Categories of induced modules for Lie algebras with triangular decomposition

V. Futorny^∗, S. König and V. Mazorchuk^†

Abstract

We study categories of modules for Lie algebras with triangular decomposition, which contain certain generalized Verma modules and are analogous to classical category O. We relate blocks of these categories to module categories over finitedimensional algebras, which turn out to be projectively stratified. Moreover, we study tilting modules. Finally we show how to relate some of these situations to similar ones over certain proper subalgebras of the given Lie algebra.

1991 Mathematics Subject Classification: 17B67; 17B65; 17B10; 22E47

1 Introduction

In [FKM1, FKM2, FKM3] we defined and studied certain categories of induced modules over simple complex finite-dimensional Lie algebras generalizing the celebrated BGGcategory O ([BGG]). In particular, it was shown that under certain natural assumptions the blocks of such categories are equivalent to module categories over projectively stratified algebras. Moreover, there exists an analogue of Soergel’s combinatorial description (see [S1, S2, S3] for original results) and a satisfactory theory of tilting modules for these blocks.

The main aim of this paper is to extend the results of [FKM1, FKM2, FKM3] to the case of Lie algebras with triangular decomposition in the sense of [RW, MP]. Our goal is to go far enough to prove an analogue of the BGG-reciprocity, to relate the local situation to projectively stratified algebras and to develop a theory of tilting modules. Additionally we describe indecomposable blocks and injective objects in our categories.

In the case of infinite-dimensional affine Lie algebras there exist three essentially different types of parabolic subalgebras ([F1]). It happens only for two types of parabolic subalgebras that the corresponding Levi factor is a reductive finite-dimensional algebra. We restrict our attention to these two types of parabolics. In the first part of the paper we study (in a more general situation than that of affine Lie algebras) the so-called standard

∗Regular Associate of the ICTP †Alexander von Humboldt fellow at Bielefeld University

parabolic subalgebras, which can be viewed as a direct analogue of parabolic subalgebras for simple finite-dimensional Lie algebras. In the second part of the paper we show that the study of the parabolic subalgebras of the second possible type in most of cases reduces to the standard parabolics over some well-defined subalgebra.

The paper is organized as follows. In Section 2 we present our basic setup. In Section 3 we define the main object of the paper – category O(P, Λ, H). Moreover, we prove an analogue of the BGG-reciprocity. In Section 4 we study a block decomposition of O(P, Λ, H). In Section 5 we relate the local situation in O(P, Λ, H) to projectively stratified finitedimensional algebras (as in [FKM1, Section 5]). In Section 6 we establish two equivalences of categories in the case of induction from a well-embedded sl(2, C )-subalgebra. In Section 7 we develop a theory of tilting modules in O(P, Λ, H). Section 8 is devoted to the study of non-standard generalized Verma modules for affine Lie algebras. These modules are induced from a non-standard parabolic subalgebra having a finite-dimensional Levi factor. The structure of such modules in the case when the central element is non-degenerate is studied in Section 9. Finally, in Section 10 we define a category O(P, Λ, H) of modules for affine Lie algebra associated with a non-standard parabolic subalgebra and establish the equivalence between O(P, Λ, H) and a category O(P^′, Λ^′, H^′) for a certain subalgebra in the case when the central element acts injectively on every object. Hence, in this case all the results about O(P, Λ, H) can be easily extended to the category O(P, Λ, H).

2 Setting

Let G be a complex Lie algebra with a triangular decomposition (H, G_+, Q_+, σ) ([MP]), where H is a Cartan subalgebra, Q_+ is the set of roots of the positive part G_+ of G, and σ is an antiinvolution on G. Let Q = Q_+ ∪ −Q_+ denote the set of all roots of G. For α ∈ Q denote by G_α the corresponding root space in G. Fix a basis π of Q_+ and a subset S of π such that the subalgebra A^′, generated by H and all G_α, where α is an integral linear combination of elements from S, is reductive finite-dimensional. Denote by Q^S_+ the set of positive roots of A^′. Let A^′ = A ⊕ H_A, where A is semi-simple and H_A is central in A^′. Set P = A^′ + G_+ and let N be a subalgebra of P generated by all G_α, α ∈ Q_+ \ Q^S_+. One has P = A^′ ⊕ N.

Let Λ be an admissible category of A^′-modules ([FKM1, Section 3]), i.e. Λ is a full subcategory in the category of finitely generated and H_A-diagonalizable A^′-modules. Moreover, Λ carries an abelian structures which may differ from the one on the category of A^′-modules. Any simple finite-dimensional A^′-module F defines an exact functor F ⊗_− : Λ → Λ.

For any V ∈ Λ we may consider an induced module M(V ) = M_P (V ) = U(G) ⊗_{U(P)} V , where NV = 0. Usually the module M(V ) is called a generalized Verma module (GVM), provided the module V is simple (see, for example [FKM1, Section 2] and the references therein). We will say that M(V ) is a GVM (resp. a standard module) if V is a simple (resp. projective) object in Λ. We remark that it is possible for simple objects in Λ to be non-simple A^′-modules (see [FKM2, Section 5] for an example).

It follows directly from the construction, that any M(V ) is H_A-diagonalizable. Denote by p_S the projection of H^∗ on H^∗_A with respect to the dual to the Cartan subalgebra of A. If V is a simple object in Λ, then H_A acts on V via some λ ∈ H^∗_A and the H_A-support of M(V ) coinsides with the set P (λ) consisting of all H_A-weights λ−μ, where μ = 0 or μ = p_S (α) for a non-negative integral linear combination α of roots from N. Moreover, any GVM M(V ) has a unique maximal submodule, which decomposes into a direct sum of modules from Λ, when viewed as an A^′-module. Let L(V ) = L_P (V ) denote the corresponding quotient.

Now we are in position to make our basic assumptions:

(A) The algebra G is an integrable A-module under the adjoint action.

(B) Any object in Λ has finite length (in particular, for any M ∈ Λ and for any finitedimensional A^′-module F the module F ⊗ M belonging to Λ has finite length in Λ). We note that, from the assumption (A), it follows automatically that all H_A-weight spaces of G are finite-dmensional.

3 Category O(P, Λ, H)

In this Section we define and study a category of G-modules induced from A via the process of parabolic induction. Our main result is Theorem 1, which establishes an analogue of the BGG-reciprocity principle for such category.

Fix a finite subset H in H^∗_A and denote by O(P, Λ, H) the full subcategory of the category of G-modules, which consists of all modules M satisfying the following conditions:

1. M is H_A-diagonalizable;

2. the H_A support of M is a subset of P = ∪_{λ∈H} P (λ);

3. any H_A-weight space of M is an A^′-module of finite length;

4. viewed as an A^′-module M decomposes into a direct sum of objects from Λ.

Assume that O(P, Λ, H) carries an abelian structure induced from that on Λ.

Lemma 1. O(P, Λ, H) is closed under operations of taking finite direct sums.

Proof. Obvious.

Lemma 2. Let V be a simple object in Λ having the H_A-weight λ ∈ P . Then both M(V ) and L(V ) are objects in O(P, Λ, H) and L(V ) is a simple object. Moreover, the set of all such L(V ) exhausts the set of simple objects in O(P, Λ, H) (up to isomorphism).

Proof. Follows from the assumption (A) by standard arguments (see [FKM1, Proposition 2]).

