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First problem

First, we consider the following one-dimensional initial value
problem

ut:zsuxx—l—(u K’*u)x for x €R, t >0, (1)
u(x,0) = up(x) for x € R, (2)

where the initial datum wp € L1(R) is nonnegative and ¢ > 0.
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First problem

First, we consider the following one-dimensional initial value
problem

ut:zsuxx—l—(u K’*u)x for x €R, t >0, (1)
u(x,0) = up(x) for x € R, (2)

where the initial datum wp € L1(R) is nonnegative and ¢ > 0.

Equation (1) arises in study of an animal aggregation as well as in
some problems in mechanics of continous media.
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chemotaxis

Notice, that in particular case, this problem is equivalent to the
famous parabolic-elliptic Keller-Segel model describing chemotaxis

Up = €Uy — (Uvx)x, XxE€R, t>0

—Vex = U — V,

Indeed, if we take K(x) = —%efw, which is the fundamental
solution of the operator 92 — Id, then we get v = —K * u.
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Recent works (existence)

For every ug € L}(R) such that up > 0, there exists the unique
global-in-time solution u of first problem satisfying

ueC ([0,400), LY(R)) N C ((0,+00), WH(R))N
C ((0,+00), LY(R)).

In addition, the condition wup(x) > 0 implies u(x, t) > 0 and we
have conservation of the L-norm of nonnegative solutions:

lu(t) s = /R u(x, £) dx = /R uo(x) dx = [luo | 1.
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Recent works (asymptotics)

It was shown that if K’ € L}(R) and if [, K'dx =0 then
fundamental solution of heat equation appear in asymptotic
expansion as t — 00 I.e.

11x112
u(x,t) ~ M(4rt) Y 2e "o
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Recent works (asymptotics)

It was shown that if K’ € L}(R) and if [, K'dx =0 then
fundamental solution of heat equation appear in asymptotic
expansion as t — 00 I.e.

u(x, t) ~ M(47Tt)_1/2e—%

whereas, if fR K’ dx # 0 then we get a nonlinear diffusion wave
(the fundamental solution of the viscous Burgers equation) i.e.

Bt~1/2exp (—|x[?/(4t))
Cup+1 fox/\/E exp (—£2/4) d¢

u(x, t) ~Ump(x, t) =
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Assumptions to first system

Under our assumptions on interaction kernel K’ = K, our model
describe particles under some repulsive force.

K/(x) = —gsign(x) + V), (3)
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Assumptions to first system

Under our assumptions on interaction kernel K’ = K, our model
describe particles under some repulsive force.

K/(x) = —gsign(x) + V), (3)

Moreover, we assume that A € (0,00) is a constant and the
function V satisfy

Ve WHY(R) (4)
[Vl < A (5)
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Primitive of solution

From now on, we assume that [ u(x, t)dx = [ uo(x)dx = 1.
Now, let us put

Uexct) = [ utytydy -3, (©

—00
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Primitive of solution

From now on, we assume that [ u(x, t)dx = [ uo(x)dx = 1.
Now, let us put

Uexct) = [ utytydy -3, (©

—00

Then, we show that the large time behaviour of U is described by
a self-similar profile, given by a rarefaction wave, namely, the
unique entropy solution of the following Riemann problem

WE + AWRWE =0 (7)

WR(x,0) = %sgn(x). (8)
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Rarefaction wave

Rarefaction wave is given by explicit formula

1 " < At

—= or x<-——
2 27

At At
WR(x, t) == it for -5 <x<o (9)
1 . S At
= or x> —.
2 2
A2 At
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Convergence towards rarefaction waves

Theorem

Assume that ug(x) > 0,

u|| =1 and € > 0. Suppose also, that

X

/X uo(y) dy € L}(—o0,0), and / uo(y)dy — 1 € [*(0,00).

—00 — 00

Then, for every t > 0 and each p € (1, 0] the following estimate
hold true

1UG, 1) = WAC, )], < e 2073) (log(2+ 1)) 2045,
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Final result

Corollary

For every test function ¢ € C2°(R) and each ty > 0, rescaled
solution u*(x, t) = Au(Ax, At) for A >0, x € R and t > 0 satisfy

[ oot ok 225 — | WRGx, i) i

In other words, for each tg > 0, the family of functions u*(-, to)
converges weakly as A — oo to (WFR) (-, o).

