ULTRACONTRACTIVITY AND SUPERCONTRACTIVITY OF MARKOV SEMIGROUPS

Michael Röckner and Feng-Yu Wang

Abstract. By using perturbation arguments, a sufficient condition is presented for the ultracontractivity of symmetric diffusion semigroups. As a consequence, a result suggested by D. Stroock is proved: let P_t be generated by L = Δ + ∇V with V = −α∇ρ^δ(α > 0, δ > 2) on a complete connected Riemannian manifold M, where ρ is the Riemannian distance function from a fixed point, then P_t is ultracontractive provided the Ricci curvature is bounded below. Furthermore, ‖P_t‖_{1→∞} ≤ exp[λ_1 + λ_2t^{−δ/(δ−2)}] for some λ_1, λ_2 > 0. Next, it is shown that, for a diffusion semigroup (not necessarily symmetric) with an invariant probability measure, if the curvature of its generator is bounded from below, then the ultracontractivity is equivalent to ‖P_t exp[λρ^2]‖_∞ < ∞ for any λ, t > 0. Especially, the above estimate of ‖P_t‖_{1→∞} holds if Lρ^2 ≤ c_1 − c_2ρ^δ for some c_1, c_2 > 0 and δ > 2. This estimate is sharp as is shown by examples given at the end of the paper. Corresponding results are proven for supercontractive semigroups, from which one obtains explicit examples to show that ultracontractivity is strictly stronger than supercontractivity. Ultracontractivity and supercontractivity are also studied by using Sobolev type inequalities and isoperimetric inequalities. Finally, some concentration results are obtained for reversible measures of supercontractive semigroups.

1. Introduction

Let E be a locally compact, second countable Hausdorff space. Consider the symmetric Markov semigroup P_t on L^2(E; dμ) in the sense of [13] (Chapter 2), where μ is a Borel measure on E. We call P_t ultracontractive (respectively, supercontractive) if ‖P_t‖_{1→∞} < ∞ (respectively, ‖P_t‖_{2→4} < ∞) for any t > 0, where ‖ · ‖_{p→q} denotes the operator norm from L^p(E; dμ) to L^q(E; dμ). We recall that this definition of ultracontractivity coincides with the one in [13] and [18] since ‖P_t‖_{1→∞} < ∞ for all t > 0 is equivalent to ‖P_t‖_{2→∞} < ∞ for all t > 0, and in this case (see e.g. [13; Lemma 2.1.2])

1991 Mathematics Subject Classification. 35J10, 60J60.

Key words and phrases. Ultracontractivity, supercontractivity, Markov semigroup, F-Sobolev inequality, isoperimetric inequality, concentration.

Research supported in part by Alexander von Humboldt Foundation, Fok Ying-Tung Educational Foundation and NNSFC(19631060)

Typeset by AMS-TEX 1

‖P_t‖_{1→∞} = ‖P_{t/2}‖^2_{→∞}, t > 0. (1.0) There is a large number of papers concerning contractivity properties of symmetric Markov semigroups, including hypercontractivity, supercontractivity and ultracontractivity. In many of them contractivity properties were derived by establishing various inequalities, such as log-Sobolev inequalities, Sobolev inequalities, Nash type inequalities and isoperimetric inequalities, see for instances [3], [11], [13], [19] and references therein.

Our first purpose is to present some explicit sufficient conditions for ultracontractivity and supercontractivity for symmetric diffusion semigroups. See [23] for some results on ultracontractivity on R^d , and we refer to [7], [11] and [15] for intrinsic ultracontractivity on domains in R^d .

Let, for instance, P_t be the semigroup of the diffusion process generated by L = Δ − α∇ρ^δ (α, δ > 0) on a complete connected Riemannian manifold M, where ρ(·) := ρ(·, o) denotes the Riemannian distance function from a fixed point o ∈ M and ∇ρ^δ is taken to be zero on the cut locus of o. It was shown recently in [28] and [36] that if δ ≥ 2, then P_t is hypercontractive (in the sense that ‖P_t‖_{2→4} ≤ 1 for some t > 0) provided the Ricci curvature is bounded below, namely, Ric(X, X) ≥ −K⟨X, X⟩ for some K ≥ 0 and any X ∈ T M. It was also conjectured by D. Stroock in [28] that P_t is ultracontractive for δ > 2 under the same curvature condition. This conjecture is proved in the paper as a consequence of the main result in the next section (Corollary 2.3), see also [38] for an alternative proof using Poincaré type inequalities.

Moreover, some other criteria are presented in section 3 by using the Harnack inequality of semigroups proved in [33]. For instance, if the curvature of a diffusion operator is bounded from below and the invariant measure μ is finite, then the ultracontractivity of the corresponding semigroup P_t is equivalent to ‖P_t exp[λρ^2]‖_∞ < ∞ for any t, λ > 0 (Theorem 3.3). Consequently, a diffusion semigroup is ultracontractive if the curvature of its generator L is bounded below and Lρ^2 ≤ c_1 −c_2ρ^δ for some c_1, c_2 > 0 and δ > 2. See Corollary 3.5 for the concrete estimate. A necessary and sufficient condition is also presented for supercontractivity, from which one sees that there exist supercontractive semigroups which are not ultracontractive (see Example 6.4). Moreover, results in this part remain true for nonsymmetric diffusion semigroups.

Another motivation of the paper comes from the basic theorem due to Gross [18]: the hypercontractivity in the sense that ‖P_t‖_{2→4} < ∞ for some t > 0 is equivalent to the (defective) log-Sobolev inequality

μ(f^2 log f^2) ≤ c_1D(f, f) + c_2, f ∈ D, μ(f^2) = 1, (1.1)

where (D, D) is the corresponding symmetric Dirichlet form of P_t. It is well-known by [14] that the ultracontractivity is equivalent to a somehow stronger inequality of the same type as (1.1). We remark that the ultracontractivity has been also studied in [9], [12] and [29] by using Nash type inequalities. Our purpose (section 4) is to study ultracontractivity and supercontractivity by using so-called F -Sobolev inequalities which are well related to isoperimetric inequalities as was shown in [6] and [35].

Let F ∈ C[0, ∞) be an increasing function with F (∞) := lim_{r→∞} F (r) > 0. The F -Sobolev inequality with “dimension” p ∈ (2, ∞] reads μ(|f|^{2p/(p−2)}F (f^2)) ≤ { c_1D(f, f) + c_2 }_{p/(p−2)} , f ∈ D, μ(f^2) = 1. (1.2)

Since for F ≡ 1 it is well-known that the inequality with finite dimension p is equivalent to ‖P_t‖_{1→∞} ≤ ct^{−p/2} for some c > 0 and all t ∈ (0, 1] (see for example [13; Corollary 2.4.3]), we shall only consider the infinite dimensional case for which the inequality becomes

μ(f^2F (f^2)) ≤ c_1D(f, f) + c_2, f ∈ D, μ(f^2) = 1. (1.3) Actually, (1.3) is already wide enough to recover also the classical Sobolev inequalities of finite dimensions (see Corollary 4.3): (1.2) holds for some p > 2 and F ≡ 1 if and only if (1.3) holds for F (r) = r^{2/p}. We simply call (1.3) the F - Sobolev inequality in analogy with the usual log-Sobolev inequality. We assume that lim_{r→∞} F (r)/(log r) = ∞ so that (1.3) possibly implies the ultracontractivity. We may also assume that F ≥ 1 for simplicity, since (1.2) and (1.3) remain true (with different constants) for any increasing function F̄ ≥ 1 with F̄ (r) ≤ cF (r) for some c > 0 and big r.

Let us recall the isoperimetric inequality corresponding to (1.3) for diffusion processes presented in [6] (see [35] for jump processes). Let E = M be a d-dimensional complete connected Riemannian manifold possibly with boundary ∂M ≠ ∅, and let D(f, f) = μ(|∇f|^2) with dμ = e^V dx for some V ∈ C(M), where dx denotes the Riemannian volume element. Define k(r) = inf_{A:μ(A)≤r} μ_∂(∂A \ ∂M) μ(A) √ F (μ(A)^{−1}) , r > 0, where A ⊂ M runs over all smooth open domains, and μ_∂ (∂A \ ∂M) is the (d − 1)- dimensional measure on ∂A \ ∂M induced by μ. By [41], k(r) does not change if test sets in its definition are assumed additionally to be connected.

Theorem 1.1([6; Theorem 4.1]). Assume that lim_{r→∞} sup^{rF ′(r)}_{F (r)} < 1. Then k(r) > 0 for some r > 0 is equivalent to μ ( f √ F (f) ) ≤ c_1μ(|∇f|) + c_2, f ≥ 0, f ∈ D, μ(f) = 1, (1.4) which implies (1.3).

The next result follows from [14; Theorem 4.7] (see also Lemma 2.2.6 and Theorem 2.2.7 in [13]), which takes a very important role in the study of ultracontractivity.

Theorem 1.2 (Davies and Simon). If there exists a positive decreasing function β ∈ C(0, ∞) such that

μ(f^2 log f^2) ≤ rD(f, f) + β(r), r > 0, f ∈ D, μ(f^2) = 1. (1.5)

Then ‖P_t‖_{1→∞} ≤ exp[m(t)] with t = ∫_∞ 2 γ(r) r dr, m(t) = 2 ∫_∞ 2 β(γ(r)) r^2 dr for any strictly positive continuous function γ such that t, m(t) < ∞. On the other hand, ‖P_t‖_{1→∞} ≤ exp[m(t)] implies (1.5) for any decreasing β ∈ C(0, ∞) with β(r) ≥ inf_{t∈(0,r]} m(t). According to [14], (1.5) is equivalent to the supercontractivity of P_t. By (1.0) it is easily seen that indeed Theorem 1.2 is an equivalent statement of the original one by Davies and Simon.

Finally, we follow Gross and Rothaus [20] to study the concentration of reference measures for supercontractive semigroups. The concentration of measures has been proved in several papers if the Poincaré inequality or the log-Sobolev inequality holds by using a modified Herbst’s argument, see for instance [1], [14], [25] and [27]. Our result shows that the general results by Gross and Rothaus are sharp (see Corollary 5.4 and Example 6.3).

2. Ultracontractivity by perturbations

In this and the next sections, we consider the case where E = M is a complete connected Riemannian manifold with boundary ∂M either convex or empty. Denote by dx the Riemannian volume element. Let V and W be two locally Lipschitz continuous functions, and let dμ = exp[V ]dx, dν = exp[W ]dx. Assume that the following inequality holds for ν with some decreasing positive function β ∈ C(0, ∞):

ν(f^2 log f^2) ≤ rν(|∇f|^2) + β(r), ν(|∇f|^2) < ∞, ν(f^2) = 1, r > 0. (2.1)

Since C^∞_0 (M) is dense in the Sobolev space {f : ν(f^2) + ν(|∇f|^2) < ∞} under the Sobolev norm ‖f‖_S = √ ν(f^2) + ν(|∇f|^2), (2.1) is equivalent to the same inequality for all f ∈ C^∞_0 (M). When ∂M ≠ ∅, it is also equivalent to the inequality for all f ∈ C^∞_0 (M) satisfying the Neumann boundary condition. Actually, for any f ∈ C^∞_0 (M), there exists a sequence of smooth functions with Neumann boundary condition which converges to f in the Sobolev norm, see e.g. [39] (the proof of Lemma 2.3).

It is easy to see that (2.1) follows from the F -Sobolev inequality (1.3) for ν with β(r) = inf_{t∈(0,r]} {_{tc2} c_1 + sups>0[s log s − ts c_1 F (s)] } .

