ĉ := C ∪ {∞}. Let E := {z : |z| ≤ 1} denote the closed unit disk. Then the Riemann Mapping Theorem guarantees the existence of a conformal map

z = Ψ(w), Ψ : E^C → Ω^C , (1)

which is made unique by the normalization

Ψ(∞) = ∞ and Ψ^′(∞) =: t > 0. (2)

We call Ψ the exterior mapping function of Ω.

In a neighborhood of infinity, Ψ can be expanded as

Ψ(w) = t ( w + α_0 + α_1 w + α_2 w^2 + . . . ) . (3)

* Version of August 31, 1999 1

For R > 1, we define

L_R := {Ψ(w) : |w| = R}. (4)

Then the nth Faber polynomial F_n(z) for Ω is defined by the following expansion:

Ψ^′(w) Ψ(w) − z =: ∞∑ n=0 F_n(z) w^{n+1} , |w| > R, z ∈ int(L_R), (5)

where int(L_R) denotes the interior of the Jordan curve L_R. It is easy to show that F_n(z) is of exact degree n with leading term (z/t)^n. Using (3), the following well-known recurrence relation can be derived by comparing equal powers of w in (5):

F_0(z) ≡ 1, F_n(z) = z t F_{n−1}(z) − n−2∑ j=0 α_j F_{n−1−j} (z) − nα_{n−1}, n ≥ 1. (6)

Furthermore, the nth Faber polynomial satisfies

F_n(z) = 1 2πi ∫ |w|=R w^nΨ^′(w)dw Ψ(w) − z , n ≥ 1, z ∈ int(L_R). (7)

Faber introduced these polynomials in 1903 in the context of polynomial approximation of analytic functions in the complex plane [6]. Since then his work has found applications in many areas of mathematics and a large number of papers on Faber polynomials have been published. Examples of applications and further properties can be found in [3, 14, 15]. Suetin’s recent book [15] additionally contains a comprehensive bibliography of the literature on Faber polynomials (188 references).

Recently, Faber polynomials for particular regions in the complex plane have been the subject of much research. For example, He studied Faber polynomials for circular arcs [7] and circular lunes [8]. Coleman and Smith [2] considered circular sectors, while Coleman and Myers [1] worked on annular sectors. Eiermann and Varga [5] as well as He [9] and He and Saff [10] considered hypocycloidal domains.

Here we study Faber polynomials for sets that have rational exterior mapping functions. Examples for such sets include convex sets (ellipses), non-convex but starlike sets (hypocycloids), and non-starlike sets (circular arcs, and the ’bratwurst’ shape sets we introduced in [11]). Because of this variability such sets have many applications, in particular in numerical linear algebra, where they are used as inclusion sets for the eigenvalues of a given matrix (see e.g. [12] and the references therein for more details).

In Section 2, we show that the Faber polynomials for a set with a rational exterior mapping function Ψ always satisfy a short recurrence, even if the Laurent expansion (3) of Ψ has infinitely many terms and thus (6) does not yield a short recurrence relation. In Section 3, we show that if Ψ has degree (2, 1), the Faber polynomials can be expressed in terms of the classical Chebyshev polynomials of the first kind. In this case, we also give explicit formulas for the Faber polynomials.

2. GENERAL RESULTS

In this paper we consider Faber polynomials for sets Ω that have rational exterior mapping functions, i.e. we assume that the conformal map Ψ satisfies (1), (2) and

Ψ(w) = P (w) Q(w) = w^m + μ_{m−1}w^{m−1} + . . . + μ_0 ν_{m−1}w^{m−1} + ν_{m−2}w^{m−2} + . . . + ν_0

, ν_{m−1} > 0, (8)

for some positive integer m. The polynomials P (w) and Q(w) are assumed to have no common zeros.

