p-ADIC INTERPOLATION OF GL,-AUTOMORPHIC PERIODS OVER CM FIELDS

JEANINE VAN ORDER

ABSTRACT. Given n > 2 an even integer and K a CM field, we construct anticyclotomic p-adic interpolation
series for the central and critical values of a conjugate self-dual cuspidal automorphic representation 7 of
GLy,(Ak) To derive the interpolation properties, we use both the classical theory of Eulerian integral
presentations for GLy, (A k) X GL1(Ak)-automorphic L-functions and the corresponding on the Ichino-
Ikeda Gan-Gross-Prasad conjecture. Here, we also pose some open questions about the comparison of periods
inherent in these distinct approaches.

CONTENTS
1. Introduction 1
2. Integral presentations of central values )
2.1. Ring class twists of GL,, (A g)-automorphic L-functions 5
2.2. Eulerian integral presentations 6
2.3. Rationality theorems and normalizations 12
2.4. The Ichino-Tkeda formula for U, (Ar) x U1 (AF) 14
2.5. Ratios of periods and congruences 15
3. Main construction 17
3.1. Distribution relations 17
3.2. Local Hecke operators 19
3.3. Interpolation properties 23
References 28

1. INTRODUCTION

Fix n > 2 an even integer. Let K be a CM field. Hence, K is a totally imaginary quadratic extension
of its maximal totally real subfield F' = KT. Let m = ®,7, be a cohomological automorphic representation
of GL,, (A k). We shall sometimes assume that 7 arises via cyclic basechange from a cuspidal automorphic
representation 7’ of GL,,(Ar) in the sense of Arthur-Clozel [5], this relation written as

(1) W:BCK/F(T('/).
Writing x to denote a ring class character of K, we shall consider the standard L-function
A(s,m® x) = L(s,moc ) L(s, 7™ @ X)

of 7 twisted by K, which has a well-known analytic continuation by Godemont-Jacquet [27], and which when
the basechange relation (1) holds is is equivalent to the GL,(AFr) x GL3(Ar) Rankin-Selberg L-function

Als, 7" x w(x)) = L5, 7l X m(X)oo) L(s, 7" x 7(x))

of 7' times the representation 7(x) of GLa(AFr) induced from x. In particular, we look at critical values
sy € ”?*1 + Z of these L-functions, which recall are those values sy for which neither the archimedean
component L(s, T ) nor its contragedient L(1— s, 7, ) has a pole at sg. Of particular interest for conjectures
in the direction of Birch and Swinnerton-Dyer is the special case where sy = 1/2 is the central point. In

any case, the far-reaching conjectures of Deligne [21] predict the existence of periods Qg (7, x) € C\{0}
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(i.e. “Langlands quotients”) depending on the cohomological representation m, the idele class character ¥,
and the critical value sg for which the normalized value

A(so, m®@x)  L(80, Too) L(S0, 7@ X) _ =
. S0 TON =g DN
is some algebraic number. Various recent advances towards this conjecture for automorphic motives due to
Harris et al. [34], [29], [31], [32], [30] (ctf. [36]), Raghuram [63], Harder-Raghuram [33], and Januszewski [48],
[46], [47] (among others) make it possible to derive many cases of this property (2). Here, we propose to
look at these results from the classical and somewhat neglected viewpoint of Eulerian integral presentations
(cf. e.g. [16]), which allows us to view the critical values A(sg, ™ ® x) we wish to consider as toric periods
integrals. As we explain in more detail below, for certain pure tensors ¢ € V,. and for everywhere unramified
(class group) Hecke characters x = ®,,,, we have certain Eulerian integral representations of the form

A(so,m @ X) _/A;X< W (( / 1, . >)x(y)|y|5°("21)dy,

where W,, denotes the Whittaker coefficient of ¢, and 1,_1 the (n — 1) x (n — 1) identity matrix. More
generally, if x is a ring class character of some conductor ¢ C Op, we obtain the corresponding presentation
for the incomplete L-function

A(COK)(SO77T-®X): H L(SO>7TU®X'U)-

v<oo
vteO g
That is, writing A%OK ) = H/vgoo K¢ to denote the ideles of K away from primes dividing ¢Ok, we have
vteOpe
ACOR) (5w @ y) = / W, (< t - )> X(t)|t|57(nT_l)dt.

