On Infinitesimal Groups of Tame Representation Type

Rolf Farnsteiner^∗ and Detlef Voigt

0. Introduction

The modular representation theory of cocommutative Hopf algebras can naturally be divided into two disciplines that differ in regard to their methods and results. The classical modular representation theory of finite groups largely depends on Mackey’s decomposition theorem as well as Green’s work on vertices and sources. The absence of analogous techniques for infinitesimal groups has led to the introduction of geometric methods involving module varieties and schemes of tori.

In continuation of [13] we will investigate in this paper infinitesimal groups whose distribution algebras admit a principal block of tame representation type. This problem has two interrelated aspects concerning the isomorphism types of the underlying groups and the Morita equivalence classes of their Hopf algebras. The corresponding program for representationfinite infinitesimal groups was carried out in [11, 12], and we will occasionally invoke the results of these papers in order to deal with tame infinitesimal groups.

Our approach combines basic results on dimensions of rank varieties [34, 27, 16] with recent work on schemes of tori of restricted Lie algebras [13]. Tame infinitesimal groups are known to possess two-dimensional rank varieties, a property that is inherited by all subgroups. On the other hand, factor groups of tame groups are tame or representationfinite, so that the dimensions of their varieties are also bounded by 2. Schemes of tori of maximal dimension enable us, via the construction of certain characteristic ideals, to link properties of rank varieties to the structure of the Lie algebras of infinitesimal groups. Roughly speaking, the geometric methods usually afford a reduction to the consideration of relatively small groups, whose Gabriel quivers are well enough understood to determine their representation type.

Our paper is organized as follows. In section 1 we collect basic results on the solvable radical and the center of infinitesimal groups with a tame principal block. We then turn

∗Partially supported by the D.F.G.

to solvable groups and prove in Theorem 2.4 that their principal blocks are not tame. The complementary case of tame, semisimple infinitesimal groups, which is addressed in §4 and §5, requires basic facts on algebraic families of Lie algebras These are collected in section 3, where we introduce the generic α_p-rank of such a family. Algebraic families defined by schemes of maximal tori are crucial in our determination of the characteristic semisimple restricted Lie algebras with two-dimensional rank varieties. As these prove to be isomorphic to sℓ(2), all tame semisimple infinitesimal groups live inside SL(2). Our main result of section 5, Theorem 5.5, combines this fact with homological methods to identify these groups as products SL(2)_1T_n of the first Frobenius kernel of SL(2) with the n-th Frobenius kernel of its standard torus. Their distribution algebras are shown to be special biserial of domestic representation-type. In addition, we have a complete description of their basic algebras and their Auslander-Reiten quivers. The final section addresses arbitrary tame infinitsimal groups by providing results on the structure of their solvable radicals. These groups turn out to be largely determined by their first Frobenius kernels. Moreover, for tame groups of height ≤ 1 the solvable radical coincides with the center, so that such groups are non-split extensions of sℓ(2) by a representation-finite center.

This paper was written in part during the authors’ visit to the Mathematical Research Institute at Oberwolfach. The hospitality of the institute and the support received by the Volkswagen Stiftung (Research in Pairs program at Oberwolfach) is hereby gratefully acknowledged. The first author thanks the SFB 343 at the University of Bielefeld for its support. Finally, we would like to thank Peter Dräxler and Thomas Brüstle for several helpful discussions concerning quivers and their coverings.

1. Preliminaries

Throughout this paper G is assumed to be an infinitesimal group, defined over an algebraically closed field k of characteristic p ≥ 3. The solvable radical of G will be denoted R(G). We let H(G) be the distribution algebra of G. By definition, H(G) = O(G)^∗ is the dual of the function algebra O(G) of the affine group scheme G. We refer the reader to [4] and [35] concerning undefined notions and the general theory of affine group schemes. With regard to quotients we will follow the notation of [35].

We will be interested in the representation theory of the principal block B_0(G) of the cocommutative Hopf algebra H(G). By general theory this finite-dimensional associative algebra has either finite, tame, or wild representation type. We will employ [1] and [5] as general references on these matters. For our immediate purposes it suffices to note that tameness of B_0(G) entails that the rank variety V_{Lie(G)} has dimension ≤ 2 (cf. [27, Thm.2] ,[34]). Given any restricted Lie algebra (L, [p]), the affine, conical variety V_L is defined by

V_L := {x ∈ L ; x^{[p]} = 0}.

Recall that an infinitesimal k-group G is referred to as supersolvable if it admits a composition series with each composition factor being isomorphic to α_p or μ_p.

Lemma 1.1 Let N ⊂ G be a normal subgroup.

(1) If N is multiplicative, then B_0(G) ∼= B_0(G/N ).

(2) If B_0(G) is tame, then B_0(G/N ) is tame or representation-finite. (3) If B_0(G) is tame, and G/N is not supersolvable, then B_0(G/N ) is tame.

Proof. Let I := H(G)H(N )^† be the (two-sided) ideal of H(G) that is generated by the augmentation ideal H(N )^† of H(N ). The canonical projection G −→ G/N induces an isomorphism H(G)/I ∼= H(G/N ) of Hopf algebras (cf. [32, p.45]). In particular, the central primitive idempotent e_0 defining B_0(G) is sent via the surjection π : H(G) −→ H(G/N ) to a central idempotent f_0 that is not annihilated by the augmentation of H(G/N ). Consequently, π(B_0(G)) is a sum of blocks containing the principal block B_0(G/N ). Part (2) is now a direct consequence of [5, (I.4.7)].

(1). Since H(N ) is, as a commutative semisimple algebra, a product of copies of the ground field k, the augmentation ideal H(N )^† is a sum of blocks. In other words, there exist orthogonal idempotents e_1, . . . , e_r ∈ H(N ) such that H(N )^† = ⨁_r i=1 H(N )e_i. By the rigidity of multiplicative groups [35, (7.7)] the normal subgroup N is contained in the center of G. Hence each e_i is a central idempotent of H(G), and I = H(G)H(N )^† = ⨁_r i=1 H(G)e_i is a sum of blocks of H(G). Consequently, there exist blocks B_1, . . . , B_s of H(G) such that the projection H(G) −→ H(G/N ) induces an isomorphism ⨁_s i=1 B_i ∼= H(G/N ). Since the projection is a map of augmented algebras, it follows that B_0(G) ∼= B_0(G/N ).

(3). Thanks to (2) the principal block B_0(G/N ) is of tame or finite representation type. In the latter case [11, (2.1)] shows that G/N is supersolvable, a contradiction. □

If (L, [p]) is a restricted Lie algebra over k, then T (L) will denote its toral radical, i.e., the largest p-ideal that is also a torus. For this and other basic concepts from the theory of restricted Lie algebras the reader is referred to [29].

The following subsidiary result, which we require in §2, will be sharpened in §5 after we have a better understanding of semisimple groups of tame representation type.

Lemma 1.2 If B_0(G) is tame, then R(G) is supersolvable.

Proof. We put R := R(G) and proceed by induction on ord(R) := dim_k H(R), the case R = e_k being trivial.

Let M(G) be the multiplicative center of G, so that M(G) ⊂ R. We put G^′ := G/M(G) and apply (1.1) to obtain B_0(G^′) ∼= B_0(G). Since R(G^′) is isomorphic to R/M(G), the inductive hypothesis shows that R(G^′) is supersolvable whenever M(G) ≠ e_k. Thus, R is supersolvable in this case as well, and we will henceforth assume that M(G) = e_k.

Let N ⊂ R be a minimal normal subgroup of G. Then N is an abelian subgroup of the first Frobenius kernel G_1 of G. We consider L := Lie(G) as well as N := Lie(N ). Then N is an abelian p-ideal of L, so that N^{[p]} is contained in the center C(L) of L. Since N is a simple G-module (with respect to the adjoint representation), N^{[p]} ⊂ N is a submodule, and T (L) = Lie(M(G)) = (0), it follows that N^{[p]} = (0). Consequently,

dim_k N ≤ dim V_L ≤ 2.

Since p ≥ 3, and every simple R-module has dimension a p-power (cf. [33, (1.1)] or [12, (2.1)]), we see that N has an H(R)-composition series with one-dimensional factors. Accordingly, R is supersolvable whenever R/N is. By (1.1) the block B_0(G/N ) is tame or representationfinite. In the latter case, [11, (2.1)] ensures that the group G/N is supersolvable, so its solvable radical R/N also enjoys this property. If B_0(G/N ) is tame, then the inductive hypothesis yields the same conclusion. Consequently, R is supersolvable. □

Following [4, (IV.§3no.4,II.§7no.1)] we denote the Verschiebung of a commutative infinitesimal k-group U by V_U . Recall that a commutative, unipotent infinitesimal k-group U is referred to as V-uniserial if the Verschiebung induces an exact sequence U^{(p) VU}−→ U −→ α_p −→ e_k. Our next result gives the structure of the center of a tame infinitesimal group by showing that the corresponding Hopf algebra is of finite representation type.

Proposition 1.3 Suppose that B_0(G) is tame. Then the unipotent radical U of the center of G is V-uniserial.

Proof. We consider the functor

F : mod_{H(U)} −→ mod_{B0(G)} ; M → B_0(G) ⊗_{H(U)} M

between the categories of finite-dimensional modules for H(U) and B_0(G). Thanks to [23, (2.6)] the algebra H(G) is a free (right) H(U)-module. Consequently, B_0(G) is, as a projective module of the local algebra H(U), also free. There thus exists a subset {x_1, . . . , x_r} of B_0(G) such that B_0(G) ⊗_{H(U)} M = r⨁ i=1 x_i ⊗ M for every H(U)-module M. Since H(U) lies in the center of H(G), the summands in the above decomposition are H(U)-modules. Consequently, F (M)|_{H(U)} ∼= M^r for every M ∈ mod H(U).

For a positive integer d > 0 we let Ind_{H(U)}(d) be the set of isoclasses of indecomposable H(U)-modules of dimension d. We define Q(d) to be the set of those isoclasses of indecomposable B_0(G)-modules that are direct summands of F (M) for some [M] ∈ Ind_{H(U)}(d). By construction, the dimensions of the elements of Q(d) are bounded. Since the algebra B_0(G) is tame, there exist (B_0(G), k[T ])-bimodules X_1, . . . , X_q such that

(a) each X_i is a finitely generated, free right k[T ]-module, and (b) for each [N] ∈ Q(d) there exists a simple k[T ]-module k_λ and i ∈ {1, . . . , q} such that N ∼= X_i ⊗_{k[T ]} k_λ.

Our above observation in conjunction with the theorem of Krull-Remak-Schmidt entails that each [M] ∈ Ind_{H(U)}(d) is a direct summand of a suitable (X_i ⊗_{k[T ]} k_λ)|_{H(U)}. Thanks to [24, (I.2.3)] this implies that H(U) is of tame or finite representation type. According to [12, (2.2)] the latter alternative obtains, and [11, (2.6)] ensures that the group U is V-uniserial. □

Remark. The arguments of (1.3) rely on an “analogue” of the Mackey decomposition theorem. For infinitesimal groups we do in general not have an analogue of Mackey’s result, even if the inducing subgroup is normal and abelian. Let L be the Heisenberg algebra with toral center, S := u(L) ⊗_{u(K)} k_λ a p-dimensional simple module. Then K ⊂ L is an abelian ideal, and Soc_{u(K)}(S) ∼= k_λ (see [8, (2.9)]). Hence k_λ is not a direct summand of S|_{u(K)}.

2. Solvable Groups

The main result of this section shows that principal blocks of solvable infinitesimal groups are not tame. This fact will be used repeatedly in our study of arbitrary tame infinitesimal groups. We begin by determining the Gabriel quiver and the relations of a certain class of trigonalizable infinitesimal groups.

Let G = U × M be a semidirect product with a unipotent normal subgroup U and a multiplicative group M. In the sequel, we will frequently employ the adjoint representation of H(M) on H(U). Letting η denote the antipode of the Hopf algebra H(M), this action is given by m · u := ∑ (m) m_{(1)}u η(m_{(2)}) ∀ m ∈ H(M), u ∈ H(U). The adjoint representation endows H(U) with the structure of an H(M)-module algebra, and the multiplication H(U)⊗_k H(M) −→ H(G) induces an isomorphism between the smash product H(U)#H(M) and H(G) (cf. [22, p.40f]).

The character group of H(M) will be denoted X (M). We will write the convolution product on X (M) additively, i.e.,

(λ + μ)(m) = ∑ (m) λ(m_{(1)})μ(m_{(2)}) ∀ m ∈ H(M), λ, μ ∈ X (M). Observe that the augmentation is the zero element, and that −λ = λ ∘ η for all λ ∈ X (M). Since M is infinitesimal, the group X (M) is an abelian p-group.

The adjoint representation induces an action of H(M) on J := H(U)^†/(H(U)^†)^2, and we let J = ⨁ α∈Φ J_α be the corresponding weight space decomposition. Observe that Φ ⊂ X (M). In the following result we identify X (M) with the character group X (G) via the restriction map.

Lemma 2.1 Let G = U × M be a semidirect product with a unipotent group U and a multiplicative group M. Then we have Ext^1_{H(G)}(k_λ, k_γ ) ∼= (H(U)^†/(H(U)^†)^2)_{γ−λ}.

Proof. Note that R := H(G)H(U)^† is the Jacobson radical of H(G). According to [12, (1.1)] the module P (λ) := H(G) ⊗_{H(M)} k_λ is the projective cover of k_λ. General theory (cf. [2, (2.4.3)]) then provides an isomorphism

Ext^1_{H(G)}(k_λ, k_γ ) ∼= Hom_{H(G)}(RP (λ)/R^2P (λ), k_γ).

