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Abstract. We study central values L(1/2, φ×θ(χ)) of Rankin-Selberg L-functions of cuspidal modular units

φ for Γ0(N) times Hecke theta series θ(χ) of ring class characters χ of quadratic fields k, understood in a
regularized sense. In the case of k an imaginary quadratic field, we relate these values to twisted sums over CM

cycles of regularized theta lifts and Borcherds products on the square X0(N)2 of the modular curve X0(N).

This yields expressions in terms of finite algebraic linear combinations of logarithms of algebraic numbers
(hence periods), and, more concretely, in terms of Chowla-Selberg periods, building on the work of Schofer

and Kudla. In the case of k a real quadratic field, we obtain an analogous expression for L(1/2, φ× θ(χ)) as

a twisted linear combination of sums of regularized theta lifts evaluated along real geodesic cycles related
to the ideal class group of k.
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1. Introduction

Fix an integer N ≥ 1. Let φ ∈ S!
0(Γ0(N)) be a cuspidal modular unit for Γ0(N), so a weakly holomorphic

cusp form of weight zero and trivial nebentype character for Γ0(N). While there is vast classical literature on
the special values of these functions at CM points, the study of their L-functions and special values appear
to be somewhat more mysterious. Let k be a quadratic field of discriminant dk prime to N and character
ηk(·) = (dk· ). Let χ be a ring class character of k of conductor c ≥ 1 prime to N , for instance a character of
the ideal class group C(Ok) ∼= Gal(k[1]/k) (of conductor c = 1). We consider the Rankin-Selberg L-function
L(s, φ × θ(χ)) of φ times the Hecke theta series θ(χ) associated to χ, which has an analytic continuation
Λ(s, φ× θ(χ)) = L∞(s, φ× θ(χ))L(s, φ× θ(χ)) given in terms of a regularized Petersson inner product of φ
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against θ(χ)E?(s, ·) for E?(s, ·) the analytic continuation of a certain Eisenstein series. This relation, which
we describe below, implies that Λ(s, φ× θ(χ)) satisfies a symmetric functional equation

Λ(s, φ× θ(χ)) = ηk(−N)|dkc2N |1−2sΛ(1− s, φ× θ(χ))

relating values at s to 1 − s, making s = 1/2 the central point. We derive the following expressions for the
central values Λ(1/2, φ×θ(χ)) in terms of certain regularized theta lifts and Borcherds products on X0(N)2,
in the spirit of the Eisenstein-Kronecker limit formula for elliptic curves with complex multiplication.

To fix ideas, let c ≥ 1 be an integer for which there is a ring class field k[c] of conductor c over k (e.g. c = 1),
and write Oc = Z+cOk to denote the corresponding order of conductor c = [Ok : Oc] the ring of integers Ok
of k. Fix χ be any character of the corresponding ideal/ring class group C(Oc) ∼= Gal(k[c]/k). For each class
A ∈ C(Oc), we consider the following rational quadratic spaces (VA, QA) of signature (2, 2). Fix an integer
ideal representative of the class A = [a] with a ⊂ Ok. Writing Nk/Q(x) = xxτ for τ 6= 1 ∈ Gal(k/Q) to
denote the norm homomorphism Nk/Q : k → Q, let Qa(x) = Nk/Q(x)/Na denote the corresponding norm
form on k, where Na = [Ok : a] as usual denotes the absolute norm. Hence, viewed as a binary quadratic form
in the natural way, Qa has signature (2, 0) (positive definite) if k is an imaginary quadratic field, and has
signature (1, 1) if k is a real quadratic field. In either case, we obtain a rational quadratic space of signature
(2, 2) by taking VA to be the vector space over Q defined by aQ⊕ aQ (for aQ = a⊗Z Q the fractional ideal),
and quadratic form QA(z1, z2) = Qa(z1)−Qa(z2). We let (·, ·)A to denote the corresponding inner product
determined by QA. Writing GSpin(VA) for the corresponding general spin group, this being a reductive
algebraic group over Q which sits in a short exact sequence

1 −→ Gm −→ GSpin(VA) −→ SO(VA) −→ 1,

we have an exceptional isomorphism of algebraic groups GSpin(VA) ∼= GL2
2 (Proposition 2.2 (iv)). We then

take LA = LA(N) to be the integral lattice of VA whose adelization LA ⊗ Z under the of GSpin(VA)(Af )
by conjugation is fixed by the compact open subgroup KLA

∼= K0(N)2 ⊂ GSpin(VA)(Af ) ∼= GL2(Af )2

(Proposition 2.2 (v)). We write L∨A to denote the dual lattice, with L∨A/LA the corresponding (finite abelian)

discriminant group, and 1µ = char(µ + LA ⊗ Ẑ) the characteristic function of a coset µ ∈ L∨A/LA. Writing
ωLA to denote the corresponding Weil representation, we can associate to φ ∈ S!

0(Γ0(N)) a lift

fφ,A(τ) =
∑

µ∈L∨A/LA

fµ,φ,A(τ)1µ =
∑

µ∈L∨A/LA

∑
m�−∞

cfφ,A(µ,m)e(mτ)1µ ∈ S!
0(ωLA)

to a weakly holomorphic form of weight zero and type ωLA for Γ = SL2(Z) (Proposition 3.2). Here, the
Fourier coefficients cfφ,A(µ,m) are rational integers, given in terms of those of φ.

We have the following regularized theta lifts Φ(fφ,A, ·) and Borcherds products Ψ(fφ,A, ·) associated to
these weakly holomorphic forms. We first describe the spaces on which these functions are defined. Let D(VA)
denote the Grassmannian of oriented negative hyperplanes

D(VA) = {z ∈ VA(R) : dim(z) = 2, QA|z < 0} .

Hence, D(VA) has the structure of a hermitian symmetric domain, with two connected components D±(VA),
each of which can be identified as the product of two copies of the Poincaré upper-half plane D(VA)± ∼= H2.
We consider the corresponding spin Shimura variety XKLA

∼= Y0(N)2 with complex points given by

XKLA
(C) = GSpin(VA)(Q)\D±(VA)×GSpin(VA)(Af )/KLA

∼= GL2(Q)2\H2 ×GL2(Af )2/K0(N)2 = Y0(N)2.

Note that any rational quadratic subspace VA,0 ⊂ VA of signature (0, 2) determines an oriented hyperplane
VA,0(R) = z±A,0 ∈ D(VA) and an imaginary quadratic field k(VA,0). When the space VA = aQ ⊕ aQ is

constructed from an ideal class A ∈ C(Oc) of an imaginary quadratic field k, we simply take VA,0 = aQ with
the norm form QA,0 = QA|VA,0 = Qa, so that k = k(VA,0). In any case, a subspace VA,0 ⊂ VA of signature

(0, 2) determines a zero cycle Z(VA,0) ⊂ XKLA
∼= Y0(N)2 with complex points

Z(VA,0)(C) = GSpin(VA)(Q)\{z±A,0} ×GSpin(VA)(Af )/KLA

= GL2(Q)2\{z±A,0} ×GL2(Af )2/K0(N)2.
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On the other hand, any rational quadratic (“Lorentzian”) subspace WA ⊂ VA of signature (1, 1) determines
a real quadratic field k(WA). When the space VA = aQ ⊕ aQ is constructed from an ideal class A ∈ C(Oc)
of a real quadratic field k, we simply take WA = aQ with the norm form QA|WA

= Qa, so that k = k(WA).
Given such a subspace WA ⊂ VA, we consider the domain of oriented hyperbolic lines

D(WA) = {z ⊂WA(R) : dim(z) = 1;QA|z < 0} .

Fixing an oriented basepoint z±WA
∈ D(WA), we then consider the corresponding finite set defined by

G(WA) = GSpin(WA)(Q)\GSpin(WA)(Af )/KWA
, KWA

:= KLA ∩GSpin(WA)(Af ).

Fixing any set of coset representatives [h] for G(WA), we define for each h ∈ GSpin(VA)(Af ) ∼= GL2(bfAf )
to the corresponding locally symmetric space

CA,h := ΓA,h\D(WA), ΓA,h := GSpin(WA)(Q) ∩ hKWA
h−1,

as well as the corresponding real geodesic cycle

G(WA) =
∐

[h]∈G(WA)

h∈GSpin(WA)(Af )

CA,h =
∐

[h]∈G(WA)

h∈GSpin(WA)(Af )

ΓA,h\D(WA).

Although not a subvariety of XKLA
, we shall use this real geodesic cycle G(WA) as an evaluation locus for

the regularized theta lifts we consider in the real quadratic case.
To define these theta lifts, we use the Siegel theta series θLA(τ, z, h) defined for τ = u+iv ∈ H, z ∈ D(VA),

and h ∈ GSpin(VA)(Af )/KLA
∼= GL2(Af )2/K0(N)2 by

θLA(τ, z, h) =
∑

µ∈L∨A/LA

θµ,LA(τ, z, h)1µ = v
∑

µ∈L∨A/LA

∑
x∈VA(Q)
x∈µ+LA

e (QA(xz⊥)τ +QA(xz)τ) 1µ.

Writing Γh = GSpin(VA)(Q)2 ∩ hKLAh
−1 ∼= GL2(Q) ∩ hK0(N)2h−1, this determines a nonholomorphic

Γh-invariant function of z ∈ D(VA). In the variable τ = u+ iv, it determines a nonholomorpic modular form
θLA(τ, ·) of weight 0 and type ω∨LA for Γ = SL2(Z) This appears in the regularized theta lift Φ(fφ,A, ·) of

fφ,A(τ) ∈ S!
0(ωLA), defined for τ = u + iv ∈ H, z ∈ D(VA), and h ∈ GSpin(VA)(Af ) ∼= GL2(Af )2 by the

regularized inner product

Φ(fφ,A, z, h) =

∫
F
〈〈fφ,A(τ), θLA(τ, z, h)〉〉dµ(τ) := CTw=0

 lim
T→∞

∫
FT

〈〈fφ,A(τ), θLA(τ, z, h)〉〉v−wdµ(τ)

 .

Here, we write CTw=0 F (w) for a function F of w ∈ C to denote the constant term in the Laurent series
expansion around w = 0 of F (w). We write

F =
{
τ = u+ iv ∈ H : −1/2 ≤ u ≤ 1/2, u2 + v2 ≥ 1

}
to denote the standard fundamental domain for the action of SL2(Z) on H, with

FT = {τ = u+ iv ∈ F : v ≤ T}

the truncated fundamental domain of points of height ≤ T . We also write

〈〈fφ,A(τ), θLA(τ, z, h)〉〉 =
∑

µ∈L∨A/LA

fµ,φ,A(τ)θµ,LA(τ, z, h)

=
∑

µ∈L∨A/LA

∑
m�−∞

cfφ,A(µ,m)e(mτ)
∑

x∈VA(A)
x∈µ+LA

e (QA(xz⊥)τ +QA(xz)τ)

to denote the natural pairing on vector-valued forms, and dµ(τ) := dudv
v2 to denote the Poincaré measure.

As we recall below, a well-known theorem of Borcherds [2] shows there is a meromorphic modular form
Ψ(fφ,A, z, h) of weight zero on XKLA

∼= Y0(N)2 for which

Φ(fφ,A, z, h) = −2 log ||Ψ(fφ,A, z, h)||2.
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This meromorphic modular form of weight zero Ψ(fφ,A, z, h) has divisor

Z(fφ,A) =
∑

µ∈L∨A/LA

∑
m>0

cfφ,A(µ,−m)ZA(µ,m),

where each ZA(µ,m) ⊂ XKLA
∼= Y0(N)2 denotes the special divisor with complex points given by

ZA(µ,m)(C) =
∐

h∈GSpin(VA)(Q)\GSpin(VA)(Af )/KLA

Γh

∖ ∐
x∈µh+LAh
QA(x)=m

D(VA)x


∼= Γ0(N)2

∖ ∐
x∈µ+LA
QA(x)=m

D(VA)x = Γ0(N)2
∖ ∐

x∈µ+LA
QA(x)=m

{
z ∈ D±(VA) : (z, x)A = 0

}
∼= Γ0(N)2

∖ ∐
x∈µ+LA
QA(x)=m

{
z = (z1, z2) ∈ H2 : QA(z + x)−QA(z) = m

}
⊂ Y0(N)(C)× Y0(N)(C).

Note that the sums over cosets µ ∈ L∨A/LA of these divisors ZA(µ,m) define classical Hirzebruch-Zagier
divisors on the surface XKLA

∼= Y0(N)2. A theorem of Howard and Madapusi Pera [10, Theorem 9.1.1]

shows that the Borcherds product Ψ(fψ,A, ·) is defined over Q, and moreover that it takes algebraic values

Ψ(fψ,A, z, h) ∈ Q for all (z, h) ∈ XKLA
(C) ∼= Y0(N)2,

Ψ(fψ,A, ·) : XKLA
(C) ∼= Y0(N)2 −→ Q.

We compute the following sums of these regularized theta lifts Φ(fφ,A, ·) and associated logarithms of
Borcherds products log ||Ψ(fφ,A, ·)|| along CM cycles Z(VA,0) of XKLA

(C) ∼= Y0(N)2 and real geodesic

cycles G(WA), namely

Φ(f, Z(VA,0)) =
∑

(z,h)∈Z(V0,A)(C)

Φ(f, z, h)

# Aut(z, h)
(1)

and

Φ(f,G(WA)) =
∑

[h]∈G(WA)

h∈GSpin(WA)(Af )

1

# Aut(h)

∫
CA,h=ΓA,h\D(WA)

Φ(f, z, h)dν(z),(2)

where

# Aut(h) := #
(
SO(WA)(Q) ∩ hKWA

h−1
)
,

and dν(v) denotes the O(1, 1)-invariant length measure. We develop the calculations of [12], [13], [6], [17], and
[16], averaging over the sublattices LA,0 = VA,0∩LA and LWA

= WA∩LA and using the Siegel-Weil formula,
to relate these finite sums to the regularized Petersson inner products. To describe the results we obtain
uniformly, let (UA, QUA) denote either of the two-dimensional rational quadratic subspaces of (VA, QA) we
consider, with signature (p(UA), q(UA)) and corresponding quadratic field k(UA). Hence,

(p(UA), q(UA)) =

{
(0, 2) if UA = V0,A is negative definite, with k(UA) imaginary quadraitc

(1, 1) if UA = WA is Lorentzian, with k(UA) real quadratic .

We write LUA = UA ∩LA to denote the corresponding lattice, with L⊥UA ⊂ LA its orthogonal complement of

signature (p(U⊥A ), q(U⊥A )), and LUA ⊕ L⊥UA ⊂ LA the corresponding sublattice. We consider the Siegel theta

series θL⊥UA
(τ) = θL⊥UA

(τ, 1, 1) of weight l(U⊥A ) = (p(U⊥A )− q(U⊥A ))/2 of the complement. Hence,

θL⊥UA
(τ) = θL⊥VA,0

(τ) ∈M1(ω∨L⊥VA,0
)

is holomorphic of weight 1 when UA = V0,A is negative definite, and

θL⊥UA
(τ) = θL⊥WA

(τ)
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is nonholomorphic of weight 0 when UA = WA is Lorentzian. By the Siegel-Weil formula (see Theorem 2.6),
the sum over SO(UA)(Q)\ SO(UA)(A) of the Siegel theta series θLUA (τ, z, h) of LUA can be identified with

the central value ELUA (τ, 0) = ELUA (τ, 0; l(U)) of the Eisenstein series of weight l(UA) = (p(UA)− q(UA))/2

associated to the lattice LUA , defined for <(s)� 1 by the summation

ELUA (τ, s) = ELUA (τ, s; l(UA)) =
∑

γ∈Γ∞\Γ

[
=(τ)

(s+1−l(UA))

2 10

]
l(UA),ωLUA

γ.

Here, we use the same conventions as in [6, §2.2, (2.17) and §4] (for instance), writing Γ = SL2(Z) and

Γ∞ =

{(
1 r
0 1

)
: r ∈ Z

}
.

