REGULARIZED RANKIN-SELBERG CENTRAL L-VALUES AS SUMS OF
BORCHERDS PRODUCTS

ARTHUR GEHRKE AND JEANINE VAN ORDER

ABSTRACT. We study central values L(1/2, ¢px6(x)) of Rankin-Selberg L-functions of cuspidal modular units
¢ for I'o(N) times Hecke theta series () of ring class characters x of quadratic fields k, understood in a
regularized sense. In the case of k an imaginary quadratic field, we relate these values to twisted sums over CM
cycles of regularized theta lifts and Borcherds products on the square Xo(N)? of the modular curve Xo(N).
This yields expressions in terms of finite algebraic linear combinations of logarithms of algebraic numbers
(hence periods), and, more concretely, in terms of Chowla-Selberg periods, building on the work of Schofer
and Kudla. In the case of k a real quadratic field, we obtain an analogous expression for L(1/2, ¢ x 6(x)) as
a twisted linear combination of sums of regularized theta lifts evaluated along real geodesic cycles related
to the ideal class group of k.
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Fix an integer N > 1. Let ¢ € S3(I'o(N)) be a cuspidal modular unit for Ty(N), so a weakly holomorphic
cusp form of weight zero and trivial nebentype character for T'o(N). While there is vast classical literature on
the special values of these functions at CM points, the study of their L-functions and special values appear
to be somewhat more mysterious. Let k be a quadratic field of discriminant d; prime to N and character
ne(:) = (d—’“) Let x be a ring class character of k of conductor ¢ > 1 prime to NV, for instance a character of
the ideal class group C(Oy) = Gal(k[1]/k) (of conductor ¢ = 1). We consider the Rankin-Selberg L-function
L(s,¢ x 6(x)) of ¢ times the Hecke theta series 6(x) associated to x, which has an analytic continuation
A(s,¢ x 0(x)) = Loo(s, ¢ x 0(x))L(s,¢ x 6(x)) given in terms of a regularized Petersson inner product of ¢
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against 0(x)E*(s,-) for E*(s,-) the analytic continuation of a certain Eisenstein series. This relation, which
we describe below, implies that A(s, ¢ x 6(x)) satisfies a symmetric functional equation

As, ¢ x 0(x)) = (= N)|drc®N|""2A(1 — 5,6 x 0(x))

relating values at s to 1 — s, making s = 1/2 the central point. We derive the following expressions for the
central values A(1/2, ¢ x 0()) in terms of certain regularized theta lifts and Borcherds products on Xo(N)?,
in the spirit of the Eisenstein-Kronecker limit formula for elliptic curves with complex multiplication.

To fix ideas, let ¢ > 1 be an integer for which there is a ring class field k[c] of conductor ¢ over k (e.g. ¢ = 1),
and write O, = Z+ cOy, to denote the corresponding order of conductor ¢ = [Oy, : O.] the ring of integers Oy
of k. Fix x be any character of the corresponding ideal/ring class group C(O.) = Gal(k[c]/k). For each class
A € C(0.), we consider the following rational quadratic spaces (Va,Q4) of signature (2,2). Fix an integer
ideal representative of the class A = [a] with a C Of. Writing Ny ,q(x) = 227 for 7 # 1 € Gal(k/Q) to
denote the norm homomorphism Ny /q : & — Q, let Qa(x) = Ny, q(2)/Na denote the corresponding norm
form on k, where Na = [0}, : a] as usual denotes the absolute norm. Hence, viewed as a binary quadratic form
in the natural way, @, has signature (2,0) (positive definite) if k is an imaginary quadratic field, and has
signature (1, 1) if k is a real quadratic field. In either case, we obtain a rational quadratic space of signature
(2,2) by taking V4 to be the vector space over Q defined by aq ® aq (for aqg = a ®z Q the fractional ideal),
and quadratic form Q (21, 22) = Qa(z1) — Qu(22). We let (-,-) 4 to denote the corresponding inner product
determined by Q4. Writing GSpin(Vy) for the corresponding general spin group, this being a reductive
algebraic group over Q which sits in a short exact sequence

1— G,, — GSpin(Vy) — SO(V4) — 1,

we have an exceptional isomorphism of algebraic groups GSpin(V,4) = GL2 (Proposition 2.2 (iv)). We then
take Ly = L4(N) to be the integral lattice of V4 whose adelization L4 ® Z under the of GSpin(V4)(Ay)
by conjugation is fixed by the compact open subgroup Ky, = Ko(N)? C GSpin(Va)(Ay) = GLa(Af)?
(Proposition 2.2 (v)). We write LY to denote the dual lattice, with LY /L4 the corresponding (finite abelian)
discriminant group, and 1,, = char(u + La ® Z) the characteristic function of a coset y € LY /L 4. Writing
wr, to denote the corresponding Weil representation, we can associate to ¢ € Sj(To(V)) a lift

foa(r) = Z fu;d’,A(T)lu = Z Z Cf¢,A(:u7m>e(mT)1u € S!O(WLA)
uELY/La HELY /L g m>—00

to a weakly holomorphic form of weight zero and type wy, for I' = SLy(Z) (Proposition 3.2). Here, the
Fourier coefficients cy, , (1, m) are rational integers, given in terms of those of ¢.

We have the following regularized theta lifts ®(fy 4,-) and Borcherds products ¥(fs 4,-) associated to
these weakly holomorphic forms. We first describe the spaces on which these functions are defined. Let D(V}y)
denote the Grassmannian of oriented negative hyperplanes

D(Va) = {z € Va(R) : dim(2) = 2,Qul, < 0}.

Hence, D(V,) has the structure of a hermitian symmetric domain, with two connected components D¥(Vy),
each of which can be identified as the product of two copies of the Poincaré upper-half plane D(V4)* = $2.
We consider the corresponding spin Shimura variety Xg, = Yo(N)? with complex points given by

Xy, (C) = GSpin(Va)(Q)\D* (V) x GSpin(Va)(Ay)/ KL,
= GLy(Q)?\H? x GLa(A )2/ Ko(N)? = Yo(N)2.

Note that any rational quadratic subspace V4 o C V4 of signature (0,2) determines an oriented hyperplane
VaoR) = Zi,o € D(V4) and an imaginary quadratic field k(Va ). When the space V4 = aq @ aq is
constructed from an ideal class A € C(O,) of an imaginary quadratic field k, we simply take V4 o = aq with
the norm form Q4,0 = QA|VA70 = Qq, so that k = k(V4 ). In any case, a subspace V4,9 C V4 of signature
(0,2) determines a zero cycle Z(Vao) C Xg, , = Yo(IN)? with complex points

Z(Va0)(C) = GSpin(Va)(Q)\{z1 o} x GSpin(Va)(Af)/KL,

= GL2(Q)*\{#x o} x GLa(Af)?/Ko(N)?.
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On the other hand, any rational quadratic (“Lorentzian”) subspace W4 C V4 of signature (1,1) determines
a real quadratic field k(Wy4). When the space V4 = aq @ aq is constructed from an ideal class A € C(O,)
of a real quadratic field k, we simply take W4 = aq with the norm form Qa|w, = Qa, so that k = kE(Wy,).
Given such a subspace W4 C V4, we consider the domain of oriented hyperbolic lines

D(WA) = {Z C WA(R) : dim(z) = 1§QA|z < 0}.
Fixing an oriented basepoint zlj,[VA € D(Wy,), we then consider the corresponding finite set defined by
G(Wa) = GSpin(Wa)(Q)\ GSpin(Wa)(Af)/Kw,, Kw, =K, NGSpin(Wa)(Ay).

Fixing any set of coset representatives [h] for G(W4), we define for each h € GSpin(Va)(Ay) = GLa(bfAy)
to the corresponding locally symmetric space

CA,h = FAJL\D(WA), FA,h = GSplD(WA)(Q) N hKWAh_l,

as well as the corresponding real geodesic cycle

G(Wa) = 1T Can= 1T Can\D(Wa).
[R]EG(W4) [RleG(W4)
hEGSpin(W4)(A}) hEGSpin(W 4)(Af)

Although not a subvariety of X, , we shall use this real geodesic cycle G (W4) as an evaluation locus for
the regularized theta lifts we consider in the real quadratic case.

To define these theta lifts, we use the Siegel theta series 01, (7, z, h) defined for 7 = u+iv € 9, z € D(Va4),
and h € GSpin(V4)(Ay)/Kr, = GL2(Af)?/Ko(N)? by

6LA (T, Z, h) = Z GM,LA (Ta Z, h)lu =v Z Z € (QA (xz* )T +Qa (xz)?) 1#'
HELX/LA MELX/LA ’;E‘;?i(lfi)

Writing T, = GSpin(Va)(Q)? N hKp,h~' =2 GLy(Q) N hKo(N)2h~1, this determines a nonholomorphic
I'p,-invariant function of z € D(Vy,). In the variable 7 = u + iv, it determines a nonholomorpic modular form
01, (7,-) of weight 0 and type wy , for T' = SLy(Z) This appears in the regularized theta lift ®(fy a,-) of
fo.a(T) € Sh(wr,), defined for 7 = u +iv € $, 2 € D(V4), and h € GSpin(Va)(Af) = GLa(Af)? by the

regularized inner product

Bfpa2ih) = [ (o a0 000 (r 2 h))d(r) = CTp | Jim [ (g a(7). 00 (72 )0 d()
Fr

Here, we write CT,—o F(w) for a function F' of w € C to denote the constant term in the Laurent series
expansion around w = 0 of F(w). We write

F={r=ut+iveH:-1/2<u<1/2, v’ +v*>1}
to denote the standard fundamental domain for the action of SLy(Z) on £, with
Fr={r=u+ive F:v<T}
the truncated fundamental domain of points of height < T'. We also write

<<f¢7A(T)79LA (T7Z’ h)>> = Z fﬂ:d’»A(T)HMLA (7—72’ h’)

MELY /La
= > > epawmemn) Y e(Qalwai)T + Qalw:)7)
WELY /L4 m>—00 zEvah)

dudv

to denote the natural pairing on vector-valued forms, and du(r) := “5* to denote the Poincaré measure.
As we recall below, a well-known theorem of Borcherds [2] shows there is a meromorphic modular form
U(fg.4,2,h) of weight zero on Xg, = Yy(N)? for which
O(fg,a,2,h) = —210g [[¥(fg,4, 2 h)|[*.
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This meromorphic modular form of weight zero ¥(fy4 4,2, k) has divisor

Z(f¢’xA) = Z Z Cfo,a <M7 _m)ZA(Mam)’

neLY,/La m>0

where each Z4(u,m) C Xk, , = Yo(IN)? denotes the special divisor with complex points given by

Za(pm)(C) = 11 AN N ) (R

heGSpin(Va)(Q)\ GSpin(Va)(Af)/Kr 4 ESZ’;:)L:*}W{L
= FO(N)Q\ [ pva).= FO(N)Q\ [T {zeD*(Va): (z,2)a =0}
zEp+L g rEp+L 4
QA (w)=m QA (x)=m
= 110(1\7)2\ [T {z=(1.2) €95”: Qalz+12) — Qa(2) = m} C Y5(N)(C) x Yo(N)(C).
zeEpu+L 4
Qal)=m

Note that the sums over cosets u € LY/La of these divisors Z(u, m) define classical Hirzebruch-Zagier
divisors on the surface Xr, = Yo(N )2. A theorem of Howard and Madapusi Pera [10, Theorem 9.1.1]
shows that the Borcherds product U(fy 4,-) is defined over Q, and moreover that it takes algebraic values
\Ij(fﬂhA’ z, h) S Q for all (Z, h) S XKLA (C) = YO(N)27

U(fy,a,7) s Xrep,, (C) 2 Yo(N)? — Q.

We compute the following sums of these regularized theta lifts ®(fy 4,-) and associated logarithms of
Borcherds products log||®(fy,4,-)|| along CM cycles Z(Vao) of Xk, (C) = Yp(N)* and real geodesic
cycles G(W4), namely

W o(f 2Vag)) = S 2hzh)

(emea oo T AUz R)
and
1
2 O(f,G(W,)) = - O(f. 2 h)d
2 EUATE D S 0 [ etamn),
hEGSpin(WAA)(Af) Can=Tan\D(Wa)
where

# Aut(h) == # (SO(Wa)(Q) N hKw, h™") |

and dv(v) denotes the O(1, 1)-invariant length measure. We develop the calculations of [12], [13], [6], [17], and
[16], averaging over the sublattices L4 o = Va,0NL4 and Ly, = W4 NL4 and using the Siegel-Weil formula,
to relate these finite sums to the regularized Petersson inner products. To describe the results we obtain
uniformly, let (Ua, Qu,) denote either of the two-dimensional rational quadratic subspaces of (Va,Q4) we
consider, with signature (p(Ua),q(Ua)) and corresponding quadratic field k(U,4). Hence,

(0,2) if Us = Vp, 4 is negative definite, with k(Ua) imaginary quadraitc
(1,1) if Uy = Wy is Lorentzian, with k(Uy) real quadratic .

