A SUPPORT PROBLEM FOR K-THEORY OF NUMBER FIELDS

G. Banaszak, W. Gajda, P. Krasoń

Abstract. In this paper we consider a support problem for the reduction map on the odd dimensional algebraic K-theory of number fields.

1. Introduction.

Pál Erdös stated the following problem for the integers in 1988.

Support Problem. For two positive integers x and y the following two statements are equivalent.

(1) For every n ∈ N and every prime p we have

x^n ≡ 1 mod p if and only if y^n ≡ 1 mod p. (2) x equals y

This problem was solved by Corrales-Rodrigáñez and Schoof in the paper [C-RS], which also contains generalization of the support problem for all number fields and elliptic curves. Some other related support problems the reader can find in papers [Ba] and [S].

In this paper we consider the support problem for algebraic K-theory of a number field F . Let L/F be a finite field extension. Let n be a positive integer and l an odd prime. Consider the Dwyer-Friedlander map [D-F]

ψ_l: K_{2n+1}(L) → K_{2n+1}(L) ⊗ Z_l → H^1(G_L; Z_l(n + 1)).

Let us define C_L to be the subgroup of K_{2n+1}(L) which is generated by the l-parts of kernels of maps ψ_l for all primes l. We define the group B(L) by putting

B(L) = K_{2n+1}(L)/C_L.

Note that the group C_L is finite by [DF] and it should vanish if the Quillen- Lichtenbaum conjecture is true. Let k_v be the residue field for a prime v in F. Put g_v = G(k_v/k_v) to be the absolute Galois group for the finite field k_v. For every

1991 Mathematics Subject Classification. The authors were partially supported by the KBN grant 2 PO3A 02317. The authors would like to thank the I.C.T.P. in Trieste and the SFB 343 in Bielefeld for hospitality and for financial support during visits in 1999, where this paper was written up..

Typeset by AMS-TEX 1

l as above and for any L we have the following commutative diagram with the map ψ_l as the left vertical arrow.

(1.1)

K_{2n+1}(F )/C_L^{πv}−−−−→ ∏ v∤l K_{2n+1}(k_v)_l

ψ_l = H^1(G_F ; Z_l(n + 1))^{πv}−−−−→ ∏ v∤l H^1(g_v; Z_l(n + 1)) The horizontal maps of the diagram are induced by the reduction maps at the prime ideals of O_F in K-theory and cohomology respectively. Note that K_{2n+1}(O_F )_l ∼= K_{2n+1}(F ) and H^1(G_F ; Z_l(n + 1)) ∼= H^1(G_{F,Σl} ; Z_l(n + 1)), where Σ_l is the set of primes v of F which divide l. Observe that (1.2) K_{2n+1}(k_v)_l ∼= H^1(g_v; Z_l(n + 1)) ∼= H^0(g_v; Q_l/Z_l(n + 1)). It follows by the definition of B(L) that B(L) ⊗ Z_l ∼= H^1(G_L; Z_l(n + 1)).

We prove the following theorem.

Theorem. Let P, Q be two nontorsion elements of the group K_{2n+1}(F ). Assume that for almost every v and almost every integer m the following condition holds mπ_v(P ) = 0 whenever mπ_v(Q) = 0.

Then the elements P and Q of K_{2n+1}(F ) are linearly dependent over Z. Let K(O_F ) and K(k_v) be the K-theory spectra of O_F and of the finite field k_v, respectively cf. [DM]. Consider the stable Hurewicz map for the K-theory spectrum X = K(O_F ). It follows by [A], Theorem 4.1 that after tensoring with Q the Hurewicz map gives an isomorphism K_{2n+1}(O_F ) ⊗ Q ∼= H_{2n+1}(K(O_F ); Q).

Hence, the group H_{2n+1}(K(O_F ); Z) is finitely generated, because the K-theory of O_F is finitely generated [Q]. The reduction map at the prime v induces the natural map on homology π^′_v: H_{2n+1}(K(O_F ); Z) −→ H_{2n+1}(K(k_v); Z).

Using the proof of the Theorem for the reduction map π^′_v we obtain the following result.

Corollary. Let P^′, Q^′ be two nontorsion elements in the group H_{2n+1}(K(O_F ); Z). Assume that for almost every prime ideal v and for almost every integer m the following condition holds

mπ^′_v(P^′) = 0 whenever mπ^′_v(Q^′) = 0.

Then the elements P^′ and Q^′ are linearly dependent in the group H_{2n+1}(K(O_F ); Z).

Remark. Our proof of the Theorem is based on the methods of the paper [C-RS]. In [BGK] we consider the support problem for the Galois cohomology of l-adic representations and associated intermediate Jacobians.

