ALMOST SPLIT SEQUENCES OF VERMA MODULES

R. FARNSTEINER AND G. RÖHRLE

0. Introduction

The Auslander-Reiten theory of restricted Lie algebras is not nearly as well understood as its precursor for finite groups. In particular, a comprehensive block theory for restricted Lie algebras has remained elusive, and techniques of descent, like those set forth in [17], usually lose their utility in this context. In recent work [11, 12] methods related to the notion of support variety have proven to be most effective, particularly when the underlying Lie algebra is associated to a reductive algebraic group.

As blocks of enveloping algebras of reductive Lie algebras are rarely tame or representationfinite [11, 12], there is little hope of obtaining a comprehensive description of their indecomposable modules. In default of a general classification one is led to study the location of certain classes of indecomposables within the stable Auslander-Reiten quiver. Simple modules either belong to components of type Z[Ã_{12}], or are located at ends of Z[A_∞], with the former occurring precisely when the corresponding block is tame [11, 12].

In this paper we use the algebro-geometric approach to study the location of Verma modules within the stable Auslander-Reiten quiver. Our main result, Theorem 6.1, shows that these are located at ends of Auslander-Reiten components.

Throughout, we are working over an algebraically closed field k of characteristic p > 2. All k-vector spaces are assumed to be finite dimensional. Let (g, [p]) be a restricted Lie algebra with universal enveloping algebra U(g). Given a linear form χ ∈ g^∗, we consider the reduced enveloping algebra u(g, χ) := U(g)/({x^p − x^{[p]} − χ(x)^p1 | x ∈ g}). We refer the reader to [30] concerning basic properties of u(g, χ), and only recall a few facts that are relevant for our purposes. The algebra u(g, χ) is a finite dimensional Frobenius algebra whose Nakayama automorphism μ is given by (cf. [13, (1.2)])

μ(x) = x − tr(ad x) for all x ∈ g.

The restricted enveloping algebra u(g) := u(g, 0) of g is a cocommutative Hopf algebra.

If h ⊂ g is a p-subalgebra, and M is a u(g, χ)-module, then we write M|_{u(h,χ|h)} for the restriction of M to the subalgebra u(h, χ|_h) ⊂ u(g, χ).

The paper is organized as follows. In §§1 and 2 we collect basic facts on Verma modules of reductive groups and their varieties. In view of the results of [11, 12], we are primarily interested in the case, where the variety has dimension 2. As is shown in Section 3, whose computational part is relegated to an appendix §7, this naturally leads to the discussion of certain semisimple groups of rank 2. After a technical section on Auslander-Reiten components, we discuss in Section 5 Verma modules for groups of type A_1 × A_1 and A_2. For the former type Verma modules are shown to be quasi-simple (i.e., located at ends of components of tree class A_∞). For the Lie algebra sl(3) this also holds, with the possible exception of those blocks whose three highest weights lie on walls

Date: November 9, 1999.

1991 Mathematics Subject Classification. Primary 16G70, Secondary 17B50. 1

of the upper alcove of the fundamental Weyl chamber. Here we prove that Verma modules are situated at ends of components of type Z[A_∞] or Z[D_∞]. The occurrence of the latter case would imply that K. Erdmann’s remarkable result [6, Thm.1] on the structure of the AR-components of wild blocks of group algebras would fail in our context.

As general references for algebraic groups we cite the books by A. Borel [4] and T. Springer [29].

1. Verma Modules for Reductive Lie Algebras

Throughout, G denotes a (connected) reductive algebraic group defined over k. Let T be a fixed maximal torus of G, and consider a Borel subgroup B = T U of G with unipotent radical U. We denote the Lie algebra of G by Lie G or g; likewise for subgroups of G. Let Ψ := Ψ(G, T ) be the set of roots of G with respect to T . For a root β of G we let U_β be the corresponding one-parameter unipotent subgroup of G normalized by T . The root subspace Lie U_β of g is denoted g_β. There results the root space decomposition of g relative to T :

g = t ⊕ ⨁ α∈Ψ g_α.

By Ψ^+ and Ψ^− we denote the positive and negative roots of G, respectively, and we define

u := ⨁ α∈Ψ^+ g_α and u^− := ⨁ α∈Ψ^− g_α.

Let F_G be the Frobenius endomorphism of G induced by taking p-th powers on the coordinate ring k[G] of G. The infinitesimal algebraic k-groups G_t := ker F^t_G are called the Frobenius kernels of G, [22].

By X(T ) we denote the character group of T . Given λ ∈ X(T ), we let

Z(λ) := u(g) ⊗_{u(b)} k_λ

be the Verma module with highest weight λ. We view k_λ as a Lie B-module by letting Lie T and Lie U act via the differential d(λ) and 0, respectively. The module Z(λ) is indecomposable with simple top and simple socle. Accordingly, Z(λ) and Z(λ^′) are isomorphic if and only if d(λ) = d(λ^′). Moreover, Z(λ) is a G_1T -module, i.e., it is a G_1-module (i.e., a g-module), and a T -module via t · (u ⊗ s) := Ad(t)(u) ⊗ λ(t)s. Given t ∈ T and u ∈ u(g) we have t · (u · v) = Ad(t)(u)(t · v) for every v ∈ Z(λ), and the differential of the T -action coincides with the action of Lie T on Z(λ).

For a p-subalgebra h of g we consider the induced module

Z_h(λ) := u(h) ⊗_{u(h∩b)} k_{λ|h∩b} .

Note that Z_h(λ) is a submodule of Z(λ)|_{u(h)}.

For every root α there is an associated coroot α^∨, i.e., a certain one-parameter subgroup α^∨ : k \ {0} → T defined by the pairing ⟨ζ, η⟩ = ζ ∘ η with values in Z such that the coroot α^∨ is dual to the root α relative to this pairing.

We begin with a few simple observations concerning the structure of Verma modules. Let g^′ = Lie G^{(1)} be the Lie algebra of the derived group of G. It follows from [4, §14] that there exists a torus t_0 ⊂ t such that g = t_0 ⊕ g^′.

Lemma 1.1. Let G be reductive.

(i) Suppose that g = t_0 ⊕ h is a sum of p-subalgebras with t_0 ⊆ t. Then there is an isomorphism Z_h(λ) ∼= Z(λ)|_{u(h)}.

(ii) Let H and K be normal subgroups of G such that g = h ⊕ k. Then there is an isomorphism of u(g)-modules Z(λ) ∼= Z_h(λ) ⊗_k Z_k(λ).

Proof. (i). Since both u(h)-modules have the same dimension, the canonical inclusion Z_h(λ) → Z(λ)|_{u(h)} is an isomorphism.

(ii). We begin by showing that b = (b ∩ h) ⊕ (b ∩ k). Thanks to [4, (13.18)] all root spaces of g are one-dimensional. By assumption, both summands of g are invariant under the adjoint representation of G. In particular, we have q ∩ b = q ∩ t ⊕ ⨁ α∈Ψ^+ qα for q ∈ {h, k}. Since

b = t ⊕ ⨁ α∈Ψ^+ gα (cf. [4, §13]), the assertion follows.

Direct computation shows that the map u(h) × k_λ × u(k) × k_λ −→ Z(λ) ; (u, r, v, s) → uv ⊗ rs induces a linear map

φ : Z_h(λ) ⊗_k Z_k(λ) −→ Z(λ).

Since u(g) ∼= u(h) ⊗_k u(k), this map is u(g)-linear and surjective. By the first part of the proof, the left-hand space has dimension p^{dim g−dim b}, so that φ is an isomorphism.

Let Π be a subset of the set of simple roots Σ of G. We denote the (standard) parabolic subgroup of G associated to Π by P_Π, so that in particular P_∅ = B. Moreover, for P = P_Π we consider the Levi decomposition P = LP_u, where L and P_u denote the standard Levi subgroup and the unipotent radical of P , respectively. Accordingly, we have p = l ⊕ n, where Lie P_u = n. We consider the associated triangular decomposition

g = n^− ⊕ l ⊕ n (1) of g, where n^− is the Lie algebra of the unipotent radical of the parabolic subgroup of G which is opposite to P . Note that each of the direct summands in (1) is a p-subalgebra of g, and n and n^− are L-invariant subspaces. Consequently, the adjoint action of l on n^− induces an action of u(l) on u(n^−), and we denote the corresponding u(l)-module by u(n^−)_{ad}. We maintain this notation for the remainder of this section.

For a u(l)-module M viewed as a u(p)-module with n acting trivially, the induced u(g)-module u(g) ⊗_{u(p)} M is frequently called the Harish-Chandra induced module of M (with respect to p).

Lemma 1.2. Let λ ∈ X(T ).

(i) There is an isomorphism Z(λ)|_{u(l)} ∼= u(n^−)_{ad} ⊗_k Z_l(λ). (ii) Z_l(λ) is a direct summand of Z(λ)|_{u(l)}. (iii) There is an isomorphism Z(λ) ∼= u(g) ⊗_{u(p)} Z_l(λ).

Proof. (i). We denote by ι the natural embedding Z_l(λ) → Z(λ), and consider the linear map φ : u(n^−)_{ad} ⊗_k Z_l(λ) −→ Z(λ) given by φ(u ⊗ z) := u · z := u · ι(z). Since u^− = n^− ⊕ (l ∩ u^−), the map φ is surjective. By the same token, both spaces have the same dimension, so that φ is an isomorphism.

Let x be in l, u ∈ u(n^−)_{ad}, and z ∈ Z_l(λ). Then we have φ(x · (u ⊗ z)) = φ([x, u] ⊗ z + u ⊗ x · z) = [x, u] · z + u · (x · z) = (xu) · z − (ux) · z + (ux) · z = (xu) · z = x · φ(u ⊗ z). Thus φ is l-linear, as claimed.

(ii). Letting u(n^−)^† be the augmentation ideal of u(n^−), we observe that u(n^−)_{ad} = u(n^−)^† ⊕ k · 1 is a decomposition of l-submodules, with l acting trivially on the second summand. Consequently, Z(λ)|_{u(l)} ∼= u(n^−)_{ad} ⊗_k Z_l(λ) ∼= (u(n^−)^† ⊗_k Z_l(λ)) ⊕ Z_l(λ).

(iii). Note that dim u(g) ⊗_{u(p)} Z_l(λ) = p^{dim n} · dim Z_l(λ) = p^{dim n} · p^{dim(u∩l)} = p^{dim u} = dim Z(λ). We consider the map f : u(g) × Z_l(λ) −→ Z(λ) given by (u, v) → uv. In order to show that f is u(p)-balanced, it suffices to check this for elements from n. Let x ∈ n, a ∈ u(l), and u ∈ u(g). Then f(ux, a⊗1) = uxa⊗1 = 0, since xa ∈ u(n)^†u(l) = u(l)u(n)^†. Hence we have a surjective u(g)-linear map ψ : u(g) ⊗_{u(p)} Z_l(λ) −→ Z(λ) such that ψ(u ⊗ (1 ⊗ 1)) = u ⊗ 1. For dimension reasons, ψ is bijective.

Remark. For λ ∈ X(T ) let L(λ) and L_l(λ) denote the simple u(g)-module and simple u(l)-module of highest weight λ, respectively. Note that Top(Z_l(λ)) = L_l(λ), cf. [22, (II.3.10(2))]. The u(p)- linear surjection Z_l(λ) −→ L_l(λ) induces a surjective map u(g) ⊗_{u(p)} Z_l(λ) −→ u(g) ⊗_{u(p)} L_l(λ). By Lemma 1.2(iii) the left-hand module has top L(λ). Consequently, Top(u(g) ⊗_{u(p)} L_l(λ)) ∼= L(λ). For λ ∈ X(T ) we define the coinduced module Z^′(λ) := Hom_{u(b}−_)(u(g), k_λ), cf. [22, (II.9.1)]. If h ⊆ g is a p-subalgebra, we put Z^′_h(λ) := Hom_{u(b}−_{∩h)}(u(h), k_{λ|b− ∩h} ).

Given a u(l)-module M, we consider the coinduced u(g)-module Hom_{u(p)}(u(g), M) where n is assumed to act trivially.

Let p^− := n^− ⊕ l be the parabolic subalgebra of g opposite to p. For future reference we record the following counterpart to Lemma 1.2(iii).

Lemma 1.3. Let λ ∈ X(T ). There is an isomorphism Z^′(λ) ∼= Hom_{u(p}−_)(u(g), Z^′_l (λ)). Proof. Since u(g) is a free u(p^−)-module of rank p^{dim n}, we have dim Hom_{u(p}−_)(u(g), Z^′_l (λ)) = p^{dim n} dim Z^′_l (λ) = p^{dim n+dim(u∩l)} = dim Z^′(λ). Direct computation shows that the map Φ : Hom_{u(p}−_)(u(g), Z^′_l (λ)) −→ Z^′(λ), given by Φ(f)(u) := f(u)(1) is well-defined and u(g)-linear. Let f ∈ ker Φ. Given u ∈ u(g) and a ∈ u(l), we have f(u)(a) = [a · f(u)](1) = f(au)(1) = Φ(f)(au) = 0.

Thus f(u) = 0 for all u ∈ u(g), so that f = 0. Hence Φ is injective and therefore bijective.

