Generalized Verma modules induced from sl(2, C ) and associated Verma modules

Oleksandr Khomenko and Volodymyr Mazorchuk^∗

Mathematical Subject Classification: Primary 17B10; Secondary 22E47.

Abstract

With each generalized Verma module induced from a “well-embedded” parabolic subalgebra of a Lie algebra with triangular decomposition we associate a Verma module over the same algebra in a natural way. In the case, when the semi-simple part of the Levi factor of the parabolic subalgebra is isomorphic to sl(2, C ) and the generalized Verma module is induced from an infinite-dimensional simple module, we prove that the associated Verma module is simple if and only if the original generalized Verma module is simple.

1 Introduction and Setup

Let g be a semi-simple complex finite-dimensional Lie algebra with a fixed triangular decomposition g = n_− ⊕ h ⊕ n_+ and p ⊃ h ⊕ n_+ be a parabolic subalgebra of g with the Levi decomposition p = (a ⊕ h_a) ⊕ n, where n is nilpotent, a^′ = a ⊕ h_a is reductive, a is semi-simple and h_a ⊂ h is abelian and central in a^′. A Generalized Verma module (GVM) is a module of the form

M_p(V ) = U(g) ⨂ U(p) V,

where V is a simple a^′-module and nV = 0. To be able to construct such M_p(V ) the condition for V to be simple is not necessary and in the case of any V we will call M_p(V ) just induced module, retaining the notion GVM for simple V . The structure of GVMs is a popular subject and has been studied by several authors (see, for example, [Ba, CF, DFO, FKM1, FKM2, FM, KM1, MO, Mc1, Mc2, MS1, MS2, R] and references therein). In particular, it has been shown that these modules play an important role in several generalizations of the celebrated category O ([R, Ba, MS1, FKM1]) and that they are related to the classification of all simple weight modules with finite-dimensional weight spaces ([F, M]).

∗Alexander von Humboldt fellow at Bielefeld University

One of the main questions about GVMs is their stucture, i.e. reducibility, submodules etc. For example, natural questions are: under which conditions a GVM is simple or under which conditions one GVM is a submodule of another one? The corresponding classical result for Verma modules ([BGG, D]) provides a criterion for inclusion of Verma modules in terms of the Weyl group action on the space h^∗, which parameterizes highest weights of Verma modules. This result was extended to certain classes of GVMs in [R, FM, Mc2, MS1, Ba, KM1, MO] (see also references therein). But only rather particular classes of GVMs were covered. They correspond to families of “well-behaved” simple modules V , e.g. finite-dimensional, weight, Whittaker, or Gelfand-Zetlin modules. Simplicity criteria follow immediately from the mentioned results. But the problem to say something in a general case, i.e. for arbitrary simple module V , remains open.

In [KM2] with each GVM the authors associated a Verma module in a natural way. Let M_p(V ) be a GVM. As V is a simple a^′-module, it possesses a central character. Let M(λ) be a Verma module over a^′ with the same central character as V . Assume that λ belongs to the closure of the anti-dominant Weyl chamber and consider the GVM M_p(M(λ)). In fact, the last one is a Verma module, say M(μ), over g. It was conjectured in [KM2] that the simplicity of M(μ) implies the simplicity of M_p(V ).

The original aim of this paper was to prove the conjecture above in the case, when a is isomorphic to sl(2, C ). There are two strong motivations to study this case. First of all this is the simplest case different from classical Verma modules, hence one should definitely start with it. Second, this is the only case, for which all simple a-modules are known ([Bl, B]), hence, theoretically, arbitrary GVM can be physically constructed. Several partial results in this case were already known. Namely, if V is a simple weight sl(2, C )- module or a Whittaker module, then the structure of M_p(V ) is relatively well understood ([FM, KM1, FKM2], resp. [Ba, Mc1, Mc2, MS1, MS2]). In particular, in the first case Mathieu’s localization functor allows one to relate such M_p(V ) with Verma modules in a very natural way (see properties of functor E in [FKM2]). In the present paper we will use this knowledge to study the structure of M_p(V ) for arbitrary, not necessarily weight, module V . It is quite surprizing, but we will see that assuming V to be an infinitedimensional simple module, the statement in the conjecture above turns into a criterion for M_p(V ) to be simple. In fact, our result will be much stronger than just a simplicity criterion, we will completely describe generalized highest weights of possible submodules in M_p(V ). Note that the case of finite-dimensional V is very well known (see [R]). We also remark that our result is really much more general than all known ones since “almost all” simple sl(2, C )-modules are not weight or Whittaker modules (see [Bl]).