The latter space is readily seen to be isomorphic to Hom_{H(M)}(J ⊗_k k_λ, k_γ ) ∼= J_{γ−λ}. □

Let G be a finite abelian group, Φ ⊂ G a subset. Given n := (n_α)_{α∈Φ} ∈ N^Φ, we consider the quiver Q(G, n) := (G, A(n)), where for each λ ∈ G, and α ∈ Φ there are n_α arrows λ → λ + α belonging to A(n). These will be denoted (λ, α, i) for 1 ≤ i ≤ n_α. We shall consider the following relations in the path algebra k[Q(G, n)]: (a) c(λ, α, β, i, j) := (λ + α, β, j)(λ, α, i) − (λ + β, α, i)(λ, β, j) for λ ∈ G, α, β ∈ Φ, 1 ≤ i ≤ n_α, 1 ≤ j ≤ n_β, and (b) p(λ, α, i) := (λ + (p − 1)α, α, i)(λ + (p − 2)α, α, i) · · · (λ + α, α, i)(λ, α, i) for λ ∈ G, α ∈ Φ, 1 ≤ i ≤ n_α. According to (2.1) the quiver Q(X (M), n) with n := (dim_k J_α)_{α∈Φ} is the Gabriel quiver of H(U × M). Our next result shows that for those commutative unipotent groups U that are annihilated by the Verschiebung V_U , the relations are precisely the ones given in (a) and (b).

Proposition 2.2 Let G = U ×M be a semidirect product of a multiplicative group M and a unipotent group U ∼= ∏_r i=1 α_pni . Let J = ⨁ α∈Φ J_α be the weight space decomposition of J := H(U)^†/(H(U)^†)^2 relative to M, and set n := (dim_k J_α)_{α∈Φ}. Then H(G) ∼= k[Q(X (M), n)]/I, where I = ⟨{c(λ, α, β, i, j) , p(λ, α, i) ; λ ∈ X (M), α, β ∈ Φ, 1 ≤ i ≤ n_α, 1 ≤ j ≤ n_β }⟩. Proof. Since H(M) is semisimple, there exists an H(M)-invariant subspace V ⊂ H(U)^† such that the canonical projection H(U)^† −→ J induces an isomorphism V ∼= J. Our assumption on U implies x^p = 0 for every x ∈ H(U)^†. Consequently, writing V = ⨁ α∈Φ V_α and choosing a basis (v_{α,i})_{1≤i≤nα} of V_α for every α ∈ Φ, we have H(U) ∼= k[v_{α,i}]/(v^p_{α,i}). Since H(U) is an H(M)-module algebra, the weight space decomposition of the adjoint representation satisfies H(U)_λH(U)_μ ⊂ H(U)_{λ+μ} for every λ, μ ∈ X (M). The commutative, semisimple k-algebra H(M) decomposes into a direct sum H(M) = ⨁ λ∈X (M) kuλ, with primitive orthogonal

idempotents u_λ. Accordingly, we have au_λ = λ(a)u_λ for every element a ∈ H(M), so that λ(u_μ) = δ_{μ,λ} ∀ λ, μ ∈ X (M). We decompose the adjoint H(M)-module H(U) into its eigenspaces and write H(U) = ⨁ α∈Ψ H(U)_α, where Φ ⊂ Ψ ⊂ X (M).

(*) Let x be an element of H(U)_α. Then we have u_μxu_λ = δ_{μ,λ+α}xu_λ for λ, μ ∈ X (M). Directly from the definitions we obtain u_μxu_λ = ∑ (u_μ)

(u_{μ,(1)} · x)u_{μ,(2)}u_λ = ∑ (u_μ)

α(u_{μ,(1)})xλ(u_{μ,(2)})u_λ = (λ + α)(u_μ)xu_λ = δ_{μ,λ+α}xu_λ. It follows directly from (*) that there exists a unique homomorphism Γ : k[Q(X (M), n)] −→ H(G) of k-algebras such that

Γ(e_λ) = u_λ ; Γ((λ, α, i)) = v_{α,i}u_λ.

Since u_λ ∈ im Γ and v_{α,i} = ∑ λ∈X (M) v_{α,i}u_λ ∈ im Γ, the image Γ(k[Q(X (M), n)]) contains a set of generators of H(G). Consequently, the homomorphism Γ is surjective.

By virtue of (*) we have Γ(c(α, i, β, j)) = v_{β,j}u_{λ+α}v_{α,i}u_λ − v_{α,i}u_{λ+β}v_{β,j}u_λ = v_{β,j}v_{α,i}u_λ − v_{α,i}v_{β,j} u_λ = 0, as well as Γ(p(λ, α, i)) = v^p_{α,i}u_λ = 0. Consequently, Γ factors through to a surjective homomorphism Γ̂ : k[Q(X (M), n)]/I −→ H(G). Let π : k[Q(X (M), n)] −→ k[Q(X (M), n)]/I be the canonical projection. Since [ ∑ λ∈X (M) (λ, α, i), ∑ μ∈X (M) (μ, β, j)] = ∑ λ,μ (λ, α, i)(μ, β, j) − (μ, β, j)(λ, α, i) = ∑ μ (μ + β, α, i)(μ, β, j) − ∑ λ (λ + α, β, j)(λ, α, i) = − ∑ λ c(λ, α, β, i, j) ∈ I, and ( ∑ λ∈X (M) (λ, α, i))^p = ( ∑ λ∈X (M) p(λ, α, i)) ∈ I, there exist a unique algebra homomorphism Ω : H(U) −→ k[Q(X (M), n)]/I such that Ω(v_{α,i}) = π( ∑ λ∈X (M)(λ, α, i)). We extend Ω to a linear map Ω̂ on H(G) ∼= H(U) ⊗k H(M) via Ω̂(a ⊗ u_λ) := Ω(a)π(e_λ) ∀ a ∈ H(U), λ ∈ X (M). Direct computation shows that Ω̂((v^m_{α,i}u_μ)(v^n_{β,j}u_λ)) = Ω̂(v^m_{α,i}u_μ)Ω̂(v^n_{β,j}u_λ), proving that Ω̂ is a homomorphism of k-algebras.

Let R be the Jacobson radical of k[Q(X (M), n)]/I. The identity (λ, α, i) = e_{λ+α}( ∑ μ∈X (M) (μ, α, i)) yields k[Q(X (M), n)]/I = Ω̂(H(G)) + R^2. We may now apply [2, (1.2.8)] to see that Ω̂ is surjective.

As a result, the algebras H(G) and k[Q(X (M), n)]/I have the same dimension, so that Γ̂ and Ω̂ are isomorphisms. □ Lemma 2.3 Let U be V-uniserial. Then every extension e_k −→ α_p −→ V −→ U −→ e_k is commutative.

Proof. The group V is, as an extension of two unipotent groups, unipotent [4, (IV.§2 (2.3))]. Conjugation induces a homomorphism V −→ AUT (α_p) from V into the automorphism scheme of α_p. As the latter coincides with μ_k, the above map is trivial, and α_p lies in the center of V.

Since U is abelian, the commutator [a, b] := aba^{−1}b^{−1} belongs to the central subgroup α_p for every a, b ∈ V. There thus results an alternating bilinear map χ : U × U −→ α_p ; (ā, b̄) → [a, b]. Letting F : U −→ U^{(p)} be the Frobenius homomorphism, we obtain from [4, (IV.§3(4.7))] the identity V_{αp} (χ^{(p)}(F(ā), b̄)) = χ(ā, V_U (b̄)).

Since V_{αp} : α_p^{(p)} −→ α_p is trivial, the inverse image Z of V_U (U^{(p)}) under the canonical projection V −→ U is a central subgroup of length ℓ(V) − 1. It follows that H(V/Z) ∼= H(α_p) ∼= k[x]/(x^p). Consequently, H(Z) is central in H(V), and letting X ∈ H(V) be a pre-image of x under H(V) −→ H(V/Z), we obtain H(V) = H(Z)[X] + H(Z)^†H(V). Since the augmentation ideal H(Z)^† is the Jacobson radical of H(Z), this implies that H(V) = H(Z)[X] is abelian. As a result, the group V is commutative. □

Recall that the complexity c_{H(G)}(M) of a H(G)-module M is the rate of growth of a minimal projective resolution of M. If G^′ ⊂ G is a subgroup, then, observing that H(G) is a free H(G^′)- module [23, (2.6)], we have c_{H(G}′_)(M) ≤ c_{H(G)}(M). As H(α_pn ) ∼= k[X_1, . . . , X_n]/(X^p_1 , . . . , X^p_n) Künneth’s theorem implies c_{H(αpn )}(k) = n.

Theorem 2.4 Let G be a solvable infinitesimal group. Then B_0(G) is not tame.

Proof. Assume the theorem to be false, and let G be a counterexample of minimal order. Thanks to (1.2) the group G is supersolvable. Moreover, a consecutive application of (1.1(1)) and [11, (2.3)] ensures that G = U × M, where U is the unipotent radical of G, and M ⊂ G denotes a multiplicative subgroup.

Since G is supersolvable with trivial multiplicative center, rigidity (cf. [35, (7.7)]) implies the existence of a normal subgroup N ⊂ G such that N ∼= α_p. The unipotent normal subgroup N is contained in U, so that G/N ∼= [U/N ] × M. According to (1.1) the principal block B_0(G/N ) has finite representation type. Thus, [11, (2.7)] yields that U/N is Vuniserial. Owing to (2.3) the group U is commutative.

According to [4, (IV.§3(4.6))] the image U^′ := V_U (U^{(p)}) ⊂ U of the Verschiebung is a normal subgroup of G. If U^′ ≠ e_k, then the above arguments show that the factor group U/U^′ is V-uniserial. Since the Verschiebung annihilates this group [4, (IV.§3(4.6))], it readily follows from [4, (IV.§3(6.11))] that U/U^′ ∼= α_p. Thus, U is V-uniserial, and [11, (2.7)] implies that B_0(G) has finite representation type, a contradiction. Consequently, V_U (U^{(p)}) = e_k, so that [4, (IV.§3(6.11))] yields U ∼= ∏_r i=1 α_pni . Since B_0(G) is tame, Rickard’s Theorem [27, Thm.2] shows that c_{H(G)}(k) ≤ 2. Künneth’s theorem then gives rise to r∑ i=1 n_i = c_{H(}∏^r_{i=1 αpni )}(k) = c_{H(U)}(k) ≤ c_{H(G)}(k) ≤ 2.

Consequently, U ∼= α_p × α_p or U ∼= α_p2 , and we have dim_k H(U)^†/(H(U)^†)^2 = 2 in either case. Thanks to [11, (2.4)] the algebra H(G) ∼= B_0(G) has exactly one block.

We let H(M) operate on H(U) = k[T_1, T_2]/(T^p_1 , T^p_2 ) via the adjoint representation. As before, we can choose the generators T_1, T_2 to belong to H(M)-eigenspaces with characters λ_1 and λ_2, respectively. Let G be the subgroup generated by {λ_1, λ_2}. Then M^′ := Spec_k(k[X (M)/G]) is a closed subgroup of M that operates trivially on H(U). Thus, M^′ ⊂ M(G) = e_k, so that X (M) is generated by {λ_1, λ_2}. In view of [12, (2.2)] we have M ≠ e_k, whence 1 ≤ dim_{GF(p)} X (M)/pX (M) ≤ 2.

If the dimension equals 2, then λ_1 and λ_2 generate X (M) = Z/(p^n) × Z/(p^m), and M = μ_pn × μ_pm . We may now apply (2.2) to obtain the Gabriel quiver Q_{n,m} and the relations of H(G). The set of vertices is Z/(p^n) × Z/(p^m), and the arrows and relations are given by α_{(i,j)} : (i, j) → (i + 1, j), β_{(i,j)} : (i, j) → (i, j + 1) (i, j) ∈ Z/(p^n) × Z/(p^m), and c_{(i,j)} := β_{(i+1,j)}α_{(i,j)} − α_{(i,j+1)}β_{(i,j)}, p_{(i,j)} := α_{(i+p−1,j)} · · · α_{(i,j)}, q_{(i,j)} := β_{(i,j+p−1)} · · · β_{(i,j)} (i, j) ∈ Z/(p^n) × Z/(p^m), respectively. Let I_{n,m} be the set of relations and denote by mod_{(Qn,m,In,m)} the module category of the bound quiver (Q_{n,m}, I_{n,m}). As p ≥ 3, the category mod_{(Qn,m,In,m)} contains the module category of the following bound quiver, in which the relations are marked by dotted lines, as a full subcategory

• •

• • •

• •

•

···· ···· ···· ···· ···· ···· ···· ···· ···· ····

Here the downward arrow corresponds to (p^n − 1, 2) → (0, 2). According to [31, p.4] this module category is wild. Consequently, H(G) ∼= B_0(G) is wild, a contradiction.

Alternatively, X (M) ∼= Z/(p^n) is cyclic with generator λ_1, say. Hence there is 0 ≤ r ≤ p^n − 1 such that λ_2 = rλ_1. By the same token, we have M = μ_pn , and (2.2) shows that the Gabriel quiver of H(G) has set of vertices Z/(p^n), arrows α_i : i → i + 1, β_i : i → i + r i ∈ Z/(p^n), and relations c_i := β_{i+1}α_i − α_{i+r}β_i, p_i := α_{i+(p−1)} · · · α_i, q_i := β_{i+(p−1)r} · · · β_i i ∈ Z/(p^n). We denote this quiver by Q_{n,r}, and let I_{n,r} ⊂ k[Q_{n,r}] be the ideal generated by the set {c_i, p_i, q_i ; i ∈ Z/(p^n)}. In order to determine the representation type of the algebra k[Q_{n,r}]/I_{n,r} we construct a Galois covering of Q̃_{n,r} of Q_{n,r}. We define the set of vertices of Q̃_{n,r} to be Z/(p^n) × Z. The arrows are α̃_{i,j} : (i, j) → (i + 1, j) ; β̃_{i,j} : (i, j) → (i + r, j + 1). Given s ∈ Z, we let λ_s : Q̃_{n,r} −→ Q̃_{n,r} be the automorphism that is defined by λ_s(i, j) = (i, j + s). Observe that G := {λ_s ; s ∈ Z} ∼= Z is a subgroup of the automorphism group of Q̃_{n,r}.

