LÉVY–LEPAGE SERIES REPRESENTATION OF STABLE VECTORS. CONVERGENCE IN VARIATION

V. Bentkus^{1,4,5} A. Juozulynas^{2,5} V. Paulauskas^{2,3}

1 Bielefeld University,^2 Vilnius University, 3 Institute of Mathematics and Informatics, Vilnius

1 December 1999

Abstract. Multidimensional stable laws G_α admit a well-known Lévy–LePage series representation

G_α = L

(^∞∑ j=1 Γ^{−1/α} j X_j ) , 0 < α < 2,

where Γ_1, Γ_2, . . . are the successive times of jumps of a standard Poisson process, and X_1, X_2, . . . denote i.i.d. random vectors, independent of Γ_1, Γ_2, . . . We present (asymptotically) optimal bounds for the total variation distance between a stable law and the distribution of a partial sum of the Lévy–LePage series. In the one-dimensional case similar results were obtained earlier by Bentkus, Götze and Paulauskas.

1 . Introduction and formulation of results

Let R^d denote a standard real Euclidean space with the norm |x|^2 = x^2_1 + · · · + x^2_d and the corresponding inner product ⟨ x, x ⟩ = |x|^2. Let X, X_1, X_2, . . . be a sequence of independent and identically distributed (i.i.d.) R^d-valued random vectors with the distribution F = L ( X ) . Introduce a sequence λ_1, λ_2, . . . of i.i.d. random variables with exponential distribution, that is P{λ > x} = exp{−x}, for x � 0. It is well known that the sequence Γ_n = λ_1 + · · · + λ_n defines the successive times of the jumps of a standard Poisson process. Assume that the sequences λ_1, λ_2, . . . and X_1, X_2, . . . are independent. Denote by F_n = L ( S_n ) the distribution of the sum

S_n =^n ∑ j=1 Γ^{−1/α}_j X_j.

1991 Mathematics Subject Classification. Primary 62E20; secondary 60F05. Key words and phrases. Stable laws; Poissonian representation; Lévy–LePage series; Convergence in variation; Convergence rates.

4On leave from Institute of Mathematics and Informatics. 5Research supported by the SFB 343 in Bielefeld.

Typeset by AMS-TEX 1

It is well known that the limit law G : = lim_{n→∞} F_n exists (Theorem 1.1 shows that the

convergence holds in variation) provided that X satisfies certain moments assumptions.

Moreover, G is a stable distribution with the characteristic exponent 0 < α <2 (see

LePage 1989, 1981, LePage et al 1981; see Ferguson and Klass 1972 and Rosinski 1990

for similar representations of infinitely divisible distributions in Banach spaces). Such

representations are related to simulations of stable random vectors, see Janicki and

Weron (1994) for further references. In this paper we establish bounds for the error

when G is approximated by F_n.

From now on, ϱ denotes a finite non-negative σ-additive measure on the unit

sphere s_{d−1} = {x ∈ R^d : |x| = 1}. We write the characteristic function

φ(t) = ∫ R^d exp { i ⟨ t, x ⟩} G(dx)

of a stable law G in the following form

φ(t) = exp { − ∫ s_{d−1} | |⟨t, y⟩ | |^α N(y, t, α) ϱ(dy) } , (1)

where N(y, t, α) = 1 − i sign (⟨ t, y ⟩) tg^{πα}_2 , α ≠ 1,

N(y, t, 1) = 1 + i^2_π sign (⟨ t, y ⟩) ln |⟨ t, y ⟩| . Up to a shift, (1) represents any stable law G, see Remark 1. The measure ϱ is called

the spectral measure of G. We shall write G_{α,ϱ}, φ_α, etc., in cases when we would like to

emphasize the dependence on α or on ϱ. The density (if it exists) of G with respect to

the Lebesgue measure on R^d we denote by g. For more information about multivariate

stable laws we refer to Samorodnitsky and Taqqu (1994).

Remark 1. The assumption (1) does not restrict generality of our results since for

any stable random vector W there exists a vector μ ∈ R^d such that the characteristic

function of W + μ has the form (1). In this paper we are interested in approximations

of G by L ( S_n ) . Hence, in cases when μ ≠ 0, we approximate G by the distributions

of L ( S_n + μ ) . By B(S) we denote the class of all Borel subsets of a metric space S, and B = B(R^d).

Theorem 2. Let 0 < α < 2 and E | |X | |^α < ∞. For α�1, assume that EX = 0. For

non-symmetric X in the case α = 1 assume in addition that E | X | log ( 1 + | X |) < ∞.

Then the distributions F_n = L ( S_n ) converge in variation to a stable law G, that

is, sup_{B∈B} | F_n ( B ) − G ( B )| → 0, as n → ∞. The spectral measure ϱ of G satisfies

ϱ ( B ) = κ E | |X | |^α I{X ≠ 0, X/ | |X | | ∈ B }, for all B ∈ B(s_{d−1}), (2) with the constant κ = { Γ(2 − α) cos(πα/2)/(1 − α), α ≠ 1, π/2, α = 1.

Here Γ is the well-known gamma function, Γ(y) = ∫ x>0 x^{y−1} exp(−y)dx.

Remark 3. Formula (2) establishes a relation between the spectral measure ϱ and the distribution L ( X ) . The distribution L ( X ) defines ϱ (and, hence, G) in a unique way, while the knowledge of ϱ does not allow to recover a unique L ( X ) . The sums S_n may be used to generate i.i.d. samples, say U_1, . . . , U_m, such that L ( U_1 ) approximately equals G. It follows from Theorem 2 that any G with 0 < α < 1 may be mimicked. However, for α�1, the condition EX = 0 restricts a bit the generality. To see this consider the case d = 1. Then s_0 = {−1, 1} is a two point set. If ϱ is given and both ϱ({−1}) and ϱ({1}) are positive, then it is easy to find a bounded X, EX = 0, satisfying (2). But in the case that ϱ({−1}) = 0 and ϱ({1}) > 0, a random vector X, EX = 0, satisfying (2) does not exist. A way to overcome this difficulty would be to use centerings of S_n such as in Theorem 1.4.5 in Samorodnitsky and Taqqu (1994). We would like to notice that it is possible to extend the results of this paper to the case EX ≠ 0. We are going to publish such generalizations elsewhere since they are considerable in size. Anyway, the results of this paper cover the case of symmetric G.

Our goal is to obtain bounds for the variation of the signed measure G − F_n in the multidimensional case. One-dimensional case was considered in Janicki and Kokoszka (1992), Ledoux and Paulauskas (1996), Bentkus, Götze, Paulauskas (1996). Restricted to the one-dimensional case, our results are very close to those in Bentkus, Götze, Paulauskas (1996). However, the proofs differ considerably from those in the onedimensional case. In order to cover the multidimensional case we had to develop a new method, the main ingredient of which is iterative integration by parts using specially constructed random vector fields, see Section 5, Lemma 9. Earlier a similar approach allowed to solve an old problem related to uniform bounds for stable measures of convex shells in R^d, see Bentkus, Juozulynas, Paulauskas (1999).

In order to formulate bounds for G − F_n, we need additional notation. Let A denote a class of subsets of R^d. For n < N�∞, write

δ_{n,N} ( A ) = sup_{A∈A} | |F_n(A) − F_N (A) | |, δ_{n,N} = δ_{n,N} (B ),

as well as δ_n ( A ) = δ_{n,n+1} ( A ) , δ_n = δ_n ( B ) . Here by F_∞ = G we understand the limit law G = lim_{n→∞} F_n.

Without loss of generality we shall assume that the distribution F = L ( X ) is nondegenerate, since otherwise we may pass to a linear subspace of R^d. A distribution F is called non-degenerate if F ( L ) < 1, for any linear subspace L ⊂ R^d such that dim L < d.

Our main result is Theorem 5 below, and it yields all other results of the introduction. In particular, we have the following theorem.