One more generalization of the previous picture is that our arguments remain valid for arbitrary, not necessarily finite-dimensional, Lie algebra having a triangular decomposition (in the sense of [MP]), so we will work in the following general setup. We let g be a fixed Lie algebra with a fixed triangular decomposition (n_+, h, Δ_+, σ) ([MP]), where h is a Cartan subalgebra, n_+ is a positive part, Δ_+ is the set of roots of n_+ and σ is an antiinvolution. We set n_− = σ(n_+), Δ_− = −Δ_+ and fix a root basis {X_β}, {H_β} (with multiplicities) in g. We also fix a simple root α of g, such that the corresponding subalgebra a is isomorphic to sl(2, C ), and assume that g is an integrable a-module under the adjoint action. Then we choose p = a + h + n_+ and decompose it as p = (a ⊕ h_a) ⊕ n, where h_a ⊂ h is central in a^′ = a+h and n is generated by all X_β, β ∈ Δ_+ \{α} (all roots are taken with multiplicities) and is quasi-nilpotent. Set n^− = σ(n). In the paper we will often refer to [FKM2], where the case of finite-dimensional g is considered. However, it is clear that all results have natural analogs for Lie algebras with triangular decomposition, e.g. the reader can consult [FKM3].

The paper is organized as follows: in Section 2 we introduce our main technical tool – a universal GVM. In Section 3 we prove in the a ≃ sl(2, C )-case the conjecture from [KM2] modulo the so-called lifting property (Proposition 2), which will be proved in Section 4. Finally, in Section 5 we analyze our previous proofs and show that for infinite-dimensional V our results extend to a simplicity criterion. We also formulate two conjectures about some sufficient conditions and one conjecture about a simplicity criterion of M_p(V ) in the case of arbitrary a.

2 Universal GVM and its properties

Our main idea is to consider a big enough induced module, which surjects on arbitrary GVM (with given central character). We will call this module a universal GVM and will construct it in a natural way as foolows. Let χ be a maximal ideal in Z(a^′). Set U^α_χ = U(a^′)/(U(a^′)χ) (see also [B] for more information about the stucture of U^α_χ as a generalized Weyl algebra), which we can consider as a left a^′-module in a natural way. Quillen’s lemma guarantees that for any simple a^′-module V there exists χ such that V is a homomorphic image of U^α_χ . Applying the exactness of the induction functor (from p to g), we have that M_p(V ) is a homomorphic image of M_p(U^α_χ ). In this Section we will study the universal GVM M_p(U^α_χ ) in more detail.

Lemma 1. M_p(U^α_χ ) is locally Z(a)-finite, i.e. Z(a)v is finite-dimensional for any v ∈ M_p(U^α_χ ).

Proof. First, the a-submodule M_0 = 1 ⊗ U^α_χ of M_p(U^α_χ ) is locally Z(a)-finite by definition. Recall that g is an integrable a-module by our assumptions. Then, as an a-module, M_p(U^α_χ ) can be decomposed into a direct sum of modules of the form M_F ≃ M_0 ⊗ F , where F is a finite-dimensional a-module (see, for example [FKM1, Proposition 2]). Now, by [BG, Section 2.6] or [K, Theorem 5.1], each M_F is locally Z(a)-finite and the statment follows.

By the construction, M_p(U^α_χ ) ≃ U(g) ⊗_{U(p)} U^α_χ and hence it has a natural left U(g)- and right U(a)- module structures. The next Lemma describes the structure of M_p(U^α_χ ) as a left and a right U(h(a))-module, where h(a) = h ∩ a = ⟨H_α⟩.

Lemma 2. M_p(U^α_χ ) is free as a left and as a right U(h(a))-module.

Proof. First, the a-bimodule M_0 = 1⊗U^α_χ is isomorphic to U^α_χ as a left and a right a-module. Consider the associative algebra U^α_χ . It is a generalized Weyl algebra ([B, Section 1.2.(3)]) and hence, U^α_χ is a free U(h(a))-module from any side by [B, Section 1.1]. We also have that M_p(U^α_χ ) is U(n^−)-free ([FKM1, Proposition 1]). Let {v_i} (resp. {v^′_i}) be any basis of M_0 as a left (resp. right) U(h(a))-module and {u_j} be a weight PBW-basis of U(n^−). We immediately obtain that {u_jv_i} (resp. {u_jv^′_i}) is a basis of M_p(U^α_χ ) as a left (resp. right) U(h(a))-module.

An immediate corrollary of this Lemma is the following.

Corollary 1. Let v = 1 ⊗ ^1 be the canonical generator of M_p(U^α_χ ). Fix a total order, ⩽, on the set Δ_− \ {α}. Then the set Bv, where B = { X^{m1}_{β1} X^{m2}_{β2} . . . X^{mk}_{βk} X^m_{±α} | β_1 ⩽ β_2 ⩽ . . . ⩽ β_k } , is a basis of M_p(U^α_χ ) as a left and as a right U(h(a))-module.

In principal, the module M_p(U^α_χ ) is too big, so we will need certain quotients of this module. For a ∈ C let M^a denote the a^′-submodule of U^α_χ generated by H_α − a and set U^α_{χ,a} = U^α_χ /M^a. Again using the exactness of the induction, M_p(U^α_{χ,a}) is isomorphic to M_p(U^α_χ )/M_p(M^a). Moreover, the classical sl(2, C )-theorey makes it possible to describe M_p(U^α_{χ,a}) much better, in fact, to show that the structure of this module is very well known. Indeed, by the arguments from general nonsense (see, for example [FKM1, Section 10]), the a^′-module N(a, χ) = U^α_{χ,a} can be characterized as a weight a-module satisfying the following conditions (compare, for example, with [KM1, Section 2]):

(i) for c = (H_α + 1)^2 + 4X_{−α}X_α, χ(c) is the eigenvalue of c on N(a, χ);

(ii) supp N(a, χ) = a + 2Z and all the weight spaces are one-dimensional;

(iii) N(a, χ) is generated by N(a, χ)_a.