(cOK)
ALK

On the other hand, recent advances in progress on the Ichino-Tkeda Gan-Gross-Prasad conjecture for unitary
groups U, (Ar) x Ui (AF) — as formulated by Liu in [56], and shown for the cases we consider by Liu [55,
Theorem 1.4 (1)] and Beuzart-Plessis-Chaudouard [11, Theorem 1.3.3.1 and Theorem 1.3.6.1] — allow us to
derive a distinct toric integral period formula for the central critical values A(sg, 7®x) = A(1/2,7®) in the
special case where m & 7 is self-dual. Here, we shall assume that the cuspidal automorphic representation
7' = @,m! of GL,(AF) descends via stable basechang to a cuspidal automorphic representation 7V of
U,(Ar) = U(V)(AFr) associated to a Hermitian vector space V over K of even dimension n. In this case,
we have an identification of the standard L-functions

A(s,m) := L(s,Too)L(s,7) = A(s,7V) := L(s, 7L ) L(s,7Y).

o0

and hence for the corresponding twisted L-functions A(s,m ® x) = A(s, 7Y ® x) for any Hecke character
x of K. We also know thanks to theorems of Harris-Taylor [37], Caraiani [1], [2], and Clozel [14] in this
case that the representation 7 is (everywhere locally) tempered, as predicted by the generalized Ramanujan
conjecture. Roughly speaking, the Ichino-Tkeda conjecture would allow us to realize the central critical values
A(1/2,7® x) = A(1/2, 7Y ® x) in this setting as toric period integrals of the form

A(1/2,7Y

o I Paeno) = IROP R@= [ P

v<o0 U(L)(AR)/U(L)(F)
~AR/KXAL

where A(s,7Y,Ad) = A(s,7,Ad) is the L-function of the adjoint representation, ¢ = ®,¢, is some de-
composable vector in the representation space of 7V, and P¢ is some projection operator defined on
t € Ui(Ap) & A% by an integral over a certain unipotent subgroup N C U,, and with respect to a
certain automorphic additive character ¢ on N (defined in [24]) by

Po(t) = / o(ntyy"n(dn).
N(F)\N(AF)
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As well, the formula includes for each place v of K a certain local sesquilinear pairing P, : 77 x 7 — C.
We state this Ichino-Ikeda formula in Conjecture 2.10 and Theorem 2.11, and use it to derive a second
construction of p-adic interpolation series. This latter setup then allows us to give a generalization of the
construction in [69] for rank n = 2. More generally, taking for granted these theorems about rationality with
the toric integral period presentations (Eulerian or & la Ichino-Tkeda) we can fix a prime number p together
with an embedding ¢, = Q — Qp to consider the values (2) as p-adic algebraic numbers. It is then natural to
consider the problem of constructing p-adic interpolation series or p-adic L-functions, for instance as a first
step to approaching the Iwasawa-Greenberg main conjecture in the style of Bertolini-Darmon [9], [10] via the
theory of level-raising congruences, or ergodic theoretic Galois averaging arguments in the style of Vatsal [70]
[71] and Cornut-Vatsal [19], to derive unconditional results in the direction of Birch and Swinnerton-Dyer.

To describe what we show here, let 8 C Ok be a prime ideal in the ring of integers Ok, with underlying
F-rational prime p = PN O in the ring of integers O, and underlying rational prime p =BNZ =pNZin
Z. We consider for each integer m > 1 the Op-order Opm = Of 4+ p™ Ok of conductor p"™ in Ok, together
with its corresponding class group

X = Pic(Opn) = A JAFKEK O, Ofn = [ O o
V<00
Hence, the primitive ring class characters x of K of conductor p™ factor through these finite abelian groups
X, and we can consider the profinite limit X = @m X, Fix a discrete valuation ring O large enough to
contain the algebraic values (2) as y varies over all ring class characters factoring through X. We can then
consider the O-Iwasawa algebra