Theorem 4. Let ϱ be a spectral measure such that ϱ ( s_{d−1} ) > 0. Let a random

vector V have the distribution such that P ( V ∈ B ) = ϱ ( s_{d−1} ∩ B ) /ϱ ( s_{d−1} ) , for

all B ∈ B. Define X = ( κ/ϱ ( s_{d−1}

))_{−1/α}

V . Then:

(i) If 0 < α < 1 then the sums S_n converge to the stable distribution G with the

spectral measure ϱ and

δ_{n,∞} = O ( n^{1−1/α} ) ; (3)

(ii) Assume that ∫ s_{d−1}

sϱ(ds) = 0. Then the sums S_n converge to the stable distri-

bution G with the spectral measure ϱ, for all 0 < α < 2, and

δ_{n,∞} = O ( n^{1−2/α} ) . (4)

The condition ∫ s_{d−1}

s ϱ(ds) = 0 on the spectral measure ϱ restricts somewhat the gen-

erality of Theorem 4, cf. Remark 3.

Theorem 4 improves a result of Davydov and Nagaev (1999), where for non-degene-

rate symmetric X such that P {| X | | = 1} = 1, the following bound

δ_{n,∞} = O ( n^{− min{α,2−α}/(d+α)} ) was obtained (see Theorem 3.2 in the aforementioned paper).

In the remaining part of the introduction we describe bounds for δ_{n,∞}, which hold

for X such that the distributions F_n = L ( S_n ) converge to G, as n → ∞. These bounds

reflect the dependence of rates on (truncated) moments of X. In particular, the usage of

truncated moments allows to obtain optimal conditions under which F_n converge to G

(see Theorem 2).

By c we denote absolute constants, and, for example, we write c(α) if a constant

depends on α. Throughout C_0, C_1, C_2 denote constants which may depend on α, d, r

and the distribution F = L ( X ) . The constants C_j exist if F is non-degenerate. See

(13)–(17), where explicit upper bounds for C_j are provided.

Our main result—Theorem 5—shows that the Lévy–LePage series is fundamental in

variation in a very strong sense. Notice that

δ_{n,N} ( A ) �δ_n ( A ) + δ_{n+1} ( A ) + · · · + δ_N ( A ) . (5)

Introduce the normalized random vector

X_∗ = n^{−1/α}X,

and indicator functions

I = I {| X_∗ | |�1}, I^c = 1 − I = I{ | |X_∗ | | > 1}.

Theorem 5. We have

δ_n�C_0^( EI^c + | |EX_∗I | | + E | |X_∗ | |^2I^). (6)

Write

Λ_r = sup_{t>0} t^r P {| X | | > t}.

Notice that Λ_r�E | |X | |^r. Theorem 5 combined with (5) yields the following Corollar-

ies 6–9.

Corollary 6. Let 0 < α < 1. Then

δ_{n,∞}�C_1 n^(E | |X_∗ | |^α I^c + E | |X_∗ | |I^). (7)

In particular, we have:

(i) δ_{n,∞}�C_2 n^{1−1/α}E | |X | |; (ii) δ_{n,∞}�C_2 n^{1−r/α}Λ_r, for α < r < 1;

(iii) δ_{n,∞} = o ( n^{1−r/α} ) if E | |X | |^r < ∞, for α�r < 1.

Corollary 7. Assume that EX = 0 and α ≠ 1, 0 < α < 2. Then

δ_{n,∞}�C_1 n^(E | |X_∗ | |^α I^c + E | |X_∗ | |^2 I^). (8)

In particular, we have:

(i) δ_{n,∞}�C_2 n^{1−2/α}E | |X | |^2;

(ii) δ_{n,∞}�C_2 n^{1−r/α}Λ_r, for 1 < r < 2, r > α;

(iii) δ_{n,∞} = o ( n^{1−r/α} ) if E | |X | |^r < ∞, for 1 < r < 2, r�α.

Corollary 8. Assume that EX = 0 and α = 1. Then

δ_{n,∞}�C_1 n^(E | X_∗ | log ( I + I^c | X_∗ |) + E | X_∗

|_2 I^). (9)

In particular, the bounds (i)–(iii) of Corollary 7 hold for α = 1, r > 1. Furthermore, we

have δ_{n,∞} = o(1) if E | |X | | log(1 + | |X | |) < ∞.

Corollary 9. Assume that X is symmetric. Then (8) holds for 0 < α < 2 and α ≠ 1. In particular, we have δ_{n,∞}�C_2 n^{1−1/α}Λ_1, for α < 1.

If α = 1 and E | |X | | < ∞, then δ_{n,∞}�C_1 n^(E | |X_∗ | |Ic + E | |X_∗ | |^2 I^) and δ_{n,∞} = o(1).

Remark 10. An example proposed by Ledoux and Paulauskas (1996, Proposition 9) shows that the bounds (7)–(9) in the one-dimensional case are asymptotically optimal, as n → ∞, under given moment assumptions. In this example X is a symmetric stable random variable, say η, with the exponent r. The example extends to the multidimensional case as follows. Let η_1, . . . , η_d be independent copies of η and X = (η_1, . . . , η_d). Then Λ_r < ∞, and for the class B_h = { R^{d−1} × (−∞, x), x ∈ R } of half-spaces of R^d we have δ_{n,∞} ( B ) �δ_{n,∞} ( B_h ) �C(α, r) n^{−(r−α)/α},

which establishes the optimality of (7)–(9) in the multidimensional case.

Now we describe the constants C_0, C_1, C_2 used in Theorem 5 and Corollaries 6–9. Let Q = { B_1, B_2, . . . , B_d } be a collection of bounded closed sets B_j ∈ B such that any sequence of vectors a_i ∈ B_i, i = 1, . . . , d is linearly independent. Here and in the sequel, B = ∪^d_{j=1}B_j . Let

p =^d ∏ j=1 F ( B_j ) . (10)

Write a^∗ = sup { |a| : a ∈ B } , a_∗ = inf { |a| : a ∈ B } (11) and ã = inf_{|t|=1} inf_a max_{1⩽j⩽d} |a_j|^{−1}| ⟨ a_j , t ⟩ |. (12)

Throughout inf_a (resp. sup_a) denotes the infimum (resp. supremum) over all a_1, . . . , a_d such that a_j ∈ B_j, for all 1�j�d. The condition a^∗ < ∞ (resp. a_∗ > 0) means that the set B is bounded (resp. that B is disjoint with a ball of a positive radius centered at 0). The condition ã > 0 implies that B is not a subset of a proper linear subspace of R^d. It is easy to see that for any non-degenerate F there exists a collection Q such that p > 0, ã > 0, a_∗ > 0 and a^∗ < ∞. For example, in the case when F has a positive density, we can choose

B_j = e_j + { x ∈ R^d : |x| < ε } , 1�j�d,

where e_1, . . . , e_d is an orthonormal system of vectors in R^d, and a number ε > 0 is sufficiently small.

For the constants C_0 and C_1 of Theorem 5 and its corollaries the following explicit upper bounds hold C_0�c(α, d)C_3 and C_1�c C_0 C^{−1}_4 , (13) where C_3 = p^{−1−2/α} ( 1 + a^{−2}_∗ + C_5 C_6 C_7 ) (14)

with C_5 = (a_∗ã)^{(1−2α)d}, C_6 = 1 + (a^∗)^{2αd}, C_7 = 1 + (a_∗ã)^{−2−d}, and C_4 = { |1 − α|(2 − α), for α ≠ 1, 1, for α = 1.

(15)

The constant C_3 depends on α, d, and on F , Q through parameters p, α^∗, α_∗, ã defined by (10)–(12). The estimates (13) are rather rough. However, they reflect the dependence of our bounds for δ_{n,∞} on the choice of sets Q. The constant C_2 satisfies

C_2�c C_1 C^{−1}_8 (16)

with

C_8 =

(1 − r)(r − α), for r < 1, (r − α), for r = 1, (2 − r)(r − α), for 1 < r < 2, α ≠ 1,

(2 − r) ( ∫ |u|>1

u^{−r} log(u)du

)_{−1}

, for 1 < r < 2, α = 1,

1, for r = 2,

(17)

for r > α.