2. Proof of the theorem.

Let S_l be the finite set of primes which contains the prime l and all primes for which the assumptions of the theorem do not hold.

Lemma 1. Let L be a number field.

(1) The natural map H^1(G_L; Z_l(n+1)) −→ lim−→_{L′/L} H^1(G_L′ ; Z_l(n+1)) is an

embedding, where the limit is over all finite extensions L^′/L. (2) The discrete Galois module lim−→_{L′/L} H^1(G_L′ ; Z_l(n+1)) is a divisible group.

(3) For every k, the l^k-torsion subgroup of lim−→_{L′/L} H^1(G_L′ ; Z_l(n+1)) is natu-

rally isomorphic to Z/l^k(n+1).

This follows by [T], Proposition 2.3. We leave details of the proof for the reader.

We denote by P̂ , Q̂ ∈ H^1(G_F ; Z_l(n+1)) the images of P and Q via the Dwyer- Friedlander map. Let H_l denote the kernel of the action of G_F on the mod-

ule Z/l(n+1) and we put F_l = F̄^{Hl} . Let R̂ and R̂^′ be elements of the module lim−→_{L/F} H^1(G_L; Z_l(n+1) such that

P̂ = lR̂ and P̂^′ = lR̂^′.

The elements R̂, R̂^′ exist by Lemma 1 (2). Let H^′_l denote the kernel of the G_F -

action on the subgroup of lim−→_{L/F} H^1(G_L; Z_l(n+1)) generated by Z/l^k(n+1) and

R̂. Observe that this subgroup is G_F -invariant and does not depend on the choice

of R̂, due to Lemma 1 (3). Put F_l(^1_l P̂ ) = F̄^{H′l} . In the similar way we define the

field F_l(^1_l Q̂). We choose primes over v in the corresponding fields as shown on the

picture below. Let v ∉ S_l be a prime which splits completely in F_l(^1_l P̂ ). Let us put

t_v = ♯K_{2n+1}(k_v)_l.

(2.1)

K w w^′

F_l(^1_l P̂ )

� � � � F_l(^1_l Q̂)

� � � � β

� � � � � β^′

� � � �

F (R̂) Fl

� � � � � � F (R̂^′) u

� � � � � � � � � � � u^′

F

� � � � � � v

� � � � � � � �

Consider the following commutative diagram.

(2.2)

H^1(G_K ; Z_l(n + 1))^{πw}−−−−→ H^1(g_w; Z_l(n + 1))

H^1(G_{Fl(} 1_{l P̂ )}; Z_l(n + 1))^{πβ}−−−−→ H^1(g_β; Z_l(n + 1))

H^1(G_{F (R̂)}; Z_l(n + 1))^{πu}−−−−→ H^1(g_u; Z_l(n + 1))

H^1(G_F ; Z_l(n + 1))^{πv}−−−−→ H^1(g_v; Z_l(n + 1))

Since v splits completely in F_l(^1_l P̂ ), the two right, bottom, vertical arrows in the diagram (2.2) are isomorphisms. In addition this means that l|t_v (observe that t_v = ♯K_{2n+1}(k_β)_l, cf. (1.2)). Hence, by the diagram (2.2) we have the following equality t_v l π_v(P̂ ) = π_β ( t_v l P̂ ) = t_vπ_β (R̂) = 0.

By the assumption of the theorem this implies that^{tv}_l π_v(Q̂) = 0. We want to prove that v splits completely in the field F_l(^1_l Q̂). Consider the diagram obtained from (2.2) by replacing P by Q, R by R^′ and primes u, β, w by primes u^′, β^′, w^′, respectively. Then there exists P̂_0 ∈ Z/l(n + 1) such that

F r_w′ (R̂^′) = R̂^′ + P̂_0,

where F r_w′ ∈ g_w′ ⊂ G(K/F ).

Applying the reduction at w^′ to the last equality we obtain

(2.3) F r_w′ π_w′ (R̂^′) = π_w′ F r_w′ (R̂^′) = π_w′ (R̂^′) + π_w′ (P̂_0).

Since t_vπ_w′ (R̂^′) = t_v l π_w′ (lR̂^′) = t_v l π_w′ (Q̂) = 0,

it follows that π_w′ (R̂^′) belongs to the group H^1(g_v; Z_l(n + 1)), hence it is fixed by the Frobenius element F r_w′ . Together with the equality (2.3) this gives

π_w′ (P̂_0) = 0.