-tz a2

-2 | A2
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Second system

Now, let us consider the following initial value problem

uy=V-(Vu—uVK(u)) forxeQcR? t>0, (10)
ou

%—0 forx € 0Q, t>0 (11)
u(x,0) = up(x) for x € Q, (12)

where the initial datum uy € L1(Q) is nonnegative
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Second system

Now, let us consider the following initial value problem

uy=V-(Vu—uVK(u)) forxeQcR? t>0, (10)
ou

%—0 forx € 0Q, t>0 (11)
u(x,0) = up(x) for x € Q, (12)

where the initial datum wuy € L1(Q) is nonnegative and the
operator KC depends linearly on u via the following integral formula

K(u)(x, £) = /Q K(x. y)u(y. t) dy (13)

for a certain function K = K(x, y) which we call as an aggregation
kernel.
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Main assumptions to the second system

We assume that the aggregation kernel satisfy

B = esssup [|[ViK(x,-)||2 < oc. (14)
pEEY
%};(',y) =0 ondQ forall yeQ, (15)
| TeK(xy)dy =0 (16)
Q
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Existence

Theorem (Global existence for mildly singular kernels)

Assume that the aggregation kernel is mildly singular. Then for
every positive initial condition uy € L*(Q2) and for every T > 0
problem (10)-(12) has a unique mild solution in the space

Yr = C([0, T], LX) N {u: C([0, T], L(%)),

1(1_1)
sup t2V @’||ullg < oo}
0<t<T

Rafat Celinski Aggregation equation



Existence

Theorem (Global existence for mildly singular kernels)

Assume that the aggregation kernel is mildly singular. Then for
every positive initial condition uy € L*(Q2) and for every T > 0
problem (10)-(12) has a unique mild solution in the space

Yr = C([0, T], LX) N {u: C([0, T], L(%)),

1(1_1)
sup t2V 9’||ullg < oo}
0<t<T

Theorem (Local existence for strongly singular kernels)

Assume that aggregation kernel is strongly singular. Then for every
up € L1(Q) N LI(Q) there exists T = T(ug, VxK) >0 and a
unique mild solution of problem (10)—(12) in the space

Xr = ([0, T], L1(9)) n ([0, T], L9(%)).




Perturbed problem

We look for solution of the second system in the form
u(x,t) = M+ o(x, t),

where M is an arbitrary constant and ¢ is a perturbation.
Moreover, we assume that

/Q p(x)dx = 0,
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Perturbed problem

We look for solution of the second system in the form
u(x,t) = M+ o(x, t),

where M is an arbitrary constant and ¢ is a perturbation.
Moreover, we assume that

/Q p(x)dx = 0,

and obtain the following problem for the perturbation ¢

o = Dy~ V- (MVK(0) + 9VE(9)) (17)
%:0 for x e 0Q, t >0 (18)
©(x,0) = po(x). (19)
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Linear stability of constant solutions

pe=Dp — V- (MIK(p)) (20)
%f:o for x €0Q, t >0 (21)
©(x,0) = o(x). (22)
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Linear stability of constant solutions

pe=Dp — V- (MIK(p)) (20)
%f:o for x €0Q, t >0 (21)
©(x,0) = o(x). (22)

If, ViK € L?(Q2 x Q) and

MIIV«K| 2(ax0) < A1,

where A1 is the first non-zero eigenvalue of —A on €2 under the
Neumann boundary condition then M is linearily asymptotically
stable stationary solution to the second problem.

v
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Nonlinear stability of constant solutions

Theorem

Let the assumptions of above Proposition holds true. If moreover

[VxK|loo,2 = esssup [|[VxK(x,-)[l2 < 00
x€Q

then there exist 1 > 0 such that for every o € L?(Q) satisfying
leoll2 < n and [ ¢o(x) dx =0, the perturbed (nonlinear) problem
(17)-(19) has a so/ut/on ¢ € CY(0,00), L2(Q)) such that

Jo @(x,t)dx =0 for all t > 0. Moreover, we have

lo(t)]2—0 as t— oo.
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Instability of constant solutions

Theorem

Let wi = wi(x) be the eigenfunction of —A on Q under the
Neumann boundary condition corresponding to the first nonzero
eigenvalue A\ and such that |wy||2 = 1. Assume that
IVxK|l2(axq) < 0. If moreover,

[ [ Kexyym(m dxay = a0, (23)
QJQ

then for M > 1/A the constant solution M of problem (10)-(12) is
linearily unstable stationary solution.
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