The paper is organized as follows. In Section 2 we derive all results of the introduction from Theorem 5. In particular, Corollaries 6–9 follow combining (5) with Theorem 5. In Section 3 we provide a reduction which allows to replace S_n by a sum of independent random vectors. The reduction is based on conditioning and random selection method (see Lemma 12 below) introduced in Bentkus and Götze (1996). In Section 4 we provide some auxiliary lemmas, which we need for the proof of Theorem 5. In Section 5 we prove the main result—Theorems 5. The proof of this Theorem is based on integration by parts (see Lemma 16 below) using specially constructed random vector fields (cf. Bentkus, Juozulynas, Paulauskas (1999)).

2. Proofs of corollaries of the main Theorem 5

In this Section from Theorem 5 we derive all other results of the introduction. The proofs are in essence elementary.

Proof of Corollaries 6–9. We shall prove only Corollary 6. The proofs of other Corollaries are similar. Recall that

X_∗ ≡ X_∗(n) = n^{−1/α}X, I ≡ I(n) = I {| X_∗(n) | |�1}, I^c ≡ I^c(n) = I{ | |X_∗(n) | | > 1}.

Let us start with the proof of (7). Recall that α < 1. Combining Theorem 5 with (5)

and letting N → ∞, we obtain

δ_{n,∞}�C_0 ( Z_1 + Z_2 + Z_3 ) , (18)

where

Z_1 = ∑ j⩾ n

EI^c(j), Z_2 = ∑ j⩾ n | EX_∗(j)I(j) | , Z_3 = ∑ j⩾ n E | X_∗(j)

|_2

I(j).

Interchanging the summation and expectation, we get

Z_3 = ∑ j⩾ n E | X_∗(j)

|_2

I(j) = E | |X | |^2 ∑

j⩾ max{|X|^α, n}

j^{−2/α} �cE | |X | |^2 ∫

u⩾ max{|X|^α , n}

u^{−2/α} du

�c(2 − α)^{−1} E | |X | |^2 min{ | |X | |^{−2+α}, n^{1−2/α} }

= c(2 − α)^{−1} n^(E | |X_∗ | |^α I^c + E | |X_∗ | |^2 I^).

Similarly, we obtain

Z_2 � ∑ j⩾ n E | |X_∗(j)I(j) | |

= E | |X | | ∑ j⩾ max{|X|^α, n}

j^{−1/α}

�c(1 − α)^{−1} E | |X | | min{ | |X | |^{−1+α}, n^{1−1/α} }

= c(1 − α)^{−1} n^( E | |X_∗ | |^α I^c + E | |X_∗ | |I^), and Z_1 = EI^c(n) ∑ n⩽ j⩽ |X|^α

1�cnE | |X_∗ | |^α I^c.

Collecting the bounds for Z_1, Z_2, Z_3 and using (18), we derive (7).

It remains to prove relations (i)–(iii) of the corollary. The bound (i) is obvious.

Indeed, using | |X_∗ | |�1 in cases when Ic = 1, the bound (7) implies (i) since E | |X_∗ | |^α I^c�E | |X_∗ | |I^c�E | |X_∗ | | = n^{−1/α} E | |X | |.

Let us prove that (7) yields (ii). In order to estimate E | X_∗

|_α

I^c and E | X_∗ | I, it

suffices to integrate by parts. We have E | |X_∗ | |^α I^c�cn^{−1} ∫

u>n^{1/α}

u^{α−1−r} u^r P {| X | | > u}du

�cn^{−1}Λ_r ∫ u>n^{1/α}

u^{α−1−r} du

�c(r − α)^{−1} n^{−r/α} Λ_r and E | |X_∗ | |I�c(1 − r)^{−1} n^{−r/α} Λ_r.

Hence (7) yields (ii).

Let us prove (iii). Assuming that E | |X | |^r < ∞ and α�r < 1, we have to show

that δ_{n,∞} = o ( n^{1−r/α} ) . By (7) it suffices to verify that E | |X_∗ | |^α Ic = o(n−r/α )

and E | X_∗ | I = o ( n^{−r/α} ) . Using | X_∗ | �1 when I^c = 1, we have E | |X_∗ | |^α I^c�E | |X_∗ | |^r I^c = n^{−r/α} E | |X | |^rI{ | |X | | > n^{1/α} } = o(n^{−r/α} ).

Furthermore, | |X_∗ | |I�1 and E | X_∗ | I = n^{−r/α} E^( | X_∗

|_{1−r}

I^) | X |_r = o ( n^{−r/α} )

by the Lebesgue dominated convergence Theorem, since | |X_∗ | |^{1−r} I�1 and | |X_∗ | |^{1−r} I → 0

with probability 1. Thus, (7) implies (iii).

Proofs of Corollaries 7–9 are similar. In particular, in those proofs it is useful to

notice that | |EX_∗ I | | = | |EX_∗ I^c | |, for r > 1, since we assume that EX = 0, for r > 1. □

Proof of Theorem 2. In the case r = α, relations (iii) of Corollaries 6–8 show

that δ_{n,∞} = o(1), as n → ∞. This means that F_n = L ( S_n ) converge in variation to G.

To conclude the proof of the theorem, it remains to show that L ( X ) defines ϱ

by (2). For α = 1 the proof is a bit more technically involved than for α ≠ 1. Therefore

for simplicity we shall consider only the case α ≠ 1. For d = 1 the formula (2) holds

by Theorem 1.4.5 in Samorodnitsky and Taqqu (1994). We are going to reduce the

multidimensional case to the case d = 1. Write e_t = t/|t|, for t ∈ R^d such that t ≠ 0.

We have ⟨ S_n, e_t ⟩ =^n ∑ j=1 Γ^{−1/α} ω_j (19)

with i.i.d. real random variables ω_j = ⟨ X_j , e_t ⟩ such that E | |ω_j | |^α�E | |X | |^α < ∞. By the

first part of the theorem the series in (19) converges to a stable distribution on R^1.

Hence, using ⟨ S_n, t ⟩ = |t| ⟨ S_n, e_t ⟩ and the representation (1) for the characteristic func-

tions of one-dimensional stable distributions, we have

φ(t) = lim_{n→∞} E exp { i ⟨ S_n, t ⟩} = exp{−σ |t|^α(1 − iβ tg^{πα}_2 )} (20)

with some σ and β. The aforementioned Theorem 1.4.5 in Samorodnitsky and

Taqqu (1994) shows that

σ = c̃E | |⟨X, e_t⟩ | |^α, β = E | |⟨X, e_t⟩ | |^α sign(⟨X, e_t⟩)/E | |⟨X, e_t⟩ | |^α. (21)

It what follows E_{{... }} will denote the expectation taken with respect to those random

vectors which are written in parenthesis as subscript to E. Let E ( V | |W ) be the condi-

tional expectation of V given W = X/ | |X | |. Introducing the measure

ϱ_0 ( B ) = E | |X | |^α I{X ≠ 0, X/ | |X | | ∈ B },

we may write E | |⟨X, e_t⟩ | |^α = E | |⟨X, e_t⟩ | |^αI{ | |X | | ≠ 0} = E_W E^( | |⟨W, e_t⟩ | |^α | |X | |^{α |} W^)

= E_W |⟨ W, e_t

⟩|_α

E^( | X |_α^|

W^) = ∫ s_{d−1} |⟨ y, e_t

⟩|_α ϱ_0(dy), (22)

and E | |⟨X, e_t⟩ | |^α sign(⟨X, e_t⟩) = ∫

s_{d−1}

sign (⟨ y, e_t

⟩)|⟨ y, e_t

⟩|_α ϱ_0(dy). (23)

Collecting (20)–(23) we have

φ(t) = exp { − ∫ s_{d−1} | |⟨t, y⟩ | |^α N(y, t, α) c̃ ϱ_0(dy) } . (24)

The formula (24) is a representation of φ of type (1). Since we assume that μ = 0, the

representation (1) is unique in the sense that a stable distribution defines a unique ϱ.

Hence, (24) yields c̃ϱ_0 = ϱ, and (2) follows. □

Proof of Theorem 4. Notice that the random vector from the condition of the

Theorem satisfies E | |X | |^2 < ∞. Therefore the bound (i) of Corollary 6 yields (3), and

the bound (i) of Corollary 7 implies (4). Finally, (2) ensures that G has the spectral

measure ϱ. □

3. The main reduction

For the sake of completeness we adapt the relevant material from Bentkus, Götze, Paulauskas (1996) where the one dimensional case was considered. The proof in the multidimensional case requires only a few natural changes.