(p(Ua),q(Ua)) = {

We write Ly, = Ua N Ly to denote the corresponding lattice, with Lé . C L4 its orthogonal complement of
signature (p(Ux),q(Ux)), and Ly, ® Lf;A C L4 the corresponding sublattice. We consider the Siegel theta
series 0. (1) =0, (7,1,1) of weight I(Ux) = (p(Ux) — q(Ux))/2 of the complement. Hence,
A A
— v
HLéA (1) = 0L¢A’0(7-) €M (OJL#A,U)
is holomorphic of weight 1 when U4 = V{4 is negative definite, and
eLéA (1) = 9L¢VA (7)
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is nonholomorphic of weight 0 when Uy = W4 is Lorentzian. By the Siegel-Weil formula (see Theorem 2.6),
the sum over SO(U)(Q)\SO(Ua)(A) of the Siegel theta series 01, (7,2, h) of Ly, can be identified with
the central value Er,, (7,0) = Er,, (7,0;1(U)) of the Eisenstein series of weight {(U4) = (p(Ua) —q(Ua))/2
associated to the lattice Ly ,, defined for R(s) > 1 by the summation

Er, (7,8) = B, (7,51(Ua)) = Z [%(7-)
YET \T

(s+1-1(UA))
2 ry

o
l(UA),wLUA

Here, we use the same conventions as in [6, §2.2, (2.17) and §4] (for instance), writing I' = SLa(Z) and

e {(} D)ereat

As we explain in Theorem 2.8, each of these Eisenstein series has an analytic continuation
EZUA (1,8) :=A(s+1, nk)ELUA (1,5)

to all s € C, and satisfies a symmetric functional equation EZUA (1,8) = EZUA (1,—s). We then explain

in Proposition 3.1 how we this implies that the Rankin-Selberg L-function L(s, fy 4 X Ors ), defined for
A

R(s) > 1 by the regularized theta integral

L(s, fo.a x O ) = /]:<<f¢7A(7—)70L§A (1) ® Ery, (7,8)))dp(T)

= CTuo | Jim [ ((Fo.alr). 05, (1) Bry, (roo)o"du(r) |
Fr

has an analytic continuation
L*(s, fo,a x Oy ) = Als + L) L(s, fo,a x Opp )
to all s € C, and satisfies the symmetric functional equation
L7(s, fo,a x Oy ) = L7(=s, fo,a x Opy )-
We also explain in Proposition 3.3 that we have an identification of completed L-functions
As—1/2,6x0(x)) = > X(A)L*(25 -2, fya X Oy )
AeC(0.)

On the other hand, we show in Proposition 4.4 (see also [13], [12], [6, Lemma 4.6], [17], [16]) that this same
regularized integral computes the sums of regularized theta lifts ®(fy 4, Z(Va,0)) and ®(fy .4, G(W4)):

1 o Z(V. if Up = Vapo i tive definit
DO, Jua ¥ 01) = { (o, Z(Va0)) i Us = Vag s nogative definte

vol(Kry,,) | ®(fs,a,G(Wa)) if Uy =Wy is Lorentzian.
Moreover (see Theorem 4.5), we obtain from the theorem of Borcherds the relations
L(O7 f¢7A X eLéA )

log || ¥ Ol
—2vol(Kpr,, ) > o8 |;£if$(‘;’if“;;) I if Ua = V4,0 is negative definite
_ U (5E G hEZ(VaL) a0

—2vol(Kry,) 2 zamgy J 1ogl[¥(fs.ah)|]dv(z) if Us = Wy is Lorentzian.
[h]eG(W4) Can

This allows us to deduce that we have the following novel expressions for the central values A(1/2, ¢ x 6(x)).

Theorem 1.1 (Theorem 4.7, Corollary 4.8). Let ¢ € Sy(L'o(N)) be any weakly holomorphic modular function

of level To(N) and trivial character. Let x € C(O.)Y be a ring class character of conductor ¢ > 1 of

a quadratic field k of discriminant dy, character ng, class number hy, number of roots of unity wy, and
5



fundamental unit ey, (if real quadratic). Assume that (N, cdy) = 1. We have the following expressions for the
central value A(1/2,¢ x 6(x)) of the completed Rankin-Selberg L-functions

A(s = 1/2,¢ x 0(x)) = Loo(s,¢ x 0(x))L(s, ¢ x 0(x))-

Given any class A € C(O.) with corresponding quadratic space (Va,Q4) as described in Definition 2.1 and
lattice (La,Qa) = (La(N),QaA) as described in Proposition 2.2 (v), let

for(m)=" D > cppalpme(mn)l, € Sy(@L,)

PELY /La m>—00

denote the lifting of ¢ to a vector-valued weakly holomorphic form, as described in Lemma 3.2.

(i) If k is an imaginary quadratic field, then have the central value formula

log [|¥(fo.4, 20, 1)|”

A1/2,6 x0(x) = =20(Lm) Y x(A)vol(Kr,, ) Y

AEC(0.) (20,h)€Z(Va,0) # Aut(z0,h)
4rhy, log ||¥(fg.4, 20, h)||?
= — A) vol(K ’ .
Wy Z x(A) vol( LVA,O) Z # Aut(zo, h)
AeC(0,) (20,h)€Z(Va,0)

(ii) If k is a real quadratic field, then we have the central value formula

AL/2.6x000) = ~20(m) 3 x(AvllBry) Y s [ loall B b Pv(:)

AeC(0.) [h]eG(W4) Can
1
= —4log(er)he Z X(A) vol(Kp,,,) FAwt(h) / log [|¥(f,4, 2w, h)||*dv (2).
AeC(0.) [R]EG(W4) Can

This identity implies the following immediate connection to “periods” in the CM case. Recall that a
complex number is said to be a period if its real and imaginary parts can be expressed as integrals of
rational functions over domains in R™ defined by polynomial inequalites with rational coefficients. Let us
write P to denote the ring of periods. Examples include algebraic numbers and logarithms of algebraic
numbers (see e.g. [11]). Folklore conjectures predict that central values L*(0, M) and central derivative
values L*(™) (0, M) of motivic L-functions L*(s, M) should lie in P (or even 7P). We refer to [11, Conjecture
(Deligne-Beilinson-Scholl) §3.2 and Question 4] for more background. We obtain the following confirmation
of this conjecture in the special setting we consider, along with more explicit relations to Chowla-Selberg
periods. Given k be an imaginary quadratic field of discriminant dy, we again write hy, = #C(Of) to denote
the class number, with wy = #0; and the number of roots of unity, n(-) = (=) the quadratic Dirichlet
character, and A(s,nr) = Loo(s,mi)L(s, ;) the completed Dirichlet series. Recall that by the formula of
Chowla and Selberg, we have the logarithmic derivative formula

L'(0,nr) wg ( a )
— = — a)logl' | — .
L(O,mk)  2hy z_:lnk( )log d
Theorem 1.2 (Theorem 5.1, Theorem 5.2). We have the following realizations of L-values as periods.

(a) Let (V,Q) be any rational quadratic space of signature (2,2) with integral lattice L C V' and Weil
representation wy,. Let f € S(war) be any weakly holomorphic cusp form of weight 0 and type wy,
for T. Let Ly C L be any negative definite sublattice with orthogonal complement Ly C L, and let
Ops(7) =0p0(7,1,1) be the corresponding (holomorphic) Siegel theta series. Then, the central value
L(0, f x 0.1) of the Rankin-Selberg L-function L(s, f x 6,1) described in Proposition 3.1 below is a
period, L(0, f x GL(Jf) € P, as is the central value of the completed L-function L*(0, f x HL(Jf) e P.
Moreover, if the discriminant of the imaginary quadratic field k(Lo ® Q) is odd, then we have the
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more explicit formula

di—1 Wik (a)
L(0, f x 01) = —2vol(Ky) log a<47rdk H F( > >

CT((f(‘r),@LOL (T)®1ry+0))

2 \ P CT()0, (D& g 10))
= —2vol(Kp)log | ((47Tdk)_1 2 T ) )

Here, o = a(f, Lo) € Q* is a rational number related to Shimura’s period invariants ([14], [8], [19]),
and CT((f(7),0,.(7) ® 11,10)) denotes the constant coefficient in the Fourier series expansion of
the scalar-valued modular form determined by the inner product ((f(7),0,1(7) ® 11,10))-

(b) Let ¢ € Sy(To(N)) be a weakly holomorphic cusp form of weight zero for T'o(N). Let k be any
imaginary quadratic field of discriminant dy prime to N, let ¢ > 1 be any conductor prime to N, and
let x € C(O.)Y be any ring class character of k of conductor c. Let 0(x) € M1(To(|c®dk|),nx) denote
the corresponding Hecke theta series. The central value A(1/2,¢ x 0(x)) of the completed Rankin-
Selberg L-function A(s,¢ X 0(x)) = Loo(s,0 X 0(x))L(s,¢ x 0(x)) is a period, A(1/2,¢ x 6(x)) € P.
Moreover, if the discriminant di, = 1 mod 2 is odd, then we have the more explicit formula

A(1/2,6 x 6(x))
dr—1 winy (a)
=TS A vl ) log a<f¢vAv’“)<4”d’“ HF( > )

W
AeC(0,.)

CT{{fo.a(7):0, 4 (M®1Lyg+0))

Wk

Archy L' (0,m) ) b CT((fo,a(T):0p 4 (T)®1LA,0+0)>>
AcC(0,)

=_ Z x(A) vol(Ky,, )log (a(ftﬁ)A, k) ((47rdk)—1 2 Ty

Here again, each a(fy.a,k) € Q* is related to Shimura’s period invariants ([14], [8], [19]), and
CT((fo,a(7),01 (T)®1L, o+0)) denotes the constant coefficient in the Fourier series expansion of

the scalar-valued for determined by the inner product ((fs a(7), Ops (T) @ 1L, o40))-

We remark that the corresponding central values are conjectured to be periods for the corresponding
setting of real quadratic fields. However, the deductions we use via the connection to points on the Shimura
variety Xg,  (C) = Yo(NV )2 do not seem to be available in this setting, where we use the real geodesic cycle
G(W,) as an evaluation locus for the regularized theta lift. Indeed, the problem appears to be related to
that of the construction of generators of ring class extensions of real quadratic fields.

2. SETUP

2.1. Quadratic spaces. Let (V, Q) be a rational quadratic space of signature (n, 2) (for some integer n > 0)
and inner product (z,y) = Q(z +y) — Q(z) — Q(y). Let L C V be an integer lattice with dual lattice LY
and (finite abelian) discriminant group LY /L.

2.1.1. Quadratic spaces of signature (2,2) associated to quadratic fields. We shall later consider the following
quadratic spaces of signature (2,2) associated to ring classes of a (real or imaginary) quadratic field k. To fix
ideas, let k be any quadratic field of discriminant dj and character n;,(-) = (%). We write Oy, to denote the
ring of integers of k, with C'(Oy) the corresponding ideal class group. More generally, we can take ¢ > 1 any
integer conductor for which there exists a ring class extension k[c] of conductor ¢ over k, noting that such
an extension always exists when k is an imaginary quadratic field. Hence, writing O, = Z + cOj, to denote
the Z-order of conductor ¢ in k, we consider the corresponding ring class group C(O,) = Gal(k[c]/k), where

(3) C(O) = AL JE* kL O,

For each class A € C(O.), we fix an integer ideal representative a C O of A = [a], together with a Z-basis
[va, 24]. We write aq = a®z Q to denote the corresponding fractional ideal. We write Qq(2) = Nj/q(2)/Na
7



to denote the corresponding norm form,

T

_ Nijqz) 2z
Qa(2) = No [On d T # 1€ Gal(k/Q).

Definition 2.1. Fiz k a quadratic field, and ¢ > 1 any integer for which there exists a ring class extension
klc] of conductor ¢ over k, which is always the case if either k is imaginary quadratic or ¢ = 1. For each
class A € C(O,), we fix an integer ideal representative a = (1, zq] with corresponding fractional ideal ag. We
then consider the rational quadratic space (Va,Qa) of signature (2,2) defined by

Vi = aqQ ©aq and QA(ZDZQ) = Qa(zl) - Qa(ZQ)'

It is easy to see by inspection that the spaces (Va, Q) have signature (2,2) in either case on k. We shall
also consider the subspaces (U, Qu) = (Ua, Qu,) given by projection to the second component of (Va,Q4),

Uas=uaq and Qa(z2)=—Qa(22).

Hence, (U, Qu,) is a negative definite subspace of signature (0, 2) of (V4, @ 4) if k is an imaginary quadratic
field, and (U4, Qu,) is a Lorentzian subspace of signature (1,1) of (V4,Q4) if k is a real quadratic field.