O[X]) = lm O[X,,],

whose elements we can and do view as O-valued measures on the profinite abelian group X. We also consider
bounded distributions on X which gives rise to O-valued measures after suitably rescaling, and hence to
elements of O[[X]] in this way. Assuming that 7 is p-ordinary in the sense that its eigenvalue under a
suitable “trace” Hecke operators T, at p is a p-adic units under our fixed embedding ¢, : Q — Qp, we
construct (1) bounded distributions £, (7, so) = dL, (7, s9) on X whose specializations

M(Lalms0) = [ X@La(m s0)(0) = 3 X( ALy (0], (4)
X A€Xm
to primitive ring class characters x of conductor p™ for each m > 1 interpolate the algebraic critical values
£(s0,7® x) € Q,, and (2) bounded distributions £,(7%,1/2) = dL,(7",1/2) on X whose specializations

ML, 1/2) = [ XLy 1/2)(0) = 3 MA)Ly (V. 1/2)x,, (4)
X A€X,,

to primitive ring class characters y of conductor p™ for each m > 1 interpolate the squares of automorphic
periods | Py (¢)|? introduced above. In particular, assuming the Ichino-Ikeda conjecture (see Conjecture 2.10),
we obtain for (2) a p-adic interpolation measure for the central critical values A(1/2,7®x) = A(1/2, 7Y @).

Our main strategy for either construction rests on a choice of vectors in the representation space. For
(1), we use the theory of Eulerian integral presentations (e.g. [16], [17]), as well as the theory of essential
Whittaker vectors (as developed by Matringe [59]), and the ability to vary vectors in the archimedean local
Whittaker model (see [43]) to find a suitably normalized cuspidal pure tensor ¢ = ®, ¢, € V,. For (2), we
use the Ichino-Tkeda Gan-Gross-Prasad conjecture (Conjecture 2.10) shown by Liu [56, Theorem 1.4 (1)] and
Beuzart-Plessis-Chaudouard [11, Theorem 1.3.3.1 and Theorem 1.3.6.1], then use the existence of integral
models for unitary Shimura varieties due to [52] and [51] to deduce that we can find a suitable normalization
¢ = ®,m € V_v. Choosing vectors suitably in each case, we can then construct p-adic interpolation series
in the style developed for n = 2 in the author’s previous work [69]. Broadly, after identifying suitable
“toric period formulae” as described above, the idea is to work on the level of these decomposable vectors
= Qupy € Vi and ¢ = ®,0, € Vv, In particular, after identifying Hecke operators in the Bruhat-Tits
building of SL,,(#},) which resemble the underlying “trace” operators corresponding to sums over elements
of the kernels defined by the transition maps ker(my41,m @ Xm+1 —> X)), we proceed by looking at the
action of these operators on the corresponding vectors to construct natural distributions.
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Let us now describe these constructions. Recall that for a number field L, a GL, (A f)-representation
T = ®,Ty 18 said to be cohomological if there exists a finite-dimensional irreducible algebraic representation
&, of the Lie group GL, (L ®q R) whose archimedean component 7., has nontrivial relative Lie cohomology
with respect to £,. When this occurs, the highest weight vector u for £, can be parametrized as 1 = (t4)y|o0
with each p, = (pv,5)j—; an n-tuple of integers j,, ; € Z arranged so that ji, 1 > -+ > p1y 5. There exists an
integer w known as the purity weight for which w = i, j + pty,n+1—; for any 1 < j < n, independently of the
choice of place v | 0o. As well, 7o, is said to be regular if . ; # . ; for any ¢ # j and v | co. Let 7(Opm)
denote the volume of AKX K X@;m in A% with respect to a fixed Haar measure. Again, we fix a prime
ideal 3 C Ok, with underlying F-rational prime p = B N Op and rational prime p =P N Z, as well as an
embedding ¢, : Q — Qp. We write Kg to denote the localization of K at B, with Ok, its ring of integers;
we fix a uniformizer wy € Of,,, and write gy to denote the cardinality of the residue field Ok, /g at B.
Similarly, we write F}, to denote the localization of F" at p, with O, its ring of integers; we fix a uniformizer
wyp € OF,, and write g, to denote the cardinality of the residue field O, /@, at p.