We define π : Q̃_{n,r} −→ Q_{n,r} ; (i, j) → i. Direct computation now shows that Q̃_{n,r} is a Galois covering of Q_{n,r} with free Galois group G. Next, we put c̃_{i,j} := β̃_{i+1,j} · α̃_{i,j} − α̃_{i+r,j+1} · β̃_{i,j} ; p̃_{i,j} := α̃_{i+p−1,j} · α̃_{i+p−2,j} · . . . · α̃_{i,j} q̃_{i,j} := β̃_{i+(p−1)r,j+p−1} · β̃_{i+(p−2)r,j+p−2} · . . . · β̃_{i,j} . Let Ĩ_{n,r} := {c̃_{i,j}, p̃_{i,j}, q̃_{i,j} ; (i, j) ∈ Z/(p^n)×Z}. Since G is free [17, (3.5)] shows that the pushdown functor mod_(~_{Qn,r ,}~_{In,r)} −→ mod_{k[Qn,r]/In,r} sends indecomposables to indecomposables and reflects isomorphisms. Accordingly, the algebra k[Q_{n,r}]/I_{n,r} is wild whenever the category mod_(~_{Qn,r ,}~_{In,r)} enjoys this property. As p ≥ 3 the latter follows again by identifying a subquiver of the type given in the above picture. □

For r ≥ 1, we let G_r be the r-th Frobenius kernel of G. Recall that H(G_1) ∼= u(Lie(G)) is the restricted enveloping algebra of the Lie algebra of G.

Corollary 2.5 Let G be an infinitesimal group with tame principal block B_0(G).

(1) dim V_{Lie(G)} = 2 (2) If L := Lie(G) admits a self-centralizing torus, then L/T (L) ∼= sℓ(2). In particular, B_0(G_1) is tame.

Proof. (1). If dim V_{Lie(G)} ≤ 1, then [11, (2.1)] implies that G is supersolvable. As this contradicts (2.4), we have dim V_{Lie(G)} ≥ 2. The reverse inequality has already been noted.

(2). From (1) and [13, (4.3)] we conclude that L is either supersolvable, or L/T (L) ∼= sℓ(2). The former alternative entails the solvability of G. Since this contradicts (2.4), our result follows from (1.1(1)). □

Corollary 2.6 Let G be an infinitesimal group of characteristic p ≥ 3. Then the following statements hold:

(1) H(G) does not possess any tame, basic blocks.

(2) If G is trigonalizable, then H(G) does not possess any tame blocks.

Proof. (1). Let B ⊂ H(G) be a tame basic block. Then there exists a homomorphism λ : H(G) −→ k that sends the idempotent of B to 1. We consider the convolution λ ∗ id_{H(G)} that is given by (λ ∗ id_{H(G)})(h) = ∑ (h) λ(h_{(1)})h_{(2)} ∀ h ∈ H(G).

Letting ε : H(G) −→ k be the counit, we observe that ε ∘ (λ ∗ id_{H(G)}) = λ. Consequently, (λ ∗ id_{H(G)})(B) = B_0(G), implying that the principal block of H(G) is also basic and tame. Thanks to [32, (I.2.40)] the former property entails the supersolvability of G. In view of (2.4) we have thus arrived at a contradiction.

(2). Since G is trigonalizable, every block of H(G) is basic, and (1) yields the desired conclusion. □

3. The Generic α_p-Rank

In this section we collect a few subsidiary results involving the scheme of tori that we will require in our study of the structure of Lie algebras of tame infinitesimal groups. Throughout (L, [p]) is assumed to be a restricted Lie algebra, defined over the algebraically closed field k of characteristic p ≥ 3. If K ⊂ L is a p-subalgebra, then dim V_K will occasionally be referred to as the α_p-rank of K. In what follows, N(L) will be the nilpotent radical of L. Given a subspace V ⊂ L, we denote by V_p the smallest [p]-invariant subspace of L containing V . We let C_L(V ) be the centralizer of V in L, and begin by recording a technical result which will be frequently referred to in the sequel.

Lemma 3.1 Let T ⊂ L be a maximal torus. If dim V_L ≤ 1, then L is either abelian, or the root space decomposition relative to T consists of a single root space of dimension 1.

Proof. Suppose that L is not abelian. Thanks to [7, (3.2)] and [7, (4.3)] the abelian ideal N(L) has codimension 1. If T ⊂ N(L), then T = T (L), and [29, (II.4.1)] shows that L is nilpotent, a contradiction. Hence there exists a toral element t ∈ L, such that L = kt ⊕ N(L). By [7, (4.3)] there is a p-nilpotent element z ∈ N(L) such that N(L) = T (L)⊕(kz)_p. Consequently,

T (L) ⊕ (kz^{[p]})_p = N(L)^{[p]} ⊂ C(L), so that N(L) = C(L) + kz. Hence L = kt + N(L) = kt + C(L) + kz = C_L(T ) + kz. As L is not nilpotent, [29, (II.4.1)] implies L ≠ C_L(T ), proving that L admits a single root space of dimension 1. □

Given a torus T ⊂ L, we recall from [13, §1] the affine algebraic scheme T̃_L : M_k −→ Ens that associates to every commutative k-algebra R the set of split injective homomorphisms T ⊗_k R −→ L ⊗_k R of restricted R-Lie algebras. Observe that this set can be identified with the set of those homomorphisms φ : T −→ L ⊗_k R of restricted k-Lie algebras for which R φ(T ) is an R-direct summand of L ⊗_k R. According to [13, (1.3)] the scheme T̃_L is smooth. Consequently, its irreducible components are its connected components, and there exists exactly one irreducible component X_T ⊂ T̃_L such that the given inclusion T → L corresponds to a rational point x_0 ∈ X_T (k). By [13, (1.3)] X_T is an affine algebraic scheme, and we write X_T ∼= Spec_k(A) for some finitely generated integral domain A over k. We will henceforth identify these schemes and suppress the isomorphism.

We define L̃ := L ⊗_k A, and consider the universal embedding j : T → L̃ of restricted k-Lie algebras that corresponds to id_A ∈ Spec_k(A)(A). Any element φ ∈ T̃_L(R) can be obtained via specialization along an element x ∈ Spec_k(A)(R): φ = (id_L ⊗ x) ∘ j. For any A-direct summand P ⊂ L̃ and any x ∈ Spec_k(A)(k) we put P (x) := (id_L ⊗ x)(P ) ⊂ L. By general principles there exists a weight space decomposition

L̃ = L̃_0 ⊕ ⨁ α∈Φ L̃_α

of L̃ relative to T . Here Φ ⊂ T^∗ \ {0} is the finite set of weights, and for α ∈ Φ ∪ {0} the weight space L̃_α = {v ∈ L̃ ; [j(t), v] = α(t)v ∀ t ∈ T } is an A-direct summand of L̃. Given an arbitrary element x ∈ X_T (k), we have

L = L̃_0(x) ⊕ ⨁ α∈Φ L̃_α(x),

where L̃_α(x) = {v ∈ L ; [(id_L ⊗ x)(j(t)), v] = α(t)v ∀ t ∈ T } for α ∈ Φ ∪ {0}. In other words, if φ := (id_L ⊗ x) ∘ j is the embedding corresponding to x ∈ X_T (k), then L̃_α(x) is the root space with root α ∘ φ^{−1} relative to the torus φ(T ) ⊂ L. In particular, specialization along x_0 yields the root space decomposition

L = C_L(T ) ⊕ ⨁ α∈Φ L_α of L relative to T . According to general theory, the centralizer C_L(T ) of the torus T is a Cartan subalgebra of L if and only if T is a maximal torus (cf. [29, (II.4.1)]).

Let M be a restricted L-module, i.e., an L-module for which x^{[p]} ∈ L acts via the p-th power of x ∈ L. The restricted L-modules are precisely those L-modules whose structure can be lifted to the restricted enveloping algebra u(L). Given such a module M, the Amodule M̃ := M ⊗_k A carries the structure of an L̃-module, and we have a weight space decomposition M̃ = ⨁ λ∈Λ M̃_λ relative to T with weight spaces M̃_λ = {m ∈ M̃ ; j(t)m = λ(t)m ∀ t ∈ T }. As before, we set M̃(x) := (id_M ⊗ x)(M̃) for every x ∈ X_T (k).

Let P ⊂ L̃ be an A-direct summand of L̃. Thanks to [13, (2.5)] there exists a non-empty open subset U_P ⊂ X_T (k), and a natural number c_P (L, T ) ∈ N_0 such that

dim P (x) ∩ V_L = c_P (L, T ) ∀ x ∈ U_P .

The number c_P (L, T ) is the generic α_p-rank of the algebraic family (P (x))_{x∈XT (k)} of subspaces of L. Given a subset Ψ ⊂ T^∗, the A-submodule L̃^Ψ := ⨁ α∈Ψ L̃_α satisfies this condition, and we write c_Ψ(L, T ) := c~_LΨ (L, T ) as well as U_Ψ := U~_LΨ . For α ∈ Φ ∪ {0} we put (α) := GF(p)α and define c_α(L, T ) := c_{(α)}(L, T ) and U_α := U_{(α)}. Note that c_α(L, T ) is the generic α_p-rank associated to the p-subalgebra L̃^{(α)} := ⨁_{p−1} i=0 L̃_{iα} of L̃.

Lemma 3.2 Let T ⊂ L be a torus.

(1) c_0(L, T ) = 0 if and only if C_L(T ) = T .

(2) If T is a torus of maximal dimension, and c_0(L, T ) = 1, then L̃_0 is abelian.

Proof. (1). Suppose that c_0(L, T ) = 0. Let x ∈ U_0, and put φ := (id_L ⊗ x) ∘ j. Then V~_{L0(x)} = {0} and [29, (II.3.10)] shows that L̃_0(x) = C_L(φ(T )) is a torus. Since C_L(φ(T )) is self-normalizing, it is a Cartan subalgebra of L. Thus, (Aj(T ))(x) = φ(T ) is a maximal torus of L, and we conclude that (Aj(T ))(x) = L̃_0(x) for every x ∈ U_0. Since Aj(T ) and L̃_0 are A-direct summands of L̃, we have

dim_k C_L(T ) = dim_k L̃_0(x_0) = dim_k L̃_0(x) = dim_k(Aj(T ))(x) = dim_k(Aj(T ))(x_0) = dim_k T,

so that T = C_L(T ).

Conversely, assume that T = C_L(T ). Then we have dim_k(Aj(T ))(x_0) = dim_k L̃_0(x_0). As Aj(T ) and L̃_0 are A-direct summands of L̃, we conclude that (Aj(T ))(x) = L̃_0(x) for every x ∈ X_T (k). This shows that c_0(L, T ) = 0.

(2). By assumption we have dim V~_{L0(x)} = 1 for every x ∈ U_0. Since T has maximal dimension, (Aj(T ))(x) is a maximal torus of L, and L̃_0(x) is nilpotent (cf. [29, (II.4.1)]). It now follows from (3.1) that L̃_0(x) is abelian ∀ x ∈ U_0. Let {v_1, . . . , v_n} be a basis of L. Given r, s ∈ L̃_0 we write [r, s] = ∑_n i=1 v_i ⊗ a_i, where a_i ∈ A. For x ∈ U_0 we have n∑ i=1 x(a_i)v_i = (id_L ⊗ x)([r, s]) = [(id_L ⊗ x)(r), (id_L ⊗ x)(s)] = 0,

so that U_0 is contained in the zero locus Z( ∑_n i=1 Aa_i) of the ideal ∑_n i=1 Aa_i of A. Since U_0 ⊂ X_T (k) is dense, Hilbert’s Nullstellensatz implies a_i = 0 for all i, whence [r, s] = 0. □

We continue by recording basic facts concerning tori. The maximum dimension of all tori of L will be denoted μ(L).

Lemma 3.3 Let I ⊂ L be a p-ideal. Then the following statements hold:

(1) If T ⊂ L is a torus of maximal dimension, then (T + I)/I ⊂ L/I is a torus of maximal dimension.

(2) μ(L) = μ(I) + μ(L/I).

(3) Let T ⊂ L be a maximal torus. Then I is p-nilpotent if and only if T ∩ I = (0).

Proof. (1). We put L^′ := L/I and consider the canonical projection π : L −→ L^′. Note that T^′ := π(T ) = (T + I)/I is a torus of L^′. Let S ⊂ L^′ be a torus of maximal dimension. Pick a maximal torus T_1 of π^{−1}(S) such that T_1 ∩ I is a torus of I of maximal dimension. By [29, (II.4.5)] we have π(T_1) = S, so that

dim_k S = dim_k T_1 − dim_k T_1 ∩ I ≤ dim_k T − dim_k T_1 ∩ I ≤ dim_k T − dim_k T ∩ I = dim_k T^′.

Consequently, we have equality throughout, and T^′ has maximal dimension.

(2). The foregoing calculation shows μ(L^′) = μ(L) − μ(L ∩ I).

(3). Suppose that T ∩ I = (0). We decompose I into its weight spaces relative to T , and write I = I_0 ⊕ ⨁ α∈Φ I_α. Since T commutes with I_0, our current assumption implies that I_0 does not contain any semisimple elements. Let x ∈ I_α. According to [29, (II.3.5)] the element x = x_s + x_n decomposes into its semisimple and p-nilpotent parts. Since I^{[p]}_α ⊂ I_0, we see that x_s ∈ I_0 is semisimple. Thus, x = x_n is p-nilpotent. By the Engel-Jacobson Theorem (cf. [29, (I.3.1)]) the ideal I is nilpotent. Since T (I) = T (L) ∩ I ⊂ T ∩ I = (0), our assertion follows. □

We let G_L := AUT (L)^∘ be the connected component of the automorphism scheme of the restricted Lie algebra (L, [p]). Given Ψ ⊂ T^∗, we put L^Ψ := L̃^Ψ(x_0) = ⨁ α∈Ψ L_α and let Q^Ψ be the largest G_L-invariant ideal of L contained in L^Ψ. For α ∈ Φ ∪ {0}, let V^{(α)} := ⨁ β∈Φ\GF(p)α Lβ . Then V (α) is an L^{(α)}-submodule of L, and C_L(α) (V^{(α)}) is the kernel of the representation L^{(α)} −→ gl(V^{(α)}). In particular, Q^{(α)} ⊂ C_L(V^{(α)}).

