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3D wedge with angle g

For n € N>, and m € Ny let
G=R"x Cq
be a domain of wedge (or cone) type: Let
Cao={xeR":x#0, x/|x| € Q}

be an unbounded cone in R"” with vertex
in zero.
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Domains of wedge type

For n € N>, and m € Ny let

A |
%o
! G:=R"x Cq
be a domain of wedge (or cone) type: Let
0 i = Co:={xeR":x#0, x/|x| € Q}

3D wedge with angle g

be an unbounded cone in R"” with vertex
in zero.

Thereby Q C S"~ ' is a relatively open subset of the unit sphere in R”. We assume
02 # () and that Q has smooth boundary.
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Domains of wedge type

A For n € N>, and m € Ny let
y

%o

' G=R"x Cq

be a domain of wedge (or cone) type: Let
®o

0 - Cao={xeR":x#0, x/|x| € Q}

3D wedge with angle g

be an unbounded cone in R"” with vertex
in zero.

Thereby Q C S" ' is a relatively open subset of the unit sphere in R”. We assume
02 # () and that Q has smooth boundary.

Notation: ¢y € (0, 7]: angle of the wedge, J = [0, T]: finite time interval,
(t, x) € J x G:time and space variables
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We consider a diffusion equation on a three-dimensional wedge G C R®

(n=2,m=1):
ou—Au=f inGx (0, T)
vXx(curlu)=0, u, =0 ondGx (0, T) . (1)
Ulto =0 on G
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We consider a diffusion equation on a three-dimensional wedge G C R®
(n=2,m=1):

ou—Au=f inGx(0,7)
vXx(curlu)=0, u, =0 ondGx (0, T) . (1)
Ulto =0 on G

Assumption:
» For1 < p< ooletfe LP(JxR;LP(Cq,R3, |x|7dx)) with weight v € R.
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We consider a diffusion equation on a three-dimensional wedge G C R®
(n=2,m=1):

ou—Au=f inGx(0,7)
vXx(curlu)=0, u, =0 ondGx (0, T) . (1)
Ulto =0 on G

Assumption:

» For1 < p< ooletfe LP(JxR;LP(Cq,R3, |x|7dx)) with weight v € R.
Notation:

» u = u(t,x) € R®: unknown function

» v = v(x): outer normal vector (x € 9G)

> u, = u-v:normal projection of u

» x denotes the vector product in R® and curlu = V x w.
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Approach:
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Approach: Apply the main results of PRUSS, J. and SIMONETT, G.: H>-calculus
for the sum of non-commuting operators. Trans. Amer. Math. Soc, 359:3549-3565.:
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Approach: Apply the main results of PRUSS, J. and SIMONETT, G.: H>-calculus
for the sum of non-commuting operators. Trans. Amer. Math. Soc, 359:3549-3565.:

To this end we need the Labbas Terrini commutator condition for two sectorial
operators A and B with spectral angles ¢4 and ¢5:

0 € p(A).Thereare constants c > 0,0 < a < < 1,
Ya > da, Y > b, ha+ P <, @
such thatforall A € 2y, 1 € Tr_y,
[AA+ATTAT (u+B)™ = (u+B)TTAT] < /(1 + [A)' 4 u[*)
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Approach: Apply the main results of PRUSS, J. and SIMONETT, G.: H>-calculus
for the sum of non-commuting operators. Trans. Amer. Math. Soc, 359:3549-3565.:

To this end we need the Labbas Terrini commutator condition for two sectorial
operators A and B with spectral angles ¢4 and ¢5:

0 € p(A).Thereare constants c > 0,0 < a < < 1,

Va> ¢a B > ¢, ha+Pp <, @
such thatforall A € 2y, 1 € Tr_y,

[AA+A)TA (u+B) ™ = (u+B)TTAT < /(1 + (AN ul'P)

Results of Priiss and Simonett:
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Theorem 1

Suppose A € H>°(X), B € RS(X) and suppose that (2) holds for some angles

Ya > ¢, g > @B such that s + g < .

Then there is a constant ¢, > 0 such that A + B is invertible and sectorial with
dars < max{wa, g} whenever c < cy. Moreover, if in addition B € RH>(X) and
Vg > R, then A+ B € H*(X) and ¢35 < max{ya, ¥}
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Theorem 1

Suppose A € H>°(X), B € RS(X) and suppose that (2) holds for some angles

Ya > X, Vg > (;55 such that va + g < .

Then there is a constant ¢, > 0 such that A + B is invertible and sectorial with
dass < max{ya, g} whenever c < cy. Moreover, if in addition B € RH>(X) and
Vg > R, then A+ B € H*(X) and ¢35 < max{ya, ¥}

Corollary 2

Let the assumption of Theorem 1 be satisfied. Then there is v > 0 such that
v + A + B is sectorial with spectral angle not larger than max{va, ¥g}. If

B € RH>®(X) and g > ¢pB>, we have v + A+ B € H>(X) as well and
Drias < max{ya, s}
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We proceed as follows:
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1. introduce cylinder coordinates for (1)
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1. introduce cylinder coordinates for (1)
2. Euler transformation
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We proceed as follows:

1. introduce cylinder coordinates for (1)
2. Euler transformation
3. define a suitable rescaling in order to work in the unweighted LP space
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We proceed as follows:

introduce cylinder coordinates for (1)
Euler transformation
define a suitable rescaling in order to work in the unweighted LP space