Theorem 1.1. Fizn > 2 an even integer, and K a CM field with maximal totally real subfield F = K. Let
T = ®,T, be a cohomological automorphic representation of GL,, (A k), which arises via quadratic basechange
(1) from a cuspidal automorphic representation ©' = ®U7T; of GL,(AF). Let us write the conductor of the
local representation myp at P as q% for 6 =0 or § =1, with the case of § = 1 corresponding to some para-
horic structure. Assume that image under i, : Q — Qp of the eigenvalue o, of the “trace” Hecke operator
T, (defined below) acting on T, = Qp|po, Ty is a p-adic unit.

(1) (Theorem 3.4 (1), Corollary 3.4 (1)). Assume the archimedean component T/, = @y, s Tegular
of highest weight p = (v )v|oo, SO that the pi, j # jiy ;i for any archimedean place v of F' and j # i,
and also that 241, ; is not equal to the purity weight w for any 1 < j < n. Let sg € %71 + Z be any
critical value. There exists a bounded distribution £,(m, so) = dLy(m, so) on X, constructed from a
particular choice of decomposable vector ¢ = @™ € V., which satisfies the following interpolation
property: For x any primitive ring class character of conductor p™ for any integer m > 1, we have

—2m 1 2 2
X(Lp(T,50)) = o, =™ - (T(Opm)) -L(so,m®x)* € O.

(2) (Theorem 3.4 (2), Corollary 3.5 (2)). Assume m = T is self-contragredient, and that m descends to
a cuspidal automorphic representation ©V on a unitary group U,(Ar) = U(V)(AF) associated to a
hermitian vector space V' over K of even dimension n, as described above. Assume thatp C Op splits
in K. Here, we write the conductor of the local representation ﬂ'pU atp as qg ford =0 ord =1, with
the case of 0 =1 corresponding to some parahoric structure. Assume that image under ¢y : Q- Qp
of the eigenvalue oy of the “trace” Hecke operator T, (defined below) acting on 71"[3] is a p-adic

unit. There exists a bounded distribution £,(mY,1/2) = d€,(nY,1/2) € O[[X]], constructed from a

particular choice of decomposable vector ¢ = ¢ € Vv, which satisfies the following interpolation

property: For x any primitive ring class character of conductor p™ for any integer m > 1, we have

MLp(x¥1/2)) = a2 (wlp)) NP € 0.

Moreover, if we assume the Ichino-Ikeda conjecture for U,(Ar) x Uy (Ar) (Conjecture 2.10 below),
then this latter interpolation formula is given equivalently by

2
_ 1 A1/2,7Y @ x)
Lo(nY,1/2) =a;?™ ( —— ] - P vy Op) + — 2 € O,
Mw1/2) =y (s ) TT Aatonon) 0T
v<00
We argue that this construction does indeed give a bounded! distribution, and not merely a distribution.
Again, this construction can be viewed a generalization of that given for rank n = 2 in [69], building on

the works of Bertolini-Darmon [9] and [10]) for central values sy = 1/2, but using test vector refinements

ILet us also remark that there seems to be some subtlety in the setting we consider. For instance, Loeffler [57] suggests that
bounded distributions should only exist in the setting of spherical varieties he describes there, of which this is not an example.

4



[23] of Waldspurger’s theorem [72] or Gross-Zagier type formulae [73] to prove the interpolation formulae.
Our key new input here is to use two novel “toric period formula” — Eulerian integral presentations and
the Ichino-Tkeda Gan-Gross-Prasad conjecture — together with careful choices of decomposable vectors in
each case to derive the most natural possible distributions. Note that the unitary construction (2) gives
the same interpolation formulae up to periods given by suitable normalization of vectors. As explained in
Corollary 2.13, this comparison of periods or normalizations appears to suggest the existence of congruence
numbers for the cohomological representation 7, and ultimately should be related to the theory of level raising
congruences in this setting. We discuss this setup in more detail for Conjecture 2.14 below. Our construction
also coincides with special cases of the constructions of Harris-Li-Skinner [35] and Eischen-Harris-Li-Skinner
[22, Theorem 9.2.2] obtained in a completely different way via the doubling method. It would be interesting to
compare with this construction, as well as the distinct but related constructions of Liu [54] and Januszewski
[45], [49], [50], with the view towards studying congruence ideals and their generators in this constellation.
It would also be interesting to study the elements we construct in Hida families, or their images modp with
a view towards Euler system constructions in the style of [10] and [38], using higher-rank analogues of the
theory of level-raising congruences and “Ihara’s lemma” (see [4] and [15] in this connection). Finally, we note
that this construction, like that of [69], has its origins in looking at the distribution relations underlying the
nonvanishing theorems of Vatsal [70], [71], Cornut [18] and Cornut-Vatsal [20], [19] (cf. [65]) — as a step to
reducing to the theorems of Ratner [63] and Margulis-Tomanov [58] on p-adic unipotent flows. We intend to
pursue this connection in a separate work.