Lemma 3.4 Let T ⊂ L be a torus, M a restricted L-module, Ψ ⊂ T^∗.

(1) If N ⊂ M is an L-submodule such that there is Γ ⊂ Λ with N ⊂ ⨁ λ∈Γ M̃_λ(y) for some y ∈ X_T (k), then N ⊂ ⨁ λ∈Γ M̃_λ(x) for all x ∈ X_T (k).

(2) Q^Ψ = ⋂ x∈X_T (k) L̃ Ψ(x) (3) If c_Ψ(L, T ) = dim V_L, then dim Q^Ψ ∩ V_L = dim V_L.

Proof. (1). We consider the restricted L̃-module Ñ := N ⊗_k A ⊂ M̃. Let Ñ = ⨁ γ∈Ω Ñ_γ be its weight space decomposition. Then we have

N = Ñ(x) = ⨁ γ∈Ω Ñ_γ (x) ∀ x ∈ X_T (k).

Since Ñ_γ is an A-direct summand of Ñ, the function x → dim_k Ñ_γ (x) is constant on X_T (k). Hilbert’s Nullstellensatz now yields Ñ_γ (y) ≠ (0) for every γ ∈ Ω. Consequently, Ω ⊂ Γ, as desired.

(2). Thanks to [13, (3.4)] the A-module L̃^Ψ is invariant under the diagonal action of G_L on L̃. We may now apply [13, (2.2)] to see that I_{XT (k)}(L̃^Ψ) := ⋂ x∈X_T (k) L̃ Ψ(x) ⊂ L^Ψ is a G_L-invariant ideal of L. Consequently, I_{XT (k)}(L̃^Ψ) ⊂ Q^Ψ. Since Q^Ψ ⊂ L^Ψ = L̃^Ψ(x_0) is a submodule of L, the reverse inclusion follows directly from (1).

(3). As c_Ψ(L, T ) = dim V_L, [13, (2.1)] and (2) imply that

dim Q^Ψ ∩ V_L = dim I_{XT (k)}(L̃^Ψ) ∩ V_L = dim V_L. □

In the following rad_p(L) will denote the p-nilpotent radical of the restricted Lie algebra (L, [p]). Our next result extends [13, (4.3)] by providing information on the root systems of certain Lie algebras of α_p-rank 2.

Lemma 3.5 Let L be centerless and of α_p-rank 2. Suppose that T ⊂ L is a torus of maximal dimension such that c_0(L, T ) = 1. Then there exists a dense open subset U ⊂ X_T (k) and a root α_0 ∈ Φ such that dim V~_L(α_0) (x) = 2 for every x ∈ U.

Proof. Since c_0(L, T ) = 1 we have 1 ≤ c_α(L, T ) ≤ 2 for every α ∈ Φ. Suppose c_α(L, T ) = 1 for every α ∈ Φ. Then there exists a nonempty open subset O_1 ⊂ X_T (k) such that dim V~_L(α)_{(x)} = 1 for every x ∈ O_1 and α ∈ Φ. Since T is a torus of maximal dimension, L̃_0(x) is a Cartan subalgebra of L, and (3.1) implies

L̃^{(α)}(x) = L̃_0(x) ⊕ L̃_α(x) ∀ x ∈ O_1,

as well as dim_k L̃_α(x) = 1 ∀ x ∈ O_1.

As the function x → dim_k L̃_α(x) is constant on X_T (k), we conclude that dim_k L_α = 1 for every α ∈ Φ.

Owing to (3.2(2)) the algebra H := C_L(T ) = L̃_0(x_0) is abelian, so we have a decomposition H = T ⊕ rad_p(H). In view of the above [rad_p(H), L_α] = (0), and we conclude that rad_p(H) is contained in C(L) = (0). Thus H = T is a torus, and (3.2(1)) yields c_0(L, T ) = 0, a contradiction. Accordingly, there exists a root α_0 ∈ Φ, and a dense open subset U ⊂ X_T (k) such that dim V~_L(α_0)_{(x)} = 2 for every x ∈ U. □

4. Characteristic Semisimple Lie Algebras

In this section we will employ the geometric methods of §3 to classify certain Lie algebras of α_p-rank 2. Since the Lie algebras of tame, semisimple infinitesimal groups belong to this class, our results are also a key ingredient in our determination of these group schemes.

Throughout, we let (L, [p]) be a restricted Lie algebra with automorphism scheme G_L = AUT (L)^∘. Recall our general convention p ≥ 3.

We begin by recording a few basic properties of Lie algebras whose roots generate a GF(p)-vector space of dimension 1.

Lemma 4.1 Let T ⊂ L be a maximal torus. Suppose that T (L) = (0) and that there is α ∈ Φ such that Φ ⊂ GF(p)α.

(1) Let β ∈ Φ be a root. Every element x ∈ L_β is p-nilpotent. (2) If I ⊂ L is a p-ideal, then either I is p-nilpotent, or ∑ β∈Φ[L_β , L_{−β}] ⊕ ⨁ β∈Φ L_β ⊂ I. (3) If [L_β , L_{−β}] = (0) for every β ∈ Φ, then L is solvable.

Proof. (1). Given β ∈ Φ, we decompose an element x ∈ L_β into its semisimple and nilpotent parts, and write x = x_s +x_n. Then x_s ∈ (kx^{[p]})_p ⊂ C_L(T ) = H is semisimple, so that x_s ∈ T . Since 0 = [x_s, x] = β(x_s)x, it follows that x_s ∈ ker β. Thus, x_s ∈ ⋂ γ∈Φ ker γ = T (L) = (0).

As a result, x = x_n is p-nilpotent.

(2). Let I ⊂ L be a p-ideal. Since T (L) = (0), it follows that dim_k T ≤ 1. If I ∩ T = (0), then, (3.3(3)) yields the p-nilpotence of I. Alternatively, T ⊂ I, and we have L_β ⊂ I for every β ∈ Φ, so that ⨁ β∈Φ L_β ⊂ I. This readily implies our assertion.

(3). In view of (1), our assumption implies that ⋃ β∈Φ L_β is a nil Lie set of L. By the Engel-Jacobson theorem, the ideal ⨁ β∈Φ L_β is nilpotent. Consequently, the Lie algebra L is solvable. □

Definition. A Lie algebra L ≠ (0) is called characteristic semisimple if it does not possess any non-zero solvable G_L-invariant p-ideals.

Theorem 4.2 If L is characteristic semisimple and of α_p-rank 2, then L ∼= sℓ(2).

Proof. Let T ⊂ L be a torus of maximal dimension. Since L is characteristic semisimple, the Cartan subalgebra H = C_L(T ) does not contain any non-zero G_L-invariant p-ideals of L. Thus, (3.4(3)) yields 0 ≤ c_0(L, T ) ≤ 1. Assume that c_0(L, T ) = 1.

(i) There exists α_0 ∈ Φ such that Φ ⊂ GF(p)α_0.

Since c_0(L, T ) = 1, Lemma 3.5 applies and there exists a root α_0 ∈ Φ such that c_{α0} (L, T ) = 2. Owing to (3.4(3)) the p-ideal Q^{(α0)} has α_p-rank 2. Since T (Q^{(α0)}) ⊂ T (L) = (0), we have ker α_0|_{T ∩Q}(α_0) = (0), so that dim_k T ∩ Q^{(α0 )} ≤ 1.

If Q^{(α0 )} ∩ T = (0) we apply (3.3(3)) to see that Q^{(α0)} is a p-nilpotent G_L-invariant p-ideal of L. This, however, contradicts the characteristic semisimplicity of L.

Thus, Q^{(α0 )} ∩ T is one-dimensional, and C_L(Q^{(α0 )}) ∩ Q^{(α0)} ⊂ C(Q^{(α0 )}) ⊂ Q^{(α0 )}_0 ⊂ H is a G_L-invariant p-ideal of L. This implies C_L(Q^{(α0 )}) ∩ Q^{(α0 )} = (0), so that

2 = dim V_Q(α_0)_{⊕CL(Q}(α_0)_) = dim V_Q(α_0) + dim V_{CL(Q}(α_0)_) = 2 + dim V_{CL(Q}(α_0)_).

Hence C_L(Q^{(α0 )}) is a toral p-ideal and C_L(Q^{(α0 )}) = (0). Since L_β ⊂ C_L(Q^{(α0 )}) for all β ∈ Φ \ GF(p)α_0, we obtain Φ ⊂ GF(p)α_0.

(ii) Φ = {α_0, −α_0}.

Since L is not solvable, (4.1(3)) provides a root β_0 ∈ Φ such that L_{−β0} ≠ (0). We consider Ψ := {0, β_0, −β_0} as well as the A-direct summand L̃^Ψ = L̃_0 ⊕ L̃_{β0} ⊕ L̃_{−β0} of L̃. Note that 1 ≤ c_Ψ(L, T ) ≤ 2.

Suppose that c_Ψ(L, T ) = 1. By switching to another element of X_T (k) if necessary we may assume without loss of generality that dim L^Ψ ∩ V_L ≤ 1. By (3.2(2)) H is abelian, so there are one-dimensional H-submodules kx ⊂ L_{β0} , and ky ⊂ L_{−β0} . Hence S := H ⊕kx⊕ky is a p-subalgebra of L that is contained in L^Ψ. This implies dim V_S ≤ 1, which contradicts (3.1).

Consequently, c_Ψ(L, T ) = 2, and (3.4(3)) implies dim Q^Ψ ∩ V_L = 2. Since Q^Ψ ⊂ L^Ψ, we have Q^Ψ = Q^Ψ_0 ⊕ Q^Ψ_{β0} ⊕ Q^Ψ_{−β0} . Thus, Q^Ψ_p ⊂ L^Ψ is a G_L-invariant p-ideal, which, by characteristic semisimplicity, is not p-nilpotent. Hence (4.1(2)) yields ⨁ β∈Φ L_β ⊂ Q^Ψ, and Φ ⊂ {β_0, −β_0}. Since L_{α0} ≠ (0), our assertion follows.

For i ∈ {1, −1} we put Ψ_i := {0, iα_0}, and consider L̃^{Ψi} = L̃_0 ⊕ L̃_{iα0} . If c_{Ψi} (L, T ) = 2, then the arguments employed in (ii) provide a nonzero G_L-invariant p-ideal contained in L^{Ψi} . By (4.1(2)) we thus have L_{−iα0} ⊂ L^{Ψi} . As p ≥ 3, this contradicts (ii).

Consequently, c_{Ψi} (L, T ) = 1 for i = 1, −1, and by switching to another torus of X_T (k) if necessary, we may assume that

(a) H = kt ⊕ (kz_0)_p is abelian, z^{[p]n}_0 = 0 ≠ z^{[p]n−1}_0 for some n ≥ 1, α_0(t) = 1, and (b) dim V_L ∩ (H ⊕ L_{α0} ) = 1 = dim V_L ∩ (H ⊕ L_{−α0} ).

We consider the p-subalgebra Q = C_L(z_0) = C_L(rad_p(H)). Since the maximal torus T = kt is contained in Q, we have Q = Q_{α0} ⊕ H ⊕ Q_{−α0} .

(iii) L_γ = Q_γ for γ ∈ {α_0, −α_0}.

Suppose that Q_{α0} ≠ L_{α0} . From the decomposition of L_{α0} into its (adz_0)-cyclic spaces we obtain the existence of x ∈ Q_{α0} and y ∈ L_{α0} such that x = [z_0, y]. Let q := [x, y]. We propose to show that q = 0. Since q ∈ L_{2α0} this is clear for p ≥ 5. We thus assume that p = 3. As [z_0, q] = [[z_0, x], y] + [x, [z_0, y]] = [x, x] = 0, the element q belongs to Q_{−α0} . In view of (a), (4.1(1)) entails L^{[3]}_γ ⊂ rad_3(H) for γ ∈ {α_0, −α_0}. Observing [q, y] ∈ H, we thus obtain λ, ξ ∈ k, v ∈ rad_3(H)^{[3]}, and w ∈ rad_3(H) such that

q^{[3]} = λz_0 + v ; [q, y] = ξt + w.

As q ∈ Q_{−α0} we have [q, [q, y]] = ξ[q, t] = ξq, whence [q^{[3]}, y] = (ad q)^3(y) = 0. By virtue of [rad_3(H)^{[3]}, y] = (0), this yields

0 = [q^{[3]}, y] = [λz_0 + v, y] = λ[z_0, y] = λx,

so that λ = 0 and q^{[3]} = z^{[3]} for some z ∈ rad_3(H). Since q and z commute, we have q − z ∈ V_L. By the same token k(q − z) + kz^{[3]n−1}_0 ⊂ V_L ∩ (H ⊕ L_{−α0} ), and condition (b) now implies q = 0.

Returning to the general condition p ≥ 3, we conclude that S := H ⊕ kx ⊕ ky is a p-subalgebra of L, which, owing to (b), has α_p-rank 1. This, however, contradicts (3.1). We obtain Q_{α0} = L_{α0} , and the equality Q_{−α0} = L_{−α0} follows analogously.

In view of (iii), the radical rad_p(H) operates trivially on the root spaces. Since H is abelian, we obtain rad_p(H) ⊂ C(L) = (0). Consequently, H = T , and (3.2(1)) yields c_0(L, T ) = 0, a contradiction.

Hence we have c_0(L, T ) = 0. Since T (L) = (0) a consecutive application of (3.2(1)) and [13, (4.3)] now implies L ∼= sℓ(2). □

In the sequel, we let R(L) be the solvable radical of the Lie algebra L. Note that Lie(R(G)) ⊂ R(Lie(G)) for every infinitesimal group G.

Corollary 4.3 Let G be an infinitesimal group such that B_0(G) is tame.

(1) If G is semisimple, then Lie(G) ∼= sℓ(2).