2.2. Spin groups. Given (V, Q) any rational quadratic space of signature (n,2), we consider its general spin
group GSpin(V). Hence, GSpin(V) is a reductive algebraic group over Q, and sits in a short exact sequence

1 — G,, — GSpin(V) — SO(V) — 1.

To be more precise, let C(V') denote the Clifford algebra of V', given by the quotient C'(V) = T(V)/I(V)
of the tensor algebra T(V) = @, V™ by the two-sided ideal I(V') generated by elements of the form
v®@v—Q(v) for v € V. There is a Z/2Z-grading

Cc(V)=0c%V)eocl(V),

where C°(V') denotes the even subalgebra generated by even numbers of vectors, and C'!(V') denotes the odd
subalgebra generated by odd numbers of vectors. We refer to the discussion in [3, §2.2-2.3]. To summarize,
multiplication by —1 defines an isometry on V', which by the universal property for C(V') induces a canonical
automorphism J : C(V) — C(V). The even Clifford group can be characterized equivalently as the invariant
subalgebra C°(V) = {v € C(V) : J(v) = v}. There is also the canonical involution given by

W)y —CWV), 1@ @zm) =2, -1,

and a (non-multiplicative) Clifford norm

Newy : C(V) — C(V), New)(z) = "az.
We then define the Clifford group

Gewy={z€C(V):z invertible and zVJ(z)"'=V},
the general spin group
GSpin(V) = Gy N co(v),

and the special spin group

Spin(V) = {z € GSpin(V) : No(v(z) =1} .
Writing vy - - - vy, for simplicity to denote the element of C'(V') represented by v1 ® - - - ® v, (for v; € V), we
fix an orthogonal basis v1,...vn42 of the space V, and define from this the volume form dy := vy - - - vy 12.
Proposition 2.2. Let (V,Q) be any rational quadratic space of signature (n,2), with C(V) = C°(V)®aC1(V)
its corresponding Clifford algebra, and GSpin(V') = Gy N CO(V) its corresponding spin group.

(i) The centre Z(C(V)) of C(V) is given by

Q ifn+2=0mod 2
Q+46vQ ifn+2=1mod?2,
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and the centre Z(CY(V)) of C°(V) is given by

Q+dvQ ifn+2=0mod?2

0 —
z(C (V)>_{Q ifn+2=1mod 2.

(ii) If n = 2 so that dimV = 4, with orthogonal basis vy,...v4 and &y = vy---vy, then CO(V) is
isomorphic to the quaternion algebra (—Q(v1)Q(vs), —Q(v2)Q(v3)) over Z(C*(V)) = Q + 5y Q.
(iii) If n < 2 so that dimV = n+ 2 < 4, then we have natural identifications
GSpin(V) = {2z € C°(V) : Nc(vy € Q*}  and Spin(V) = {2z € C°(V): Nevy =1}.

(iv) For each of the rational quadratic spaces (Va,Qa) of signature (2,2) described in Definition 2.1, we
have exceptional isomorphisms C°(Va) = M»(Q), GSpin(V) = GL3, and Spin(Vy) = SL3.

(v) In the setup of (iv), we define for each integer N > 1 the lattice Ly C V4 whose adelization L 4 (N)@i
is fized under the action of GSpin(Va)(As) = GL2(Af) via conjugation by

Stabaspin(vay(ay) (La(N) ® Z) = Ko(N) @ Ko(N).

Here, Ko(N) C GL3(Z) denotes the congruence subgroup of level N,

KO(N):{<ZL Z)GGLQ(Z);CEOmOdN}.

Proof. For (i), see [3, Theorem 2.6]. For (ii), see [3, Example 2.10]. For (iii), see [3, Lemma 2.14]. For (iv), see
[16, Proposition 2.3] or [17, Proposition 3.3 (ii)]; compare this with the distinct quadratic spaces of signature
(2,2) described in [3, § 2.7] and [4, § 6.1]. To sketch the proof, we take the (non-orthogonal) basis

w1 = (aaao)v Wwo = (Zaao), w3 = (Oaaa)v Wy = (Oaza) .

and compute the determinant d(V4) = det((w;, w;)); ; of the Gram matrix ((w;,w;)); ; to be a square

d(Va)
2Nk /q(2aq) 0 0
_ QNK/Q(aa) 1\(T)a _2NK/Q(an) _TrK/Q(zna:)
N N
Na 0 | Triq(za0l)  2Niq(za)
Na Na
Tr/q(zacry) 0 0
B TI'K/Q(ZGOZZ) l\(I)a _2NK/Q(OLH) _TrK/Q(zua;)
Na 0 _TrK/gI(c}zna;) _2NK1>I(3(Zu)
Na Na
_ 4N q(200a) (4Ng/q(2a0ta) B TYK/Q(zaaE)Q B THK/Q(zaozg)2 4N q(2ata) B TrK/Q(zaozg)2
o Na2 Na2 Na2 Na2 Na2 Na2
2
4Nk /q(zata) TrK/Q(zaag)2
— — =1 X x)2,
(e a e Q* /(@)

The determinant d(V4) =1 € Q*/(Q*)? does not depend on the choice of basis. It defines the discriminant
of the quadratic space (Va,Q4). In particular, we deduce that the quadratic space (Va,@Q4) is split. Using
the relation 67, = (—1)227%d(V4) € Q*/(Q*)? (see [3, Remark 2.5]), we deduce that Z(C°(V4)) = Q.
Since dimg C%(V4) = 8 and C(V4) ® R = Cy 5 = C(R*?) = My (R), we deduce that C°(V4) = B & B’} for
some indefinite quaternion algebra B, defined over Q. Using that d(Va) = 1 € Q*/(Q*)?, we deduce that
B = M>(Q) is the matrix quaternion algebra of discriminant d(B4) = 1. For (v), see [16, Corollary 2.4] or
[17, Corollary 3.4]. The lattice L4(N) is characterized by the fact that it is stabilized under the action of
R(N)* @ R(N)*, where R(N) C B = M>(Q) denotes the Eichler order of level N. O
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2.3. Spin Shimura varieties. Let D(V) = {z C V@ R : dim(z) = 2,Q|, < 0} denote the Grassmannian
of oriented negative definite hyperplanes of V' ® R. Hence, D(V) has two connected components D* (V).
We fix one throughout. Note that D(V) has a complex structure, and determines a hermitian symmetric
domain (see e.g. [3, § 2.4]). Fix a lattice L C V, which determines a compact open subgroup K = K,
of GSpin(V')(Ay) uniquely. We write Xx = Shx(GSpin(V), D(V)) to denote the corresponding Shimura
variety, with complex points given by

X1(C) = GSpin(V)(Q)\D(V) x GSpin(V)(A)/K.

Hence, X i is a quasiprojective variety of dimension n over its reflex field Q. Fix {h} any set of representatives
for the finite space GSpin(V)(Q)\ GSpin(V)(A)/K, we have the decomposition into connected components

(4) Xk (C)=[]Tr\D(V), Ty :=GSpin(V)(Q)NhKh ™.
h

Later, we take n = 2, so that Di(V) >~ 2 and X determines a quaternionic Hilbert modular surface
defined over Q. In particular, for each of the rational quadratic spaces (Va,@4) of Definition 2.1 and
Proposition 2.2 (iv) with lattice L4 C Vi described in Proposition 2.2 (v), we have K, = Ko(N)? so that

(5) Xk, , (C) = GLy(Q)*\D* (V) x GLa(Af)?/Ko(N)* = Yo(N)?.

2.3.1. Zero cycles. Let (Vo,Qp) be any rational quadratic subspace of signature (0,2), associated to an
imaginary quadratic field k = k(Vp) of discriminant dj, and character () = (%). The corresponding spin
group GSpin(Vp) sits in a short exact sequence

1 — G,, — GSpin(Vp) — SO(Vp) — 1,

and we can identify GSpin(Vp)(A)/ GSpin(V5)(Q) = A} /k*. Fixing an embedding k¥ — C, we can view
Vo®R as an oriented hyperplane in V@R, and hence as a point zp = z7 in the Grassmannian D(V) = DE(V).
Writing Lo = VN L for the corresponding lattice, with Ko = K1, = K1 NGSpin(Vp)(Ay) the corresponding
compact open subgroup, we have a zero-cycle Z(Vy) C Xk with complex points given by

(6) Z(Vy)(C) = GSpin(Vp)(Q)\{z5 } x GSpin(Vo)(Af)/Ko.

2.3.2. Special divisors. Given a vector z € V with Q(z) > 0, let D(V), = {z € D(V) : (z,2) = 0} denote
the complement. We have for each coset € LY /L and m € Qg a divisor Z(u, m) C X, whose complex
points Z(u, m)(C) can be described in terms of the decomposition (4) as

Zm(©) =TI\ | II P
h

zEupt+Lp
Q(x)=m

Here, the yuj, € L)/ /Lj, denote cosets of the discriminant group of the lattice Lj, given by Lj, ® Z=hl®Z.

2.4. Real geodesic cycles. We shall also consider Lorentzian subspaces (W, Qw ) associated to real qua-
dratic fields. That is, let W C V be a rational quadratic space of signature (1,1). Such a space determines
a real quadratic field k = k(W) of discriminant dj, and character n;(-) = (%). Write Ly, = W N L for the
corresponding lattice, with Ky = K, = K N GSpin(W)(Ay) the corresponding compact open subgroup.
The corresponding spin group GSpin(W) sits in a short exact sequence

1— G,, — GSpin(W) — SO(W) — 1,

and we can identify the adelic quotient GSpin(W)(A)/ GSpin(W)(Q) = A /k*.

We consider the corresponding domain D(W) = {z ¢ W @ R : dim(z) = 1,Qw/|, < 0} or oriented
hyperbolic lines, and select a connected component D*(W). Fixing a basepoint zy = z‘jfv € DE(W), we
then consider the finite set G(W) defined by the finite double quotient space

(7) G(W) = GSpin(W)(Q) GSpin(W)(Af)/Kw .

10



For each class [h] € G(W) of this set represented by an element h € GSpin(W)(Ay), we consider the
corresponding symmetric domain defined by

Ch= F}L\D(W)a ry = GSpin(W)(Q) n hKWhil-
We then consider the corresponding real geodesic cycle
gw)y=JI o= ][I Tu\DW).

[R]€EG (W) [R]eG (W)
heGSpin(W)(Aj) heGSpin(W)(Ay)

2.5. Modular forms. We shall work with the following vector-valued and meromorphic modular forms.

2.5.1. Hermitian metrics, meromorphic modular forms, and Petersson norms on Xk . Recall that D(V') has
the structure of a hermitian symmetric domain, and is isomorphic (see e.g. [3], [12]) to the quadric

9_={weV(C): (w,w) =0,(w,w) <0} /C* C P(V(C)).
Let Lp(vy denote the restriction to D(V) = Q_ of the tautological line bundle on P(V(C)). Since the
action of O(V)(R) on V(C) induces an action of the connected component of the identity GSpin(V)*(R)
on Lp(yy, we have a holomorphic line bundle

L= GSle(V)(Q)\ (ED(V) X GSpln(V)(Af)/K) — Xk.

This line bundle is known to be algebraic, with a canonical model over Q, and to be compatible with respect
to the decomposition into connected components (4). We define a hermitian metric iy on Lpyy by the rule

1
he(wie) = 3 (w1, Wa) .

This metric is invariant under the action of O(V)(R), and descends to the holomorphic line bundle L.
Recall that we also have the following tube domain model for D(V) = Q_. Fix a Witt decomposition

V(Q) =W @ Qe1 + Qe

with (e1,e2) = 1 and (ej,e1) = (e2,e2) = 0. Here, the basis vectors ej, ea span a hyperbolic plane with
orthogonal complement W. The subspace W C V has signature (n — 1, 1), and we consider its negative cone

Cw ={y e W(R): (y,y) <0}.
Then, D(V) = Q_; is isomorphic to the tube domain
HV)={zeW(C):y=(2) e Cw}.
To be more explicit, the isomorphism is given by the composition of the map
HV) — V(C), z+—w(z):=z+e —Q(2)ea

with the projection to Q_. The latter map z + w(z) can be viewed as a nowhere vanishing section on Lpvy.
This section has norm given by
1 _
||lw(2)|* = —5 (W), w(2)) = ~(y.y) =: ly|*.