In this section we show that instead of the sum S_n, which has relatively complicated structure due to the dependence of random variables Γ_j ’s, we can study a simpler sum of specially chosen independent random vectors. We obtain a counterpart of S_n replacing the random vectors X_j by some non-random vectors a_j and Γ^{−1/α}_j by random variables n^{−1/α}ξ_j, where ξ_i, i�1 are i.i.d. and ξ_1 has a Pareto distribution, that is,

P{ξ_1 > x} = x^{−α}, for x�1. (25)

Assume that sequences { X_i, i�1 } , { ξ_i, i�1 } and { λ_i, i�1 }

are independent. Let M denote a class of subsets of R^d invariant with respect to shifts and multiplication by positive constants, that is

A ∈ M, a > 0, b ∈ R^d ⇒ aA ∈ M, A + b ∈ M.

Note that the class B of Borel sets satisfies the aforementioned conditions.

Write Z_n =^n ∑ j=1 ξ_j X_j.

Lemma 11. We have

δ_n ( M ) � sup_{A∈M} | |P{Z_n ∈ A} − P{Z_n + X ∈ A} | |. (26)

Proof. Let ξ_{n,1}�ξ_{n,2}� . . . �ξ_{n,n} be the ordered values of ξ_1, . . . , ξ_n. Then the random vectors

P = (ξ_{n,1}, . . . , ξ_{n,n}) and G = ( Γ^{−1/α}_1 Γ^{1/α}_{n+1}, . . . , Γ^{−1/α}_n Γ^{1/α}_{n+1} )

satisfy L ( P ) = L ( G ) (see, for example, LePage (1981)). Therefore we can write the following distributional equalities

S_n = Γ^{−1/α}_{n+1}^n ∑ j=1 Γ^{−1/α}_j Γ^{1/α}_{n+1} X_j = Γ^{−1/α}_{n+1}^n ∑ j=1 ξ_{n,j}X_j = Γ^{−1/α}_{n+1}^n ∑ j=1 ξ_jX_j = Γ^{−1/α}_{n+1} Z_n.

Proceeding similarly, using the independence assumption and L ( X_{n+1} ) = L ( X_n ) , we obtain

S_{n+1} = S_n + Γ^{−1/α}_{n+1} X_{n+1} = Γ^{−1/α}_{n+1}^n ∑ j=1 ξ_jX_j + Γ^{−1/α}_{n+1} X_{n+1} = Γ^{−1/α}_{n+1} ( Z_n + X ) .

Finally, the definition of the class M combined with conditioning on Γ^{−1/α}_{n+1} implies the result. □.

Let ψ_1, ψ_2, . . . denote i.i.d. random variables such that

ψ_j = ξ_j, for α�1, and ψ_j = ξ_j − Eξ_j , for α > 1. (27)

Let B_1, . . . , B_d ⊂ R^d be sets as in the introduction (see the text above (10)). For nonrandom

a_1, . . . , a_m such that a_{j+id} ∈ B_j , for all 1�j�d, 1�j + id�m (28)

introduce the sum V_m = m^{−1/α m} ∑ j=1 a_jψ_j . (29)

Write δ̃_m(M) = sup A∈M sup_a | |P{V_m ∈ A} − P{V_m + m^{−1/α}X ∈ A} | |. Here and in the sequel sup_a denotes supremum over all a_1, . . . , a_m satisfying (28). Let [b]

denote the integer part of a real number b.

Lemma 12. We have

δ_n ( M ) � δ̃_m ( M ) + exp{−3pn/(4d)}, (30)

where m = [p[n/d]/2].

Proof. If p = 1, we derive the result conditioning on X, X_1, . . . , X_n. Thus, it remains to prove the bound (30) assuming that 0 < p < 1.

Recall that (cf. (10))

p =^d ∏ j=1 F ( B_j )

with B_1, . . . , B_d ⊂ R^d such that p > 0. Introduce the i.i.d. Bernoulli random variables

η_{j+1} = I { X_{1+jd} ∈ B_1, . . . , X_{d+jd} ∈ B_d } , j�0.

Let q = [n/d]. Consider the event

A_q = {η_1 + · · · + η_q > pq/2} ant its complement A^c_q. Since Eη_i = p and | η_i − Eη_i | �1, a well-known exponential

inequality yields P { A^c_q } � exp{−3qp/4}. (31)

In what follows E_{{... }} will denote the expectation taken with respect to those random

vectors which are written in parenthesis as subscript to E. Combining (26) with (31),

the definition of the class M, conditioning on X, X_1, . . . , X_n and ξ_1, . . . , ξ_n, we have

δ_n ( M ) � sup_{A∈M} | E_{{X,Xi,ξi, 1⩽i⩽q}}E_{{Xj ,ξj , q<j⩽n}} ( I { Z_n ∈ A } − I { Z_n + X ∈ A })|

= E_{{Xj ,ξj , q<j⩽n}} sup_{A∈M} | |E_{{X,Xi,ξi, 1⩽i⩽q}}(I{Z_n ∈ A} − I{Z_n + X ∈ A}) | | � sup_{A∈M} | |E_{{X,Xi,ξi, 1⩽i⩽q}}(I{Z_q ∈ A} − I{Z_q + X ∈ A}) | | � sup_{A∈M} | E_{{X,Xi,ξi, 1⩽i⩽q}} ( I { Z_q ∈ A } − I { Z_q + X ∈ A }) I { A_q }| + P { A^c_q }

�E_{{Xi, 1⩽i⩽q}}δ^′_q ( M ) + exp{−3pq/4},

where

δ^′_q ( M ) = I { A_q } sup_{A∈M} | |E_{{X,ξi, 1⩽i⩽q}}(I{Z_q ∈ A} − I{Z_q + X ∈ A}) | |.

Thus, in order to prove the lemma, it is sufficient to verify that

δ^′_q ( M ) �δ̃_m ( M ) , (32)

where m = [pq/2]. If I { A_q } = 0, the inequality (32) is obviously fulfilled. Therefore

we can assume that I { A_q } = 1, that is, that the event A_n occurs. Consequently, there

exist indices l_1, . . . , l_k such that

k > pq/2�m and X_{li} ∈ B_i, for l_i = i + jd, 1�i�d, j�0, 1�i + jd�k.

Notice that k and l_1, . . . , l_k are random (they depend on X’s) but independent

of ξ_1, . . . , ξ_q. Define the random sets

M_1 = {l_1, . . . , l_m} and M_2 = {1, . . . , dq}\M_1.

Introducing the notation U = ∑ j∈M_1

ξ_jX_j , V = ∑ j∈M_2

ξ_jX_j and E_{Mi} = E_{{ξj , j∈Mi}}, i = 1, 2, we can write

δ^′_q ( M ) = sup_{A∈M} | |E_{M1} E_{M2} E_{{X}}(I{U ∈ A − V } − I{U + X ∈ A − V }) | | �E_{M2} sup_{A∈M} | |E_{M1} E_{{X}}(I{U ∈ A − V } − I{U + X ∈ A − V }) | | � sup_{A∈M} | |E_{M1} E_{{X}}(I{U ∈ A} − I{U + X ∈ A}) | | � sup_{A∈M} sup_a | |E_{{M1}}E_{{X}}(I{U ∈ A} − I{U + X ∈ A}) | | = δ̃_m ( M ) . In the last step we replaced the sum U by m^{−1/α} ∑ j∈M_1

ψ_j X_j, where random variables ψ_j

are defined in (25), (27), and used the obvious equality

E_{{M1}}f ( ψ_j , j ∈ M_1 ) = Ef(ψ_1, . . . , ψ_m),

which is valid for any measurable function f of m arguments since ψ_1, ψ_2 . . . are identically distributed. □

4. Auxiliary lemmas.

By ξ we denote a Pareto random variable, cf. (25). Define ψ = ξ, for α�1, and ψ = ξ − Eξ, for α > 1. Let f(t) = E exp{itψ}.