(2) We have Lie(G)/R(Lie(G)) ∼= sℓ(2) as well as R(Lie(G)) = Lie(R(G)).

Proof. (1). Since B_0(G) is tame, (2.5) shows that the characteristic semisimple Lie algebra Lie(G) has α_p-rank 2. Our assertion thus follows directly from (4.2).

(2). Let Ḡ := G/R(G). According to (2.4) Ḡ ≠ e_k is not supersolvable, and (1.1(3)) implies that B_0(Ḡ) is tame. Thanks to (1) we have Lie(Ḡ) ∼= sℓ(2). Consider the exact sequence (0) −→ Lie(R(G)) −→ Lie(G) −→ Lie(Ḡ).

If Lie(G)/Lie(R(G)) has α_p-rank ≤ 1, then [11, (2.1)] implies that Lie(G) is solvable. Consequently, G is solvable, which contradicts (2.4). As a result, Lie(G)/Lie(R(G)) is, as a p-subalgebra of Lie(Ḡ) ∼= sℓ(2) of α_p-rank 2, isomorphic to the latter. This readily yields the desired result. □

5. Semisimple Infinitesimal Groups of Tame Type

In this section we turn to the classification of semisimple infinitesimal groups with tame principal blocks. We begin by considering two classess of such groups. For a natural number n ≥ 1 we let A_{[n]} and Q_{[n]} be the closed subgroups of SL(2) that are given by

A_{[n]}(R) := { ( a b c d ) ∈ SL(2)(R) ; a^{pn} = 1 = d^{pn} , b^{p2} = 0 = c^p} and Q_{[n]}(R) := { ( a b c d ) ∈ SL(2)(R) ; a^{pn} = 1 = d^{pn} , b^p = 0 = c^p}

for every commutative k-algebra R, respectively. Note that Q_{[n]} is the n-th Frobenius kernel of the product SL(2)_1T of the first Frobenius kernel of SL(2) with the standard torus T ⊂ SL(2).

Let G = A_{[n]}, Q_{[n]}. Recall that η and ε denote the antipode and the augmentation of H(G), respectively. As before we will write the composition of the character group X (G) additively. Note that X (G) ∼= X (G/G_1) ∼= X (μ_pn−1 ) ∼= Z/(p^{n−1}). In the sequel we will occasionally identify elements of G with homomorphisms G −→ μ_k.

Throughout this section the notions “G-module” and “H(G)-module” will be used interchangeably. Given a G-module M and λ ∈ X (G), we put M_λ := M ⊗_k k_λ. Note that M → M_λ is an auto-equivalence of the module category mod_{H(G)}. The invariants of M relative to a subgroup H ⊂ G will be denoted M^H. We will occasionally write M|_H for the restriction of M to the Hopf algebra H(H) ⊂ H(G).

Lemma 5.1 Suppose that G = A_{[n]}, Q_{[n]}, and let M, N be simple G-modules.

(1) If Hom_{H(G1)}(M, N) ≠ (0), then there is λ ∈ X (G) such that N ∼= M_λ. (2) M|_{G1} is simple.

(3) M ∼= M_λ if and only if λ = ε.

Proof. (1). We endow Hom_k(M, N) with the canonical structure of a H(G)-module via

(x · f)(m) := ∑ (x) x_{(1)}f(η(x_{(2)})m) ∀ f ∈ Hom_k(M, N), m ∈ M.

Since G_1 is a normal subgroup of G, the subspace Hom_{H(G1)}(M, N) obtains the structure of a H(G/G_1)-module. As G/G_1 → α_p × μ_pn−1 is trigonalizable, there exists a character λ ∈ X (G) with λ|_{H(G1)} = ε, and a non-zero φ ∈ Hom_k(M, N) such that x · φ = λ(x)φ ∀ x ∈ H(G). Consequently, observing the cocommutativity of H(G) along with η^2 = id_{H(G)}, we obtain, φ(xm) = ∑ (x) ε(x_{(1)})φ(x_{(2)}m) = ∑ (x) x_{(1)}η(x_{(2)})φ(x_{(3)}m) = ∑ (x) x_{(1)}λ(η(x_{(2)}))φ(m).

As a result, φ : M −→ N_{−λ} is, as a non-zero homomorphism between two simple G-modules, an isomorphism. Hence M ∼= N_{−λ}, so that N ∼= M_λ.

(2). Let V ⊂ M|_{G1} be a simple G_1-module. According to [20, (II.3.15)] there is an SL(2)- module structure on V that restricts to the given G_1-structure. Consequently, V is a simple G-module such that V |_{G1} → M|_{G1} . By (1) we have V ∼= M_λ for some λ ∈ X (G), so that V |_{G1} ∼= (M_λ)|_{G1} ∼= M|_{G1} . Consequently, M|_{G1} is simple.

(3). Suppose that M ∼= M_λ. According to (2) and Schur’s Lemma the H(G/G_1)- module Hom_{H(G1)}(M, M_λ) is one-dimensional. By the same token, Hom_{H(G1)}(M, M) = Hom_{H(G)}(M, M) is the trivial G-module, and we have

Hom_{H(G1)}(M, M_λ) ∼= (M^∗ ⊗_k M ⊗_k k_λ)^{G1} ∼= (M^∗ ⊗_k M)^{G1} ⊗_k k_λ ∼= Hom_{H(G1)}(M, M)⊗_k k_λ ∼= k_λ.

Let φ be the given isomorphism. Then φ induces an isomorphism Hom_{H(G1)}(M, M) −→ Hom_{H(G1)}(M, M_λ) ; f → φ ∘ f of G-modules. Consequently, k ∼= k_λ, and λ = ε. □

Let G = A_{[n]}, Q_{[n]} and consider the characters ν, α : G −→ μ_k that are given by ν( ( a b c d ) ) = a^{2p} and α( ( a b c d ) ) = d^p,

respectively. As p ≥ 3, both characters generate X (G), and we have ν = −2α.

In order to determine the Gabriel quiver of the Hopf algebra H(G), we require the following two subsidiary results.

Proposition 5.2 Suppose that G = A_{[n]}, Q_{[n]}, and let M, N be simple G-modules.

(1) If G = Q_{[n]}, then we have Ext^1_{H(G)}(M, M_λ) = (0) for every λ ∈ X (G). (2) If G = A_{[n]}, then we have dim_k Ext^1_{H(G)}(M, M_λ) = δ_{ν,λ} for every λ ∈ X (G). (3) If M|_{G1} ≁= N|_{G1} , then we have an isomorphism Ext^1_{H(G)}(M, N) ∼= Ext^1_{H(G1)}(M, N)^G .

Proof. We put S := Hom_k(M, N) and consider the following terms of cohomology five-term sequence (cf. [28, (11.2)]):

(0) −→ H^1(G/G_1, S^{G1} ) −→ H^1(G, S) −→ H^1(G_1, S)^G −→ H^2(G/G_1, S^{G1} ).

Turning to (1) and (2) we set N := M_λ. According to (5.1(2)) and ([26, Thm.1] or [14, p.15]) we have H^1(G_1, S) ∼= Ext^1_{H(SL(2)1 )}(M, M) = (0). There thus results an isomorphism

H^1(G, S) ∼= H^1(G/G_1, S^{G1} ).

From the proof of (5.1(3)) we recall that S^{G1} ∼= Hom_{H(G1)}(M, M_λ) ∼= k_λ. Accordingly, we obtain Ext^1_{H(G)}(M, M_λ) ∼= H^1(G/G_1, k_λ).

Here we have identified λ with the corresponding character G/G_1 −→ μ_k. Part (1) now follows from the fact that the Hopf algebra H(G/G_1) is semisimple. Now suppose that G = A_{[n]}. Since M(G/G_1) = e_k we may apply [11, (2.4)] to see that the algebra H(G/G_1) has exactly one block. Let ω : G/G_1 −→ μ_k be the character induced by ν. By the proof [12, (4.1)] we have dim_k H^1(G/G_1, k_λ) = δ_{λ,ω}, whence dim_k Ext^1_{H(G)}(M, M_λ) = δ_{λ,ν} .

(3). By virtue of (5.1(2)) the restrictions of M and N to G_1 are simple, so that S^{G1} = (0). The desired isomorphism now follows directly from the above exact sequence. □

We recall a few basic facts concerning simple SL(2)-modules. For each natural number n ≥ 0 there exists a unique simple SL(2)-module L(n) whose highest weight is the character of T that raises the (1, 1)-entry of a diagonal matrix to its n-th power. For 0 ≤ n ≤ p − 1, the module L(n)|_{SL(2)1} is simple of dimension n + 1, and every simple SL(2)_1-module arises in this fashion. Since all simple SL(2)-modules are self-dual (cf. [20, (II.3.13)]), a G_1-module V = L(n)|_{SL(2)1} gives rise to a self-dual G-module Ṽ = L(n)|_G . Thanks to (5.1) Ṽ is the unique self-dual G-module whose restriction coincides with V . Let W be another simple G_1-module. Using standard properties of duality, and the fact that X → X_{λ+γ} is an autoequivalence of mod_{H(G)}, we obtain

Ext^1_{H(G)}(Ṽ_λ, W̃_γ ) ∼= Ext^1_{H(G)}((W̃_γ )^∗, (Ṽ_λ)^∗) ∼= Ext^1_{H(G)}(W̃_{−γ} , Ṽ_{−λ}) ∼= Ext^1_{H(G)}(W̃_λ, Ṽ_γ ).

Proposition 5.3 Let λ ∈ X (G) be a character. Suppose that V ≁= W are two simple G_1- modules such that dim_k Ext^1_{H(G1)}(V, W ) = 2.

(1) If G ∼= A_{[n]}, then dim_k Ext^1_{H(G)}(Ṽ , W̃_λ) = δ_{λ,α} = dim_k Ext^1_{H(G)}(W̃ , Ṽ_λ). (2) If G ∼= Q_{[n]}, then dim_k Ext^1_{H(G)}(Ṽ , W̃_λ) = δ_{λ,α} + δ_{λ,−α} = dim_k Ext^1_{H(G)}(W̃ , Ṽ_λ).

Proof. We write V = L(n)|_{SL(2)1} , W = L(m)|_{SL(2)1} , and consider the G-modules Ṽ and W̃ . Since n+m = p−2 (cf. [26, Thm.1]) the main theorem of [25, p.171] provides an isomorphism

Ext^1_{H(G1)}(V, W ) ∼= L(1)^{(p)}

of SL(2)-modules. Here the L(1)^{(p)} is the Frobenius twist of the natural SL(2)-module L(1).

Given an arbitrary H(G)-module M, we consider the functor Hom_{H(G1)}(M, ·) : mod_{H(G)} −→ mod_{H(G)}. For λ ∈ X (G) the twist T_λ(X) = X_λ is an auto-equivalence of mod_{H(G)} such that

Hom_{H(G1)}(M, T_λ(N)) ∼= (M^∗ ⊗_k N ⊗_k k_λ)^{G1} ∼= (M^∗ ⊗_k N)^{G1} ⊗_k k_λ ∼= T_λ(Hom_{H(G1 )}(M, N)).

Thus, the functors T_λ ∘ Hom_{H(G1)}(M, ·) and Hom_{H(G1)}(M, ·) ∘ T_λ are naturally equivalent, and the same holds for the derived functors Ext^n_{H(G1)}(M, ·). There results an isomorphism Ext^1_{H(G1)}(M, N_λ) ∼= Ext^1_{H(G1)}(M, N) ⊗_k k_λ of H(G)-modules, so that in particular

Ext^1_{H(G1)}(Ṽ , W̃_λ) ∼= L(1)^{(p)} ⊗_k k_λ

as H(G)-modules. Since Ext^1_{H(G1)}(Ṽ , W̃_λ)^G ∼= Hom_{H(G)}(k_{−λ}, L(1)^{(p)}) the left-hand identities of (1) and (2) now follow from (5.2(3)) and the fact that Soc_{H(G)}(L(1)^{(p)}) ∼= k_{−α} for G = A_{[n]} and Soc_{H(G)}(L(1)^{(p)}) ∼= k_α ⊕ k_{−α} for G = Q_{[n]}. The right-hand identities are a direct consequence of the observation preceding (5.3). □

Our last subsidiary result characterizes the groups studied above in terms of their representation theory.

Lemma 5.4 Suppose that G ⊂ SL(2) is an infinitesimal group of height n ≥ 1 such that (a) G_1 = SL(2)_1, and (b) B_0(G/G_1) has finite representation type.

Then the following statements hold:

(1) If G/G_1 is not multiplicative, then G ∼= A_{[n]} for n ≥ 3, and G ∼= A_{[1]}, A_{[2]} for n = 2. (2) If G/G_1 is multiplicative, then G ∼= Q_{[n]}.

Proof. (1). A consecutive application of [35, (8.3)] and [4, (IV.§2(1.1))] shows that every infinitesimal, unipotent subgroup of SL(2) of height r is isomorphic to α_pr . In view of [4, (IV.§3(6.11))] such a group is V -uniserial if and only if r = 1. Since the toral radical of Lie(G/G_1) ⊂ sℓ(2) is trivial, we have M(G/G_1) = e_k. In view of (b), [11, (2.7)] provides a natural number ℓ ≥ 0 such that G/G_1 ∼= α_p × μ_pℓ . Note that the height of G is n = ℓ + 1 for ℓ ≥ 2, and 2 for ℓ = 0, 1. Let F : SL(2) −→ SL(2)^{(p)} be the Frobenius homomorphism. By the above, there exists g ∈ GL(2)(k) such that gF(G)g^{−1}(R) = { ( a b 0 d ) ∈ SL(2)^{(p)}(R) ; a^{pℓ} = 1 = d^{pℓ} , b^p = 0}

for every commutative k-algebra R. Since k is perfect, we can find an element h ∈ GL(2)(k) such that F(h) = g. This implies hGh^{−1}(R) ⊂ A_{[ℓ+1]}(R). By (a) both groups have order p^{ℓ+4}, and we obtain G ∼= A_{[ℓ+1]}, as desired.