Lemma 3. Let M ∈ O(P, Λ, H) and F be a H_A-weight G-module with finite-dimensional H_A-weight spaces such that the H_A-support of F ⊗ M is a subset of P . Then F ⊗ M belongs to O(P, Λ, H). Proof. Follows from the assumptions (A), (B) and admissibility of Λ.

Denote by O^f (P, Λ, H) the full subcategory of O(P, Λ, H) consisting of all finitely generated modules. Clearly, all M(V ) and L(V ) as in Lemma 2 are objects in O^f (P, Λ, H).

Proposition 1. Assume that Λ has enough projective modules. Then every object of O^f (P, Λ, H) is a quotient of a projective in O(P, Λ, H).

Proof. Fix an indecomposable projective V ∈ Λ with an H_A-weight λ ∈ P . Denote by A the subalgebra of U(G_+), generated by all graded components U(G_+)_μ such that λ+p_S(μ) ∉ P . Clearly, U(G_+)/A is a completely reducible finite-dimensional A^′-module under the adjoint action. Moreover, it is a P-module. Now set

I(V ) = U(G) ⊗_{U(P)} ( (U(G_+)/A) ⊗_{U(P)} V ) . Then Hom_{O(P,Λ,H)}(I(V ), M) ≃ Hom_Λ(V, M_λ) and hence I(V ) is projective in O(P, Λ, H), since V is projective in Λ. Now the rest is standard.

It is clear that each I(V ), constructed in Proposition 1, in fact, belongs to O^f (P, Λ, H) and has a finite standard filtration, i.e. a finite filtration, whose subquotients are standard modules.

Corollary 1. There is a bijection between simple objects in O(P, Λ, H) and indecomposable projectives in O(P, Λ, H) which are objects of O^f (P, Λ, H). Moreover, each indecomposable projective as above has a standard filtration.

Proof. Analogous to that of [RW, Corollary 13].

Let V be a simple object in Λ such that L(V ) is a simple object in O(P, Λ, H). We will denote by P (V ) the corresponding projective cover, given by Corollary 1.

The notion of composition series in O(P, Λ, H) is not well-defined, however there is a natural notion of the multiplicity of a simple object L in M ∈ O(P, Λ, H) (see [S3, Section 4]). We define (M : L) as the supremum of all numbers of occurrences of L as a subquotient in a finite filtration (in O(P, Λ, H)) of M. It is easy to see that this number is always finite, moreover, one also has (M : L(V )) = dim Hom_{O(P,Λ,H)}(P (V ), M).

Lemma 4. Let M ∈ O(P, Λ, H) have a standard filtration

0 = M_0 ⊂ M_1 ⊂ · · · ⊂ M_n = M,

such that M_i/M_{i−1} ≃ M(V_i), i = 1, 2, . . . , n. Then, as an A^′-module, M/(σ(N)M) ≃ ⊕^n_{i=1}V_i.

Proof. Analogous to that of [RW, Lemma 1].

Assume that M ∈ O(P, Λ, H) has a standard filtration and M(V ) is a standard module in O(P, Λ, H). We can define [M : M(V )] to be the number of occurrences of M(V ) in a standard filtration of M. This number is independent of the choice of filtration by Lemma 4. As any module in Λ has finite length, each standard module M(V ) can be filtered by generalized Verma modules and for simple W we set [M : M(W )] to be the number of occurrences of M(W ) in a generalized Verma flag, i.e. a filtration, whose quotients are GVMs, of M. Now we can formulate the main result of this Section, which generalizes the celebrated BGG-reciprocity principle ([BGG, RW]). We recall ([FKM1, Theorem 5]) that Λ is said to satisfy the duality condition if for any two simple objects X and Y in Λ there exists a constant i(X, Y ) such that for any simple finite-dimensional A^′-module F holds ((F ⊗ X) : Y ) = i(X, Y )((F ⊗ Y ) : X).

Theorem 1. Assume that Λ satisfies the duality condition and decomposes into a direct sum of full subcategories, each of them being the module category of some quasi-directed (i.e projectively stratified with projective standard modules, [CPS2]) algebra. Then for any two simple objects L(V ) and L(W ) from O(P, Λ, H) holds

[P (V ) : M(W )] = i(V, W )(V̂ : V )(M(W ) : L(V )),

where V̂ is the projective cover of V in Λ.

Proof. Analogous to that of [FKM1, Theorem 5].

Example 1. Let Λ be an admissible category of generic Gelfand-Zetlin modules from [FKM1, Section 11]. It was shown there that Λ satisfies all conditions, necessary for Theorem 1 with i(V, W ) = (Ŵ : W )/(V̂ : V ). Hence, in this case the BGG-reciprocity can be rewritten, as

[P (V ) : M(W )] = (Ŵ : W )(M(W ) : L(V )).

We also note, that (Ŵ : W ) coincides with the cardinality of the orbit of λ ∈ H^∗ under the Weyl group action, where λ is such that the central character of W coincides with the central character of the Verma module (over A), parametrized by λ.

Remark 1. Example 1 contains, in particular, the example of admissible Λ associated with sl(2, C ) induction described in [FKM1, Section 10].

4 Decomposition of O(P, Λ, H) into blocks

In the previous Section we obtained an analogue of the BGG-reciprocity for category O(P, Λ, H). In [FKM1] it has been shown that for finite-dimensional G under some natural conditions the indecomposable blocks of O(P, Λ, H) are equivalent to the module categories of projectively stratified finite-dimensional algebras (see [FKM1, Section 5] for definition).

In the general case this is not true, since an indecomposable block of O(P, Λ, H) does not necessarily contain only finitely many simple objects. In Section 6 we will “locally” relate the general situation to projectively stratified algebras. As a first step, which we will make here, decompose O(P, Λ, H) into blocks in a natural way, as it was done in [DGK] in the classical situation. From now on we assume that Λ satisfies all the conditions of Theorem 1.

We begin with the following Lemma generalizing the Extension Lemma [H, Lemma 2.3].

Lemma 5. Let M(V ) (resp. M(W )) be GVM’s corresponding to a simple V (resp. W ) from Λ. If Ext_{O(P,Λ,H)}(M(V ), M(W )) ≠ 0 then L(V ) is a subquotient of M(W ).

Proof. By virtue of Theorem 1 the proof is analogous to that of [H, Lemma 2.3].

Lemma 5 motivates the following definitions. Let A = A(H) denote the set of quivalence classes of simple objects V from Λ such that M(V ) ∈ O(P, Λ, H). This means that L(V ), V ∈ A is a complete list of simple modules in O(P, Λ, H). We introduce an equivalence relation ∼ on A as the transitive closure of the relation ^∼ defined as follows: V ^∼W if and only if there exists Z ∈ A such that both L(V ) and L(W ) are subquotients of M(Z). Let A^∼ be the set of equivalence classes of ∼ on A. Now we are in position to state the basic decomposition theorem for O(P, Λ, H) (see [DGK, Theorem 4.2] and [S3, Theorem 4.2]).

Theorem 2. For χ ∈ A^∼ let O(P, Λ, H)_χ denote the full subcategory of O(P, Λ, H) which consists of all modules M, having simple subquotients L(V ), V ∈ χ only. Then O(P, Λ, H) = ⨁ χ∈A^∼ O(P, Λ, H)_χ. Proof. Analogous to that of [S3, Theorem 4.2].