Using [T], Proposition 2.3, p. 261 we prove that the reduction map π_w′ is injective on l-torsion parts, hence P̂_0 = 0. This implies that the action of the Frobenius F r_w′ on R̂^′ is trivial. Since Z/l(n + 1) ⊂ H^1(g_v; Z_l(n + 1)), it follows that v splits completely in F_l(^1_l Q̂). By the Frobenius density theorem, [J], Corollary 5.5, p. 136, we conclude that

(2.4) F_l( 1 l Q̂) ⊂ F_l( 1 l P̂ ).

Consider the map ϕ_{P̂} : G_{Fl} → Z/l(n+1) which is given by the formula ϕ_{P̂} (σ) = σ(R̂) − R̂ and the analogous map ϕ_{Q̂} defined for the element Q̂. The maps ϕ_{P̂} , ϕ_{Q̂} are well defined by Lemma 1 (3). It is clear by (2.4) that ker(ϕ_{P̂} ) ⊂ ker(ϕ_{Q̂}).

In this way we get the diagram

(2.5)

0 −−−−→ ker(ϕ_{P̂} ) −−−−→ G(F̄ /F_l)^{ϕP̂}−−−−→ Z/l(n + 1) −−−−→ 0 = γ 0 −−−−→ ker(ϕ_{Q̂}) −−−−→ G(F̄ /F_l)^{ϕQ̂}−−−−→ Z/l(n + 1) −−−−→ 0 with imbedding as the left vertical arrow. Since Im ϕ_{P̂} is a cyclic group, the map γ is a multiplication by an integer d, say (2.6) ϕ_{Q̂} = dϕ_{P̂} . There is a natural embedding

θ: H^1(F_l; Z_l(n + 1))/l → H^1(F_l; Z/l(n + 1)) = Hom(G_{Fl} ; Z/l(n + 1)) which is given by the formula θ(X̂) = ϕ_{X̂} . By Lemma 2 (note that F_l ⊂ F (μ_l)) below and by (2.6) we obtain the following equality

(2.7) Q̂ = dP̂ in the group H^1(G_F ; Z_l(n + 1))/l = B(F )/lB(F ). Hence by (2.7), the image of Q in B_0 = B(F )/{kP ; k ∈ Z} is contained in lB_0 for all primes l which are not in S_l. Since by results of Quillen the group B(F ) is finitely generated it follows that B_0 is also finitely generated. Therefore ⋂ l /∈S_l lB0 is finite. Hence,

bQ = aP in the group K_{2n+1}(F ) for some integers a and b.

Lemma 2. Assume that l does not divide the number w_{n+1}(F ) whose l-part by definition is #H^0(G_F ; Q_l/Z_l(n + 1)). Then the natural map H^1(G_F ; Z_l(n + 1))/l^k → H^1(G_{F (μlk )}; Z_l(n + 1))/l^k is an imbedding.

Proof. cf. [AB] or [BG]. □

References

[AB] D. Arlettaz, G. Banaszak, On the non-torsion elements in the algebraic K-theory of rings of integers, J. reine angew. Math. 461, 63 - 79.

[Ba] G. Banaszak, Mod p logarithms log_23 and log_32 differ for infinitely many primes, Annales Mathematicae Silesianae 12, 141 - 148.

[BG] G. Banaszak, W. Gajda, Euler systems for higher K-theory of number fields, Journal of number theory 58, No. 2, 213 - 252.

[BGK] G. Banaszak, W. Gajda, P. Krasoń, A support problem for the intermediate Jacobians of l-adic representations., in preparation.

[C-RS] C.Corralez-Rodrigáñez, R.Schoof, Support problem and its elliptic analogue, Journal of Number Theory 64, 276-290.

[DF] W. Dwyer, E. Friedlander, Algebraic and étale K-theory, Trans. Amer. Math. Soc. 292, 247-280.

[DM] W. Dwyer, S. Mitchell, On the K-theory spectrum of a ring of algebraic integers, Journal of K-theory 14 no 3, 201–263.

[J] G. Janusz, Algebraic number theory, Academic Press, New York, London, 1973, 1973. [Q] D. Quillen, Lecture Notes in Math. 341 (1973), Springer, 179–198.. [S] A.Schinzel, O pokazatelnych sravneniach, Matematicheskie Zapiski 2 (1996), 121-126. [T] J. Tate, Relation between K_2 and Galois cohomology, Invent. Math. 36, 257-274.

Department of Mathematics, Adam Mickiewicz University, Poznań, Poland E-mail address: BANASZAK@math.amu.edu.pl

Department of Mathematics, Adam Mickiewicz University, Poznań, Poland E-mail address: GAJDA@math.amu.edu.pl

Department of Mathematics, Szczecin University, Szczecin, Poland E-mail address: KRASON@uoo.univ.szczecin.pl