So, in our new notation we have M_p(N(a, χ)) ≃ M_p(U^α_χ )/M_p(M^a).

Lemma 3. The canonical projection φ : M_p(U^α_χ ) → M_p(N(a, χ)) sends Bv to a C -basis of M_p(N(a, χ)) coordinated with the h-weight structure of M_p(N(a, χ)), i.e. the set of elements sent to a fixed weight subspace of M_p(N(a, χ)) forms there a basis.

Proof. Folows from Corollary 1.

Each M_p(N(a, χ)) is h-diagonalizable (because the module N(a, χ) is weight). But, in general, M_p(V ) is not h-diagonalizable and is only h_a-diagonalizable. For an h_a-diagonali-zable module M and μ ∈ h^∗_a we will denote by M_μ the corresponding h_α-weight space.

Furthere we will also need modules, which differ a little bit from the modules N(a, χ) above. Let V (a, χ) denote an a^′-module which has the same simple subquotients as N(a, χ) and on which the element X_{−α} acts bijectively (see [FM, Section 2]). We emphasize that, by definition, V (a, χ) ≃ N(a, χ) if one of them is simple. Recall that an element v of a weight g-module V is called p-primitive if nv = 0. The motivation to study p-primitive elements is the following standard fact ([MO, Proposition 1]):

Lemma 4. For simple V the module M_p(V ) is simple if and only if any p-primitive element of M_p(V ) has the form 1 ⊗ v, v ∈ V .

Now we show that the structures of M_p(N(a, χ)) and M_p(V (a, χ)) are closely related.

Lemma 5. For any λ ∈ h^∗ there is a natural bijection between p-primitive elements in M_p(N(a, χ))_{λ−kα} and M_p(V (a, χ))_{λ−kα} for all k big enough.

Proof. From the definition of V (a, χ) and N(a, χ) it follows that there is a homomorphism φ : N(a, χ) → V (a, χ) whose kernell (resp. cokernel) is either zero (for example such map can always be chosen in the case V (a, χ) ≃ N(a, χ)) or is a lowest weight (resp. weight dual to a lowest weight) module. This map naturally extends to a homomorphism φ̂ : M_p(N(a, χ)) → M_p(V (a, χ)), which is a vector-space isomorphism, restricted to all M_p(N(a, χ))_{λ−kα} with k big enough. As φ̂ sends p-primitive elements to p-primitive elements, our statment follows for all such M_p(N(a, χ))_{λ−kα}.

From the PBW-Theorem it follows that for any Verma module V (over a^′), the corresponding induced module M_p(V ) is again a Verma module (over g). For χ ∈ Z(a^′) let M^χ denote the Verma module (over a^′) with the central character χ, whose highest weight lies in the antidominant Weyl chamber.

Proposition 1. Assume that M_p(N(a, χ))_{λ−kα} contains a non-zero p-primitive element for all k big enough. Then there exists x ∈ C such that M_p(M^χ)_{λ−xα} contains a non-trivial p-primitive element.

Proof. Using Lemma 5, we get a non-trivial p-primitive element in M_p(V (a, χ))_{λ−kα} for all k big enough, and hence there is a non-trivial p-primitive element in M_p(V (a^′, χ))_{λ−k(a}′_{)α} for all a^′ ∈ C and all k(a^′) big enough ([FKM2, Theorem 1], resp. [FKM3, Theorem 4]). Now the statment follows from [FKM2, Lemma 4] (resp. [FKM3, Lemma 7]).

3 Sufficient condition for simplicity of M_p(V )

We have already mentioned that our original interest was in proving the following statement, conjectured in [KM2]. Recall that we are working in the setup fixed in the end of Section 1.

Theorem 1. Let M_p(V ) be a generalized Verma module and M(μ) be the Verma module over g associated with M_p(V ) as in Section 1. Assume that M(μ) is simple. Then M_p(V ) is also simple.

In fact, we are going to prove that the reducibility of M_p(V ) implies the reducibility of M(μ). First we note that, in the case of a weight a-module V , the statement is quite clear. Indeed, if V is a highest or a lowest weight module, this follows directly from the BGG criterion ([D, Theorem 7.6.23]). Otherwise V is isomorphic to some simple V (a, χ) (see e.g. [FKM1, Section 10]) and, by Lemma 4, M_p(V ) has a non-zero p-primitive element, say w, different from 1 ⊗ v, v ∈ V . Assume that this element is a weigth element of weight λ ∈ h^∗. As V is simple, X_{−α} acts on M_p(V ) bijectively, and we get that there is a non-zero p-primitive element in all M_p(V )_{λ−kα}, k ∈ Z. Applying now Lemma 5 and Proposition 1 we obtain that there is a non-zero p-primitive element in M_p(M^χ)_{λ−kα} for all k big enough. By the construction, we have M_p(M^χ) = M(μ). That w ≠ 1⊗v, v ∈ V gives us λ + kα is not the highest weight of M(μ) for any k ∈ Z. Now, as M(μ)_{λ−kα} contains a non-zero p-primitive element and M(μ) is X_α-locally finite, M(μ) contains a non-zero primitive element of the weight λ + kα for some k ∈ Z. This element can not coincide with the generator of M(μ), because it has another weight, and hence M(μ) contains a proper highest weight submodule.