As we explain in Theorem 2.8, each of these Eisenstein series has an analytic continuation

E?LUA
(τ, s) := Λ(s+ 1, ηk)ELUA (τ, s)

to all s ∈ C, and satisfies a symmetric functional equation E?LUA
(τ, s) = E?LUA

(τ,−s). We then explain

in Proposition 3.1 how we this implies that the Rankin-Selberg L-function L(s, fφ,A × θL⊥UA ), defined for

<(s)� 1 by the regularized theta integral

L(s, fφ,A × θL⊥UA ) =

∫ ?

F
〈〈fφ,A(τ), θL⊥UA

(τ)⊗ ELUA (τ, s)〉〉dµ(τ)

:= CTw=0

 lim
T→∞

∫
FT

〈〈fφ,A(τ), θL⊥UA
(τ)⊗ ELUA (τ, s)〉〉v−wdµ(τ)

 ,

has an analytic continuation

L?(s, fφ,A × θL⊥UA ) = Λ(s+ 1, ηk)L(s, fφ,A × θL⊥UA )

to all s ∈ C, and satisfies the symmetric functional equation

L?(s, fφ,A × θL⊥UA ) = L?(−s, fφ,A × θL⊥UA ).

We also explain in Proposition 3.3 that we have an identification of completed L-functions

Λ(s− 1/2, φ× θ(χ)) =
∑

A∈C(Oc)

χ(A)L?(2s− 2, fφ,A × θL⊥UA ).

On the other hand, we show in Proposition 4.4 (see also [13], [12], [6, Lemma 4.6], [17], [16]) that this same
regularized integral computes the sums of regularized theta lifts Φ(fφ,A, Z(VA,0)) and Φ(fφ,A, G(WA)):

L(0, fφ,A × θL⊥UA ) =
1

vol(KLUA
)
·

{
Φ(fφ,A, Z(VA,0)) if UA = VA,0 is negative definite

Φ(fφ,A,G(WA)) if UA = WA is Lorentzian.

Moreover (see Theorem 4.5), we obtain from the theorem of Borcherds the relations

L(0, fφ,A × θL⊥UA )

=


−2 vol(KLVA,0

)
∑

(z±A,0,h)∈Z(VA,0)

log ||Ψ(fφ,A,z
±
A,0,h)||2

# Aut(z±A,0,h)
· if UA = VA,0 is negative definite

−2 vol(KLWA
)

∑
[h]∈G(WA)

1
# Aut(h)

∫
CA,h

log ||Ψ(fφ,A, h)||2dν(z) if UA = WA is Lorentzian.

This allows us to deduce that we have the following novel expressions for the central values Λ(1/2, φ× θ(χ)).

Theorem 1.1 (Theorem 4.7, Corollary 4.8). Let φ ∈ S!
0(Γ0(N)) be any weakly holomorphic modular function

of level Γ0(N) and trivial character. Let χ ∈ C(Oc)∨ be a ring class character of conductor c ≥ 1 of
a quadratic field k of discriminant dk, character ηk, class number hk, number of roots of unity wk, and
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fundamental unit εk (if real quadratic). Assume that (N, cdk) = 1. We have the following expressions for the
central value Λ(1/2, φ× θ(χ)) of the completed Rankin-Selberg L-functions

Λ(s− 1/2, φ× θ(χ)) = L∞(s, φ× θ(χ))L(s, φ× θ(χ)).

Given any class A ∈ C(Oc) with corresponding quadratic space (VA, QA) as described in Definition 2.1 and
lattice (LA, QA) = (LA(N), QA) as described in Proposition 2.2 (v), let

fφ,A(τ) =
∑

µ∈L∨A/LA

∑
m�−∞

cfφ,A(µ,m)e(mτ)1µ ∈ S!
0(ωLA)

denote the lifting of φ to a vector-valued weakly holomorphic form, as described in Lemma 3.2.

(i) If k is an imaginary quadratic field, then have the central value formula

Λ(1/2, φ× θ(χ)) = −2Λ(1, ηk)
∑

A∈C(Oc)

χ(A) vol(KLVA,0
)

∑
(z0,h)∈Z(VA,0)

log ||Ψ(fφ,A, z0, h)||2

# Aut(z0, h)

= −4πhk
wk

∑
A∈C(Oc)

χ(A) vol(KLVA,0
)

∑
(z0,h)∈Z(VA,0)

log ||Ψ(fφ,A, z0, h)||2

# Aut(z0, h)
.

(ii) If k is a real quadratic field, then we have the central value formula

Λ(1/2, φ× θ(χ)) = −2Λ(1, ηK)
∑

A∈C(Oc)

χ(A) vol(KLWA
)

∑
[h]∈G(WA)

1

# Aut(h)

∫
CA,h

log ||Ψ(fφ,A, z, h)||2dν(z)

= −4 log(εk)hk
∑

A∈C(Oc)

χ(A) vol(KLWA
)

∑
[h]∈G(WA)

1

# Aut(h)

∫
CA,h

log ||Ψ(fφ,A, zW , h)||2dν(z).

This identity implies the following immediate connection to “periods” in the CM case. Recall that a
complex number is said to be a period if its real and imaginary parts can be expressed as integrals of
rational functions over domains in Rn defined by polynomial inequalites with rational coefficients. Let us
write P to denote the ring of periods. Examples include algebraic numbers and logarithms of algebraic
numbers (see e.g. [11]). Folklore conjectures predict that central values L?(0,M) and central derivative
values L?(r)(0,M) of motivic L-functions L?(s,M) should lie in P (or even πP). We refer to [11, Conjecture
(Deligne-Beilinson-Scholl) §3.2 and Question 4] for more background. We obtain the following confirmation
of this conjecture in the special setting we consider, along with more explicit relations to Chowla-Selberg
periods. Given k be an imaginary quadratic field of discriminant dk, we again write hk = #C(Ok) to denote

the class number, with wk = #O×k and the number of roots of unity, ηk(·) = (dk· ) the quadratic Dirichlet
character, and Λ(s, ηk) = L∞(s, ηk)L(s, ηk) the completed Dirichlet series. Recall that by the formula of
Chowla and Selberg, we have the logarithmic derivative formula

L′(0, ηk)

L(0, ηk)
=

wk
2hk

dk∑
a=1

ηk(a) log Γ

(
a

dk

)
.

Theorem 1.2 (Theorem 5.1, Theorem 5.2). We have the following realizations of L-values as periods.

(a) Let (V,Q) be any rational quadratic space of signature (2, 2) with integral lattice L ⊂ V and Weil
representation ωL. Let f ∈ S!

0(ωM ) be any weakly holomorphic cusp form of weight 0 and type ωL
for Γ. Let L0 ⊂ L be any negative definite sublattice with orthogonal complement L⊥0 ⊂ L, and let
θL⊥0 (τ) = θL⊥0 (τ, 1, 1) be the corresponding (holomorphic) Siegel theta series. Then, the central value

L(0, f × θL⊥0 ) of the Rankin-Selberg L-function L(s, f × θL⊥0 ) described in Proposition 3.1 below is a

period, L(0, f × θL⊥0 ) ∈ P, as is the central value of the completed L-function L?(0, f × θL⊥0 ) ∈ P.

Moreover, if the discriminant of the imaginary quadratic field k(L0 ⊗Q) is odd, then we have the
6



more explicit formula

L(0, f × θL⊥0 ) = −2 vol(K0) log

α((4πdk)−hk ·
dk−1∏
a=1

Γ

(
a

dk

)wkηk(a)
)CT〈〈f(τ),θ

L⊥0
(τ)⊗1L0+0〉〉


= −2 vol(K0) log

(
α

(
(4πdk)−1 · e2·L

′(0,ηk)

L(0,ηk)

)hk·CT〈〈f(τ),θ
L⊥0

(τ)⊗1L0+0〉〉
)
.

Here, α = α(f, L0) ∈ Q× is a rational number related to Shimura’s period invariants ([14], [8], [19]),
and CT〈〈f(τ), θL⊥0 (τ) ⊗ 1L0+0〉〉 denotes the constant coefficient in the Fourier series expansion of

the scalar-valued modular form determined by the inner product 〈〈f(τ), θL⊥0 (τ)⊗ 1L0+0〉〉.

(b) Let φ ∈ S!
0(Γ0(N)) be a weakly holomorphic cusp form of weight zero for Γ0(N). Let k be any

imaginary quadratic field of discriminant dk prime to N , let c ≥ 1 be any conductor prime to N , and
let χ ∈ C(Oc)∨ be any ring class character of k of conductor c. Let θ(χ) ∈M1(Γ0(|c2dk|), ηk) denote
the corresponding Hecke theta series. The central value Λ(1/2, φ × θ(χ)) of the completed Rankin-
Selberg L-function Λ(s, φ× θ(χ)) = L∞(s, φ× θ(χ))L(s, φ× θ(χ)) is a period, Λ(1/2, φ× θ(χ)) ∈ P.
Moreover, if the discriminant dk ≡ 1 mod 2 is odd, then we have the more explicit formula

Λ(1/2, φ× θ(χ))

= −4πhk
wk

∑
A∈C(Oc)

χ(A) vol(KLVA,0
) log

α(fφ,A, k)

(
(4πdk)−hk ·

dk−1∏
a=1

Γ

(
a

dk

)wkηk(a)
)CT〈〈fφ,A(τ),θ

L⊥
A,0

(τ)⊗1LA,0+0〉〉


= −4πhk
wk

∑
A∈C(Oc)

χ(A) vol(KLVA,0
) log

(
α(fφ,A, k)

(
(4πdk)−1 · e2·L

′(0,ηk)

L(0,ηk)

)hk·CT〈〈fφ,A(τ),θ
L⊥
A,0

(τ)⊗1LA,0+0〉〉
)
.

Here again, each α(fφ,A, k) ∈ Q× is related to Shimura’s period invariants ([14], [8], [19]), and
CT〈〈fφ,A(τ), θL⊥A,0(τ)⊗ 1LA,0+0〉〉 denotes the constant coefficient in the Fourier series expansion of

the scalar-valued for determined by the inner product 〈〈fφ,A(τ), θL⊥A,0(τ)⊗ 1LA,0+0〉〉.

We remark that the corresponding central values are conjectured to be periods for the corresponding
setting of real quadratic fields. However, the deductions we use via the connection to points on the Shimura
variety XKLA

(C) ∼= Y0(N)2 do not seem to be available in this setting, where we use the real geodesic cycle

G(WA) as an evaluation locus for the regularized theta lift. Indeed, the problem appears to be related to
that of the construction of generators of ring class extensions of real quadratic fields.

2. Setup

2.1. Quadratic spaces. Let (V,Q) be a rational quadratic space of signature (n, 2) (for some integer n ≥ 0)
and inner product (x, y) = Q(x + y) − Q(x) − Q(y). Let L ⊂ V be an integer lattice with dual lattice L∨

and (finite abelian) discriminant group L∨/L.

2.1.1. Quadratic spaces of signature (2,2) associated to quadratic fields. We shall later consider the following
quadratic spaces of signature (2, 2) associated to ring classes of a (real or imaginary) quadratic field k. To fix

ideas, let k be any quadratic field of discriminant dk and character ηk(·) = (dk· ). We write Ok to denote the
ring of integers of k, with C(Ok) the corresponding ideal class group. More generally, we can take c ≥ 1 any
integer conductor for which there exists a ring class extension k[c] of conductor c over k, noting that such
an extension always exists when k is an imaginary quadratic field. Hence, writing Oc = Z + cOk to denote
the Z-order of conductor c in k, we consider the corresponding ring class group C(Oc) ∼= Gal(k[c]/k), where

C(Oc) := A×k /k
×k×∞Ô

×
c .(3)

For each class A ∈ C(Oc), we fix an integer ideal representative a ⊂ Ok of A = [a], together with a Z-basis
[αa, za]. We write aQ = a⊗Z Q to denote the corresponding fractional ideal. We write Qa(z) = Nk/Q(z)/Na
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to denote the corresponding norm form,

Qa(z) =
Nk/Q(z)

Na
=

zzτ

[Ok : a]
, τ 6= 1 ∈ Gal(k/Q).

Definition 2.1. Fix k a quadratic field, and c ≥ 1 any integer for which there exists a ring class extension
k[c] of conductor c over k, which is always the case if either k is imaginary quadratic or c = 1. For each
class A ∈ C(Oc), we fix an integer ideal representative a = [1, za] with corresponding fractional ideal aQ. We
then consider the rational quadratic space (VA, QA) of signature (2, 2) defined by

VA = aQ ⊕ aQ and QA(z1, z2) = Qa(z1)−Qa(z2).

It is easy to see by inspection that the spaces (VA, QA) have signature (2, 2) in either case on k. We shall
also consider the subspaces (U,QU ) = (UA, QUA) given by projection to the second component of (VA, QA),

UA = aQ and QA(z2) = −Qa(z2).

Hence, (UA, QUA) is a negative definite subspace of signature (0, 2) of (VA, QA) if k is an imaginary quadratic
field, and (UA, QUA) is a Lorentzian subspace of signature (1, 1) of (VA, QA) if k is a real quadratic field.

2.2. Spin groups. Given (V,Q) any rational quadratic space of signature (n, 2), we consider its general spin
group GSpin(V ). Hence, GSpin(V ) is a reductive algebraic group over Q, and sits in a short exact sequence

1 −→ Gm −→ GSpin(V ) −→ SO(V ) −→ 1.

To be more precise, let C(V ) denote the Clifford algebra of V , given by the quotient C(V ) = T (V )/I(V )
of the tensor algebra T (V ) =

⊕
m≥0 V

⊗m by the two-sided ideal I(V ) generated by elements of the form

v ⊗ v −Q(v) for v ∈ V . There is a Z/2Z-grading

C(V ) = C0(V )⊕ C1(V ),

where C0(V ) denotes the even subalgebra generated by even numbers of vectors, and C1(V ) denotes the odd
subalgebra generated by odd numbers of vectors. We refer to the discussion in [3, §2.2-2.3]. To summarize,
multiplication by −1 defines an isometry on V , which by the universal property for C(V ) induces a canonical
automorphism J : C(V )→ C(V ). The even Clifford group can be characterized equivalently as the invariant
subalgebra C0(V ) = {v ∈ C(V ) : J(v) = v}. There is also the canonical involution given by

tC(V ) −→ C(V ), (x1 ⊗ · · · ⊗ xm)t := xm ⊗ · · · ⊗ x1,

and a (non-multiplicative) Clifford norm

NC(V ) : C(V ) −→ C(V ), NC(V )(x) := txx.

We then define the Clifford group

GC(V ) =
{
x ∈ C(V ) : x invertible and xV J(x)−1 = V

}
,

the general spin group

GSpin(V ) = GC(V ) ∩ C0(V ),

and the special spin group

Spin(V ) =
{
x ∈ GSpin(V ) : NC(V )(x) = 1

}
.

Writing v1 · · · vm for simplicity to denote the element of C(V ) represented by v1 ⊗ · · · ⊗ vm (for vi ∈ V ), we
fix an orthogonal basis v1, . . . vn+2 of the space V , and define from this the volume form δV := v1 · · · vn+2.

Proposition 2.2. Let (V,Q) be any rational quadratic space of signature (n, 2), with C(V ) = C0(V )⊕C1(V )
its corresponding Clifford algebra, and GSpin(V ) = GC(V ) ∩ C0(V ) its corresponding spin group.

(i) The centre Z(C(V )) of C(V ) is given by

Z(C(V )) =

{
Q if n+ 2 ≡ 0 mod 2

Q + δV Q if n+ 2 ≡ 1 mod 2,
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and the centre Z(C0(V )) of C0(V ) is given by

Z(C0(V )) =

{
Q + δV Q if n+ 2 ≡ 0 mod 2

Q if n+ 2 ≡ 1 mod 2.