Lemma 2.1. Suppose that Ω has an exterior mapping function of the form (8). Furthermore, suppose that we have the factorizations Q(w) = ν_{m−1} k∏ j=1 (w − w_j )^{mj} , m_j ∈ N, k∑ j=1 m_j = m − 1, (9)

and, for z ∈ C, P (w) − zQ(w) = l(z)∏

j=1 (w − w_j (z))^{mj (z)}, m_j (z) ∈ N, l(z)∑

j=1 m_j (z) = m. (10)

Then the nth Faber polynomial for Ω is given by

F_n(z) = l(z)∑

j=1 m_j (z)w_j (z)^n − k∑ j=1 m_j w^n_j , n ≥ 1. (11)

Proof. Let L_R be as in (4). For z ∈ int(L_R), we define f_n(w, z) := (w^nΨ^′(w))/(Ψ(w) − z). Using the factorizations (9) and (10), we get f_n(w, z) = w^n d dw [Log (Ψ(w) − z)] = w^n d dw [ Log ( P (w) − zQ(w) Q(w) )]

= w^n [ d dw Log(P (w) − zQ(w)) − d dw Log(Q(w)/ν_{m−1}) ]

= w^n d dw l(z)∑

j=1 Log(w − w_j (z))^{mj (z)} − d dw k∑ j=1 Log(w − w_j )^{mj}

= w^n l(z)∑

j=1 m_j (z) w − w_j (z) − k∑ j=1 m_j w − w_j .

Thus, f_n(w, z) has poles of order one at the zeros w_j , 1 ≤ j ≤ k, of Q(w)/ν_{m−1} and the zeros w_j (z), 1 ≤ j ≤ l(z), of P (w) − zQ(w). An application of the Residue Theorem to (7) shows that the nth Faber polynomial for Ω satisfies

F_n(z) = l(z)∑

j=1 Res(f_n(w, z); w_j (z)) + k∑ j=1 Res(f_n(w, z); w_j )

for all z ∈ int(L_R). An elementary calculation of the residues and the fact that R > 1 can be chosen arbitrarily show that (11) holds for all z ∈ C.

Remark. Considering Faber polynomials for m-cusped hypocycloids, He and Saff [10, Proposition 2.3] derive a special case of (11) for exterior mapping functions of the form Ψ(w) = w + w^{1−m}/(m − 1), m ≥ 2.

For F_n(z) as in (11), we introduce the corresponding shifted Faber polynomial

F̂_n(z) := F_n(z) +^k ∑ j=1 m_j w^n_j = l(z)∑

j=1 m_j (z)w_j (z)^n, n ≥ 1. (12)

We also define F̂_0(z) := m. This separate definition is necessary, because (12) for n = 0 potentially requires forming 0^0.

Since Ψ is conformal in E^C , the zeros of Q(w)/ν_{m−1} satisfy |w_j | ≤ 1 for 1 ≤ j ≤ k, and hence | |F̂n(z) − Fn(z) | | ≤ k∑ j=1 |m_j w^n_j | = m − 1, for all n ≥ 0 and z ∈ C.

When ∂Ω, the boundary of Ω, is an analytic Jordan curve, Ψ can be extended to a homeomorphism of E^C ∪∂E onto Ω^C ∪∂Ω. In this case, |w_j | < 1 for 1 ≤ j ≤ k, and the difference between F_n(z) and F̂_n(z) approaches zero as n approaches infinity. We next show that the shifted Faber polynomials satisfy a short recurrence relation.

Theorem 2.1. Suppose that Ω has an exterior mapping function of the form (8). Then the nth shifted Faber polynomial F̂_n(z) for Ω as defined in (12) satisfies

F̂_n(z) =^{m−1} ∑ h=0 (ν_hz − μ_h)F̂_{n−(m−h)}(z), n ≥ m. (13)

Proof. First note that P (w) − zQ(w) = w^m + ∑_{m−1} h=0 (μ_h − ν_hz) w^h.

Hence, if w_j (z) is a zero of P (w) − zQ(w), then

w_j (z)^m = m−1∑ h=0 (ν_hz − μ_h)w_j (z)^h.

Thus, for n ≥ m,

F̂_n(z) = l(z)∑

j=1 m_j (z)w_j (z)^n = l(z)∑

j=1 m_j (z) m−1∑ h=0 (ν_hz − μ_h)w^{n−(m−h)}

= m−1∑ h=0 (ν_hz − μ_h) l(z)∑

j=1 m_j (z)w_j (z)^{n−(m−h)}

= m−1∑ h=0 (ν_hz − μ_h)F̂_{n−(m−h)}(z).