The observation above allows us to assume from now on that V is not a weight amodule. The main ingredient of our proof is the following lifting property, which we will prove in the next Section.

Proposition 2. Assume that V is not weight and v ∈ M_p(V ) is a non-zero p-primitive element of h_a-weight λ. Let χ be the central character of V . Then M_p(U^α_χ ) has a non-zero p-primitive element of h_a-weight λ.

Using the lifting property one completes the proof of Theorem 1 as follows.

Proof of Theorem 1. We have only to consider the case, when the module V is not weight. Then it has a non-zero p-primitive element of h_a-weight λ, which is not of the form 1 ⊗ v, v ∈ V by Lemma 4. By the lifting property, the corresponding universal GVM M_p(U^α_χ ) has a non-zero p-primitive element, w, of the same h_a-weight λ. Using Corollary 1, write w = ∑ b∈B bh_b, where h_b ∈ U(h(a)) and only finite number of them is non-zero. Choose a ∈ C such that h_b(a) ≠ 0 for all non-zero h_b. Then the image of w in M_p(U^a_{χ,a}) equals ∑ b∈B bh_b(a) and hence is non-zero by Lemma 3. This means that M_p(U^a_{χ,a}) contains a non-zero p-primitive element of the weight λ. Applying Proposition 1 and the argument as above we get that M(μ) contains a proper highest weight submodule and hence is not simple.

4 Proof of the lifting property

Conceptually, this is the main part of the paper and the main ingredient in the proof of Theorem 1. The argument used above are relatively standard and mostly based on the results already known from [D, MP, CF, FM, FKM2]. The content of this Section is quite different, mainly, since it considers the general situation, which has not yet been studied.

To prove the lifting property we need several Lemmas and some notation. Write U^α_χ = ⊕_{i∈Z}U^{(iα)}, where U^{(iα)} = {v ∈ U^α_χ | [H_α, v] = iα(H_α)v}. As the centralizer of U(h(a)) in U(a) coincides with C [H_α , c], one has U^{(0)} ≃ U(H_α) from the definition of U^α_χ . Any element f ∈ U^{(iα)} will be called graded of degree deg(f) = i. Denote by I the kernel of a projection U^α_χ → V and by Î ≃ M_p(I) the kernel of the induced projection M_p(U^α_χ ) → M_p(V ). Recall that we assume V to be a simple non-weight a-module.

Lemma 6. Let w (resp. f) be a non-zero element (resp. non-zero graded element) from U^α_χ . Then fw ≠ 0, moreover fw ∈ I if and only if w ∈ I.

Proof. The first statement follows easily from [B] in more general situation, since U^α_χ is a generalized Weyl algebra which does not have zero divisors. But we present here another proof, which then will be used to prove the second statement.

First assume that f ∈ U^{(0)}, from which we have f = F (H_α) and the statement follows from the proof of Lemma 2. If f ∈ U^{(iα)} then, according to Corollary 1, f = X^{|i|}_{±α}f^′ for some f^′ ∈ U^{(0)} and we will be done if we show that X_{±α}w ≠ 0. Consider X_α (the case of X_{−α} can be handled analogously). From X_αw = 0 and (c − χ(c))w = 0 we derive ((H_α + 1)^2 − χ(c))w = 0, which is impossible as (H_α + 1)^2 − χ(c) is a non-zero element of grade 0.

For the second statement we have only to prove that fw ∈ I implies w ∈ I. And one sees that it is enough to prove this for f = F (H_α) and f = X_{±α}. If w ∉ I such that fw ∈ I, then, projecting on V , we get a non-zero element ŵ ∈ V such that fŵ = 0. If f = F (H_α) we decompose F into a product of linear polynomials and find a non-zero element of V which will be annihilated by some H_α − c. This means that V contains a weight element. As V is simple, it is generated by any non-zero element, and hence should be a weight a-module. This contradicts our assumptions. If, say f = X_α, by the same argument as above we get ((H_α + 1)^2 − χ(c))ŵ = 0 and again the module V should be weight. The case f = X_{−α} can be treated in the same way. This completes the proof.