Proposition 2.1. Let μ and ν be as in above. Assume that (2.1) holds. Let η ∈ C(M) be such that Δe^V ≥ e^V η in the distribution sense, i.e., ∫ e^V Δfdx ≥ ∫ fηdμ, f ≥ 0, f ∈ C^∞_0 (M), (2.2) where f satisfies Neumann boundary conditions if ∂M ≠ ∅. Finally, assume that there exists decreasing β_1 ∈ C(0, ∞) such that

β_1(r) ≥ inf_{δ∈[0,1]} ess_μ- sup_M { W − V + r(1 + δ) 4 |∇(V − W )|^2 + r(1 − δ) 4 ( |∇W |^2 − 2η )} . Then we have

μ(f^2 log f^2) ≤ rμ(|∇f|^2) + (β + β_1)(r/2), r > 0, f ∈ D, μ(f^2) = 1. (2.3)

Proof. For any f ∈ C^∞_0 (M) with μ(f^2) = 1 which satisfies Neumann boundary condition when ∂M ≠ ∅, applying (2.1) to f exp[(V − W )/2], we have

μ(f^2 log f^2) ≤ μ(f^2(W − V )) + rν(|∇(f exp[(V − W )/2])|^2) + β(r). (2.4)

It is easy to see that

ν(|∇(f exp[(V − W )/2])|^2) ≤ 2μ(|∇f|^2) + 1 2 μ(f^2|∇(V − W )|^2). (2.5)

On the other hand, by (2.2) and using the integral by parts formula,

ν(|∇(f exp[(V − W )/2])|^2)

= μ(|∇f|^2) + 1 4 μ(f^2|∇(V − W )|^2) + 1 2 ν(⟨∇f^2, ∇ exp[V − W ]⟩) = μ(|∇f|^2) + 1 4 μ(f^2|∇(V − W )|^2) − 1 2 μ(Δf^2) − 1 2 μ(⟨∇f^2, ∇W ⟩) ≤ 2μ(|∇f|^2) + 1 4 μ(f^2[|∇(V − W )|^2 − 2η + |∇W |^2]). (2.6)

By combining (2.4) with (2.5) and (2.6), we obtain

μ(f^2 log f^2) ≤ 2rμ(|∇f|^2) + (β + β_1)(r), r > 0.

This is equivalent to (2.3). □

Corollary 2.2. Consider the situation of Proposition 2.1. Let P_t be the symmetric Markov semigroup on L^2(μ) generated by L = Δ + ∇V (with Neumann boundary condition whenever ∂M ≠ ∅). If there exists a strictly positive γ ∈ C[0, ∞) such that ∫_∞ 2 [ γ(r) r + β(sγ(r)) r^2 ] dr < ∞, s > 0, (2.7) then ‖P_t‖_{1→∞} ≤ exp[m(t)] with

m(t) = 2 ∫_∞ 2 1 r^2 { β + β_1 }( tγ(r) 2c ) dr ∈ (0, ∞], c := ∫_∞ 2 γ(r) r dr. (2.8)

Proof. For any t > 0, we have t = ∫_∞ 2 r^{−1}[^t_c γ(r)]dr. By (2.3) and Theorem 1.2, we complete the proof. □

Remark. By using the inequality μ(f^2g) ≤ μ(f^2 log f^2)+μ(exp[g]), we may also define β_1 in Theorem 2.1 by using an exponential integral instead of the supermum. Actually, by (2.4), (2.5) and (2.6), we have

μ(f^2 log f^2) ≤ 2rμ(|∇f|^2) + μ(f^2g_{rδ}) + β(r) ≤ 2rμ(|∇f|^2) + εμ(f^2 log f^2) + μ(exp[g_{rδ}/ε]) + β(r),

where ε ∈ (0, 1) and g_{rδ} = W − V + r(1 + δ) 4 |∇(V − W )|^2 + r(1 − δ) 4 (|∇W |^2 − 2η). Let β_ε(r) = inf_{δ∈[0,1]} μ(exp[g_{rδ}/ε]), the proof of Corollary 2.2 implies that P_t is ultracontractivity if ∫_∞ 2 [ γ(r) r + (β + β_ε)(sγ(r))

r^2 ] dr < ∞ for some positive γ ∈ C[0, ∞), ε ∈ (0, 1) and any s > 0. We did not recommend this argument in Proposition 2.1 since β_ε might be too big to get a good estimate of ‖P_t‖_{1→∞}. But from here we obtain a weaker sufficient condition for supercontractivity: μ(exp[g_{rδ}/ε]) < ∞ for some ε ∈ (0, 1), δ ∈ [0, 1] and all r > 0.

Corollary 2.3. Assume that the Ricci curvature is bounded below by −K for some K ≥ 0, namely, Ric(X, X) ≥ −K|X|^2, X ∈ T M. Let c > √ K(d − 1), where d is the dimension of M, and let ρ be the Riemannian distance function from a fixed point o ∈ M \ ∂M. If there exists a strictly positive γ ∈ C[0, ∞) such that

∫_∞ 2 [ γ(r) r + β_1(sγ(r)) r^2 ] dr < ∞, s > 0, (2.9) where β_1(r) = sup{cρ − V +^r_4 [c^2 + (c + |∇V |)^2 − 2η]}, r > 0, then P_t is ultracontractive. Especially, if V = −αρ^δ(α > 0, δ > 2), then ‖P_t‖_{1→∞} ≤ exp [ λ_1 + λ_2t^{−δ/(δ−2)} ] (2.10)

for some λ_1, λ_2 > 0 and all t > 0.

Proof. Let W = cρ and ν(dx) = exp[W ]dx. By [36; Theorem 1.5] (see also the Appendix in the present paper), we have

ν(|f|^{2p/(p−2)})^{(p−2)/p} ≤ c_1ν(|∇f|^2) + c_2, ν(f^2) = 1

for some c_1, c_2 > 0 and p > 2. Equivalently (see for instance [3]),

ν(f^2 log f^2) ≤ p 2 log [ c_1ν(|∇f|^2) + c_2 ] , ν(f^2) = 1.

Then (2.1) holds with

β(r) = sup_{s≥0} { p 2 log(c_1s + c_2) − rs } ≤ p 2 log ( c_1p 2r + c_2 ) , r > 0. Let γ̄(r) = γ(r) ∨ r^{−1}. Since β and β_1 are decreasing, it is easy to see that (2.9) implies ∫_∞ 2 [ γ̄(r) r + (β + β_1)(sγ̄(r)) r^2 ] dr < ∞, s > 0. Then P_t is ultracontractive by Corollary 2.2.

Next, in the case that V = −αρ^δ(α > 0, δ > 2), by the argument in [40; Appendix], we have (2.2) with η = α^2δ^2ρ^{2(δ−1)} − αc_3(1 + ρ^{δ−1}) for some c_3 > 0 since the Ricci curvature is bounded below. Then we may take

β_1(r) = sup_M { − r 4 α^2δ^2ρ^{2(δ−1)} + c_4 + 2αρ^δ } ≤ c_5 + c_6r^{−δ/(δ−2)}

for some c_4, c_5, c_6 > 0 and all r ∈ (0, 1]. Taking γ(r) = r^{−ε}, ε =^{δ−2}_{2δ} . By Corollary 2.2, ‖P_t‖_{1→∞} ≤ exp[m(t)] with

m(t) = 2 ∫_∞ 2 (β + β_1)(c_7tγ(r))

r^2 dr ≤ c_8 + c_9t^{−δ/(δ−2)}

for some c_7, c_8, c_9 > 0 and all t ∈ (0, 1/c_7]. This proves (2.10) for some λ_1, λ_2 > 0. □

Remark. (i) Let ∂M = ∅. By Croke’s isoperimetric inequality (see for instance [10]), if the injectivity radius is infinite, or if the Ricci curvature is bounded below and the injectivity radius is positive, then the Sobolev inequality holds for dx. Therefore in these cases, the assertions in Corollary 2.3 are true for c = 0.

(ii) The estimate (2.10) was also obtained in [38] using Poincaré-type inequalities. Another method to prove (2.10) was suggested by Stroock in [28] and meanwhile realized by Z.M. Ahmed (private communication). This method is a modification of the one in [28], hence is, in particular, based on [23].

3. Criteria for diffusion semigroups with curvature bounded below

Let E = M be as in the last section. Let P_t be the semigroup of the (reflecting) diffusion process generated by L, where L = Δ + X for some C^1-vector field X satisfying Ric(Y, Y ) − ⟨∇_Y X, Y ⟩ ≥ −K⟨Y, Y ⟩ (A) for some K ≥ 0 and all Y ∈ T M. Assume that P_t has an invariant probability measure μ. In particular, this is the case when X = ∇V with ∫ exp[V ]dx = 1.

Since X is locally bounded, we have (by [8]) dμ = ϕdx with ϕ ∈ W^{α,1}_{loc} (dx) for any α > 0. In particular, ϕ is Hölder continuous. Moreover, we see that L^∗ϕ = 0 in the distribution sense, where L^∗ is the adjoint of L in L^2(M; dμ). By [30; Corollaries 5.3 and 5.5], ϕ is positive everywhere whenever ∂M = ∅. Since C^∞_0 (M) is dense in D(D) := W^{2,1}(M; dμ), it suffices to consider test functions in C^∞_0 (M) for Sobolev type inequalities. Let ρ be the Riemannian distance function from a fixed point o ∈ M \ ∂M. We first prove the following version of Gross theorem for our present nonsymmetric case.

Theorem 3.1. Assume (A).

(1) If there exist C > 0 and q > p > 1 such that ‖P_t‖_{p→q} ≤ C, then

μ(f^2 log f^2) ≤

2(exp[Kt] − 1)p(q − 1) K(q − p) μ(|∇f|^2) + pq q − p log C (3.1)

holds for any f ∈ D with μ(f^2) = 1.

(2) If there exist C_1, C_2 > 0 such that

μ(f^2 log f^2) ≤ C_1μ(|∇f|^2) + C_2, f ∈ D, μ(f^2) = 1, (3.2)

then ‖P_t‖_{p→q} ≤ exp [ 4C_2 ( 1 p − 1 q )]

for t > 0 and q > p > 1 satisfying exp[4t/C_1] ≥ (q − 1)/(p − 1).

Proof. It suffices to prove (1) since (2) follows immediately from Proposition 3.1 and Theorem 3.2 in [3]. For the symmetric case, the key point of the proof is to use Stein interpolation theorem and then apply Gross theorem. This interpolation theorem does not apply to our present case since P_z := exp[−zL] may be not analytic in {0 < Rez < 1}. Our proof is based on the following semigroup log- Sobolev inequality (see [5], [17], [21] and [31] for different proofs)

P_t(f^2 log f^2) ≤

2(exp[Kt] − 1) K P_t|∇f|^2 + (P_tf^2) log(P_tf^2). (3.3)

Since μ is an invariant measure, (3.3) yields

μ(f^2 log f^2) ≤

2(exp[Kt] − 1) K μ(|∇f|^2) + μ((P_tf^2) log(P_tf^2)). (3.4)

For any s ∈ (0, (p − 1)/p), let r = ps p − 1 , p_s = 1 1 − s , q_s = 1 1 − δs , δ = p(q − 1) q(p − 1) . Then r ∈ (0, 1) and 1 p_s = r p + 1 − r, 1 q_s = r q + 1 − r. By Riesz-Thorin’s interpolation theorem, we have ‖P_t‖_{ps →qs} ≤ C^r = C^{ps/(p−1)}. Therefore, for any f ≥ 0 with μ(f^2) = 1, ∫ (P_tf^{2(1−s)})^{qs} dμ ≤ ‖P_t‖^{qs}_{ps→qs} ≤ C^{ps/(p−1)(1−δs)}. (3.5) Observing that the equalities in (3.5) also hold for s = 0, we obtain

δμ(P_tf^2 log P_tf^2) − μ(f^2 log f^2) = d ds μ ( (P_tf^{2(1−s)})^{qs} )| s=0 ≤ p p − 1 log C. By combining this with (3.4), we prove (3.1).