We close this section with an application of Lemma 1.3 (cf. [22, (II.2.11)]). For a u(g)-module M and a p-subalgebra h of g we let M^h be the set of h-invariants of M. Corollary 1.4. Let λ ∈ X(T ). Then we have an isomorphism of u(l)-modules L(λ)^n ∼= L_l(λ).

Proof. Let X ⊆ L(λ)^n be a simple u(l)-module and 0 ≠ x ∈ X a highest weight vector. Since u = n⊕(l∩u), we see that x in fact is a highest weight vector for g. If the weight space L(λ)^n_η contains a highest weight vector, then 0 ≠ dim Hom_{u(l)}(k_η, L(λ)) = dim Hom_{u(g)}(Z(η), L(λ)) = δ_{ηλ}. Thus, x = ξv_λ, where v_λ is a highest weight vector in L(λ) and ξ ∈ k. Consequently, X = u(l)x = u(l)v_λ, and thus we have Soc_{u(l)}(L(λ)^n) ∼= L_l(λ). (2) We write V (λ) := Hom_{u(p}−_)(u(g), L_l(λ)), and note that the canonical restriction map induces an isomorphism V (λ) ∼= Hom_k(u(n), L_l(λ)) of u(n)-modules. Since u(n) is symmetric, we have u(n)-module isomorphisms V (λ) ∼= u(n)^∗ ⊗_k L_l(λ) ∼= u(n) ⊗_k L_l(λ) with u(n) acting trivially on the second factors. As the trivial u(n)-module occurs in u(n) with multiplicity one, we obtain k-vector space isomorphisms V (λ)^n ∼= u(n)^n ⊗_k L_l(λ) ∼= L_l(λ). (3)

Since Soc_{u(g)}(Z^′(λ)) ∼= L(λ) and Soc_{u(l)}(Z^′_l (λ)) ∼= L_l(λ) [22, (II.3.9(4))], it follows from Lemma 1.3 that there is an embedding L(λ) → V (λ), so that L(λ)^n → V (λ)^n. By (2) we have injections L_l(λ) → L(λ)^n → V (λ)^n.

Finally, by (3), each of these inclusions is an isomorphism of u(l)-modules, and the desired result follows.

2. Rank Varieties

Let (g, [p]) be a reductive Lie algebra. Following Friedlander-Parshall [15] we associate to a u(g)-module M its rank variety

V_g(M) := {x ∈ g | x^{[p]} = 0 and M|_{u(kx)} is not projective} ∪ {0}.

The reader is referred to [14, 15, 16] concerning basic properties of rank varieties. We let ϱ := 1 2 ∑ α∈Ψ^+ α be the half-sum of the positive roots and recall that ϱ(σ

∨) = 1 for every simple root σ.

The Verma module Z((p − 1)ϱ) is called the Steinberg module. By the linkage principle [19, (3.1)] and [24, Thm.1] the Steinberg module is the only projective Verma module in case G semisimple. We employ this fact repeatedly in the sequel.

Let λ ∈ X(T ) and h ⊂ g a p-subalgebra. Since the module Z_h(λ) is (u(h), u(b ∩ h))-projective, we have V_h(Z_h(λ)) = V_{h∩b}(Z_h(λ)) (cf. [10, (3.4)]). The latter set is readily seen to be contained in V_{u∩h}(k). As twisting the module structure of Z(λ) by an automorphism Ad(b), for b in B, yields an isomorphic module, we have

Lemma 2.1. Let λ ∈ X(T ). Then V_g(Z(λ)) is a conical B-invariant subvariety of u. □

Let {h_σ, e_α | σ ∈ Σ, α ∈ Ψ} be a Chevalley basis of g such that g_β = ke_β for each β ∈ Ψ.

Lemma 2.2. Let G be reductive and σ ∈ Σ. Then e_σ is an element of V_g(Z(λ)) precisely when ⟨λ, σ^∨⟩ ≢ −1 mod p. Proof. Letting Π = {σ}, we observe that l ∼= sl(2) ⊕ z(l) is the direct sum of a copy of sl(2) with the center of l. Note that the latter is a torus. From Lemma 1.2(i) we obtain Z(λ)|_{u(sl(2))} ∼= (u(n^−)_{ad})|_{u(sl(2))} ⊗_k Z_l(λ)|_{u(sl(2))}.

Thanks to Lemma 1.1(i) and Lemma 1.2(ii) the second factor is a Verma module for u(sl(2)) as well as a direct summand of Z(λ)|_{u(sl(2))}. In view of [14, (2.1)] it follows that V_{sl(2)}(Z_l(λ)) = V_{sl(2)}(Z(λ)). Consequently, e_σ lies in V_g(Z(λ)) if and only if ⟨λ, σ^∨⟩ ≢ −1 mod p.

Let W_p be the affine Weyl group associated to g. The “dot” action of w ∈ W_p on X(T ) is defined as follows: w.λ := w(λ + ϱ) − ϱ. For λ ∈ X(T ) we put Ψ_λ := {α ∈ Ψ | ⟨λ + ϱ, α^∨⟩ ∈ pZ}. We say that λ is p-regular provided Ψ_λ = ∅. Else Ψ_λ is a semisimple subsystem of Ψ [21, 2.7].

Denote by C the category of finite dimensional G_1T -modules. For μ ∈ X(T ) let L(μ) be the simple G_1T -module of highest weight μ. For each λ ∈ X(T ) let C_λ be the full subcategory of C consisting of those objects whose composition factors L(μ) satisfy μ ∈ W_p.λ.

Given two elements λ, μ ∈ X(T ) belonging to the standard alcove, we let T^λ_μ be the translation functor from C_μ to C_λ [22, (II.9.19)]. It follows from the definition of T^λ_μ and [14, (2.1)] that

V_g(T^λ_μ M) ⊆ V_g(M) for any module M in C_μ.

Throughout the remainder of this section we let h be the Coxeter number of G.

Lemma 2.3. Let λ ∈ X(T ) and suppose that p ≥ h. Then λ is p-regular if and only if

V_g(Z(λ)) = u.

Proof. If λ is not p-regular, then V_g(Z(λ)) does not contain regular nilpotent elements [21, Lemma 2.3] and, by Lemma 2.1, is thus properly contained in u.

In case λ = 0 we observe that the counit ε : u(g) −→ k induces a u(g)-linear map ζ : Z(0) −→ k ; u ⊗ ξ → ε(u)ξ. Since ξ → 1 ⊗ ξ is a u(b)-linear splitting of ζ, it follows that k is a direct summand of Z(0)|_{u(u)}. As p ≥ h, an application of [14, (2.1)] yields u = V_u(k) ⊆ V_u(Z(0)) = V_g(Z(0)), as desired.

Since any weight λ in the standard alcove C_0 is p-regular and belongs to the same facet as 0, [23, (11.21)] shows that T^λ_0 is an equivalence of categories between C_0 and C_λ sending Z(w.0) to Z(w.λ) for any w ∈ W_p. Consequently, the associated rank varieties are equal, and V_g(Z(λ)) = u for every λ ∈ C_0. Since W_p permutes the alcoves transitively (cf. [22, (II.6.2)]) we also have V_g(Z(λ)) = V_g(Z(γ)), whenever λ and γ are p-regular elements belonging to the same alcove.

Let C be an alcove such that V_g(Z(λ)) = u for some (and hence every) p-regular element λ ∈ C. We choose an alcove D adjacent to C and let s be the unique affine reflection relative to the adjoining wall F = C ∩ D (facet of codimension 1). Note that η := s.λ ∈ D is a p-regular element. Next, we choose an element w ∈ W_p such that w.C = C_0. Then w.D is adjacent to C_0 with adjoining wall w.F and associated reflection s^′ = wsw^{−1}. Observe that w^{−1}s^′(w.λ) = s.λ = η. Now let μ ∈ w.F be a weight on the wall w.F . Suppose that λ < s.λ. An application of [22, (II.9.19(3))] provides an exact sequence (0) −→ Z(λ) −→ T^{w.λ}_μ (Z(w^{−1}.μ)) −→ Z(s.λ) −→ (0), so that

V_g(Z(λ)) ⊆ V_g(T^{w.λ}_μ (Z(w^{−1}.μ))) ∪ V_g(Z(s.λ)) ⊆ V_g(Z(w^{−1}.μ)) ∪ V_g(Z(s.λ)).

Let x in u be a regular element. Then x ∈ V_g(Z(λ)) and by [21, Lemma 2.3] we see that x is not in V_g(Z(w^{−1}.μ)). Consequently, x ∈ V_g(Z(s.λ)), and u = B · x ⊆ V_g(Z(s.λ)) = V_g(Z(η)). Therefore, V_g(Z(γ)) = u for any p-regular element γ ∈ D. The case λ > s.λ can be treated similarly.

Since W_p acts transitively on the set of alcoves, we are done.

For i = 1, . . . , r := rank G we consider the parabolic subgroups P_i := P_{{σi}} of G of semisimple rank 1. The Lie algebra of the unipotent radical of P_i is denoted n_i.

Corollary 2.4. If λ ∈ X(T ) is not p-regular and p ≥ h, then V_g(Z(λ)) ⊆ ⋃_r i=1 n_i.

Proof. For x ∈ g let C_G(x) denote the centralizer of x in G; likewise for subgroups of G. If x is an element of n_i, then dim C_{Pi} (x) ≥ r + 2; whence dim C_G(x) ≥ r + 2, i.e., x is not regular. If x ∈ u is not in ∪_in_i, then x is of the form x = ∑ c_αx_α where c_α ≠ 0 for each simple root α. But then x is regular nilpotent by [28, (5.8)]. Thus, ∪_in_i is precisely the set of all non-regular elements of u. By Lemma 2.3 the variety V_g(Z(λ)) is contained in this set.

For λ ∈ X(T ) we define Σ_λ := Σ ∩ Ψ_λ. Let ϕ be an automorphism of u(g) and M a u(g)-module. We define the twisted module structure on M by ϕ by u · m := ϕ^{−1}(u)m for m ∈ M and u ∈ u(g), and denote this module by M^{(ϕ)}. For g ∈ G we write M^{(g)} instead of M^{(Ad(g))}. We close this section with a refinement of Lemma 2.1.

Lemma 2.5. Let λ ∈ X(T ) and set P := P_{Σλ} . Then we have

(i) V_g(Z(λ)) is P -invariant;

(ii) V_g(Z(λ)) ⊆ Lie P_u =: n.

Proof. Let P = LP_u be the standard Levi decomposition of P .

(i). By construction, Z_l(λ) is the Steinberg module for u(l). Thus it is, as a simple u(l)-module, also a simple u(p)-module. Since G is connected, so is P ([4, (11.16)], [29, (7.3.8)]). It follows that Z_l(λ)^{(g)} ∼= Z_l(λ) for any g ∈ P , cf. [22, (II.3.11)].

Observe that the canonical map u(g) ⊗_{u(p)} Z_l(λ) −→ u(g) ⊗_{u(p)} Z_l(λ)^{(g)} given by u ⊗ m → Ad(g)(u) ⊗ m induces an isomorphism (u(g) ⊗_{u(p)} Z_l(λ))^{(g)} ∼= u(g) ⊗_{u(p)} Z_l(λ)^{(g)}. According to Lemma 1.2(iii) we have

Z(λ)^{(g)} ∼= (u(g) ⊗_{u(p)} Z_l(λ))^{(g)} ∼= u(g) ⊗_{u(p)} Z_l(λ)^{(g)} ∼= u(g) ⊗_{u(p)} Z_l(λ) ∼= Z(λ) for g ∈ P . This implies the P -invariance of V_g(Z(λ)).

(ii). By Lemma 2.1 we have V_g(Z(λ)) ⊆ u = (l ∩ u) ⊕ n. Suppose x + n ∈ V_g(Z(λ)), where x ∈ l ∩ u and n ∈ n. Let w^L_0 be the longest element of the Weyl group W_L of L. By part (i) we have u ⊇ V_g(Z(λ)) ∋ y := w^L_0 x + w^L_0 n. Since x ∈ l ∩ u, we get w^L_0 x ∈ l ∩ u^−. Thus, since n is a P -invariant subspace of u, we conclude w^L_0 x = y − w^L_0 n ∈ u^− ∩ u = {0}. Hence, x = 0, and V_g(Z(λ)) ⊆ n.

3. Rank Varieties of Dimension two

We start with the computation of the rank varieties of Verma modules for certain simple Lie algebras of rank 2.

Let λ be in X(T ) and {σ_1, σ_2} = Σ; in case of two root lengths, σ_1 is assumed to be long. The unique highest root is denoted α̃. We put Ψ^+_λ := Ψ_λ ∩ Ψ^+, and let e_{σ1} , e_{σ2} be the standard generators of the corresponding root spaces.

Lemma 3.1. Suppose that p ≥ 3. Let G be of type A_2 and λ ∈ X(T ).

(i) If λ is p-regular, then V_g(Z(λ)) = u. (ii) If Ψ^+_λ = {σ_1}, then V_g(Z(λ)) = n_1. (iii) If Ψ^+_λ = {σ_2}, then V_g(Z(λ)) = n_2. (iv) If Ψ^+_λ = {σ_1 + σ_2}, then V_g(Z(λ)) = n_1 ∪ n_2. (v) If Ψ^+_λ = Ψ^+, then V_g(Z(λ)) = {0}.