We recall that M_p(V ) contains a non-zero p-primitive element, v, of h_a-weight λ. Let λ^′ be the h_a-highest weight of M_p(V ). Let B_λ (resp. B^′_λ) denote the set of all ∏ β X^{nβ}_β having the h_a-weight λ − λ^′ (resp. having the h_a-weight greater than λ − λ^′), where the product is taken over all negative roots β ≠ −α counted with multiplicities. Again from the assumption that g is an integrable a-module it follows that both B_λ and B^′_λ are finite and we can order their elements in an arbitrary way B_λ = {B_i | i ∈ I}, B^′_λ = {B^′_j | j ∈ J}. By PBW-Theorem, any element w ∈ M_p(U^α_χ )_λ can be written as w = ∑ i∈I B_ia^w_i for some uniquely determined a^w_i ∈ U^α_χ . We set [w] = (a^w_i )_{i∈I} . For w = ∑ j∈J B^′_ja^w_j , a^w_j ∈ U^α_χ we set [w] = (a^w_j )_{j∈J} . Remark that w ∈ Î if and only if [w] ∈ I^{|I|} (resp. I^{|J|}), and for x ∈ U^α_χ and w ∈ M_p(U^α_χ )_λ the equality [xw] = x[w] is not true in general.

For all β ∈ Δ_+ \ {α} we have

X_βB_i = ∑ j∈J B^′_j G_{i,j,β} mod U(n)n, for some G_{i,j,β} ∈ U^α_χ .

Lemma 7. G_{i,j,β} are graded for all i, j, β. Moreover,

deg(G_{i,j,β}) − deg(G_i′_{,j,β}) = deg(G_{i,j}′_{,γ} ) − deg(G_i′_{,j}′_{,γ} )

holds for all i, i^′ ∈ I, j, j^′ ∈ J and β, γ ∈ Δ_+ \ {α}.

Proof. G_{i,j,β} is graded since all X_β, B_i and B^′_j are H_α-diagonalizable with respect to the adjoint action. The comon value in the necessary equality equlas x/(α(H_α) = 2), where x is the difference between H_α-eigenvalues of B_i and B_i′ under the adjoint action.

For a positive β ≠ α define a matrix, A^β, by A^β_{j,i} = G_{i,j,β}. This is a |J| × |I|-matrix with entries being graded elements from U^α_χ . By the construction, it represents the action of X_β on B_λ with the result written in the (right) U^α_χ -basis B^′_λ. Define

A^′ =

A^{β1} A^{β2} . . A^{βk} ,

where β_1, . . . , β_k is a finite generating system in Δ_+ \ {α}, each root counted with the corresponding multiplicity, whose elements are written in some order. The existens of such system follows directly from our assumption on g to be an integrable a-module. We will call a set of rows independent if it is linearly independent with left coefficients being graded elements from U^α_χ , and dependent otherwise. Directly from the construction we also have that w ∈ (M(U^α_χ ))_λ is p-primitive if and only if A^′[w] = 0. In particular, from this we get that the set of p-primitive elements in M_p(U^α_χ ) is a right U(a)-submodule. Let {l_k | k ∈ K} be a maximal set of independent rows of A^′. Choose any non-zero graded f_k, k ∈ K such that the degree of the first component of f_kl_k is 0 and let A be the matrix with only |K| rows f_kl_k. Clearly, |K| ⩽ |I|.

Lemma 8. For any w ∈ (M(U^α_χ ))_λ we have A^′[w] = 0 if and only if A[w] = 0. In particular, w ∈ (M(U^α_χ ))_λ is p-primitive if and oly if A[w] = 0.

Proof. If A^′[w] = 0 then l_j[w] = 0 for any j and hence f_kl_k[w] = 0. Conversely, if A[w] = 0 then f_kl_k[w] = 0 and hence l_k[w] = 0 by Lemma 6. As {f_k} is a maximal set of independent elements, for any j there exist graded f and f^′_k, k ∈ K such that fl_j = ∑ k∈K f^′_kl_k. Hence fl_j[w] = 0 and again l_j [w] = 0 by Lemma 6 as f is graded.

Any entry of A is graded, thus there are g_{k,i} ∈ C [H_α ], k ∈ K, i ∈ I such that

A_{k,i} = { g_{k,i}X^{deg(Ak,i)} α deg(A_{k,i}) ⩾ 0 g_{k,i}X^{− deg(Ak,i)} −α deg(A_{k,i}) < 0 . Moreover, from Lemma 7 it follows that deg(A_{k,i}) = deg(A_k′_{,i}) for all k, k^′ ∈ K and i ∈ I. Define a |K| × |I|-matrix H via H_{k,i} = g_{k,i}. It is important that the components of this matrix are polynomials in H_α. As the rows of A are independent and deg(A_{k,i}) = deg(A_k′_{,i}) for all k, k^′ ∈ K and i ∈ I, one easily gets that the rows of H are also indepenedent.

First we consider the case |K| = |I|. Since the rows of H are independent, we have that det(H) is a non-zero polynomial in C [H_α ], in particular, there exists Ĥ ∈ C [H_α ] such that ĤH = det(H)1. Thus we obtain that ĤA is diagional and equals

det(H) diag(1, X^{± deg(A2,2 )} ±α , . . . , X^{± deg(A|I|,|I|)} ±α ).

We have A[v] ∈ I^{|I|}, hence ĤA[v] ∈ I^{|I|}. If v = ∑ i B_ia^v_i , this means det(H)X^{± deg(Ai,i)}_{±α} a^v_i ∈ I. Thus, by Lemma 6, we get a^v_i ∈ I and v = 0 in M_p(V ).