Outline. We first review background on essential Whittaker vectors (Theorem 2.1, Corollaries 2.2 and 2.3),
then Eulerian integral representations (Proposition 2.4, Theorem 2.6), followed by the relevant version of
the Ichino-Tkeda Gan-Gross-Prasad conjecture for this setting (Conjecture 2.10). We then explain how to
choose decomposable vectors in each case so that the corresponding automorphic periods take values in the
algebraic integers (Proposition 2.8, Corollary 2.9, and Proposition 2.12). We also discuss ratios of L-values
and relations to congruence numbers in Corollary 2.13 and Conjecture 2.14. In the second section, we explain
how to identify trace operators with a certain “trace” local Hecke operator (see (27)). We then explain how
the eigenfunctions of these operators with p-adic unit eigenvalues can be used to derive a natural construction
of a p-adic interpolation series (Lemma 3.2, Corollary 3.3, and Theorem 3.4).

Notations and conventions. Given a number field K, we write Dy to denote absolute discriminant, Ok the
ring of integers, A the ring of adeles, and A% the group of ideles. Given a place v of K, we write K, to
denote the localization at v. When v is nonarchimedean, we use the same notation to denote the underlying
prime ideal, and write Ok, to denote the local ring of integers. We write | - | to denote idele norm on A,
and N the absolute norm on Ok (with the choice of K being clear from the context). We also fix measures
on local unipotent quotients N, (K, )\ GL,,(K,) as in Matringe [59].

Acknowledgements. 1 am grateful to Raphaél Beuzart-Plessis, Pierre-Henri Chaudouard, Laurent Clozel,
Christophe Cornut, Michael Harris, Fabian Januszewski, Nadir Matringe, Vincent Pilloni, and Eric Urban
for helpful discussions. I also thank an anonymous referee for some very helpful comments.

2. INTEGRAL PRESENTATIONS OF CENTRAL VALUES

2.1. Ring class twists of GL, (A k)-automorphic L-functions. We first record some basics about ring
class characters over K and GL, (A k)-automorphic L-functions twisted by such characters for later.

2.1.1. Ring class characters. Recall that we fix a CM field K. Let F' = K+ denote its maximal totally real
subfield, so that K is a totally imaginary quadratic extension of F. Given a nonzero integral ideal ¢ C Op,
let O, = O + ¢Ok denote the Op-order of conductor ¢ in K, with Pic(O,) its corresponding class group

Pic(0.) = A /ARKIK*0Y, O =[] 0%,
v<o0
We call a finite order idele class character x = ®,x, of Ax/K* a ring class character of conductor ¢ if
it factors properly though such a class group Pic(O.), i.e. so that there is no divisor ¢ | ¢ for which x
factors through the corresponding class group Pic(O. ). Note that such a character has trivial restriction
5



to the ideles A} of F. This is consistent with the classical definition®. Let us note that these characters
are equivariant under complex conjugation: Y1 = ¥ = x¢ for ¢ € Gal(K/F) the nontrivial automorphism.
Consequently, the L-functions L(s, ) of these characters satisfy the relations L(s,x) = L(s,X) = L(s,x 1),
and in particular have symmetric functional equations. Let us also note that any ring class character x of K
has trivial archimedean component yo, = 1.