5 Relation to projectively stratified algebras

To relate a local situation in O(P, Λ, H) to projectively stratified algebras we will use the classical arguments from the corresponding problem for quasi-hereditary (resp. stratified) algebras, [CPS1, Theorem 3.5] (resp. [CPS2, Theorem 2.2.6]).

Fix a finite set Ĥ in P and let P̂ = ∪_{λ∈Ĥ}P̂ (λ), where P̂ (λ) consists of all H_A-weights λ + μ with μ = 0 or μ = p_S(α) for a non-negative integral linear combination α of roots from N. Fix an indecomposable block χ of O(P, Λ, H) and let T = T (χ, Ĥ) be the poset of all simple objects V ∈ χ whose H_A-weight belongs to P̂ . Our main result in this Section is the following Theorem.

Theorem 3. Assume that Λ is a direct sum of module categories of projectively stratified algebras and T is finite. Then the algebra

A = End_G ( ⨁ V simple in T P (V ) )

is projectively stratified (see [FKM1, Section 5]).

Proof. Consider the functor A = Hom_G(P,_−) from O^f (P, Λ, H) to the category of Amodules. It is exact and sends a projective object P (V ), (for V simple in T ) to a projective module, and a simple object V to a simple module. Define standard objects M̂(W ), W projective in Λ with L(W ) ∈ T , as A (M(W )). Then A transfers a standardly filtered object from O(P, Λ, H) to a standardly filtered object in the category of A-modules. Induction on the poset T as in [CPS1, Theorem 3.5] shows that all axioms of a projectively stratified algebra are satisfied by this choice of standard modules and hence A is projectively stratified.

Corollary 2. Assume that Λ is a sum of module categories of projectively stratified algebras, T is finite and the algebra A from Theorem 3 has a duality. Then for any simples L(V ), L(W ) in T holds

[P (V ) : M(W )] = (Ŵ : W )(M(W ) : L(V )),

where Ŵ is the projective cover of W in Λ.

Proof. It follows from the exactness of A that [P (V ) : M(W )] = [A (P (V )) : A (M(W ))] and (M(W ) : L(V )) = (A (M(W )) : A (L(V ))). Now the statment follows from Theorem 3 and [FKM1, Theorem 4].

Using Corollary 2 one can extend the arguments from the previous Section to a more general situation, where Λ is a sum of module categories of projectively stratified algebras.

6 Induction from sl(2, C ): two equivalences

Assume that |S| = 1, i.e. S = {α} and A ≃ sl(2, C ). For this case there is a natural example of an admissible category Λ = Λ(V (a, b)), a, b ∈ C , associated with an indecomposable dence A-module V (a, b) with one dimensional weight spaces, on which 0 ≠ X_{−α} ∈ G_{−α} acts bijectively ([FKM1, Section 10]). For finite-dimensional G it has been shown in [FKM2, Sections 3-5] that the corresponding categories of induced modules have quite similar structure, moreover, they are equivalent to certain full subcategories of O. The aim of this Section is to generalize these results to O(P, Λ, H). Note, that it was shown in [FKM1, Section 10] that Λ satisfies all conditions of Theorem 1.

For our convenience we fix a standard basis X_{±α}, H_α in A. According to the assumption (A), X_{−α} acts locally ad-nilpotently on G. Let U_α denote the localization of U(G) with respect to the powers of X_{−α} ([M, Lemma 4.2]). Let θ_x, x ∈ C be the unique polynomial family of automorphisms of U_α, such that θ_x(u) = X^x_{−α}uX^{−x}_{−α} for all u ∈ U_α and all x ∈ Z ([M, Lemma 4.3]). Repeating the proof of [FKM2, Theorem 1] we obtain the following.

Theorem 4. The categories O(P, Λ(V (a_1, b)), H) and O(P, Λ(V (a_2, b)), H) are (blockwise) equivalent.

Fix a and b such that b = (a + 2l + 1)^2 for some l ∈ Z. Under this choice the simple objects in Λ = Λ(V (a, b)) are not simple A^′-modules and hence, they have a non-trivial X_α-finite part. Denote by O the category of all H-diagonalizable G-modules with finitedimensional weight spaces, whose support is contained into a finite union of supports of Verma modules. For M ∈ O(P, Λ, H) let E(M) be the subset of locally X_α-finite elements of M. Clearly, E(M) is a G-submodule of M.

Lemma 6. For M ∈ O^f (P, Λ, H) holds E(M) ∈ O.

Proof. From the definition of Λ and O(P, Λ, H) it follows that each M ∈ O(P, Λ, H) is H-diagonalizable with finite-dimensional weight spaces. Hence, so is E(M).

Since M is finitely generated, it has a finite filtration

0 = M_0 ⊂ M_1 ⊂ · · · ⊂ M_n = M,

where each M_i/M_{i−1} is a subquotient of some GVM M(V (a_i, b_i)). Then the support of E(M) is contained in the union of supports of Verma modules E(M(V (a_i, b_i))). This completes the proof.

By Lemma 6, we can consider E as a functor from O^f (P, Λ, H) to O which acts on homomorphisms by restriction. The main property of E is the following theorem. Denote by O^f the full sucategory of O consisting of finitely generated modules.

Theorem 5. The functor E produces an equivalence between O^f (P, Λ, H) and a full subcategory of O^f .

The proof essentially repeats the arguments from [FKM2, Sections 4,5] and we divide it into a sequence of lemmas.

Lemma 7. E(M) = 0 if and only if M = 0, moreover, for any λ ∈ H^∗ and for any k ∈ N big enough holds dim M_{λ−kα} = dim E(M)_{λ−kα}.

Proof. Since M decomposes into a direct sum of objects from Λ it is enough to prove the statment for Λ, which is done in [FKM2, Lemma 1].

From the standard sl(2, C ) theory one easily derives that E(L(V (a, b))) is a G-module having exactly one simple subquotient on which X_{−α} acts injectively ([FKM2, Lemma 2]). Denote by Ê(L(V (a, b))) the parameter of this simple highest weight subquotient of the module E(L(V (a, b))). Now we can reduce the problem of calculating the multiplicities of simple subquotients in M ∈ O^f (P, Λ, H) to the same problem in O^f . In particular, this reduces the problem about multiplicities of simples in a GVM to the corresponding problem for O.

Corollary 3. For any M ∈ O^f (P, Λ, H) and any simple L ∈ O^f (P, Λ, H) holds (M : L) = (E(M) : L(Ê(L))).

Proof. Standard arguments using induction with respect to the poset of simple modules in O^f (P, Λ, H) ordered with respect to their appearance as subquotients in GVMs.

Lemma 8. Let O^f (H) be the full subcategory of O^f , consisting of modules, whose H_Asupport belongs to P . Then E sends projectives from O^f (P, Λ, H) to projectives in O^f (H).

Proof. Each projective occures as a direct summand of some I(V ) (V projective in Λ), so it is enough to prove that E(I(V )) is projective in O^f (H). This follows directly from the construction of I(V ), projectivity of V and the fact, that on A^′-level E commutes with tensoring with finite-dimensional modules ([FKM2, Proposition 1]).

Lemma 9. E is full and faithful on morphisms.