Now we assume |K| < |I|. Our goal is to show that the system A[x] = 0 has a nonzero solution in I^{|I|}, since any such solution will give us a non-zero p-primitive element of M_p(U^α_χ ). Without loss of generality we can assume that first |K| columns of H are independent and, as in the previous paragraph, there exists a |K| × |K|-matrix Ĥ with entries in C [H_α ] such that ĤA = (C_1|C_2), where C_1 = G(H_α)D, with a non-zero G(H_α) and a diagonal |K| × |K|-matrix

D = diag(1, X^{± deg(A2,2 )} ±α , . . . , X^{± deg(A|K|,|K| )} ±α ), and C_2 is a matrix with entries from U^α_χ . Consider now the system ĤA[x] = 0. As det(Ĥ) is non-zero and graded, by Lemma 6, A[x] = 0 if and only if ĤA[x] = 0. Next we multiply our system by

D^′ = diag(1, X^{± deg(A2,2)} ∓α , . . . , X^{± deg(A|K|,|K|)} ∓α ) and by the same arguments we obtain a system (C^′_1|C^′_2)[x] = 0, where

C^′_1 = diag(F_1(H_α), F_2(H_α), . . . , F_{|K|}(H_α)),

and all F_i are non-zero polynomials. In particular, we have (C^′_1, C^′_2)[x] = 0 if and only if A[x] = 0.

Lemma 9. Let F ∈ C [x]. Then for any m × n-matrix A with coefficients from U^α_χ there exists F^A ∈ C [x] satisfying the following condition: for any [x] ∈ (U^α_χ )^n there exists [y] ∈ (U^α_χ )^m such that F (H_α)[y] = A(F^A(H_α)[x]).

Proof. Let z ∈ U^α_χ , z = ∑ i∈Z z_i, where z_i ∈ U^{(iα)}. Set F^z(x) = ∏ i∈Z,z_i≠0 F (x + 2i). Then for all x ∈ U^α_χ we have zF^z(H_α)x = F (H_α)y for some y. Now the lemma will follow if we choose F^A = ∏ i,j F^{Ai,j} . Set F = ∏ i F_i and [x]_j = F^{C′2} (H_α), j > |K|. By Lemma 9, for any i ∈ K there exists y_i ∈ U^α_χ such that ∑ j>|K|(C ′ 2)_{i,j}[x]_j = F (H_α)y_i. Now we can set

[x]_i = − ∏ 1⩽k⩽|K|,k≠i F_k(H_α) y_i, i ⩽ |K|

and obtain that [x] is a non-zero solution of our system. This means that the element ∑ i B_i[x]_i is a non-zero p-prmitive element of M_p(U^α_χ ) and completes the proof of the lifting property and hence of Theorem 1.

5 Deriving a criterion

We have already reached our original goal and proved Theorem 1. But let us now analyze, where in Section 4 we used the fact that the module V is not weight. This was used only in the proof of the second part of Lemma 6 (recall that the first part of this Lemma follows from [B] in a general case). Clearly, the statement of Proposition 2 is not true for arbitrary V because of problems arising in the case of finite-dimensional V (see [R]). But we may observe one more nice property of sl(2, C )-case: if V is a simple infinite-dimensional weight module then either M_p(V ) ≃ M(μ) or for all λ ∈ h^∗_a there is a natural bijection between p-primitive elements in M_p(V )_λ and M(μ)_λ (follows from [M, Lemma A.1]). This tempt us to try to prove the following advanced lifting property.

Proposition 3. Let V be an infinite-dimensional simple a^′-module. If for some λ ∈ h^∗_a there is a non-zero p-primitive element in M_p(V )_λ, theen there is a non-zero p-primitve element in M_p(U^α_χ )_λ

Proof. Because of the known lifting property we have only to consider the case, when V is an infinite-dimensional simple weight module. We look at Section 4. As we have already mentioned, the only place where we used the fact that V was not weight is the proof of the second statement in Lemma 6. The last was used later only when the case |K| = |I| was considered. Hence, in the case |K| < |I| we have our statement for free. Now we are going to show that under our assumptions the case |K| = |I| is not possible.

Indeed, in this case the system ĤA[x] = 0 can have only trivial solution by the first part of Lemma 6. Now, we recall that M_p(V )_λ is a weight module and contains a nonzero p-primitive element. And we know that V is either highest or lovest weight module or coincides with some N(a^′, χ). Using [FKM2, Theorem 1], we get that there exists a non-zero p-primitive element in M_p(N(a, χ))_λ for all a ∈ C . Return to the proof of the lifting property in the case |K| = |I| (with V = N(a, χ) for some a and v being a non-zero p-primitive element of M_p(N(a, χ))_λ). We have det(H)X^{± deg(Ai,i)}_{±α} a^v_i ∈ I and we want to deduce that a^v_i ∈ I obtaining a contradiction. Rewrite det(H)X^{± deg(Ai,i )}_{±α} as X^{± deg(Ai,i)} ±α G_i(H_α) and choose a such that G_i(a + j) ≠ 0 for all i and all j ∈ Z, and such that N(a, χ) is simple. This is clearly possible. But in this case both X_{±α} act bijectively on M_p(N(a, χ)) (see Section 2), hence on U^α_χ /I, in particular, this means that X_{±α}x ∈ I if and only if x ∈ I. Thus we obtain that G_i(H_α)a^v_i ∈ I. Again, by the choice of a, the image of G_i(H_α)a^v_i = ∑ j∈Z(a^v_i )_j G_i(H_α ± 2j) (graded decomposition of a^v_i ) in U^α_χ /I equals ∑ j∈Z x_j G_i(a ± 2j) ans is non-zero if any only if a^v_i ∉ I. From this we finally get that all a^v_i ∈ I which means that M_p(N(a, χ)) can not have any non-zero p-primitive elements. This contradiction completes the proof.

