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Preliminaries

Heat Equation(HE):

== Typical nonlinear diffusion models

@ Porous Medium Equation(PME) :

Pl =
ur = Au™. ‘l‘
T m(p-1)>1
@ p-Laplacian Equation(PLE): \\
Uy :Apu:v.(|Vu|p_2Vu). . A(1,2)
-
o Doubly Nonlinear Equation(DNLE): 1 T ee—
up=Apu™.

Different behavior depending on m and p:

e0<m<1, 1<p<2 m(p-1)<1: extinction in finite time.
em>1 p>2 m(p-1)>1: positivity for all times when ug > 0.
em=1, p=2 = PME=PLE=HE.
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Preliminaries

Heat Equation

u(t,x) = Au(t,x) for t>0and x€Q,
u(0,x) = up(x) for x € Q,
u(t,x)=0 for t >0 and x € 0L2.

with ug >0, up € L2(R). Then
o Let 0 < A\g < A1 <... the eigenvalues values of A on Q with Dirichlet boundary
conditions, and ¢g >0, |@oll2 = 1 the eigenfunction (A\g). Then

lu(t,)]2 < Kie ™™, t>0,

|etu(t,-) — Cogolla < Koe™ M2t ¢ >0,
where

@:mew

The asymptotic profiles Copg form a linear, one-parameter family of solutions.
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Uniform Convergence

Porous Medium Equation with m > 1

u(t,x) = Au™(t,x) for t>0 and x € Q,
(PME){ u(0,x) = up(x) for x € Q,
u(t,x)=0 for t >0 and x € 0%2.
where Q ¢ R" be a bounded domain, up >0, ug € Ll(Q).

Asymptotic behavior for the PME (J.L.Vazquez, Mon.Math.,2004)
There exists a unique separate variables solution of the PME of the form
U(t,x) = t7Y/(m D f(x) such that

lim /0" D]u(t,x) - U(t,x)| = tlim [t/ ("D (¢, x) - £(x)] = 0,
—+00

t—>+oo

unless u is trivial, u = 0. The convergence is uniform in space and monotone
non-decreasing in time. The asymptotic profile f is the unique non-negative
solution of the stationary problem:

1

AfT(x) + 1f(x):0, xeQ,| f(x)=0, xedQ

m
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Uniform Convergence

DNLE with m(p-1) >1

up(t,x) = Apu™(t,x) for t>0 and x €,
u(0,x) = up(x) for x € Q, (1)
u(t,x)=0 for t >0 and x € 09Q2.
where m(p—1) > 1, Q e RV is a bounded domain with regular boundary,
up > 0,ug € LI(Q)
Asymptotic behavior for the DNLE

There exists a unique separate variable solution of problem DNLE of the form
U(t,x) = t/(mP-D-Df(x) s t.

lim $/(m(>-)-1)

t—+o0

Ju(t.x) = U )| = Jim [£/7CD D u(x)  £(x)] =0,

unless u = 0. The convergence is uniform in space and monotone non-decreasing
in time. The asymptotic profile f is the unique non-negative solution of the
stationary problem

m 1 — —
Apf (X)+mf(x)—0,XEQ, f(x)=0, xedQ (2)
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Sketch of the proof

Method of rescaling and time transformation:
Rescaled problem:

V-,—(T,X) = Apvm(T,X) + m

v(0,x) = vo(x) = u(x,1),
v(T,x) =0,

v(T,x) = £t u(t,x), t=e".

v(T,x), Te(-00,+00), x€Q

x €9, (1) {
TeR, xe Q.

e Bounded and regular initial data vy(x) = u(x,1).
Convergence: the main tools are the a-priori (smoothing effects,

Bénilan-Crandall type)estimates

u(t,x) < Ct7HYmED-D  and  y(t,x) > -C

(m(p-1)-1)t

=>‘0§ng and VTZO‘:> lim v(7,x) =f(x),Vx e Q| monotone

non-decreasing =  f(x) is nontrivial and bounded

= v(7,:) > f strong in L9(Q),1< g < oco.
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The limit is a stationary solution

Test function: ¢(x) € C°(Q2). Fixe To >0 and let t = t; + To.

fg(“b)—v(n)w:—[:[Q|vV'"|P-2vav¢+m(p_ll)_l  [vo

1

m(p-1)-1
Also we prove the uniqueness of the stationary solution.
Difficult convergence:

Let t; > co. Then |-A,f"(x) = f(x), xeQ.