Proof. The statement of part (i) follows from Lemma 2.3. If Ψ^+_λ = Ψ^+, then the u(g)-module Z(λ) is isomorphic to the Steinberg module, so that (v) holds. In each of the other instances Corollary 2.4 yields V_g(Z(λ)) ⊆ n_1 ∪ n_2.

Comparing dimensions, we obtain n_1 = B · e_{σ2} and likewise n_2 = B · e_{σ1} . Consequently, in case (iv) we immediately derive the desired equality from Lemmas 2.1 and 2.2. By the same token, in case (ii) we have n_1 ⊆ V_g(Z(λ)) and Lemma 2.5(ii) implies V_g(Z(λ)) ⊆ n_1. Thus, we have n_1 = V_g(Z(λ)). By symmetry, the equality in (iii) also follows.

Lemma 3.1(iv) illustrates that the rank variety of a Verma module, although projectively connected, need not be irreducible.

Remark. Consider the Lie algebra g = sl(3) with simple roots {σ_1, σ_2}. Suppose λ ∈ X(T ) satisfies 0 ≢ ⟨λ, σ^∨_1 ⟩ ≢ ⟨λ, σ_2^∨⟩ ≡ −1 mod p. Then, by Lemma 3.1(iii), we have V_g(Z(λ)) = g_{σ1} ⊕ g_{α̃}; thus e := e_{σ1} + e_{σ2} ∉ V_g(Z(λ)). We consider the subalgebra s ∼= sl(2) of g associated to e. Since ⟨λ, (σ_1 + σ_2)^∨⟩ ≢ −1 mod p implies that e ∈ V_s(Z_s(λ)), it follows that Z_s(λ) ⊆ Z(λ) is not a direct summand of Z(λ)|_{u(s)} (cf. Lemma 1.2).

Next we consider B_2; recall that σ_1 is the long simple root.

Lemma 3.2. Suppose that p ≥ 5. Let G be of type B_2 and λ ∈ X(T ).

(i) If λ is p-regular, then V_g(Z(λ)) = u. (ii) If Ψ^+_λ = {σ_1}, then V_g(Z(λ)) = n_1. (iii) If Ψ^+_λ = {σ_2}, then V_g(Z(λ)) = n_2. (iv) If ∅ ≠ Ψ^+_λ ⊂ Ψ^+ \ Σ, then V_g(Z(λ)) ⊃ n_1. (v) If Ψ^+_λ = Ψ^+, then V_g(Z(λ)) = {0}.

Proof. The proofs of parts (i) and (v) are analogous to those of the corresponding statements in Lemma 3.1. In each of the other instances Corollary 2.4 yields V_g(Z(λ)) ⊆ n_1 ∪ n_2.

We prove (ii) and (iii) simultaneously. So we have Ψ^+_λ = {σ_i} for i = 1, 2. Since dim B · e_{σ2} = 3 (cf. [5, p. 31]), we have n_1 = B · e_{σ2} , and by Lemmas 2.1 and 2.2 this variety is contained in the rank variety of Z(λ) for i = 1. If i = 2, then we have n_2 ⊆ V_g(Z(λ)) by Proposition 7.3 below. The containment V_g(Z(λ)) ⊆ n_i follows in each case directly from Lemma 2.5(ii). This yields the desired equalities.

Finally, for λ as in part (iv) we get V_g(Z(λ)) ⊇ n_1 = B · e_{σ2} by Lemma 2.2.

Lemma 3.3. Suppose that p ≥ 5. Let G be reductive and σ a simple root of G so that dim B·e_σ ≤ 2. Then G admits a factorization as an almost direct product G = SH, such that

(i) S is an almost simple normal subgroup of G of type A_1, A_2, or B_2, and (ii) g = s ⊕ h, and e_σ ∈ s.

Proof. First we suppose that G is almost simple. Consider the orbit map B → B · e_σ given by b → Ad(b)(e_σ ); its differential b → T_{eσ} (B · e_σ) is given by x → [x, e_σ ]. Thus, the image of this map,

ad(e_σ )b = ke_σ ⊕ ad(e_σ)u

is at most two-dimensional. If dim B · e_σ = 1, then ad(e_σ )u = {0}, and there is no other simple root in Ψ (since the Dynkin diagram of G is connected). In this instance G is of type A_1. Next suppose that dim B · e_σ = 2; thus dim ad(e_σ )u = 1. Therefore, there is precisely one other simple root, say τ, which is not orthogonal to σ, and ±e_{σ+τ} = [e_σ, e_τ ] lies in ad(e_σ )u. Suppose that rank G ≥ 3, and say ϵ ≠ σ is another simple root linked to τ in the Dynkin diagram of G. But then [e_σ , e_{τ +ϵ}] = ±e_{σ+τ +ϵ}. Consequently, dim ad(e_σ )u ≥ 2, a contradiction. This implies that rank G = 2. For G_2 we have dim B · e_σ = 3 or 4 from [5, pp. 31], so that this group does not occur.

In the general case we note that σ belongs to a simple component S of G, and e_σ belongs to the Lie algebra s of S. By general theory, B ∩ S is a Borel subgroup of S. By the first part we know that S is of type A_1, A_2, or B_2. Since p ≥ 5, the Killing form of s is non-degenerate in all cases. Thanks to a classical result due to Zassenhaus [30, (I.7.9)] the p-ideal s is complete (i.e., without center and outer derivations). Hence g decomposes into a direct sum

g = s ⊕ z_g(s),

where the second summand denotes the centralizer of s in g. Let H be the almost direct product of the center of G and the remaining simple components. Since H ⊆ C_G(S), we have h ⊆ z_g(s). Note that dim G = dim S + dim H and dim g = dim s + dim z_g(s). Therefore, dim h = dim z_g(s); consequently, these two subalgebras coincide, and the desired result follows.

We denote the stable Auslander-Reiten quiver of u(g) by Γ_s(g). The general theory of these quivers may be found in [2]. An AR-component is referred to as regular if it is not attached to a principal indecomposable u(g)-module. Let Θ ⊆ Γ_s(g) be an Auslander-Reiten component. Then we have

V_g(M) = V_g(N) for all isoclasses [M] and [N] in Θ, cf. [9, (5.2)], so that we can speak of the variety V_g(Θ) of the component Θ. Since Θ only contains isoclasses of non-projective modules, we have V_g(Θ) ≠ {0}. Given λ ∈ X(T ), we let Θ(λ) ⊆ Γ_s(g) be the Auslander-Reiten component containing the Verma module Z(λ).

Proposition 3.4. Let λ ∈ X(T ). Then the following statements hold:

(i) The component Θ(λ) is regular.

(ii) The isoclass [Z(λ)] is a vertex of Θ(λ) of minimal dimension.

Proof. (1). Suppose that Θ(λ) is not regular. Then, by definition, there exists a principal indecomposable u(g)-module P such that the extreme terms of its standard AR-sequence (0) −→ Rad(P ) −→ P ⊕ H(P ) −→ P/ Soc(P ) −→ (0) define vertices of Θ(λ).

As G is connected, the module P , and thereby Rad(P ), is isomorphic to all its twists by elements of G. Consequently, V_g(Θ(λ)) is invariant under the adjoint representation of G. On the other hand, V_g(Θ(λ)) = V_g(Z(λ)) ⊆ u. By the foregoing observations we have V_g(Θ(λ)) ⊆ u ∩ u^− = {0}, a contradiction. Thus, Θ(λ) is regular.

(2). We write g = u^− ⊕ b. As V_g(Θ(λ)) ⊆ u, every module M belonging to Θ(λ) is u(u^−)- projective. Since u(u^−) is local, there exists q_M > 0 so that dim M = q_M dim u(u^−) = q_M dim Z(λ). Consequently, [Z(λ)] is a vertex of minimal dimension.

Since the structure of those AR-components of g whose support variety is not of dimension 2 is well-understood [7, 9, 11], we provide in our next result a reduction for the remaining case.

Theorem 3.5. Suppose p ≥ 5. Let λ ∈ X(T ) so that dim V_g(Θ(λ)) = 2. Then g is the direct sum of p-ideals g = s ⊕ z_g(s) such that

(i) s is isomorphic to sl(2) ⊕ sl(2) or sl(3), and (ii) there is a quiver isomorphism Θ_s(λ) ∼= Θ(λ), originating in the component Θ_s(λ) of Γ_s(s) containing the Verma module Z_s(λ). Moreover, this isomorphism maps Z_s(λ) to Z(λ).

Proof. Since V_g(Θ(λ)) ≠ {0}, it follows from Lemmas 2.1 and 2.2 that there is a simple root σ of G such that B · e_σ lies in this rank variety and thus dim B · e_σ ≤ 2. Therefore, by Lemma 3.3 the algebra g admits a decomposition

g = s^′ ⊕ k

into p-ideals corresponding to almost direct factors S^′ and K of G, with S^′ being of type A_1, A_2, or B_2. Note that S^′ and K are reductive subgroups of G. Thanks to Lemma 1.1 we may write Z(λ) as an outer tensor product Z(λ) = Z_s′ (λ) ⊗_k Z_k(λ) of Verma modules. From [14, (2.1)] we obtain

V_g(Z(λ)) ∼= V_s′ (Z_s′ (λ)) × V_k(Z_k(λ)).

Since e_σ is in V_s′ (Z_s′ (λ)) and dim V_g(Z(λ)) = 2, either the dimensions of the two factors equal 1 or else dim V_s′ (Z(λ)) = 2 and dim V_k(Z(λ)) = 0. In the latter case Z_k(λ) is projective, and Lemma 3.2 ensures that S^′ is not of type B_2.

In the former instance we have s^′ ∼= sl(2). We now apply Lemma 3.3 to the reductive group K and the Verma module Z_k(λ). Accordingly, we may decompose k as

k = s^{′′} ⊕ k^′,

where s^{′′} is the Lie algebra of an almost simple subgroup S^{′′} of G of type A_1. As before, we have Z_k(λ) ∼= Z_s′′ (λ) ⊗_k Z_k′ (λ), where the second factor is again projective. By applying Lemma 1.1 to s^′ ⊕ s^{′′}, we have

Z(λ) ∼= Z_s′_{⊕s}′′ (λ) ⊗_k Z_k′ (λ).

Now setting s := s^′ ∼= sl(3) in the first instance and s := s^′ ⊕ s^{′′} ∼= sl(2) ⊕ sl(2) in the second, and q = k in the first instance and q = k^′ in the second, we obtain a decomposition g = s ⊕ q, with both summands being reductive Lie algebras, such that the second factor of the tensor product Z(λ) ∼= Z_s(λ) ⊗_k Z_q(λ) is projective. Thus, by Lemma 1.1(i), the restriction of Z_q(λ) to a suitable p-subalgebra of q is a Steinberg module. Hence Z_q(λ) is simple and projective.

Now let B be the block of u(g) containing Z(λ). Since Z(λ) ∼= Z_s(λ) ⊗_k Z_q(λ), it follows that B ∼= B_s ⊗_k B_q, where B_X ⊂ u(X) is the block containing Z_X (λ), for X ∈ {s, q}. In particular, the block B_q is simple, and the functor mod_{Bs} −→ mod_B ; M → M ⊗_k Z_q(λ) sends Z_s(λ) to Z(λ). To see that this functor is an equivalence, we consider mod_B −→ mod_{Bs} ; N → Hom_{Bq} (Z_q(λ), N).

Let N be a B-module. Since B_q is simple, N|_{Bq} is a direct sum of copies of Z_q(λ). Using this fact direct computation shows that ϱ_N : Hom_{Bq} (Z_q(λ), N) ⊗_k Z_q(λ) −→ N given by ϱ_N (f ⊗ z) = f(z) is an isomorphism. Thus, the ϱ_N define a natural equivalence. Since the maps ν_M : M −→ Hom_{Bq} (Z_q(λ), M ⊗_k Z_q(λ)) given by m → (z → m ⊗ z) are also bijective, it follows that both functors are equivalences.

4. Subsidiary results on Auslander-Reiten Components 4.1. A Remark on Subadditive Functions. Let (g, [p]) be an arbitrary finite-dimensional restricted Lie algebra over k. We fix a p-subalgebra h ⊂ g and decompose the restriction of a u(g)-module M into its projective and non-projective parts: M|_{u(h)} = M_h ⊕ (proj), where M_h does not have any projective direct summands. According to the theorem of Krull- Remak-Schmidt M_h is unique up to isomorphism.

In the sequel, we let Γ_s(g) and Ω := Ω_{u(g)} be the stable AR-quiver and the Heller operator of u(g), respectively. We refer the reader to [3] concerning the definition and basic properties of Ω. The Heller operator is linked to the Auslander-Reiten translation τ of Γ_s(g) via τ(M) = Ω^2(M^{(1)}), where the superscript indicates the twisting of the module M by the inverse of the Nakayama automorphism of u(g), i.e., u · m := μ^{−1}(u)m for all m ∈ M^{(1)}, u ∈ u(g).