(2). This can be shown analogously. □

We are now in a position to establish the main result of this section. When dealing with path algebras and relations we will follow the conventions of [1, Chapter III]. Recall that an algebra Λ with basic algebra k[Q]/I is called special biserial if

(a) any vertex of Q is the starting point and end point of at most two arrows, and (b) for any arrow α there exists at most one arrow β ending at the starting point of α such that α ∘ β ∉ I, and

(c) for any arrow α there exists at most one arrow γ starting at the endpoint of α such that γ ∘ α ∉ I. Theorem 5.5 Let G be a semisimple infinitesimal group of characteristic p ≥ 3. Then the following statements are equivalent:

(1) B_0(G) is tame.

(2) There exists n ≥ 1 such that G ∼= Q_{[n]}. (3) H(G) is special biserial. (4) H(G) is tame.

Proof. (1) ⇒ (2). Suppose that B_0(G) is tame. According to (4.3) we have Lie(G) ∼= sℓ(2). Consequently, the adjoint representation of G gives rise to a homomorphism ϱ : G −→ AUT (sℓ(2)) ∼= PSL(2) of group schemes whose differential Lie(ϱ) : sℓ(2) −→ sℓ(2) is bijective. Hence ϱ is a closed embedding, and in view of [4, (II.§7 (4.1))] the image ϱ(G) contains the first Frobenius kernel of PSL(2). As G is infinitesimal, the homomorphism ϱ factors through a suitable Frobenius kernel of PSL(2). But PSL(2) is a factor group of SL(2) by an étale subgroup, so PSL(2)_r ∼= SL(2)_r for every r ≥ 1. Consequently, we may consider G a closed subgroup of SL(2) such that G_1 = SL(2)_1.

By (1.1(2)) the principal block of G/G_1 → SL(2) is representation-finite or tame. In the latter case its Lie algebra, being a subalgebra of sℓ(2) of α_p-rank 2, coincides with sℓ(2). Thus, we have ord(G_2) = ord(SL(2)_2), whence G_2 = SL(2)_2. From [30, (7.8),(6.8)] we obtain

c_{H(G)}(k) ≥ c_{H(G2)}(k) = c_{H(SL(2)2 )}(k) = 3,

which contradicts Rickard’s Theorem [27, Thm.2]. Consequently, B_0(G/G_1) is representationfinite, and G satisfies the conditions of Lemma 5.4. Hence G is isomorphic to A_{[n]} or Q_{[n]}.

Suppose that G ∼= A_{[n]}, and note that X (G) ∼= X (G/G_1) ∼= X (μ_pn−1 ) ∼= Z/(p^{n−1}). Recall that ν is a generator of X (G). Owing to (5.2) two simple G-modules M, N belong to the same block if and only if N ∼= M_λ for some λ ∈ X (G), and N|_{G1} belongs to the block of M|_{G1} . In view of [26, 14] the simple modules of the principal block B_0(G) are given by the twists of Ṽ := L(p − 2)|_G and k, respectively. Now (5.1(3)) in conjunction with (5.2), (5.3) and the identity ν = −2α shows that the Gabriel quiver Q of B_0(G) has vertex set G = Z/(p^{n−1}) × Z/(2) and arrows α_{(i,j)} : (i, j) → (i + 1, j) ; β_{(i,j)} : (i, j) → (i + r, j + 1), where r :=^{pn−1−1}_2 . In particular, two arrows start and end at each vertex.

We continue by showing that the paths α_{(1,0)} ∘ α_{(0.0)} and β_{(1,0)} ∘ α_{(0,0)} are not summands of any relation in k[Q]. Let I denote the ideal of k[Q] that is generated by the relations of B_0(G). Thus, k[Q]/I and B_0(G) are Morita equivalent. In the above presentation of Q the vertices are labelled in such a way that the idempotents e_{(i,0)} and e_{(i,1)} correspond to the B_0(G)-modules k_{iν} , and Ṽ_{iν} , respectively. According to [11, (2.7)] the algebra H(G/G_1) is a (basic) Nakayama algebra. As p ≥ 3, H(G/G_1) ∼= H(α_p × μ_pn−1 ) thus possess a uniserial module of length 3 with top k. Its pull-back N to H(G) is uniserial, has composition factors (listed from top to bottom) k, k_ν , and k_{2ν} . In particular, the H(G)-module N belongs to B_0(G). Consequently, k[Q]/I possesses a uniserial module M = (M_q)_{q∈Q} of length 3 with composition factors corresponding to the idempotents e_{(0,0)}, e_{(1,0)}, and e_{(2,0)}. Thus, for n ≥ 2, we have M_{(i,j)} = k for (i, j) = (0, 0), (1, 0), (2, 0) and M_{(i,j)} = (0) otherwise. The non-zero maps are α^M_{(0,0)} = id_k = α^M_{(1,0)}. For n = 1, M_{(0,0)} = kv_1 ⊕kv_2 ⊕kv_3 is the only non-zero vertex, and the only non-zero map α^M_{(0,0)} satisfies α^M_{(0,0)}(v_1) = v_2, α^M_{(0,0)}(v_2) = v_3, and α^M_{(0,0)}(v_3) = 0. In either case α_{(1,0)} ∘ α_{(0,0)} is the only path of length ≥ 2 starting at (0, 0) and ending at (2, 0) that does not annihilate M. As a result, this path is not a summand of a relation of B_0(G).

In order to deal with the path β_{(1,0)} ∘ α_{(0,0)}, we consider the simple G-module Ṽ = L(p−2)|_G as well as the projective cover P_1(Ṽ ) of Ṽ |_{G1} . According to [21, (4.7)], this module possesses an SL(2)-structure that extends the given G_1-structure. Thanks to [19, Thm.3] the SL(2)-module P_1(Ṽ ) is uniserial with composition factors L(p − 2), L(p), and L(p − 2). By Steinberg’s tensor product theorem (cf. [20, (II.3.17)]), we have L(p) ∼= L(0) ⊗_k L(1)^{(p)} ∼= L(1)^{(p)}. Consequently, P_1(Ṽ ) is a uniserial H(G)-module with composition factors Ṽ , k_α, k_{−α}, and Ṽ . Thus, Rad(P_1(Ṽ ))_{−α} is a uniserial module of length 3 belonging to B_0(G) with composition factors k, k_ν , and Ṽ_{−α} = Ṽ_{ν+α}. As these factors correspond to the idempotents e_{(0,0)}, e_{(1,0)}, and e_{(r+1,1)}, we may proceed as above to see that the path β_{(1,0)} ∘ α_{(0,0)} is not a summand of a relation.

In summary, the quiver Q of B_0(G) has two arrows starting and ending at each vertex. Moreover, there exist arrows α, β, γ such that neither γ ∘α nor β ∘α are involved in a relation. According to [5, (I.10.9)] this implies that B_0(G) is wild, a contradiction. Consequently, G ∼= Q_{[n]}.

(2) ⇒ (3). Assume that G ∼= Q_{[n]}. Let V = L(r)|_{G1} be a simple G_1-module. As before, we endow the projective cover P_1(V ) of V with the structure of a G-module and call the resulting module P_1(Ṽ ). Since G/G_1 is multiplicative, the functor

Hom_{H(G)}(P_1(Ṽ ), ·) = Hom_{H(G/G1)}(k, ·) ∘ Hom_{H(G1)}(P_1(Ṽ ), ·)

is, as the composite of exact functors, exact. Consequently P_1(Ṽ ) is H(G)-projective, and by (5.1) the principal indecomposable G-modules are of the from P_1(Ṽ )_λ, where V is a simple G_1-module and λ ∈ X (G).

Let V = L(r)|_{G1} be a non-projective simple H(G_1)-module, and put W := L(p − 2 − r)|_{G1} . Owing to [19, Thm.3] the SL(2)-module P_1(V ) has Loewy series L(r), L(2p − 2 − r), L(r). By Steinberg’s tensor product theorem, we have L(2p − 2 − r) ∼= L(p − 2 − r) ⊗_k L(1)^{(p)}, so that L(2p − 2 − r)|_G ∼= W̃_α ⊕ W̃_{−α}. Accordingly, P_1(Ṽ ) has Loewy factors Ṽ , W̃_α ⊕ W̃_{−α}, and Ṽ .

Let B ⊂ H(G) be a non-simple block. Since the character α generates the group X (G), (5.2) and (5.3) imply that the Gabriel quiver Q of B has vertex set G = Z/(p^{n−1}) × Z/(2) and arrows

α_{(i,j)} : (i, j) → (i + 1, j + 1) ; β_{(i,j)} : (i, j) → (i − 1, j + 1).

From the Loewy structure of the principal indecomposables we obtain the following relations (see [14, p.21f] for the case n = 1):

α_{(i+1,j+1)} ∘ α_{(i,j)} = 0 = β_{(i−1,j+1)} ∘ β_{(i,j)} ; β_{(i+1,j+1)} ∘ α_{(i,j)} = α_{(i−1,j+1)} ∘ β_{(i,j)}.

As a result, the block B is special biserial, and H(G) enjoys the same property.

(3) ⇒ (4). According to [5, (II.3.1)] or [3, Thm.A] the algebra H(G) is tame or of finite representation type. Since dim V_{Lie(G)} = dim V_{sℓ(2)} = 2, [11, (2.7)] implies that the latter alternative does not obtain.

(4) ⇒ (1). This follows directly from [5, (I.4.7)] and [11, (2.7)]. □

Remarks. (1) According to (5.5) there exists for each r ≥ 1 exactly one tame, semisimple infinitesimal group of height r. Moreover, in analogy with representation-finite infinitesimal groups [11], semisimple groups are tame precisely when their second Frobenius kernels enjoy this property.

(2) Consider the group A_{[n]} as well as the subgroup U that is given by U(R) := { ( 1 b 0 1 ) ∈ SL(2)(R) ; b^{p2} = 0}

for every commutative k-algebra R. We claim that U is the unique unipotent subgroup of A_{[n]} of height 2. Given another such subgroup H ⊂ A_{[n]} we observe that ord(H) = p^2 = ord(U). By general theory (cf. [35, (8.3)]), there exists an element g ∈ GL(2)(k) such that gHg^{−1} = U. On the other hand, F(U) is the unique unipotent subgroup of F(A_{[n]}) ∼= α_p × μ_pn−1 , so that F(H) = F(U). Consequently, F(g) normalizes F(U), and direct computation shows that g is an upper triangular matrix. As a result, H = g^{−1}Ug = U, as desired.

Since the automorphism scheme AUT (α_p2 ) ∼= μ_k × α_k has dimension 2, our foregoing observations imply that the rank variety V̂_{(A[n])2} (k) := Hom(α_p2 , A_{[n]}) has dimension 2. Thus, in contrast to representation-finite groups (cf. [11, (2.7)]), the condition dim V̂_{G2} (k) = 2 does in general not entail the tameness of B_0(G).

We conclude this section by determining the stable Auslander-Reiten quiver Γ_s(Q_{[n]}) of the algebra H(Q_{[n]}). For n = 1, the structure of this directed graph is well understood (see comments below).

Let Λ be a Frobenius algebra over k. The stable Auslander-Reiten quiver Γ_s(Λ) is the directed graph whose vertices are the isoclasses [M] of the non-projective indecomposable Λ-modules, and whose arrows arise from the so-called irreducible maps. The AR-quiver Γ_s(Λ) is fitted with a certain quiver automorphism τ that, by general theory, satisfies

τ([M]) = Ω^2_Λ([M^{(μ)}]).

Here Ω_Λ denotes the Heller operator, and M^{(μ)} is the twist of M by the inverse of a Nakayama automorphism of Λ. We refer the reader to [1] and [2] for the details.

The algebra Λ is called domestic if it does not have finite representation type, and if there exist (Λ, k[T ])-bimodules Q_1, . . . , Q_n such that

(a) Q_i is a finitely generated free right k[T ]-module, and (b) for each natural number d > 0, all but a finite number of isoclasses of indecomposable Λ-modules of dimension d are of the form [Q_i ⊗_{k[T ]} V ] for some indecomposable k[T ]-module V . Let G be an infinitesimal group, N ⊂ G a subgroup such that G/N is multiplicative. From the identity Hom_{H(G)}(·, ·) ∼= Hom_{H(G/N )}(k, ·) ∘ Hom_{H(N )}(·, ·), we see that every short exact sequence (0) −→ N^′ −→ N −→ N^{′′} −→ (0) of G-modules that splits upon restriction to N , is split exact. In other words, every Gmodule M is (H(G), H(N ))-projective, and is thus a direct summand of H(G) ⊗_{H(N )} M. This implies c_{H(G)}(M) ≤ c_{H(N )}(M). Since the reverse inequality follows from the fact that H(G) is a projective H(N )-module, we obtain

c_{H(G)}(M) = c_{H(N )}(M)

for every G-module M. (This identity can also be seen by considering rank varieties.)

The proof our our next result necessitates a few details concerning the structure of the stable AR-quiver Γ_s(SL(2)_1) of the symmetric algebra H(SL(2)_1) (see [9, p.176f]). Each non-simple block B ⊂ H(SL(2)_1) has two simple modules V and W , and the complexity of an arbitrary SL(2)_1-module is bounded by 2. If P (V ) and P (W ) are the projective covers of V and W , then the set of isoclasses of indecomposable B-modules of complexity 2 decomposes into 4 τ-orbits whose representatives are [V ], [W ], [P (V )/Soc(P (V ))], and [P (W )/Soc(P (W ))], respectively. The first and fourth, and the second and third orbit constitute 2 components of type Z[Ã_{1,2}].

Theorem 5.6 Let n ≥ 2. The stable Auslander-Reiten quiver Γ_s(Q_{[n]}) is the disjoint union of p − 1 components of type Z[Ã_{2p}n−1_{−1}], 2(p − 1) components of type Z[A_∞]/(τ^{pn−1} ), and infinitely many components of type Z[A_∞]/(τ). Moreover, the algebra H(Q_{[n]}) is domestic.