-
[ 0/Q|va(7'+n,x)|”_2va(7'+n,x)Vquxdt—> TO/Q|me|p_2Vf"’V¢dx.
0

—Convergence in measure of gradients: Vv™(7,-) > Vf™(-), 7 — oo in measure.
— Energy estimate: / Vv (7, x)|Pdx <M, VteR.

Q
Then (1) + (2) = vv™(t,-) > VI7"(:) a.e. inQ.
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Brezis,Cont.Nonl.Funct.An.,1971

Let A be a maximal monotone operator on a Hilbert space H. Let Z, and W, be
measurable functions from Q (a finite measure space) into H. Assume Z, - Z
a.e. on Q and W, — W weakly in L}(Q; H). If W,(x) € A(Z,(x)) a.e. on Q,
then W(x) € A(Z(x)) a.e. on Q.

Our case:
@ Q; =0, Ty) x Q (finite measure space), H =R (Hilbert space).
@ A:H— H, A(Z)=]|Z|P"2Z maximal monotone operator.
o Z,(t,x)=Vv™(T+n,x):Q; - H,
o W, (t,x)=A(Z,(t,x)) = |vv™(T +n,x)|P2Vv™(T + n,x) : Q - H.

Lemma = W, (t,x) = W(t,x) weakly in L*(Q; H).
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Better convergence

Uniform Convergence:

v(7,x) = tYP 2yt x) > f(x), t=e".

@ Idea — Second type of rescaling - fixed rate rescaling:
un(t, x) = \re T u(\t), A> 0.

@ uy is still a solution of (DNLE).

@ On Q x (t1,t2) the family {ux}aso is equicontinuous ( because of the Holder
continuity and the a-priori estimates).

@ Ascoli Arzela Theorem == uniform convergence on subsequences (uy,;);.
@ Remark: uy(1,x) = v(log A, x)

@ v(log\j,x) converges uniformly

@ The limit v(7,x) — f is unique = v(7,x) — f uniformly.
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The stationary profile

1
AfM(x)+ —————f(x) =0, xeQ, f(x)=0, xedQ
m(p-1)-1

o Existence: f is obtained as the limit of v(7,-) when 7 — co.

@ Uniqueness: also proved by parabolic arguments.

Regularity: w e C1#(Q) for some 3¢ (0,1].

@ Behaviour up to the boundary [ Manfredi & Vespri 1994]:

IVf| < G (dist(x,00))Y™ 1 vxeQ,

| Gd(x,00) < F"(x) <d(x,00) |, VxeQ.

that is w(x) = f™(x) has a linear growth near the boundary.
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Rate of convergence for the PME

Hypothesis (H):

@ Qs a bounded arcwise connected open set with compact closure and
regular boundary.

@ g is a nonnegative Lipschitz function defined on Q such that ug = 0 on 9.
Weighted Rate of convergence for the PME (Aronson & Peletier,
J.Diff.Eq.1981)

Assume that Q and ug satisfy (H). Then 3 C € [0, +00) which depends only on
the data such that

[(1+ )Y Dyt x) - F(x)| <CF(x)(A+ )™ in Qx [0, +00).

Optimal rate because of the special family of global solutions
U(t,x;s) = (s+ 1)V DE(x).

Idea of the proof: use comparison with self similar solutions of the PME.
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Weighted rate of convergence for the DNLE

Let Q < RN be a bounded connected domain of class C>, o > 0. Let u(t,-) be a
solution to Problem (1), ug € L}(£2), ug > 0. Then for every ty > 0 there exist

C > 0 such that

|(1 + )T u(t, x) - f(x)| <CFOO)@+t)Y forall t> to,x € Q,

where C depends only on p, m, N, ug, Q2 and tp, and f is the solution of

DF(x) + m(p_ll)_lf(x) -0, xeQ, f(x)=0, xedQ.

Recall
@ the separate variables solution of the DNLE : U(,x) = 7~ /(m(P-D-Df(x).