2.1.2. Automorphic L-functions on GL,(Ak) x GL1(Ak). Let us fix 7 = ®,m, an irreducible cuspidal
automorphic representation of GL,, (A ) of level ¢(7) C Ok and central character w = ®,w,. We consider
the standard L-function A(s,7) = L(s, 7o) L(s,m) of m, with L(s,7) = [], .., L(s,m,) denoting the Euler
product over finite places, which has a well-known analytic continuation by Godement-Jacquet [27]. Thus
A(s, ) satisfies a functional equation of the form A(s,7) = e(s, ) L(1—s,7), where e(s, ) = q(7)2*¢(1/2, )
denotes the epsilon factor, and 7 the contragredient representation. Here, ¢(7) denotes the conductor of
A(s,m), and €(1/2,7) € St the root number.

Let x be any ring class character of K of conductor ¢ C Op. We shall consider the standard L-function
A(s,T@x) = L(s,Too) L(s,m® ), where L(s, 7 ® x) = [ [, <o L(5,Tv ® X») again denotes the Euler product
over finite primes, and which again has an analytic continuation by [27] with functional equation

(3) A(s,T@x) = e(s, 7@ X)A(1 — s, 7@ x ).

Here, €(s, 7 ® x) = ¢(7 ® X)%’Se(l/Q,w ® x) denotes the corresponding epsilon factor. Again writing Dy
to denote the absolute discriminant of K, ¢(7 ® x) = D%Ne(m)N(cOg)" = DENe(m)Ne?® denotes the
conductor of A(s, 7 ® x), and €(1/2,7 ® x) € S' the root number. If the conductors ¢(r) and ¢Of are
mutually coprime, then the root number €(1/2, 7 ® x) can be computed according to [7, Proposition 4.1] as

(4) €(1/2,m @ x) = w(cOk) - x(c(m)) - €(1/2,7) - €(1/2, )",

where €(1/2, x) € {1} denotes the root number of L(s, x). Hence if n > 2, then this term does not contribute.
If we assume that n = 2 and w, = Y2 (e.g. if w, is trivial and x quadratic), then the functional equation (3)
is symmetric thanks to the isomorphism 7 = T ®w_ !, relating the same L-function A(s, 7 ®) on either side.
In general, the functional equation is symmetric if ™ = 7. As the coefficients are real-valued in this case, we
then have that €(1/2,7®x) € {£1}. Moreover, we deduce in this setting that y(c(7)) = X(c(7)) = x 1 (c(7));
the first identification implies that x(c(w)) € {£1}. Moreover, if the central character w = w; is trivial, then

(5) e(1/2, 7 ® x) = x(c(n))e(1/2,7) € {£1}.

Now, it is easy to see by inspection that the contribution of x(c(7)) will be determined by the location of
the ideal ¢(7) in the corresponding ring class group Pic(O,) through which x factors. On the other hand,
if x factors through the profinite limit 'mm Pic(Opm ), then it is easy to see by inspection of either formula
(4) or (5) that the root number €(1/2, 7 ® x) stabilizes, and in particular does not depend on the choice of
ring class character y if conductor ¢ = p™" is sufficiently large. Moreover, if we assume that central character
w = wy; = 1 is trivial so that the formula is given by (5), then it is easy to deduce that as we vary over
all ring class characters x of K of p-power conductor that there exists an integer k € {0,1} for which
€(1/2,m ® x) = (—1)* for all such y of sufficiently large conductor.

2.2. Eulerian integral presentations. We now introduce essential Whittaker vectors for each of our
local representations m,, leading to useful Eulerian integral presentations for the completed L-functions
A(s,m x x) = L(s,m)L(s,m ® x) we study (Theorem 2.6). Roughly speaking, this classical but little-known
setup gives us the following “toric integral” presentation. For ¢ = ®,¢, € V, a certain choice of pure tensor,
and xy = ®,X» any everywhere unramified idele class character of K, we have that

A(s,m®x) _/Aé W, (( Y 1, . >>x(y)ly|5("zl)dy,

2Note that Cornut-Vatsal [20] use a more general and non-standard definition of ring class character whose restriction to A}
is not necessarily trivial, but rather everywhere unramified. Here, we work with the classical definition so that we can assume
our ring class characters are equivariant under complex conjugation.
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where W, = W, ,, denotes the Whittaker coefficient defined on g € GL,, (A k) with respect to the standard
additive character ¢ = ®,1, of A /K by

Wo(g) = / @(ng)y~" (n)dn.
No (K)\ Ny (Arc)

Here, the additive character v is extended in the usual way to the standard unipotent subgroup of upper
triangular matrices N,, C GL,,. We also write 1,, to denote the m x m identity matrix for any integer m > 2,
and again | - | to denote the idele norm.