Proof. The second statement is easy. It is sufficient to prove

dim Hom_Of_{(P,Λ,H)}(M_1, M_2) = dim Hom_Of (E(M_1), E(M_2))

only. We know that the image of E belongs to O^f (H). First we prove our result for projective M_1. Certainly, we can assume M_1 = P (V ), where V is simple in Λ. Then dim Hom_Of_{(P,Λ,H)}(P (V ), M_2) = (M_2 : L(V )). Further E(P (V )) is projective in O^f (H). Using the same arguments as in [FKM2, Lemma 7, Proposition 2] one can show that E(P (V )) ≃ P (Ê(L(V ))) and hence

dim Hom_Of (E(P (V )), E(M_2)) = (E(M_2) : L(Ê(L(V )))).

Now the statement follows from Corollary 3. By virtue of Proposition 1, the general case now follows by the same arguments as in [FKM2, Theorem 2].

Proof of Theorem 5. Follows from Lemmas above.

7 Tilting modules

In this section we follow [S3, Section 5] and [AHLU] to study tilting modules in O(P, Λ, H). Our main result is the following Theorem, which is analogous to assertions in [R, D].

Theorem 6. Assume that Λ has a block decomposition with respect to the action of the center, which is locally finite, with each block being the module category over a projectively stratified algebra. Also assume that O(P, Λ, H) has a duality coming from the standard Hopf algebra structure on G. Let V be an indecomposable projective object in Λ such that M(V ) ∈ O(P, Λ, H). Then there exists a unique object T (V ) ∈ O(P, Λ, H) such that

1. Ext^1_{O(P,Λ,H)}(X, T (V )) = 0 for any X ∈ O(P, Λ, H) having a standard filtration;

2. T (V ) has a (possibly infinite) filtration starting with M(V ), whose subquotients are of the form M(W ), where W is projective in Λ.

We will call the filtration from (2) also standard. The module T (V ) will be called indecomposable tilting module corresponding to V . By a tilting module one usually understands a direct sum of several T (W ).

To prove this Theorem we need some preparation, combined in the following Lemmas. Till the end of the Section we work under the assumptions of Theorem 6. In order to construct tilting modules we follow the procedure given by Ringel ([R]), which has been modified by Soergel ([S3]) to cover filtrations of infinite length as well.

Lemma 10. Let λ, μ ∈ H^∗_A and V be a simple (resp. indecomposable projective) module in Λ such that λ is an H_A-weight of V in M(V ). Then there exists only finitely many nonisomorphic simples (resp. indecomp. projectives) W ∈ Λ such that μ is an H_A-weight of W in M(W ) and Hom_{O(P,Λ,H)}(M(V ), M(W )) or Ext^1_{O(P,Λ,H)}(M(V ), M(W )) is non-zero.

Proof. Clearly, from Hom_{O(P,Λ,H)}(M(V ), M(W )) ≠ 0 it follows (M(W ) : L(V )) ≠ 0. From Lemma 5 we also know that Ext^1_{O(P,Λ,H)}(M(V ), M(W )) ≠ 0 implies (M(W ) : L(V )) ≠ 0 and hence it is sufficient to show that there exist only finitely many nonisomorphic simples (resp. indecomposable projectives) W ∈ Λ such that μ is an H_A-weight of W and (M(W ) : L(V )) ≠ 0. As an A-module we have that M(W )_λ ≃ W ⊗ F for a fixed finite-dimensional module F . Recall that Λ has a block decomposition with respect to the action of the center, hence V belongs to some block Λ_i. Since F is fixed, there exist only finitely many blocks Λ_j, j ∈ J, such that Ŵ ⊗ F has V as a composition factor for some Ŵ ∈ Λ_j ([K, BG]). As each Λ_j has only finitely many simples (resp. indecomposable projectives) we obtain the statement of the Lemma.

Lemma 11. For all objects V, W ∈ Λ the vector spaces Hom_{O(P,Λ,H)}(M(V ), M(W )) and Ext^1_{O(P,Λ,H)}(M(V ), M(W )) are finite-dimensional.

Proof. Any H_A-weight space of any module in O(P, Λ, H) is a module of finite length in Λ. Let λ be the H_A-weight of V . Then we have a natural inclusion

Hom_{O(P,Λ,H)}(M(V ), M(W )) → Hom_Λ(V, M(W )_λ)

where the last space is finite-dimensional, since each block of Λ is a module category over a finite-dimensional algebra. Let V̂ be a projective cover of V in Λ. Consider the corresponding projective module P (V̂ ) from O(P, Λ, H), i.e. a projective in O(P, Λ, H) such that there is an exact sequence

0 → K → P (V̂ ) → M(V̂ ) → 0

with K having a standard filtration. From this we get a surjection Hom_{O(P,Λ,H)}(K, M(W )) → Ext^1_{O(P,Λ,H)}(M(V ), M(W )). Now everything follows from the first half of the Lemma.

Let Ω = {λ_i | i ∈ N} be a sequence of elements from P . For n ∈ N set Ω_n = {λ_i | 1 ≤ i ≤ n} and P̂_n = ∪_{λ∈Ωn}P̂ (λ).

Lemma 12. Let Ω be as above, and let V be a projective module in Λ such that M(V ) ∈ O(P, Λ, H). Then for any n ∈ N there exists exactly one (up to isomorphism) indecomposable object T = T (Ω, n, V ) such that

1. Ext^1_{O(P,Λ,H)}(M(W ), T ) = 0 for all indecomposable projective W ∈ Λ with H_A-weight from P̂_n ∩ P ;

2. There is an inclusion M(V ) → T , whose cokernel has a finite standard filtration with all subquotients of the form M(W ), W projective in Λ with H_A-weight from P̂_n ∩ P .

Proof. Using Lemmas 11 and 10 the proof repeats the one from [S3, Proposition 5.6].

Lemma 13. Under the conditions of Lemma 12 for any n > m ∈ N there exists an inclusion T (Ω, m, V ) → T (Ω, n, V ) and the cokernel of each such inclusion has a standard filtration with all subquotients of the form M(W ), W projective in Λ with H_A-weight from (P̂_n \ P̂_m) ∩ P .

Proof. Analogous to that of [S3, Proposition 5.7].

Lemma 14. Let V ∈ Λ and F be a finite-dimensional A-module. Then Hom_C (F, V ) ∈ Λ.

Proof. Denote by^∗ the duality on Λ induced from that on O(P, Λ, H). We know that this duality comes from the standard Hopf algebra structure on A. We have Hom_C (F, V ) ≃ (F ⊗ V^∗)^∗ as an A-module and everything follows from admissibility of Λ.

For H_A-weight G-modules M_1 and M_2 let Hom (M_1, M_2) denote the H_A-weight set of H_A-graded morphisms from M_1 to M_2. From Lemma 14 it follows, in particular, that M(V )^∗ is isomorphic to Hom_P (U(G), V ). We also know that for simple V , L(V ) is the socle of M(V )^∗. Unfortunately, in general the module M(V )^∗ does not belong to O^f (P, Λ, H). Lemma 15. In O(P, Λ, H) there are enough injective modules.

Proof. For M ∈ O(P, Λ, H) the biggest H_A-weight G-submodule of Hom_A′ (U(G), M), which lies in O(P, Λ, H) (Lemma 14), is an injective module, containing M.

Lemma 16. Let M ∈ O(P, Λ, H) such that Ext^1_{O(P,Λ,H)}(M(W ), M) = 0 for all standard M(W ) ∈ O(P, Λ, H). Then Ext^1_{O(P,Λ,H)}(N, M) = 0 for all N ∈ O(P, Λ, H) having a standard filtration.