(ii) If n = 2 so that dimV = 4, with orthogonal basis v1, . . . v4 and δV = v1 · · · v4, then C0(V ) is
isomorphic to the quaternion algebra (−Q(v1)Q(v2),−Q(v2)Q(v3)) over Z(C0(V )) = Q + δV Q.

(iii) If n ≤ 2 so that dimV = n+ 2 ≤ 4, then we have natural identifications

GSpin(V ) =
{
x ∈ C0(V ) : NC(V ) ∈ Q×

}
and Spin(V ) =

{
x ∈ C0(V ) : NC(V ) = 1

}
.

(iv) For each of the rational quadratic spaces (VA, QA) of signature (2, 2) described in Definition 2.1, we
have exceptional isomorphisms C0(VA) ∼= M2(Q), GSpin(VA) ∼= GL2

2, and Spin(VA) ∼= SL2
2.

(v) In the setup of (iv), we define for each integer N ≥ 1 the lattice LA ⊂ VA whose adelization LA(N)⊗Ẑ
is fixed under the action of GSpin(VA)(Af ) ∼= GL2(Af ) via conjugation by

StabGSpin(VA)(Af )(LA(N)⊗ Ẑ) ∼= K0(N)⊕K0(N).

Here, K0(N) ⊂ GL2(Ẑ) denotes the congruence subgroup of level N ,

K0(N) =

{(
a b
c d

)
∈ GL2(Ẑ) : c ≡ 0 mod N

}
.

Proof. For (i), see [3, Theorem 2.6]. For (ii), see [3, Example 2.10]. For (iii), see [3, Lemma 2.14]. For (iv), see
[16, Proposition 2.3] or [17, Proposition 3.3 (ii)]; compare this with the distinct quadratic spaces of signature
(2, 2) described in [3, § 2.7] and [4, § 6.1]. To sketch the proof, we take the (non-orthogonal) basis

w1 = (αa, 0) , w2 = (za, 0) , w3 = (0, αa) , w4 = (0, za) .

and compute the determinant d(VA) = det((wi, wj))i,j of the Gram matrix ((wi, wj))i,j to be a square

d(VA)

=
2NK/Q(αa)

Na

∣∣∣∣∣∣∣
2NK/Q(za)

Na 0 0

0 − 2NK/Q(αa)

Na −TrK/Q(zaα
τ
a)

Na

0 −TrK/Q(zaα
τ
a)

Na − 2NK/Q(za)

Na

∣∣∣∣∣∣∣
−

TrK/Q(zaα
τ
a)

Na

∣∣∣∣∣∣∣
TrK/Q(zaα

τ
a)

Na 0 0

0 − 2NK/Q(αa)

Na −TrK/Q(zaα
τ
a)

Na

0 −TrK/Q(zaα
τ
a)

Na − 2NK/Q(za)

Na

∣∣∣∣∣∣∣
=

4NK/Q(zaαa)

Na2

(
4NK/Q(zaαa)

Na2
−

TrK/Q(zaα
τ
a)2

Na2

)
−

TrK/Q(zaα
τ
a)2

Na2

(
4NK/Q(zaαa)

Na2
−

TrK/Q(zaα
τ
a)2

Na2

)
=

(
4NK/Q(zaαa)

Na2
−

TrK/Q(zaα
τ
a)2

Na2

)2

≡ 1 ∈ Q×/(Q×)2.

The determinant d(VA) = 1 ∈ Q×/(Q×)2 does not depend on the choice of basis. It defines the discriminant
of the quadratic space (VA, QA). In particular, we deduce that the quadratic space (VA, QA) is split. Using

the relation δ2
VA

= (−1)
4
2 2−4d(VA) ∈ Q×/(Q×)2 (see [3, Remark 2.5]), we deduce that Z(C0(VA)) = Q.

Since dimQ C
0(VA) = 8 and C(VA)⊗R ∼= C2,2 = C(R2,2) ∼= M4(R), we deduce that C0(VA) ∼= B×A ⊕B

×
A for

some indefinite quaternion algebra BA defined over Q. Using that d(VA) = 1 ∈ Q×/(Q×)2, we deduce that
BA ∼= M2(Q) is the matrix quaternion algebra of discriminant d(BA) = 1. For (v), see [16, Corollary 2.4] or
[17, Corollary 3.4]. The lattice LA(N) is characterized by the fact that it is stabilized under the action of
R(N)× ⊕R(N)×, where R(N) ⊂ B ∼= M2(Q) denotes the Eichler order of level N . �
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2.3. Spin Shimura varieties. Let D(V ) = {z ⊂ V ⊗R : dim(z) = 2, Q|z < 0} denote the Grassmannian
of oriented negative definite hyperplanes of V ⊗ R. Hence, D(V ) has two connected components D±(V ).
We fix one throughout. Note that D(V ) has a complex structure, and determines a hermitian symmetric
domain (see e.g. [3, § 2.4]). Fix a lattice L ⊂ V , which determines a compact open subgroup K = KL

of GSpin(V )(Af ) uniquely. We write XK = ShK(GSpin(V ), D(V )) to denote the corresponding Shimura
variety, with complex points given by

XK(C) = GSpin(V )(Q)\D(V )×GSpin(V )(Af )/K.

Hence, XK is a quasiprojective variety of dimension n over its reflex field Q. Fix {h} any set of representatives
for the finite space GSpin(V )(Q)\GSpin(V )(Af )/K, we have the decomposition into connected components

XK(C) =
∐
h

Γh\D(V ), Γh := GSpin(V )(Q) ∩ hKh−1.(4)

Later, we take n = 2, so that D±(V ) ∼= H2, and XK determines a quaternionic Hilbert modular surface
defined over Q. In particular, for each of the rational quadratic spaces (VA, QA) of Definition 2.1 and
Proposition 2.2 (iv) with lattice LA ⊂ VA described in Proposition 2.2 (v), we have KLA

∼= K0(N)2 so that

XKLA
(C) ∼= GL2(Q)2\D±(VA)×GL2(Af )2/K0(N)2 ∼= Y0(N)2.(5)

2.3.1. Zero cycles. Let (V0, Q0) be any rational quadratic subspace of signature (0, 2), associated to an

imaginary quadratic field k = k(V0) of discriminant dk and character ηk(·) = (dk· ). The corresponding spin
group GSpin(V0) sits in a short exact sequence

1 −→ Gm −→ GSpin(V0) −→ SO(V0) −→ 1,

and we can identify GSpin(V0)(A)/GSpin(V0)(Q) ∼= A×k /k
×. Fixing an embedding k ↪→ C, we can view

V0⊗R as an oriented hyperplane in V⊗R, and hence as a point z0 = z±0 in the GrassmannianD(V ) = D±(V ).
Writing L0 = V0∩L for the corresponding lattice, with K0 = KL0 = KL∩GSpin(V0)(Af ) the corresponding
compact open subgroup, we have a zero-cycle Z(V0) ⊂ XK with complex points given by

Z(V0)(C) = GSpin(V0)(Q)\{z±0 } ×GSpin(V0)(Af )/K0.(6)

2.3.2. Special divisors. Given a vector x ∈ V with Q(x) > 0, let D(V )x = {z ∈ D(V ) : (x, z) = 0} denote
the complement. We have for each coset µ ∈ L∨/L and m ∈ Q>0 a divisor Z(µ,m) ⊂ XK , whose complex
points Z(µ,m)(C) can be described in terms of the decomposition (4) as

Z(µ,m)(C) =
∐
h

Γh

∖ ∐
x∈µh+Lh
Q(x)=m

D(V )x

 .

Here, the µh ∈ L∨h/Lh denote cosets of the discriminant group of the lattice Lh given by Lh ⊗ Ẑ = hL⊗ Ẑ.

2.4. Real geodesic cycles. We shall also consider Lorentzian subspaces (W,QW ) associated to real qua-
dratic fields. That is, let W ⊂ V be a rational quadratic space of signature (1, 1). Such a space determines

a real quadratic field k = k(W ) of discriminant dk and character ηk(·) = (dk· ). Write LW = W ∩ L for the
corresponding lattice, with KW = KLW = KL ∩GSpin(W )(Af ) the corresponding compact open subgroup.
The corresponding spin group GSpin(W ) sits in a short exact sequence

1 −→ Gm −→ GSpin(W ) −→ SO(W ) −→ 1,

and we can identify the adelic quotient GSpin(W )(A)/GSpin(W )(Q) ∼= A×k /k
×.

We consider the corresponding domain D(W ) = {z ⊂ W ⊗ R : dim(z) = 1, QW |z < 0} or oriented
hyperbolic lines, and select a connected component D±(W ). Fixing a basepoint zW = z±W ∈ D±(W ), we
then consider the finite set G(W ) defined by the finite double quotient space

G(W ) = GSpin(W )(Q) GSpin(W )(Af )/KW .(7)
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For each class [h] ∈ G(W ) of this set represented by an element h ∈ GSpin(W )(Af ), we consider the
corresponding symmetric domain defined by

Ch = Γh\D(W ), Γh := GSpin(W )(Q) ∩ hKWh
−1.

We then consider the corresponding real geodesic cycle

G(W ) :=
∐

[h]∈G(W )
h∈GSpin(W )(Af )

Ch =
∐

[h]∈G(W )
h∈GSpin(W )(Af )

Γh\D(W ).

2.5. Modular forms. We shall work with the following vector-valued and meromorphic modular forms.

2.5.1. Hermitian metrics, meromorphic modular forms, and Petersson norms on XK . Recall that D(V ) has
the structure of a hermitian symmetric domain, and is isomorphic (see e.g. [3], [12]) to the quadric

Q− = {w ∈ V (C) : (w,w) = 0, (w,w) < 0} /C× ⊂ P(V (C)).

Let LD(V ) denote the restriction to D(V ) ∼= Q− of the tautological line bundle on P(V (C)). Since the

action of O(V )(R) on V (C) induces an action of the connected component of the identity GSpin(V )+(R)
on LD(V ), we have a holomorphic line bundle

L = GSpin(V )(Q)\
(
LD(V ) ×GSpin(V )(Af )/K

)
−→ XK .

This line bundle is known to be algebraic, with a canonical model over Q, and to be compatible with respect
to the decomposition into connected components (4). We define a hermitian metric hL on LD(V ) by the rule

hL(w1,2 ) = −1

2
(w1, w2) .

This metric is invariant under the action of O(V )(R), and descends to the holomorphic line bundle L.
Recall that we also have the following tube domain model for D(V ) ∼= Q−. Fix a Witt decomposition

V (Q) = W ⊕Qe1 + Qe2

with (e1, e2) = 1 and (e1, e1) = (e2, e2) = 0. Here, the basis vectors e1, e2 span a hyperbolic plane with
orthogonal complement W . The subspace W ⊂ V has signature (n− 1, 1), and we consider its negative cone

CW = {y ∈W (R) : (y, y) < 0} .

Then, D(V ) ∼= Q−1 is isomorphic to the tube domain

H(V ) = {z ∈W (C) : y = (z) ∈ CW } .

To be more explicit, the isomorphism is given by the composition of the map

H(V ) −→ V (C), z 7−→ w(z) := z + e1 −Q(z)e2

with the projection to Q−. The latter map z 7→ w(z) can be viewed as a nowhere vanishing section on LD(V ).
This section has norm given by

||w(z)||2 = −1

2
(w(z), w(z)) = −(y, y) =: |y|2.

Given any h ∈ GSpin(V )(R), we have that

h · w(z) = w(hz)j(h, z)

for a holomorphic automorphy factor

j : GSpin(V )(R)×D(V ) −→ C×

The meromorphic sections of L⊗l for any l ∈ 1
2Z can be viewed as functions

Ψ : D(V )×GSpin(V )(Af ) −→ C

satisfying the natural transformation properties

• Ψ(z, hk) = Ψ(z, h) for all k ∈ K,
• Ψ(γz, γh) = j(γ, z)l ·Ψ(z, h) for all γ ∈ GSpin(V )(Q).
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Under the decomposition (4) into geometrically connected components, such a section corresponds to a
vector (ΨΓh(·, ·))h of meromorphic functions, with each component factoring through Γh\D(V ). We call
such a function Ψ a meromorphic modular form of weight l on XK . In this setting, we define the Petersson
norm of the section (z, h) 7−→ Ψ(z, h) · w(z)⊗l associated to Ψ by the formula

||Ψ(z, h)||2 = |Ψ(z, h)|2|y|2l.
The Borcherds products we describe below give examples of such meromorphic modular forms on XK .

2.5.2. The Weil representation and spaces of Schwartz functions. Let ψ = ⊗vψv denote the standard additive
character of A/Q, with archimedean component ψ∞(x) = e(x) = exp(2πix). Fix (L,Q) a quadratic module
of signature (n, 2) as above, with V = L⊗Q the corresponding space. We consider the Weil representation

ωL = ωL,ψ : Mp(A) −→ Aut (S(V (A)))

of the two-fold metaplectic cover Mp2(A) of Sp2(A) ∼= SL2(A) acting on the space of Schwartz-Bruhat
functions S(V (A)). For the linear action of GSpin(V )(Af ), we write ωL(h)Φ(x) = Φ(h−1x) for S(V (Af )).

Remark 2.3. Note that if n is even, so that dimQ(V ) = n+ 2 is even, then ωL factors through SL2(A).

Let SL ⊂ S(V (A)) denote the subspace of functions supported on L∨ ⊗ Ẑ which are constant on L⊗ Ẑ.
Note that this space is finite dimension, with a natural basis of characteristic functions{

1µ = char
(
µ+ L⊗ Ẑ

)
: µ ∈ L∨/L

}
so that SL

∼= C[L∨/V ]. Note as well that S(V (Af )) can be realized as a direct limit S(V (Af )) = lim−→L
SL.

2.5.3. Vector-valued modular forms. Write Γ = SL2(Z), with Γ′ its full inverse image in Mp2(R) We call a
function f : H −→ SL a weakly holomorphic form of weight l ∈ 1

2Z and type ωL for Γ′ if

• f(γ′τ) = (cτ + d)lωL(γ′)f(τ) for all γ′ = (γ, ε) =

((
a b
c d

)
, ε

)
∈ Γ′

• f is meromorphic at the cusp: It has a Fourier series expansion

f(τ) =
∑

µ∈L∨/L

∑
m�−∞

cf (µ,m)e(mτ)1µ

with only a finite number of nonzero coefficients cf (µ,m) with m < 0 negative.

We write M !
l (ωL) to denote this space of weakly holomorphic forms, with S!

l(ωL) ⊂M !
l (ωL) the subspace of

cuspidal forms having vanishing constant coefficients cf (µ, 0) = 0.

2.6. Siegel theta series. For each coset h ∈ GSpin(V )(Af )/K, we have a Siegel theta function

θL(τ, z, h) : H×D(V ) −→ SL
∼= C[L∨/L]

following the constructions of [2] and [6]. As a function in the Grassmannian variable z ∈ D(V ), this
function is Γh-invariant, and hence factors through the corresponding connected component in (4). As a
function in the complex variable τ = u + iv ∈ H, it determines a non-holomorphic vector-valued modular
form θL ∈ Hn

2−1(ω∨L) of weight n/2− 1 and representation ω∨L.

2.6.1. Explicit definition. For any decomposable ϕ = ⊗vϕv ∈ S(V ⊗A), we define the theta kernel

θ(g′, h;ϕ) =
∑

x∈V (Q)

(ωL(g,′ h))ϕ(x), g′ ∈ Mp2(A), h ∈ GSpin(V )(A).

Note that the Weil representation ωL factors through the symplectic group Sp2(A) ∼= SL2(A) if the dimension
dim(V ) = n+ 2 is even, equivalently if the positive dimension n is even.

We make the following choice of archimedean local Schwartz function ϕ∞ ∈ S(V ⊗R). Given an oriented
hyperplane z ∈ D(V ), we define the corresponding majorant

(x, x)z = (xz⊥ , xz⊥)− (xz, xz), x ∈ V (R).