Now we can easily extend Theorem 1 to a criterion for M_p(V ) to be simple, under the condition that V is infinite-dimensional.

Theorem 2. Under the assumptions of Theorem 1, for a simple infinite-dimensional a^′- module V , the module M_p(V ) is simple if and only if M(μ) is simple. Moreover, for any λ ∈ h^∗_a, there is a non-zero p-primitive element in M(μ)_λ if and only if there is a non-zero p-primitive element in M_p(V )_λ.

Proof. First we assume that V is a highest (or lowest) weight module. Then either M_p(V ) ≃ M(μ) and our result is a tautology or the statement follows from [M, Lemma A.1] metioned above.

If V is weight but do not have any highest (lowest) weights, then V ≃ N(a, χ) for some a and χ and the result follows from [FKM2, Theorem 1,Lemma 4].

Finally, we again have only to consider the case, when V is not weight. In this case the “if” part is just Theorem 1 together with the lifting property. Let us prove the “only if” part. Assume that M(μ) is not simple. As μ is choosen to be a-antidominant, we have that M(μ) has a non trivial primitive (and hence p-primitive) element of some h_aweight λ, which is different from the highest h_a-weight of M(μ). Moreover, by construction, M(μ) ≃ M_p(V^′) for some simple highest weight infinite-dimensional a^′-module V^′. Using the advanced lifting property we get that M_p(U^α_χ )_λ contains a non-zero p-primitive element, say x. Moreover, from the proof of the advanced lifting property it follows that this element can be choosen, for example, as one constructed in the last paragraph of Section 4. From this construction we get that several [x]_i are non-zero polynomials in H_α. Now, if V is not weight, C [H_α ] ∩ I = 0 by Lemma 6 and we obtain that the image of ∑ i B_i[x]_i in M_p(V ) is non-zero, and, of course, p-primitive. Thus M_p(V ) is not simple, moreover, it contains necessary p-primitive element.

Theorem 2 completely answers the question about simplicity of arbitrary GVM in our setup, reducing it to the known situation of Verma module. The final result really seems to be quite surprizing. In particular, it shows that simplicity of M_p(V ) depends only on the central character χ of V and does not depend on V itself (of course assuming that V is infinite-dimensional). We would like to add the following remark to the Theorem 2: from the proof one can easily derive that the statement about p-primitive elements can be read even as follows: for any λ ∈ h^∗_a and for any c ∈ C , there is a non-zero p-primitive element, v, in M(μ)_λ such that cv = cv if and only if there is a non-zero p-primitive element, w, in M_p(V )_λ such that cw = cw.

Theorem 1 and Theorem 2 encourage us to fomulate the following two conjectures about sufficient conditions for a GVM to be reducible in the case of arbitrary a.

Conjecture 1. Assume that g is as above, p is a parabolic subalgebra of g associated with a standard triangular decomposition and a^′ is reductive finite-dimensional such that g is an integrable a^′-module under adjoint action. Let M_p(V ) be a GVM over g and L be the simple quotient of the Verma module M(λ) with dominant λ, which has the same central character as V . If M_p(L) is reducible then M_p(V ) is also reducible.

The following is just a stronger version of Conjecture 1.

Conjecture 2. Under the notation of Conjecture 1, if for λ ∈ h^∗_a there is a non-zero p-primitive element in M_p(L)_λ then there is a non-zero p-primitive element in M_p(V )_λ.

First, we note that the GVM M_p(L) used in the conjectures above is, in fact, a highest weight module, hence its study should be much easier than that of M_p(V ). Second, if g is infinite-dimensional, e.g. affine Kac-Moody Lie algebra, there are several nonequivalent classes of parabolic subalgebras in g (see [Fu]). Our conjectures are formulated in the simplest case (parabolic subalgebra of type I in [Fu]), associated with a standard triangular decomposition, which means, in particular, that in the case of weight L with finite-dimensional weight spaces, M_p(L) will also have finite-dimensional weight spaces (or, using the notation from the paper, the sets B_λ and B^′_λ are finite for any λ). In other cases the last statement is no longer true, and there may arize several strange effects which will make the picture much more complicated, see [Fu] for details and examples with classical Verma modules.

We finish with the following conjecture about simplicity criterion for a GVM in the case of arbitrary a.

Conjecture 3. Assume that g, p, a^′ and M_p(V ) are as in Conjecture 1. Then there exists a simple highest weight module L having the same central character as V such that for any λ ∈ h^∗_a there is a p-primitive element in M_p(V )_λ if and only if there is a p-primitive element in M_p(L)_λ.