Proof. Standard by virtue of Lemma 15 (see [S3, Lemma 5.10]).

Proof of Theorem 6. Let Ω be as above. Assume that P = ∪_{n≥1}(P̂_n ∩ P ). Put T (V ) = lim_{n→∞} T (Ω, n, V ). It is straightforward, that T (V ) satisfies (1) and (2).

Using Lemma 16, the proof of the uniqueness of T (V ) is standard (see [S3, Theorem 5.2]). In particular, T (V ) is independent of the choice of Ω.

Remark 2. It is easy to see that for Λ = Λ(V (a, b)) (see Section 6) the functor E sends tilting modules from O(P, Λ, H) to tilting modules in O. So, in the same way as in [FKM2, Section 10] the charcter of a tilting module from O(P, Λ, H) can be computed using the character of the corresponding tilting module in O, which is known in many cases ([S3]).

During the proof of Theorem 6 we have obtained additional information about injective modules in O(P, Λ, H). In the following Corollary we combine those parts of it concerning simples.

Corollary 4. Each simple L in O(P, Λ, H) has an injective hull I(L) ∈ O(P, Λ, H). Each I(L) has an increasing filtration with quotients isomorphic to duals of standard modules and under conditions of Corollary 2 there is a reciprocity formula

[I(L) : M(W )^∗] = (Ŵ : W )(M(W ) : L)

for any simple L(W ) ∈ O(P, Λ, H).

Proof. Follows from the properties of the duality.

8 Non-standard generalized Verma modules for affine Lie algebras

In this section we assume that G is an affine Lie algebra with a 1-dimensional center Z spanned by an element c. Let δ be an indivisible imaginary root of Q. Then the set of all imaginary roots is Q^{im} = {kδ|k ∈ Z \ {0}}. Denote by G a Heisenberg subalgebra of G generated by the root spaces G_{kδ}.

A subalgebra P ⊂ G is called parabolic if P ⊃ H and P+σ(P) = G. The classification and the structure of all parabolic subalgebras in G was described in [F1]. Every parabolic subalgebra has a Levi decomposition P = A^′ ⊕ N where A^′ is either finite-dimensional reductive Lie algebra (type I) or an extension of a sum of some affine Lie subalgebras by a central subalgebra and by a certain subalgebra of the Heisenberg algebra G, generated by the imaginary root spaces of G, (type II). The subalgebra N is called the radical of P. Note that N is solvable only in the case II.

We will work with a fixed parabolic subalgebra P = A^′ ⊕ N of type I. Thus A^′ is a finite-dimensional reductive Lie algebra. Let A^′ = A ⊕ H_A where A is semisimple and H_A is central in A^′. For a subset T ⊂ Q we will denote by G(T ) the subalgebra of G generated by the root subspaces G_α where α ∈ T . Finally, let H(T ) = H ∩ G(T ).

Let π be a basis of the root system Q, Q_+(π) be the set of positive roots with respect to π and δ ∈ Q_+(π) be the indivisible imaginary root. For a subset T ⊂ π we will denote by < T >_π a root subsystem generated by T and δ. Set < T >^+_π =< T >_π ∩Q_+(π). Let also Q_+(T ) ⊂ Q_+(π) denote the set of positive roots generated by T .

It is easy to see that there are parabolic subalgebras P which do not correspond to any triangular decomposition of G ([F2]). In fact, if P contains G_{α+kδ} for some α and infinitely many both positive and negative integers k then this parabolic subalgebra does not correspond to any triangular decomposition of G. On the other hand we have the following

Proposition 2. Let T ⊂ π.

(i) If T is connected, then (H(< T >_π), G(< T >^+_π ), < T >^+_π , σ) is a triangular decomposition of G(< T >_π);

(ii) If T is not connected, then (H(< T >_π), G(< T >^+_π ), Q_+, σ) is a triangular decomposition of G(< T >_π);

(iii) Let T = ∪_iT_i with all sets T_i connected. Then G(< T >_π) = G^T + G(T ), where G^T = ∑ i G^i, [G^i, G^j ] = 0, i ≠ j, G^i is the derived algebra of an affine Lie algebra of rank |T_i| + 1 for each i, [G^T , G(T )] = 0, G(T ) ⊂ G, G(T ) + (G ∩ G^T ) = G, G^T ∩ G(T ) = ∩_iG^i = Z.

Proof. Statements (i) and (ii) are obvious. Note that in the case when T is not connected, the root subsystem < T >_π has no basis consisting of real roots (see [C, Remark 1.4]). Statement (iii) follows from [F2, Proposition 3.2.].

Set G̃^T = G^T + H and m_T = G̃^T + G(T ).

Proposition 3. Let P = A^′ ⊕ N be a parabolic subalgebra of G of type I, i.e. A^′ is finitedimensional reductive Lie algebra. Assume that G_δ ⊂ N and G_{α+kδ} ⊂ N for a real root α and all integer k such that α + kδ ∈ Q. Then there exist a basis π of Q, a root α_0 ∈ π and a subset T ⊂ π_0 = π \ {α_0} such that

(i) The set T contains a basis of the root system of A^′ and δ ∈ Q_+(π);

(ii) P = P(T ) ⊕ N_T where P(T ) = A^′ + G(< T >^+_π ) is a parabolic subalgebra of m_T , N_T is generated by the spaces G_{β+kδ} for all β ∈ Q_+(π_0) \ Q_+(T ) and all integers k for which β + kδ ∈ Q.

Proof. The statements follow from [F2], Theorem 2.5.

From now on we will assume that P = A^′ ⊕ N is fixed, G_δ ⊂ N and that there exists a real root α such that G_{α+kδ} ⊂ N if α + kδ ∈ Q. In this case P is called non-standard parabolic subalgebra. Then by Proposition 3, (ii), P = P(T ) ⊕ N_T for a certain T . It is clear that G = σ(N_T )⊕m_T ⊕N_T . Denote P_T = m_T ⊕N_T . This is a parabolic subalgebra of G of type II. It follows from Proposition 2 that algebra m_T has a triangular decomposition m^−_T ⊕ H ⊕ m^+_T .

Let Λ be an admissible category of A^′-modules and V ∈ Λ. We will make V into a P-module with a trivial action of the radical N. The module

M_P(V ) = U(G) ⊗_{U(P)} V is called non-standard generalized Verma module ([F2]). As modules M_P (V ), M_P(V ) is H_A-diagonalizable. If V is a simple object, then M_P(V ) has a unique maximal submodule, which decomposes into a direct sum of modules in Λ, when viewed as A^′-module. We denote by L_P(V ) the simple quotient of M_P(V ).

Consider the subspace M^T (V ) = U(m_T ) ⊗_{U(P)∩U(mT )} V which is an H_A-diagonalizable m_T -module. Module M^T (V ) is a generalized Verma module over m_T if V is simple. In this case we will denote by L^T (V ) the simple quotient of M^T (V ). We can also view it as a P(T )-module with a trivial action of N_T .

Since M_P(V ) is H_A-diagonalizable module and c is central then c is diagonalizable on M_P(V ). We say that M_P(V ) is non-degenerate if c is non-degenerate on V .