Lemma 13. There exist positive constants c_1(α), c_2(α) and c_3(α) < 1 such that exp{−c_1(α)}�c_3(α) and

|f(t)|� exp{−c_1(α)|t|^α}, for |t|�1, (33)

|f^′(t)|� c_2(α)|t|^{α−1}, for all t ≠ 0, (34)

|f(t)|� c_2(α)|t|^{−1}, for all t ≠ 0, (35)

|f(t)|� c_3(α), for |t| > 1. (36)

For the proof of Lemma 13 we refer to Lemma 8 in Bentkus, Götze, Paulauskas (1996). Let m be an integer. We shall use an upper bound, say h, for | |f | | such that

h(t) = exp{−c_1(α) |t|^α}, if |t|�1;

c_3(α), if 1 < |t| < 2c_2(α)/c_3(α); c_2(α)|t|^{−1}, if |t|� 2c_2(α)/c_3(α).

(37)

Choosing the constant c_2(α)�1 sufficiently large and introducing h_m(t) = h ( m^{−1/α} t ) , we have

|f(m^{−1/α} t)| � h_m(t), (38)

h_m(t)�1 (39) and h_m(t_1) � h_m(t_2), for |t_2| �|t_1|. (40)

Remark 14. Let β > −1 and 2β + 2 < γ, m/(4d^2) < γ < 4m. Then ∫ R |t|^β h^γ_m(t) dt � c(α, β) < ∞, (41)

and, for γ > β�0, we have

|t|^β h^γ_m(t) � c(α, β). (42)

Remark 14 can be proved by a direct calculation using the definition of the func-

tion h_m.

Lemma 15. Assume that m > 4d^2 and m/(4d^2) < γ < 4m. Let C > 0 and let a vec-

tor b ∈ R^d satisfy |b|�C. Let a_{1+id}, . . . , a_{d+id} be a subset of the set of vectors a_1, . . . , a_m

defined by (28). Then there exist positive constants c_5 = c_5 ( α, Q ) and c_6 = c_6 ( C, Q ) such that the inequality

(1 + | ⟨ t, w ⟩ |^τ )^d ∏ j=1 h^{2γ}_m (⟨ a_{j+id}, t ⟩) � c^τ_5 h^{(2−τ)γ} m ( c_6 ⟨ b, t ⟩) , (43)

holds with τ = 0 and τ = 1, for all w, t ∈ R^d such that |w| = 1. Moreover, we may

choose

c_5 = c(α)(1 + ã^{−1} a^{−1}_∗ ), c_6 = C^{−1} ãa_∗.

Proof. We shall prove (43) with τ = 1 only. The bound (43) trivially holds if t = 0.

Let t ≠ 0. The definition (2) of ã, property ã > 0 and definition (28) of vectors a_j show

that at least one of the following inequalities is satisfied | ⟨ a_{j+id}, t ⟩ |� c_7 | ⟨ b, t ⟩ |/|b|, 1�j�d, (44)

where c_7 = ãa_∗. In particular, for w ∈ R^d such that |w| = 1, we have | ⟨ t, w ⟩ |� c^{−1}_7 | ⟨ a_{j+id}, t ⟩ |, (45)

for some j such that 1�j�d. Combining (45),(42) and using (39), we get

(1 + | ⟨ t, w ⟩ |)^d ∏ j=1 h^{2γ}_m (⟨ a_{j+id}, t ⟩) � c_5^d ∏ j=1 h^γ_m (⟨ a_{j+id}, t ⟩) . (46)

Consider the sets

D_k = {t ∈ R^d : | ⟨ a_{k+id}, t ⟩ |� c_6 | ⟨ b, t ⟩ |}, for 1�k�d. We have D_1 ∪ · · · ∪ D_d = R^d since at least one of inequalities (44) is fulfilled.

The sets

E_k = D_k \ ( D_1 ∪ · · · ∪ D_{k−1} ) , for 1�k�d, are disjoint and E_1 ∪ · · · ∪ E_d = R^d. Let t ∈ R^d. Then t ∈ E_k, for some k,

and therefore | ⟨ a_{k+id}, t ⟩ |� c_6 | ⟨ b, t ⟩ |. Hence, using (40) and (39 ), we obtain d∏ j=1 h_m (⟨ a_{j+id}, t ⟩) � h_m ( c_6 ⟨ b, t

⟩)^d∏

j=1, j≠k

h_m (⟨ a_{j+id}, t ⟩) � h_m ( c_6 ⟨ b, t ⟩) , (47)

for all t ∈ R^d. Combining (46) and (47), we obtain (43). □

5. Proof of Theorem 5.

Let w, w_1, . . . , w_s be vectors in R^d. The directional derivatives d_{w1} . . . d_{ws} p(x) we

may define iteratively starting with d_wp(x): = lim_{h→0} ( p(x + hw) − p(x) ) /h. To prove Theorem 5 we shall use the following Lemma 16. Its proof is rather com-

plicated and therefore it will be given later.

Lemma 16. The distribution of the random vector V_m defined by (29) has a bounded

density, say p_m, provided that m�d.

If m�6ds, then there exist bounded continuous derivatives d_{w1} . . . d_{ws} p_m(x), for

all w_1, . . . , w_s ∈ R^d. The derivatives are square integrable as functions of x and vanish

as |x| → ∞.

Furthermore, the derivatives d_{w1} . . . d_{ws} p_m(x) are integrable as functions of x for

sufficiently large s = s(m, d), and the quantities

K_w: = sup_{m⩾ 50 d2} sup_a ∫ R^d

|d_wp_m(x)| dx, K_{w1,w2} : = sup_{m⩾ 50 d2} sup_a ∫ R^d

|d_{w1} d_{w2} p_m(x)| dx

satisfy

K_{w1,w2} �c K_{w1} K_{w2} , (48)

K: = sup_{|w|=1} K_w�c(α, d)C (49)

with

C = (a_∗ã)^{(1−2α)d/2} ( 1 + (a^∗)^{αd} )( 1 + (a_∗ã)^{−1−d/2} ) .

Remark 17. The random vector U_m =^m ∑ j=1 ξ_j a_j satisfies U_m = V_m + b, where b is a

non-random shift such that b = 0, for 0 < α�1, and b =^m ∑ j=1 Eξ_j a_j , for 1 < α < 2. All

assertions of Lemma 16 are independent of shifts of V_m. Hence, Lemma 16 remains true

when we replace everywhere V_m by U_m.

Proof of Theorem 5. We have to prove the bound (6) for δ_n. Recall that

X_∗ = n^{−1/α}X, I = I {| X_∗ | �1 } , I^c = I {| X_∗ | > 1 } . Notice that the definitions (10)–(11) of p and a_∗ yield P {| X | |�a_∗ }�p, 0 < p�1. With-

out loss of generality we may assume that n�102d^3/p. Indeed, otherwise (6) is implied

by the trivial bound δ_n�1 and

p^{−1−2/α}(1 + a^{−2}_∗ )^(EI^c + E | X_∗

|_2

I^)

�p^{−1−2/α}(1 + a^{−2}_∗ )^( P {| X | > n^{1/α} } + n^{−2/α} a^2_∗ P { a_∗� | X | �n^{1/α}

}^)

�p^{−2/α} n^{−2/α}�(102d^3)^{−2/α},

for a^α_∗ < n < (102d^3/p)^α, and

p^{−1−2/α}(1 + a^{−2}_∗ )^(EI^c + E | |X_∗ | |^2I^)�1,

for n�a^α_∗ . Since n�102d^3/p, and m = [p[n/d]/2], it follows that proving the bound (6)

we may assume that m�50d^2.