Theorem 3.1 enables us to present the following interpolation theorem. Corollary 3.2. Assume (A). If ‖P_t‖_{p→q} ≤ C for some t, C > 0 and q > p > 1, then ‖P_s‖_{ps→qs} ≤ C^{4pq(qs−ps )/ps qs(q−p)} for any s > 0 and q_s > p_s > 1 satisfying s ≥ (exp[Kt] − 1)p(q − 1) 2K(q − p) log q_s − 1 p_s − 1 .

Theorem 3.3. Assume (A). We have

(1) ‖P_t‖_{2→∞} < ∞ for any t > 0 if and only if ‖P_t exp[λρ^2]‖_∞ < ∞ for any λ, t > 0. (2) P_t is supercontractive if and only if μ(exp[λρ^2]) < ∞ for any λ > 0. (3) If there exists λ > K/2 such that μ(exp[λρ^2]) < ∞, then ‖P_t‖_{2→4} < ∞ for some t > 0 (equivalently, (1.1) holds).

Proof. By Theorem 3.1, supercontractivity is equivalent to (1.5). Then ‖P_t‖_{2→∞} < exp[m(t)] for t > 0 implies (1.5) and hence μ(exp[λρ^2]) < ∞ for any λ > 0 (see Corollary 5.5 below). Then ‖P_t exp[λρ^2]‖_∞ ≤ ‖P_t‖_{2→∞}‖ exp[λρ^2]‖_2 < ∞.

On the other hand, assume that ‖P_t exp[λρ^2]‖_∞ < ∞ for any t, λ > 0. For any f with μ(f^2) = 1, we have (see [33; Lemma 2.1] and its proof)

|P_sf(x)|^2 ≤ P_sf^2(y) exp [ Kρ(x, y)2 1 − exp[−2Ks] ] , (3.6)

where ρ(x, y) is the Riemannian distance between x and y (recall that ρ(x) := ρ(x, o)). This implies that

1 ≥ |P_sf(x)|^2 ∫ exp [ − Kρ(x, y)^2 1 − exp[−2Ks] ] μ(dy) ≥ |P_sf(x)|^2μ(B_o(1)) exp [ − K(ρ(x) + 1)^2 1 − exp[−2Ks] ] , where B_o(r) is the geodesic ball with center o and radius r. Then there exist c_1, c_2 > 0 such that |P_sf| ≤ exp [ (c_1 + c_2ρ^2)/s ] , s ∈ (0, 1]. (3.7)

By combining this with (3.6) we obtain

‖P_t‖_{2→∞} ≤ ‖P_{t/2} exp[2(c_1 + c_2ρ^2)/t]‖_∞ < ∞, t ∈ (0, 1], (3.8)

and the proof of (1) is completed.

Next, (2) follows from (3.7) and Corollary 5.5 below immediately by noting that the supercontractivity of P_t is equivalent to (1.5).

Finally, if there exists λ > K/2 such that μ(exp[λρ^2]) < ∞, then there exists t > 0 and q > p ≥ 2 such that ‖P_t‖_{p→q} < ∞. This can be proved by the argument leading to (3.7), just consider f with ‖f‖_p = 1 instead of ‖f‖_2 = 1, and apply the Harnack inequality in [33; Lemma 2.1] with power p, see [36] for details. Then, by Riesz-Thorin’s interpolation theorem, we have ‖P_t‖_{2→q} < ∞ for some t > 0 and q > 2. In particular, we may take p = 4 (for possibly bigger t) by the semigroup property. □

Corollary 3.4. Assume (A). If X = ∇V , then P_t is ultracontractive if and only if ‖P_t exp[λρ^2]‖_∞ < ∞ for any λ, t > 0. Furthermore,

‖P_t‖_{1→∞} ≤ exp[λ_1/t]‖P_{t/4} exp[λ_2ρ^2/t]‖^2_∞

for some λ_1, λ_2 > 0.

Proof. Noting that ‖P_t‖_{1→∞} = ‖P_{t/2}‖^2_{→∞} as we have indicated in section 1, the proof is completed by Theorem 3.3 (1) and (3.8). □

Theorem 3.3 enables us to present the following result which is still valid even when the Ricci curvature is not bounded below (see Example 6.1 below). Corollary 3.5. Assume that (A) holds and there exists a strictly positive increasing γ ∈ C(0, ∞) such that lim_{r→∞}^{γ(r)}_r = ∞, g_λ(r) := rγ(λ log r) is convex on [1, ∞) for any λ > 0, and

Lρ^2(x) ≤ c − γ(ρ^2(x)) (3.9)

holds for some c > 0 and all x /∈ cut(o), the cut locus of o. If ∫_∞ 2 dr rγ(λ log r) < ∞, λ > 0, (3.10) then ‖P_t‖_{2→∞} < ∞ for any t > 0. If in particular (3.9) holds for γ(r) = αr^δ(α > 0, δ > 1), then ‖P_t‖_{2→∞} ≤ exp [ ct^{−δ/(δ−1)} ] (3.11)

for some c > 0 and all t ∈ (0, 1]. The above assertions are also true for ‖P_t‖_{1→∞} whenever P_t is symmetric.

Proof. By the proof of Theorem 3.3, it suffices to prove (3.6) for the first assertion. Let x_t be the L-diffusion process (with reflecting boundary if ∂M ≠ ∅). We have (by [22] and the assumption on ∂M)

d exp[λρ^2(x_t)] = 2λ √ 2ρ(x_t) exp[λρ^2(x_t)]db_t + L exp[λρ^2](x_t)dt − dL_t, (3.12)

where b_t is a one-dimensional Brownian motion and L_t is an increasing process with support contained in {t ≥ 0 : x_t ∈ cut(o) ∪ ∂M}. On the other hand, by (3.9) we have

L exp[λρ^2] = λ exp[λρ^2]Lρ^2 + 4λ^2ρ^2 exp[λρ^2] ≤ λ exp[λρ^2](c − γ(ρ^2) + 4λρ^2) ≤ λ exp[λρ^2](c_1 − γ(ρ^2)/2), (3.13) where c_1 = sup{c −^1_2 γ(ρ^2) + 4λρ^2} < ∞. For fixed t > 0 and x ∈ M, let h(s) = E^x exp[λρ^2(x_s)], s ∈ [0, t]. By (3.12) and (3.13),

h^′(s) ≤ λc_1h(s) − λ 2 E^x { exp[λρ^2(x_s)]γ(ρ^2(x_s)) }

≤ λc_1h(s) − λ 2 h(s)γ(λ^{−1} log h(s)) (3.14)

since g_λ is convex on [1, ∞) for any λ > 0. Taking c_2 > 1 such that γ(λ^{−1} log c_2) ≥ 4c_1, we obtain

λc_1h(s) − λ 2 h(s)γ(λ^{−1} log h(s)) ≤ − λ 4 h(s)γ(λ^{−1} log h(s)), h(s) ≥ c_2. (3.15)

By (3.14) we see that if h(0) ≤ c_2, then h(t) ≤ c_2. Next, for the case that h(t) > c_2, we have h(0) > c_2 and h^′(s) ≤ 0 for all s > 0. Then (3.15) holds for all s > 0. Hence, (3.14) implies that h^′(s) ≤ − λ 4 h(s)γ(λ^{−1} log h(s)), if h(t) > c_2. (3.16)

By (3.10), we may define G(r) = ∫_∞ r dr rγ(λ^{−1} log r) which is finite for r > 1. It then

follows from (3.16) that, for the case h(t) > c_2, G(h(t)) = ∫_∞ h(t) dr rγ(λ^{−1} log r) ≥ ∫_{h(0)} h(t) dr rγ(λ^{−1} log r) ≥ λ 4 t. Therefore

h(t) ≤ G^{−1}(λt/4) ∨ c_2 (3.17)

since G is decreasing, where G^{−1}(r) = 1 if r ≥ sup_{(1,∞)} G. This implies (3.6) since t and λ are arbitrary. The first assertion then follows from Theorem 3.3 (1) since x, t and λ are arbitrary.

If (3.9) and (3.10) hold for γ(r) = αr^δ(α > 0, δ > 1), then G(r) =^{λδ}_{α(δ−1)} (log r)^{1−δ} and c_1 = sup{c − γ(ρ^2)/2 + 4λρ^2} = c_3 + c_4λ^{δ/(δ−1)}

for some c_3, c_4 > 0. Then, we may take

c_2 = exp [ (4c_1/α)^{1/δ}λ ] ≤ exp [ c_5 + c_6λ^{δ/(δ−1)} ] for some c_5, c_6 > 0. By (3.17),

‖P_{t/2} exp[λρ^2]‖_∞ ≤ G^{−1}(λt/8) ∨ c_2

≤ exp [( α(δ − 1)t/(8λ^{δ−1}) )_{1/(1−δ)} ∨ ( c_5 + c_6λ^{δ/(δ−1)} )] . This implies (3.11) by taking λ = λ_2/t in (3.8). □

We may also obtain a necessary condition corresponding to (3.9). We call a function f compact, if {f ≤ r} is relatively compact for any r ∈ R.

Corollary 3.6. Assume (A). If there exists a compact function ρ̄ ∈ C^2(M) (satisfying Neumann boundary condition whenever ∂M ≠ ∅) such that ρ̄ > 1, | |∇√ρ̄ | | ≤ 1, and Lρ̄ ≥ −cρ̄ log ρ̄ (3.18)

for some c > 0, then ‖P_t‖_{2→∞} = ∞ for small t > 0.

Proof. For any n ≥ 2, take h_n ∈ C^∞_0 [0, ∞) such that 0 ≤ h_n ≤ 1, h_n(r) = 1 for r ∈ [0, n], h_n(r) = 0 for r ≥ 2n, −^2_n ≤ h^′_n ≤ 0. Let f_n(r) = ∫_r 0 h_n(s)ds and F_n = f_n(exp[ρ̄]). We have |∇ρ̄|^2 = 4ρ̄ | ∇ √ ρ̄ |_2 ≤ 4ρ̄, r log r ≤ 4f_n(r) log f_n(r) for r ∈ [1, 2n] and rh^′_n(r) ≥ −4. It then follows from (3.18) that

LF_n = h_n(exp[ρ̄]) exp[ρ̄]Lρ̄ + ( h_n(exp[ρ̄]) + h^′_n(exp[ρ̄]) exp[ρ̄] ) exp[ρ̄]|∇ρ̄|^2 ≥ −1_{{exp[ρ̄]<2n}}(c log(2n) + 16) exp[ρ̄]ρ̄ ≥ −α(n)F_n log F_n, (3.19)

where α(n) = 4(c log(2n) + 16). By (3.3),

P_t(F_n log F_n) ≤ (P_tF_n) log(P_tF_n) +

2(exp[Kt] − 1) K P_t|∇F_n|^2 ≤ (P_tF_n) log(P_tF_n) + c_2tP_t(F_n log F_n)

for some c_2 > 0 and all t ∈ [0, 1]. Let t ∈ [0, 1/(2c_2)], then

P_t(F_n log F_n) ≤ 2(P_tF_n) log(P_tF_n).