Let T = ∪_iT_i be a decomposition of T into connected components and let G^T = ∑ i G^i be the corresponding decomposition of G^T . Consider the tensor algebra A_T = ⊗_iU(G^i) ⊗ U(G(T )). Clearly, M^T (V ) is an A_T -module. Algebra G(T ) has a natural triangular decomposition G(T ) = G(T )_− ⊕ Z ⊕ G(T )_+ induced by the choice of positive roots Q_+(π). Let M(c_T ) be a G(T )_−-free rank one G(T )-module on which c acts via the scalar c_T . Then we have the following standard fact.

Proposition 4. Let P = A^′ ⊕ N = P(T ) ⊕ N_T , A^′ = A + H, A = ⊕_{j∈J} A_j where all A_j are simple Lie algebras. Suppose that T = ∪_{j∈J} T_j ∪_{i∈I} T^′_i with all T_j and T^′_i being connected and each T_j containing a basis of the root system of A_j . Denote H_i = H ∩ G^i, i ∈ I. If V ∈ Λ is simple then V is a P(T )-module with a trivial action of G_β for all β ∈< T >^+_π which are not the roots of A, V ≃ ⊗_{j∈J} V_j, where V_j is simple (in a proper category of A_j -modules) and H_A-diagonalizable, H_i acts on V via a weight λ_i ∈ H^∗_i for each i ∈ I and

M^T (V ) ≃ ⊗_{j∈J} M_{Pj} (V_j ) ⊗_{i∈I} M(λ_i) ⊗ M(c_T )

as A_T -modules, where P_j = A_j + H + G(< T >^+_π ) and M(λ_i) is the Verma module with highest weight λ_i over G^i with respect to the induced triangular decomposition of G^i.

Proof. Follows from the construction of M_P(V ).

Let Q be the abelian group generated by π and let Q̂ be the abelian group generated by π_0. Every element of β ∈ Q can be written in the form β = α + kδ for some α ∈ Q̂ and we set ht^{im}(β) = |k|. If μ = φ + kδ with φ ∈ Q̂ and k ∈ Z, then we denote by ht μ (respectively ht_1 μ) the number of elements of π_0 (respectively π_0 \ T ) in the decomposition of φ. The universal enveloping algebra U(G) has a natural grading by the elements of Q. If u ∈ U(G)_μ and μ = φ + kδ, φ ∈ Q̂, k ∈ Z then we set ht_1 u = ht_1 μ. The following is the principle result of this Section showing the role of M^T (V ).

Lemma 17. If N ≠ 0 is a submodule of M_P(V ) then N ∩ M^T (V ) ≠ 0.

Proof. The proof is analogous to the proof of Lemma 5.4 in [F2]. Without loss of generality we can assume that V is simple in Λ. Let λ ∈ H^∗_A be the H_A-weight of V and 0 ≠ v ∈ N_{λ−μ} where μ = φ + kδ, φ ∈ Q̂, k ∈ Z. Then we can write v = ∑_r i=1 u_iv_i, where u_i ∈ U(σ(N_T )) are linearly independent, v_i ∈ M^T (V )_{λ−μi} , μ_i = ν_i + l_iδ, ν_i ∈ Q̂, l_i ∈ Z.

Clearly, ht_1 u_i = ht_1 u_j for all i and j. We will denote this number by ht_1 v and carry out the proof by induction in ht_1 v. Assume that ht_1 v = 1. Then u_i ∈ G_{φi+kiδ} with φ_i ∈ Q_+(π_0), ht_1 φ_i = 1. We can also assume that htφ_i ≥ htφ_j if i < j. Choose sufficiently large m ∈ Z_+ such that φ_r − mδ ∈ Q, m > |k_i| for all i and m − k_t > ∑_r i=1 |l_i| for all those t for which htφ_t = ht φ_r. Now let 0 ≠ x ∈ G_{φr −mδ}. We have that xv_i = 0 for all i and xv ≠ 0. Clearly, xv ∈ M^T (V ) which completes the proof in this case. If ht_1v > 1 then similar arguments (see the proof of [F2, Lemma 5.4]) and induction in ht_1 v complete the proof of the Lemma.

As an immediate consequence of Lemma 17 we have

Theorem 7. Let V be a simple A^′-module. Module M_P(V ) is simple if and only if M^T (V ) is simple as a m_T -module.

Hence, Theorem 1 reduces the problem of simplicity of a non-standard generalized Verma module M_P(V ) to the problem of simplicity of a generalized Verma module M(V_j ) (see [KM] for several examples) and Verma modules M(λ_i) and M(c_T ) ([MP]).

9 Non-standard non-degenerate generalized Verma modules

As in the previous Section we work here with a fixed non-standard parabolic subalgebra P of G of type I. We study further properties of module M_P(V ) in the case when c is nondegenerate on V . As in the case of Verma type modules worked out in [F2, Section 5.3], under this condition the structure of M_P(V ) is completely determined by the structure of m_T -module M^T (V ).

Lemma 18. (i) Let c_T ≠ 0. Then the Verma module M(c_T ) is irreducible.

(ii) Let V ∈ Λ such that 0 ∉ Spec_V c, N be a submodule of M^T (V ), 0 ≠ v ∈ N and v = ∑ j∈J u_jv_j where v_j ∈ V , u_j = ∑ i u_{ij}u^′_{ij} ∈ U(m^−_T ), u_{ij} ∈ G_{βij} , β_{ij} ∈ −Q_+(π), β_{ij} ≠ β_{ik} for j ≠ k, and ht^{im}(β_{ij} ) is sufficiently large for all i and j. Then u^′_{ij}v_j ∈ N for all i, j.

Proof. Statement (i) is standard. The proof of (ii) is analogous to the proof of [F2, Lemma 5.13]. Without loss of generality we may assume that |J| = 1. The general case is treated similarly. Let v = ∑ i∈I u_iu^′_iv_0, where u_i ∈ G_{βi} , β_i ≠ β_j if i ≠ j, β_i = φ_i − k_iδ, φ_i ∈ Q̂, k_i ∈ Z. Again without loss of generality we may assume that all u^′_i are homogeneous, u^′_i ∈ U(m^−_T )_{νi−liδ}, k_i >> l_j for all i and j. Suppose first that |I| = 1. Then v = uu^′v_0 with u ∈ G_{φ−mδ}, φ ∈ Q̂, u^′ ∈ U(m^−_T )_{β−lδ}, m >> l ≥ 0. If φ = 0 then choose x ∈ G_{mδ} such that [x, u] ≠ 0. Since m > l, xu^′v_0 = 0. Taking into account that 0 is not an eigenvalue of c on V , we obtain that xv ∈ N is proportional to u^′v_0. Now consider the case φ ≠ 0. Choose a sufficiently large positive k such that k < m, φ − kδ ∈ Q, k > l and m − k > l. If m is sufficiently large, such k always exists. For 0 ≠ x ∈ G_{−φ+kδ} we have xv = xuu^′v_0 = ũu^′v_0 ≠ 0, where ũ ∈ G_{(k−m)δ} . Thus we came to the first case. Now suppose that |I| > 1. Choose φ_{i0} ∈ {φ_i, i ∈ I} with minimal ht φ_{i0} . If ht φ_{i0} = 0 then choose k such that l_i < k < k_i for all i. Then for 0 ≠ x ∈ G_{kδ}, 0 ≠ xv = ∑ i∈I\{i_0} ũiu ′ iv_0 where ũ = [x, u_i] ∈ G_{βi+kδ}. Induction on |I| completes the proof in this case. If ht φ_{i0} > 0 then choose k such that φ − kδ ∈ Q, l_i < k < k_i and l_i < k_{i0} − k for all i ∈ I. Now for 0 ≠ x ∈ G_{−φi0 +kδ} we have xv = ũ_{i0} u^′_{i0} v_0 + ∑ i∈I\{i_0}[x, ui]u ′ iv_0, where ũ_{i0} ∈ G_{(k−ki0 )δ}. If we reduced the number of summands then we can apply the induction in |I|. If not we use the fact that the minimal height is 0 now and proceed as in the case above. This completes the proof.