Remark. For 0 ≤ n ≤ m − 1, the shifted Faber polynomials can be efficiently computed using the recurrence (6).

Note that if Q(w) = ν_{m−1}w^{m−1}, then for n ≥ 1, the Faber polynomials and the corresponding shifted Faber polynomials coincide. In this case, (13) reduces to the familiar recurrence (6). However, if Q(w) ≠ ν_{m−1}w^{m−1}, then the Laurent series (3) of Ψ generally has infinitely many nonzero coefficients α_j . Thus, the direct approach for computing F_n(z) by (6) in these cases requires storing all previous values F_j (z). The key point of Theorem 2.1 is that the shifted Faber polynomials — and hence the Faber polynomials — corresponding to an (m, m − 1)-degree rational exterior mapping function in general satisfy an (m + 1)-term recurrence. Consequently, when the factorization (9) of the denominator of Ψ is known, only the previous m values F_j (z) are required to compute F_n(z).

The recurrence (6) has been frequently used in the construction of iterative methods based on Faber polynomials. To make such methods feasible, Eiermann [4] as well as Manteuffel, Starke and Varga [13] consider only finite Laurent series with k terms, i.e. (k, k − 1)-degree exterior mapping functions with Q(w) = w^{k−1}. The resulting methods are called nonstationary k-step methods. However, when computing the Faber polynomials corresponding to a rational exterior mapping function Ψ as suggested by Theorem 2.1, iterative methods with short recurrences can be constructed although the Laurent series of Ψ has infinitely many nonzero terms. Based on a family of (2, 1)-degree rational exterior mapping functions, we proposed such a method in [12]. We will study this iterative method in more detail in a forthcoming paper.

We finally point out that a non-rational exterior mapping function for a given set Ω might be approximated by a rational function Ψ, for example by using the Carathéorory-Fejér method [16]. Using Theorem 2.1, the Faber polynomials for the set ( Ψ(E^C ) )_C , the approximation of Ω, can then be generated by a short-term recurrence.

3. THE SPECIAL CASE M = 2

We now consider the special case of sets Ω with (2, 1)-degree rational exterior mapping functions. Our goal is to relate the Faber polynomials for such sets to the classical Chebyshev polynomials of the first kind, which are given by

C_n(z) = w^n + w^{−n} 2 , z = w + w^{−1} 2 , n ≥ 1. (14)

It is well-known, that the Chebyshev polynomials satisfy a three-term recurrence of the form

C_0(z) ≡ 1, C_1(z) = z, and C_n(z) = 2zC_{n−1}(z) − C_{n−2}(z), n ≥ 2.

Suppose that Ω has an exterior mapping function of the form

Ψ(w) = P (w) Q(w) = w^2 + μ_1w + μ_0 ν_1w + ν_0

. (15)

In this case, the Faber polynomials and the corresponding shifted Faber polynomials for Ω are related by

F̂_n(z) − F_n(z) = ( − ν_0 ν_1 )_n , n ≥ 0; F̂_0(z) − F_0(z) = 1, in case ν_0 = 0.

From Lemma 2.1 and the definition of the shifted Faber polynomials (12), it follows that for z ∈ C and n ≥ 1,

F̂_n(z) = w_1(z)^n + w_2(z)^n, (16)

where w_1(z) and w_2(z) are the zeros of the polynomial P (w) − zQ(w). These are implicitly defined by

(w − w_1(z))(w − w_2(z)) = w^2 + (μ_1 − ν_1z)w + (μ_0 − ν_0z). (17)

We define

2W (z) := w_1(z) + w_2(z) = ν_1z − μ_1, and (18) V (z) := w_1(z)w_2(z) = μ_0 − ν_0z. (19)

Suppose that V (z) ≠ 0, and define ζ_j (z) := V (z)^{−1/2}w_j (z), j = 1, 2. This yields ζ_1(z)ζ_2(z) = 1, i.e. ζ_2(z) = ζ_1(z)^{−1}, and thus

F̂_n(z) = V (z)^{n/2} (ζ_1(z)^n + ζ_2(z)^n) .