Given any h € GSpin(V)(R), we have that
h-w(z) = w(hz)j(h,z)

for a holomorphic automorphy factor
j : GSpin(V)(R) x D(V) — C*

The meromorphic sections of L& for any I € %Z can be viewed as functions
U :D(V) x GSpin(V)(Ay) — C

satisfying the natural transformation properties

o U(z, hk)=U(z,h) forall k € K,

o U(yz,vh) = j(v,2)" - ¥(z,h) for all v € GSpin(V)(Q).
11



Under the decomposition (4) into geometrically connected components, such a section corresponds to a
vector (¥r, (+,-))n of meromorphic functions, with each component factoring through I';\D (V). We call
such a function ¥ a meromorphic modular form of weight | on Xy . In this setting, we define the Petersson
norm of the section (z,h) — ¥(z, h) - w(z)®" associated to ¥ by the formula

19 (2, WP = [ (2, ) Ply[*.
The Borcherds products we describe below give examples of such meromorphic modular forms on X.
2.5.2. The Weil representation and spaces of Schwartz functions. Let ¥ = ®,1, denote the standard additive

character of A/Q, with archimedean component 1, (z) = e(z) = exp(2miz). Fix (L, Q) a quadratic module
of signature (n,2) as above, with V' = L ® Q the corresponding space. We consider the Weil representation

wr, =wrp : Mp(A) — Aut (S(V(A)))
of the two-fold metaplectic cover Mp,(A) of Spy(A) = SLa(A) acting on the space of Schwartz-Bruhat
functions S(V(A)). For the linear action of GSpin(V)(A ), we write wy,(h)®(z) = ®(h~'z) for S(V(Ay)).
Remark 2.3. Note that if n is even, so that dimg (V) = n + 2 is even, then wy, factors through SLy(A).
Let &, C S(V(A)) denote the subspace of functions supported on LY ® Z which are constant on L ® Z.
Note that this space is finite dimension, with a natural basis of characteristic functions
{1u = char (/L+L® 2) T E Lv/L}
so that &1, = C[LY/V]. Note as well that S(V(A[)) can be realized as a direct limit S(V(Ay)) = lim, S

2.5.3. Vector-valued modular forms. Write T' = SLy(Z), with T" its full inverse image in Mp,(R) We call a
function f : $ — S a weakly holomorphic form of weight | € %Z and type wy, for TV if

o T = (e + aen () oraty = (g = () e e

c
e f is meromorphic at the cusp: It has a Fourier series expansion

fry=> Y eplpme(mr)i,
nELY /L m>—00
with only a finite number of nonzero coefficients cy(p, m) with m < 0 negative.

We write M;}(wr,) to denote this space of weakly holomorphic forms, with S}(wy) C M;(wr) the subspace of
cuspidal forms having vanishing constant coefficients cy(u,0) = 0.

2.6. Siegel theta series. For each coset h € GSpin(V)(Ay)/K, we have a Siegel theta function

0r(r,2,h) : 9 x D(V) — & = C[LY/L]

following the constructions of [2] and [6]. As a function in the Grassmannian variable z € D(V), this
function is I'p-invariant, and hence factors through the corresponding connected component in (4). As a

function in the complex variable 7 = u + iv € §), it determines a non-holomorphic vector-valued modular
form 67, € Hn 1 (wy) of weight n/2 — 1 and representation wy .

2.6.1. Explicit definition. For any decomposable ¢ = ®,p, € S(V ® A), we define the theta kernel
0(g' hip) = Y (wilg/h)¢(x), ¢ €Mpy(A), h e GSpin(V)(A).
zeV(Q)

Note that the Weil representation wy, factors through the symplectic group Sp,(A) 2 SLo(A) if the dimension
dim(V) = n + 2 is even, equivalently if the positive dimension n is even.

We make the following choice of archimedean local Schwartz function ¢, € S(V ® R). Given an oriented
hyperplane z € D(V'), we define the corresponding majorant

(x,2), = (0, 2,1) — (x4,2,), =€ V(R).
We then consider the function ¢ = ¢oo(-,2) € S(V ® R) defined by the Gaussian
Voo, 2) = exp (—(z,2),), =€ VR).
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Note that ¢oo (hx, hz) = poo(x, z) for all h € GSpin(V)(R) = GSpin(n, 2)(R). To use this choice of Schwartz
function for the theta kernel, we first fix a basepoint zp € D(V'), then for any other point z € D(V) write
h. € GSpin(V)(R) to denote the element for which h,zg = z. Note that this implies the relation

WL(hz)(Poo(‘, Z) = (Poo('a Z)
We then define the corresponding theta kernel
0L(g" hipr) = 0(9' by poo(r20) ®pp) 5 = Bucoopn € S(V @ Af).

To describe this in classical terms, we first descend to the Poincaré upper-half plane $ using the Iwasawa
decomposition for Mp,(R). Hence, we write g. = (g-,1) € Mpy(R) for the image of the mirabolic matrix

1 u V3 0
(30 )

associated to a point 7 = u + iv € §). Given any finite adelic point hy € GSpin(V)(Ay), we then define

M

0L<T7 2, hf7 Spf) = eL(g;—a hzhfa Sof)
As explained in [6, §2], we can use explicit formulae for wy, to derive the Fourier series expansion
Or(r, 2, hyopp) =v Y e(Qa)T + Qa2)T) @ ¢y (b} ).
zeV(Q)
As a function in 7 = u + iv € $), this theta series can be viewed as a nonholomorphic vector-valued form of
weight (n —2)/2 = n/2 — 1 and representation wy .
Remark 2.4. We shall henceforth write h = hy and hence 6r,(7, h, o) = 0.(T, hy, pf) to simplify notations,
as the implicit choice of basepoint zo € D(V') constrains the archimedean component h, € GSpin(V)(R).

We make the following choices of nonarchimedean local Schwartz function ¢y € S(V ® Ay). Given a coset
p in the finite abelian discriminant group LY /L, we write

1, = char (,u—l— L® 2) eS(V®Ay)
to denote the corresponding characteristic function for the adelization of L. We then consider the theta series

Or(T,2,h) =0L(T, 2, hy) : Z Or(1,2,hf, 1)1, =0 Z Z )74+ Q(z.)7T) 1,

(8) HELV /L WELV /L =€V(Q)
Jehfp

2.7. Regularized theta lifts and Borcherds products. Fix f € M| /2(w 1) a weakly holomorphic form
of weight 1 —n / 2 and representation wy. We write its Fourier series expansion as

Z Z cr(p,me(mr)l,,.

\ €Q
MEL /L 'IYl7n>> oo

We define the corresponding regularized theta lift ®(f, z, h) for z € D(V) and h = hj, € GSpin(V)(Ay) by

(9) (p(fv 2, h) = L*<f(T)v HL(Ta 2, h,)>>dﬂ(7') = CTS:O Tlgréo /<f(7)a aL(Tv 2, h)>>visdﬂ(7—)
Fr

This notation denotes the constant term in the Laurant series expansion around s = 0 of the function

Th—{r;o {f (1), 00(7, 2, h)))v~ du(T),
Fr

where each Fr denotes the truncation to T’
Fr={r=u+ivefn -1/2<u<1/2,u*+0v*>1v<T}

of the standard fundamental domain F for the action of SLy(Z) on .
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Theorem 2.5 (Borcherds). There exists for each weakly holomorphic modular form f € MLn/Q(wL) with
integral Fourier coefficients c¢(p, m) € Z for each m < 0 a meromorphic modular form
U(f,2,h): D(V) x GSpin(V)(Ay) — Q
of weight ¢£(0,0)/2 and divisor
Div(¥(f)*) = Z(f) = Y D eplu,—m)Z(u,m)
ML/ 7SS
which is related to the regularized theta lift ®(f,z,h) by the formula
O(f, 2, h) = —2log (£, z h)||? — ;(0,0) (2log |lyl] +T'(1)).

Proof. See [2, Theorem 13.3] or [12, Theorem 1.3]. That the Borcherds product ¥(f,-) takes algebraic values
is deduced from the theorem of Howard and Madapusi-Pera [10, Theorem 9.1.1]. O

2.8. Langlands Eisenstein series and the Siegel-Weil formula. We describe the Langlands Eisenstein
series that occur as sums of the Siegel theta functions (8). Here, we suppose more generally that (V, Q) is any
rational quadratic space of signature (p(V'),¢(V)) and even dimension dim(V) = p(V) + ¢(V) = 0 mod 2.
We fix L C V an integral lattice with corresponding Weil representation wy, = wy, . We then write D(V)
for the corresponding space of oriented negative definite ¢(V')-planes, as in [5].

2.8.1. The Siegel-Weil formula. Let P C SLy denote the parabolic subgroup of upper triangular matrices,
with Levi decomposition P = M N for M the diagonal (maximal reductive) subgroup and N the unipotent
subgroup. Here, we write the elements as

M:{m(a)=<g a01>,a€Gm} and N:{n(b)=<(1) ?),beGa}.

Writing K, = SO2(R) to denote maximal compact subgroup of SLo(R.), we have the Iwasawa decomposition
(10) SLo(A) = N(A)M(A)K K.
Let xy denote the idele class character of Q determined by the Hilbert symbol (,-)a on A* by the rule

(@) = (2.(-) 75 det(v))

Here, det(V) denotes the determinant of the Gram matrix of V. Let I(s, xv) denote the principal series
representation of SLy(A) induced by the quasicharacter xv (+)|-|® for s € C. Hence, I(s, xv) consists of the
smooth functions ®(g, s) on SLy(A) which for all a € A* and b € A satisfy the transformation property

®(n(bym(a)g, s) = xv(a)la*"'®(g,s)
The group SL2(A) acts on the space I(s, xv) by right translations. Writing
_ dim(V)

S0 = So(V) : B

—1,
we also have an SLa(A)-intertwining map defined by

A S(V ® A) — 1(807XV)’ P = Qppy — )‘(50) = (wL(g)w) (O)

Recall that a section ®(-,s) € I(s,xv) is said to be standard if its restriction to Ko, K does not depend
on the complex variable s € C. Given any standard section ®(s) € I(s, xv), we consider the corresponding
Eisenstein series defined (first for R(s) > 1) by

E(g,5®) = > P(vg, s).
YEP(Q)\SL2(Q)

This series converges absolutely for $(s) > 1. It also satisfies the Langlands functional equation, relating
E(g,s;®) to E(g,—s, M(s)®), from which it acquires an analytic continuation to a meromorphic function of
s € C. Via the Iwasawa decomposition (10), we see for any decomposable Schwartz function ¢ € S(V @ A)
that the corresponding image A(p) € I(sg, xv) under the SLo(A)-intertwining map A has a unique extension
A(p, 8) to I(s, xv) for which the specialization A(p, sg) = A(p).
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Theorem 2.6 (Siegel-Weil). Let (V,Q) be any anisotropic rational quadratic space of even dimension. Let
L C V be any integral lattice with Weil representation wr, and let ¢ € S(V ® A) be any decomposable
Schwartz function. The corresponding Eisenstein series E(g, s; A(¢)) is holomorphic at the point

_ dim(V)

s:sozso(V):—T—l,

and moreover given at this point s = sy by a sum over the corresponding theta series 0(g, h; @) as

2 ifdim(V) <2

E(g,50; M) = 1 otherwise

il
2
SO(V)(Q\SO(V)(A)

Here, dh denotes the Tamagawa measure on SO(V)(A).

0(g, h; p)dh, K= {

Proof. The result is well-known and classical, see e.g. [12, Theorem 4.1]. a

Let I € Z be any integer. Let x; denote the character of Ko, = SO2(R) defined by

_ ilo _ cosf sinf
xilke) = €™, ko = ( —sinf cosf ) € Koo

Let ®._(s) € I(s, Xv.0o) denote the standard section for which
Ol (ko s) = xa(ko) = €,
equivalently by (10) for which
L (n(b)ym(a)ko, s) = xv (a)la|** e

forallbe A, a € A*, and ky € K. Applying Ao t0 0o (-2) € S(V @ R) as defined above, we obtain

Corollary 2.7. Fir z € D¥ (V). We have the Siegel-Weil formula

Ep(r,s0;n/2—1) = g / 01, (7, z, h)dh.

SO(V)(Q\SO(V)(Af)

2.8.2. Subspaces associated to quadratic fields. We now apply this to the rational quadratic subspace (U, Q)
of dimension 2 and signature (p(U),q(U)). We shall be most interested in certain negative definite spaces
(U, Qu) = (V, Qo) associated to imaginary quadratic fields k = k(Vp), as well as in certain Lorentzian spaces
(U,Qu) = (W,Qw) of signature (1,1) associated to real quadratic fields k = k().

To fix ideas, let (V, Qo) be a rational quadratic space of signature (0,2) and integral lattice Ly C Vj.
Fixing a basepoint zo € D*(V}), Corollary 2.7 gives us the relation

(11) Epy(r.0;—1) = / 010 (7. 20, h)dh.
SO(Vo)(Q)\SO(Vo)(Ay)
Let (W, Qw) be a Lorentzian quadratic space of signature (1,1) and integral lattice Ly, C W. Fixing a
basepoint zy € D* (W), Corollary 2.7 gives us the relation
(12) Er,, (1,0;0) = / Oy (T, 2w, h)dh.
SO(W)(Q\SO(W)(Ay)

We now gather some important facts about these Eisenstein series Er, (7, s; —1) and Er,, (T, s;0) for later.
Writing U to denote either of the quadratic spaces Vjy or W, with Ly the corresponding integral lattice, let
E(U) the corresponding quadratic field of discriminant dj, and character n(-) = (). Let

Er,(1,8;-1) if (Ly,Qu) = (Lo, Qo) is negative definite
Er, (1,50) if (Ly,Qu) = (W,Qw) is Lorentzian.
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Theorem 2.8. Suppose the quadratic space (Ly,Qu) corresponds to an integral ideal a C Oy for the
corresponding quadratic field k = k(U) of discriminant dy, and character n.(-) = (%), with Qu(2) = £Qq(2)
for Qa(2) = Ny q(2)/Na = 227 /Na for 7 # 1 € Gal(k/Q) the corresponding norm form. Writing

A(s,mp) = |di|2Tr(s + 1)L(s, ), Tr(s):=7n"3T (;)
to denote the completed Dirichlet L-function of ny, the completion
E7, (1,8) == A(s + 1,n1) B, (7, 8)
of the (coherent) Eisenstein series Er,, (7,s) satisfies the symmetric functional equation
E1, (1,5) = EL (T, —5).