By combining this with (3.19), we obtain d dt P_tF_n ≥ −2α(n)(P_tF_n) log(P_tF_n), t ∈ [0, 1/(2c_2)].

This implies P_tF_n ≥ exp { (log F_n) exp[−2α(n)t] } for t ≤ 1/(2c_2). Therefore,

‖P_t exp[ρ̄]‖_∞ ≥ ‖P_tF_n‖_∞ ≥ exp { (log n) exp[−8t(c log log(2n) + 16)] } = exp { exp[log log n − 8tc log log(2n) − 128t] } , t ≤ 1/(2c_2). By letting n ↑ ∞ we obtain ‖P_t exp[ρ̄]‖_∞ = ∞ for small t > 0. The proof is now completed by Theorem 3.3 (2) since √ ρ̄ ≤ √ ρ̄(o) + ρ. □ Correspondingly to Corollary 3.6, we have the following result for supercontractivity and hypercontractivity.

Corollary 3.7. Assume (A).

(1) If lim_{ρ→∞}^{Lρ2}_{ρ2} = −∞, then P_t is supercontractive. (2) If lim_{ρ→∞} sup^{Lρ2}_{ρ2} < −2K, then ‖P_t‖_{2→4} = ∞ for some t > 0. Here limits are taken outside of cut(o).

Proof. For λ > 0, we have L exp[λρ^2] = λ exp[λρ^2](Lρ^2+4λρ^2). If lim_{ρ→∞} sup^{Lρ2}_{ρ2} < −4λ, then there exist c_1, c_2 > 0 such that L exp[λρ^2] ≤ c_1 − c_2 exp[λρ^2] outside of cut(o). By this and the proof of Corollary 3.5, we obtain

P_t exp[λρ^2] ≤ c_1/c_2 + exp[−c_2t + λρ^2]. (3.20)

This implies that μ(exp[λρ^2]) ≤ c_1/c_2. Actually, let ρ_n = ρ ∧ n for n ≥ 1. It follows from (3.20) that

μ(exp[λρ^2_n]) = μ(P_t exp[λρ^2_n]) ≤ μ(exp[λn^2] ∧ P_t exp[λρ^2]) ≤ μ(exp[λn^2] ∧ (c_1/c_2 + exp[−c_2t + λρ^2])).

The desired assertion follows immediately by first letting t ↑ ∞ then n ↑ ∞. The proof is now completed by Theorem 3.3 (2) and (3). □

Remark. (i) From the proofs we see that Corollaries 3.5 and 3.7 remain true with ρ replaced by any smooth function ρ̄ ≥ λρ for some λ > 0 such that ⟨∇ρ̄, N⟩ ≥ 0 whenever ∂M ≠ ∅, where N denotes the outward normal vector field of ∂M. Corollary 3.7 (1) is sharp in the since that P_t is not supercontractive if ∂M = ∅, o is a pole and lim_{ρ→∞} inf^{Lρ2}_{ρ2} > −∞. Actually, in this case μ(exp[λρ^2]) = ∞ for big enough λ (see the proof of [37; Corollary 1.4]).

(ii) By Theorem 3.1, ‖P_t‖_{2→4} < ∞ for some t > 0 implies the (defective) log- Sobolev inequality (1.1) for μ. It is easy to see from (1.1) that there exist r, c(r) > 0 such that μ(f^2) ≤ c(r)μ(|∇f|^2), f ∈ C^∞_0 (M), f|_{Bo(r)} = 0.

Then the Poincaré inequality holds (see [37]), and hence the strict inequality (i.e. (1.1) with c_2 = 0) holds. Furthermore, according to [6] and [37], the F -Sobolev inequality implies that the essential spectrum of L^′ := Δ+∇ log ϕ is empty provided L^′ is essentially self-adjoint on L^2(μ), where ϕ =^{dμ}_{dx} .

(iii) By Theorem 3.3 (2) and (3), it is easy to construct examples to show that supercontractivity is strictly stronger than hypercontractivity. Moreover, from Theorem 3.3 (2) and Corollary 3.6 we see that ultracontractivity is strictly stronger than supercontractivity (see Example 6.4). On the other hand, however, these three contractivity properties are equivalent if the following curvature-dimension condition holds: |Hess_f |^2 + Ric(∇f, ∇f) − ⟨∇_{∇f} Z, ∇f⟩ ≥ −K|∇f|^2 + 1 n (Lf)^2

for some n, K > 0 and all f ∈ C^∞(M). Actually, by the proof of [5; Theorem 2.3], if the above condition holds, then hypercontractivity implies a classical Sobolev inequality with finite dimension, and hence also implies ultracontractivity.

4. Ultracontractivity and supercontractivity by the F -Sobolev inequality and isoperimetric inequalities

Theorem 4.1. Assume that lim_{r→∞}^{F (r)}_{log r} = ∞ and define β(r) = sup_{s>0}{log s − rF (s)}, r > 0. Let γ ∈ C[0, ∞) be a positive function such that c := ∫_∞ 2 γ(r) r dr < ∞. If the F -Sobolev inequality (1.3) holds, then ‖P_t‖_{1→∞} ≤ exp[m(t)] with

m(t) = 2 ∫_∞ 2 1 r^2 { c_2tγ(r) cc_1 + β ( tγ(r) cc_1 )} dr ∈ [0, ∞], t > 0. Proof. Since f^2 log f^2 ≤ rf^2F (r^2) + β(r)f^2, (1.3) implies that

μ(f^2 log f^2) ≤ c_1rμ(|∇f|^2) + c_2r + β(r), r > 0, μ(f^2) = 1. Equivalently,

μ(f^2 log f^2) ≤ rμ(|∇f|^2) + c_2r/c_1 + β(r/c_1), r > 0, μ(f^2) = 1.

Hence the assertion follows from Theorem 1.2. □

We remark that by combining Theorem 4.1 with [35], one can easily construct examples for infinite Markov chains which are ultracontractive, see for instance Example 6.5 below. The next step is to prove the F -Sobolev inequality from supercontractivity.

Theorem 4.2. Assume that (1.5) holds. Let

ξ(t) = sup_{r>0}

[log t − β(r)]^+ r , t > 0.

Then, for any ε ∈ (0, 1), (1.3) holds for

F (r) = 1 r ∫_r 0 ξ(εt)dt. Consequently, for any ε ∈ (0, 1), (1.5) implies (1.3) with

F (r) = log r β^{−1}(ε log r) + 1 r ∫_r 0 ds β^{−1}(log s − ε)

, (4.1)

where β^{−1}(λ) := inf{r ≥ 0 : β(r) ≤ λ} and β^{−1}(λ) = ∞ if λ ≤ inf β. Proof. For any nonnegative f ∈ D with μ(f^2) = 1 and any δ > 1, let A_n = {δ^{n+1} > f^2 ≥ δ^n} and f_n = (f − δ^{n/2})^+ ∧ (δ^{(n+1)/2} − δ^{n/2}), n ≥ 0. By [26; Theorem I-4.12], f_n ∈ D, n ≥ 0. Moreover, it is easy to check that for any N ≥ 1 and any x, y ∈ E, N∑ n=0 |f_n(x)| = N∑ n=0 f_n(x) = (f(x) − 1)^+ ∧ (δ^{(N+1)/2} − 1) ≤ |f(x)|, N∑ n=0 |f_n(x) − f_n(y)| = | | | | N∑ n=0 (f_n(x) − f_n(y)) | | | | ≤ |f(x) − f(y)|. Then, following the proofs of Theorem I-4.12 and Corollary I-4.13 in [26], we obtain N∑ n=0 D(f_n, f_n) ≤ D(f, f), N ≥ 1. (4.2) Next, by (1.5),

μ(f^2_n log f^2_n) − μ(f^2_n) log μ(f^2_n) ≤ rD(f_n, f_n) + β(r)μ(f^2_n). (4.3) Let p_n = μ(f^2 ≥ δ^n) and μ_n(A) = μ(A ∩ {f ≥ nδ})/p_n, we have

μ(f^2_n log f^2_n) = p_nμ_n(f^2_n log f^2_n) ≥ μ(f^2_n) log[μ(f^2_n)/p_n]. Noting that p_n ≤ δ^{−n}, (4.3) yields that

D(f_n, f_n) ≥ ξ(δ^n)μ(f^2_n) ≥ ξ(δ^n)μ(f^2 ≥ δ^{n+1})(δ^{(n+1)/2} − δ^{n/2})^2 ≥ ( √ δ − 1)^2 1 − δ^{−1} ∫_δn δ^{n−1} ξ(t)μ(f^2 ≥ δ^2t)dt. Combining this with (4.2) and noting that ξ(t) = 0 for t ≤ 1, we obtain D(f, f) ≥ c(δ) ∫_∞ 0 ξ(δ^{−2}t)μ(f^2 ≥ t)dt = c(δ)μ(f^2F (f^2)) for some c(δ) > 0 and F (r) =^1_r ∫_r 0 ξ(δ^{−2}t)dt. This proves the first assertion.

Next, taking r = β^{−1}( √ ε log t), we see that ξ(t) ≥ (1 − √ ε) log t β^{−1}( √ ε log t) . Then 1 r ∫_r 0 ξ(εt)dt ≥ 1 r ∫_t εt (1 − √ ε) log(εt) β^{−1}( √ ε log(εt)) dt ≥ c_1 + c_2 log r β^{−1}(ε log r)

for some c_1, c_2 > 0 (depending on ε). Therefore, (1.3) holds for F (r) =^{log(εr)}_{β−1(ε log r)} .

Finally, taking r = β^{−1}(log t − ε), it follows that ξ(t) ≥ ε/[β^{−1}(log t − ε)]. Similarly, we prove (1.3) for

F (r) = 1 r ∫_r 0 dt β^{−1}(log t − 2ε) . □

To see that the result in Theorem 4.2 is sharp, we present the following simple consequences.

Corollary 4.3. (1) The F -Sobolev inequality holds for F (r) = [log(r + e)]^δ(δ > 1) if and only if (1.5) holds for β(r) = λ_1r^{−1/(δ−1)} + λ_2.

(2) For any p ≥ 1, the F -Sobolev inequality holds for F (r) = r^{2/p} if and only if (1.5) holds for β(r) =^p_2 log[c(1 + r^{−1})] and some c > 0. They are also equivalent to (1.2), which in turn is equivalent to (see [3; section 4]):

μ(f^2 log f^2) ≤ p 2 log[c_1D(f, f) + c_2], f ∈ D, μ(f^2) = 1. (4.4)

Proof. The sufficiency of (1) follows from Theorem 4.2 by taking F (r) =^{log r}_{β−1(r/2)} , while the necessity follows from the choice of β specified in Theorem 4.1. Next, it is easy to see that (4.4) is equivalent to (1.5) for β(r) =^p_2 log[c(1 + r^{−1})] and some c > 0. They imply (1.3) for F (r) = r^{2/p} by taking F as the second term in (4.1). Noting that

sup{t log r − r^{2/p} : r > 0} = p 2 t log[t + p/(2e)], t ≥ 0,

(1.3) with F (r) = r^{2/p} then implies

tμ(f^2 log f^2) − p 2 t log[t + p/(2e)] ≤ c_1D(f, f) + c_2, f ∈ D, μ(f^2) = 1

for some c_1, c_2 > 0. This yields (1.5) for the desired β. □

Moreover, (1.5) may also imply an isoperimetric inequality which is equivalent to the stronger F -Sobolev inequality (1.4). To this end, we adopt Ledoux’s trick [24] to establish the corresponding isoperimetric inequalities. We shall use the following gradient estimate to apply Ledoux’s argument: ‖∇P_tf‖_∞ ≤ c √ t ‖f‖_∞, t ∈ (0, 1], (4.5) where P_t is the semigroup of the (reflecting) L-diffusion process with L = Δ+X for some C^1-vector field X. If condition (A) holds and ∂M is either convex or empty, then (4.5) holds (see [32] for detailed estimates). Our next result is an analogy of [6; Theorem 4.2] which treated the case where p < ∞ in (1.2).