Moo~

the transformed problem is solved by applying Theorem 1 and Corollary 2 for
the obtained operator sum
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We proceed as follows:

introduce cylinder coordinates for (1)
Euler transformation
define a suitable rescaling in order to work in the unweighted LP space

the transformed problem is solved by applying Theorem 1 and Corollary 2 for
the obtained operator sum

Moo~

5. retransformation to obtain maximal regularity spaces for (1)
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1. We introduce cylinder coordiantes:
Forr >0, ¢ € (0,p0]and y € R™ (m = 1) we have

X =rcosy, X=rsing, y=y.
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1. We introduce cylinder coordiantes:
Forr >0, ¢ € (0,p0]and y € R™ (m = 1) we have
Xy =rcosy, Xe=rsing, y=y.

The diffusion operator 9; — A transforms into

182

2%

& — 68 — {a,h 173,] _

and d
felp (J % R % (0, 0o); LP <R+,R3, r7+27r>) .
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2. Applying Euler transformation r = €* (x € R)and 3. rescaling

u(t,r,cp,y):rﬁv(t,lnr,gp,y), g(t,X,(p,y)=I’2_ﬁf(t,f,30,y)

yields:
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2. Applying Euler transformation r = €* (x € R)and 3. rescaling

u(t!r!@!y)=rﬁv(tslnr!@!y)v g(t,X,(p,y)=I’2_’8f(t,f,tp,y)

yields: g € LP(J x R x (0, ) x R,R%) and

(0 — )+ PO v —2v=g in (0,T) xR x (0,00 x R
V,=0,0,7,=0, 9,7, =0 on (0,T)xRx{0,p0} xR , (3)
V|0 =0 in R x(0,p0) xR

where P(0y) = —[02 + 230y + %], B =2 — (v +2)/p.
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2. Applying Euler transformation r = €* (x € R)and 3. rescaling

u(t!r!@!y)=rﬁv(tslnr!@!y)v g(t,X,(p,y)=I’2_’8f(t,f,tp,y)

yields: g € LP(J x R x (0, ) x R,R%) and

(0 — )+ PO v —2v=g in (0,T) xR x (0,00 x R
V,=0,0,7,=0, 9,7, =0 on (0,T)xRx{0,p0} xR , (3)
V|0 =0 in R x(0,p0) xR

where P(0y) = —[02 + 230y + %], B =2 — (v +2)/p.

Now we discuss the obtained operator sum on the layer G := R x (0, @) x R by
means of Theorem 1 and Corollary 2.
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» Notice, that we deal with the non-standard differential operators

e and  Oje*.
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» Notice, that we deal with the non-standard differential operators

5,  and 8}3 e,

» €* and P(0y) with canonical domains in LP do not commute.
This is where we need the full strength of Theorem 1.
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» Notice, that we deal with the non-standard differential operators

e and  Oje*.

» €* and P(0y) with canonical domains in LP do not commute.
This is where we need the full strength of Theorem 1.

» The boundary conditions of (1) transform into boundary conditions for —8929.
Since of the Neumann conditions 0, ¥, = 0 and 0., ¥, = 0, we need to handle
the eigenvalue 0.

» The last point can be overcome by projection to the space of LP functions with
vanishing mean value.
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» Notice, that we deal with the non-standard differential operators

e and  Oje*.

» €* and P(0y) with canonical domains in LP do not commute.
This is where we need the full strength of Theorem 1.

» The boundary conditions of (1) transform into boundary conditions for 78929.
Since of the Neumann conditions 0, ¥, = 0 and 0., ¥, = 0, we need to handle
the eigenvalue 0.

» The last point can be overcome by projection to the space of LP functions with
vanishing mean value.

After step 4. and 5. we obtain the main result.
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Theorem 3

Suppose 1 < p < oo and that v € R is subject to the condition

n v n v
M>—a=p3(L+n—-2)= <2————> (n————), (n=2)
E p P p P
where \ = 72 /3. Then for each g € LP(J x R x (0, o) x R, R®) there is a unique
solution v of (3) in the regularity class

v e LP(J x R; H*P((0, o) x R, R%)),
v e H'"P(J; LP(R x (0, ¢o) x R, R%) N LP(J; H*P(R; LP((0, o) x R, R3))).

In particular, the map [v — g] defines an isomorphism between the corresponding
spaces.
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Corollary 4
Suppose 1 < p < oo and suppose v € R is subject to the condition

M>—a=pBF+n—-2)= <2—£—%> (n—g—%), (n=2)

where \y = 72 /3. Then for each f € LP(J x R; LP(Cq, R3, |x|7dx)) there exists a
unique solution u of (1) in the regularity class

u, u/|x|?, 0w, V2u € LP(J x R; LP(Cq, R®, |x|7 dx))

In particular, the map [u — f] defines an isomorphism between the corresponding
spaces.

Corollary 5
The result remains valid for the Stokes equation, since PA = AP.
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» solve parabolic equations subject to other boundary conditions

» apply this method to a stationary Stokes equation and also transform Vp
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Possible future work relying on this method:

» solve parabolic equations subject to other boundary conditions

» apply this method to a stationary Stokes equation and also transform Vp

» approach to problems resulting from phenomena of contact lines
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Thank you !
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