Lemma 4.1. Let Θ ⊂ Γ_s(g) be a component such that dim(V_g(Θ) ∩ h) = 1. Then the map d : Θ −→ N; [X] → dim X_h is subadditive and d ∘ τ = d.

Proof. By assumption X|_{u(h)} is not projective, whenever [X] ∈ Θ. Consequently, dim X_h ≠ 0 for all [X] ∈ Θ. For [X] ∈ Θ we consider the almost split sequence (0) −→ Y^ι−→ E^π−→ X −→ (0) terminating in X. To verify subadditivity, we have to show that dim E_h ≤ dim Y_h + dim X_h.

We write Y = Y_h ⊕ P_Y . Since P_Y is injective, ι(P_Y ) ∼= P_Y is a direct summand of the u(h)- module E. Hence there exists a u(h)-module E_1 such that E = E_1 ⊕ ι(P_Y ). It follows that Y = ι^{−1}(E_1 ∩ ι(Y )) ⊕ P_Y . Consequently, Y_h ∼= ι^{−1}(E_1 ∩ ι(Y )), so that dim Y_h = dim(E_1 ∩ ι(Y )). Since X = π(E) = π(E_1 ⊕ ι(P_Y )) = π(E_1) we have an exact sequence (0) −→ E_1 ∩ ι(Y ) −→ E_1^{π|E1}−→ X −→ (0) of u(h)-modules. As E_1 surjects onto the projective summand P_X of X, there exists a submodule E_2 ⊂ E_1 such that E_1 ∼= E_2 ⊕ P_X . It follows that E ∼= E_1 ⊕ P_Y ∼= E_2 ⊕ P_X ⊕ P_Y , so that dim E_2 ≥ dim E_h. Consequently, dim E_h ≤ dim E_2 = dim E − dim P_X − dim P_Y

= dim X − dim P_X + dim Y − dim P_Y = dim X_h + dim Y_h. As a result, the function d is subadditive.

Let [X] ∈ Θ be a vertex. By assumption we have dim V_h(X_h) = 1. Owing to [9, (2.5)], this implies that X_h ∼= Ω^2_{u(h)}(X_h). Using standard properties of the Heller operator, we thus obtain Ω^2_{u(g)}(X)|_{u(h)} ∼= Ω^2_{u(h)}(X) ⊕ (proj) ∼= Ω^2_{u(h)}(X_h) ⊕ (proj) ∼= X_h ⊕ (proj).

As a result, we have (Ω^2_{u(g)}(X))_h ∼= X_h. This readily implies (τ(X))_h ∼= (X^{(1)})_h, so that d(τ([X])) = dim(X^{(1)})_h = dim X_h = d([X]), as desired.

Corollary 4.2. Let Θ ⊂ Γ_s(g) be a component such that dim(V_g(Θ) ∩ h) = 1.

(i) If Θ ∼= Z[A^∞], then dim X_h = dim Y_h for all [X], [Y ] ∈ Θ.

(ii) If Θ ∼= Z[D_∞], then there exists ℓ > 0 such that dim X_h ∈ {ℓ, 2ℓ} for every [X] ∈ Θ. Moreover, [X] is located at an end of Θ if and only if dim X_h = ℓ.

Proof. Let d be the subadditive function defined in Lemma 4.1. Since d([X]) > 0 we may apply Lemma 4.1 and [2, (VII.3.4),(VII.3.5)] consecutively to obtain the assertion. Remark. Suppose that Θ ∼= Z[A^∞], Z[D_∞], and let g : X −→ Y be a right properly irreducible morphism with kernel A, where [X] is in Θ. Then A is periodic (cf. [12, (2.1)]), i.e., Ω^n(A) ∼= A for some n ≥ 1. Consider the exact sequence (0) −→ A −→ X^g−→ Y −→ (0). In the proof of Lemma 4.1 the inequality dim X_h ≤ dim Y_h +dim A_h was verified. We have V_g(A) ⊂ V_g(Θ). If V_h(A) = {0}, then the above sequence splits over u(h), and we have X|_{u(h)} ≠ X_h.

4.2. Ends of Components. Let g be a restricted Lie algebra.

Lemma 4.3. Let M be a non-projective, indecomposable u(g)-module so that

(i) M is of minimal dimension in its AR-component, (ii) M is not simple, (iii) Soc(M) is simple, and (iv) Hom_{u(g)}(Soc(M), Ω^2(M^{(1)})) = (0).

If one of the following two conditions is satisfied, then M has exactly one predecessor in Γ_s(g). (a) For every simple submodule X of Ω^2(M^{(1)}) there is a non-zero submodule Y of M such that Ext^1_{u(g)}(Y, X) = (0).

(b) Ext^1_{u(g)}(Soc(M), Soc(M)) = (0) and Soc(Ω^2(M^{(1)}) is simple.

Proof. Let (0) −→ Ω^2(M^{(1)}) −→ E −→ M −→ (0) be the AR-sequence terminating in M. By minimality of dim M the middle term E has no projective summands.

Suppose E is decomposable, i.e., E = E_1 ⊕ E_2 with E_i ≠ (0). Owing to (ii), [2, (V.3.2)] applies, and we have

Soc(E) = Soc(E_1) ⊕ Soc(E_2) = Soc(Ω^2(M^{(1)})) ⊕ Soc(M).

Since M has minimal dimension in its component, every irreducible morphism f : E_1 −→ M is surjective [2, (V.5.1(a))] with non-trivial kernel.

(a). Since Soc(M) is simple, we may assume without loss that Soc(E_1) ⊆ Soc(Ω^2(M^{(1)})). Let X ⊆ ker f be a simple submodule. According to [2, (V.5.1(c))] the map f induces an isomorphism E_1/X ∼= ker f/X ⊕ M. By assumption there is a submodule (0) ≠ Y ⊆ M so that Ext^1_{u(g)}(Y, X) = (0). Let Z be the inverse image of Y under the canonical projection E_1 → E_1/X. Since Ext^1_{u(g)}(Y, X) = (0), the exact sequence (0) −→ X −→ Z −→ Y −→ (0) splits, so that Z ∼= X ⊕ Y . Hence Soc(M) = Soc(Y ) ⊂ Soc(Z) ⊆ E_1, which, by choice of E_1, contradicts (iv). (b). Now assume that Soc(M) ⊆ E_1. By assumption on Ω^2(M^{(1)}), we see that Soc(E_1) is simple. Hence Soc(M) ⊆ ker f. By choosing X = Soc(M) = Y in the proof of (a), we see that Z = Soc(M) ⊕ Soc(M) ⊆ E_1, a contradiction.

Consequently, E is indecomposable in both instances.

5. Modules for Groups of Rank 2

5.1. The group A_1 × A_1. In this section we first consider the case where g = g_1 ⊕ g_2 is the direct sum of two copies of sl(2). By Lemma 1.1, the Verma modules of u(g) are tensor products of Verma modules over the summands. The maximal toral subalgebra of g is of the form t = kh_1⊕kh_2 = t_1⊕t_2. Let σ_i be the simple root of g_i for i = 1, 2. If Ψ^+_λ = {σ_1, σ_2}, then Z(λ) is projective. In case |Ψ^+_λ | = 1, a consecutive application of Lemmas 1.1 and 2.2, and [14, (2.1)] implies that dim V(Z(λ)) = 1. This shows that Z(λ) is a periodic module. By work of Happel-Preiser-Ringel [18] the isoclass [Z(λ)] belongs to a component that is either finite or of tree class A_∞. Since u(sl(2)) does not possess non-simple blocks of finite representation type, Auslander’s theorem (cf. [2, (VI.1.4)]) rules out the former alternative. It remains to consider the instance when Ψ^+_λ = ∅. Accordingly, Θ(λ) has a two-dimensional support variety. Since Θ(λ) is regular (cf. Proposition 3.4) and not periodic, it follows from the classification of AR-components (cf. [7, Thm.1], [9, (5.7)]) that Θ(λ) ∼= Z[A_∞], Z[A^∞], or Z[D_∞].

According to Lemma 1.1 we write

Z(λ) ∼= Z_1(λ) ⊗_k Z_2(λ), where Z_i(λ) := Z_{gi} (λ). Let B_i ⊂ u(g_i) be the block containing Z_i(λ). Then B = B_1 ⊗_k B_2 is the block associated to Z(λ). Thus, if e_i ∈ B_i are the primitive central idempotents defining B_i, then e := e_1 ⊗ e_2 is the central primitive idempotent defining B. The identity e = (e_1 ⊗ 1)(1 ⊗ e_2) implies that each of the two factors operates invertibly on a B-module M. As a consequence we have Lemma 5.1. Let M be a B-module. Then M|_{u(gi)} belongs to B_i. □ By Pollack’s work [27, Thm.1] the block B_i has exactly two simple modules S_i and T_i of dimensions λ(h_i) + 1 and p − 1 − λ(h_i), respectively.

Proposition 5.2. Suppose that Ψ^+_λ = ∅. Then Θ(λ) ∼= Z[A_∞].

Proof. We denote the projective cover of a simple module S by P (S). By [27, Thm.1] we have dim P (X_i) = 2p X ∈ {S, T }, 1 ≤ i ≤ 2. Moreover, there are two short exact sequences (0) −→ Z_i(λ) −→ P (T_i) −→ P (S_i) −→ Z_i(λ) −→ (0), and these may be combined to the initial terms of a minimal projective resolution of Z(λ): (0) −→ Ω^2(Z(λ)) −→ (P (T_1) ⊗_k P (S_2)) ⊕ (P (S_1) ⊗_k P (T_2)) −→ P (S_1) ⊗_k P (S_2) −→ Z(λ) −→ (0).

We record two immediate consequences:

(a) We have dim Ω^2(Z(λ)) = 5p^2 and Soc(Ω^2(Z(λ))) = (T_1 ⊗_k S_2) ⊕ (S_1 ⊗_k T_2). We assume from now on that Θ(λ) ∼= Z[A^∞], or Z[D_∞].

By Hom we denote the homomorphisms in the stable category, i.e., Hom is the quotient space of the homomorphisms modulo those that factor through a projective. Since Z|_{u(g1)} belongs to B_1 for every [Z] ∈ Θ(λ) we may apply [8, (3.2)] to see that the functions d^V_i : Θ(λ) −→ N_0 ; [Z] → dim Hom_{u(gi)}(V_i, Z), and δ^V_i : Θ(λ) −→ N_0 ; [Z] → dim Hom_{u(gi)}(Z, V_i), where V ∈ {S, T } and 1 ≤ i ≤ 2 are additive with d^V_i ∘ τ = d^V_i and δ^V_i ∘ τ = δ^V_i . Observe that d^V_i ([Z]) and δ^V_i ([Z]) are the multiplicities of V_i in the socle and top of Z_{gi} , respectively. Since d^S_i ([Z(λ)]) = 0, d^T_i ([Z(λ)]) = p, δ^S_i ([Z(λ)]) = p, δ^T_i ([Z(λ)]) = 0, it follows from [2, (VII.3.5)] that there exists a function r : Θ(λ) −→ {1, 2} such that (i) Soc(Z_{gi} ) ∼= r([Z])pT_i, Top(Z_{gi} ) ∼= r([Z])pS_i for all [Z] ∈ Θ(λ), and (ii) if Θ(λ) ∼= Z[D_∞], then r([Z]) = 1 if and only if [Z] is located at an end of Θ(λ). We continue by considering the Auslander-Reiten sequence (0) −→ Ω^2(Z(λ)) −→ E −→ Z(λ) −→ (0) terminating in Z(λ). From (a) above and [2, (V.3.2)] we obtain, letting ℓ(M) denote the length of a module M, (b) dim E = 6p^2, and ℓ(Soc(E)) = 3.

Next we show (c) Θ(λ) ≁= Z[A^∞].

Observing (a) we let X_i be the i-th summand of Soc(Ω^2(Z(λ))) = (T_1 ⊗_k S_2) ⊕ (S_1 ⊗_k T_2) for i = 1, 2. Consider the submodules Y_1 := Z_1(λ) ⊗_k T_2 and Y_2 := T_1 ⊗_k Z_2(λ) of Z(λ). The Künneth formula shows that Ext^1_{u(g)}(Y_i, X_i) = (0) for i = 1, 2. Since Soc(Z(λ)) ∼= T_1 ⊗_k T_2, the assertion now follows from a consecutive application of Proposition 3.4 and Lemma 4.3(a). Owing to (c) and Lemma 4.3 the vertex [Z(λ)] is located at an end of Θ(λ) ∼= Z[D_∞]. This implies the existence of another almost split sequence (0) −→ X −→ E −→ Y −→ (0). Since the socle of E has length 3, either X or Y has a simple socle. As [X] and [Y ] are located at an end of Θ(λ), (ii) implies r([X]) = 1 = r([Y ]). Suppose that X has a simple socle. Then there is an embedding X → P_1 ⊗_k P_2, where P_i is a principal indecomposable B_i-module. There results an embedding Soc(X|_{u(g1 )}) → Soc(P_1) ⊗_k P_2 of u(g)-modules. It follows from (i) above that Soc(P_1) = T_1, so that P_1 = P (T_1). By the same token, we have P_2 = P (T_2). Hence we have embeddings T_1 ⊗_k T_2 → Soc(X|_{u(g1)})^ι→ T_1 ⊗_k P (T_2) of u(g)-modules. We write X|_{u(g1)} = X_{g1} ⊕ P , with a projective B_1-module P . Since r([X]) = 1, we have Soc(X|_{u(g1 )}) ∼= Soc(X_{g1} ) ⊕ Soc(P ) ∼= pT_1 ⊕ rT_1, where r ≤ p. Now Corollary 4.2 implies dim X = dim X_{g1} + dim P = p^2 + 2rp.