Theorem 4.4. Let P_t be as in above with X = ∇V for some V ∈ C^2(M). Assume that (4.5) holds. If (1.5) holds for some decreasing positive function β ∈ C(0, ∞), then for any c ∈ (0, 1/16), there exists r_0 ∈ (0, 1) such that inf μ(A)≤r_0 μ_∂(∂A \ ∂M) √ β^{−1}(c log μ(A)^{−1}) μ(A) √ log μ(A)^{−1}

> 0, (4.6)

where μ = exp[V ]dx and β^{−1} is as in Theorem 4.2. Consequently, (1.4) hold for D(f, f) = μ(|∇f|^2) and F (r) =^{log(r+e)}_{β−1(c log(r+e))} provided lim_{r→∞} sup^{−c}_{rβ′(r)} < 1.

Proof. By Gross Theorem [18] (see also [16; Theorem 6.1.14]), (1.5) implies that ‖P_t‖_{pt→2} ≤ exp [ 4β(r)(1/p_t − 1/2) ] , p_t = 1 + exp[−4t/r]. (4.7)

According to [24], (4.5) implies that 2c √ tμ(|∇f|) ≥ μ(|f − P_tf|). By taking test functions f_n ∈ C^∞(M) such that f_n(x) = 1 for x ∈ A with dist(x, ∂A \ ∂M) ≥ 1/n, f_n(x) = 0 for x /∈ A, and |∇f_n| ≤ 1/n + 1/n^2, and then letting n ↑ ∞ in the above inequality, we obtain

2c √ tμ_∂ (∂A \ ∂M) ≥ 2μ(A) − 2μ(1_AP_t1_A) = 2μ(A) − 2μ((P_{t/2}1_A)^2).

Combining this with (4.7), we obtain

c_1 √ tμ_∂ (∂A \ ∂M) ≥ μ(A) { 1 − μ(A)^{(2−pt)/pt} exp [ 8β(r)(2 − p_t)/(2p_t) ]} (4.8)

for some c_1 > 0, any t ∈ [0, 1] and any connected smooth domain A with μ(A) ≤ 1. Let r = β^{−1}(c log μ(A)^{−1}), t = r log 2 log μ(A)^{−1} − 16β(r) = r log 2 (1 − 16c) log μ(A)^{−1} .

Then, there exists r_0 ∈ (0, 1) such that t ≤^r_4 ≤ 1 if μ(A) ≤ r_0 (note that β(0) = ∞ so that r → 0 as μ(A) → 0).

On the other hand, we have^{2−pt}_{2pt} ≤^{2t}_r and^{2−pt}_{pt} ≥^t_r if t ≤^r_4 . Then, for μ(A) ≤ r_0, μ(A)^{(2−pt)/pt} exp [ 8β(r)(2 − p_t)/(2p_t) ] ≤ μ(A)^{t/r} exp[16β(r)t/r] = 1 2 . By combining this with (4.8), we prove the first assertion.

Next, let c^′ ∈ (c, 1/16) and r_1 ∈ (0, r_0) be such that c^′ log r^{−1}_1 ≥ c log(r^{−1}_1 + e) and (4.6) holds with c, r_0 replaced by c^′, r_1 respectively. We have

k(r_1) := inf_{μ(A)≤r1} μ_∂ (∂A \ ∂M) μ(A) √ F (μ(A)^{−1})

≥ inf μ(A)≤r_1 μ_∂(∂A \ ∂M) √ cβ^{−1}(c^′ log μ(A)^{−1}) μ(A) √ c^′ log μ(A)^{−1} > 0. The second assertion then follows from Theorem 1.1 by noting that

lim_{r→∞} sup rF^′(r) F (r) = lim_{r→0} sup −c rβ^′(r) . □ Remark. The condition lim_{r→∞}^{−c}_{rβ′(r)} < 1 in Theorem 4.4 is trivial when the limit exists. Actually, let r > 0 so that B_o(r) is convex and denote by P^D_t the Dirichlet semigroup of L on B_o(r). Then, there exist λ_1, λ_2 > 0 such that (see [34; Theorem 2.1])

exp[β(λ_1t)] ≥ ‖P_t‖_{2→4} ≥ ‖P^D_t ‖_{2→4} ≥ λ_2t^{−d/2}, t ∈ (0, 1]. (4.9) If lim_{r→0}^{−c}_{rβ′(r)} ≥ 1, then −β^′(r) ≤ 1/(16r), r ∈ (0, r_0] for some r_0 > 0. This implies that β(r) ≤ β(r_0) −^1_{16} log^r_{r0} for r ∈ (0, r_0) since c < 1/16, which is a contradiction to (4.9) by taking r = λ_1t and letting t → 0.

To see that Theorems 4.1 and 4.4 are sharp, we consider once again the concrete case where F (r) = [log(1 + r)]^δ, δ > 1.

Corollary 4.5. Let δ > 1. Then the F -Sobolev inequality (1.3) holds for F (r) = [log(e + r)]^δ is equivalent to ‖P_t‖_{1→∞} ≤ exp [ ct^{−1/(δ−1)} ] , t ∈ (0, t] (4.10) for some c > 0. Especially, in the situation of Theorem 4.4, (1.3) and (1.4) are equivalent for this concrete F .

Proof. The first assertion is a direct consequence of Theorems 1.2 and 4.1 and Corollary 4.3, as well as the second assertion follows from Theorems 1.1 and 4.4. □

Corollary 4.6. Under the assumptions of Theorem 4.4 and Corollary 2.3, let V = −αρ^δ(α > 0, δ > 2). (1.3) and (1.4) hold for F (r) = [log(e + r)]^λ if and only if λ ≤ 2(δ − 1)/δ. Proof. By Corollary 2.3, we have (2.10) which implies (4.10) for some c > 0. The proof is completed by Corollary 4.5 and Corollary 5.4. □

Theorem 4.4 also enables us to estimate the decay of the reference measures for ultracontractive diffusion semigroups, which is related to the concentration property studied in the next section.

Corollary 4.7. Under the assumptions of Theorem 4.4 let o ∈ M be fixed. If μ is finite and (1.5) holds, then

μ(B_o(r)^c) ≤ exp [ − G^{−1}(λ_1r − λ_2) ] (4.11)

for some λ_1, λ_2 > 0 and all r > 0, where G(r) = ∫_r r_1 √ β^{−1}(cs)/s ds for some r_1 > 1 and c ∈ (0, 1/16) with cr_1 > inf m. Consequently, if β(t) = αt^{−δ}(t ∈ (0, 1]) for some α > 0 and δ ≥ 1, then there exist λ_4, λ_5 > 0 such that

μ(B_o(r)^c) ≤ { exp[λ_4 − λ_5r^{2δ/(δ−1)}], if δ > 1 exp[λ_4 − exp(λ_5r)], if δ = 1.

(4.12)

Finally, if G(∞) < ∞(which is the case when δ < 1), then M is compact.

Proof. Let f(r) = μ(B_o(r)^c), then f(∞) = 0 since μ is finite. We may take r_0 ∈ (0, 1) such that −c log r_0 > inf β and (4.6) holds. Then there exist c_1 > 0 and r_1 > 0 such that f(r_1) ≤ r_0 and −f^′(r) √ β^{−1}(−c log f(r)) f(r) √ − log f(r) ≥ c_1, r ≥ r_1. This implies that^d_{dr} G(− log f(r)) ≥ c_1 for r ≥ r_1. Hence

G(− log f(r)) ≥ c_1(r − r_1) + G(− log f(r_1)), r ≥ r_1

which proves (4.11) for r ≥ r_1 and hence for all r > 0 with proper choices of λ_1, λ_2 > 0.

Next, if β(t) = α(1∨t^{−δ}) for some α > 0 and δ ≥ 1, then G(r) = c_2r^{(δ−1)/(2δ)}−c_3 for δ > 1 and = c_4 log r for δ = 1, for some c_2, c_3, c_4 > 0 and all r ≥ r_1. (4.12) then follows from (4.11) immediately.

Finally, if G(∞) < ∞, then we can define h(r) = ∫_∞ r √ β^{−1}(cs)/s ds, r ≥ r_1. For any x ∈ M, let f_x(r) = μ(B_x(r)), i.e. the measure of the geodesic ball with center x and radius r. By (4.6) we have^d_{dr} h(− log f_x(r)) ≥ c_5 for some c_5 > 0 and all r > 0 satisfying f_x(r) ≤ r_0 ∧ exp[−r_1]. Then h(− log f_x(r)) ≥ c_5r if f_x(r) ≤ r_0 ∧ exp[−r_1]. Therefore,

inf_x μ(B_x(r)) ≥ exp[−h^{−1}(c_5r)] ∧ r_0 ∧ exp[−r_1] > 0, r > 0.

Hence M is compact since μ is finite. □

5. Concentration of reference measures

In this section, we study the concentration property of reversible measures for supercontractive semigroups. Let us recall some general results by Gross and Rothaus [20], see also [1], [14], [25] and [27] for earlier results.

Let P_t be a symmetric Markov semigroup on L^2(E; dμ) with μ a probability measure on E. Denote by (D, D) the corresponding Dirichlet form. For f ∈ D with f^2 ∈ D, define

Γ(f)^2 = sup{D(gf, f) − D(g, f^2)/2 : g ∈ D such that fg ∈ D and μ(|g|) = 1}.

See [2] for a natural extension of Γ to a bigger domain. Note that Γ(f) = ‖∇f‖_∞ for diffusion semigroups. Let a = 1 for diffusion semigroups and = 2 otherwise.

If (1.5) holds, by [20; Theorem 3.1] we have μ(exp[λρ]) < ∞ for any λ > 0 and ρ ≥ 0 with Γ(ρ) ≤ 1. Moreover, let c = log μ(exp[ρ]), then

μ(exp[λρ]) ≤ exp [ cλ + λ ∫_λ 1 { aγ(r) + β(γ(r)) r^2 } dr ] (5.1)

for any positive γ ∈ C[0, ∞) and any λ ≥ 1. Next, let ϕ : [0, ∞) → [0, ∞) be left-continuous and increasing with ϕ(0) = 0. Let Φ(λ) = ∫_λ 0 ϕ(r)dr, Ψ(λ) = ∫_λ 0 ϕ^{−1}(r)dr, where ϕ^{−1}(λ) := inf{s ≥ 0 : ϕ(s) ≥ λ}.

Theorem 5.1([20; Theorem 4.3]). Assume that (1.5) holds and ρ ≥ 0 with Γ(ρ) ≤ 1. Let Φ and Ψ be defined as above such that Ψ ∈ C^2[R, ∞) with κ := sup_{[R,∞)} Ψ^{′′} < ∞ and ϕ^{−1} ∘ ϕ(s) = s on [R, ∞) for some R > 1. For any r_0 > R with ϕ(r_0) ≥ R, we have μ ( exp[Φ(ρ)1_{{ρ≥r0}}] ) ≤ exp[κ/2] ∫_∞ 1 μ(exp[λρ]) exp[−Ψ(λ)]dλ. (5.2)

By combining (5.1) and (5.2) and taking a concrete ϕ, we obtain the following result which is sharp as is shown in Example 6.3 below.