Proof. The result is a standard consequence of the Langlands functional equation. Cf. [6, Proposition 2.5] for
the preimage Er,(7,s;1) under the weight-raising operator R;. This operator switches invariants at infinity,
giving an incoherent Eisenstein series Er,(7,s;1) which matches the natural (coherent) Eisenstein series
Er,(1,8;—1) = R1Er,(7,5;1) at all the finite places. In particular, we can derive the functional equation by
a minor adaptation of the proof given in [6, Proposition 2.5], without switching invariants at infinity. O

3. RANKIN-SELBERG L-FUNCTIONS

Let us now suppose that (V,Q) is a rational quadratic space of signature (2,2) with integral lattice
L C V. We fix a subspace U C V of dimension 2 as in the discussion above, writing Ly C L to denote the
corresponding lattice, with Lﬁ C L its complement with respect to the inner product determined by Q. Fix

Yo fu@emr)= > > ep(pm)e(mr)1, € Sh(wr)

pweLY /L pELY/L meQ

m>—o0o

a weakly holomorphic cusp form of weight zero and representation wy. Hence, the scalar-valued functions
fu(7r) are meromorphic modular forms for some congruence subgroup I'¢(IN) of SL2(Z) determined by the
level of the lattice L. Note that the Fourier coefficients cf(u, m) have exponential growth here; see e.g. [13,
Lemma 2.5], which gives a detailed argument for weight 1. For this reason, the corresponding Dirichlet series

Y elpmym™ = ey, (m
m>1 m>1
does not converge in any half plane, and we must consider the L-series of f(7) in a regularized sense.

3.1. Rankin-Selberg L-functions of vector-valued forms. Consider the Eisenstein series Er, (7,s)
described in Theorem 2.8 above. We also consider the corresponding Siegel theta series 6. (1) = 0. (7,1,1).

When (U, Q) = (Vo, Qo) is a negative definite space, the orthogonal complement V5~ C Vj (and hence Lg)
is positive definite, and 6 Lt (7) is holomorphic of weight one. We write its Fourier series expansion as

Ops ()= Z Z z)T)1, = Z Z T (n,m)e(mr)1,,.
HE(L)Y /L 2V (Q) HE(L)Y /Lg m>0

When (U,Qu) = (W,Qw) is Lorentzian, the orthogonal complement L of the signature (1,1) sublattice
Ly C L again has signature (1,1), and the theta series 6 L (1) is nonholomorphic of weight zero. Fixing a

basepoint zg € D(W+), we write its Fourier series expansions as
O (1) =v Z Z (Qw(xzoL)T + QW(J:ZO)?> 1,.
HELY, /Lw zeWL(Q
To describe either of the Siegel theta series for our later calculations, we write
(14) b () = {HLOL (1) € Ml(w\L/DL) ?f (Lu,Qu) = (Lo, Qo) i's negative.deﬁnite
s (1) € Ao(w}jﬁ) if (Ly,Qu) = (W,Qw) is Lorentzian.
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We consider the Rankin-Selberg L-function of f(7) € Sj(wy) times this Siegel theta series O (7),

*

(19) LS x635) = (05 © By (8)) = [ (04 (1) @ By (rs))dur), R(s) > 1.

f

Note that this is not defined as a Dirichlet series, but rather as a regularized Petersson inner product. Here,
Er, (1,s) denotes the Eisenstein series defined in (13) above, and we take the regularized integral

[ T.0045) © B shantr) = CTavmo | i, [T 005 (7) © B (s du(r)
Fr

To be more precise, we have the following variant of Rankin-Selberg convolution here.

Proposition 3.1. The L-function defined first for s € C with R(s) > 1 by the reqularized integral

Lo f 5 004) = [ (T804 (7) @ By (r5)d(o)
has an analytic continuation
(16)

L(5, % 1) i= Al L) L(s. £ % 01) = (03 @ B, (8)) = [ (7). 00 (1) @ B (. 5)))dur)
F

to all s € C, and inherits from the completed Eisenstein series K7 (7,8) the symmetric functional equation
(17) L(s, f x Op3) = L (=8, x ).
In this way, L(s, f x 9L§) has an analytic continuation L*(s, f X GLé) to an entire function of s € C.

Proof. Assume first that Ly = Lg is a negative definite lattice, with corresponding holomorphic theta series
0p+ (7). We first consider the formal (divergent) Dirichlet series expansion

(18) LN (s, f % 84) = (4m)~ (5 (S 5 2) Y lemyrg (wmym= 5.

m>1H€(LL V/L¢

We have the constant coefficient formula

1
TP s 2007 00 (7) @ 11, 40)) / Frro(u £0), 0,1 (u+ i) © 11, 0))du
0

1
= Z Z cr (A, m)e(miv) Z’I"LJ_)\TL e(niv) /enu—mu

AE(LE)Y /(LE) m>—oo n>0 A
= Z Z cr(A,m)rps (A, m)e(2miv) = Z Z cr(A,m)rps (X, m)e4mmv,
AE(Lg )V /(Lg) m=0 AE(Lg )V /(Lg) m=1

Opening up the gamma function in (18), we can then make the formal calculation

oo

LYY(s, f x Ors) :/ Z Z cr(A,m TLL()\ m)e” 4Ty v dv

0 Ae(LP)V/(LE)m>—o0

Il
o —y

1
/ (fratolu Frovo(u+ ), Ops(u +iv)®1L0+0>)v%dudv
0

/ / (Fraso(7), 000 (1) ® 100 0))v 5 du(r).

Foo\$
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Here (cf. [9, § IV.1]), we write

r= et 1) re).

This group acts on ) via fractional linear transformation. Writing F = {r € $,—1/2 < R(7) < 1/2,77 > 1}
again to denote the standard fundamental domain for the action of I' = SLo(Z) on £, and ~ a set of right
coset representatives of I'oo\I', we obtain a fundamental domain U'v F for this action I',\$). Using this in

the expression above, together with the automorphy of the f. (1) € M} (wps) and the 61 (1) € My (W),
0

we can unfold for any s € C with R(s) > 1 to find the regularized integral expression

L(s, f x 04) = / | (o004 () @ Lyl o F ()
00\

/ (T 015 (1) L))o F ()

YET G\

_ / T 22007001 (07) © W7 (D1 La30))S(r7)

YET \I'
(19)

[rmmosme | ¥ [peoFu]| | o]

YEL o\

- /f (Froms (7,61 (7) ® g (ry 55— 1) ()

= CTumo [ i [ (Frorg (7014 (1) © By (7,55~ D))o dur)
Fr

In this way, we can view this regularized theta integral as giving an integral presentation for the divergent
Dirichlet series (18). We can then deduce the stated analytic continuation that of the Eisenstein series
Er,(1,s;—1) in this regularized integral presentation.

Assume now that Ly = Ly is a Lorentzian lattice of signature (1,1), with corresponding nonholomorphic
theta series 671 (7). Recall that we fix a basepoint 2o € D(W+). Note that Wg = 2 @ 2. Note as well
that for any vector x € W1(Q), writing x,, and z.1 to denote the corresponding projections, we have
T =2+, and Q(z) = Qzz,) + Q(z.2). Here, we write @ = Qw to simplify notations. Using these
facts, we first compute the corresponding constant coefficient

CT{(Fr 20 (M), O (1) @ Liypo)) = / (Fre volu+ i), 0ps (u+iv) ® 11, 40))du

=0 Z Z Cfpy +0 cr . (N, m)e(miv) Z e (Q(mzé)iv - Q(:EZO)i’U) /01 e (—mu + Q((Ezé_)u + Q(ZCZO)U) du

AE(Lgy )V /Ly, m>—o0 cewL(Q)
XL
1
= Z Z chVLV+O()\,m)e(miv) Z e (Q(mz&)iv - Q(:JcZO)iv) / e(—mu + Q(x)u) du
AE(L )V /Ly, m>—00 sew L (Q) 0
XL,

v Y Y e, Q@) (~Q@)iv+ Qg )iv - Qay)iv)

NE(LL )Y /L, zEX+LE,

=v Y > o A Q@)e (-2Qx)iv) =v Y Do ey Q@)
AE(L§ )V /L, zEX+L, NE(LE)V /L, m€X+L,
18



Note that since z9 € D(W+) = {z € Wg : dim(z2) = 1,Q)|., < 0}, we have Q(=,,) < 0 for each summand.
We consider the corresponding divergent Dirichlet series, unfolding formally as before to find the relation

AE(L)V /Ly m21

= Z Z cr(Am)rpy (/\,m)e_“m”v%dv

0 AE(Li)V/LE m>1
* s41
= | a0 () @ L))o E ),

Unfolding the regularized integral, we then find, analogously to the CM case, that we have the presentation

L™ (s, f Or;) = (47T)7(";3)F (s ; 3) Z Z WTL@(/\,m)m*(SES)

AE(Li )V /Ly m21

= / *<<m O (7) ® 1py40))0™F dp(r)

1

:// o014, (1) @ o)) )

(20) ) Z\/ (Frge0(T): O, () @ Laa040)) S(1) 5 dp(7)
= 2 / (i (17): 01, (97) @, (M1 0))S(07) 5 da(7)
YET \I'
- [ me | X [s0F ) o |20

YEl s\
- /f (Fon 2w (004 (1) @ Epy (7,5 0)))dp(7).

Again, we deduce the claimed analytic continuation from that of the Langlands Eisenstein series Ey,,, (7, s; 0)
in the regularized integral presentation of LIV (s, f x eLév)' |

We shall relate the central value L(0, f x HLj) in the negative definite setting U = Vj to a sum over the
zero cycle Z(Vo) C Xk and the central value L(0, f x 6. ) in the Lorentzian setting U = W to a sum over
the geodesic set G(W) of the corresponding Borcherds product W(f, ).

3.2. Relation to classical Rankin-Selberg L-functions. We have the following relation to classical
Rankin-Selberg L-functions of weakly holomorphic modular forms ¢ € M} (T'o(N)) times Hecke theta series
6(x) associated to ring class characters x of quadratic fields. Here, we generalize the discussion in [16, §6].

3.2.1. Hecke theta series. Let k = k(U) be a quadratic field with integers Oy and class group C(Oy). We
again write d to denote the discriminant, and n;(-) = (%) the corresponding character. Fix a Z-order
O, = Z + cOy, of some conductor ¢ > 1 (assumed to exist). We write C'(O,) to denote the corresponding
ring class group, as described in (3) above. We can associate to each class A = [a] € C(O.) a corresponding
partial theta series 64(7), then to each ring class character x : C(O,) — C* a theta series

(21) 000 = Y X(A)0a(r) € Miggy(Do(|dil),mi),  U(k) =

{1 if k is imaginary quadratic
AeC(0,)

0 if k is real quadratic
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To describe this more precisely, let wy, = #u(k) denote the number of roots of unity. Hence, if k is imaginary
quadratic, then wy, = #0; by Dirichlet’s unit theorem. In this case, we define the partial theta series

0a(r) = —e(@N) = 3 ralm)e(mr),

w
k A€a meZxo

where 7 4(m) denotes the counting function
1
ra(m) = w—k-#{)\e a:Qq.(\)=m}.

Hecke showed that each partial theta series 64 (7) € M1(To(|c?dk|), mx) is a modular form of weight 1, level
Do(|c?dk|), and character n. If k is a real quadratic field, then O = Z x u(k) = (e)) x p(k) by Dirichlet’s
unit theorem, where €, denotes the fundamental unit. In this case, we first fix a fundamental domain a* for
the action of O} /u(k) = (ex) on a C ks = R?. In this case, we define the partial theta series

0ar) = — 3 e (@) = 3 ra(m)e(m),

w
k AEa* meZx>o

where 7 4(m) denotes the counting function
1
ra(m) = w—k-#{)\ €a*:Qu(N\) =m}.

Hecke showed that each of the partial theta series 04 € Ag(To(c?dy),nx) is a (nonholomorphic) modular
form of weight 0, level I'g(c?d},), and character 7y,.