Theorem 8. Let V ∈ Λ, N be a submodule of M_P(V ) and N^T = N ∩ M^T (V ). If Spec_V c does not contain 0 then

(i) N ≃ U(G)⊗_{U(PT )}N^T where N_T acts trivially on N^T , in particular, N ≃ U(σ(N_T ))⊗_C N^T as a vector space;

(ii) If V is a simple object in Λ, then L_P(V ) ≃ U(G) ⊗_{U(PT )} L^T (V ), where N_T acts trivially on L^T , in particular, L_P(V ) ≃ U(σ(N_T )) ⊗_C L^T (V ) as a vector space.

Proof. Lemma 17 guarantees that N^T ≠ 0 if n ≠ 0. Also it is clear that the m_T -module N^T can be viewed as a P_T -module with a trivial action of N_T . Hence all the tensor products are well-defined. The proof of statement (i) follows the general lines of the proof of [F2, Theorem 5.14]. Let 0 ≠ v ∈ N. Then v ∈ ∑ j∈J u_jv_j where u_j ∈ U(σ(N)) and v_j ∈ V .

Without loss of generality we may assume that |J| = 1. Hence, v = ∑ i∈I u_iu^′_iv_0 with u_i ∈ U(σ(N_T ))_{μi} , u^′_i ∈ U(m^−_T ) and all u_i’s are not multiples of each other. We can also assume that ht_1 μ_i = ht_1 μ_j for all i and j and denote this number by ht_1 v. We will show by induction on ht_1 v that u^′_iv_0 ∈ N for all i which would imply statement (i). Suppose first that ht_1 v = 1. Then u_i ∈ G_{−φi+miδ}, φ_i ∈ Q̂, ht_1 φ_i = 1 for all i. Let φ_{i0} ∈ {φ_i} and m is sufficiently large positive integer. Consider 0 ≠ x ∈ G_{φi0 −mδ}. Then xu^′_iv_0 = 0 for all i and 0 ≠ xv = ũu^′_{i0} v_0 + ∑ i∈I\{i_0} ũiu ′ iv_0 where ũ ∈ G_{(mi0 −m)δ} , ũ_i = [x, u_i], ht_1 ũ_i = 0.

Applying Lemma 18 we conclude that ũu^′_{i0} v_0 ∈ N. Taking into acount that 0 is not an eigenvalue of c on V , we obtain that u_{i0} v_0 ∈ N just by applying an element y ∈ G_{−φi0 +mδ} such that [y, ũ] ≠ 0. It remains to apply the induction in |I|. Suppose now that ht_1 v > 1. In this case the standard arguments (see the proof of [F2, Theorem 5.14]) show that there exist φ ∈ Q̂ with ht_1 φ ≠ 0, sufficiently large positive integer m and x ∈ G_{φ−mδ} such that xv ≠ 0 and ht_1 xv < ht_1 v. Then we proceed by the induction in ht_1 v and in |I| using also the fact that c is non-degenerate on V . Statement (ii) is an immediate consequence of (i).

Corollary 5. Let P = A^′ ⊕N = P(T )⊕N_T , V and V^′ be simple objects from Λ, c_T (V ) ≠ 0 and c_T (V^′) ≠ 0. Then

Hom_G(M_P(V ), M_P(V^′)) ≃ Hom_{mT} (M^T (V ), M^T (V^′)).

10 An equivalence of categories

In this Section we study a category of G-modules which contains non-standard generalized Verma modules in the case when c is non-degenerate. Let P = A^′ ⊕ N = P(T ) ⊕ N_T , Λ be an admissible category of A^′-modules that satisfy condition (B). Fix a finite set H ∈ H^∗_A and consider the category O(P(T ), Λ, H) of m_T -modules as in Section 3. We assume that O(P(T ), Λ, H) carries a natural abelian structure induced from Λ. If V is a simple module in Λ with H_A-weights in P then, by Lemma 2, both M^T (V ) and L^T (V ) are objects in O(P(T ), Λ, H). Moreover, modules of type L^T (V ) exhaust all simple objects. Further, O^f (P(T ), Λ, H) will denote the full subcategory of O(P(T ), Λ, H) consisting of all finitely generated modules.

Denote by K_T the set of all integral linear combinations with positive coefficients of elements from the set (< T >^+_π ∪{β + kδ|β ∈ Q_+(π_0) \ Q_+(T ) k ∈ Z}) ∩ (Q \ Q^S_+) (see Section 2).

Let λ ∈ H^∗_A and P̃ (λ) = λ − K_T . We will assume H to be chosen in such a way that λ(c) ≠ 0 for all λ ∈ H and P̃ (λ) ⊄ P̃ (μ) for all λ, μ ∈ H.

Now we define a full subcategory, O(P, Λ, H), of the category of G-modules, which is consisting of all modules M satisfying the following conditions:

1. The H_A support of M is a subset of P̃ = ∪_{λ∈H}P̃ (λ);

2. M^T = ∑ μ∈P M_μ is an object in O(P(T ), Λ, H);

3. The module M is generated by M^T .

If V is a simple object in Λ having an H_A-weight in P̃ , then both M_P(V ) and L_P(V ) are objects of O(P, Λ, H). Also, any simple object of O(P, Λ, H) is isomorphic to L_P(V ) for some simple V ∈ Λ that has an H_A weight in P̃ .

Let M ∈ O(P, Λ, H) and L be a simple object in the same category. Then, as in the case of O(P, Λ, H), we have a well–defined notion of multiplicity (M : L) of L in M. It follows from Theorem 8 that (M_P(V ) : L_P(V )) = (M^T (V ) : L^T (V )).

It is obvious that any m_T -module W ∈ O(P(T ), Λ, H) has a generalized highest weight series, i.e. a filtration

0 = W_0 ⊂ W_1 ⊂ W_2 ⊂ . . .

of submodules of W such that ∪_iW_i = W and W_i/W_{i−1} is a homomorphic image of M^T (V_i) for some V_i ∈ Λ. A standard argument ([F2, Proposition 14.3]) shows that the same holds for any object in O(P, Λ, H), i.e. any object M has a filtration

0 = M_0 ⊂ M_1 ⊂ M_2 ⊂ . . .

of submodules such that ∪M_i = M and M_i/M_{i−1} is a homomorphic image of M_P(V_i) for some V_i ∈ Λ.

Proposition 5. The category O(P, Λ, H) is closed under operations of taking finite direct sums, submodules, which decompose into a direct sum of modules from Λ, when viewed as A^′-module, and the corresponding quotients.