Theorem 5.2. Assume that (1.5) holds and let c, a and ρ be in (5.1) and (5.2). Let H(r) =^{β(r)}_r , r > 0, and define

γ(r) = {_{c+12a} , if r ∈ [0, 1], H^{−1}(ar^2), otherwise, ψ(λ) = 2aλγ(λ) + 2a ∫_λ 0 γ(r)dr, λ > 0.

We have ψ^′(λ) > 0 for λ > 0. Let Φ(λ) = ∫_λ 0 ψ^{−1}(r)dr, where ψ^{−1}(λ) = ∞ for r ≥ ψ(∞). We have μ(exp[Φ(ρ)]) < ∞. Consequently, ‖ρ‖_∞ ≤ ψ(∞).

Proof. Assume that c > 0, otherwise we have ρ = 0, μ-a.e. Let Ψ(λ) = ∫_λ 0 ψ(r)dr. It is easy to see that aγ(r) = β(γ(r))/r^2 for r > 1 and

Ψ(λ) = 2aλ ∫_λ 0 γ(r)dr = (c + 1)λ + 2aλ ∫_λ 1 γ(r)dr, λ > 0. By (5.1),

μ(exp[λρ]) ≤ exp [ cλ + 2aλ ∫_λ 1 γ(r)dr ] = exp[−λ + Ψ(λ)], λ > 0. (5.3)

Noting that γ is constant on [0, 1] and for r > 1,

γ^′(r) = 2ar H^′(γ(r)) = −2arγ(r)^2 β(γ(r)) − γ(r)β^′(γ(r)) > −2arγ(r)^2 β(γ(r)) = −2arγ(r) H(γ(r)) = −2γ(r) r , we see that ψ^′(r) = 4aγ(r) + 2arγ^′(r) > 0, r > 0. Since γ is non-increasing, we have 0 ≤ Ψ^{′′}(r) ≤ 4aγ(1) for r ≥ 1. If ψ(∞) = ∞, we see that ϕ = ψ^{−1} is finite in (0, ∞) and ψ ∘ ϕ(s) = s, ϕ(0) = 0, ϕ(∞) = ∞. The first assertion then follows from Theorem 5.1.

For the case that ψ(∞) < ∞, let ψ_ε(r) = ψ(r)+εr and Φ_ε(λ) = ∫_λ 0 ψ^{−1}_ε (r)dr, ε > 0. Since ψ^{−1}_ε ↑ ϕ as ε ↓ 0 and ϕ(ψ(∞)) = ∞, we have ψ^{−1}_ε (R) > R for some R ∈ (1, ψ(∞)) and small ε > 0, recall that ψ(∞) > ψ(1) > 1. By (5.2) and (5.3), μ ( exp[Φ_ε(ρ)]1_{{ρ≥R}} ) ≤ exp[2aγ(1) + ε/2] ∫_∞ 1 exp[−λ]dλ. By letting ε ↓ 0 we obtain that μ(exp[Φ(ρ)]) < ∞. □

Our choice of γ in Theorem 5.2 is optimal in terms of (5.1) and (5.2) in the sense that for any positive γ̄, aγ̄(r) + β(γ̄(r)) r^2 ≥ a 2 γ(r) + β(γ(r)) 2r^2 = aγ(r), r > 1. This follows from the facts that aγ(r) = β(γ(r))/r^2 for r > 1 and β is decreasing.

The following is an alternative result to Theorem 5.2, which is simpler and is sharp in several concrete cases (see Section 6 below).

Theorem 5.3. Assume that (1.5) holds and let ρ, H be as in Theorem 5.2. Define

ξ(s) = inf { λ ≥ 1 : 2a ∫_λ 1 H^{−1}(ar^2)dr ≥ s } , s > 0. We have

μ ( exp[δ(ρ − c − σ)ξ(ερ)] ) < ∞, for any σ > 0, ε ∈ (0, 1), δ ∈ (0, 1 − ε). (5.4)

Consequently, ‖ρ‖_∞ < ∞ if ∫_∞ 1 H^{−1}(ar^{−2})dr < ∞. Proof. Let

h(λ) = exp [ − (c + σ)λ − 2aλ ∫_λ 1 H^{−1}(ar^2)dr ] , λ > 0. By (5.1) with γ(r) = H^{−1}(ar^2) we have ∫ dμ ∫_∞ 1 exp[λρ]h(λ)dλ = ∫_∞ 1 μ(exp[λρ])h(λ)dλ < ∞. (5.5) For any ε ∈ (0, 1) and δ ∈ (0, 1 − ε), there exists c(ε, δ) > 0 such that ∫_∞ 1 exp[λρ]h(λ)dλ ≥ ∫_{ξ(ερ)} 1 exp [ ((1 − ε)ρ − c − σ)λ]dλ ≥ c(ε, δ) exp[δ(ρ − c − σ)ξ(ερ)] − 1 c(ε, δ) , ρ > c − σ.

Therefore, (5.5) implies (5.4). □

Theorems 5.2 and 5.3 enable us to extend (4.12) to a general setting.

Corollary 5.4. Assume that (1.5) holds for β(r) = λ_1 + λ_2r^{−δ}(λ_1, λ_2, δ > 0). Let ρ ≥ 0 be such that Γ(ρ) ≤ 1. Then there exists α = α(δ) > 0 such that μ ( exp[αρ^{2δ/(δ−1)}] ) < ∞, if δ > 1, μ ( exp[exp[αρ]] ) < ∞, if δ = 1, ‖ρ‖_∞ < ∞, if δ < 1. (5.6)

Proof. We use the notation in Theorems 5.2 and 5.3. Take r_0 > 0 such that H(r_0) :=^{β(r0)}_{r0} ≤ 1. Let c_1 > λ_2 be such that β(r) ≤ c_1r^{−δ} for r ∈ (0, r_0]. We have r ≤ r_0 for H(r) ≥ 1 and hence

γ(λ) := H^{−1}(aλ^2) = sup{r ≥ 0 : H(r) ≥ aλ^2} ≤ sup{r ≥ 0 : c_1r^{−1−δ} ≥ aλ^2} = [c_1/(aλ^2)]^{1/(1+δ)}, λ > 1.

By Theorem 5.3 we have ‖ρ‖_∞ < ∞ if δ < 1. Next, it is easy to see that there exists c_2 > 0 such that ξ(λ) ≥ { c_2λ^{(δ+1)/(δ−1)}, δ > 1, exp[c_2λ], δ = 1.

Then the proof is completed by Theorem 5.3.

To apply Theorem 5.2, we observe that there exists c_3 > 0 such that ψ(λ) ≤ { c_3λ^{(δ−1)/(δ+1)}, if δ ≠ 1, c_3 log(1 + λ), if δ = 1; λ > 0.

For the case that δ < 1, one has ψ(∞) < ∞, then ‖ρ‖_∞ < ∞ by Theorem 5.2. If δ > 1, we have

ϕ(λ) := ψ^{−1}(r) = inf{r ≥ 0 : ψ(r) ≥ λ} ≥ inf{r ≥ 0 : c_3r^{(δ−1)/(δ+1)} ≥ λ} = (λ/c_3)^{(δ+1)/(δ−1)}.

Then Φ(λ) ≥ c_4λ^{2δ/(δ−1)} for some c_4 > 0 and the first inequality in (5.6) follows from Theorem 5.2 immediately. The proof of the case δ = 1 is similar. □

Corollary 5.5. If (1.5) holds, then μ(exp[λρ^2]) < ∞ for any λ > 0 and ρ ≥ 0 with Γ(ρ) ≤ 1. Proof. By Theorem 5.2, it suffices to prove the case where ψ(∞) = ∞. Since γ(r) ↓ 0 as r ↑ ∞, we have ψ(λ) ≤ ελ for any ε > 0 and big enough λ. Then, there exists λ_ε > 0 such that ϕ(λ) := ψ^{−1}(λ) ≥ λ/ε for λ ≥ λ_ε, hence Φ(ρ) ≥^1_{2ε} (ρ^2 − r^2_ε ). The proof is completed by Theorem 5.2, since ε is arbitrary. □

6. Some examples

Below we present five examples to illustrate our results. They are also interesting by themselves with respect to sharp conditions in concrete cases.

Example 6.1. Let M be a complete connected Riemannian manifold with pole o and non-positive sectional curvatures. By Hessian comparison theorem, −Hess_V ≥ αδ(δ − 1)ρ^{δ−2} for V = −αρ^δ, where α > 0, δ > 2 and ρ is the Riemannian distance function from o. If Ric_x ≥ −c−αδ(δ−1)ρ^{δ−2}(x) for some c > 0 and all x ∈ M, then Ric−Hess_V is bounded below. Let k(r) = √ (c + αδ(δ − 1)r^{δ−2})/(d − 1), where d is the dimension of M. Then Ric≥ −k(ρ)^2(d − 1) on B_o(ρ). By Bishop’s comparison theorem (see for instance [10; Theorems 3.8 and 3.9]), we have volume(B_o(ρ)) ≤ λρ^d exp[(d − 1)ρk(ρ)] for some λ > 0 and

Lρ^2 = Δρ^2 − 2αδρ^δ ≤ 2 + 2(d − 1)ρk(ρ) coth(ρk(ρ)) − 2αδρ^δ.

Therefore, there exist c_1, c_2 > 0 such that

Lρ^2 ≤ c_1 − c_2ρ^δ and ∫ exp[V + ερ^δ]dx < ∞ for ε < α. Then, by Corollary 3.5, the semigroup is ultracontractive and ‖P_t‖_{1→∞} ≤ exp[ct^{δ/(2−δ)}] for some c > 0 and all t ∈ (0, 1]. Consequently, by Corollary 4.5, the F -Sobolev inequality (1.3) (also (1.4)) holds for F (r) = [log(e + r)]^{2(δ−1)/δ}. Moreover, by Corollary 4.5 and Example 6.3 below, (1.3) and (1.4) hold for F (r) = (log(e + r))^2 if V = − exp[αρ] for some α > 0 and Ric−Hess_V is bounded below.

Finally, the next example shows that the F -Sobolev inequality does not hold for finite μ on noncompact M and F (r) = [log(e + r)]^λ with λ > 2.

Example 6.2. Let L = Δ + ∇V on a complete connected Riemannian manifold M, with dμ = exp[V ]dx a probability measure. If the F -Sobolev inequality (1.3) holds for F (r) = [log(e + r)]^λ, or more weakly (Corollary 4.5) ‖P_t‖_{1→∞} ≤ exp[c_1 + c_2t^{−1/(λ−1)}] for some λ > 2, c_1, c_2 > 0, then M is compact. This follows from Corollary 5.4 by letting ρ be the Riemannian distance from a fixed point.

Example 6.3. Let M be a noncompact, connected complete Riemannian manifold with Ricci curvature bounded below. Let V be as in Example 6.1 with ρ the distance function from a fixed point. By Corollary 2.3 and Corollary 5.4, there exist c_1, c_2 > 0 such that ‖P_t‖_{1→∞} ≤ exp[λ_1 + λ_2t^{−λ}] (necessarily, λ ≥ 1 by Example 6.2) if and only if δ ≥ 2λ/(λ − 1).