We then consider the function ϕ∞ = ϕ∞(·, z) ∈ S(V ⊗R) defined by the Gaussian

ϕ∞(x, z) = exp (−(x, x)z) , x ∈ V (R).
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Note that ϕ∞(hx, hz) = ϕ∞(x, z) for all h ∈ GSpin(V )(R) = GSpin(n, 2)(R). To use this choice of Schwartz
function for the theta kernel, we first fix a basepoint z0 ∈ D(V ), then for any other point z ∈ D(V ) write
hz ∈ GSpin(V )(R) to denote the element for which hzz0 = z. Note that this implies the relation

ωL(hz)ϕ∞(·, z) = ϕ∞(·, z).

We then define the corresponding theta kernel

θL(g′, h;ϕf ) = θ(g′, h, ϕ∞(·, z0)⊗ ϕf ) ϕf = ⊗v<∞ϕv ∈ S(V ⊗Af ).

To describe this in classical terms, we first descend to the Poincaré upper-half plane H using the Iwasawa
decomposition for Mp2(R). Hence, we write g′τ = (gτ , 1) ∈ Mp2(R) for the image of the mirabolic matrix

gτ =

(
1 u
0 1

)(
v

1
2 0

0 v−
1
2

)
∈ SL2(R)

associated to a point τ = u+ iv ∈ H. Given any finite adelic point hf ∈ GSpin(V )(Af ), we then define

θL(τ, z, hf , ϕf ) := θL(g′τ , hzhf , ϕf ).

As explained in [6, §2], we can use explicit formulae for ωL to derive the Fourier series expansion

θL(τ, z, hf , ϕf ) = v
∑

x∈V (Q)

e (Q(xz⊥)τ +Q(xz)τ)⊗ ϕf (h−1
f x).

As a function in τ = u+ iv ∈ H, this theta series can be viewed as a nonholomorphic vector-valued form of
weight (n− 2)/2 = n/2− 1 and representation ω∨L.

Remark 2.4. We shall henceforth write h = hf and hence θL(τ, h, ϕf ) = θL(τ, hf , ϕf ) to simplify notations,
as the implicit choice of basepoint z0 ∈ D(V ) constrains the archimedean component hz ∈ GSpin(V )(R).

We make the following choices of nonarchimedean local Schwartz function ϕf ∈ S(V ⊗Af ). Given a coset
µ in the finite abelian discriminant group L∨/L, we write

1µ = char
(
µ+ L⊗ Ẑ

)
∈ S(V ⊗Af )

to denote the corresponding characteristic function for the adelization of L. We then consider the theta series

(8)
θL(τ, z, h) = θL(τ, z, hf ) :=

∑
µ∈L∨/L

θL(τ, z, hf ,1µ)1µ = v
∑

µ∈L∨/L

∑
x∈V (Q)
x∈hfµ

e (Q(xz⊥)τ +Q(xz)τ) 1µ.

2.7. Regularized theta lifts and Borcherds products. Fix f ∈M !
1−n/2(ωL) a weakly holomorphic form

of weight 1− n/2 and representation ωL. We write its Fourier series expansion as

f(τ) =
∑

µ∈L∨/L

∑
m∈Q
m�−∞

cf (µ,m)e(mτ)1µ.

We define the corresponding regularized theta lift Φ(f, z, h) for z ∈ D(V ) and h = hh ∈ GSpin(V )(Af ) by

(9) Φ(f, z, h) =

∫ ?

F
〈f(τ), θL(τ, z, h)〉〉dµ(τ) := CTs=0

 lim
T→∞

∫
FT

〈f(τ), θL(τ, z, h)〉〉v−sdµ(τ)

 .

This notation denotes the constant term in the Laurant series expansion around s = 0 of the function

lim
T→∞

∫
FT

〈〈f(τ), θL(τ, z, h)〉〉v−sdµ(τ),

where each FT denotes the truncation to T

FT =
{
τ = u+ iv ∈ H,−1/2 ≤ u ≤ 1/2, u2 + v2 ≥ 1, v < T

}
of the standard fundamental domain F for the action of SL2(Z) on H.
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Theorem 2.5 (Borcherds). There exists for each weakly holomorphic modular form f ∈ M !
1−n/2(ωL) with

integral Fourier coefficients cf (µ,m) ∈ Z for each m < 0 a meromorphic modular form

Ψ(f, z, h) : D(V )×GSpin(V )(Af ) −→ Q

of weight cf (0, 0)/2 and divisor

Div(Ψ(f)2) = Z(f) :=
∑

µ∈L∨/L

∑
m∈Q
m>0

cf (µ,−m)Z(µ,m)

which is related to the regularized theta lift Φ(f, z, h) by the formula

Φ(f, z, h) = −2 log ||Ψ(f, z, h)||2 − cf (0, 0) (2 log ||y||+ Γ′(1)) .

Proof. See [2, Theorem 13.3] or [12, Theorem 1.3]. That the Borcherds product Ψ(f, ·) takes algebraic values
is deduced from the theorem of Howard and Madapusi-Pera [10, Theorem 9.1.1]. �

2.8. Langlands Eisenstein series and the Siegel-Weil formula. We describe the Langlands Eisenstein
series that occur as sums of the Siegel theta functions (8). Here, we suppose more generally that (V,Q) is any
rational quadratic space of signature (p(V ), q(V )) and even dimension dim(V ) = p(V ) + q(V ) ≡ 0 mod 2.
We fix L ⊂ V an integral lattice with corresponding Weil representation ωL = ωL,ψ. We then write D(V )
for the corresponding space of oriented negative definite q(V )-planes, as in [5].

2.8.1. The Siegel-Weil formula. Let P ⊂ SL2 denote the parabolic subgroup of upper triangular matrices,
with Levi decomposition P = MN for M the diagonal (maximal reductive) subgroup and N the unipotent
subgroup. Here, we write the elements as

M =

{
m(a) =

(
a 0
0 a−1

)
, a ∈ Gm

}
and N =

{
n(b) =

(
1 b
0 1

)
, b ∈ Ga

}
.

Writing K∞ = SO2(R) to denote maximal compact subgroup of SL2(R), we have the Iwasawa decomposition

SL2(A) = N(A)M(A)K∞K.(10)

Let χV denote the idele class character of Q determined by the Hilbert symbol (·, ·)A on A× by the rule

χV (x) =
(
x, (−1)

dim(V )
2 det(V )

)
A
.

Here, det(V ) denotes the determinant of the Gram matrix of V . Let I(s, χV ) denote the principal series
representation of SL2(A) induced by the quasicharacter χV (·)| · |s for s ∈ C. Hence, I(s, χV ) consists of the
smooth functions Φ(g, s) on SL2(A) which for all a ∈ A× and b ∈ A satisfy the transformation property

Φ(n(b)m(a)g, s) = χV (a)|a|s+1Φ(g, s)

The group SL2(A) acts on the space I(s, χV ) by right translations. Writing

s0 = s0(V ) :=
dim(V )

2
− 1,

we also have an SL2(A)-intertwining map defined by

λ : S(V ⊗A) −→ I(s0, χV ), ϕ = ⊗vϕv 7−→ λ(ϕ) := (ωL(g)ϕ) (0).

Recall that a section Φ(·, s) ∈ I(s, χV ) is said to be standard if its restriction to K∞K does not depend
on the complex variable s ∈ C. Given any standard section Φ(s) ∈ I(s, χV ), we consider the corresponding
Eisenstein series defined (first for <(s) > 1) by

E(g, s; Φ) =
∑

γ∈P (Q)\ SL2(Q)

Φ(γg, s).

This series converges absolutely for <(s) > 1. It also satisfies the Langlands functional equation, relating
E(g, s; Φ) to E(g,−s,M(s)Φ), from which it acquires an analytic continuation to a meromorphic function of
s ∈ C. Via the Iwasawa decomposition (10), we see for any decomposable Schwartz function ϕ ∈ S(V ⊗A)
that the corresponding image λ(ϕ) ∈ I(s0, χV ) under the SL2(A)-intertwining map λ has a unique extension
λ(ϕ, s) to I(s, χV ) for which the specialization λ(ϕ, s0) = λ(ϕ).
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Theorem 2.6 (Siegel-Weil). Let (V,Q) be any anisotropic rational quadratic space of even dimension. Let
L ⊂ V be any integral lattice with Weil representation ωL, and let ϕ ∈ S(V ⊗ A) be any decomposable
Schwartz function. The corresponding Eisenstein series E(g, s;λ(ϕ)) is holomorphic at the point

s = s0 = s0(V ) :=
dim(V )

2
− 1,

and moreover given at this point s = s0 by a sum over the corresponding theta series θ(g, h;ϕ) as

E(g, s0;λ(ϕ)) =
κ

2

∫
SO(V )(Q)\ SO(V )(A)

θ(g, h;ϕ)dh, κ =

{
2 if dim(V ) ≤ 2

1 otherwise.

Here, dh denotes the Tamagawa measure on SO(V )(A).

Proof. The result is well-known and classical, see e.g. [12, Theorem 4.1]. �

Let l ∈ Z be any integer. Let χl denote the character of K∞ = SO2(R) defined by

χl(kθ) = eilθ, kθ =

(
cos θ sin θ
− sin θ cos θ

)
∈ K∞.

Let Φl∞(s) ∈ I(s, χV,∞) denote the standard section for which

Φl∞(kθ, s) = χl(kθ) = eilθ,

equivalently by (10) for which

Φl∞(n(b)m(a)kθ, s) = χV (a)|a|s+1eilθ

for all b ∈ A, a ∈ A×, and kθ ∈ K∞. Applying λ∞ to ϕ∞(·z) ∈ S(V ⊗R) as defined above, we obtain

Corollary 2.7. Fix z ∈ D±(V ). We have the Siegel-Weil formula

EL(τ, s0;n/2− 1) =
κ

2

∫
SO(V )(Q)\ SO(V )(Af )

θL(τ, z, h)dh.

2.8.2. Subspaces associated to quadratic fields. We now apply this to the rational quadratic subspace (U,QU )
of dimension 2 and signature (p(U), q(U)). We shall be most interested in certain negative definite spaces
(U,QU ) = (V0, Q0) associated to imaginary quadratic fields k = k(V0), as well as in certain Lorentzian spaces
(U,QU ) = (W,QW ) of signature (1, 1) associated to real quadratic fields k = k(W ).

To fix ideas, let (V0, Q0) be a rational quadratic space of signature (0, 2) and integral lattice L0 ⊂ V0.
Fixing a basepoint z0 ∈ D±(V0), Corollary 2.7 gives us the relation

EL0
(τ, 0;−1) =

∫
SO(V0)(Q)\ SO(V0)(Af )

θL0
(τ, z0, h)dh.(11)

Let (W,QW ) be a Lorentzian quadratic space of signature (1, 1) and integral lattice LW ⊂ W . Fixing a
basepoint zW ∈ D±(W ), Corollary 2.7 gives us the relation

ELW (τ, 0; 0) =

∫
SO(W )(Q)\ SO(W )(Af )

θLW (τ, zW , h)dh.(12)

We now gather some important facts about these Eisenstein series EL0(τ, s;−1) and ELW (τ, s; 0) for later.
Writing U to denote either of the quadratic spaces V0 or W , with LU the corresponding integral lattice, let
k(U) the corresponding quadratic field of discriminant dk and character ηk(·) = (dk· ). Let

ELU (τ, s) =

{
EL0

(τ, s;−1) if (LU , QU ) = (L0, Q0) is negative definite

ELW (τ, s; 0) if (LU , QU ) = (W,QW ) is Lorentzian.
(13)
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Theorem 2.8. Suppose the quadratic space (LU , QU ) corresponds to an integral ideal a ⊂ Ok for the

corresponding quadratic field k = k(U) of discriminant dk and character ηk(·) = (dk· ), with QU (z) = ±Qa(z)
for Qa(z) = Nk/Q(z)/Na = zzτ/Na for τ 6= 1 ∈ Gal(k/Q) the corresponding norm form. Writing

Λ(s, ηk) = |dk|
s
2 ΓR(s+ 1)L(s, ηk), ΓR(s) := π−

s
2 Γ
(s

2

)
to denote the completed Dirichlet L-function of ηk, the completion

E?LU (τ, s) := Λ(s+ 1, ηk)ELU (τ, s)

of the (coherent) Eisenstein series ELU (τ, s) satisfies the symmetric functional equation

E?LU (τ, s) = E?LU (τ,−s).

Proof. The result is a standard consequence of the Langlands functional equation. Cf. [6, Proposition 2.5] for
the preimage EL0

(τ, s; 1) under the weight-raising operator R1. This operator switches invariants at infinity,
giving an incoherent Eisenstein series EL0(τ, s; 1) which matches the natural (coherent) Eisenstein series
EL0(τ, s;−1) = R1EL0(τ, s; 1) at all the finite places. In particular, we can derive the functional equation by
a minor adaptation of the proof given in [6, Proposition 2.5], without switching invariants at infinity. �

3. Rankin-Selberg L-functions

Let us now suppose that (V,Q) is a rational quadratic space of signature (2, 2) with integral lattice
L ⊂ V . We fix a subspace U ⊂ V of dimension 2 as in the discussion above, writing LU ⊂ L to denote the
corresponding lattice, with L⊥U ⊂ L its complement with respect to the inner product determined by Q. Fix

f(τ) =
∑

µ∈L∨/L

fµ(τ)e(mτ) =
∑

µ∈L∨/L

∑
m∈Q
m�−∞

cf (µ,m)e(mτ)1µ ∈ S!
0(ωL)

a weakly holomorphic cusp form of weight zero and representation ωL. Hence, the scalar-valued functions
fµ(τ) are meromorphic modular forms for some congruence subgroup Γ0(N) of SL2(Z) determined by the
level of the lattice L. Note that the Fourier coefficients cf (µ,m) have exponential growth here; see e.g. [13,
Lemma 2.5], which gives a detailed argument for weight 1. For this reason, the corresponding Dirichlet series∑

m≥1

cf (µ,m)m−s =
∑
m≥1

cfµ(m)m−s

does not converge in any half plane, and we must consider the L-series of f(τ) in a regularized sense.

3.1. Rankin-Selberg L-functions of vector-valued forms. Consider the Eisenstein series ELU (τ, s)
described in Theorem 2.8 above. We also consider the corresponding Siegel theta series θL⊥U (τ) = θL⊥U (τ, 1, 1).

When (U,QU ) = (V0, Q0) is a negative definite space, the orthogonal complement V ⊥0 ⊂ V0 (and hence L⊥0 )
is positive definite, and θL⊥0 (τ) is holomorphic of weight one. We write its Fourier series expansion as

θL⊥0 (τ) =
∑

µ∈(L⊥0 )∨/L⊥0

∑
x∈V ⊥0 (Q)

e (Q0(x)τ) 1µ =
∑

µ∈(L⊥0 )∨/L⊥0

∑
m≥0

rL⊥0 (µ,m)e(mτ)1µ.

When (U,QU ) = (W,QW ) is Lorentzian, the orthogonal complement L⊥W of the signature (1, 1) sublattice
LW ⊂ L again has signature (1, 1), and the theta series θL⊥W (τ) is nonholomorphic of weight zero. Fixing a

basepoint z0 ∈ D(W⊥), we write its Fourier series expansions as

θL⊥W (τ) = v
∑

µ∈L∨W /LW

∑
x∈W⊥(Q)

e
(
QW (xz⊥0 )τ +QW (xz0)τ

)
1µ.

To describe either of the Siegel theta series for our later calculations, we write

θL∨U (τ) =

{
θL⊥0 (τ) ∈M1(ω∨

L⊥0
) if (LU , QU ) = (L0, Q0) is negative definite

θL⊥W (τ) ∈ A0(ω∨
L⊥W

) if (LU , QU ) = (W,QW ) is Lorentzian.
(14)
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We consider the Rankin-Selberg L-function of f(τ) ∈ S!
0(ωL) times this Siegel theta series θL⊥U (τ),

L(s, f × θL⊥U ) = 〈f, θL⊥U ⊗ ELU (·, s)〉 :=

∫ ?