According to Theorem 2, all the conjectures are true in the case a ≃ sl(2, C ).

Acknowledgments

The paper was written during the stay of the second author in Bielefeld University as an Alexander von Humboldt research fellow. The financial support of Humboldt Foundation and the hospitality of Bielefeld University are gratefully acknowledged.

References

[Ba] E.Backelin, Representation of the category O in Whittaker categories. Internat. Math.

Res. Notices 1997, 153 -172.

[B] V.Bavula, Generalized Weyl algebras and their representations. (Russian) Algebra i Analiz 4 (1992), 75 - 97.

[BG] J.N. Bernstein, S.I. Gelfand, Tensor products of finite- and infinite-dimensional representations of semisimple Lie algebras. Compositio Math. 41 (1980), 245 - 285.

[BGG] I.N. Bernstein, I.M. Gelfand, S.I. Gelfand, The structure of representations generated by vectors of highest weight, Funkt. Anal. i Prilozhen. 5 (1971), 1 - 9.

[Bl] R.E.Block, Classification of the irreducible representations of sl(2, C ). Bull. Amer.

Math. Soc. (N.S.) 1 (1979), 247 - 250.

[CF] A.J.Coleman and V.M.Futorny, Stratified L-modules, J.Algebra, 163 (1994), 219 - 234.

[D] J. Dixmier, Algebres enveloppantes, Gauthier-Villars, Paris, 1974.

[DFO] Yu. A. Drozd, V.M. Futorny, S.A. Ovsienko, S-homomorphism of Harish-Chandra and G-modules generated by semiprimitive elements, Ukrainian Math. J. 42 (1990), 1032 - 1037.

[F] D.Fernando, Lie algebra modules with finite-dimensional weight spaces I, Trans. Amer.

Math. Soc., 322 (1990), 757 - 781.

[Fu] V.M.Futorny, Representations of affine Lie algebras. Queen’s Papers in Pure and Applied Mathematics, 106. Queen’s University, Kingston, ON, 1997.

[FKM1] V.Futorny, S.König and V.Mazorchuk, Categories of induced modules and projectively stratified algebras, Preprint 99-024, Bielefeld University.

[FKM2] V.Futorny, S.König and V.Mazorchuk, A combinatorial description of blocks in O(P, Λ) associated with sl(2) induction, Preprint 99-038, Bielefeld University.

[FKM3] V. Futorny, S. König, V. Mazorchuk, Categories of induced modules for Lie algebras with triangular decomposition, Preprint 99-113, Bielefeld University. To appear in Forum Math.

[FM] V.Futorny, V.Mazorchuk, Structure of α-Stratified Modules for Finite-Dimensional Lie Algebras, Journal of Algebra, I, 183 (1996), 456 - 482.

[KM1] A.Khomenko, V.Mazorchuk, On the determinant of Shapovalov form for Generalized Verma modules, J. Algebra 215 (1999), 318 - 329.

[KM2] A.Khomenko, V.Mazorchuk, A note on simplicity of Generalized Verma modules, Preprint 99-049, Bielefeld University. To appear in Commentarii Mathematici Universitatis Sancti Pauli.

[K] B. Kostant, On the tensor product of a finite and an infinite dimensional representation, J.Func.Anal. 20 (1975), 257 - 285.

[M] O.Mathieu, Classification of irreducible weight modules, Preprint, Strasbourg University, 1998.

[MO] V.Mazorchuk and S.Ovsienko, Submodule structure of Generalized Verma Modules induced from generic Gelfand-Zetlin modules, Alg. and Repr. Theory 1 (1998), 3 - 26.

[Mc1] E.McDowell, A module induced from a Whittaker module. Proc. Amer. Math. Soc.

118 (1993), 349 - 354.

[Mc2] E.McDowell, On modules induced from Whittaker modules. J. Algebra 96 (1985), 161 - 177.

[MS1] D.Milicić, W.Soergel, The composition series of modules induced from Whittaker modules. Comment. Math. Helv. 72 (1997), 503 - 520.

[MS2] D.Milicić, W.Soergel, Twisted Harish-Chandra sheaves and Whittaker modules;

Preprint, Freiburg University, 1995.

[MP] R.V.Moody and A.Pianzola, Lie algebras with triangular decomposition, CMS series of monographs and advanced texts J.Wiley-Int. Publ., N.Y., 1995

[R] A.Rocha-Caridi, Splitting criteria for g-modules induced from a parabolic and a Bernstein – Gelfand – Gelfand resolution of a finite-dimensional, irreducible g-module. Trans. Amer. Math. Soc., 262 (1980), 335 - 366.

Oleksandr Khomenko, Fachbereich Mathematik, Postfach 3049, D-67653, Kaiserslautern, FRG, e-mail: khomenko@mathematik.uni-kl.de

Volodymyr Mazorchuk, Mechanics and Mathematics Department, Kyiv Taras Shevchenko University, 64 Volodymyrska st., 01033, Kyiv, Ukraine, e-mail: mazorchu@uni-alg.kiev.ua

Address until 31 December 1999:

Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, D-33501, Bielefeld, FRG, e-mail: mazor@mathematik.uni-bielefeld.de