Next, if V = − exp[αρ] for some α > 0, we have the above estimate of ‖P_t‖_{1→∞} for λ = 1. Actually, we may replace ρ by h(ρ) for some h ∈ C^∞[0, ∞) satisfying h^′(0) = h(0) = 0, h^′ ≥ 0 and h(r) = r for r ≥ 0. Then Δh(ρ) is locally bounded at o. Let V = exp[−αh(ρ)]. It is easy to see that Δ exp[V ] ≥ exp[V ]η in the distribution sense with η = c_1 exp[2αρ] − c_2 for some c_1, c_2 > 0. Let β be as in the proof of Corollary 2.3 and β_1 be defined as in Proposition 2.1 with the above η and W = cρ for big enough c > 0. Then β_1 ≤ c_3(1 + r^{−1}) for some c_3 > 0 and (2.8) holds with dμ replaced by dμ̄ = exp[V ]dx. Noting that ‖V − V ‖_∞ < ∞, we see that there exists c_4 > 0 such that

μ(f^2 log f^2) ≤ rμ(|∇f|^2) + c_4(1 + r^{−1}), r > 0,

By taking γ(r) = r^{−1/2}, Corollary 2.2 implies ‖P_t‖_{1→∞} ≤ exp[m(t)] with

m(t) = c_5 ∫_∞ 2 ( 1 r^2 + 1 tr^{3/2} ) dr ≤ λ_1 + λ_2t^{−1}

for some c_5, λ_1, λ_2 > 0.

We now present the following example to show that ultracontractivity is strictly stronger than supercontractivity.

Example 6.4. Let M be a noncompact, connected complete Riemannian manifold without boundary. Assume that the Ricci curvature is bounded below and the sectional curvatures are non-positive. Let o ∈ M be a pole and let P_t be the diffusion semigroup generated by L = Δ + ∇V with V = −αρ^2[log(ρ^2 + e)]^δ, α, δ > 0. It is easy to see from the curvature conditions that Ric−Hess_V is bounded below. Then, by Theorem 3.3 (2), P_t is supercontractive.

On the other hand, we claim that P_t is ultracontractive if and only if δ > 1. Actually, it is easy to check that (3.9) holds for γ(r) = αr[log(r + e)]^δ. Then the sufficiency follows from Corollary 3.5. Next, for δ ≤ 1,

Lρ^2 = Δρ^2 − ⟨∇V, ∇ρ^2⟩ ≥ −8ρ^2 log(ρ^2 + e).

By Corollary 3.9 with ρ̄ = ρ^2 + e, we see that P_t is not ultracontractive.

Finally, the next example shows that our results are also sharp for infinite Markov chains.

Example 6.5. Consider the birth-death process with a_i(death rate)= b_i(birth rate)= i^s[log(1 + i)]^α(i ≥ 1), s > 1, α ∈ R and a_0 = 0, b_0 = 1. We have μ_0 = c, μ_i = ci^{−s}[log(1+i)]^{−α}, where c > 0 is such that μ is a probability measure on {0, 1, · · · }. By [31; Example 3.1], the F -Sobolev inequality (1.2) holds with p ∈ (2, ∞] and F (r) = log(r + e)^δ(δ > 0) if and only if either s > 2, or s = 2 and α ≥ δ. Then, we claim that the corresponding semigroup is ultracontractive if and only if either s > 2 or s = 2 and α > 1.

Actually, the sufficiency follows from Corollary 4.5 immediately. On the other hand, if s < 2 or s = 2 but α < 1, then the log-Sobolev inequality does not hold, so the semigroup is not ultracontractive. We now consider the case that s = 2 and α = 1. For any f and ρ, we have

D(fρ, ρ) − 1 2 D(f, ρ^2) = ∑ i,j [ (f_iρ_i − f_jρ_j )(ρ_i − ρ_j) − 1 2 (f_i − f_j )(ρ^2_i − ρ^2_j ) ] q_{ij} μ_i = 1 2 ∑ i,j (f_i + f_j)(ρ_i − ρ_j )^2q_{ij} μ_i

= c 2 (f_0 + f_1)(ρ_0 − ρ_1)^2 + c 2 ∞∑ i=1 [ (f_i + f_{i+1})(ρ_i − ρ_{i+1})^2 + (f_i + f_{i−1})(ρ_i − ρ_{i−1})^2 ] , where q_{ij} = b_i for j = i+1; = a_i for j = i−1; = 0 otherwise. Let ρ(i) = √ log(1 + i), it is easy to see from above that Γ(ρ) < ∞. But for λ > 1,

μ(exp[λρ^2]) ≥ ∞∑ i=1 ci^{−2}[log(1 + i)]^{−1} exp[λ log(1 + i)] = ∞.

By Corollary 5.5, the semigroup is not ultracontractive.

Appendix In this section, for completeness, we present the proof of [6; Theorem 4.1] (which recovers Theorem 1.1 in this paper). Moreover, [36; Theorem 1.5] (used in the proof of Corollary 2.3) is also proved for the same purpose.

Let E = M be a d-dimensional complete connected Riemannian manifold, possibly with boundary. Denote by F S(p) and T F S(p), respectively, the inequality (1.2) with c_2 > 0 and c_2 = 0. We will assume the following

F (0) = 1, F^′ ≥ 0, and lim_{r→∞} sup (p − 2)rF^′(r) 2pF (r) < p − 1 p . (1)

Consider the following related inequality for p ∈ (1, ∞]: μ ( f^{p/(p−1)}F (f)^{(p−2)/2(p−1)} )_{(p−1)/p} ≤ C_1 + C_2μ(|∇f|), f ≥ 0, μ(f) = 1. We simply denote it by F S(p)^′ ( and T F S(p)^′ for C_1 = 0).

Next, we define the following isoperimetric constants:

k_p(r) = inf_{μ(A)∈(0,r]} μ_∂ (∂A \ ∂M) μ(A)^{(p−1)/p}F (μ(A)^{−1})^{(p−2)/2p} , r > 0, k_p(0) = lim_{r→0+} k_p(r), k_p(∞) = lim_{r→∞} k_p(r),

where A runs over all open smooth domains, equivalently, all connected open smooth domains.

Theorem 1([6; Theorem 4.1]). Assume that (1) holds and F (∞) = ∞ whenever F S(∞) or F S(∞)^′ is considered. For any p ∈ (1, ∞], F S(p)^′ (resp. T F S(p)^′) holds if and only if k_p(0) > 0 (resp. k_p(∞) > 0). Consequently, it implies F S(p) (resp. T F S(p)) for p ∈ (2, ∞].

Proof. a) For any connected smooth domain A (with small μ(A) for F S(p)^′), let f_n ∈ C^∞(M) be such that f_n(x) = 1 for x ∈ A with dist(x, ∂A \ ∂M) ≥ 1/n, f_n(x) = 0 for x /∈ A and |∇f_n| ≤ 1/n + 1/n^2. The sufficiency in the first assertion follows immediately by taking these test functions and letting n ↑ ∞. We now go to prove the necessity.

Assume that k_p(r) > 0 for some r > 0. Let f ≥ 0 be a smooth function with compact support and μ(f) = 1. Define A_t = μ_∂ ({f = t} \ ∂M), h(t) = μ(f > t). By the coarea formula, and noting that h(t) ≤ 1/t, we have

μ(|∇f|)^{p/(p−1)} = { ∫_∞ 0 A_tdt }_{p/(p−1)}

≥ { k_p(r) ∫_∞ r^{−1} h(t)^{(p−1)/p}F (h(t)^{−1})^{(p−2)/2p} }_{p/(p−1)}

= c_1 ∫_∞ r^{−1} { ∫_t r^{−1} h(s)^{(p−1)/p}F (h(s)^{−1})^{(p−2)/2p}ds }_{1/(p−1)}

· h(t)^{p/(p−1)}F (h(t)^{−1})^{(p−2)/2p}dt. (2) Let ϕ(s) = s^{(p−1)/p}F (s^{−1})^{(p−2)/2p}. We have

ϕ^′(s) = s^{−1/p}F (s^{−1}) ( p − 1 p − (p − 2)F^′(s^{−1}) 2psF (s^{−1}) ) . By (1), ϕ^′(s) > 0 for small or big s. Then there exists c > 0 such that ϕ(t) ≥ cϕ(s) for all t ≥ s ≥ 0. Noting that h(t) is decreasing in t, we have ∫_t r^{−1} ϕ(h(s))ds ≥ c(t − r^{−1})ϕ(h(t)), t ≥ r^{−1}. By substituting this into (2) and noting that h(t) ≤ 1/t, we obtain μ(|∇f|)^{p/(p−1)} ≥ c_2 ∫_∞ r^{−1} (t − r^{−1})^{1/(p−1)}F (t)^{(p−2)/2(p−1)}h(t)dt. (3)

Obviously, there exists β(r) ≥ 0 such that β(∞) = 0 and

(t − r^{−1})^{1/(p−1)}F (t)^{(p−2)/2(p−1)} ≥ 1 2 t^{1/(p−1)}F (t)^{(p−2)/2(p−1)} − β(r), t ≥ r^{−1}. Then, we have μ(|∇f|)^{p/(p−1)} ≥ c_2 2 ∫_∞ r^{−1} t^{1/(p−1)}F (t)^{(p−2)/2(p−1)}h(t)dt − c_2β(r) ≥ c_2 2 ∫_∞ 0 t^{1/(p−1)}F (t)^{(p−2)/2(p−1)}h(t)dt − c(r), (4) where c(r) = c_2β(r) + c_2 max_{[0,r}−1_) t^{1/(p−1)}F (t)^{(p−2)/2(p−1)} which is equal to zero when r = ∞.

Let γ(t) = t^{p/(p−1)}F (t)^{(p−2)/2(p−1)}. By (1), we have

γ^′(t) = γ(t) t { p p − 1 + tF^′(t) F (t) } ≤ c_3 γ(t) t for some c_3 > 0. By substituting this into (4) and using Fubini’s theorem, we obtain

μ(|∇f|)^{p/(p−1)} ≥ c_4 ∫_∞ 0 γ^′(t)h(t)dt − c(r) = c_4 ∫ M dμ ∫_f 0 γ^′(t)dt − c(r) = c_4μ(γ(f)) − c(r). This proves the necessity (recall that c(∞) = 0).

b) We now go to prove the second assertion. When F ≡ 1, the proof is very simple by applying S(p)^′ and T S(p)^′ to the test function g = f^{2(p−1)/(p−2)}. But for the general case, we have to go back to the isoperimetric inequality.

Assume that k_p(r) > 0 for some r > 0. Let ψ(t) = t^{(p−1)/(p−2)} √ F (t) which is strictly increasing in t since p > 2. For a smooth nonnegative function f with compact support and μ(f^2) = 1, let h(t) = μ(f^2 > t), g = ψ(f^2) and h̄(t) = μ(g > t). We then have h̄(t) = h(ψ^{−1}(t)) ≤ 1/ψ^{−1}(t) ≤ r whenever t ≥ ψ(r^{−1}). Now by changing f and r^{−1} into g and ψ(r^{−1}) respectively, the argument in a) implies μ(|∇g|)^{p/(p−1)} ≥ c_5 ∫_∞ ψ(r^{−1})

(t − ψ(r^{−1}))^{1/(p−1)}F (t)^{(p−2)/2(p−1)}h̄(t)dt

for some c_5 > 0. By taking the integral transformation t → ψ(t), we obtain

μ(|∇g|)^{p/(p−1)} ≥ c_5 ∫_∞ r^{−1} (ψ(t) − ψ(r^{−1}))^{1/(p−1)}F (ψ(t))^{(p−2)/2(p−1)}ψ^′(t)h(t)dt ≥ c_5 2 ∫_∞ 0 ψ(t)^{1/(p−1)}F (ψ(t))^{(p−2)/2(p−1)}ψ^′(t)h(t)dt − c(r) for some c(r) with c(∞) = 0. Noting that ψ^′(t) ≥^{p−1}_{p−2} t^{1/(p−2)} √ F (t) and F (ψ(t)) = F ( t^{(p−1)/(p−2)} √ F (t) ) ≥ F (t) max_{[0,1]} F , we have (using (1) in the second step)

μ(|∇g|)^{p/(p−1)} + c(r) ≥ c_6 ∫_∞ 0 t^{2/(p−2)}F (t)h(t)dt ≥ c_7 ∫_∞ 0 d dt { t^{p/(p−2)}F (t) } h(t)dt = c_7μ(f^{2p/(p−2)}F (f^2)). (5)

On the other hand, by (1), ψ^′(t) ≤ c_8t^{1/(p−2)} √ F (t) for some c_8 > 0. Hence

μ(|∇g|) ≤ c_9μ ( |∇f|f^{p/(p−2)} √ F (f^2) ) ≤ c_9 √ μ(|∇f|^2)μ(f^{2p/(p−2)}F (f^2)). (6)

The proof is now completed by combining (5) with (6). □

Theorem 2 ([36; Theorem 1.5]). Assume that ∂M is either empty or convex and the Ricci curvature is bounded below by −K for some K ≥ 0. Let dν = exp[W ]dx with W = cρ for some c > √ K(d − 1), where ρ is the Riemannian distance function from a fixed point o and d is the dimension of M. Then

ν(|f|^{2p/(p−2)})^{(p−2)/p} ≤ c_1ν(|∇f|^2) + c_2, f ∈ W^{2,1}(M; dν), ν(f^2) = 1 (7)

holds for p ∈ [d, ∞) ∩ (2, ∞).