3.2.2. Classical Rankin-Selberg L-functions. Let us now consider the corresponding Rankin-Selberg L-function
L(s,¢ x 0(x)) of ¢ € Sy(I'o(N)) of a weakly holomorphic modular function for I'y(N) against the Hecke
theta series 6(x) described in (21) above. Again, we must interpret these in a regularized sense.
Suppose more generally that Sl!( ) (To(N)) is any weakly holomorphic cusp form of weight I(¢) > 0 on
To(N). We write its Fourier series expansion as
(e)=1

o(r)= Y colm)e(mr) = Y ag(mym = e(mr) € Siiy(Lo(N))

m>3>—00 m>—oo
so that its standard L-function A(s, ¢) = Lo (s, h)L(s, h) corresponds to the formal Dirichlet series expansion
E0,0) = 3 aglmim ™ = 3 o=+,
m>1 m>1

Consider the theta series 0(x)(7) € M) (Co(|c*dy|), me) from (21), writing its Fourier series abstractly as

0(x)(r) = Z Co(y)(m)e(mt) = Z ag(X)(m)ml(kifle(mT).

m>3>>—00 m>>—00

We consider the standard L-function

A(s, ¢ x 0(x)) = Loo(s,¢ x 0(x)) L(s, ¢ x 0(x))

associated to such a ¢ and 6(x), which can be defined as an Euler product in terms of the corresponding
GLy(A)-automorphic representations, and again requires a suitable regularization. That is, the underlying
Euler product over finite primes L(s, ¢ x 8(x)) corresponding to the divergent Dirichlet series

LY (5,0 x 6(x)) := (4m)"CHEIT (s 1 1(k) = 3) D co(m) | Y x(A)ra(m) | m~CHE=9)
m>1 AeC(0.)

has an analytic continuation A(s, ¢ x 6(x)) to all s € C, and satisfies a symmetric functional equation
A(s, ¢ x 0(x)) = e(s,0 x 0(x))A(1 — 5,0 x (X))

For each class A € C(O,), we let (V4,Q4) denote the quadratic space of Definition 2.1 above. Fixing an
integer N > 1, we let Ly = La(N) C V4 denote the lattice corresponding to Ko(N)? under the exceptional
isomorphism GSpin(V,4) 2 GL3, as described in Proposition 2.2 (v) above.
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Proposition 3.2. Let ¢ € M}(To(N)) be any weakly holomorphic form of weight zero for To(N). Given
any class A € C(O,) with corresponding quadratic lattice (La,Qa) = (La(N),Qa) described by Definition
2.1 and Proposition 2.2 (v), there exists a unique lifting f(7) = f4.a(T) € Mi(wr,) of ¢ to a vector-valued
weakly holomorphic form of weight zero and representation wr, . Erplicitly, it is given by the expansion

f(7) = foa(r) = > y8lo(r7), ey = wr, (1) > L.
v€To(N)\ SL2(Z) reLa(N)Y/La(N)
Proof. This follows from [15, Theorem 5.2], applied to the quadratic lattice (L4(N),Qa4) of level N, square
discriminant d(Va), and trivial character xq(v,) = (M), taking the isotropic group Sop = LY(N)/La(N).
]

Conversely, to any weakly holomorphic modular form f(7) € M{(wy) as considered above, we have a
canonical lift to a meromorphic modular function ¢(7) = ¢;(7) € M§(To(N)) of level N determined by the
level of the lattice L C V. According to [15], this lifting is given explicitly by the expansion

o) =os(r)= > [FMLl| 7 e MTo(V).

YETo(N)\ SL2 (Z) ;

Proposition 3.3. Let ¢ € S{(I'o(N)) be any weakly holomorphic modular function of level T'o(N) and trivial
character. Fiz x € C(O.)" a ring class character of conductor ¢ > 1 of a quadratic field k. Given any class
A€ C(O,.) with corresponding quadratic lattice (La,Qa) = (La(N),Qa) described above, let

foam =Y Y cpalpmle(mn)l, € Sywy,)

PELY /Ly m>—00
denote the lifting of ¢ to a vector-valued weakly holomorphic form of weight zero and representation wXA, as
described in Proposition 3.2. We have the following equivalences of Rankin-Selberg L-functions.
(1) If k = k(U) = k(Vayo) is the imaginary quadratic field associated to a megative definite subspace
Va,o C Va with lattice Lag = La(IN)NV4, then we have an identification of completed L-functions
L*(2S -2, f¢$A X eLﬁo) = A(S — 1/2,(;5 X QA)
for each class A € C(Of), and for each ring class character x € C(O.)V the identification

> X(A)L* (25 =2, fya X Oy ,) = Als = 1/2,6 x 0(x))-
A€C(0,)

(ii) If k = k(U) = k(Wa4) is the real quadratic field associated to a Lorentzian subspace Wa C V4 with
lattice Lyw = La(N) N Wa, then we have the identifications of completed L-functions

L*(QS -2, f¢,A X QLJA_ W) = A(S - 1/2,(b X 9A>
for each class A € C(O,), and for each ring class character x € C(O.)" that

SO X(AL (25— 2 fon X 015 ) = Als — 1/2,6 % 0(x)).
AeC(0.)

Proof. Cf. [16, Proposition 6.6], [17, Corollary 4.18]. Fix a class A € C(O,). In each of the respective cases,
a direct comparison of the Fourier series expansions reveals that

(Fao™):bps (1) 11, 000)) = Ga(r)0a(r)

and

(Faa(0).0ny (1) ® 11y ys0)) = G4(1)0A(T).

Here, we drop the subscripts denoting restriction to the sublattice for the vector-values form f4 4. The
deduction is then a direct consequence of the discussion above with regularized integral presentations.
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Let us suppose first that & = k(U) = k(Va,) is an imaginary quadratic field associated to a negative
definite subspace V4,0 C V4. We have for each class A € C(O,) the corresponding partial theta series

Oy, (1) = Z Z iy, (mmle(mr)l, € My(wry ).

RE(Ly o)V /Ly ,m20
we consider the corresponding Rankin-Selberg L-function, defined first by the formal (divergent) series

B S 00, = ) G (52 S S (),

pe(Lg o)V /Lg ,m21

Note that
(Lao)" /Lo =0, "N a/N a0, 104/O,
and
1 N 1 .
Pug m) = o e nt Lo Qaluy (W =m) = - # {A e ut NN Qu(d) = m}.
We have the identification® of counting functions
1 _
Yo s (wm) = oo A ENTaQa() = m} = ra(m).
RE(Ly )Y /Lo
Similarly, we deduce that we have the relation of Fourier coefficients
Z Cfg.a (/~L7 m) = c¢(m),
#e(Ljyo)v/Liyo

and more generally, that we have an identification of scalar-valued forms

({(fo.a(7),0py (T) @ EL, (7,5 =1))) = ¢a(T)0a(T)Ea(T, 5 —1),

where 4 (7, 5; —1) denotes the scalar-valued Eisenstein series determined by lifting £, ,(7,s;—1) € H_1(wr, ,)-
By Proposition 3.1, we have the regularized integral presentation

L(s, foa % 035,) = [ (Foal) 00 (7) © By (755 ~D))da(r)
D= |

We deduce that the completed L-function A(s, ¢4 x 04) defined by the relation

A(/2+3/4, 64 % 04) = L*(s, fap % 01 ) = / (Fora(7),0ps ()@ B, (.5 —1)))du(r)
. F )
has an analytic continuation to all of s € C, and satisfies the symmetric functional equation
A(S,¢A X GA) = 6(5,¢A X HA)A(I — S,¢A X GA)
That is, we deduce that we have the identification of completed L-functions

L*(QS -2, fd;,A X QLJA_O) = A(S - 1/2,(]5 X HA)

with
S MAL @5 2gsax 0 )= S X(AA(s —1/2,6x 04) = Als — 1/2,6 x ().
AeC(Ok) AeC(0y)

Suppose now that k = k(W) = k(Wj) is a real quadratic field associated to a Lorentzian subspace
W4 C V4. We argue in the same way. That is, we first open the formal Dirichlet series expansion

. INE= Coalpsm)rpy  (n,m)
Lo sy, ) = 2L 3D 5 St

(47) > RE(LE W)Y /LE y m>1

Here, we have [N~1a] = [(N~1)a] = [a] € C(O,).
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In this case, we have identifications
(Lj,W)V/LfLW >, 'N~'a/N"'a=0;'0,/0y,

and

rog, (m) = L. #{/\ € u+ Lgw/{er) : Qalps , (V) = m} = wik H#{Nep+ NTla": Qu(N) = m}

Wy

so that
1 _
Do rug, )= o A€ NN Qa) = m) = ra(m),

pe(Lx w)V/Liw

We also have
S epalm) = cplm)
,uE(Lj,W)V/Lj’W

and
<<f¢'7A(T)7 eLjW (T) ® ELA,W (T’ 53 O)>> = (b(T)eA(T)EA(Ta 53 0)

By Proposition 3.1, we have the regularized integral presentation

L™ (s, foa x Ops ) = /<<f¢,A(T)>9Lj;,W(T) ® EL,w(7,8:0))).
F

Again, we use this to deduce that the corresponding completed L-function A(s, ¢4 x 64) defined by

(/24 3/4,6a x 04) = L*(s — 1/2, foon x Ops ) = / (foa(T).0y5 (1) ® Ef, , (r.5:0)))
F

has an analytic continuation to all s € C, and satisfies the symmetric functional equation
A(s,pa x 0a) = €(s,0a X 0a)A(1 — 5,04 X 04).
That is, we deduce that we have the identification of completed L-functions
L*(2s — 2, fg 4 X QLXW) =A(s—1/2,¢ x 04)
with

Y XL 252, foax O )= D x(AA(s,6 % 04) = Als, & x 0(x)).

AeC(0.) AeC(0.)

4. SUMS OVER ZERO CYCLES AND GEODESIC SETS AS CENTRAL VALUES OF L-FUNCTIONS

We now describe the central values of the Rankin-Selberg L-functions of Proposition 3.3 as finite sums of
Borcherds products of the weakly holomorphic functions fg 4.

4.0.3. Conventions. We retain the setup described above, with (V, Q) a rational quadratic space of signature
(n,2), and (U, Qu) a rational quadratic subspace of dimension 2 corresponding to a quadratic field k = k(U)
of discriminant dy, and character 7;(-) = (). That is, U denotes either a negative definite subspace (Vo, Qo)
associated to an imaginary quadratic field k = k(V}), or a Lorentzian subspace (W, Qw ) associated to a real
quadratic field k = k(W).
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4.1. General summation formulae. We now show the main summation formula (Proposition 4.4, Corol-
lary 4.5), a variation of the calculations of [13, Theorem 3.4], [6, Theorem 4.7], and [12], describing the
integral of ®(f, z, h) along a zero cycle Z(Vp) of Xx when U = V} is negative definite, or a variation of the
calculations in [16] and [17] describing the integral of ®(f, z, h) along the geodesic set G(W) when U = W
is Lorentzian. Hence, for f € M(!) (wr,) any weakly holomorphic form of weight zero and representation wy,,
we compute the sums (1) and (2) defined above. Note that these sums run over the finite sets (6) and (7)
respectively. In each case, we fix a basepoint z = zat € D*(U). Although this section is largely expository, we
clarify the setup for the special case of n = 2 to relate the central values L(0, f x 6 L[J?) of the Rankin-Selberg
L-functions L(s, f x GLé) to the corresponding sums of the Borcherds products ¥(f,-). This relation does
not seem to appear elsewhere.

4.1.1. Rational splittings and decompositions of theta series. Recall that we fix an integral lattice L C V,
and consider the corresponding Siegel theta series 01,(7, z, g) as a function of T = u+iv € £, z € D(V), and
h € GSpin(V)(Ay)/K, for K = K;, C GSpin(V)(Ay) the corresponding compact open subgroup. Writing
Ly = UN L for the corresponding sublattice, we again write Lz C L to denote the orthogonal complement.

We consider the following restrictions of this theta series to the sublattice Ly @Lé C L in our calculations.
Note that for this sublattice, we have the following natural decomposition of the Siegel theta series

(22) Oryars (.20, hu) = Oy (7,20, hy) @ O, (7)), O (7) = 0L, (7,1,1)

for any zy € D(Vy) and hy € GSpin(Vyy)(Ay). These determine Maass forms in the variable 7 € $. In
the negative definite case with Ly = Lo, the theta series 61, (7) nonholomorphic, the theta series of the
complement GLOL (1) is holomorphic, and the tensor product is given more explicitly by

Oro(r.20,h0) @ 0,4 (7) = Y Oreulm)brs () Luto.