We use (14) and get, for n ≥ 1,

F̂_n(z) = 2V (z)^{n/2}C_n ( ζ_1(z) + ζ_1(z)^{−1} 2 )

= 2V (z)^{n/2}C_n ( V (z)^{−1/2}W (z) ) .

We next determine the value of F̂_n(z_0) for the zero z_0 of V (z). First suppose that ν_0 = 0. Then V (z) = 0 if, and only if, μ_0 = 0. But this implies that Ψ is only of degree (1, 0), i.e. m = 1. Thus, in the case m = 2, we either have V (z) ≠ 0 for all z ∈ C, or ν_0 ≠ 0 and the unique zero of V (z) is z_0 = μ_0/ν_0. In the latter case, F̂_n(z_0) = (μ_0ν_1 − μ_1ν_0)/ν_0 can be easily computed from (17)–(19).

We summarize our results in the following theorem.

Theorem 3.1. Suppose that Ω has an exterior mapping function of the form (15). Let C_n(z) denote the nth Chebyshev polynomial (14) and let W (z) and V (z) be defined as in (18) and (19), respectively. If ν_0 = 0, the shifted Faber polynomials (12) for Ω are given by

F̂_n(z) = 2V (z)^{n/2}C_n ( V (z)^{−1/2}W (z) ) , n ≥ 1. (20)

If ν_0 ≠ 0, (20) holds for all z ∈ C \ {μ_0/ν_0} and

F̂_n(μ_0/ν_0) = μ^0ν^1 − μ^1ν^0 ν_0

. (21)

Furthermore, the following three-term recurrence holds:

F̂_0(z) ≡ 2, F̂_1(z) = 2W (z), and (22) F̂_n(z) = 2W (z)F̂_{n−1}(z) − V (z)F̂_{n−2}(z), n ≥ 2. (23)

A special case of (20) is the well-known relation between Faber polynomials for ellipses and the Chebyshev polynomials (14): Suppose that Ω is an ellipse with foci ±1 and semi-axes r±r^{−1} for some r ≥ 1. Then the exterior mapping function of Ω is the Joukowsky map J(w) = ( rw + (rw)^{−1} ) /2. Hence, V (z) = 1/r^2, W (z) = z/r, and (20) yields

F_n(z) = F̂_n(z) = 2 r^n C_n(z), n ≥ 1 (cf. e.g. [15, p. 37]).

More generally, suppose that the exterior mapping function of Ω is a composition of the Joukowsky map with Moebius transformations, Ψ(w) = (ψ_2 ∘ J ∘ ψ_1)(w), ψ_j (w) = (a_j w + b_j )/(c_j w + d_j ), a_j d_j − b_j c_j ≠ 0, j = 1, 2. Then Ψ will have degree (2, 1) and (20) holds.

A geometric interpretation of (20) therefore is: Whenever Ω is Moebiusequivalent to an ellipse, its Faber polynomials can be expressed in terms of the Chebyshev polynomials of the first kind. In particular, when Ω is an ellipse, its Faber polynomials are scaled Chebyshev polynomials of the first kind.

We next use (20) to derive an explicit formula for the Faber polynomials corresponding to (2, 1)-degree exterior mapping functions: It is well-known (cf. e.g. [3, p. 583]), that the Chebyshev polynomials (14) satisfy

C_n(z) = ⌜n/2⌝∑

j=0 ( n 2j ) z^{n−2j} ( z^2 − 1 )_j ,

where ⌜n/2⌝ denotes the largest integer less than or equal to n/2. An application of this formula to (20) yields the following corollary.

Corollary 3.1. In the notation of Theorem 3.1, the shifted Faber polynomial F̂_n(z) is given by

F̂_n(z) = 2 ⌜n/2⌝∑

j=0 ( n 2j ) W (z)^{n−2j} ( W (z)^2 − V (z) )_j , n ≥ 1. (24)

We point out that (24) gives explicit formulas for the Faber polynomials for a large class of sets, some of them with complicated, e.g. non-convex or non-starlike, geometries. An important special case of (24) are the Faber polynomials for circular arcs, which have been extensively studied by He [7].