F
〈〈f(τ), θL⊥U (τ)⊗ ELU (τ, s)〉〉dµ(τ), <(s) > 1.(15)

Note that this is not defined as a Dirichlet series, but rather as a regularized Petersson inner product. Here,
ELU (τ, s) denotes the Eisenstein series defined in (13) above, and we take the regularized integral∫ ?

F
〈〈f(τ), θL⊥U (τ)⊗ ELU (τ, s)〉〉dµ(τ) = CTw=0

 lim
T→∞

∫
FT

〈〈f(τ), θL⊥U (τ)⊗ ELU (τ, s)〉〉v−wdµ(τ)

 .

To be more precise, we have the following variant of Rankin-Selberg convolution here.

Proposition 3.1. The L-function defined first for s ∈ C with <(s)� 1 by the regularized integral

L(s, f × θL⊥W ) =

∫ ?

F
〈〈f(τ), θL⊥U (τ)⊗ ELU (τ, s)〉〉dµ(τ).

has an analytic continuation

L?(s, f × θL⊥U ) := Λ(s+ 1, ηk)L(s, f × θL⊥U ) = 〈f, θL⊥U ⊗ E
?
LU (·, s)〉 :=

∫
F

〈〈f(τ), θL⊥U (τ)⊗ E?LU (τ, s)〉〉dµ(τ)

(16)

to all s ∈ C, and inherits from the completed Eisenstein series E?LU (τ, s) the symmetric functional equation

L?(s, f × θL⊥U ) = L?(−s, f × θL⊥U ).(17)

In this way, L(s, f × θL⊥U ) has an analytic continuation L?(s, f × θL⊥U ) to an entire function of s ∈ C.

Proof. Assume first that LU = L0 is a negative definite lattice, with corresponding holomorphic theta series
θL⊥0 (τ). We first consider the formal (divergent) Dirichlet series expansion

Ldiv(s, f × θL⊥0 ) := (4π)−( s−2
2 )Γ

(
s− 2

2

)∑
m≥1

∑
µ∈(L⊥0 )∨/L⊥0

cf (µ,m)rL⊥0 (µ,m)m−( s−2
2 ).(18)

We have the constant coefficient formula

CT〈〈fL⊥0 +0(τ), θL⊥0 (τ)⊗ 1L0+0〉〉 =

1∫
0

〈〈fL⊥0 +0(u+ iv), θL⊥0 (u+ iv)⊗ 1L0+0〉〉du

=
∑

λ∈(L⊥0 )∨/(L⊥0 )

∑
m�−∞

cf (λ,m)e(miv)
∑
n≥0

rL⊥0 (λ, n)e(niv)

1∫
0

e(nu−mu)du

=
∑

λ∈(L⊥0 )∨/(L⊥0 )

∑
m≥0

cf (λ,m)rL⊥0 (λ,m)e(2miv) =
∑

λ∈(L⊥0 )∨/(L⊥0 )

∑
m≥1

cf (λ,m)rL⊥0 (λ,m)e−4πmv.

Opening up the gamma function in (18), we can then make the formal calculation

Ldiv(s, f × θL⊥0 ) =

∞∫
0

∑
λ∈(L⊥0 )∨/(L⊥0 )

∑
m�−∞

cf (λ,m)rL⊥0 (λ,m)e−4πmvv
s−2
2 dv

=

∞∫
0

1∫
0

〈〈fL⊥0 +0(u+ iv), θL⊥0 (u+ iv)⊗ 1L0+0〉〉v
s−2
2 dudv

=

∫∫
Γ∞\H

〈〈fL⊥0 +0(τ), θL⊥0 (τ)⊗ 1L0+0〉〉v
s+2
2 dµ(τ).
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Here (cf. [9, § IV.1]), we write

Γ∞ =

{
±
(

1 r
0 1

)
: r ∈ Z

}
.

This group acts on H via fractional linear transformation. Writing F = {τ ∈ H,−1/2 ≤ <(τ) ≤ 1/2, ττ ≥ 1}
again to denote the standard fundamental domain for the action of Γ = SL2(Z) on H, and γ a set of right
coset representatives of Γ∞\Γ, we obtain a fundamental domain

⋃
γ F for this action Γ∞\H. Using this in

the expression above, together with the automorphy of the fL⊥0 +0(τ) ∈M !
0(ωL⊥0 ) and the θL⊥0 (τ) ∈M1(ω∨

L⊥0
),

we can unfold for any s ∈ C with <(s) > 1 to find the regularized integral expression

(19)

Ldiv(s, f × θL⊥0 ) =

∫∫ ?

Γ∞\H
〈〈fL⊥0 +0(τ), θL⊥0 (τ)⊗ 1L0+0〉〉v

s+2
2 dµ(τ)

=
∑

γ∈Γ∞\Γ

∫ ?

γF
〈〈fL⊥0 +0(τ), θL⊥0 (τ)⊗ 1L0+0〉〉v

s+2
2 dµ(τ)

=
∑

γ∈Γ∞\Γ

∫ ?

F
〈〈fL⊥0 +L0

(γτ), θL⊥0 (γτ)⊗ ω−1
L0

(γ)1L0+0〉〉=(γτ)
s+2
2 dµ(τ)

=

∫ ?

F
〈〈fL⊥0 +L0

(τ), θL⊥0 (τ)⊗

 ∑
γ∈Γ∞\Γ

[
=(τ)

s+2
2 10

] ∣∣∣
−1,ωL0

γ

〉〉dµ(τ)

=

∫ ?

F
〈〈fL0⊕L⊥0 (τ), θL⊥0 (τ)⊗ EL0(τ, s;−1)〉〉dµ(τ)

= CTw=0

 lim
T→∞

∫
FT

〈〈fL0⊕L⊥0 (τ), θL⊥0 (τ)⊗ EL0
(τ, s;−1)〉〉v−wdµ(τ)

 .

In this way, we can view this regularized theta integral as giving an integral presentation for the divergent
Dirichlet series (18). We can then deduce the stated analytic continuation that of the Eisenstein series
EL0

(τ, s;−1) in this regularized integral presentation.
Assume now that LU = LW is a Lorentzian lattice of signature (1, 1), with corresponding nonholomorphic

theta series θL⊥W (τ). Recall that we fix a basepoint z0 ∈ D(W⊥). Note that W⊥R = z0 ⊕ z⊥0 . Note as well

that for any vector x ∈ W⊥(Q), writing xz0 and xz⊥0 to denote the corresponding projections, we have

x = xz0 + xz⊥0 and Q(x) = Q(xz0) + Q(xz⊥0 ). Here, we write Q = QW to simplify notations. Using these

facts, we first compute the corresponding constant coefficient

CT〈〈fL⊥W+0(τ), θL⊥W (τ)⊗ 1LW+0〉〉 =

∫ 1

0

〈〈fL⊥W+0(u+ iv), θL⊥W (u+ iv)⊗ 1LW+0〉〉du

= v
∑

λ∈(L⊥W )∨/L⊥W

∑
m�−∞

cf
L⊥
W

+0
(λ,m)e(miv)

∑
x∈W⊥(Q)

x∈λ+L⊥
W

e
(
Q(xz⊥0 )iv −Q(xz0)iv

)∫ 1

0

e
(
−mu+Q(xz⊥0 )u+Q(xz0)u

)
du

= v
∑

λ∈(L⊥W )∨/L⊥W

∑
m�−∞

cf
L⊥
W

+0
(λ,m)e(miv)

∑
x∈W⊥(Q)

x∈λ+L⊥
W

e
(
Q(xz⊥0 )iv −Q(xz0)iv

)∫ 1

0

e (−mu+Q(x)u) du

= v
∑

λ∈(L⊥W )∨/L⊥W

∑
x∈λ+L⊥W

cf
L⊥
W

+0
(λ,Q(x))e

(
−Q(x)iv +Q(xz⊥0 )iv −Q(xz0)iv

)
= v

∑
λ∈(L⊥W )∨/L⊥W

∑
x∈λ+L⊥W

cf
L⊥
W

+0
(λ,Q(x))e (−2Q(xz0)iv) = v

∑
λ∈(L⊥W )∨/L⊥W

∑
x∈λ+L⊥W

cf
L⊥
W

+0
(λ,Q(x))e4πQ(xz0 )v.
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Note that since z0 ∈ D(W⊥) = {z ⊂ W⊥R : dim(z) = 1, Q|z0 < 0}, we have Q(xz0) < 0 for each summand.
We consider the corresponding divergent Dirichlet series, unfolding formally as before to find the relation

Ldiv(s, f × θL⊥W ) := (4π)−(n−3
2 )Γ

(
s− 3

2

) ∑
λ∈(L⊥W )∨/L⊥W

∑
m≥1

cf (λ,m)rL⊥W (λ,m)m−( s−3
2 )

=

∞∫
0

∑
λ∈(L⊥W )∨/L⊥W

∑
m≥1

cf (λ,m)rL⊥W (λ,m)e−4πmvv
s−3
2 dv

=

∫ ?

F
〈〈fL⊥W+0(τ), θL⊥W (τ)⊗ 1LW+0〉〉v

s+1
2 dµ(τ).

Unfolding the regularized integral, we then find, analogously to the CM case, that we have the presentation

(20)

Ldiv(s, f × θL⊥W ) := (4π)−(n−3
2 )Γ

(
s− 3

2

) ∑
λ∈(L⊥W )∨/L⊥W

∑
m≥1

cf (λ,m)rL⊥W (λ,m)m−( s−3
2 )

=

∫ ?

F
〈〈fL⊥W+0(τ), θL⊥W (τ)⊗ 1LW+0〉〉v

s+1
2 dµ(τ)

=

∫∫ ?

Γ∞\H
〈〈fL⊥W+0(τ), θL⊥W (τ)⊗ 1LW+0〉〉=(τ)

s+1
2 dµ(τ)

=
∑

γ∈Γ∞\Γ

∫ ?

γF
〈〈fL⊥W+0(τ), θL⊥W (τ)⊗ 1LW+0〉〉=(τ)

s+1
2 dµ(τ)

=
∑

γ∈Γ∞\Γ

∫ ?

F
〈〈fL⊥W+LW (γτ), θL⊥W (γτ)⊗ ω−1

LW
(γ)1LW+0〉〉=(γτ)

s+1
2 dµ(τ)

=

∫ ?

F
〈〈fL⊥W+LW (τ), θL⊥W (τ)⊗

 ∑
γ∈Γ∞\Γ

[
=(τ)

s+1
2 10

] ∣∣∣
0,ωLW

〉〉dµ(τ)

=

∫ ?

F
〈〈fL⊥W+LW (τ), θL⊥W (τ)⊗ ELW (τ, s; 0)〉〉dµ(τ).

Again, we deduce the claimed analytic continuation from that of the Langlands Eisenstein series ELW (τ, s; 0)
in the regularized integral presentation of Ldiv(s, f × θL⊥W ). �

We shall relate the central value L(0, f × θL⊥0 ) in the negative definite setting U = V0 to a sum over the

zero cycle Z(V0) ⊂ XK and the central value L(0, f × θL⊥W ) in the Lorentzian setting U = W to a sum over

the geodesic set G(W ) of the corresponding Borcherds product Ψ(f, ·).

3.2. Relation to classical Rankin-Selberg L-functions. We have the following relation to classical
Rankin-Selberg L-functions of weakly holomorphic modular forms φ ∈M !

0(Γ0(N)) times Hecke theta series
θ(χ) associated to ring class characters χ of quadratic fields. Here, we generalize the discussion in [16, §6].

3.2.1. Hecke theta series. Let k = k(U) be a quadratic field with integers Ok and class group C(Ok). We

again write dk to denote the discriminant, and ηk(·) = (dk· ) the corresponding character. Fix a Z-order
Oc = Z + cOk of some conductor c ≥ 1 (assumed to exist). We write C(Oc) to denote the corresponding
ring class group, as described in (3) above. We can associate to each class A = [a] ∈ C(Oc) a corresponding
partial theta series θA(τ), then to each ring class character χ : C(Oc) −→ C× a theta series

θ(χ)(τ) =
∑

A∈C(Oc)

χ(A)θA(τ) ∈Ml(k)(Γ0(|c2dk|), ηk), l(k) =

{
1 if k is imaginary quadratic

0 if k is real quadratic
.(21)
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To describe this more precisely, let wk = #µ(k) denote the number of roots of unity. Hence, if k is imaginary
quadratic, then wk = #O×k by Dirichlet’s unit theorem. In this case, we define the partial theta series

θA(τ) =
1

wk

∑
λ∈a

e (Qa(λ)τ) =
∑

m∈Z≥0

rA(m)e(mτ),

where rA(m) denotes the counting function

rA(m) =
1

wk
·# {λ ∈ a : Qa(λ) = m} .

Hecke showed that each partial theta series θA(τ) ∈ M1(Γ0(|c2dk|), ηk) is a modular form of weight 1, level
Γ0(|c2dk|), and character ηk. If k is a real quadratic field, then O×k ∼= Z× µ(k) = 〈εk〉 × µ(k) by Dirichlet’s
unit theorem, where εk denotes the fundamental unit. In this case, we first fix a fundamental domain a? for
the action of O×k /µ(k) = 〈εk〉 on a ⊂ k∞ ∼= R2. In this case, we define the partial theta series

θA(τ) =
1

wk

∑
λ∈a?

e (Qa(λ)τ) =
∑

m∈Z≥0

rA(m)e(mτ),

where rA(m) denotes the counting function

rA(m) =
1

wk
·# {λ ∈ a? : Qa(λ) = m} .

Hecke showed that each of the partial theta series θA ∈ A0(Γ0(c2dk), ηk) is a (nonholomorphic) modular
form of weight 0, level Γ0(c2dk), and character ηk.

3.2.2. Classical Rankin-Selberg L-functions. Let us now consider the corresponding Rankin-Selberg L-function
L(s, φ × θ(χ)) of φ ∈ S!

0(Γ0(N)) of a weakly holomorphic modular function for Γ0(N) against the Hecke
theta series θ(χ) described in (21) above. Again, we must interpret these in a regularized sense.

Suppose more generally that S!
l(φ)(Γ0(N)) is any weakly holomorphic cusp form of weight l(φ) ≥ 0 on

Γ0(N). We write its Fourier series expansion as

φ(τ) =
∑

m�−∞
cφ(m)e(mτ) =

∑
m�−∞

aφ(m)m
l(φ)−1

2 e(mτ) ∈ S!
l(φ)(Γ0(N))

so that its standard L-function Λ(s, φ) = L∞(s, h)L(s, h) corresponds to the formal Dirichlet series expansion

Ldiv(s, φ) :=
∑
m≥1

aφ(m)m−s =
∑
m≥1

cφ(m)m−(s+ l(φ)−1
2 ).

Consider the theta series θ(χ)(τ) ∈Ml(k)(Γ0(|c2dk|), ηk) from (21), writing its Fourier series abstractly as

θ(χ)(τ) =
∑

m�−∞
cθ(χ)(m)e(mτ) =

∑
m�−∞

aθ(χ)(m)m
l(k)−1

2 e(mτ).

We consider the standard L-function

Λ(s, φ× θ(χ)) = L∞(s, φ× θ(χ))L(s, φ× θ(χ))

associated to such a φ and θ(χ), which can be defined as an Euler product in terms of the corresponding
GL2(A)-automorphic representations, and again requires a suitable regularization. That is, the underlying
Euler product over finite primes L(s, φ× θ(χ)) corresponding to the divergent Dirichlet series

Ldiv(s, φ× θ(χ)) := (4π)−(s+l(k)−3)Γ (s+ l(k)− 3)
∑
m≥1

cφ(m)

 ∑
A∈C(Oc)

χ(A)rA(m)

m−(s+l(k)−3)

has an analytic continuation Λ(s, φ× θ(χ)) to all s ∈ C, and satisfies a symmetric functional equation

Λ(s, φ× θ(χ)) = ε(s, φ× θ(χ))Λ(1− s, φ× θ(χ)).