Write J = | |P{V_m ∈ A} − P{V_m + m^{−1/α}X ∈ A} | |. It follows from inequality (30) that it suffices to estimate the quantities

δ̃_m(M) = sup A∈M sup_a J and exp{−3m/2}. (50)

Introduce the truncated random vector Y = m^{1/α} XI {| X | |�n1/α }. Then

J� J_t + P {| X | | > n^{1/α} }, (51)

where

J_t = | |P{V_m ∈ A} − P{V_m + Y ∈ A} | |. Let us estimate J_t. Let θ be random variable with the density p_θ(x) = 3(1 − x)^2,

where x ∈ [0, 1], independent of all other random variables. By Taylor’s formula we

have p(x + y) = p(x) + d_yp(x) + d_yd_yp(x + θy), for any sufficiently smooth function p and x, y ∈ R^d. Hence, writing e = EY/ | EY | , w = Y/ | Y | and using (48), (49) of

Lemma 16, we have

J_t = | |E ∫ A ( p_m(x) − p_m ( x − Y )) dx | | = | |E ∫ A ( d_Y p_m(x) + 12^{−1}E_θ d_Y d_Y p_m ( x − θ Y )) dx | | � | |EY | | | |∫ A d_ep_m(x)dx | | + E_θ E | |Y | |^2 | |∫ A d_wd_wp_m ( x − θ Y ) dx | | � c(d) ( K | |EY | | + K^2 E | |Y | |^2 ). (52)

Let us estimate exp{−3m/2}. Recall that P {| X | |�a_∗ }�p. Hence, we obtain P {| X | | > n^{1/α} } + a^{−2}_∗ E | |Y | |^2 �P {| X | | > n^{1/α} } + m^{−2/α} P{a_∗� | |X | |�n^{1/α} }

�pm^{−2/α}�c(α)p exp{−3m/2}. (53)

Using (50)–(53), the inequality (30) implies

δ_n� c(d)p^{−1−2/α (} K | |EX_∗ I | | + (K^2 + a^{−2}_∗ )E | |X_∗ | |^2 I + EI^{c )}. (54)

Thus, the inequality (54) and the bound (49) for K yield (6). □

Proof of Lemma 16. We define an indicator function I ( x; A ) of a subset A ⊂ R^d

as I ( x; A ) = 1 if x ∈ A, and I ( x; A ) = 0 otherwise. By ^f we denote the Fourier

transform of a function f.

Split V_m into a sum of two independent vectors,

V_m = Z_1 + Z_2, where Z_1 = m^{−1/α k} ∑ j=1 a_j ψ_j and Z_2 = V_m − Z_1,

where 1�k�m. Vectors a_j are defined by (28) and random variables ψ_j are defined

in (27). Let z_1 and z_2 denote the densities (if they exist) of Z_1 and Z_2, respectively.

Let us start with a proof that the density p_m exist and is bounded for m�d.

Let k = d. In order to simplify notation, assume for a while that 0 < α < 1. Then

we have V_m = m^{−1/α m} ∑ j=1 a_jξ_j with random variables ξ_j defined by (25). Introduce the

matrix

A: = (m^{−1/α}a_{j,i})_{i,j=1,...,d}, a_i = (a_{i,1}, . . . , a_{i,d}).

Note that the definition (28) of a_j implies that det A ≠ 0. Let A_j(x) denote the matrix

obtained from the matrix A replacing the j-th column by x_1, . . . , x_d. Then we may write

the distribution function of Z_1 as P { Z_1 < x } = ∫ R^d I { yA < x } α^{d d} ∏ i=1 y^{−α−1} i I { y_i; (1, ∞) } dy_i (55)

(x < y for vectors x, y ∈ R^d means that the inequality is fulfilled coordinatewise). Chan-

ging in (55) variables u = Ay and differentiating with respect to x_1, . . . , x_d, we get

z_1(x) = α^d | |det A | |^{−1 d}∏ i=1 (( det A^{−1} det A_i(x)

)_{−α−1}

I { det A^{−1} det A_i(x); (1, ∞) }) . Note that z_1 is a bounded function. Therefore, the convolution p_m = z_1 ∗ z_2 is bounded

as well.

Let us prove that the density p_m has other properties mentioned in Lemma 16, except

the bound (49) for K_w. Let k = 6dk_1 + k_2, k_1�1 and 0�k_2 < d. Using the well-known

properties of the Fourier transform, applying the geometric-arithmetic mean inequality

and in the last step changing variables t = u such that u_i = ⟨ t, a_{ld+i} ⟩ , we have ∫ R^d

|^z_1(t)| dt� ∫ R^d

6dk_1∏ j=1 | |f(m−1/α⟨a_j , t⟩) | | dt

� (6k_1)^{−1 k1−1} ∑ l=0 ∫ R^d ld+d∏

j=ld+1 | |f(m^{−1/α}⟨a_j, t⟩) | |^{6k1} dt

� c(α, m, a_1, . . . , a_m) ( ∫ R | f(m^{−1/α} u)

|_{6k1} du )_d

. (56)

The constant c(α, m, a_1, . . . , a_m) is finite, since by our choice (28) of a_1, . . . , a_m all k_1

changes of variables in (56) have Jacobians with non-zero determinants. The bound (41)

in Remark 14 holds without the assumption m/(4d^2) < γ < 4m with a constant c

depending on m. Combining (38) and (41), we obtain ^z_1 ∈ L_1 ( R^d ) . Thus, the inverse

Fourier transform exists and is equal to z_1. In the same way we get ⟨ t, w ⟩ ^z_1 ∈ L_1 ( R^d ) ∩ L_2 ( R^d ) . Therefore, the bounded continuous derivative d_wz_1(x) exists and vanishes as |x| → ∞.

Using Parseval’s equality ∫ R^d | |⟨t, w⟩^z_1(t) | |^2 dt = ∫

R^d

|d_wz_1(x)|^2 dx, we obtain d_wz_1 ∈ L_2 ( R^d ) . Assume for a while that the bound (49) for K_w is fulfilled.

Then d_wz_1 ∈ L_1 ( R^d ) , and the independence of Z_1 and Z_2 implies

|d_{w1} d_{w2} p_m| = |d_{w1} z_1 ∗ d_{w2} z_2|� |d_{w1} z_1| ∗ |d_{w2} z_2|,

where ∗ denotes the convolution of functions. Thus, integrating and using Fubini’s Theorem, we obtain K_{w1,w2} � c(α) K_{w1} K_{w2} and easily derive all other assertions of the lemma.

Therefore, it remains to prove the bound (49) for K_w. For this we use techniques from Bentkus, Juozulynas, Paulauskas (1999). First, we describe the idea of the proof, which is based on integration by parts, repeating this integration d times. We construct a collection of vectors, say b_1, . . . , b_d. Each of the vectors b_j depends on the preceeding ones b_1, . . . , b_{j−1} and on some other variables related to the construction. We may write

^I(t; A) = P (∂) ^I_∗(t; A)

where

I_∗ ( x; A ) : = I ( x; A

)^d∏ i=1 ( 1 + | |⟨x, b_i⟩ | |)^{−1},

P (∂): = (1 + id_{b1} ) . . . (1 + id_{bd} ).

We remind that ^I(t; A) denotes the Fourier transform of the function x → I(x; A). The function I_∗ is integrable and | |^I_∗(t) | | � c_d. Let ϑ_m denote the characteristic function

of the random vector V_m and f_j (t): = f ( m^{−1/α} ⟨ a_j , t ⟩) . Note that ϑ_m(t) =^m ∏ j=1 f_j(t).

Integrating by parts we see that the estimate (49) will be proved if we can show that ∫ R^d | |P (∂) ϑ_m(t) | | dt � c_d.

We choose the vectors b_j in such a way that I_∗ ∈ L_p ( R^d ) , for some p > 1. Furthermore, we have to construct the operator P (∂) such that the expression P (∂) ϑ_m(t) depends only on the first order derivatives of f_j(t).

Now we return to the proof of (49). It is clear that ∫ R^d

|d_wp_m(x)| dx = sup_A ∫ A |d_wp_m(x)| dx � 2 sup_A | | ∫ A d_wp_m(x) dx | | = 2 J_∗ (57)

with J_∗ = sup_A | | ∫ R^d

I(x; A) d_wp_m(x) dx | |, where sup_A is taken over all bounded sets A ⊂ R^d. By z we denote the complex conjugate

of z. The Parseval’s equality and the well-known properties of the Fourier transform imply J_∗ = (2π)^d sup_A | | ∫ R^d

^I(t; A) ⟨t, w⟩ ϑ_m(t) dt|.