Since p^2| dim X and p ≠ 2, it follows that r = 0, or p. Consequently, dim X equals p^2 or 3p^2.

Assume that r = p, so that dim Soc(X|_{u(g1)}) = 2p dim T_1 = dim(T_1 ⊗_k P (T_2)) Accordingly, the above embedding ι is an isomorphism Soc(X|_{u(g1)}) ∼= T_1 ⊗_k P (T_2) of u(g)-modules. Consequently, the u(g_2)-module Soc(X|_{u(g1 )}) is u(g_2)-projective. Since B_1 is not simple, the assumption that the B_1-module Y |_{u(g1)} is semisimple, implies that Y = Y_{g1} (cf. Lemma 5.1). As dim Y = dim E − dim X = 6p^2 − 3p^2 = 3p^2, this contradicts Corollary 4.2. An application of the functor Hom_{u(g)}(u(g)/J_1u(g), ·) to the above almost split sequence therefore yields a split exact sequence (0) −→ Soc_{u(g1)}(X) −→ Soc_{u(g1)}(E) −→ Soc_{u(g1)}(Y ) −→ (0) of u(g)-modules. It follows that Soc_{u(g1)}(E) has a u(g_2)-projective summand. By the same token, there is a decomposition

Soc_{u(g1)}(E) ∼= Soc_{u(g1)}(Z(λ)) ⊕ Soc_{u(g1)}(Ω^2(Z(λ))) ∼= (T_1 ⊗_k Z_2(λ)) ⊕ Soc_{u(g1)}(Ω^2(Z(λ))) of u(g)-modules. As the first summand is indecomposable and not u(g_2)-projective, it follows from the theorem of Krull-Remak-Schmidt that T_1 ⊗_k P (T_2) is a direct summand of Soc_{u(g1)}(Ω^2(Z(λ))). But then we have T_1 ⊗_k T_2 ⊂ Soc(Ω^2(Z(λ))) which contradicts (a). As a result, r = 0 and dim X = p^2.

Since r = 0, we have X_{g1} = X, whence Soc_{u(g1)}(X) = Soc_{u(g1)}(X_{g1} ) ∼= pT_1.

(d) Soc_{u(g1)}(X) = J_1X, where J_1 denotes the radical of u(g_1).

Since X = X_{g1} , property (i) above implies that dim Soc_{u(g1)}(X) = dim J_1X. Hence it suffices to show that Soc_{u(g1)}(X) ⊆ J_1X. If this is not the case, then there exists a maximal u(g_1)-submodule M ⊂ X with Soc_{u(g1)}(X) ⊄ M. Hence there exists an isomorphic copy of T_1 ⊂ X with T_1 ⊄ M. This readily yields X = M ⊕ T_1. According to (i) we have X/M ∼= S_1, a contradiction.

Recall that the socle of X is isomorphic to T_1 ⊗_k T_2, so that there is an embedding

ε : X → P (T_1) ⊗_k P (T_2).

This induces an embedding

ι : Soc_{u(g1)}(X) → T_1 ⊗_k P (T_2).

(e) There exists a p-dimensional indecomposable u(g_2)-submodule X_2 of P (T_2) such that im ι = T_1 ⊗_k X_2.

We define X_2 := {q ∈ P (T_2) | T_1 ⊗_k kq ⊆ im ι}. Then X_2 is a u(g_2)-submodule of P (T_2) satisfying T_1 ⊗_k X_2 ⊆ Soc_{u(g1)}(im ι). This implies in particular that dim X_2 ≤ p. Since Soc_{u(g)}(X) ⊆ Soc_{u(g1)}(X), we have T_2 ⊆ X_2 (i.e., X_2 ≠ (0)).

For q ∈ P (T_2) we consider the u(g_1)-linear map

f_q : T_1 −→ P (T_1) ⊗_k P (T_2); x → x ⊗ q.

As im f_q ⊂ T_1 ⊗_k P (T_2), the map q → f_q induces a k-linear map γ : P (T_2) −→ Hom_{u(g1)}(T_1, T_1 ⊗_k P (T_2)/ im ι). By definition, we have X_2 = ker γ. Since (im ι)|_{u(g1 )} ∼= pT_1, it follows from Schur’s Lemma that dim im γ ≤ p. Consequently, dim X_2 ≥ p. Thus, X_2 is p-dimensional, and T_1 ⊗_k X_2 = im ι. As X_2 ⊂ P (T_2), it is an indecomposable u(g_2)-module.

(f) There is a p-dimensional indecomposable u(g_1)-submodule X_1 of P (T_1) such that X ∼= X_1 ⊗_k X_2.

According to (e) we have an embedding Soc_{u(g1)}(X) → P (T_1) ⊗_k X_2 of u(g)-modules. We begin by showing that im ε ⊂ P (T_1) ⊗_k X_2. Consider the canonical map

ε̄ : X −→ P (T_1) ⊗_k (P (T_2)/X_2).

It follows from (e) that Soc_{u(g1)}(X) ⊆ ker ε̄. From (d) and (i) we conclude (X/ Soc_{u(g1)}(X))|_{u(g1 )} ∼= pS_1. Since Soc_{u(g1)}(P (T_1)⊗_k (P (T_2)/X_2)) ∼= pT_1, we have ε̄ = 0. Consequently, im ε ⊆ P (T_1)⊗_k X_2.

Repetition of steps (d) and (e) yields the existence of a p-dimensional u(g_1)-module X_1 such that im ε ⊆ X_1 ⊗_k P (T_2). Hence,

im ε ⊆ (P (T_1) ⊗_k X_2) ∩ (X_1 ⊗_k P (T_2)) = X_1 ⊗_k X_2.

According to (f) and [14, (2.1)], we have

V_{g1} (X_1) × V_{g2} (X_2) = V_g(X) ⊂ ke_1 × ke_2,

so that V_{gi} (X_i) = ke_i. Since X_i is not u(ke_i)-projective, the t_i-invariant space Soc_{u(kei)}(X_i) has dimension at least 2. As dim Soc_{u(kei)}(T_i) = 1, it follows that Soc_{u(kei)}(X_i) ⊄ T_i. Consequently, there exists a highest weight vector x_i ∈ X_i that generates X_i. Note that λ|_{ti} is the corresponding highest weight. Thus, there are surjections Z_i(λ) −→ X_i, which, for dimension reasons, are isomorphisms. It follows that X ∼= Z_1(λ) ⊗_k Z_2(λ) ∼= Z(λ), a contradiction.

5.2. The group A_2. Finally, we study the case g = sl(3). Let σ_1 and σ_2 be the simple roots of g and μ = (μ_1, μ_2) be in X(T ), where μ_i is the coefficient of the fundamental weight ω_i. According to Lemma 3.1 the only relevant cases are those where λ ≠ (p − 1)ϱ lies on one of the walls of the “upper” alcove of A_2. The dot action of W partitions the set of these elements into p − 1 orbits each of cardinality 3. As orbit representatives we may take (p − 1, n), where n ∈ {0, . . . , p − 2}; the corresponding orbit is {(p − 1, n), (p − n − 2, p − 1), (n, p − n − 2)}. Given ν in X(T ) we write ν^′ for w_0.ν, where w_0 is the longest word in W . We consider the block B_n with highest weights λ_n := (p − 1, n), λ^′_n := (p − n − 2, p − 1), and γ_n := (n, p − n − 2), where n ∈ {0, . . . , p − 2}. By [26, p. 29] the dimensions of the corresponding simple modules are given by Weyl’s character formula. Thus, we have dim L(λ_n) =^1_2 p(n + 1)(p + n + 1), dim L(λ^′_n) =^1_2 p(p − n − 1)(2p − n − 1), and dim L(γ_n) =^1_2 p(n + 1)(p − n − 1). According to [19, Thm.2.2] each Verma module is sincere, i.e., each simple module of our block B_n occurs in each Z(μ) with multiplicity at least 1 for every weight μ belonging to B_n. Following [19, p. 68] we write d_{νη} for the multiplicity of L(η) in Z(ν). Since, for fixed n, the dimensions of these simple modules are pairwise distinct, dim Z(ν) = p^3 for each ν, and dim L(λ_n) + dim L(λ^′_n) + dim L(γ_n) = p^3 − dim L(γ_n), we obtain d_{μλn} = 1 = d_{μλ}′_n ; d_{μγn} = 2, where μ ∈ {λ_n, λ^′_n, γ_n}. (4) As before, let P (μ) be the projective cover of L(μ). Then we have dim P (λ_n) = 3p^3 = dim P (λ^′_n), while dim P (γ_n) = 6p^3 [19, (4.5)].

By [19, §4] we know that every projective indecomposable u(g)-module has a Z-filtration, i.e., a filtration by Verma modules. Observe that whenever Z(μ) → P (ν), then Soc(Z(μ)) = Soc(P (ν)) = L(ν); thus μ = ν^′, [22, (II.3.12)]. We continue by recalling further general facts of Verma modules and their coinduced counterparts.

Since, for λ, μ ∈ X(T ), the module Z(λ)^∗ ⊗_k Z^′(μ) has trivial support, we have

Ext^1_{u(g)}(Z(λ), Z^′(μ)) = H^1(u(g), Z(λ)^∗ ⊗_k Z^′(μ)) = (0) for all λ, μ ∈ X(T ), (5) cf. [22, (II.11.1)]. According to [22, (II.3.9(4))] we have an exact sequence (0) −→ L(μ) −→ Z^′(μ) −→ X(μ) −→ (0). (6) Frobenius reciprocity yields

Hom_{u(g)}(Z(λ), Z^′(μ)) ∼= Hom_{u(b}−_)(Z(λ), k_μ).

As Z(μ) is the projective cover of the u(b^−)-module k_μ, cf. [22, (II.9.4(a))], we obtain

dim Hom_{u(g)}(Z(λ), Z^′(μ)) = δ_{λμ},

cf. [22, (II.11.1)]. By (5), the exact sequence (6) induces an exact sequence

(0) −→ Hom_{u(g)}(Z(λ), L(μ)) −→ Hom_{u(g)}(Z(λ), Z^′(μ))

−→ Hom_{u(g)}(Z(λ), X(μ)) −→ Ext^1_{u(g)}(Z(λ), L(μ)) −→ (0).

By the above, the second arrow is an isomorphism, whence

Ext^1_{u(g)}(Z(λ), L(μ)) ∼= Hom_{u(g)}(Z(λ), X(μ)). (7) We write

Top(Ω(Z(λ))) = ⨁ μ∈X_1(T ) m_{λμ}L(μ), where X_1(T ) := {μ | 0 ≤ ⟨μ, σ^∨⟩ < p for all σ ∈ Σ} is the set of p-restricted weights. According to [3, (2.5.4)], we have m_{λμ} = dim Hom_{u(g)}(Ω(Z(λ)), L(μ)) = dim Ext^1_{u(g)}(Z(λ), L(μ)) (8) = dim Hom_{u(g)}(Z(λ), X(μ)).

We now return to our A_2 setting. Observe that once we have computed Ext^1_{u(g)}(Z(λ_n), L(μ)) for all n ∈ {0, . . . , p − 2} and μ ∈ {λ_n, λ^′_n, γ_n}, the results for λ^′_n in place of λ_n follow by symmetry.

Using (4), the fact that L(μ) does not admit any self-extensions [1, (4.5)], the fact that the extension groups between L(λ_n) and L(λ^′_n) are trivial [32, (3.3.2)], that γ^′_n = γ_n, and the fact that Z(μ) and Z^′(μ) define the same element in the Grothendieck group [22, (II.9.7)], we can determine the Loewy series of the various X(μ)’s: X(λ_n) : L(λ^′_n)/L(γ_n) ⊕ L(γ_n); X(λ^′_n) : L(λ_n)/L(γ_n) ⊕ L(γ_n); X(γ_n) : L(γ_n)/L(λ^′_n) ⊕ L(λ_n). From these we now obtain

dim Hom_{u(g)}(Z(λ_n), X(λ_n)) = 0 dim Hom_{u(g)}(Z(γ_n), X(λ_n)) = 2 dim Hom_{u(g)}(Z(λ_n), X(λ^′_n)) ≤ 1 dim Hom_{u(g)}(Z(γ_n), X(λ^′_n)) = 2 (9) dim Hom_{u(g)}(Z(λ_n), X(γ_n)) = 1 dim Hom_{u(g)}(Z(γ_n), X(γ_n)) ≤ 1.

Next we address the inequalities in (9); as it turns out, these groups are trivial. The proof of the following lemma was communicated to us by J.C. Jantzen. Lemma 5.3. Let μ = λ_n, or γ_n. Then Hom_{u(g)}(Z(μ), X(μ^′)) = (0).