For each class A ∈ C(Oc), we let (VA, QA) denote the quadratic space of Definition 2.1 above. Fixing an
integer N ≥ 1, we let LA = LA(N) ⊂ VA denote the lattice corresponding to K0(N)2 under the exceptional
isomorphism GSpin(VA) ∼= GL2

2, as described in Proposition 2.2 (v) above.
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Proposition 3.2. Let φ ∈ M !
0(Γ0(N)) be any weakly holomorphic form of weight zero for Γ0(N). Given

any class A ∈ C(Oc) with corresponding quadratic lattice (LA, QA) = (LA(N), QA) described by Definition
2.1 and Proposition 2.2 (v), there exists a unique lifting f(τ) = fφ,A(τ) ∈ M !

0(ωLA) of φ to a vector-valued
weakly holomorphic form of weight zero and representation ωLA . Explicitly, it is given by the expansion

f(τ) = fφ,A(τ) =
∑

γ∈Γ0(N)\ SL2(Z)

cγφ|0(γτ), cγ := ωLA(γ)−1
∑

µ∈LA(N)∨/LA(N)

1µ.

Proof. This follows from [15, Theorem 5.2], applied to the quadratic lattice (LA(N), QA) of level N , square

discriminant d(VA), and trivial character χd(VA) = (d(VA)
· ), taking the isotropic group S0 = L∨A(N)/LA(N).

�

Conversely, to any weakly holomorphic modular form f(τ) ∈ M !
0(ωL) as considered above, we have a

canonical lift to a meromorphic modular function φ(τ) = φf (τ) ∈M !
0(Γ0(N)) of level N determined by the

level of the lattice L ⊂ V . According to [15], this lifting is given explicitly by the expansion

φ(τ) = φf (τ) =
∑

γ∈Γ0(N)\ SL2(Z)

[f(τ)10]
∣∣∣
0,ωL

γ ∈M !
0(Γ0(N)).

Proposition 3.3. Let φ ∈ S!
0(Γ0(N)) be any weakly holomorphic modular function of level Γ0(N) and trivial

character. Fix χ ∈ C(Oc)∨ a ring class character of conductor c ≥ 1 of a quadratic field k. Given any class
A ∈ C(Oc) with corresponding quadratic lattice (LA, QA) = (LA(N), QA) described above, let

fφ,A(τ) =
∑

µ∈L∨A/LA

∑
m�−∞

cfφ,A(µ,m)e(mτ)1µ ∈ S!
0(ω∨LA)

denote the lifting of φ to a vector-valued weakly holomorphic form of weight zero and representation ω∨LA , as
described in Proposition 3.2. We have the following equivalences of Rankin-Selberg L-functions.

(i) If k = k(U) = k(VA,0) is the imaginary quadratic field associated to a negative definite subspace
VA,0 ⊂ VA with lattice LA,0 = LA(N)∩VA,0, then we have an identification of completed L-functions

L?(2s− 2, fφ,A × θL⊥A,0) = Λ(s− 1/2, φ× θA)

for each class A ∈ C(Ok), and for each ring class character χ ∈ C(Oc)∨ the identification∑
A∈C(Oc)

χ(A)L?(2s− 2, fφ,A × θL⊥A,0) = Λ(s− 1/2, φ× θ(χ)).

(ii) If k = k(U) = k(WA) is the real quadratic field associated to a Lorentzian subspace WA ⊂ VA with
lattice LA,W = LA(N) ∩WA, then we have the identifications of completed L-functions

L?(2s− 2, fφ,A × θL⊥A,W ) = Λ(s− 1/2, φ× θA)

for each class A ∈ C(Oc), and for each ring class character χ ∈ C(Oc)∨ that∑
A∈C(Oc)

χ(A)L?(2s− 2, fφ,A × θL⊥A,W ) = Λ(s− 1/2, φ× θ(χ)).

Proof. Cf. [16, Proposition 6.6], [17, Corollary 4.18]. Fix a class A ∈ C(Oc). In each of the respective cases,
a direct comparison of the Fourier series expansions reveals that

〈〈fA,φ(τ), θL⊥A,0(τ)⊗ 1LA,0+0〉〉 = φA(τ)θA(τ)

and

〈〈fA,φ(τ), θL⊥A,W (τ)⊗ 1LA,W+0〉〉 = φA(τ)θA(τ).

Here, we drop the subscripts denoting restriction to the sublattice for the vector-values form fA,φ. The
deduction is then a direct consequence of the discussion above with regularized integral presentations.
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Let us suppose first that k = k(U) = k(VA,0) is an imaginary quadratic field associated to a negative
definite subspace VA,0 ⊂ VA. We have for each class A ∈ C(Oc) the corresponding partial theta series

θL⊥A,0(τ) =
∑

µ∈(L⊥A,0)∨/L⊥A,0

∑
m≥0

rL⊥A,0(µ,m)e(mτ)1µ ∈M1(ωL⊥A,0).

we consider the corresponding Rankin-Selberg L-function, defined first by the formal (divergent) series

Ldiv(s, fφ,A × θL⊥A,0) := (4π)−( s−2
2 )Γ

(
s− 2

2

) ∑
µ∈(L⊥A,0)∨/L⊥A,0

∑
m≥1

cfφ,A(µ,m)rL⊥A,0(µ,m)m−( s−2
2 ).

Note that

(L⊥A,0)∨/L⊥A,0
∼= d−1

k N−1a/N−1a ∼= d−1
k Ok/Ok,

and

rL⊥A,0(µ,m) =
1

wk
·#
{
λ ∈ µ+ L⊥A,0 : QA|L⊥A,0(λ) = m

}
=

1

wk
·#
{
λ ∈ µ+N−1a : Qa(λ) = m

}
.

We have the identification1 of counting functions∑
µ∈(L⊥A,0)∨/L⊥A,0

rL⊥A,0(µ,m) =
1

wk
·#
{
λ ∈ N−1a : Qa(λ) = m

}
= rA(m).

Similarly, we deduce that we have the relation of Fourier coefficients∑
µ∈(L⊥A,0)∨/L⊥A,0

cfφ,A(µ,m) = cφ(m),

and more generally, that we have an identification of scalar-valued forms

〈〈fφ,A(τ), θL⊥A,0(τ)⊗ ELA,0(τ, s;−1)〉〉 = φA(τ)θA(τ)EA(τ, s;−1),

where EA(τ, s;−1) denotes the scalar-valued Eisenstein series determined by lifting ELA,0(τ, s;−1) ∈ H−1(ωLA,0).
By Proposition 3.1, we have the regularized integral presentation

Ldiv(s, fφ,A × θL⊥A,0) =

∫ ?

F
〈〈fφ,A(τ), θL⊥A,0(τ)⊗ ELA,0(τ, s;−1)〉〉dµ(τ).

We deduce that the completed L-function Λ(s, φA × θA) defined by the relation

Λ(s/2 + 3/4, φA × θA) := L?(s, fA,φ × θL⊥A,0) =

∫ ?

F
〈〈fφ,A(τ), θL⊥A,0(τ)⊗ E?LA,0(τ, s;−1)〉〉dµ(τ)

has an analytic continuation to all of s ∈ C, and satisfies the symmetric functional equation

Λ(s, φA × θA) = ε(s, φA × θA)Λ(1− s, φA × θA).

That is, we deduce that we have the identification of completed L-functions

L?(2s− 2, fφ,A × θL⊥A,0) = Λ(s− 1/2, φ× θA)

with ∑
A∈C(Ok)

χ(A)L?(2s− 2, gφ,A × θL⊥A,0) =
∑

A∈C(Ok)

χ(A)Λ(s− 1/2, φ× θA) = Λ(s− 1/2, φ× θ(χ)).

Suppose now that k = k(W ) = k(WA) is a real quadratic field associated to a Lorentzian subspace
WA ⊂ VA. We argue in the same way. That is, we first open the formal Dirichlet series expansion

Ldiv(s, fφ,A × θL⊥A,W ) :=
Γ
(
s−3

2

)
(4π)

s−3
2

∑
µ∈(L⊥A,W )∨/L⊥A,W

∑
m≥1

cfφ,A(µ,m)rL⊥A,W (µ,m)

m
s−3
2

.

1Here, we have [N−1a] = [(N−1)a] = [a] ∈ C(Oc).
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In this case, we have identifications

(L⊥A,W )∨/L⊥A,W
∼= d−1

k N−1a/N−1a ∼= d−1
k Ok/Ok,

and

rL⊥A,W (µ,m) =
1

wk
·#
{
λ ∈ µ+ L⊥A,W /〈εk〉 : QA|L⊥A,W (λ) = m

}
=

1

wk
·#
{
λ ∈ µ+N−1a? : Qa(λ) = m

}
so that ∑

µ∈(L⊥A,W )∨/L⊥A,W

rL⊥A,W (µ,m) =
1

wk
·#
{
λ ∈ N−1a? : Qa(λ) = m

}
= rA(m).

We also have ∑
µ∈(L⊥A,W )∨/L⊥A,W

cfφ,A(µ,m) = cφ(m)

and

〈〈fφ,A(τ), θL⊥A,W (τ)⊗ ELA,W (τ, s; 0)〉〉 = φ(τ)θA(τ)EA(τ, s; 0).

By Proposition 3.1, we have the regularized integral presentation

Ldiv(s, fφ,A × θL⊥A,W ) =

∫
F

〈〈fφ,A(τ), θL⊥A,W (τ)⊗ ELA,W (τ, s; 0)〉〉.

Again, we use this to deduce that the corresponding completed L-function Λ(s, φA × θA) defined by

Λ(s/2 + 3/4, φA × θA) := L?(s− 1/2, fφ,A × θL⊥A,W ) =

∫
F

〈〈fφ,A(τ), θL⊥A,W (τ)⊗ E?LA,W (τ, s; 0)〉〉

has an analytic continuation to all s ∈ C, and satisfies the symmetric functional equation

Λ(s, φA × θA) = ε(s, φA × θA)Λ(1− s, φA × θA).

That is, we deduce that we have the identification of completed L-functions

L?(2s− 2, fφ,A × θL⊥A,W ) = Λ(s− 1/2, φ× θA)

with ∑
A∈C(Oc)

χ(A)L?(2s− 2, fφ,A × θL⊥A,W ) =
∑

A∈C(Oc)

χ(A)Λ(s, φ× θA) = Λ(s, φ× θ(χ)).

�

4. Sums over zero cycles and geodesic sets as central values of L-functions

We now describe the central values of the Rankin-Selberg L-functions of Proposition 3.3 as finite sums of
Borcherds products of the weakly holomorphic functions fφ,A.

4.0.3. Conventions. We retain the setup described above, with (V,Q) a rational quadratic space of signature
(n, 2), and (U,QU ) a rational quadratic subspace of dimension 2 corresponding to a quadratic field k = k(U)

of discriminant dk and character ηk(·) = (dk· ). That is, U denotes either a negative definite subspace (V0, Q0)
associated to an imaginary quadratic field k = k(V0), or a Lorentzian subspace (W,QW ) associated to a real
quadratic field k = k(W ).
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4.1. General summation formulae. We now show the main summation formula (Proposition 4.4, Corol-
lary 4.5), a variation of the calculations of [13, Theorem 3.4], [6, Theorem 4.7], and [12], describing the
integral of Φ(f, z, h) along a zero cycle Z(V0) of XK when U = V0 is negative definite, or a variation of the
calculations in [16] and [17] describing the integral of Φ(f, z, h) along the geodesic set G(W ) when U = W
is Lorentzian. Hence, for f ∈ M !

0(ωL) any weakly holomorphic form of weight zero and representation ωL,
we compute the sums (1) and (2) defined above. Note that these sums run over the finite sets (6) and (7)
respectively. In each case, we fix a basepoint z = z±U ∈ D±(U). Although this section is largely expository, we
clarify the setup for the special case of n = 2 to relate the central values L(0, f × θL⊥U ) of the Rankin-Selberg

L-functions L(s, f × θL⊥U ) to the corresponding sums of the Borcherds products Ψ(f, ·). This relation does

not seem to appear elsewhere.

4.1.1. Rational splittings and decompositions of theta series. Recall that we fix an integral lattice L ⊂ V ,
and consider the corresponding Siegel theta series θL(τ, z, g) as a function of τ = u+ iv ∈ H, z ∈ D(V ), and
h ∈ GSpin(V )(Af )/K, for K = KL ⊂ GSpin(V )(Af ) the corresponding compact open subgroup. Writing
LU = U ∩L for the corresponding sublattice, we again write L⊥U ⊂ L to denote the orthogonal complement.

We consider the following restrictions of this theta series to the sublattice LU⊕L⊥U ⊂ L in our calculations.
Note that for this sublattice, we have the following natural decomposition of the Siegel theta series

θLU⊕L⊥U (τ, zU , hU ) = θLU (τ, zU , hU )⊗ θL⊥U (τ), θL⊥U (τ) := θL⊥U (τ, 1, 1)(22)

for any zU ∈ D(VU ) and hU ∈ GSpin(VU )(Af ). These determine Maass forms in the variable τ ∈ H. In
the negative definite case with LU = L0, the theta series θL0(τ) nonholomorphic, the theta series of the
complement θL⊥0 (τ) is holomorphic, and the tensor product is given more explicitly by

θL0(τ, z0, h0)⊗ θL⊥0 (τ) =
∑

µ∈L∨0 /L0

ν∈(L⊥0 )∨/L⊥0

θL0,µ(τ)θL⊥0 ,ν(τ)1µ+ν .

In the Lorentzian case with LU = LW , the theta series θLW (τ) is nonholomorphic, the theta series of the
complement θL⊥U (τ) is nonholomorphic, and the tensor product is given more explicitly by the expansion

θLW (τ, zW , hW )⊗ θL⊥U (τ) =
∑

µ∈L∨
W
/LW

ν∈(L⊥
W

)∨/L⊥
W

θLW ,µ(τ)θL⊥W ,ν(τ)1µ+ν .

We use the following standard result to argue that we can replace the Siegel theta series θL(τ, z, h)
appearing in the definition of the regularized theta lift Φ(f, ·) with that of the sublattice LU ⊕ L⊥U ⊂ L
described in (22). Suppose more generally that M ⊂ L is any sublattice of finite index. Observe that we
have the natural inclusions M ⊂ L ⊂ L∨ ⊂M∨ and hence L/M ⊂ L∨/M ⊂M∨/M . It follows that we have
natural inclusions Hl(ωL) ⊂ Hl(ωM ) for each weight l ∈ 1

2Z. To describe this more precisely, consider the
natural map

L∨/M −→ L∨/L, µ 7−→ µ.

Lemma 4.1. Fix a sublattice M ⊂ L of finite index. There is a natural restriction map

resL/M : Hl(ωL) −→ Hl(ωM ), f 7−→ fM

and a natural trace map

trL/M : Hl(ωM ) −→ Hl(ωL), g 7−→ gL

such that for all f ∈ Hl(ωL) and g ∈ Hl(ωM ) of any weight l ∈ 1
2Z, we have the identification

〈〈f(τ), gL(τ)〉〉 = 〈〈fM (τ), g(τ)〉〉.

These maps are given respectively as follows. For µ ∈M∨/M and f ∈ Hl(ωL), we have

fM,µ(τ) =

{
fµ(τ) if µ ∈ L∨/M
0 if µ /∈ L∨/M.
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For µ ∈ L∨/L and g ∈ HL(ωM ) with µ a fixed preimage of µ in L∨/M , we have

gLµ (τ) =
∑

ν∈L/M

gν+µ(τ).

Proof. See [6, Lemma 3.1]. �

As a consequence of this result, we see that θL = (θM )L, and in particular that we have for any harmonic
weak Maass form f ∈ H1−n/2(ωL) the identification of inner products

〈〈f(τ), θL(τ, z, h)〉〉 = 〈〈fM (τ), θM (τ, z, h)〉〉 = 〈fLU⊕L⊥U (τ), θLU⊕L⊥U (τ, z, h)〉〉.(23)

4.1.2. Normalizations of measures. Recall that we have the short exact sequences of algebraic groups

1 −→ Gm −→ GSpin(U) −→ SO(U) −→ 1.