To describe this in more detail, we first introduce essential Whittaker vectors ¢, € V. at nonarchimedean
local places v < oco. This allows us to construct an analogue of a “new vector” ¢ = ®,p, € V, in this setting.
We then introduce the classical projection operator P} taking cuspidal automorphic forms on GL, (A k) to
cuspidal L2-automorphic forms on the mirabolic subgroup P>(A k) C GLa(Ak). In particular, we describe
how basic properties of its Fourier-Whittaker expansion can be used to derive the stated integral presentation
by inspection of the Fourier-Whittaker expansion of the projected pure tensor P}¢. We then describe some
relevant rationality theorems for critical values in this setting, and how to view them in this rubric.

2.2.1. Essential Whittaker vectors. Let v be any nonarchimedean place of K, which we identify with its
corresponding prime ideal. We then write K, to denote the localization of K at v, Ok, its ring of integers,
w, € Ok, a fixed uniformizer, and ¢, = #0k, /w,Ok, the cardinality of the residue field at v. Let us fix
a nontrivial additive character 1, of K,, and write v, to denote the character defined on g € GL,,(K,) by
the rule v,,(g) = | det(g)],. Recall that given a character &, of K¢, the real part $(,) is defined to be the
real number r for which |&,(¢)|c = |¢|} as functions of ¢ € KX, i.e. where for z € C, we write |z|c = 2Z to
denote the complex absolute value.

Let , be any generic representation of GL,, (K, ), and W(m,;¥,) its corresponding Whittaker model for
the additive character 1,. As explained in [59, §1.4], such a representation 7, can be decomposed into a
product of segments

(6) Ty = A'U,l X X Av,m~

Here, for each index 1 < j < 'm, the corresponding segment A, ; takes the form

A, ;= [Vv—(kj(fru)—l)pj(m), i)

for some real number k;(m,) and cuspidal representation p;(m,) of GL4;(K,) for some integer a; > 1.
Note that this decomposition (6) is unique up to the permutation of factors. Let us now retain only those
cuspidal representations p;(m,) which occur as unramified characters p;(m,) = &, ; of K /Oy for the sub-
sequent construction, writing 0 < r < n — 1 to denote the cardinality of this set of unramified characters
{p;(my) = & ;} occurring in the decomposition (6). We shall refer these elements simply as &, 1,. .., &y, and
assume they are ordered as R(&;,,) > ... > R(&, ) whenever r > 1. We then define , , to be either

(i) the trivial representation of {1} if r = 0, or else

(ii) the unramified representation of Langlands type defined by &,1 X -+ X & m if 7 > 1.

In case (ii), the product my, = &y1 X -+ X &y determines an unramified generic3 representation of
GL,(K,), and we write W), to denote its normalized unramified Whittaker function in the Whittaker
model W(y, ;¢ 1) of T, with respect to the additive character 1, !. We shall use the following result
of Matringe [59, Theorem 3.1], generalizing earlier work of Casselman [12] for n = 2 (“new vectors”), and
Jacquet-Piatetski-Shapiro-Shalika [41] (cf. [40] and [59, Remark, pp. 3-4]) for the general case on the rank
n > 2 when m, is unramified.

3The representation m, ., may be reducible, however a theorem of Jacquet-Shalika [44] shows that it has a unique injective
Whittaker model.
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Theorem 2.1. Fiz n > 2 an integer, and let m be any generic representation of GL,(K,) as described
above. There exists a GLy,_1(Ok,)-invariant function W € W(m,;1,) whose restriction to the subgroup
of diagonal matrices A,_1(K,) C GL,_1(K,) (when parametrized by simple roots) is given by

t1
. n—1
Wi - = [[ 10z, )
o1 il
1
if r =0, and by
t1
WeSS
v
tn—l
1
t1 t1 o -
=W vy Lo, (t) ] 1ox &)
j=r41 !
Ly 128

if 1 <r <n-—1. Here, we write 1o, to denote the characteristic function of the integer ring Ok, , and 10;(

that of the local unit group (’)IX(U. This function W is unique, and moreover equal to 1 on GL,_1(Ok,).