Introduce the class D ⊂ C^∞ ( R^d ) of functions v which satisfy

|d_{w1} . . . d_{ws} v| � 1 + |t|, for all s = 0, 1, . . . and |w_i| � 1.

Assuming that a set A ⊂ R^d is bounded, define

J_0 ( A ) : = sup_{v∈D} | | ∫ R^d

^I(t; A) v(t) ϑ_m(t) dt|. (58)

Obviously, the function t → ⟨ t, w ⟩ belongs to the class D since |w| = 1. Hence,

J_∗�(2π)^d sup_A J_0 ( A ) . (59)

Let us estimate the function J_0 ( A ) . We integrate by parts d times. First, we explain

the first integration by parts. Choose any vector b_1 ∈ R^d such that |b_1| = 1. Splitting

the set A = A_1 ∪ A_2, where

A_1 = {u : ⟨ b_1, u ⟩ � 0} ∩ A and A_2 = {u : ⟨ b_1, u ⟩ < 0} ∩ A,

we can write the following obvious identity I ( x; A ) = I_1 ( x; A_1 )( 1 + ⟨ b_1, x ⟩) + I_1 ( x; A_2 )( 1 − ⟨ b_1, x ⟩) , (60)

where

I_1 ( x; A_1 ) =^I ( x; A_1 ) 1 + | | ⟨b_1, x⟩ | | , I_1 ( x; A_2 ) =^I ( x; A_2 ) 1 + | | ⟨b_1, x⟩ | | . Using the well-known properties of the Fourier transform, the identity (60) yields

^I(t; A) = (1 − id_{b1} )^I(t; A_1 ) + (1 + id_{b1} )^I(t; A_2 ). (61)

Using (58) and (61), we obtain

J_0 ( A ) � 2 max

A_∗=A_1, A_2

sup_{v∈D} ( Q_1 + Q_2 ) , (62)

where

Q_1 = | | | ∫ R^d

^I_1(t; A_∗ ) v(t) ϑ_m(t) dt | | |, Q2 = | | | ∫ R^d

d_{b1}^I_1 ( t; A_∗ ) v(t) ϑ_m(t) dt | | |.

Denote f̃_j(t) = f^′ ( m^{−1/α} ⟨ a_j , t ⟩) . Integrating by parts, using |b_1| = 1 and d_{b1} v ∈ D

together with

d_{b1} ϑ_m(t) = m^{−1/α m} ∑ j=1 ⟨ a_j , b_1 ⟩~ f_j (t)^m ∏ i=1,i≠j

f_i(t), we have

Q_2 � m^{1−1/α} max_{1⩽j⩽m} | | ∫ R^d

^I_1(t; A_∗ ) v(t)⟨a_j , b_1⟩ f̃_j (t)^m∏

i=1,i≠j

f_i(t) dt | | + sup v∈D Q_1. (63)

In order to write the bounds (62) and (63) in a more compact form and to pro-

ceed with integration by parts, let us introduce additional notation. We shall de-

note by Ω ⊂ Ω_j subsets of the set Ω_j = {1, 2, . . . , j} and Υ ⊂ M subsets of the

set M = {1, 2, . . . , m}. Combining (62), (63) and using ⟨ b_1, b_1 ⟩ = 1, we obtain

J_0 ( A ) � 6 J_1 ( A ) , (64)

where

J_1 ( A ) = max

Ω⊂Ω_1 max Υ⊂M, |Υ|=|Ω|

sup_{v∈D} sup_{A∗⊂A} | |J^∗_1 (A_∗ ) | | with

J^∗_1 ( A_∗ ) = m^{(1−1/α)|Ω|} ∫ R^d

^I_1(t; A_∗ ) v(t) γ(1) β(1) θ(1) dt and γ^{(1)} = ∏ i∈Ω_1 \Ω ⟨ b_i, b_i ⟩ , β^{(1)} = ∏ i∈Ω, {l_i: i∈Ω}=Υ ⟨ a_{li} , b_i ⟩~ f_{li} (t), θ^{(1)} = ∏ k∈M\Υ

f_k(t)

(notice that γ^{(1)} = 1). The inequality (64) provides the result of the first integration by

parts. Assume for a while that we have b_1, . . . , b_j already chosen. Write

J_j ( A ) = max_{Ω⊂Ωj} max

Υ⊂M, |Υ|=|Ω|

sup_{v∈D} sup_{A∗⊂A} | |J^∗_j (A_∗ ) | |, (65)

where

J^∗_j ( A_∗ ) = m^{(1−1/α)|Ω|} ∫ R^d

^I_j (t; A_∗ ) v(t) γ(j) β(j) θ(j) dt (66)

with

I_j ( x; A_∗ ) = I ( x; A_∗

)^j∏ i=1 ( 1 + | |⟨x, b_i⟩ | |)^{−1} (67) and γ^{(j)} = ∏ i∈Ω_j \Ω ⟨ b_i, b_i ⟩ , (68)

β^{(j)} = ∏ i∈Ω, {l_i: i∈Ω}=Υ ⟨ a_{li} , b_i ⟩~ f_{li} (t), (69)

θ^{(j)} = ∏ k∈M\Υ

f_k(t). (70)

Provided that b_1, . . . , b_j are chosen in an appropriate way, the integrals J_j ( A ) defined

by (65) satisfy

J_{j−1} ( A ) � 6 J_j ( A ) , for all j = 1, . . . , d . (71)

To ensure that (71) holds we have to choose b_1, . . . , b_j in a special way. For j = 1 we

choose b_1 as in (64). Assume that we have b_1, . . . , b_{j−1} already chosen, and that we have

arrived to J_{j−1} with J^∗_{j−1} of type (66) with I_{j−1}, γ^{(j−1)}, β^{(j−1)}, θ^{(j−1)} defined by (67),

(68), (69), (70), respectively. Then we choose b_j such that b_j , |b_j | = 1, is orthogonal to

all b_i with i ∈ Ω_{j−1} \ Ω and to all a_{li} with i ∈ Ω and l_i ∈ Υ. Then

d_{bj} β^{(j−1)}(t) = 0.

Hence, in order to prove (71) we can estimate J_{j−1} ( A ) proceeding similarly as

in (60)–(63), which led to the bound (64) for J_0 ( A ) . In particular, the bounds (71) yield

J_0 ( A ) � 6^d J_d ( A ) , (72)

where J_d ( A ) is defined by (65) with j = d and

J^∗_d ( A_∗ ) = m^{(1−1/α)|Ω|} ∫ R^d

^I_d(t; A_∗ ) v(t) γ(d) β(d) θ(d) dt. (73)

We shall estimate J^∗_d ( A_∗ ) . Write ν = ∏ i∈Ω, {l_i: i∈Ω}=Υ ⟨ a_{li} , b_i ⟩ (74) and χ = ∏ i∈Ω, {l_i: i∈Ω}=Υ | ⟨ a_{li} , t ⟩ |^{α−1}. (75)

Using |b_i| = 1, the inequality

|f^′(m^{−1/α} ⟨ a, t ⟩ )|� c_2(α) |m^{−1/α} ⟨ a, t ⟩ |^{α−1}

(see (34)) and (38), we obtain

γ^{(d)} = 1, (76)

|β^{(d)}|�m^{−(1−1/α)|Ω|} |ν| χ (77) and |θ^{(d)}|� ∏ k∈M\Υ | |h_m(⟨a_k, t⟩) | |. (78)

If ν = 0 then J^∗_d ( B ) = 0 (cf. (73) and (77)). Hence, without loss of generality

in the proof we may assume that ν ≠ 0. Let ‖f‖_p stand for the L_p ( R^d ) norm of a function f. Using Hölder’s inequality with 1/p + 1/q = 1 such that 1 < p � 2, q � 2,

the inequality (73) with (74)–(77) yield | |J^∗_d (A_∗ ) | | � c(α) |ν| ‖^I_d( · ; A_∗ )‖_q ‖η‖_p , (79)

where

η(t) = |v(t)| χ |θ^{(d)}|.