Again, we can identify the spin group GSpin(U) with the torus k× = k(U)× determined by the quadratic
field k(U) associated to U , and SO(U) with the norm one elements k(1). Taking the finite adelic points
modulo the rational points of each term, we recover the Hilbert exact sequence

1 −→ Q×\A×f −→ k×\A×k,f −→ k(1)\A(1)
k −→ 1.(24)

Let us now fix the Haar measure dh = dh∞× dhf on SO(U) so that vol(SO(U)(Q)\ SO(U)(A)) = 2 with

vol(SO(U)(R) = 1. Fixing the Haar measure on A×f so that vol(Ẑ×) = 1 and vol(Q×\A×f ) = 1/2, we obtain

from the exact sequence (24) a choice a of Haar measure dhf on GSpin(U)(Af ) for which

vol(GSpin(U)(Q)\GSpin(U)(Af )) = vol(k×\A×k,f ) = vol(Q×\A×f ) · vol(k(1)\A(1)
k ) = 1.

Lemma 4.2. We have the following identifications of finite sums over the CM cycle Z(V0) and G(W ).

(i) If U = V0 is negative definite, then∫
SO(V0)(Q)\ SO(V0)(Af )

B(h)dh = vol(KT )
∑

GSpin(V0)(Q)\GSpin(V0)(Af )/KT

B(h).

In particular, we have the identification

Φ(f, Z(V0)) =
∑

(z,h)∈ZK(V0)(C)

Φ(f, z, h)

# Aut(z, h)
=

1

vol(K0)

∫
SO(V0)(Q)\ SO(V0)(Af )

Φ(f, z, h)dh.

(ii) If U = W is Lorentzian, then

Φ(f,G(W )) =
∑

[h]∈G(WA)

h∈GSpin(WA)(Af )

1

# Aut(h)

∫
CA,h=ΓA,h\D(WA)

Φ(f, z, h)dν(z)

=
1

vol(KW )

∫
SO(W )(Q)\ SO(W )(Af )

Φ(f, z, h)dh.

Proof. See [13, Lemma 2.13] and [6, Lemma 4.4] for (i), as well as [16, Lemma 5.9] and [17] for (ii). �

4.1.3. A simplified expression for the regularized theta lift. Fix f(τ) ∈M !
1−n2

(ωL) a weakly holomorphic form

of weight 1−n/2 and representation ωL. We consider its restriction fM (τ) to the sublattice M = L0⊕L⊥0 ⊂ L.
Recall that we consider the regularized theta integral defined on z ∈ D(V ) and h ∈ GSpin(V )(Af ) by

Φ(f, z, h) = CTs=0

 lim
T→∞

∫
FT

〈〈f(τ), θL(τ, z, h)〉〉v−sdµ(τ)

 .

We have the following more convenient limiting expression at points z0 ∈ D(V0).
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Proposition 4.3. Fix z = zU ∈ D(U). We have for any f ∈ H1−n/2(ωL) and h ∈ GSpin(V )(Af ) that

Φ(f, z, h) = lim
T→∞

[∫
FT
〈〈fLU⊕L⊥U (τ), θLU⊕L⊥U (τ, z, h)〉〉 dµ(τ)−A0 log T

]
.

Here, we write

A0 :=
∑

λ∈(L⊥U )∨/L⊥U

∑
x∈U⊥(Q)

x∈λ+L⊥
U

cfM (λ,−Q(x)).

Proof. See [12, Proposition 2.5]. We give a proof for the convenience of the reader. Starting with the definition
followed by (23), we have for the sublattice M = LU ⊕ L⊥U ⊂ L that

Φ(f, z, h) = CTs=0

 lim
T→∞

∫
FT

〈〈f(τ), θL(τ, z, h)〉〉v−sdµ(τ)


= CTs=0

 lim
T→∞

∫
FT

〈〈fM (τ), θM (τ, z, h)〉〉v−sdµ(τ)

 .

Observe that the function of s ∈ C defined by the integral∫
F1

〈〈fM (τ), θM (τ, z, h)〉〉v−sdµ(τ)

is holomorphic, and hence that

Φ(f, z, h) = CTs=0

 lim
T→∞

T∫
1

1/2∫
−1/2

〈〈fM (τ), θM (τ, z, h)〉〉v−sdµ(τ)

+

∫
F1

〈〈fM (τ), θM (τ, z, h)〉〉dµ(τ).

To describe the first term in this latter expression, let us write it as a limit of Mellin transforms

CTs=0

 lim
T→∞

T∫
1

1/2∫
−1/2

〈〈fM (τ), θM (τ, z, h)〉〉v−sdµ(τ)

 = CTs=0

 lim
T→∞

T∫
1

C(v, h)v−s
dv

v

 ,

where C(v, h) denotes the constant term in the Fourier expansion of v−1〈〈fM (τ), θM (τ, z, h)〉〉. Hence,

C(v, h) = v−1

∫ 1/2

−1/2

〈〈fM (τ), θM (τ, z, h)〉〉du = v−1

∫ 1/2

−1/2

∑
µ∈M∨/M

fM,µ(τ)θM,µ(τ, z, h)du

=

∫ 1/2

−1/2

∑
µ∈M∨/M

∑
m∈Q

cfM (µ,m)e(mτ)
∑

x∈V (Q)
x∈hµ

e (Q(xz⊥)τ +Q(xz)τ) du

=
∑

µ∈M∨/M

∑
m∈Q

cfM (µ,m)e(miv)
∑

x∈V (Q)
x∈hµ

e (Q(xz⊥)iv −Q(xz)iv)

∫ 1/2

−1/2

e (mu+Q(xz⊥)u+Q(xz)u) du

=
∑

µ∈M∨/M

∑
m∈Q

∑
x∈V (Q)
x∈hµ

m=−Q(x
z⊥ )−Q(xz)

cfM (µ,m)e (miv +Q(xz⊥)iv −Q(xz)iv)

=
∑

µ∈M∨/M

∑
x∈V (Q)
x∈hµ

cfM (µ,−Q(xz⊥)−Q(xz))e (−Q(xz⊥)iv −Q(xz)iv +Q(xz⊥)iv −Q(xz)iv)

=
∑

µ∈M∨/M

∑
x∈V (Q)
x∈hµ

cfM (µ,−Q(xz⊥)−Q(xz))e
4πQ(xz)v.
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We now make some observations. First, since z ∈ D(U) implies Q|z < 0, we see that the integral

lim
T→∞

∫ T

1

C(v, h)v−s
dv

v
=

∫ ∞
1

C(v, h)v−s
dv

v

converges absolutely. Here, we use the well-known bound

cfM (µ,m) = O
(
eC
√
|m|
)
∀ C > 0

for the Fourier coefficients cfM (µ,m) (see e.g. [13, Lemma 2.5]). Let us first consider the contributions from
the orthogonal terms x ∈ hµ with (x, z) = 0, equivalently xz = 0. These contribute the quantity

Cz⊥(v, h) :=
∑

µ∈M∨/M

∑
x∈V (Q)
x∈hµ

(x,z)=0

cfM (µ,−Q(xz⊥)−Q(xz))e
4πQ(xz)v =

∑
µ∈M∨/M

∑
x∈V (Q)
x∈hµ

cfM (µ,−Q(xz⊥)),

which we see does not depend on the variable v. Hence, this quantity factors out of the Mellin transform as

lim
T→∞

∫ T

1

Cz⊥(v, h)v−s
dv

v
=

∑
µ∈M∨/M

∑
x∈V (Q)
x∈hµ

cfM (µ,−Q(xz⊥)) · lim
T→∞

∫ T

1

v−s
dv

v
,

with

lim
s→0

(
lim
T→∞

∫ T

1

Cz⊥(v, h)v−s
dv

v

)
=

∑
µ∈M∨/M

∑
x∈V (Q)
x∈hµ

cfM (µ,−Q(xz⊥)) · lim
T→∞

log(T )

= CT〈〈fLU⊕L⊥U (τ), θdg

L⊥U
(τ, 1, 1)⊗ 10+LU 〉〉 · lim

T→∞
log(T ) = A0 · lim

T→∞
log(T ).

For the remaining non-orthogonal terms

Cz(v, h) :=
∑

µ∈M∨/M

∑
x∈V (Q)
x∈hµ

(x,z)6=0

cfM (µ,−Q(xz⊥)−Q(xz))e
4πQ(xz)v

with xz 6= 0, we argue as in [12, Proposition 2.5] that the integrals

βs+1(t) :=

∫ ∞
1

e−tvv−s
dv

v
, t ∈ R>1

converge for all values of s ∈ C and determine holomorphic functions at s = 0. That is, we now consider∫ T

1

C(v, h)v−s−1 dv =

∫ T

1

(Cz⊥(v, h) + Cz(v, h)) v−s
dv

v

=
∑

µ∈M∨/M

∫ T

1

∑
x∈hµ
x 6⊥z

cfM (−Q(x), µ)e4πvQ(xz)v−s−1 dv +
∑

µ∈M∨/M

∫ T

1

∑
x∈hµ
x⊥z

cfM (−Q(x), µ)v−s−1 dv.

Here, we can interchange
∫∞

1
and

∑
x6⊥z0 in the first term because βs+1(t) = O(e−t) as t → ∞. The last

term is a finite sum since cfM (m,µ) = 0 for all but finitely many m < 0, so we need only consider x ⊥ z
with bounded Q(x). It is equal to ∑

λ∈(L⊥U )∨/L⊥U

∑
x∈V (Q)
x∈hλ

cfM (−Q(x), λ)(1− T−s)s−1

For <s > 0, we have s−1(1−T−s)→ s−1 as T →∞, which has no constant term as a Laurent series. Hence,
the last term does not contribute to Φ(f, z, h).

Summing up, the previous paragraph shows that

lim
T→∞

∫ T

1

(C(v, h)−A0)v−s−1 dv =
∑

µ∈M∨/M

∑
x∈hµ
x 6⊥z

cfM (−Q(x), µ)βs+1(4πvQ(xz))
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is convergent and holomorphic at s = 0. Since

Φ(f, z, h) = CTs=0

(
lim
T→∞

∫ T

1

C(v, h)v−s−1 dv +

∫
F1

〈〈fM (τ), θm(τ, z, h)〉〉dµ(τ)

)
and

CTs=0

(
lim
T→∞

∫ T

1

C(v, h)v−s−1dv

)

= CTs=0

(
lim
T→∞

∫ T

1

(C(v, h)−A0)v−s−1 dv

)

=

∫ ∞
1

(C(v, h)−A0)v−1 dv (the integral is holomorphic)

= lim
T→∞

[∫ T

1

C(v, h)v−s−1 dv −A0 log T

]

= lim
T→∞

[∫
FT−F1

〈〈fM (τ), θM (τ, z, h)〉〉 dµ(τ)−A0 log T

]
,

we conclude that

Φ(f, z, h) = lim
T→∞

[∫
FT
〈〈fM (τ), θM (τ, z, h)〉〉 dµ(τ)−A0 log T

]
.

�

Putting the pieces together, we derive the following

Proposition 4.4. Let (V,Q) be any rational quadratic space of signature (n, 2). Let L ⊂ V any integral
lattice with corresponding Weil representation ωL. Let f ∈ M !

1−n/2(ωL) be any weakly holomorphic form of

weight 1− n/2 and representation ωL.

(i) Given V0 ⊂ V any negative definite subspace with corresponding lattice L0 = V0 ∩ L and zero-cycle
Z(V0) ⊂ XK = XKL , we have the summation formula

Φ(f, Z(V0)) =
1

vol(K0)
· lim
T→∞

∫
FT

〈〈f(τ), θL⊥0 (τ)⊗ EL0
(τ, 0;−1)〉〉dµ(τ)−A0 log(T )

 .
Here,

A0 = CT〈〈f(τ), θL⊥0 (τ)⊗ 1L0
〉〉 =

∑
λ∈(L⊥0 )∨/L⊥0

∑
x∈V ⊥0 (Q)
x∈µ

cf
L0⊕L⊥0

(−Q(x), λ).

(ii) Given W ⊂ V any Lorentzian subspace with corresponding lattice LW = W ∩ L and geodesic set
G(W ), we have the summation formula

Φ(f,G(W )) =
1

vol(KW )
· lim
T→∞

∫
FT

〈〈f(τ), θL⊥W (τ)⊗ ELW (τ, 0; 0)〉〉dµ(τ)−A0 log(T )

 .
Here,

A0 =
∑

λ∈(L⊥W )∨/L⊥W

∑
x∈W⊥(Q)

x∈µ

cf
LW⊕L

⊥
W

(−Q(x), λ).
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Proof. Cf. [13, Theorem 3.4], [6, Lemma 4.6, Theorem 4.7], and [Corollary 5.11][16]. Starting with Lemma
4.2 (i), we have for that

Φ(f, Z(V0)) =
1

vol(K0)

∫
SO(V0)(Q)\ SO(V0)(Af )

Φ(f, z0, h)dh.

Evaluating the regularized theta lift using Proposition 4.3, then switching the order of summation of the
absolutely convergent integrals and applying the Siegel-Weil formula (11), we find that

Φ(f, Z(V0)) =
1

vol(K0)

∫
SO(V0)(Q)\ SO(V0)(Af )

lim
T→∞

∫
FT

〈〈f(τ), θL⊥0 (τ)⊗ θL0(τ, z0, h)〉〉dµ(τ)−A0 log(T )

 dh
=

1

vol(K0)
· lim
T→∞

∫
FT

〈〈f(τ), θL⊥0 (τ)⊗

 ∫
SO(V0)(Q)\ SO(V0)(Af )

θL0
(τ, z0, h)dh

〉〉dµ(τ)−A0 log(T )


=

1

vol(K0)
· lim
T→∞

∫
FT

〈〈f(τ), θL⊥0 (τ)⊗ EL0(τ, 0;−1)〉〉dµ(τ)−A0 log(T )

 .
This proves (i). Starting with Lemma 4.2 (ii), then applying the regularized integral formula of Proposition
4.3 and the corresponding Siegel-Weil formula (12), we deduce (ii) in the same way. �

We obtain the following equivalent formulation, after expressing the regularized theta lifts on the left-hand
sides in terms of the corresponding Borcherds products, and the limiting expressions on the right-hand sides
as regularized theta integrals with the corresponding Eisenstein series.

Corollary 4.5. Evaluating Φ(f, ·) in terms of its Borcherds product Ψ(·) via Theorem 2.5, we have

(i)

−
∑

(z,h)∈Z(V0)

(
2 log ||Ψ(f, z, h)||2 + cf (0, 0) (2 log ||y||+ Γ′(1))

)

=
1

vol(K0)
· lim
T→∞

∫
FT

〈〈f(τ), θL⊥0 (τ)⊗ EL0
(τ, 0;−1)〉〉dµ(τ)−

∑
λ∈(L⊥0 )∨/L⊥0

∑
x∈V ⊥0 (Q)
x∈µ

cf (−Q(x), λ) log(T )


=

1

vol(K0)
·
∫ ?

F
〈〈f(τ), θL⊥0 (τ)⊗ EL0

(τ, 0;−1)〉〉dµ(τ).

(ii)

−
∑

[h]∈G(WA)

h∈GSpin(WA)(Af )

1

# Aut(h)

∫
CA,h=ΓA,h\D(WA)

(
2 log ||Ψ(f, z, h)||2 + cf (0, 0) (2 log ||y||+ Γ′(1))

)
dν(z)

=
1

vol(KW )
· lim
T→∞

∫
FT

〈〈f(τ), θL⊥W (τ)⊗ ELW (τ, 0; 0)〉〉dµ(τ)−
∑

λ∈(L⊥W )∨/L⊥W

∑
x∈W⊥(Q)

x∈µ

cf (−Q(x), λ) log(T )


=

1

vol(KW )
·
∫ ?