HELY /Lo
ve(Lg)V/Lg

In the Lorentzian case with Ly = Ly, the theta series 0r,, (7) is nonholomorphic, the theta series of the
complement 6 Lt (1) is nonholomorphic, and the tensor product is given more explicitly by the expansion

Oy (T, 2w, hw) @00 (1) = Y Oy u(7)00s () g
;A,ELVW/LW
ve(Li)V /L,

We use the following standard result to argue that we can replace the Siegel theta series 6 (7, z,h)
appearing in the definition of the regularized theta lift ®(f,-) with that of the sublattice Ly @ ij CcL
described in (22). Suppose more generally that M C L is any sublattice of finite index. Observe that we
have the natural inclusions M C L C LY € MY and hence L/M C LY/M C MY /M. It follows that we have
natural inclusions H;(wy) C Hj(war) for each weight [ € 1Z. To describe this more precisely, consider the
natural map

LY/M — LY/L, u+—— T
Lemma 4.1. Fiz a sublattice M C L of finite index. There is a natural restriction map
resg - Hi(wr) — Hi(wnr),  fr— fur
and a natural trace map
trr ar : Hi(wa) — Hi(wr), g+— g*
such that for all f € Hy(wr) and g € Hi(wnr) of any weight | € 3Z, we have the identification

(F(1).g" () = {{Faa (7). (7))

These maps are given respectively as follows. For y € MY /M and f € Hj(wr,), we have
fa(t) ifpelV/M
fM7u(7_) — M( ) . \//
0 if w¢g LY /M.

24



Forme LY/L and g € Hr,(wp) with p a fized preimage of i in LY /M, we have
= 3 geal).
veL/M

Proof. See [6, Lemma 3.1]. O

As a consequence of this result, we see that 8, = (65/)”, and in particular that we have for any harmonic
weak Maass form f € Hy_,,/o(wr) the identification of inner products

(23) (f(7),0L(7,2,h))) = ({(faa(7), 00a (75 2, 0))) = (frpors (7). Oyers (1,2, 1))

4.1.2. Normalizations of measures. Recall that we have the short exact sequences of algebraic groups
1— G,, — GSpin(U) — SO(U) — 1.

Again, we can identify the spin group GSpin(U) with the torus £* = k(U)* determined by the quadratic

field k(U) associated to U, and SO(U) with the norm one elements k(*). Taking the finite adelic points
modulo the rational points of each term, we recover the Hilbert exact sequence

(24) 1— Q\AY — K\AZ, — kALY — 1,

Let us now fix the Haar measure dh = dho, X dhy on SO(U) so that vol(SO(U)(Q)\ SO(U)(A)) = 2 with
vol(SO(U)(R) = 1. Fixing the Haar measure on A} so that vol(Z*) = 1 and vol(Q*\A}) = 1/2, we obtain
from the exact sequence (24) a choice a of Haar measure dhy on GSpin(U)(A[) for which

vol(GSpin(U)(Q)\ GSpin(U)(A)) = vol(k*\A) ;) = vol(Q*\A¥) - vol (kA ) = 1.

Lemma 4.2. We have the following identifications of finite sums over the CM cycle Z(Vy) and G(W).
(i) If U = Vy is negative definite, then

B(h)dh = vol(K7) > B(h).
SO(Vo)(Q)\ SO(Vo) (A ) GSpin(Vo)(Q)\ GSpin(Vo)(Af)/Kr
In particular, we have the identification

(f, Z(Vo)) = > 2fzh) Vol(lKO) / ®(f, z, h)dh.

# Aut(z, h)
(2:h)€Zk (Vo) (C) SO(Vo)(Q)\ SO(Vo) (A )

(ii) If U = W is Lorentzian, then

1
ORI D 0] [ et

heGSpin(W 4) (A ) Ca,n=Lar\D(Wa)

1
= —— P h)dh.
i / (F.2h)
SO(W)(Q\SO(W)(Af)

Proof. See [13, Lemma 2.13] and [6, Lemma 4.4] for (i), as well as [16, Lemma 5.9] and [17] for (ii). O

4.1.3. A simplified expression for the reqularized theta lift. Fix f(7) € MI_% (wr) a weakly holomorphic form

of weight 1—n/2 and representation wy,. We consider its restriction fys(7) to the sublattice M = Lo®Lg C L.
Recall that we consider the regularized theta integral defined on z € D(V) and h € GSpin(V)(Ay) by

O(f,z,h) = CTs— Tlim /<<f(T),0L(T,Z, h)))v=*du(r)

—o0
Fr

We have the following more convenient limiting expression at points zg € D(Vj).
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Proposition 4.3. Fiz z = zy € D(U). We have for any f € Hy_,5(wr) and h € GSpin(V)(Ay) that

(f,Z h) - Thm [/ <<fLU€BL$ (T>79LU€DL$(T?Zah)>> dM(T) _AO IOgT .
—> 00 FT
Here, we write

M= TS Q)

AE(LF)V/LE =eUH(Q)
wEX+LE

Proof. See [12, Proposition 2.5]. We give a proof for the convenience of the reader. Starting with the definition
followed by (23), we have for the sublattice M = Ly & L C L that

B(f, 2 h) = CTyg | Tim /((f(T),HL(T,z,h)>>v_3du(T)

T—00
Fr

~ CTog (Tlggo / <<fM<r>7eM<r,z,h>>>vSdu(ﬂ) .
Fr
Observe that the function of s € C defined by the integral

/ (Far (7). 00t (. 2 B0 dpa(7)

Fi
is holomorphic, and hence that
T 1/2
B(f,2h) = CTuco | Jim [ [ (Whaelr) sz b)) dutr) | 4 [ (s (), One(ry )t
1 —1/2 F1
To describe the first term in this latter expression, let us write it as a limit of Mellin transforms
T 1/2
CTs—o Th_I)réo/ / {far (1), Opr (1, 2, R)No~%du(r) | = CTs—o hm /C (v, h)v —adv )
1 -1/2

where C(v, h) denotes the constant term in the Fourier expansion of v=({fas(7),0n (7, 2, h))). Hence,

1/2 1/2
Con) v [ | (), (2 ) = o / 1/2;@%4 Frt(7)0r1 (7, 2, B du
1/2
[T w3 e(@en)r + Qe du
—1/2 peEMY /M meQ TS;/}S?)
1/2
= > Y eppmlemiv) > e(Qr.)iv — Qas)iv) / e (mu+ Q(z,2)u+ Q(a2)u) du
HEMY /M meQ 15;/;53) —-1/2
= Z Z Z Chv (,m)e (miv + Q(z,1)iv — Q(x)iv)
pEMY /M meQ JL€V<Q)

zEh
m=—Q(x J_) Qxz)

= > D en—Qr.r) — Qrz))e (—Q(w.r )iv — Q(x2)iv + Qw1 )iv — Q(x-)iv)

v zeV(Q)
neEMY /M cend

Z Z Cfunr (1, —Q(z,1) — Q(xz))e4ﬂQ(zz)v.

Y zeV(Q
neMY /M me}iu)
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We now make some observations. First, since z € D(U) implies Q|, < 0, we see that the integral
T e8]
.d d
lim C(v,h)v_‘s—v :/ C(v,h)v_s—v
T—oo Jq v 1 (%

converges absolutely. Here, we use the well-known bound
Cra(ptym) =0 (ec ‘m‘) vC >0

for the Fourier coefficients cy,, (1, m) (see e.g. [13, Lemma 2.5]). Let us first consider the contributions from
the orthogonal terms x € hu with (z, z) = 0, equivalently x, = 0. These contribute the quantity

Coo(wh)i= > D ep i —Qaas) — Q:))e™ = = N~ 3" e (1, —Q(.0)),
uEMY /M tigé‘?) nEMY /M xié’,ﬁf)
x,z)=0

which we see does not depend on the variable v. Hence, this quantity factors out of the Mellin transform as
T T
. _gdv . _gdv
di J, Corloh™Sm= B el mQa) fim [0S
neM M S Ef)
with
. , T _dv .
i | fim [ Cou (oo™ 5 ) = Yo D cnu( Q) - lim log(T)
HEMY /M =€V(Q)
d . .
= Ty (7). 025 (7, 1,1) @ To,1,)) - lim_Tog(T) = Ao - Tim Tog(T)

For the remaining non-orthogonal terms

Ca(v, h) = Z Z Char (1, = Q1) — Q(,))em@@=)v
REMY /M #€V(Q)
(@22)%0

with z, # 0, we argue as in [12, Proposition 2.5] that the integrals

> —tv 7sdv
Bs+1(t) :z/ ety ot te Ry
1

converge for all values of s € C and determine holomorphic functions at s = 0. That is, we now consider
T

T dv
Clohyo™> "t do= [ (Coao) + Cafw )oY
1 1
T T
= > / D e (—Q(x), w)e™ Ny gy 4 / D en (—Q(@), vt do.
pedv /MY zehp pedv /MY zehp
z )z zlz

Here, we can interchange [ and > esz in the first term because Bs11(t) = O(e™) as t — oco. The last
term is a finite sum since cy,, (m, p) = 0 for all but finitely many m < 0, so we need only consider « L z
with bounded Q(x). It is equal to

Z Z CfM(—Q(x)’)\)(l *Tﬁs)sil

Ae(LE)V/LE zeV(Q)
( U) / UmeiEA

For s > 0, we have s71(1 —T7%) — s~ as T — oo, which has no constant term as a Laurent series. Hence,
the last term does not contribute to ®(f, z, h).
Summing up, the previous paragraph shows that
T
lim [ (Clo,h) = Agyo™"Hdv=" Y Y ep, (=Q(a), p)Bor1 (4m0Q(z2))

T—oo Jq
pHEMY /M xz€hp
z)fz
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is convergent and holomorphic at s = 0. Since

B(f, 2 h) = CTy_y < Jim / (v, hyv—=-1 dv+/F ((fM(T),Om(T,Z,h)>>d,u(7‘)>

T
CTs—o (Tlgn/ C’(v,h)v51dv>
o J1

T
= CTs:0 (TIEH / (O(U, h) — Ao)v_s—l d’(})
> J1

o0
= / (C(v,h) — Ag)v™" dv (the integral is holomorphic)
1

and

= lim
T— o0

T
/ C(v,h)v™ "' dv — Aglog T
1

= A [/fol<<fM(T)79M(T,z7h)>> dp(r) — Ao logT} ,

we conclude that

o(f2m) = im | [ () () dn(r) — Aatog]

Putting the pieces together, we derive the following

Proposition 4.4. Let (V,Q) be any rational quadratic space of signature (n,2). Let L C V any integral
lattice with corresponding Weil representation wy,. Let f € Mifn/2(wL) be any weakly holomorphic form of
weight 1 — n/2 and representation wry, .

(i) Given Vo C V any negative definite subspace with corresponding lattice Ly = Vo N L and zero-cycle
Z(Vo) C Xk = Xk, , we have the summation formula

B Z0) = ooz i | [ (0.0 (7) @ By (7.0 =1})au(r) = Ay log(7)

T

Here,

A =CT((f(D) 0@t = > S e Q@A)

Ae(Lg)V /Ly zeV5-(Q)
TeEN

(ii) Given W C V any Lorentzian subspace with corresponding lattice Ly = W N L and geodesic set
G(W), we have the summation formula

B1.O0V) = gy i, | [ ()04, (7) & B (7.0:0) i) = Ao log(T)

Here,

AO = Z Z fLWEBLﬁV(_Q(x)’)\).

AE(Lyy )Y /LévreWL Q)
TEW
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Proof. Cf. [13, Theorem 3.4], [6, Lemma 4.6, Theorem 4.7], and [Corollary 5.11][16]. Starting with Lemma
4.2 (i), we have for that
1

VOI(K())
SO(Vo)(Q\SO(Vo)(Ay)

(I)(faz(vb)) = (I)(f, Zo,h)dh

Evaluating the regularized theta lift using Proposition 4.3, then switching the order of summation of the
absolutely convergent integrals and applying the Siegel-Weil formula (11), we find that

o(f, Z(Vo)) = Vo1(1K0) i / ((f(7),004 (7) @ 0Ly (7, 20, h))dpu(7) — Ao log(T) | dh
S0(1)(Q\SO(Va) (A ) T
1 .
= Vol(Ky) T, / ({(f(7), 04 (T) ® / 01, (7, 20, B)dh | ))du(r) — Aglog(T)

Fr SO(Vo)(QN\SO(Vo)(Ay)

1 .
= iy A, f/ (7). 014 (1) @ Er,y(7,0:=1))dp(r) — Aolog(T)

This proves (i). Starting with Lemma 4.2 (ii), then applying the regularized integral formula of Proposition
4.3 and the corresponding Siegel-Weil formula (12), we deduce (ii) in the same way. O

We obtain the following equivalent formulation, after expressing the regularized theta lifts on the left-hand
sides in terms of the corresponding Borcherds products, and the limiting expressions on the right-hand sides
as regularized theta integrals with the corresponding Eisenstein series.