Proof. We put G := Q_{[n]} for notational convenience. Recall that G/G_1 is multiplicative, G_1 = SL(2)_1, and X (G) ∼= Z/(p^{n−1}). Let ζ : H(G) −→ k be the modular function of the Hopf algebra H(G). According to [15, (1.5)] the convolution ζ ∗ id_{H(G)} is a Nakayama automorphism of the Frobenius algebra H(G). In view of [7, (3.1)] the module k_ζ is the socle of the projective cover of k. From the structure of the principal indecomposable H(G)- modules (5.5) we have k ∼= k_ζ , so that H(G) is symmetric. Accordingly, τ = Ω^2_{H(G)}.

(i) Let M be a G-module, V ⊂ M|_{G1} a simple G_1-direct summand. Then there exists a character λ ∈ X (G) such that Ṽ_λ is a direct summand of M.

By assumption, there exist homomorphisms φ ∈ Hom_{H(G1)}(Ṽ , M) and γ ∈ Hom_{H(G1)}(M, Ṽ ) such that γ ∘ φ = id~_V . Since G/G_1 is multiplicative, the G/G_1-module Hom_{H(G1 )}(Ṽ , M) decomposes into its spaces of semi-invariants. Accordingly, we may write φ = ∑ λ∈X (G) φλ. By the above there exists a character λ_0 ∈ X (G) such that γ ∘ φ_{λ0} ≠ 0. Thus, γ ∘ φ_{λ0} is an isomorphism of G_1-modules.

As noted earlier, the injective map φ_{λ0} : Ṽ_{λ0} −→ M is a homomorphism of H(G)-modules. By choice of φ_{λ0} the exact sequence

(0) −→ Ṽ_{λ0}^{φλ0}−→ M −→ coker φ_{λ0} −→ (0)

splits upon restriction to H(G_1). Since G/G_1 is multiplicative, the sequence also splits over H(G), as desired.

(ii) Let M be a non-projective indecomposable H(G)-module such that c_{H(G)}(M) = 2. Then there exists an integer ℓ ∈ Z such that Ω^ℓ_{H(G)}(M) is simple.

According to the remarks preceding the theorem, statement (ii) does hold for H(G_1)-modules. Given an indecomposable H(G)-module M of complexity 2, we have c_{H(G1)}(M) = 2. Hence there exist G_1-modules X, Y such that M|_{G1} = X ⊕ Y , with X being indecomposable of complexity 2. Let ℓ ∈ Z be given such that Ω^ℓ_{H(G1 )}(X) ∼= V is simple. Basic properties of the Heller operator (cf. [2, p.29]) then yield

Ω^ℓ_{H(G)}(M)|_{G1} ∼= Ω^ℓ_{H(G1)}(M|_{G1} ) ⊕ (proj) ∼= Ω^ℓ_{H(G1 )}(X) ⊕ Ω^ℓ_{H(G1)}(Y ) ⊕ (proj) ∼= V ⊕ Ω^ℓ_{H(G1 )}(Y ) ⊕ (proj).

Thanks, to (i) this implies that Ṽ_λ is a direct summand of Ω^ℓ_{H(G)}(M) for a suitably chosen λ ∈ X (G). Since Ω^ℓ_{H(G)}(M) is indecomposable, our assertion follows.

(iii) Let M ≁= N be simple H(G)-modules, P ≁= Q principal indecomposable H(G)- modules. Then M, N, P/Soc(P ) and Q/Soc(Q) belong to different τ-orbits. Let X be an H(G)-module. If ℓ ∈ Z is an integer such that Ω^ℓ_{H(G)}(X)|_{G1} is indecomposable, then general properties of the Heller operator imply that

Ω^ℓ_{H(G)}(X)|_{G1} ∼= Ω^ℓ_{H(G1)}(X). (1)

Suppose that M and N belong to the same τ-orbit. Then there exists ℓ ∈ Z \ {0} such that N ∼= Ω^{2ℓ}_{H(G)}(M). By (1) we have N|_{G1} ∼= Ω^{2ℓ}_{H(G1 )}(M), so that M|_{G1} and N|_{G1} lie in the same τ-orbit. This contradicts our remarks concerning Γ_s(SL(2)_1).

Assume that Ω^{2ℓ}_{H(G)}(P/Soc(P )) ∼= M for some ℓ ∈ Z\ {0}. Since M|_{G1} is indecomposable, (1) yields Ω^{2ℓ}_{H(G1)}(P/Soc(P )) ∼= M|_{G1} . This, however, conflicts with the structure of the quiver Γ_s(SL(2)_1).

Finally, if P/Soc(P ) and Q/Soc(Q) belong to the same τ-orbit, so do Soc(P ) and Soc(Q). Since P ≁= Q, the first part of the proof renders this impossible.

(iv) Let B ⊂ H(G) be a non-simple block. Then there are 4p^{n−1} τ-orbits containing isoclasses of B-modules of complexity 2.

Since the character α is a generator of X (G), a consecutive application of (5.2) and (5.3) shows that B possesses exactly 2p^{n−1} simple modules Ṽ_λ, W̃_λ (λ ∈ X (G)). Owing to (ii), the number of Ω_{H(G)}-orbits of B-modules of complexity 2 is therefore bounded by 2p^{n−1}. Hence there are at most 4p^{n−1} such τ-orbits. Thanks to (iii) the 2p^{n−1} simple B-modules and the 2p^{n−1} modules P/Soc(P ) associated to the principal indecomposable B-modules all belong to different τ-orbits. Consequently, (iv) holds.

Let B ⊂ H(G) be a non-simple block. According to (5.5), B is a self-injective special biserial algebra. Let Ṽ := L(r)|_G be a simple B-module, and put W̃ := L(p−2−r)|_G (0 ≤ r ≤ p−2). We denote by P (r) the projective cover of Ṽ and consider the standard almost split sequence

(0) −→ Rad(P (r)) −→ P (r) ⊕ Rad(P (r))/Soc(P (r)) −→ P (r)/Soc(P (n)) −→ (0).

Since n ≥ 2, the module Rad(P (r))/Soc(P (r)) ∼= W̃_α ⊕ W̃_{−α} has two non-isomorphic summands (5.1(3)), implying that P (r)/Soc(P (r)) possesses two predecessors in Γ_s(B) ⊂ Γ_s(G). We may now apply [6, (2.1),(2.2)] to see that the component Θ(r) ⊂ Γ_s(G) containing the isoclass of the non-periodic module P (r)/Soc(P (r)) is isomorphic to Z[A^∞] or Z[Ã_ℓ]. In view of [10, (2.1)] a component of type Z[A^∞] gives rise to infinitely many τ-orbits containing modules of complexity 2. As this contradicts (ii), we obtain Θ(r) ≁= Z[A^∞]. Thus, [6, (2.1)] applies, and there exist natural numbers m, a, b > 0, a + b + 1 = ℓ such that Γ_s(B) is the disjoint union of m components of type Z[Ã_ℓ], m components of type Z[A_∞]/(τ^a), m components of type Z[A_∞]/(τ^b), and infinitely many components of type Z[A_∞]/(τ).

The auto-equivalence T_ν : mod_{H(G)} −→ mod_{H(G)}, M → M_ν maps mod_B onto itself and thus defines an automorphism on Γ_s(B). Since the isoclasses of W̃_α and W̃_{−α} = T_ν (W̃_α) belong to the component Θ(r), we obtain T_ν (Θ(r)) = Θ(r). Consequently, T_λ(Θ(r)) = Θ(r) for every λ ∈ X (G). Thanks to (iii), this shows that Θ(r) contains at least 2p^{n−1} τ-orbits. As this also holds for the component Θ(p−2−r) containing [P (p−2−r)/Soc(P (p−2−r))], we have 1 ≤ m ≤ 2.

To prove m = 2, we consider SL(2) along with its standard torus T and standard Borel subgroup B ⊃ T. Consider the character ζ ∈ X (B) that is given by raising the (1, 1)-entry of an upper triangular matrix to its r-th power. We let Z(r) := H(SL(2)_1)⊗_{H(B1 )} k_ζ be the baby Verma module with highest weight ζ. Then Z(r) has the structure of an SL(2)_1T-module. Thus, Z(r) is an indecomposable G-module of dimension p with simple top Ṽ = L(r)|_G and simple socle W̃_α (cf. [20, (II.9.5)]). Since P (r) possesses a Z-filtration of length 2 (cf. [20, (II.11.2)]), we obtain Ω_{H(G)}(Z(r)) ∼= Z(p − 2 − r)_{−α}, whence τ([Z(r)]) = [Z(r)_{−2α}]. Consequently, M := ⨁ λ∈X (G) Z(r)λ is a periodic G-module with τ([M]) = [M].

Let Υ be the set of isoclasses of indecomposable B-modules of complexity 2. Consider the function d_M : Υ −→ N_0 ; [X] → dim_k Hom_{H(G)}(M, X),

where Hom_{H(G)} denotes the homomorphisms of the stable module category of H(G). According to [6, (3.2)] the function d_M = d_M ∘ τ is additive on every AR-component Θ ⊂ Υ. Since d_M ([Ṽ ]) = 1 and d_M (W̃ ) = 0, general theory now shows that Υ contains at least two components. By the above observations we thus have Υ = Θ(r)∪Θ(p−2−r), so that m = 2 and ℓ = 2p^{n−1} − 1. Moreover, since Z(r) has τ-period p^{n−1}, it is contained in a component of type Z[A_∞]/(τ^{spn−1} ) for some s ≥ 1. As a + b = 2p^{n−1}, we see that a = p^{n−1} = b. Hence Γ_s(B) possesses exactly 4 components of type Z[A_∞]/(τ^{pn−1} ).

Since the algebra H(G) has^{p−1}_2 non-simple blocks, we obtain the desired structure of the quiver Γ_s(G). Thanks to [6, (2.1)], H(G) is domestic. □

6. The Structure of the Solvable Radical

Throughout, we will be considering an infinitesimal k-group G of characteristic p ≥ 3. In this section we will determine the structure of the solvable radical R(G) for tame groups. In case G has height ≤ 1 this leads to a complete description of Gabriel quiver of the tame principal blocks. We begin with the following sharpening of Lemma 1.2.

Theorem 6.1 Suppose that B_0(G) is tame. Then R(G) is nilpotent.

Proof. As in (1.2) we use induction on the order of R := R(G). Let M(G) ⊂ R be the multiplicative center of G. If M(G) ≠ e_k, then R(G/M(G)) ∼= R/M(G) is nilpotent, so that R also enjoys this property.

We thus continue by assuming that M(G) = e_k, and let N ⊂ R be a minimal normal subgroup of G. Since N is solvable, it is abelian. By [4, (IV.§3 (1.1))] the subgroup M(N ) ⊂ N is normal in G. We may now apply [35, (7.7)] to see that M(N ) ⊂ M(G) = e_k. Consequently, N is unipotent (cf. [35, (9.5)]). Moreover, N is contained in the first Frobenius kernel G_1 of G. Since V_N (N^{(p)}) ⊂ N is a proper normal subgroup of N (cf. [4, (IV.§3 (4.6))]), we see that N is annihilated by the Verschiebung. Moreover, N := Lie(N ) has α_p-rank ≤ 2, so that [4, (IV.§3 (6.11))] yields N ∼= α_p or N ∼= α_p × α_p.

According to (2.4) the group G is not solvable. Hence G/N is not supersolvable, and (1.1(3)) ensures the tameness of B_0(G/N ). The inductive hypothesis thus implies that R(G/N ) ∼= R/N is nilpotent. We set L := Lie(G) and R := Lie(R).

By choice of N , the p-ideal N is a simple G-module on which N operates trivially. Thus, it also has the structure of a simple G/N -module, and the multiplicative normal subgroup M(R/N ) ⊂ G/N operates on N via a single character. Since R/N ⊂ Lie(R/N ) is a p-ideal, it follows that T (R/N) ⊂ T (Lie(R/N )) operates on N via a linear form. We let N^′ ⊂ L be the pre-image of T (R/N) under the canonical projection L −→ L/N. As T (R/N) ⊂ T (L/N) is a p-ideal in L/N, the subspace N^′ is a p-ideal of L. In view of [29, (II.4.4)] there exists a torus T ⊂ N^′ such that N^′ = T ⊕ N. By the above, T acts on N via a linear form α ∈ T^∗. Since [T, L] ⊂ N, we readily obtain ker α ⊂ T (L) = (0). Hence, α is injective, and dim_k T ≤ 1.

Assuming T = kt ≠ (0), we have (ker ad t) ∩ N = (0) as well as (ad t)(L) = [T, L] = N. Consequently, L = C_L(T ) ⊕ N is a semidirect product of restricted Lie algebras. Thanks to (2.5) C_L(T ) ∼= L/N → Lie(G/N ) has α_p-rank ≤ 2. In virtue of [11, (2.1)] the assumption dim V_{CL(T )} ≤ 1 entails that L/N is solvable. Hence L and G are solvable. As this contradicts (2.4), we obtain dim V_{CL(T )} = 2. Since p ≥ 3 and dim_k N ≤ 2, one readily verifies dim V_L ≥ 3, a contradiction.

Hence T = (0), and we conclude that R/N is p-nilpotent. Consequently, R is also pnilpotent Thanks to [4, (IV.§2 (2.13)] the first Frobenius kernel R_1 is unipotent. By [4, (II.§4 (1.5))] we have an embedding Lie(R/R_1) → R^{(p)}, so that the former Lie algebra is also p-nilpotent. In view of [4, (IV.§2 (2.3))] we may now proceed by induction on the height of R to see that R is unipotent. □

Lemma 6.2 Suppose that B_0(G) is tame.

(1) If Lie(R(G)) has α_p-rank ≤ 1, then Lie(R(G)) = C(Lie(G)). (2) R(G)/R(G)_1 is multiplicative, and the unipotent radical U(G) has height ≤ 1.

Proof. (1). We put L := Lie(G) as well as R := Lie(R(G)). Thanks to (4.3(2)) R = R(L) is the solvable radical of L. If dim V_R = 0, then R is a torus and R = T (L) = C(L), as desired.