F
〈〈f(τ), θL⊥W (τ)⊗ ELW (τ, 0; 0)〉〉dµ(τ).

Proof. By Theorem 2.5, we obtain from (i) the formula

Φ(f, Z(V0)) =
∑

(z,h)∈Z(V0)

Φ(f, z, h) =
∑

(z,h)∈Z(V0)

(
−2 log ||Ψ(f, z, h)||2 − cf (0, 0) (2 log ||y||+ Γ′(1))

)
.
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We then restate Proposition 4.4 in terms of this latter identity. We derive (ii) in the same way, after inter-
preting the real geodesic cycle G(W ) as an evaluation locus for the Borcherds product. �

4.2. Links to Rankin-Selberg central values for the case of n = 2. We now interpret Theorem 4.4
and Corollary 4.5 in the case of n = 2, where the spin Shimura variety XK is a quaternionic Hilbert modular
surface defined over Q. Here, we first obtain the following direct consequence of Proposition 3.1.

Theorem 4.6. Let (V,Q) be any rational quadratic space of signature (2, 2). Let L ⊂ V be any integral
lattice with corresponding Weil representation ωL. Let f ∈ S!

0(ωL) be any weakly holomorphic cusp form of
weight zero and representation ωL.

(i) Given any negative definite subspace V0 ⊂ V with corresponding sublattice L0 = V0 ∩ L and positive
definite complement L⊥0 ⊂ L, we have the following formula for the central value L(0, f × θL⊥0 ) of

the Rankin-Selberg L-function L(s, f × θL⊥0 ) described in Proposition 3.1 (i):

L(0, f × θL⊥0 ) = −2 vol(K0)
∑

(z0,h)∈Z(V0)

log ||Ψ(f, z0, h)||2.

(ii) Given any Lorentzian subspace W ⊂ V with corresponding sublattice LW = W ∩ L and complement
L⊥W ⊂ L, we have the following formula for the central value L(0, f × θL⊥W ) of the Rankin-Selberg

L-function L(s, f × θL⊥W ) described in Proposition 3.1 (ii):

L(0, f × θL⊥W ) = −2 vol(KW )
∑

[h]∈G(W )
h∈GSpin(W )(Af )

1

# Aut(h)

∫
CA,h=ΓA,h\D(WA)

log ||Ψ(f, z, h)||2dν(z).

Proof. By Corollary 4.5 (i) with Proposition 3.1, we have the relation

− 2
∑

(z0,h)∈Z(V0)

log ||Ψ(f, z0, h)||2

=
1

vol(K0)
· lim
T→∞

∫
FT

〈〈f(τ), θL⊥0 (τ)⊗ EL0
(τ, 0;−1)〉〉dµ(τ)−

∑
λ∈(L⊥0 )∨/L⊥0

∑
x∈V ⊥0 (Q)
x∈µ

cf (−Q(x), λ) log(T )


=

1

vol(K0)
·
∫ ?

F
〈〈f(τ), θL⊥0 (τ)⊗ EL0

(τ, 0;−1)〉〉dµ(τ) = L(0, f × θL⊥0 ).

By Corollary 4.5 (ii) with Proposition 3.1, we have the relation

− 2
∑

[h]∈G(W )
h∈GSpin(W )(Af )

1

# Aut(h)

∫
CA,h=ΓA,h\D(WA)

log ||Ψ(f, z, h)||2dν(z)

=
1

vol(KW )
· lim
T→∞

∫
FT

〈〈f(τ), θL⊥W (τ)⊗ ELW (τ, 0; 0)〉〉dµ(τ)−
∑

λ∈(L⊥W )∨/L⊥W

∑
x∈W⊥(Q)

x∈µ

cf (−Q(x), λ) log(T )


=

1

vol(K0)
·
∫ ?

F
〈〈f(τ), θL⊥W (τ)⊗ ELW (τ, 0; 0)〉〉dµ(τ) = L(0, f × θL⊥W ).

�

We obtain the following relation to central values of Rankin-Selberg L-functions via Proposition 3.3. Here,
we use the spaces (VA, QA) defined above, with negative definite subspaces VA,0 ⊂ VA when k = k(VA) is
imaginary quadratic, and Lorentzian subspaces WA ⊂ VA when k = k(VA) is real quadratic.

Theorem 4.7. Let φ ∈ S!
0(Γ0(N)) be any weakly holomorphic modular function of level Γ0(N) and trivial

character. Let χ ∈ C(Oc)∨ be a ring class character of conductor c ≥ 1 of a quadratic field k. Assume
that (N, cdk) = 1. We have the following expressions for the central value Λ(1/2, φ× θ(χ)) of the completed
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Rankin-Selberg L-functions Λ(s, φ× θ(χ)) = L∞(s, φ× θ(χ))L(s, φ× θ(χ)). Given any class A ∈ C(Oc) with
corresponding quadratic space (VA, QA) as described in Definition 2.1 and lattice (LA, QA) = (LA(N), QA)
as described in Proposition 2.2 (v), let

fφ,A(τ) =
∑

µ∈L∨A/LA

∑
m�−∞

cfφ,A(µ,m)e(mτ)1µ ∈ S!
0(ωLA)

denote the lifting of φ to a vector-valued weakly holomorphic form, as described in Lemma 3.2.

(i) If k = k(U) is an imaginary quadratic field, then have the central value formula

Λ(1/2, φ× θ(χ)) = −2Λ(1, ηk)
∑

A∈C(Oc)

χ(A) vol(KLA,0)
∑

(z0,h)∈Z(VA,0)

log ||Ψ(fφ,A, z0, h)||2.

(ii) If k = k(U) is a real quadratic field, then we have the central value formula

Λ(1/2, φ× θ(χ))

= −2Λ(1, ηK)
∑

A∈C(Oc)

χ(A) vol(KLWA
)

∑
[h]∈G(WA)

h∈GSpin(WA)(Af )

1

# Aut(h)

∫
CA,h=ΓA,h\D(WA)

log ||Ψ(fφ,A, z, h)||2dν(z).

Proof. We use Theorem 4.6 to evaluate the expression for the central value Λ(1/2, φ × θ(χ)) implied by
Proposition 3.3 in each case. �

Using the Dirichlet analytic class number formula

L(1, ηk) =


2πhk

wk
√
|dk|

if k is imaginary quadratic

2 ln(εk)hk√
dk

if k is real quadratic

to evaluate

Λ(1, ηk) = |dk|
1
2 ΓR(2)L(1, ηk) =

{
2πhk
wk

if k is imaginary quadratic

2 log(εk)hk if k is real quadratic
,

we obtain the following

Corollary 4.8. We have the following expressions for the central value Λ(1/2, φ × θ(χ)) of the completed
Rankin-Selberg L-functions Λ(s, φ× θ(χ)) = L∞(s, φ× θ(χ))L(s, φ× θ(χ)).

(i) If k = k(U) is an imaginary quadratic field, then have the central value formula

Λ(1/2, φ× θ(χ)) = −4πhk
wk

∑
A∈C(Oc)

χ(A) vol(KLA,0)
∑

(z0,h)∈Z(VA,0)

log ||Ψ(fφ,A, z0, h)||2.

(ii) If k = k(U) is a real quadratic field, then we have the central value formula

Λ(1/2, φ× θ(χ))

= −4 log(εk)hk
∑

A∈C(Oc)

χ(A) vol(KLWA
)

∑
[h]∈G(WA)

h∈GSpin(WA)(Af )

1

# Aut(h)

∫
CA,h=ΓA,h\D(WA)

log ||Ψ(fφ,A, z, h)||2dν(z)

5. Applications to periods

We obtain the following arithmetic applications of Theorem 4.7 (i) and Corollary 4.8 (i) for the CM case.
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5.1. Central values as periods. We derive the following consequence of Theorem 4.7 and Corollary 4.8,
using that the Borcherds products Ψ(f, z, h) are known to take algebraic values by [10, Theorem 9.1.1].

Theorem 5.1. The following central values of Rankin-Selberg L-functions lie in the ring of periods.

(a) Let (V,Q) be any rational quadratic space of signature (2, 2) with integral lattice L ⊂ V and Weil
representation ωL. Let f ∈ S!

0(ωM ) be any weakly holomorphic cusp form of weight 0 and type ωL
for Γ. Let L0 ⊂ L be any negative definite sublattice with orthogonal complement L⊥0 ⊂ L, and
let θL⊥0 (τ) = θL⊥0 (τ, 1, 1) be the corresponding (holomorphic) Siegel theta series. Then, the central

value L(0, f×θL⊥0 ) of the Rankin-Selberg L-function L(s, f×θL⊥0 ) described in Proposition 3.1 above

is a period, L(0, f×θL⊥0 ) ∈ P, as is the central value of the completed L-function L?(0, f×θL⊥0 ) ∈ P.

(b) Let φ ∈ S!
0(Γ0(N)) be a weakly holomorphic cusp form of weight zero for Γ0(N). Let k be any imag-

inary quadratic field of discriminant dk prime to N , let c ≥ 1 be any conductor prime to N , and let
χ ∈ C(Oc)∨ be any ring class character of k of conductor c. Let θ(χ) ∈M1(Γ0(|c2dk|), ηk) denote the
corresponding Hecke theta series. The central value Λ(1/2, φ× θ(χ)) of the completed Rankin-Selberg
L-function Λ(s, φ× θ(χ)) = L∞(s, φ× θ(χ))L(s, φ× θ(χ)) is a period, Λ(1/2, φ× θ(χ)) ∈ P.

Proof. The proofs of (a) and (b) follow from Theorem 4.7 (i) and Corollary 4.8 (i) respectively, using that
the Borcherds products appearing on the right-hand sides take algebraic values by [10, Theorem 9.1.1]. Here,
we use the fact that the sums defining the CM cycles Z(V0) and Z(VA,0) have finite cardinality, equal to
2hk. From this, we can deduce that the central values L(0, f × θL⊥0 ), L?(0, f × θL⊥0 ) and Λ(1/2, φ× θ(χ)) are

logarithms of algebraic numbers, and hence periods. �

5.2. Relation to Chowla-Selberg periods. Finally, we can also deduce the following refinement of Schofer
[13, Corollary 3.5 (ii)].

Theorem 5.2. Let k be an imaginary quadratic field of odd discriminant dk, character ηk, class number hk,
and number of roots of unity wk.

(a) Let (V,Q) be any rational quadratic space of signature (2, 2) with negative definite subspace V0 ⊂ V
corresponding to this k = k(V0). We fix an integral lattice L ⊂ V , writing L0 = V0 ∩ L for its image
in V0, and L⊥0 its orthogonal complement. Let θL⊥0 (τ) denote the corresponding holomorphic Siegel

theta series. Let f ∈ S!
0(ωL) be any weakly holomorphic cusp form of weight zero and type ωL for Γ.

The product over the CM cycle Z(V0) of the corresponding Borcherds product Ψ(f, ·) factorizes as

∏
(z,h)∈Z(V0)

||Ψ(f, z, h)||2 = α

(
(4πdk)−hk ·

dk−1∏
a=1

Γ

(
a

dk

)wkηk(a)
)CT〈〈f(τ),θ

L⊥0
(τ)⊗1L0+0〉〉

= α

(
(4πdk)−1 · e2·L

′(0,ηk)

L(0,ηk)

)hk·CT〈〈f(τ),θ
L⊥0

(τ)⊗1L0+0〉〉

for some rational number α = α(f, k) ∈ Q, where the transcendental factors on the right are related
to Shimura’s period invariants [14], [8], [19]. Taking logarithms of both sides, we deduce that

L(0, f × θL⊥0 ) = −2 vol(KLA,0)
∑

(z,h)∈Z(V0)

log ||Ψ(f, z, h)||2

= −2 vol(KLA,0) log

α((4πdk)−hk ·
dk−1∏
a=1

Γ

(
a

dk

)wkηk(a)
)CT〈〈f(τ),θ

L⊥0
(τ)⊗1L0+0〉〉


= −2 vol(KLA,0) log

(
α

(
(4πdk)−1 · e2·L

′(0,ηk)

L(0,ηk)

)hk·CT〈〈f(τ),θ
L⊥0

(τ)⊗1L0+0〉〉
)
.

(b) Let φ ∈ S!
0(Γ0(N)) be a weakly holomorphic modular form of weight zero for Γ0(N). Assume that

(N, dk) = 1, and let c ≥ 1 be a conductor prime to N . For each ring class A ∈ C(Oc), let (VA, QA)
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be the corresponding quadratic space defined in Definition 2.1, with LA = LA(N) ⊂ VA the integral
lattice defined in Proposition 2.2 (v). We have a canonical negative definite subspace VA,0 ⊂ VA with
lattice LA,0 = LA ∩ VA,0. Let fφ,A ∈ S!

0(ωLA) the lifting of φ to a vector-valued form by Proposition
3.2, with Ψ(fφ,A, ·) its corresponding Borcherds product. Let χ ∈ C(Oc)∨ be any ring class character
of k of conductor c, with corresponding Hecke theta series θ(χ) ∈ M1(Γ0(|c2dk|), ηk). We have the
central value formula for the Rankin-Selberg L-function Λ(s, φ×θ(χ)) = L∞(s, φ×θ(χ))L(s, φ×θ(χ)):

Λ(1/2, φ× θ(χ)) = −4πhk
wk

∑
A∈C(Oc)

χ(A) vol(KLA,0)
∑

(z0,h)∈Z(VA,0)

log ||Ψ(fφ,A, z0, h)||2.

= −4πhk
wk

∑
A∈C(Oc)

χ(A) vol(KLA,0) log

α(fφ,A, k)

(
(4πdk)−hk ·

dk−1∏
a=1

Γ

(
a

dk

)wkηk(a)
)CT〈〈fφ,A(τ),θ

L⊥
A,0

(τ)⊗1LA,0+0〉〉


= −4πhk
wk

∑
A∈C(Oc)

χ(A) vol(KLA,0) log

(
α(fφ,A, k)

(
(4πdk)−1 · e2·L

′(0,ηk)

L(0,ηk)

)hk·CT〈〈fφ,A(τ),θ
L⊥
A,0

(τ)⊗1LA,0+0〉〉
)
.

Proof. We deduce these results from [13, Corollary 3.5] via Theorem 4.7 for (a) and Corollary 4.8 for (b). �

References

[1] F. Andreatta, E.Z. Goren, B. Howard, and K. Madapusi Pera, Height pairings on orthogonal Shimura varieties, Compos.
Math. 153 (2017), 474-534.

[2] R. Borcherds, Automorphic forms with singularities on Grassmannians, Invent. math. 132 (1998), 491-562.
[3] J.H. Bruiner, Hilbert Modular Forms and Their Applications, in “The 1-2-3 of Modular Forms”, Lectures at a Summer

School in Nordfjordeid, Norway, Ed. Ranestad, Springer Universitext 2007.

[4] J.H. Bruinier, S. Ehlen, and T. Yang, CM values of higher automorphic Green functions for orthogonal groups, Invent.
math. 225 (2021), 693-785.

[5] J.H. Bruinier and J. Funke, On two geometric theta lifts, Duke Math. J. 125 (2004), 45-90.

[6] J.H. Bruinier and T. Yang, Faltings heights of CM cycles and derivatives of L-functions, Invent. math. 177 (2009), 631-681.
[7] S.S. Gelbart, Weil’s representation and the spectrum of the metaplectic group, Lecture Notes in Math. 530, Springer

(1976).

[8] B.H. Gross, On the periods of abelian integrals and a formula of Chowla and Selberg, Invent. math. 45 (1978), 193-211,
with appendix by David Rohrlich.

[9] B. Gross and D. Zagier, Heegner points and derivatives of L-series, Invent. math. 84 (1986), 225-320.

[10] B. Howard and K. Madapusi Pera, Arithmetic of Borcherds Products, Astérisque 421 (2020), 187-297.
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