Corollary 4.5. Evaluating ®(f,-) in terms of its Borcherds product ¥(-) via Theorem 2.5, we have
(i)

— Y (2logll¥(f, 2 h)|* +¢(0,0) (2log Iyl + I'(1)))
(z,h)€Z(Vy)

- Vol(lKo) L /<<f(¢),9Lé(T) © B, (r,0;—D)du(r) — > Y ep(—Q(x), \) log(T)
Fr NE(LF)V /Ly megoellfq)
1 *
= vol(Ko) /f (f(7), 0,4 (T) @ EL,(7,0; —1)))dp(T).
(i)
1 ) ,
-2 FRam [ @ogllermlP + e (0,0) @log |yl + T'(1) ()
h,ec[gliexf(;%ﬂ();\f) Can=a n\D(Wa)
= r(}(w) - lm /<<f(7)79L¢V(T) © Ery (1,0:0)du(r) = Y > ep(—Q(x),\) log(T)
Fr Ne(Lig )V /L ;CEZVEL‘L(Q)
1 *
= Yol(Kw) ~/F<<f(7)79L¢V(T)®ELW(T,0;0)>>dM(T).

Proof. By Theorem 2.5, we obtain from (i) the formula
e(f,ZVo) = Y, of.mh)= Y (~2logl|¥(f,z h)I[* — e (0,0) 2log Iyl +T'(1))) .
(z,h)E€Z(Vy) (z,h)EZ(Vy)
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We then restate Proposition 4.4 in terms of this latter identity. We derive (ii) in the same way, after inter-
preting the real geodesic cycle G(W) as an evaluation locus for the Borcherds product. O

4.2. Links to Rankin-Selberg central values for the case of n = 2. We now interpret Theorem 4.4
and Corollary 4.5 in the case of n = 2, where the spin Shimura variety X is a quaternionic Hilbert modular
surface defined over Q. Here, we first obtain the following direct consequence of Proposition 3.1.

Theorem 4.6. Let (V,Q) be any rational quadratic space of signature (2,2). Let L C V be any integral

lattice with corresponding Weil representation wy,. Let f € Sp(wr) be any weakly holomorphic cusp form of
weight zero and representation wy,.

(i) Given any negative definite subspace Vo C V' with corresponding sublattice Lo = Vo N L and positive
definite complement Li C L, we have the following formula for the central value L(0, f x QLé) of
the Rankin-Selberg L-function L(s, f x 61) described in Proposition 3.1 (i):

L0, f x 0p0) = =2vol(Ko) Y log|[¥(f,z0,h)|
(z0,h)EZ(Vh)

(ii) Given any Lorentzian subspace W C V with corresponding sublattice Ly = W N L and complement
L C L, we have the following formula for the central value L(0, f x eLﬁ/) of the Rankin-Selberg
L-function L(s, f x 0r. ) described in Proposition 3.1 (ii):

1
L(0, f x GL‘J}_V) = —2vol(Kw) Z A / log || ¥(f, 2, h)||2dy(z).
heégl];if(;%ZAf) Ca,n=Tan\D(Wa)

Proof. By Corollary 4.5 (i) with Proposition 3.1, we have the relation
-2 > log||®(f,z0,h)[]

(20,h)€Z(Vo)

:—I(IK)~Tlim / (f().002(1) @ Bro(r0;=D)du(r) = Y Y ep(=Q(x), ) log(T)
Vo 0 —00 A NE(Lg)V /Ly Ie‘m/(g;EQ)

1 *
- m . /f <<f(7'),9L0L (1) ® EL,(1,0; =1)))du(T) = L(0, f x QL&)'

By Corollary 4.5 (ii) with Proposition 3.1, we have the relation

2 Y [ el

[hleG(W)
heGSpin(W)(A () Ca,n=Ta,n\D(Wa)

- lim /<<f(7)79L¢V (1) @ EL,, (7,0;0)))dp(T) — Z Z cr(—Q(x), A)log(T)

vol( K T—o00
(Hw) 1= Fr AE(Lip)V /L zeWH(Q)
TEN

1 *
~ vol(Ko) /f ((f(7), 014 (T) ® By, (1,0;0)))dp(T) = L(0, f x 0.1 ).

O

We obtain the following relation to central values of Rankin-Selberg L-functions via Proposition 3.3. Here,
we use the spaces (Va,Q4) defined above, with negative definite subspaces V4o C V4 when k = k(Vy4) is
imaginary quadratic, and Lorentzian subspaces W4 C V4 when k = k(Vy) is real quadratic.

Theorem 4.7. Let ¢ € Sy(To(N)) be any weakly holomorphic modular function of level To(N) and trivial

character. Let x € C(O.)" be a ring class character of conductor ¢ > 1 of a quadratic field k. Assume

that (N, cdy) = 1. We have the following expressions for the central value A(1/2,¢ x 0(x)) of the completed
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Rankin-Selberg L-functions A(s, ¢ x 0(x)) = Loo (8,0 X 0(x))L(s, ¢ x 0(x)). Given any class A € C(O,) with
corresponding quadratic space (Va, Q) as described in Definition 2.1 and lattice (La,Qa) = (La(N),Q4)
as described in Proposition 2.2 (v), let

f¢,A(T) = Z Z Cf¢,A(:uvm)e(mT)1M € S(!)(wLA)

HELY, /L s m>—00

denote the lifting of ¢ to a vector-valued weakly holomorphic form, as described in Lemma 3.2.

(i) If k = k(U) is an imaginary quadratic field, then have the central value formula

A(1/2,6 x0(x) = =20(1,m) Y x(A)vol(Kr,,) Y log|[¥(fe.a, 20, k)|
AeC(O.) (z0,h)€Z(Va,0)

(if) If k = k(U) is a real quadratic field, then we have the central value formula

A(1/2,¢ x 6(x))

1
=—2A(Lk) D X(A)vol(Kp,,) > FAw(h) / log [|[W(fg,4,2 h)|[dv(z).
AeC(0,) hee[éiiff%‘%z;\f) Ca,n=Tan\D(Wa)

Proof. We use Theorem 4.6 to evaluate the expression for the central value A(1/2,¢ x 6(x)) implied by
Proposition 3.3 in each case. O

Using the Dirichlet analytic class number formula

27hy . .. . .
: if k is imaginary quadratic
wer/]de] giary q

L(l 77k) =9 21
’ n(Ek)hk : : 1
- if k£ is real quadratic

to evaluate
2mhy if k£ is imaginary quadratic

)

A1, ng) = |di|2TR(2)L(L, mp) = { @
(Lme) = ldi[*TR(2)L(L, ) {2log(e;€)h;C if k is real quadratic

we obtain the following

Corollary 4.8. We have the following expressions for the central value A(1/2,¢ x 6(x)) of the completed
Rankin-Selberg L-functions A(s,d x 0(x)) = Loo(s,d x 0(x))L(s,d x 6(x)).

(i) If k = k(U) is an imaginary quadratic field, then have the central value formula

47Th;€
W

A(1/2,¢ x0(x)) =

Yo X(Avol(Kr,,) Y og|[¥(fe.a, 20, h).

AeC(0,) (20,h)€EZ(Va,0)

(ii) If k = k(U) is a real quadratic field, then we have the central value formula

A(1/2,¢ % 0(x))

1
= —dlog(ep)hr Y X(A)vol(Kp, ) > 7 Aut(h) log || (fg,4, 2, h)|[dv(z)
AeC(0,) he(}gjf‘fj%g@f) Can=Tan\D(Wa)

5. APPLICATIONS TO PERIODS

We obtain the following arithmetic applications of Theorem 4.7 (i) and Corollary 4.8 (i) for the CM case.
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5.1. Central values as periods. We derive the following consequence of Theorem 4.7 and Corollary 4.8,
using that the Borcherds products ¥(f, z, h) are known to take algebraic values by [10, Theorem 9.1.1].

Theorem 5.1. The following central values of Rankin-Selberg L-functions lie in the ring of periods.

(a)

Let (V,Q) be any rational quadratic space of signature (2,2) with integral lattice L C V' and Weil
representation wy,. Let f € Sh(war) be any weakly holomorphic cusp form of weight 0 and type wy,
for T. Let Ly C L be any negative definite sublattice with orthogonal complement Ly C L, and
let 10(1) = 0,.(7,1,1) be the corresponding (holomorphic) Siegel theta series. Then, the central
value L(0, f x HLé) of the Rankin-Selberg L-function L(s, f X GLé) described in Proposition 3.1 above
is a period, L(0, f x QLé) € P, as is the central value of the completed L-function L*(0, f GLé) ep.

Let ¢ € Sy(To(N)) be a weakly holomorphic cusp form of weight zero for To(N). Let k be any imag-
wnary quadratic field of discriminant dy prime to N, let ¢ > 1 be any conductor prime to N, and let
x € C(0O.)V be any ring class character of k of conductor c. Let 0(x) € My (To(|c2dk|),nk) denote the
corresponding Hecke theta series. The central value A(1/2;¢ x 0(x)) of the completed Rankin-Selberg
L-function A(s,¢ X 0(x)) = Loo(8,0 x 8(x))L(s,¢ X 0(x)) is a period, A(1/2,¢ x 0(x)) € P.

Proof. The proofs of (a) and (b) follow from Theorem 4.7 (i) and Corollary 4.8 (i) respectively, using that
the Borcherds products appearing on the right-hand sides take algebraic values by [10, Theorem 9.1.1]. Here,
we use the fact that the sums defining the CM cycles Z(Vp) and Z(Va,0) have finite cardinality, equal to
2hy,. From this, we can deduce that the central values L(0, f x 6;1), L*(0, f x 61) and A(1/2, ¢ x 6(x)) are
logarithms of algebraic numbers, and hence periods. O

5.2. Relation to Chowla-Selberg periods. Finally, we can also deduce the following refinement of Schofer
[13, Corollary 3.5 (ii)].

Theorem 5.2. Let k be an imaginary quadratic field of odd discriminant dy, character ny, class number hy,
and number of roots of unity wy,.
(a) Let (V,Q) be any rational quadratic space of signature (2,2) with negative definite subspace Vo C V

corresponding to this k = k(Vp). We fix an integral lattice L C 'V, writing Lo = Vo N L for its image
in Vo, and Lg its orthogonal complement. Let QLOL (1) denote the corresponding holomorphic Siegel

theta series. Let f € S}(wr) be any weakly holomorphic cusp form of weight zero and type wy, for T.
The product over the CM cycle Z(Vy) of the corresponding Borcherds product ¥(f,-) factorizes as

dr—1 wrnk(a
I[I =nPF=a <<4wdk)—hk : U T (CZ)

)) CT<<f(T)’9Lé (T)®1Lg+0))
(z’h)GZ(VO)

L’ (0,mg) h’“'CT<<f(T)’0Lé(T)®1Lo+0>>
=a ((4wdk)1 : 62'W)

for some rational number o = a(f, k) € Q, where the transcendental factors on the right are related
to Shimura’s period invariants [14], [8], [19]. Taking logarithms of both sides, we deduce that

L(O,f x 0,1) = =2vol(Kp, ) > log||[¥(f,zh)|]
(z,h)€Z (Vo)

dp—1 o\ e (@) CT((f(7),0, L (T)®11g+0))
= —2vol(Kp, ,)log | a | (47dy) =" - H r <dk>

9 L/ (0,15) hk'CT<<f(T)79Lér (T)®1Ly+0))
=2 VOI(KLA,Q) IOg 07 <(47Tdk)1 . e TOmy) ) .

(b) Let ¢ € Sp(To(N)) be a weakly holomorphic modular form of weight zero for T'o(N). Assume that

(N,d) =1, and let ¢ > 1 be a conductor prime to N. For each ring class A € C(O,), let (Va,Q4)
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be the corresponding quadratic space defined in Definition 2.1, with Ly = La(N) C V4 the integral
lattice defined in Proposition 2.2 (v). We have a canonical negative definite subspace Va o C Vs with
lattice Lag = LaNVayg. Let fp a € S(wr,) the lifting of ¢ to a vector-valued form by Proposition
3.2, with U(fy a,-) its corresponding Borcherds product. Let x € C(O.)Y be any ring class character
of k of conductor ¢, with corresponding Hecke theta series 0(x) € My (To(|c?dg|),nr). We have the
central value formula for the Rankin-Selberg L-function A(s, px0(x)) = Loo(s, dx0(x))L(s, dx0(x)):

4d1th
A1/2,6 3 000) = =% ST x(A)vol(Kr,,) YD log W (faa, 2, h)]
ko acc(o.) (20,h)€Z(Va,0)
Arhy, di=1 o wee(a)) O oA (DO 0100
==Y X(A)vol(Ki, ) log | alfoak) (47Tdk)h’“’HF<d)
k AeC(0,) a=1 k

L' (0nk) ) hk'CT<<f¢,A(T)79Lj10 (T)®1L 4 g+0))

4mh CL7(0,m)
TN (A vol(Kr, ) log [ alfsa.k) (<4wdk>-1~e2 T
Yk jcc(o.)

Proof. We deduce these results from [13, Corollary 3.5] via Theorem 4.7 for (a) and Corollary 4.8 for (b). O
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