Now assume that R has α_p-rank 1. By (6.1) the p-ideal R is nilpotent, and (3.1) thus implies that R is abelian. Moreover, there exists a p-nilpotent element z ∈ R \ {0} such that R = T (R) ⊕ (kz)_p = T (L) ⊕ (kz)_p. In particular, R^{[p]} ⊂ C(L) and R/R^{[p]} has dimension 1. By virtue of (4.3(2)) the Lie algebra L/R ∼= sℓ(2) operates trivially on R/R^{[p]}, and thus nilpotently on R. Since L/R is simple, Engel’s Theorem implies that L/R operates trivially on R, so that R ⊂ C(L).

(2). In view of (4.3(2)) the ideal R coincides with R(L) and L/R ∼= sℓ(2). Consider the exact sequence (0) −→ Lie(R(G)_1) −→ L −→ Lie(G/R(G)_1) =: L̂.

Since R = Lie(R(G)_1), it follows that L/Lie(R(G)_1) ∼= sℓ(2) is a p-ideal of L̂. Since the Lie algebra sℓ(2) is complete, we obtain

L̂ = sℓ(2) ⊕ C_{L̂}(sℓ(2)).

As L̂ has α_p-rank 2, it follows that the second summand is a toral ideal. There results a decomposition L̂ = L/Lie(R(G)_1) ⊕ T (L̂).

Next, we consider the exact sequence

(0) −→ Lie(R(G)/R(G)_1) −→ Lie(G/R(G)_1) −→ Lie(G/R(G)).

Consequently, Lie(R(G)/R(G)_1) ⊂ Lie(G/R(G)_1) is a solvable ideal, and therefore contained in T (L̂). As a result, the factor group R(G)/R(G)_1 is multiplicative. This implies that U(G) is contained in the kernel of the natural projection R(G) −→ R(G)/R(G)_1. Accordingly, U(G) = U(G) ∩ G_1 has height ≤ 1. □

Throughout the remainder of this section we will be concerned with infinitesimal groups of height ≤ 1. By general theory, these may be identified with their Lie algebras, so we will only consider the latter. If M is a module for the restricted enveloping algebra u(L), then the restricted cohomology groups of L with coefficients in M are defined by means of H^n_∗ (L, M) := Ext^n_{u(L)}(k, M).

Lemma 6.3 Suppose that B_0(L) is tame. Then R(L) = C(L) has α_p-rank ≤ 1.

Proof. We set R := R(L) for notational convenience and consider the Lie algebra L^′ := L/R. Thanks to (4.3(2)) we have L^′ ∼= sℓ(2).

Consider the p-ideal I := [R, R] + ⟨R^{[p]}⟩. If dim V_R = 2, then the principal block B_0(R) of the enveloping algebra u(R) is not representation-finite. By (6.1) the p-ideal R is nilpotent, and [32, (2.41)]) now shows that B_0(R) is local. From [18, (2.1)] we thus obtain

2 ≤ dim_k Ext^1_{u(R)}(k, k) = dim_k H^1_∗ (R, k) = dim_k R/I.

Since B_0(L) is tame and L/I is not supersolvable, (1.1(3)) implies that B_0(L/I) is tame. Hence R/I ⊂ V_{L/I} has dimension 2.

Note that L̄ := L/I is an abelian extension of sℓ(2) by the two-dimensional sℓ(2)-module R̄ := R/I. If R̄ is the standard sℓ(2)-module, then [26, Thm.1] (see also [14] for p = 3) yields H^2_∗ (sℓ(2), R̄) = (0), and thanks to [18, (3.3)] the extension splits. As p ≥ 3 and dim V¯_R = 2, this readily implies dim V¯_L ≥ 3, a contradiction. Alternatively, R̄ is a self-extension of the trivial sℓ(2)-module. Since H^1_∗ (sℓ(2), k) = (0), such an extension splits, and we conclude that R̄ ⊂ C(L̄). This, in turn, contradicts (1.3).

As a result the p-ideal R has α_p-rank ≤ 1, and our assertion now is a direct consequence of (6.2(1)). □

Remark. If L = Lie(G) is the Lie algebra of an infinitesimal group G with tame principal block, then the arguments of (6.3) can be used to show that R(L) = C_n(L) coincides with a term of the ascending central series of L. In particular, L ∼= sℓ(2) whenever C(L) = (0).

Theorem 6.4 Let (L, [p]) be a restricted Lie algebra such that B_0(L) is tame.

(1) The Lie algebra L is a non-split central extension of sℓ(2) by a center C(L) = (kz)_p ⊕ T (L), z^{[p]n} = 0. Moreover, if C(L) ≠ (0), then there exist linearly independent elements {h, e, f} ⊂ L and γ ∈ k \ {0} such that [h, e] = 2e; [h, f] = 2f; [e, f] = h and h^{[p]} ≡ h mod(C(L)); f^{[p]} ≡ γe^{[p]} ≢ 0 mod(C(L)^{[p]}).

(2) The block B_0(L) possesses exactly two simple modules S_1 and S_{p−1} of dimensions 1 and p−1, respectively. Moreover, the Gabriel quivers of B_0(L) and B_0(sℓ(2)) are isomorphic.

Proof. (1). The first assertion follows directly from a consecutive application of (4.3(2)), (6.3), and [7, (4.3)].

Now assume that T (L) = (0), and let T ⊂ L be the standard (one-dimensional) maximal torus of L, X_T ∼= Spec_k(A) the corresponding irreducible algebraic scheme of tori. Relative to T the Lie algebra posseses a root space decomposition

L = L_α ⊕ L_0 ⊕ L_α

with one-dimensional root spaces. Our introductory remarks of §3 now show that

L̃ = L̃_{−α} ⊕ L̃_0 ⊕ L̃_α.

In particular, P := L̃_0 ⊕ L̃_α is a p-subalgebra of L̃. If the generic α_p-rank of the algebraic family (P (x))_{x∈XT (k)} is 2, then (3.4(3)) provides a p-ideal I ⊂ L_0 ⊕ L_α of L of α_p-rank 2. Since L/C(L) is simple, we have I ⊂ C(L), a contradiction. Thus the generic α_p-rank is

1, and by applying the same procedure to −α we obtain from the irreducibility of X_T (k) the existence of an element x ∈ X_T (k) such that L̃_0(x) ⊕ L̃_α(x) and L̃_0(x) ⊕ L̃_{−α}(x) both have α_p-rank 1. Their factor algebras by C(L)^{[p]} have the same property, and we thus have L̃_η(x)[p] ⊄ C(L)[p] for η = α, −α. Let T_x be the torus corresponding to x ∈ X_T (k), and consider the subspace L̃_{−α}(x) ⊕ T_x ⊕ L̃_α(x). Since L/C(L) ∼= sℓ(2) there exist elements e ∈ L̃_α(x), f ∈ L̃_{−α}(x), and a toral element t ∈ T_x with α(t) = 2 such that [e, f] = t + q for some q ∈ C(L). Setting h := t + q we immediately obtain the asserted commutator relations as well as h^{[p]} ≡ h mod(C(L)). Since C(L) = kz ⊕ C(L)^{[p]} the remaining congruences follow from the above observations.

(2). By (1.1(1)) we have B_0(L) ∼= B_0(L/T (L)); so we may assume that T (L) = (0). In particular, the center C(L) is p-nilpotent. Thus, the algebras u(L) and u(sℓ(2)) have the same simple modules. Let V, W be two simple u(L)-modules, and set M := Hom_k(V, W ). From the cohomology five term sequence we obtain, observing H^n_∗ (L, M) ∼= Ext^n_{u(L)}(V, W ), C(L) · M = (0), as well as H^1_∗ (C(L), M) ∼= M, the exact sequence

(0) −→ Ext^1_{u(sℓ(2))}(V, W ) −→ Ext^1_{u(L)}(V, W ) −→ Hom_{u(L)}(V, W )

Consequently, Ext^1_{u(sℓ(2))}(V, W ) ∼= Ext^1_{u(L)}(V, W ) whenever V ≁= W . From Pollack’s work [26] (cf. also [14]) we now obtain that B_0(L) has precisely two simple modules S_1 and S_{p−1} of the asserted dimensions. By the same token, we have

dim_k Ext^1_{u(L)}(S_1, S_{p−1}) = 2 = dim_k Ext^1_{u(L)}(S_{p−1}, S_1).

Since B_0(L) is tame, (ii) of [5, (I.10.8)] ensures that the modules S_1 and S_{p−1} admit no non-trivial self-extensions. In view of [26, 14] this shows that the Gabriel quivers of B_0(L) and B_0(sℓ(2)) coincide. □

References

[1] M. Auslander, I. Reiten and S. Smalø. Representation Theory of Artin Algebras. Cambridge Studies in Advanced Math. 36. Cambridge University Press, 1995

[2] D. Benson. Representations and Cohomology I. Cambridge Studies in Advanced Mathematics 30. Cambridge University Press 1991.

[3] W. Crawley-Boevey. Tameness of Biserial Algebras. Arch. Math. 65 (1995), 399-407

[4] M. Demazure and P. Gabriel. Groupes Algébriques I. Masson/North Holland 1970

[5] K. Erdmann. Blocks of Tame Representation Type and Related Algebras. Lecture Notes in Mathematics 1428. Springer-Verlag 1990.

[6] K. Erdmann and A. Skowroński. On Auslander-Reiten Components of Blocks and Self- Injective Biserial Algebras. Trans. Amer. Math. Soc. 330 (1992), 165-189

[7] R. Farnsteiner. Periodicity and Representation Type of Modular Lie Algebras. J. reine angew. Math. 464 (1995), 47-65 [8] R. Farnsteiner. Representations of Blocks Associated to Induced Modules of Restricted Lie Algebras. Math. Nachr. 179 (1996), 57-88 [9] R. Farnsteiner. Auslander-Reiten Theory for Restricted Lie Algebras. Ohio State University Mathematical Research Publications 7 (1998), 165-186 [10] R. Farnsteiner. On the Auslander-Reiten Quiver of an Infinitesimal Group. SFB Preprint 98-071, Universität Bielefeld.

[11] R. Farnsteiner and D. Voigt. On Cocommutative Hopf Algebras of Finite Representation Type. SFB Preprint 97-123, Universität Bielefeld.

[12] R. Farnsteiner and D. Voigt. Modules of Solvable Infinitesimal Groups and the Structure of Representation-Finite Cocommutative Hopf Algebras. Math. Proc. Cambridge Philos. Soc. (in press) [13] R. Farnsteiner and D. Voigt. Schemes of Tori and the Structure of Tame Restricted Lie Algebras. SFB Preprint No. 99-012, Universität Bielefeld [14] G. Fischer. Darstellungstheorie des ersten Frobeniuskerns der SL_2. Dissertation Universität Bielefeld, 1982 [15] D. Fischman, S. Montgomery and H. Schneider. Frobenius Extensions of Subalgebras of Hopf Algebras. Trans. Amer. Math. Soc. 349 (1996), 4857-4895 [16] E. Friedlander and B. Parshall. Support Varieties for Restricted Lie Algebras. Invent.

math. 86 (1986), 553-562 [17] P. Gabriel. The Universal Cover of a Representation-Finite Algebra. In: Representations of Algebras (Puebla 1980). Lecture Notes in Mathematics 903 (1981), 68-105 [18] G. Hochschild. Cohomology of Restricted Lie Algebras. Amer. J. Math. 76 (1954), 555- 580 [19] J.E. Humphreys. Projective Modules for SL(2, q). J. Algebra 25 (1973), 513-518 [20] J.C. Jantzen. Representations of Algebraic Groups. Pure and Applied Mathematics 131.

Academic Press, 1987 [21] A. Jeyakumar. Principal Indecomposable Modules of SL(2, q). J. Algebra 30 (1974), 444-458 [22] S. Montgomery. Hopf Algebras and their Actions on Rings. CBMS 82 (1993). [23] U. Oberst and H. Schneider. Über Untergruppen endlicher algebraischer Gruppen.

Manuscripta math. 8 (1973), 217-241

[24] J.A. de la Pena. Tame Algebras - Some Fundamental Notions. SFB Ergänzungsreihe 95-010. Universität Bielefeld.

[25] W. Pfautsch. Ext^1 for the Frobenius Kernels of SL_2. Comm. Algebra 13 (1985), 169-179

[26] R. Pollack. Restricted Lie Algebras of Bounded Type. Bull. Amer. Math. Soc. 74 (1968), 326-331

[27] J. Rickard. The Representation Type of Self-Injective Algebras. Bull. London Math. Soc.

22 (1990), 540-546

[28] J. Rotman. An Introduction to Homological Algebra. Pure and Applied Mathematics 85. Academic Press, 1979

[29] H. Strade and R. Farnsteiner. Modular Lie Algebras and their Representations. Pure and Applied Mathematics 116. Marcel Dekker, 1988

[30] A. Suslin, E. Friedlander, and C. Bendel. Support Varieties for Infinitesimal Group Schemes. J. Amer. Math. Soc. 10 (1997), 729-759

[31] L. Unger. The Concealed Algebras of the Minimal Wild, Hereditary Algebras. Bayreuth.

Math. Schr. 99 (1989), 1-9

[32] D. Voigt. Induzierte Darstellungen in der Theorie der endlichen, algebraischen Gruppen.

Lecture Notes in Mathematics 592. Springer Verlag 1977

[33] D. Voigt. Groupes Algébriques Infinitésimaux Résolubles et leurs Représentations Linéaires Irréductibles. Springer Lecture Notes 740 (1979), 48-68

[34] D. Voigt. The Algebraic Infinitesimal Groups of Tame Representation Type. C.R. Acad.

Sci. Paris 311 (1990), 757-760

[35] W. Waterhouse. Introduction to Affine Group Schemes. Graduate Texts in Mathematics 66. Springer Verlag, 1979

Department of Mathematics Fakultät für Mathematik University of Wisconsin Universität Bielefeld Milwaukee, WI 53201 33501 Bielefeld U.S.A. Germany