Proof. Let μ = λ_n or γ_n and observe that γ_n = γ^′_n. Suppose that Hom_{u(g)}(Z(μ), X(μ^′)) ≠ (0). Then, by (9), this Hom-space is one-dimensional. Thus, there exists an element ν ∈ X(T ) so that Hom_{G1} (Z(μ), X(μ^′)) = Hom_{G1T} (Z(μ), X(μ^′) ⊗_k k_{pν} ), cf. [22, (I.6.9.(5))]. The Loewy series of Z(μ) and Z^′(μ^′) show that any nonzero homomorphism from Z(μ) to X(μ^′) ⊗_k k_{pν} induces an isomorphism from Z(μ)/L(μ^′) onto X(μ^′) ⊗_k k_{pν} .

Observe that Z(μ) and Z^′(μ) have the same G_1T -composition factors with the same multiplicities [22, (II.9.7)]. The G_1T -Loewy series of Z(μ) and Z^′(μ) can be computed explicitly from [25, p. 8]. Viewed as a G_1T -module, Z(λ_n) has Loewy series L(p − 1, n)/L(p + n, −n − 2) ⊕ L(n − p, p − n − 2)/L(p − n − 2, −1), while X(λ^′_n) has Loewy series L(−1, n)/L(n − p, 2p − n − 2) ⊕ L(n, −n − 2). Thus, L(p − 1, n) only occurs as a G_1T -composition factor of X(λ^′_n) ⊗_k k_{pν} provided ν = (1, 0). But for this ν the G_1T -composition factors of X(λ^′_n) ⊗_k k_{pν} are L(p − 1, n), L(n, 2p − n − 2), and L(p + n, −n − 2), and these are distinct from those of Z(λ_n)/L(λ^′_n), a contradiction.

For μ = γ_n we argue analogously. As a G_1T -module Z(γ_n) has Loewy series L(n, p − n − 2)/L(p − 1, n − p) ⊕ L(−n − 2, p − 1)/L(n − p, −n − 2), while X(γ_n) has Loewy series L(n − p, −n − 2)/L(p − 1, n − p) ⊕ L(−n − 2, p − 1). Consequently, L(n, p − n − 2) only occurs as a G_1T -composition factor of X(γ_n) ⊗_k k_{pν} provided ν = (1, 1). However, for this particular choice of ν the G_1T -composition factors of X(γ_n) ⊗_k k_{pν} are L(n, p − n − 2), L(2p − 1, n), and L(p − n − 2, 2p − 1), and these are distinct from those of Z(γ_n)/L(γ_n), a contradiction.

Consequently, Hom_{u(g)}(Z(μ), X(μ^′)) = (0), in both instances, as claimed. Proposition 5.4. For μ = λ_n or λ^′_n the module Z(μ) has exactly one predecessor in Θ(μ). Proof. We are going to verify the conditions of Lemma 4.3(b). By Proposition 3.4(ii), condition (i) holds. As Z(μ) is a non-projective Verma module, (ii) and (iii) obtain. Using (8), (9), and Lemma 5.3, we see that Soc(Ω^2(Z(μ))) ∼= Top(Ω(Z(μ))) ∼= L(γ_n) is simple and not isomorphic to Soc(Z(μ)) ∼= L(μ^′). Moreover, by [1, (4.5)], Soc(Z(μ)) does not admit any self-extensions. Accordingly, (iv) and (b) are also valid.

Proposition 5.5. The module Z(γ_n) has exactly one predecessor in Θ(γ_n) for 0 ≤ n ≤ p − 2. Proof. For a fixed n set η_1 := λ_n and η_2 := λ^′_n. For i = 1, 2 set X_i := L(η_i). According to (9) and Lemma 5.3, these are the two isomorphism types of simple constituents of Soc(Ω^2(Z(γ_n))). Let P_i := P_{{σi}} be the two maximal standard parabolic subgroups of G, and Lie P_i = p_i = l_i ⊕ n_i the standard Levi decomposition of Lie P_i. We abbreviate e_i := e_{σi} , f_i := e_{−σi} , and h_i := [e_i, f_i]. Then for z_i := 2h_{3−i} + h_i we have l_i = (kf_i ⊕ kh_i ⊕ ke_i) ⊕ kz_i, where z_i is central.

We denote a simple u(l_i)-module by L(m)_t, where 0 ≤ m ≤ p − 1 is the highest weight for the semisimple part l^′_i := [l_i, l_i] ∼= sl(2) of l_i and the suffix t ∈ k indicates the scalar of the action of z_i. The simple u(l_i)-modules L(m)_t and L(p − 2 − m)_t belong to the same block, denoted by B(m)_t. By the above we have L_{li} (μ) ∼= L(μ(h_i))_{μ(zi )}.

(10) By Corollary 1.4, the module L(η_i)^{ni} ∼= L_{li} (η_i) ∼= L(p − 1)_{ηi (zi)} is u(l_i)-projective. As a consequence, we obtain Ext^1_{u(li)}(M, L(η_i)^{ni} ) = (0),

(11) for any u(l_i)-module M. Recall that for A_1 the Verma module Z(n) has a filtration L(n)/L(p−2−n) for 0 ≤ n ≤ p − 2. By Lemma 1.2(iii) Y_i := u(g) ⊗_{u(pi)} L(p − 2 − γ_n(h_i))_{γn (zi)} is a submodule of Z(γ_n). We have Ext^1_{u(g)}(Y_i, X_i) ∼= Ext^1_{u(pi)}(L(p − 2 − γ_n(h_i))_{γn(zi)}, L(η_i))

(12) ∼= H^1(u(p_i), L(p − 2 − γ_n(h_i))^∗_{γn (zi)} ⊗_k L(η_i)).

By applying the cohomology five-term sequence to S_i := L(p − 2 − γ_n(h_i))^∗_{γn(zi)} ⊗_k L(η_i), we get (0) −→ H^1(u(l_i), S^{ni}_i ) −→ H^1(u(p_i), S_i) −→ H^1(u(n_i), S_i)^{li} .

(13) It follows from (11) that H^1(u(l_i), S^{ni}_i ) ∼= H^1(u(l_i), L(p − 2 − γ_n(h_i))^∗_{γn (zi)} ⊗_k L(η_i)^{ni} )

(14) ∼= Ext^1_{u(li)}(L(p − 2 − γ_n(h_i))_{γn(zi)}, L(η_i)^ni ) = (0).

Considering the term H^1(u(n_i), S_i)^{li} , we have H^1(u(n_i), S_i) = H^1(u(n_i), L(p − 2 − γ_n(h_i))^∗_{γn (zi)} ⊗_k L(η_i)) ∼= H^1(u(n_i), L(η_i)) ⊗_k L(p − 2 − γ_n(h_i))^∗_{γn (zi)}, as u(l_i)-modules. There result isomorphisms H^1(u(n_i), S_i)^{li} ∼= Hom_{u(li)}(k, L(p − 2 − γ_n(h_i))^∗_{γn(zi)} ⊗_k H^1(u(n_i), L(η_i)))

(15) ∼= Hom_{u(li)}(L(p − 2 − γ_n(h_i))_{γn (zi)}, H^1(u(n_i), L(η_i))).

Set V (μ) := Hom_{u(p}−_{i )}(u(g), L_{li} (μ)). It follows from Lemma 1.3 that Soc_{u(g)}(V (μ)) = Soc_{u(g)}(Z^′(μ)) ∼= L(μ).

(16) As Z^′_{li} (μ) has a filtration L(p − 2 − μ(h_i))_{μ(zi )}/L(μ(h_i))_{μ(zi )}, we have a filtration of Z^′(μ) of the form:

Hom_{u(p}−_{i )}(u(g), L(p − 2 − μ(h_i))_{μ(zi )})/ Hom_{u(p}−_{i )}(u(g), L(μ(h_i))_{μ(zi)}).

(17) Since dim V (μ) = p^2 dim L_{li} (μ) ≠ dim L(μ), we see that V (μ) is not simple. As Z^′(μ) has a filtration of the form V (μ̂)/V (μ), by (17), and ℓ(Z^′(μ)) = 4, the module V (μ) has length 2. Because L(η_i) does not admit any self-extensions [1, (4.5)] and the extension groups between L(η_i) and L(η_{3−i}) are trivial [32, (3.3.2)], from (16) we obtain an exact sequence (0) −→ L(η_i) −→ V (η_i) −→ L(γ_n) −→ (0). Since V (η_i)|_{u(ni )} is projective, there results an exact sequence (0) −→ L(η_i)^{ni} −→ V (η_i)^{ni} −→ L(γ_n)^{ni} −→ H^1(u(n_i), L(η_i)) −→ (0).

It follows from the proof of Corollary 1.4 that we have an isomorphism L(η_i)^{ni} ∼= V (η_i)^{ni} . Hence, Corollary 1.4 yields H^1(u(n_i), L(η_i))) ∼= L(γ_n)^{ni} ∼= L_{li} (γ_n).

Accordingly, (15) implies H^1(u(n_i), S_i)^{li} ∼= Hom_{u(li)}(L(p − 2 − γ_n(h_i))_{γn(zi)}, L_{li} (γ_n))

(18) ∼= Hom_{u(li)}(L(p − 2 − γ_n(h_i))_{γn(zi)}, L(γ_n(h_i))_{γn (zi)}) = (0).

By (12), (13), (14), and (18) we see that Ext^1_{u(g)}(Y_i, X_i) = (0) for each simple submodule X_i of Soc(Ω^2(Z(γ_n))) and Y_i ⊂ Z(γ_n) as above. Consequently, our result follows from Proposition 3.4(ii) and Lemma 4.3(a).

6. The Location of Verma Modules We adopt the conventions of the preceding sections, and assume that g is the Lie algebra of a connected, reductive group G of characteristic p ≥ 5.

Let Θ ⊂ Γ_s(g) be a component of tree class A_∞. A module M ∈ Θ that has only one predecessor is called quasi-simple. We are now in a position to prove the main result of this paper. Theorem 6.1. Let λ ∈ X(T ).

(i) The middle term of the almost split sequence terminating in Z(λ) is indecomposable. (ii) If g contains no direct summand of type A_2, then Z(λ) is quasi-simple. Proof. Suppose that dim V_g(Θ(λ)) ≥ 3. Then, by [11, (2.1)], Θ(λ) ∼= Z[A_∞]. Being a vertex of minimal dimension, by Proposition 3.4, Z(λ) is quasi-simple. If dim V_g(Θ(λ)) = 1, then Θ(λ) is periodic and hence isomorphic to Z[A_∞]/(τ). As before, we see that Z(λ) is quasi-simple. Finally, suppose that dim V_g(Θ(λ)) = 2. By Theorem 3.5 there exists a direct summand s of g such that s is isomorphic to sl(2) ⊕ sl(2) or sl(3), and that there is a quiver isomorphism Θ_s(λ) ∼= Θ(λ), originating in the component Θ_s(λ) of Γ_s(s) containing the Verma module Z_s(λ). Moreover, this isomorphism maps Z_s(λ) to Z(λ). If s ∼= sl(2) ⊕ sl(2), then Proposition 5.2 implies Θ(λ) ∼= Z[A_∞], and thus the result follows. If s ∼= sl(3), then assertion (i) follows from a consecutive application of Propositions 5.4 and 5.5.

We expect that the exclusion of direct summands of type A_2 in Theorem 6.1(ii) is superfluous. It follows from Propositions 5.4 and 5.5 that for g of type A_2 the component Θ(λ) of Z(λ) is isomorphic to Z[A_∞] or Z[D_∞]. It is likely that there are no instances of components of tree class D_∞.

7. Appendix: Varieties for B_2 Throughout this section g is the simple Lie algebra of type B_2. Let σ, γ and α̃ be the long, short simple roots and the highest root, respectively. We put α := σ + γ.

Let l = ke_{−σ} ⊕ t ⊕ ke_σ be the Levi subalgebra of g associated to σ, and g = n^− ⊕ l ⊕ n the corresponding triangular decomposition, i.e., n = ke_γ ⊕ ke_α ⊕ ke_{α̃} and n^− = ke_{−γ} ⊕ ke_{−α} ⊕ ke_{−α̃}. We also consider the parabolic subalgebras p := l ⊕ n and p^− := l ⊕ n^− of g.

By ordering the roots according to their heights, we see that ω := ∏ β∈Ψ(n) e p−1 β is a left integral of the Hopf algebra u(n), i.e., kω is the trivial u(n)-module, cf. [31, (5.1.6)]. Since n is p-nilpotent, kω is a two-sided integral.

Next, we observe u(p) : u(l) is a ν-Frobenius extension, where ν : l −→ l is the automorphism given by ν(x) = x − tr(ad_n(x))1 for all x ∈ l. It follows from [13, (1.2)] that there exists a subspace X ⊂ u(p) not containing ω such that aω ≡ ων(a) mod (X) for every a ∈ u(l). Given x ∈ l, the element [x, ω] is easily seen to be a left integral of u(n). Consequently, [x, ω] ∈ kω, and we conclude aω = ων(a) for all a ∈ u(l).