Proof. By Green-Wu’s approximation theorem ( Ann. Scient. Éc. Norm. Sup. Série 4, 12(1979), 47–84), there exists ρ̄ ∈ C^∞(M) such that |ρ − ρ̄| < 1 and |∇ρ̄| < 2. Let dν̄ = e^{cρ̄}dx. Then it suffices to prove (7) for ν̄. Let P^{(1)}_t be the semigroup of the (reflecting) diffusion process generated by Δ + c∇ρ̄. By Davies [13; Corollary 2.4.3], (7) for ν̄ is equivalent to the upper bound of P^{(1)}_t

(P^{(1)}_t f)^2 ≤ c_3t^{−p/2}, t ∈ (0, 1], ν̄(f^2) = 1. (8)

Let P^{(2)}_t be the (Neumann) diffusion semigroup generated by Δ. By [33; Lemma 2.1] we have

[P^{(2)}_t f(x)]^α ≤ P^{(2)}_t f^α(y) exp [ αKρ(x, y)^2 2(α − 1)(1 − e^{−2Kt}) ] (9) for any α > 1, any nonnegative f ∈ C_b(M), and any x, y ∈ M. On the other hand, it is easy to prove that

[P^{(i)}_t f]^α ≤ [P^{(j)}_t f^α] exp[c^2αt/(4(α − 1)], i, j = 1, 2, f ≥ 0, f ∈ C_b(M). (10)

Actually, letting ψ(s) = log P^{(j)}_s (P^{(i)}_{t−s}f)^α, we see that ψ^′(s) ≥ −c^2α/4(α − 1), s ∈ [0, t], which implies (10). Let γ = 2^{1/3}. For f ≥ 0 with ν̄(f^2) = 1, it follows from (9) and (10) that

[P^{(1)}_t f(x)]^2 ≤ c_4[P^{(2)}_t f^γ(x)]^{γ2} ≤ c_4[P^{(2)}_t f^{γ2} (y)]^γe^{c5ρ(x,y)2/t} ≤ c_6P^{(1)}_t f^2(y)e^{c5ρ(x,y)2/t}, x, y ∈ M, t ∈ (0, 1]. Then

c_6 = c_6 ∫ P^{(1)}_t f^2(y)ν̄(dy) ≥ [P^{(1)}_t f(x)]^2 ∫ e^{−c5ρ(x,y)2/t}ν̄(dy) ≥ [P^{(1)}_t f(x)]^2ν̄ ( B ( x, √ t )) e^{−c5} , x ∈ M. ¿From this we see that (8) follows from the volume lower bound

ν̄(B_x(r)) ≥ c_7r^p, r ∈ [0, 1], x ∈ M. (11)

But by Cheeger-Gromov-Taylor’s volume comparison theorem (J. Diff. Geom. 17(1982), 15–53), we have

|B_o(1)| |B_x(r)| ≤ |B_x(ρ(x) + 1)| |B_x(r)| ≤ (ρ(x) + 1)^d r^d exp [√ K(d − 1)(ρ(x) + 1) ] , r ∈ [0, 1], where | · | denotes the Riemannian volume. Noting that ρ̄ ≥ ρ − 1, we obtain ν̄(B_x(r)) ≥ e^{c(ρ(x)−2)}|B_x(r)| ≥ c_7r^d for some c_7 > 0 and all r ∈ [0, 1]. Therefore, (9) holds for p ≥ d. □

References

[1]. Aida, S., Masuda, T. and Shigekawa, I., Logarithmic Sobolev inequalities and exponential integrability, J. Funct. Anal. 126(1994), 83–101.

[2]. Aida, S. and Stroock, D., Moment estimates derived from Poincaré and logarithmic Sobolev inequalities, Math. Res. Lett. 1(1994), 75–86.

[3]. Bakry, D., L^′hypercontractivité et son utilisation en théorie des semigroups, Lecture Notes in Math. 1581(1994), 1–114.

[4]. Bakry, D., Coulhon, T., Ledoux, M. and Saloff-Coste, L., Sobolev inequalities in disguise, Indiana Univ. Math. J. 44(1995), 1033–1074.

[5]. Bakry, D. and Ledoux, M., Lévy-Gromov’s isoperimetric inequality for an infinitedimensional diffusion generator, Invent. Math. 123(1996), 259–281.

[6]. Bakry, D., Ledoux, M. and Wang, F. Y., Sobolev inequalities and spectral properties for symmetric diffusion semigroups, Preprint.

[7]. Banuelos, R., Intrinsic ultracontractivity and eigenfunction estimates for Schrödinger operators, J. Funct. Anal. 100(1991), 181–206.

[8]. Bogachev, V. I., Krylov, N. V. and Röckner, M., Elliptic regularity and essential selfadjointness of Dirichlet operators on R^n , Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 24(1997), 451–461.

[9]. Carlen, E. A., Kusuoka, S. and Stroock, D. W., Upper bounds for symmetric Markov transition functions, Ann. Inst. H. Poincar’e Probab. Statist. 23(1987), 245–287.

[10]. Chavel, I., Riemannian Manifolds – An Introduction to Modern Geometry, Cambridge Univ. Press, 1993.

[11].Chen, Z. Q. and Song, R., Intrinsic ultracontractivity and conditional gauge for symmetric stable process, J. Funct. Anal. 150(1997), 204–239.

[12]. Coulhon, T., Ultracontractivity and Nash type inequalities, J. Funct. Anal.

141(1996), 510–539.

[13].Davies, E. B., Heat Kernels and Spectral Theory, Cambridge University Press, 1989.

[14].Davies, E. B. and Simon, B., Ultracontractivity and the heat kernel for Schrödinger operators and Dirichlet Laplacians, J. Funct. Anal. 59(1984), 335–395.

[15].Davis, B., Intrinsic ultracontractivity and the Dirichlet Laplacian, J. Funct.

Anal. 100(1991), 162–180.

[16].Deuschel, J. D. and Stroock, D., Large Deviations, Pure and Appl. Math. Ser.

137, Academic Press, San Diego, 1989.

[17].Driver, B. and Hu, Y. Z., On heat kernel logarithmic Sobolev inequalities, In “Stochastic Analysis and Applications” (Powy 1995), 189–200, World Sci. Publishing, River Edge, NJ, 1996.

[18].Gross, L., Logarithmic Sobolev inequalities, Amer. J. Math. 97(1976), 1061– 1083.

[19].Gross, L., Logarithmic Sobolev inequalities and contractive properties of semigroups, Lecture Notes in Math. 1563(1993), 54–88.

[20].Gross, L. and Rothaus, O., Herbst inequalities for supercontractive semigroups, J. Math. Kyoto Univ. 38(1998), 295–318.

[21].Hsu, E. P., Logarithmic Sobolev inequalities on path spaces over Riemannian manifolds, Comm. Math. Phys. 189(1997), 9–16.

[22].Kendall, W. S., The radial part of Brownian motion on a manifold: a semimartingale property, Ann. of Probab. 15(1987), 1491–1500.

[23].Kusuoka, S. and Stroock, D., Some boundedness properties of certain stationary diffusion semigroups, J. Funct. Anal. 60(1985), 243–264.

[24].Ledoux, M., A simple proof of an inequality by P. Buser, Proc. Amer. Math.

Soc. 121(1994), 951–958.

[25].Ledoux, M., Concentration of measures and logarithmic Sobolev inequalities, Lecture Notes in Math. 1686(1998).

[26].Ma, Z. M. and Röckner, M., Introduction to The Theory of (Non-Symmetric) Dirichlet Forms, Springer-Verlag, Berlin, 1992.

[27].Rothaus, O. R., Logarithmic Sobolev inequalities and the growth of L^p norms, Proc. Amer. Math. Soc. 126(1998), 2309–2314.

[28].Stroock, D., The Ornstein-Uhlenbeck process on a Riemannian manifold, Proc.

of ICCM, Beijing, 1999.

[29].Tomisaki, M., Comparison theorems on Dirichlet norms and their applications, Forum. Math. 2(1990), 277–295.

[30].Trudinger, N. S., Linear elliptic operators with measurable coefficients, Ann.

Scuola Norm. Super. Pisa 27(1973), 265–308.

[31].Wang, F. Y., Logarithmic Sobolev inequalities for diffusion processes with application to path spaces, Chinese J. Appl. Probab. Stat. 12(1996), 255–264.

[32].Wang, F. Y., On estimation of logarithmic Sobolev constant and gradient estimates of heat semigroups, Probab. Theory Related Fields 108(1997), 87–101.

[33].Wang, F. Y., Logarithmic Sobolev inequalities on noncompact Riemannian manifolds, Probab. Theory Related Fields 109(1997), 417–424.

[34]. Wang, F. Y., Estimates of Dirichlet heat kernels, Stochastic Processes and Their Applications 74(1998), 217–234.

[35].Wang, F. Y., Sobolev type inequalities for general symmetric forms, Proc. Amer.

Math. Soc. to appear.

[36].Wang, F. Y., Logarithmic Sobolev inequalities: conditions and counterexamples, preprint 1998.

[37]. Wang, F. Y., Existence of spectral gap for elliptic operators, Ark. Math.

37(1999).

[38].Wang, F. Y., Functional inequalities for empty essential spectrum, J. Funct.

Anal. to appear.

[39].Wang, F. Y., Application of coupling methods to the Neumann eigenvalue problem, Probability Theory Related Fields 98(1994), 299–306.

[40].Yau, S. T., Some function theoretic properties of complete Riemannian manifolds and their applications in geometry, Indiana Univ. Math. J. 25(1976), 659–670.

[41].Yau, S. T., Isoperimetric constants and the first eigenvalue of a coompact manifold, Ann. Ec. Norm. Super. Paris 8(1975), 487–507.

Michael Röckner: Universität Bielefeld, Fakultät für Mathematik, Postfach 100131, D-33501 Bielefeld, Germany email: roeckner@mathematik.uni-bielefeld.de

Feng-Yu Wang: Department of Mathematics, Beijing Normal University, Beijing 100875, China email: fwang@mathematik.uni-bielefeld.de; wangfy@bnu.edu.cn