To estimate ‖^I_d ( · ; A_∗ ) ‖_q we shall use the fact that the Fourier transform is a bounded

operator from L_p ( R^d ) to L_q ( R^d ) , 1 < p � 2. More precisely, we have ‖ ^f‖_q � ‖f‖_p (see

the classical Riesz-Thorin interpolation theorem in Triebel (1978)), whence

‖^I_d ( · ; A_∗ ) ‖_q � ‖I_d ( · ; A_∗ ) ‖_p .

Introducing the matrix

B: = (b_{j,i})_{i,j=1,...,d}, b_j = (b_{j,1}, . . . , b_{j,d}), (80)

and changing the variables u = B t, we obtain

‖^I_d ( · ; A_∗ ) ‖_q � ‖I_d ( · ; A_∗ ) ‖_p � | det B

|_{−1/p} c_8 (81)

with

c_8 = ( ∫ R (1 + |u|)^{−p}du

)_{d/p} = ( 2/(p − 1)

)_{d/p} < ∞.

Let us estimate ‖η‖_p. The function v belongs to the class D. Therefore

|v|� 1 + |t|� d sup_{|w|=1}(1 + | ⟨ t, w ⟩ |). Applying the arithmetic-geometric mean inequality, (39), (75) and (78) we have

‖η‖^p� c sup_{|w|=1} sup

{j: (j+1)d⩽ m} ∫ R^d

(1 + | ⟨ t, w ⟩ |)^{p(} ∏ l∈Υ | ⟨ a_l, t ⟩ |^{p(α−1) )} ( ∏ 1⩽i⩽d h^{2γ}_m (⟨ a_{i+jd}, t

⟩)^)d dt with γ = p[(m − d^2)/(2d^2)], whence, using d times the inequality (43) (d − 1 times

with τ = 0 and once with τ = 1), we obtain

‖η‖^p� c(α)c^p_5 c^{−p(α−1)|Ω|} 6 ∫ R^d ( ∏ l∈Υ |c_6 ⟨ a_l, t ⟩ |^{p(α−1)} h^γ_m ( c_6 ⟨ a_l, t

⟩)^) ( ∏ k∈Ω_d\Ω

h^γ_m ( c_9 ⟨ b_k, t

⟩)^) dt, (82) where c_6 = c_6 ( a^∗, Q ) , c_9 = c_6 ( 1, Q ) and c_5, c_6 are defined in Lemma 15. Introduce the

matrix

A: = ( a_{l,i} | b_{k,i}

)_{l∈Υ}

k∈Ω_d\Ω (83)

such that the first | |Υ | | rows have the form a_{l,1}, . . . , a_{l,d} and and the remaining | |Ω_d \ Ω | | rows have the form b_{k,1}, . . . , b_{k,d}. Changing in (82) variables t into u = (u_1, . . . , u_d) so

that

u_l = c_6 ⟨ a_l, t ⟩ , for l ∈ Υ,

u_k = c_9 ⟨ b_k, t ⟩ , for k ∈ Ω_d \ Ω,

we get (note that a^β b^{β1} � a + b, for nonnegative β and β_1 such that β + β_1 = 1)

‖η‖_p � | |det A | |^{−1/p}c(α) c^{|Ω|/p}_{10} c^{(d−|Ω|)/p} 11 c_5 c^{−(α−1+1/p)|Ω|}

6 c^{−(d−|Ω|)/p} 9 , � | |det A | |^{−1/p}c(α) (c^{d/p}_{10} + c^{d/p}_{11} ) c_5 c^{−(α−1+1/p)|Ω|} 6 c^{−(d−|Ω|)/p}

9 , (84)

where

c_{10} = ∫ R |u|^{p(α−1)} h^γ_m(u) du , c_{11} = ∫ R h^γ_m(u)du.

The constant c_{10} is finite if p(α − 1) > −1, and the inequality (84) will be satisfied if

we choose, for example,

p = 2, if α � 1, p =^3_2 , if^1_2 � α < 1, p =^1_2 ( 1 +^1_{1 − α} ) , if 0 < α <^1_2 .

Multiplying the matrices A and B we see that, by our choice of the vectors b_j , all

entries above the diagonal of the matrix AB are equal zero (changing the order of the

rows if necessary). Moreover, det AB = ν. In particular, both changes (80) and (83) of

variables are well defined since det A det B = ν and we assume that ν ≠ 0. The relation

det A det B = ν combined with the inequalities (79), (81), (84) yields | J^∗_d ( A_∗ )| � | ν|^{1−1/p} c(α, d)c_5 c^{−(α−1+1/p)|Ω|}

6 c^{−(d−|Ω|)/p}

9 . (85)

Using |a_j|�a^∗, j = 1, . . . , m, we obtain

|ν|^{1−1/p}�(a^∗)^{(1−1/p)|Ω|} (86)

since 1 − 1/p > 0. Thus, using (85) and (86), we get | |J^∗_d (A_∗ ) | | � c(α, d)C(α, d, a_∗, a^∗, ã), (87)

where C ( α, d, a_∗, a^∗, ã ) = (a_∗ã)^{(1−2α)d/2} ( 1 + (a^∗)^{αd} )( 1 + (a_∗ã)^{−1−d/2} ) . Collecting bounds (57), (59), (72), (87) and using the definition (65) of J_d ( A ) , we

obtain estimate (49) of K_w. □

References

Bentkus, V.; Götze, F.; Paulauskas, V., Bounds for the accuracy of Poissonian approximations of stable laws, Stochastic Processes and their Applications 65 (1996), no. 1, 55–68.

Bentkus, V.; Götze, F., Optimal rates of convergence in the CLT for quadratic forms, Ann. Probab.

24 (1996), no. 1, 466–490.

Bentkus, V.; Juozulynas, A.; Paulauskas, V., Bounds for stable measures of convex shells and stable approximations, Universität Bielefeld (preprint) (1999), no. 041.

Davydov, Y.; Nagaev, A., Theoretical aspects of simulation of random vectors having a symmetric stable distribution, preprint (1999).

Ferguson, T.; Klass, M., A representation theorem of independent increment processes without Gaussian component, Ann. Math. Statist. (1972), no. 43, 1634–1643.

Janicki, A.; Kokoszka, P., Computer investigation of the rate of convergence of LePage type series to α-stable random variables, Statistics (1992), no. 23, 365–373.

Janicki, A.; Weron, A., Simulation and chaotic behaviour of α − stable stochastic processes (1994), Marcel Dekker, New York.

Ledoux, M.; Paulauskas, V., A rate of convergence in the Poissonian representation of stable distributions, Lithuanian Math. J. 36 (1996), no. 4, 388–399.

LePage, R., Multidimensional infinitely divisible variables and processes. Part I: stable case, Technical Report, Statistics Department, Stanford (reprinted in Lecture Notes in Mathematics, Vol. 1391 (1989)) (1980), no. 292.

LePage, R., Multidimensional infinitely divisible variables and processes. Part II, Lecture Notes in Mathematics 860 (1981), 279–284.

LePage, R.; Woodroofe, M.; Zinn, J., Convergence to a stable distribution via order statistics, Ann.

Probab. 9 (1981), 624–632.

Rosinski, J., On series representation of infinitely divisible random vectors, Ann. Probab. (1990), no. 18, 405–430.

Samorodnitsky, G.; Taqqu, M.S., Stable Non-Gaussian Random Processes (Stochastic Models with Infinite Variance), Chapman and Hall, New York, 1994.

Triebel, H., Interpolation Theory, Function Spaces, Differential Operators, North-Holland Publ. Co., Amsterdam, 1978.

MULTIVARIATE LÉVY–LEPAGE SERIES

Vidmantas Bentkus Fakultät für Mathematik Universität Bielefeld Postfach 100131 33501 Bielefeld 1 Germany E-mail address: bentkus@mathematik.uni-bielefeld.de

Almantas Juozulynas Department of Mathematics University of Vilnius Naugarduko 24 2006 Vilnius Lithuania E-mail address: almas@ieva.maf.vu.lt

Vygantas Paulauskas Department of Mathematics University of Vilnius Naugarduko 24 2006 Vilnius Lithuania and Institute of Mathematics and Informatics Akademijos 4 2000 Vilnius Lithuania E-mail address: vpaul@ieva.maf.vu.lt