@ the rescaled solution of the DNLE: v(t,x) = 7/(m(P-D-Dy(7 x), 1=t

Convergence in relative error

u(t,-)
U(t,-)

v(T,-)
£()
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Self-Similar solutions for the DNLE

Ut,x) = (t+5)"h(n), n=Ixl(t+s)”,

where s > 0 is a constant, « and 3 are positive parameters related by

(m(p-1)-1a+pB=1,
and g:= h™:[0,00) - R is a function satisfying the differential equation

N

L1/ (P2 () + (p- 1)l () P2g" (1) = 0, 1> 0,

ag (n)+68n (g%)’ (mn+=

Initial conditions
h(0) =M™, H'(0)=0.
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Case o = SN. Barenblatt solutions

p—1
U(x,t;a,s) =c(t+s) (aﬁ —|x(t+s) P71 ) e
N

where s is a fixed positive parameter and

1 B 6 ap
a=qg = R =pg=—.
m(p-1)-1+(p/N) N
08 utr)
@ Good point: compactly supported o
and they propagate in time. u(®
0.4
@ Good point: solutions in the whole
space. 02
© Landing contact is flat. 0
0% 0 5
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Case o > SN. Intermediate self-similar solutions

V(6 M,5) = (t+5) " [h( )], 1= |x|(t +5) 7.
Good point: compactly supported and they propagate in time

m(p-1

h"(n) = g(n) < (M= an?™ )7 v e (0,a).
supp V(x,t; M,s) = {(x,t) : |x| < a(t+5s)”,t>0}.
Transversal cross: g'(a) = - (%2 [ ¢N? 1/”"'(C)dg)"‘ k <0.

o 2 4 3 8 10
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Case a < BN. Self-similar solutions positive for all times

U(t,x) = (t+5)gn(n), n=x|(t+s)?,

Asymptotic decay: g behaves as r — oo like G,(r) =ar™?, v = .

@ g and g’ satisfy

g>0, g'<0 on(0,00)

@ For every ry > 0 there exists
C = C(rp) > 0 such that

g(r)>Cr %, Vr>rn.

-02

© The limit at infinity is zero o 1z s 4
lim g(r) =0.
r—00
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Improved upper bound for u

Theorem

Assume that Q and ug satisfy hypothesis (H), and let u be the corresponding
solution of Problem (1). Then there exists a constant s; > 0 such that

u(t,x) < (s +t) VDD £>0,x e Q. (2)

where s; depends on p,m, N, ug and €.

—> Use Comparison Principle between u and the separate variable solution
1
U(t,x):=U(t,x;s1) = (s1+t) "eDTf(x),
for an appropriate constant 7; > 0 chosen s.t.

U(0,x) = s1f(x) > up(x), VxeQ.
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Improved lower bound for u

Theorem

There exist two positive constants sy >0 and T, > 0 such that

u(t,x) > (so+1t) " DTF(x), VxeQ, Vte[Ty,+0o).

where sy and T4 depend only on m,p, N,Q and ug.

Idea:
e Comparison from below with an intermediate self similar solution:

u(Ti+t,x)2V(x-y,t;M,s), VxeQ, Vte[0, T3]
e Linear growth near the boundary:
u™(Ty,x) 2 wd(x) for x € Qy.
where Q5 = {x € Q: d(x) < J}.
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The quasilinear case m(p-1) =1

Let A the first eigenvalue of the A,. Rescaling:
v(t,x) =eMu(t,x), te[0,00),xeQ,
The rescaled problem
{ ve(t,x) = Dpv™(t,x) + Av(t,x) for t>0 and x € Q,

v(0,x) = up(x) for x € Q,
v(t,x)=0 for t >0 and x € 09Q2.

The associated stationary problem— V' = S™ —the eigenvalue problem for the A,

A,S™(x) + AS(x) =0 for x €Q, A,V +AVPL=0 for xeQ,
S5(x)=0 for x € OQ. V(x)=0 for x € 0Q.

Uniform convergence to an unique asymptotic profile S
[v(t,) = S()i=(@) =0, t—o0.

u(tv') V(tv')
U(l‘,~) L=(R) 5()
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Comments

Future work:

@ Extend the result for Fast Diffusion case of the p—Laplacian equation:

’ut:Apu, 1<p<2.‘

— extinction in finite time, no conservation of mass.
—> PME case: [Bonforte-Grillo-Vazquez-2001].

@ Extend the result for the doubly nonlinear equation

up=Apu™.

in the fast diffusion case m(p—1) < 1. — [Savare-Vespri-1994]

© Extend the result for equations with variable coefficients

us = Z 6,-(3,-J-8ju).

]
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Comments

Thank you for your attention!
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