(19)

Recall the Cartan-Weyl formula [30, (I.1.3)]: y^mx = m∑ i=0 ( m i ) (ad y)^{m−i}(x)y^i, whence for all x and y in u(g) [x, y^m] = − m−1∑ i=0 ( m i ) (ad y)^{m−i}(x)y^i. Now consider the element e_α ∈ n, and observe that [e_α, e_σ ] = 0, as 2σ + γ is not a root. The following formulae are direct consequences of the Cartan-Weyl identity, the fact that ω is a two-sided integral, and the structure of a root system of type B_2:

(i) Let a ∈ u(n^−). Then ω[e_α, e^m_{−σ}a] = ωe^m_{−σ}[e_α, a]. (ii) Put n^−_2 := ke_{−α} ⊕ ke_{−α̃}. Given b ∈ u(n^−_2 ) and 0 ≤ m ≤ p − 1, there exists ζ ∈ k such that [e_α, e^m_{−γ} b] = ζe_σe^{m−1}_{−γ} b + e^m_{−γ} [e_α, b]. (iii) Let c ∈ u(ke_{−α̃}) and 0 ≤ m ≤ p − 1. Then there exist ζ_1, ζ_2 such that [e_α, e^m_{−α}c] = (ζ_1h_α + ζ_21)e^{m−1}_{−α} c + e^m_{−α}[e_α, c].

(iv) Let 0 ≤ m ≤ p − 1. Then there exists ζ ∈ k with [e_α, e^m_{−α̃}] = ζe_{−γ} e^{m−1}_{−α̃} . Let t := kh_σ ⊕ kh_γ be the maximal torus of g. For ξ ∈ F_p we define u_ξ = ∏ η∈F_q \{ξ} (h_σ − η1) ∈ u(t). Further, for an algebra homomorphism λ : u(t) → k we define the element u_1 := ∏ η∈F_p \{λ(h_σ +h_γ )} (h_σ + h_γ − η1) ∈ u(t).

For notational convenience we set u_2 := u_{λ(hσ )+2}, u_3 := u_1u_2, and u_4 := u_{λ(hσ )}. Since h_σ + h_γ lies in the center of l, we have u_1 ∈ z(u(l)).

Let y := e_σ + e_α, so that y^{[p]} = 0. We consider the induced module A := u(g) ⊗_{u(ky)} k along with the u(t)-submodules M := {u_1ωa ⊗ 1 | a ∈ u(u^− ⊕ kh_σ)}, and M̃ := ⟨{u_3ωe^i_{−σ}a ⊗ 1 ; a ∈ u(n^−), 0 ≤ i ≤ p − 2}⟩ ⊕ ⟨{u_3ωe^{p−1}_{−σ} a ⊗ 1 ; a ∈ u(n^−)^†}⟩, where u(n^−)^† is the augmentation ideal of the Hopf algebra u(n^−). Owing to (19) we have M̃ ⊆ M. Lemma 7.1. We have u_3ω[e_σ, a] ⊗ 1 ∈ M̃ for all a ∈ u(u^−). Proof. First observe that u(u^−) = ⨁_{p−1} i=0 e^i_{−σ} u(n^−). From the Cartan-Weyl formula we obtain [e_σ , e^m_{−σ}] = mh_σ e^{m−1}_{−σ} + m(m − 1)e^{m−1}_{−σ} . Since n^− ⊂ p^− is an ideal, we have [e_σ, u(n^−)] ⊆ u(n^−)^†. The assertion now follows by observing (19), the equality u_2h_σ = (λ(h_σ ) + 2)u_2, and [e_σ , e^m_{−σ}b] = [e_σ, e^m_{−σ} ]b + e^m_{−σ}[e_σ , b], for every b ∈ u(n^−).

We denote the differential of λ ∈ X(T ) and the resulting algebra homomorphism u(t) → k again by λ for simplicity.

Lemma 7.2. Let λ ∈ X(T ) such that Ψ^+_λ = {γ}. Then e_σM_{λ(hσ )} ⊆ M̃. Proof. We consider an element a := e^{mσ}_{−σ} e^{mγ}_{−γ} e^{mα}_{−α} e^{mα̃}_{−α̃} ∈ u(u^−) and claim that q := e_σ u_1u_4ωa ⊗ 1 ∈ M̃. As e_σu_4 = u_2e_σ and ν(e_σ) = e_σ, we get, observing (19), q = u_3ω[y, a] ⊗ 1. By Lemma 7.1 we also have q ≡ u_3ω[e_α, a] ⊗ 1 mod (M̃).

We set q_1 := u_3ω[e_α, a] ⊗ 1, and a_1 := e^{mγ}_{−γ} e^{mα}_{−α} e^{mα̃}_{−α̃} ∈ u(n^−). From (i) we obtain q_1 = u_3ωe^{mσ}_{−σ} [e_α, a_1] ⊗ 1.

Setting a_2 := e^{mα}_{−α} e^{mα̃}_{−α̃} , we obtain from (ii) the existence of ζ_1 ∈ k such that

q_1 = ζ_1u_3ωe^{mσ}_{−σ} e_σ e^{mγ −1}_{−γ} a_2 ⊗ 1 + u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} [e_α, a_2] ⊗ 1

(20)

= ζ_1u_3ω[e^{mσ}_{−σ} , e_σ]e^{mγ −1}_{−γ} a_2 ⊗ 1 + ζ_1u_3ωe_σe^{mσ}_{−σ} e^{mγ −1}_{−γ} a_2 ⊗ 1 + u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} [e_α, a_2] ⊗ 1. Since [e_σ , e^{mσ}_{−σ} ] = m_σh_σe^{mσ −1}_{−σ} + m_σ(m_σ − 1)e^{mσ −1}_{−σ} , the first summand is contained in M̃. Now we consider the third summand q_2 := u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} [e_α, a_2] ⊗ 1.

Owing to (iii) there exist scalars ζ_2, ζ_3 ∈ k such that q_2 = u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} (ζ_2h_α + ζ_31)e^{mα −1}_{−α} e^{mα̃}_{−α̃} ⊗ 1 + u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} e^{mα}_{−α} [e_α, e^{mα̃}_{−α̃} ] ⊗ 1.

Now apply (iv) to obtain ζ_4 ∈ k with

q_2 = u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} (ζ_2h_α + ζ_31)e^{mα −1}_{−α} e^{mα̃}_{−α̃} ⊗ 1 + ζ_4u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} e^{mα}_{−α} e_{−γ} e^{mα̃−1}_{−α̃} ⊗ 1. From the Cartan-Weyl formula we get for some ζ_5 ∈ k e^{mα}_{−α} e_{−γ} = e_{−γ} e^{mα}_{−α} + ζ_5e_{−α̃}e^{mα−1}_{−α} = e_{−γ} e^{mα}_{−α} + ζ_5e^{mα−1}_{−α} e_{−α̃}. Since u_3h_α is a scalar multiple of u_3, there exists an element ζ_6 ∈ k such that q_2 = ζ_6u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} e^{mα−1}_{−α} e^{mα̃}_{−α̃} ⊗ 1 + ζ_4u_3ωe^{mσ}_{−σ} e^{mγ +1}_{−γ} e^{mα}_{−α} e^{mα̃−1}_{−α̃} ⊗ 1 + ζ_4ζ_5u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} e^{mα−1}_{−α} e^{mα̃}_{−α̃} ⊗ 1. Observe that the second summand belongs to M̃. Accordingly, we consider the element q_3 given by the first and third summand. By combining these, we find ζ_7 ∈ k such that q_3 = ζ_7u_3ωe^{mσ}_{−σ} e^{mγ}_{−γ} e^{mα−1}_{−α} e^{mα̃}_{−α̃} ⊗ 1. The element q_3 belongs to M̃ unless m_σ = p − 1, m_γ = 0, m_α = 1, and m_{α̃} = 0. In that case the original element a has the form a = e^{p−1}_{−σ} e_{−α}. Repeating the previous steps we obtain, observing (i), q_1 = u_3ω[e_α, a] ⊗ 1 = u_3ωe^{p−1}_{−σ} [e_α, e_{−α}] ⊗ 1 = u_3ωe^{p−1}_{−σ} h_α ⊗ 1.

From the Cartan-Weyl formula we obtain, observing that −2σ is not a root, e^{p−1}_{−σ} h_α = h_αe^{p−1}_{−σ} + (p − 1)(ad e_{−σ})(h_α)e^{p−2}_{−σ} = h_αe^{p−1}_{−σ} − [e_{−σ}, h_α]e^{p−2}_{−σ} = h_αe^{p−1}_{−σ} − σ(h_α)e^{p−1}_{−σ} . Since the duality^∨ : Ψ −→ Ψ^∨ interchanges long and short roots (cf. [20, (2.9)]), we have h_α = 2h_σ + h_γ and h_{α̃} = h_σ + h_γ . We now have q_1 = u_3ωh_αe^{p−1}_{−σ} ⊗ 1 − σ(h_α)u_3ωe^{p−1}_{−σ} ⊗ 1.

Recall from (19) that ωh_α = ν^{−1}(h_α)ω = (h_α + tr[(ad_n)(h_α)]1)ω. Moreover, we have u_3h_α = (λ(h_γ ) + 2(λ(h_σ ) + 1))u_3.

Consequently, q_1 = r_qu_3ωe^{p−1}_{−σ} ⊗ 1, where r_q = λ(h_γ ) + 2(λ(h_σ ) + 1) + γ(h_α) + α(h_α) + α̃(h_α) − σ(h_α) = λ(h_γ ) + 2λ(h_σ ) + 2 + 3γ(h_α) + α(h_α) = λ(h_γ ) + 2λ(h_σ ) + 4, since γ(h_α) = 0. Setting λ(h_γ ) = −1, we get r_q = 3 + 2λ(h_σ ).

We can find λ such that λ(h_σ ) ≠ −1 and r_q = 0. With this choice of λ we see that λ(h_α) = 2λ(h_σ ) + λ(h_γ ) = −4 ≠ −3 and λ(h_{α̃}) = λ(h_σ + h_γ ) = λ(h_σ ) − 1.

Since λ(h_σ ) ≠ −1, we have λ(h_{α̃}) ≠ −2. Consequently, Ψ^+_λ = {γ}, as desired.

As an upshot of the above we obtain for this particular choice of λ from (20) q ≡ ζ_1u_3ωe_σe^{mσ}_{−σ} e^{mγ −1}_{−γ} a_2 ⊗ 1 ≡ ζ_1e_σu_1u_4ωe^{mσ}_{−σ} e^{mγ −1}_{−γ} a_2 ⊗ 1 mod (M̃).

Observe that this last element is again of the form we considered initially. The proof of the lemma can now be completed by induction on m_γ .

Proposition 7.3. Suppose that p ≥ 5. Let G be of type B_2 and λ ∈ X(T ) such that Ψ^+_λ = {γ}. Then V_g(Z(λ)) ⊇ n_2 = ke_σ + ke_α + ke_{α̃}.

Proof. We begin by showing that there exists a character λ such that Ψ^+_λ = {γ} and e_σ + e_α ∈ V_g(Z(λ)). Choose λ as in Lemma 7.2 and extend it to b by setting λ(u) = {0}.

Let y := e_σ + e_α. Then we have y^{[p]} = 0, and the u(g)-module A := u(g) ⊗_{u(ky)} k has dimension p^9 and rank variety V_g(A) = ky.

Since u(g) : u(ky) is a Frobenius extension of first kind, [13, (1.6)] provides an isomorphism Hom_{u(ky)}(u(g), k) ∼= A of u(g)-modules. Frobenius reciprocity then yields

Ext^1_{u(ky)}(Z(λ), k) ∼= Ext^1_{u(g)}(Z(λ), A) ∼= Ext^1_{u(b)}(k_λ, A) ∼= H^1(u(b), A ⊗_k k_{−λ}). Note that b = (t ⊕ ke_σ) ⊕ n and b^− = (t ⊕ ke_{−σ}) ⊕ n^− are semidirect products of restricted Lie algebras. We denote their first summands by h and h^−, respectively.

Since V_g(A) ∩ n = ky ∩ n = {0}, the module A|_{u(n)} is projective, and the Grothendieck spectral sequence H^p(u(h), H^q(u(n), A ⊗_k k_{−λ})) ⇒ H^n(u(b), A ⊗_k k_{−λ}) collapses to isomorphisms H^n(u(h), (A ⊗_k k_{−λ})^n) ∼= H^n(u(b), A ⊗_k k_{−λ}) for all n ≥ 0. Since λ(n) = {0}, we have x · (a ⊗ 1) = xa ⊗ 1 for all x ∈ n, a ∈ A, whence (A ⊗_k k_{−λ})^n ∼= A^n ⊗_k k_{−λ}.

As an upshot of the above we have Ext^1_{u(ky)}(Z(λ), k) ∼= Ext^1_{u(b)}(k_λ, A) ∼= Ext^1_{u(h)}(k_λ, A^n).

We continue by investigating the structure of the u(h)-module A^n. Observe that {ωu ⊗ 1 | u ∈ u(p^−)} ⊆ A^n, where ω is the integral of u(n). The decomposition g = n ⊕ n^− ⊕ t ⊕ ke_{−σ} ⊕ ky = n ⊕ b^− ⊕ ky shows, via the PBW-Theorem, that u → ωu ⊗ 1 induces an isomorphism from u(b^−) onto the left-hand space. In particular, this space has dimension p^6. On the other hand, the algebra u(n) is local, so the dimension of the free u(n)-module A is given by dim A = (dim u(n))(dim A^n).