Finally, we use (20) to derive an interesting relation between the shifted Faber polynomials F̂_n(z) for sets Ω with exterior mapping functions of the form (15), and Faber polynomials for a certain disk: It is easy to see that the Faber polynomials for a disk with radius r > 0 and center c ∈ C are given by F_n(z) = r^{−n}(z−c)^n. Now suppose that Ω has an exterior mapping function of the form (15). Let W (z) and V (z) be defined as in (18) and (19), respectively. Then

(2W (z))^n = ν^n_1 ( z − μ_1 ν_1 )_n = (w_1(z) + w_2(z))^n

= w_1(z)^n + n−1∑ j=1 ( n j ) w_1(z)^{n−j} w_2(z)^j + w_2(z)^n

= w_1(z)^n + w_2(z)^n + ⌜n/2⌝∑

j=1 ( n j ) w_1(z)^j w_2(z)^j ( w_1(z)^{n−2j} + w_2(z)^{n−2j} )

= F̂_n(z) + ⌜n/2⌝∑

j=1 ( n j ) V (z)^jF̂_{n−2j} (z). Note that (2W (z))^n is the nth Faber polynomial for the disk with radius 1/ν_1 and center μ_1/ν_1. On the other hand, 1/ν_1 = Ψ^′(∞) > 0 is the transfinite diameter (or capacity) of Ω.

Acknowledgments. Thanks to Prof. Ludwig Elsner and Prof. Richard S. Varga for comments and suggestions.

REFERENCES

1. J. P. Coleman and N. J. Myers, The Faber polynomials for annular sectors, Math.

Comp., 64 (1995), pp. 181–203.

2. J. P. Coleman and R. A. Smith, The Faber polynomials for circular sectors, Math.

Comp., 49 (1987), pp. 231–241.

3. J. Curtiss, Faber polynomials and the Faber series, American Math. Monthly, 78 (1971), pp. 577–596.

4. M. Eiermann, On semiiterative methods generated by Faber polynomials, Numer.

Math., 56 (1989), pp. 139–156.

5. M. Eiermann and R. S. Varga, Zeros and local extreme points of Faber polynomials associated with hypocycloidal domains, Electron. Trans. Numer. Anal., 1 (1993), pp. 49–71 (electronic only).

10 J^¨ORG LIESEN

6. G. Faber, Über polynomische Entwickelungen, Math. Ann., 57 (1903), pp. 398–408.

7. M. He, The Faber polynomials for circular arcs, in Mathematics of Computation 1943–1993: a half-century of computational mathematics (Vancouver, BC, 1993), vol. 48 of Proc. Sympos. Appl. Math., Amer. Math. Soc., Providence, RI, 1994, pp. 301–304.

8. M. He, The Faber polynomials for circular lunes, Comput. Math. Appl., 30 (1995), pp. 307–315. Concrete analysis.

9. M. X. He, Explicit representations of Faber polynomials for m-cusped hypocycloids, J. Approx. Theory, 87 (1996), pp. 137–147.

10. M. X. He and E. B. Saff, The zeros of Faber polynomials for an m-cusped hypocycloid, J. Approx. Theory, 78 (1994), pp. 410–432.

11. T. Koch and J. Liesen, The conformal ’bratwurst’ maps and associated Faber polynomials, to appear in Numerische Mathematik, (1999).

12. J. Liesen, Construction and analysis of polynomial iterative methods for nonhermitian systems of linear equations, PhD thesis, Fakultät für Mathematik, Universität Bielefeld, 1998. http://archiv.ub.uni-bielefeld.de/disshabi/mathe.htm.

13. T. A. Manteuffel, G. Starke, and R. S. Varga, Adaptive K-step iterative methods for nonsymmetric systems of linear equations, Electron. Trans. Numer. Anal., 3 (1995), pp. 50–65 (electronic).

14. V. Smirnov and N. Lebedev, Functions of a complex variable — Constructive theory, The M.I.T. Press, Cambridge, MA, 1968.

15. P. K. Suetin, Series of Faber polynomials, Gordon and Breach Science Publishers, Amsterdam, 1998.

16. L. N. Trefethen, Rational Chebyshev approximation on the unit disk, Numer.

Math., 37 (1981), pp. 297–320.