Proof. The statement about direct sums is obvious. Let M ∈ O(P, Λ, H) and N ⊂ M be a submodule, which decomposes into a direct sum of modules from Λ, when viewed as A^′- module. It is enough to show that N ∈ O(P, Λ, H). Let N^T = ∑ μ∈P N_μ. Since N^T is an m_T -submodule of M^T , N^T ∈ O(P(T ), Λ, H). Consider a generalized highest weight series, 0 = M_0 ⊂ M_1 ⊂ . . . , of M, where M_i/M_{i−1} is a homomorphic image of M_P(V_i), V_i ∈ Λ. Set N_i = N ∩ M_i, N̄_i = N_i/N_{i−1} and let N̄^T_i be the T -part of N̄_i. Then ∪_iN_i = N and if N̄_i ≠ 0 then N̄ T_i ≠ 0 by Lemma 17. It follows from Theorem 8 that N̄_i is generated by N̄ T_i implying immediately that N_i is generated by N^T_i as a G-module. Thus N is generated by N^T and the statement follows.

Theorem 9. If λ(c) ≠ 0 for all λ ∈ H, then the categories O(P, Λ, H) and O(P(T ), Λ, H) are equivalent.

Proof. Define an exact functor F : O(P, Λ, H) → O(P(T ), Λ, H) where F (M) = M^T and F (f) = f|_M T for any M ∈ O(P, Λ, H) and any f ∈ Hom_G(M, M^′). If W ∈ O(P(T ), Λ, H) is an m_T -module then we can view it as a P_T -module with a trivial action of N_T and define a G-module Y (W ) = U(G) ⊗_{U(PT )} W ∈ O(P, Λ, H). Hence, Y is an exact functor from O(P(T ), Λ, H) to O(P, Λ, H). If X ∈ O(P, Λ, H) is an arbitrary homomorphic image of a module M_P(V ) then Y ∘F (X) ≃ X by Theorem 8. For an arbitrary object M ∈ O(P, Λ, H) consider a generalized highest weight series 0 = M_0 ⊂ M_1 ⊂ . . . . Induction on i shows that Y ∘ F (M_i) ≃ M_i for all i and therefore Y ∘ F (M) ≃ M. Now Corollary 5 completes the proof.

Using Theorem 9 all the results from Section 3 to Section 7 can be easily transferred to the category O(P, Λ, H). In particular, there is an analogue of the BGG-reciprocity, a decomposition into blocks, a relation to projectively stratified algebras and a theory of tilting modules.

Acknowledgments

The research was done during the visit of the third author to Bielefeld University as an Alexander von Humboldt fellow. The financial support of Humboldt Foundation and the hospitality by Bielefeld University are gratefully acknowledged.

References

[AHLU] I.Agoston, D.Happel, E.Lukacs and L.Unger, Standardly stratified algebras and tilting, to appear.

[BG] I.N.Bernstein and S.I.Gelfand, Tensor products of finite and infinite dimensional representations of semisimple Lie algebras, Compositio Math., 41 (1980), 245-285.

[BGG] I.N.Bernstein, I.M.Gelfand and S.I.Gelfand, On a certain category of G-modules, Funkt. anal. i ego prilozh., 10 (1976), 1-8.

[CPS1] E.Cline, B.Parshall and L.Scott, Finite-dimensional algebras and highest weight categories. J. Reine Angew. Math. 391 (1988), 85-99.

[CPS2] E.Cline, B.Parshall and L.Scott, Stratifying endomorphism algebras. Mem. Amer.

Math. Soc. 124 (1996), no. 591.

[C] B.Cox, Structure of nonstandard category of highest weight modules, Queen’s Papers in Pure and Applied Math., 94 (1994), 35-47.

[DGK] V.V.Deodhar, O.Gabber and V.Kac, Structure of some categories of representations of infinite-dimensional Lie algebras, Adv. Math. 45 (1982), 92-116.

[D] S.Donkin, Finite resolutions of modules for reductive algebraic groups, J. Algebra 101 (1986), 473-488.

[F1] V.Futorny, The parabolic subsets of root systems and corresponding representations of affine Lie algebras, Contemporary Math., 131 (1992), part 2, 45-52.

[F2] V.Futorny, Representations of affine Lie algebras, Queen’s Papers in Pure and Applied Math., v. 106 (1997), Kingston, Ont., Canada.

[FKM1] V.Futorny, S.König and V.Mazorchuk, Categories of induced modules and projectively stratified algebras, Preprint 99-024, Bielefeld University.

[FKM2] V.Futorny, S.König and V.Mazorchuk, A combinatorial description of blocks in O(P, Λ) associated with sl(2) induction, Preprint 99-038, Bielefeld University.

[FKM3] V.Futorny, S.König and V.Mazorchuk, S-subcategories in O, to appear. [H] J.E.Humphreys, Highest weight modules for semisimple Lie algebras. Representation theory, I (Proc. Workshop, Carleton Univ., Ottawa, Ont., 1979), pp. 72–103, Lecture Notes in Math., 831, Springer, Berlin-New York, 1980.

[KM] A.Khomenko, V.Mazorchuk, On the determinant of Shapovalov form for generalized Verma modules. J. Algebra 215 (1999), 318-329.

[K] B.Kostant On the tensor product of a finite and infinite dimensional representation, J. Func. Anal. 20 (1975), 257-285.

[M] O.Mathieu, Classification of irreducible weight modules, Preprint, Strasbourg, 1997. [MP] R.V.Moody and A.Pianzola, Lie algebras with triangular decomposition, CMS series of monographs and advanced texts, J.Wiley-Int. Publ., N.Y., 1995.

[R] C.M.Ringel, The category of modules with good filtrations over a quasi-hereditary algebra has almost split sequences, Math. Z. 208 (1991), 209-223.

[RW] A.Rocha-Caridi and N.R.Wallach, Projective modules over graded Lie algebras. I, Math. Z. 180 (1982), 151-177.

[S1] W.Soergel, Combinatorics of Harish-Chandra modules, in Proceedings of “Representation theorie and algebraic geometry” (Montreal, PQ, 1997, 401-412, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 514, Kluwer Acad. Publ., Dordrecht, 1998.

[S2] W. Soergel, Kategorie O, perverse Garben und Moduln über den Koinvarianten zur Weylgruppe. (in German) [Category O, perverse sheaves and modules over the coinvariants for the Weyl group], J. Amer. Math. Soc. 3 (1990), no. 2, 421-445.

[S3] W.Soergel, Charakterformeln für Kipp-Moduln über Kac-Moody-Algebren. [Character formulas for tilting modules over Kac-Moody algebras] Represent. Theory 1 (1997), 115-132 (electronic).

Note, that referring to [S3] we mean the last version of the paper, available from the homepage of W.Soergel: http://sunpool.mathematik.uni-freiburg.de/home/soergel/.

Vyacheslav Futorny, Universidade de São Paulo, Instituto de Matematica e Estatistica, Caixa Postal 66281 - CEP 05315-970, São Paulo, Brasil, e-mail: futorny@ime.usp.br

Steffen König, Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, D-33501, Bielefeld, FRG, e-mail: koenig@mathematik.uni-bielefeld.de

Volodymyr Mazorchuk, Mechanics and Mathematics Department, Kyiv Taras Shevchenko University, 64 Volodymyrska st., 252033, Kyiv, Ukraine, e-mail: mazorchu@uni-alg.kiev.ua Address until 31 December 1999: Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, D-33501, Bielefeld, FRG, e-mail: mazor@mathematik.uni-bielefeld.de