Thus, dim A^n = p^6, and consequently A^n = {ωu ⊗ 1 | u ∈ u(p^−)} = {ωu ⊗ 1 | u ∈ u(b^−)}. Since h = z(h) ⊕ k, where k = kh_σ ⊕ ke_σ and z(h) = k(h_σ + h_γ ), we obtain

u(h) ∼= u(z(h)) ⊗_k u(k) ∼= p⨁ i=1 u(k) = ⨁ ζ∈F_p v_ζ u(k), where v_ζ = ∏ η∈F_p \{ζ}(hσ + hγ − η1). Since u(k) is connected, it follows that u(h) has exactly p

blocks, each of which is isomorphic to u(k). Recall the u(t)-module M = u_1A^n = {u_1ωa ⊗ 1 ; a ∈ u(n^− ⊕ k^−)} introduced before Lemma 7.1, where k^− := kh_σ ⊕ke_{−σ}. Since n is an ideal of p, we see that M is e_σinvariant and thus a u(h)-module. Observing that k_λ belongs to the block v_{λ(hσ +hγ )}u(k) = u_1u(k), the foregoing block decomposition entails

Ext^1_{u(ky)}(Z(λ), k) ∼= Ext^1_{u(h)}(k_λ, A^n) ∼= Ext^1_{u(k)}(k_λ, M) ∼= Hom_{u(k)}(Ω_{u(k)}(k_λ), M). The algebra u(k) is a Nakayama algebra, and we denote by X_i(ζ) the i-dimensional indecomposable module with top k_ζ , where 1 ≤ i ≤ p and ζ ∈ F_p .

Let q_λ be a generator of X_{p−1}(λ(h_σ ) + 2) ∼= Ω_{u(k)}(k_λ). We are going to show the existence of a homomorphism φ : X_{p−1}(λ(h_σ ) + 2) −→ M that sends q_λ to the following element z_λ := u_1u_2ωe^{p−1}_{−σ} ⊗ 1.

From the Cartan-Weyl identities we obtain:

e_σe^m_{−σ} = m∑ j=0 (−1)^{m−j} ( m j ) e^j_{−σ}(ad e_{−σ})^{m−j} (e_σ) = e^m_{−σ}e_σ + mh_σe^{m−1}_{−σ} + m(m − 1)e^{m−1}_{−σ} , whence for each m with 0 ≤ m ≤ p − 1 we get e_σu_1u_ξωe^m_{−σ} ⊗ 1 = u_1u_{ξ+2}e_σ ωe^m_{−σ} ⊗ 1 = u_1u_{ξ+2}ωe_σe^m_{−σ} ⊗ 1 = u_1u_{ξ+2}ωe^m_{−σ}e_σ ⊗ 1 +mu_1u_{ξ+2}ωh_σe^{m−1}_{−σ} ⊗ 1 +m(m − 1)u_1u_{ξ+2}ωe^{m−1}_{−σ} ⊗ 1. From (i) above we obtain 0 = ω[e_α, e^m_{−σ}] = ωe_αe^m_{−σ} − ωe^m_{−σ}e_α. Since e_α ∈ n and ω is a two-sided integral of n, we have ωe_αe^m_{−σ} = 0, so that ωe^m_{−σ}e_α = 0. As y = e_σ + e_α, we have ωe^m_{−σ}e_σ ⊗ 1 = −ωe^m_{−σ}e_α ⊗ 1, and the first summand above vanishes.

Directly from the definition we obtain ν(h_σ) = h_σ, whence we get mu_1u_{ξ+2}ωh_σe^{m−1}_{−σ} ⊗ 1 = m(ξ + 2)u_1u_{ξ+2}ωe^{m−1}_{−σ} ⊗ 1. Consequently, we obtain

e_σu_1u_ξωe^m_{−σ} ⊗ 1 = m(m + ξ + 1)u_1u_{ξ+2}ωe^{m−1}_{−σ} ⊗ 1.

Thus in particular, e_σu_1u_ξωe^{p−i−1}_{−σ} ⊗ 1 = (p − i − 1)(ξ − i)u_1u_{ξ+2}ωe^{p−i−2}_{−σ} ⊗ 1 = (i + 1)(i − ξ)u_1u_{ξ+2}ωe^{p−i−2}_{−σ} ⊗ 1

for each 0 ≤ i ≤ p − 1. Let W := u(k)z_λ. The above identities show that W = c_σ⨁

i=0 ku_1u_{2i+λ(hσ )+2}ωe^{p−i−1}_{−σ} ⊗ 1 ∼= X_{−λ(hσ )−1}(λ(h_σ ) + 2), where 0 ≤ c_σ ≤ p − 1 and c_σ ≡ −λ(h_σ) − 2 mod p. Consequently, dim W ≡ −λ(h_σ) − 1 mod p, and since λ(h_σ ) ≠ −1, we have dim W ≤ p − 1. Accordingly, there exists a homomorphism φ : X_{p−1}(λ(h_σ ) + 2) −→ W ⊆ M sending q_λ to z_λ.

We continue by showing that φ does not factor through a projective module. Since u(k) is selfinjective this is equivalent to saying that φ does not factor through the injective hull X_p(λ(h_σ )) of X_{p−1}(λ(h_σ ) + 2). As X_{p−1}(λ(h_σ ) + 2) = e_σX_p(λ(h_σ )), the map φ : X_{p−1}(λ(h_σ ) + 2) −→ M does not factor through X_p(λ(h_σ )) if φ(q_λ) /∈ e_σ M ∩ M_{λ(hσ )+2} = e_σ M_{λ(hσ )}. By Lemma 7.2 the element φ(q_λ) = z_λ does not lie in M̃ ⊇ e_σM_{λ(hσ )}. Accordingly, φ defines a nonzero element of Hom_{u(k)}(X_{p−1}(λ(h_σ ) + 2), M) ∼= Ext^1_{u(ky)}(Z(λ), k). In particular, Z(λ) is not a projective u(ky)- module, and y = e_σ + e_α ∈ V_g(Z(λ)).

Direct computation shows that B · (e_σ + e_α) = B · (e_σ + e_{α̃}). Since dim B · (e_σ + e_{α̃}) = 3 (cf. [5, p. 31]), the closure of this orbit coincides with n_2. Finally, by Lemma 2.1 the inclusion n_2 = B · (e_σ + e_{α̃}) ⊆ V_g(Z(λ)) follows, as required.

Without loss we may assume that λ is p-restricted. If Ψ^+_λ = {γ}, then any such λ belongs to the closure of one of two walls separated by the hyperplane {μ ∈ X(T ) ⊗ R | ⟨μ + ϱ, α^∨⟩ = p}, where α = σ + γ. Then for any two λ, μ ∈ X_1(T ) with Ψ^+_λ = Ψ^+_μ = {γ} we apply translation functors [23, (11.21)] (twice in case λ and μ belong to different walls) in order to see that V_g(Z(λ)) = V_g(Z(μ)).

This completes the proof of the proposition.

Remark. One can also show that the element y in the proof of Proposition 7.3 is subregular. Consequently, it is a Richardson element relative to the parabolic subgroup P_{{γ}} (of semisimple rank 1). Since V_g(Z(λ)) is P_{{γ}}-invariant (cf. Lemma 2.5), this implies n_2 ⊆ V_g(Z(λ)).

Acknowledgments: We are indebted to J.C. Jantzen for several very helpful discussions and in particular for the proof of Lemma 5.3.

Most of the work on this paper was carried out during several visits of the first author with the SFB 343 “Diskrete Strukturen in der Mathematik” at the University of Bielefeld. Both authors are grateful to Claus Michael Ringel for his continued support and the members of the SFB 343 for their hospitality.

Part of this paper was written while both authors were staying at the Mathematical Research Institut Oberwolfach supported by the Volkswagen Stiftung (“Research in Pairs” at Oberwolfach). It is a great pleasure to thank the members of the institute for their hospitality.

The first author was supported in part by two N.S.A. grants and the DFG. The second author gratefully acknowledges partial financial support by the DFG.

References

[1] H.H. Andersen, Extensions of modules for algebraic groups, Amer. J. Math. 106, (1984), no. 2, 489–504. [2] M. Auslander, I. Reiten, and S. Smalø, Representation Theory of Artin Algebras, Cambridge Studies in Advanced Math. 36, Cambridge University Press (1995).

[3] D. Benson, Representations and Cohomology I, Cambridge Studies in Advanced Math. 30, Cambridge University Press (1991).

[4] A. Borel, Linear Algebraic Groups, Graduate Textbooks in Mathematics, 126, Springer-Verlag, (1991). [5] H. Bürgstein and W.H. Hesselink, Algorithmic orbit classification for some Borel group actions, Comp. Math.

61 (1987), 3–41.

[6] K. Erdmann, On Auslander-Reiten Components for Group Algebras, J. Pure Appl. Algebra 104 (1995), 149–160. [7] The Auslander-Reiten Quiver of Restricted Enveloping Algebras, CMS Conf. Proc. 18 (1996), 210–214. [8] K. Erdmann and A. Skowroński, On Auslander-Reiten Components of Blocks and Self-Injective Special Biserial Algebras, Trans. Amer. Math. Soc. 330 (1992), 165–189.

[9] R. Farnsteiner, Periodicity and Representation Type of Modular Lie Algebras, J. reine angew. Math. 464 (1995), 47–65.

[10] Representations of Blocks Associated to Induced Modules of Restricted Lie Algebras, Math. Nachr. 179 (1996), 57–88.

[11] On Support Varieties of Auslander-Reiten Components, Indag. Math. 10 (1999), 221–234. [12] Auslander-Reiten Components for Lie Algebras of Reductive Groups, Adv. Math. (to appear). [13] R. Farnsteiner and H. Strade, Shapiro’s Lemma and its Consequences in the Cohomology Theory of Modular Lie Algebras, Math. Z. 206 (1991), 153–168.

[14] E. Friedlander and B. Parshall, Support Varieties for Restricted Lie Algebras, Invent. math. 86 (1986), 553–562. [15] Geometry of p-Unipotent Lie Algebras, J. Algebra, 109 (1987), 25–45. [16] Modular Representation Theory of Lie Algebras, Amer. J. Math. 110 (1988), 1055–1098. [17] J.A. Green, Functor Categories of Finite Group Representations, J. Pure Appl. Algebra 37 (1985), 265–298. [18] D. Happel, U. Preiser, and C. Ringel, Vinberg’s Characterization of Dynkin Diagrams using Subadditive Functions with Applictions to DTr-periodic Modules, In: Representation Theory II, Springer Lecture Notes in Mathematics 832, (1981), 280–294.

[19] J.E. Humphreys, Modular Representations of Classical Lie Algebras and Semisimple Groups, J. Algebra 19 (1971), 51–79.

[20] Reflection groups and Coxeter groups. Cambridge Studies in Advanced Math. 29, Cambridge University Press, (1990).

[21] J.C. Jantzen, Support Varieties of Weyl Modules, Bull. London Math. Soc. 19 (1987), 238–244. [22] Representations of Algebraic Groups, Pure and Applied Mathematics, 131, Academic Press (1987). [23] Representations of Lie algebras in prime characteristic. Notes by Iain Gordon. NATO Adv. Sci. Inst.

Ser. C Math. Phys. Sci., 514, Representation theories and algebraic geometry (Montreal, PQ, 1997), 185–235, Kluwer Acad. Publ., Dordrecht, (1998).

[24] V. Kac and B. Weisfeiler, Coadjoint Action of a Semi-Simple Algebraic Group and the Center of the Enveloping Algebra in Characteristic p, Indag. Math. 38, (1976), 136–151.

[25] K. Kühne-Hausmann, Zur Untermodulstruktur der Weylmoduln für Sl3, Bonner Mathem. Schriften 162, (1985). [26] R. Pfetzing, Der Darstellungstyp der Frobeniuskerne in der SL3, Dissertation Bielefeld (1983). [27] R. Pollack, Restricted Lie Algebras of Bounded Type, Bull. Amer. Math. Soc. 74 (1968), 326–331. [28] T.A. Springer, Some arithmetical results on semi-simple Lie algebras, Publ. Math. Inst. Hautes Études Sci. 30, (1966) 115–141.

[29] Linear Algebraic Groups, Birkhäuser, Boston (1981).

[30] H. Strade and R. Farnsteiner, Modular Lie Algebras and their Representations, Marcel Dekker Monographs 116, New York (1988).

[31] M.E. Sweedler, Hopf algebras, Mathematics Lecture Note Series W.A. Benjamin, Inc., New York (1969). [32] S. El B. Yehia, Extensions of simple modules for the Universal Chevalley groups and its parabolic subgroups, PhD Thesis, Warwick (1982).

(R. Farnsteiner) Department of Mathematics, University of Wisconsin, Milwaukee, WI 53201, USA. E-mail address: rolf@uwm.edu

(G. Röhrle) Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, 33501 Bielefeld, Germany.

E-mail address: roehrle@mathematik.uni-bielefeld.de