Proof. See [59, §1.4, Theorem 3.1], as well as [59, Corollaries 3.2 and 3.3]. O

Specializing to diagonal matrices that are trivial away from the upper left entry (as we shall), we derive
the following useful characterization of these essential Whittaker vectors as functions of ¢ € K*. Given any
integer m > 1, let us write 1,, to denote the identity matrix in GL,,, with 19 = 0 for m = 0.

Corollary 2.2. For any t € KX, the unique GL,,_1(Okg,)-invariant function W € W(m,;1,) satisfies

10;2” (t) ZfT’:O

n—r

(7) W;jss<(t - )): mt),u<<t 1T1>>V”<<t 1r1>>2 ifr>1.

Moreover, this function is trivial on integral elements t € A1(Ok,) =2 Ok, \{0}.

Proof. The statement is a direct consequence of Theorem 2.1, taking into account that the function is known
to be trivial on A,,—1(Ok,) C GL,,—1(Ok,). O

We also have the following important consequence of Theorem 2.1, as explained in [59, Corollary 3.3].
Writing B,, C GL,, for any integer m > 1 to denote the standard Borel subgroup of upper triangular
matrices, let dp, denote the positive character on B,, defined so that if p is a right Haar measure on
B,,,(K}) and int denotes the action on smooth functions f with compact support on b € B,,(K,) given by
(int(b) f)(z) = f(b~'ab), then point(b) = dp,, (b)u for any b € B,,(K,) (which is trivial for m = 1).

Corollary 2.3. For each integer 1 < m < n —1 and each representation w, of Langlands type of GLy,(K,)
with normalized spherical Whittaker vector Wfr)( e W(r!,¥;1), we have the identification

n—m

I(WES, Wy, s) ;:/ Wess ( t L ) W, (£)051 (t)vy(t)* ("F)dt = L(s, m, x 7).
) n—m v m

A (K,
Here, s € C is a complex parameter (first with R(s) > 1), Ny, C GL,, the unipotent subgroup of upper
triangular matrices, and L(s,m, X 7,) the local Rankin-Selberg L-function of m, times w,. As well, we
normalize the Haar measure on Np,(K,)\ GLy, (K,) in the same way as for [59, §3].
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This latter result gives us a direct relation between the local L-factors L(s, 7, ® x,) in the L-functions
A(s,m®x) = L(8, oo ) L(s,m®x) we wish to study, and in particular allows us to relate any nonarchimedean
local factor L(s, 7, ® x») to a shifted adelic Mellin transform of W, again viewed as a function of t € K¢
as in (7). We explain this in more detail as follows, using the theory of Eulerian integral presentations.

2.2.2. Integral presentations. Recall that we fix 7 = ®,m, a cuspidal automorphic representation of GL,, (A k)
for some dimension n > 2. Let us now fix a pure tensor ¢ = ®,¢, € V. Again, we write N, C GL, to
denote the unipotent subgroup of upper triangular matrices. Let us write ¥ = ®,, to denote the standard
additive character on Ak /K, so that the archimedean component 1., coincides with the function sending
Zoo = (Zoo,jr Zoog)je1 € KX =2 C% 10 Yoo(200) = exXp(27i(Z00,1 + Zoo,1 -+ + Loo,d + Zoo,a)), and at each
nonarchimedean local place v of K is trivial on the local inverse different 0[_{1 but nontrivial on v_laf}i.
Recall that the Fourier-Whittaker expansion of ¢ evaluated at any matrix g € GL,,(Ak) is given by

® c= Y (K)Ww((” L )a).

YENn—1(K)\ GLn_1
where again W, = W,, 4, denotes the Whittaker coefficient defined on g € GL,(Ak) by

Wolg) = Wy lg) = /N o P )

Note that for a pure tensor ¢ = ®,¢, € V; as we consider, this Whittaker function has the corresponding
decomposition into local components W, = ®,W,,, . Moreover, at each place v of K, the corresponding
Kirillov map K, : ¢, — W, gives us the isomorphism

9) Ry Vo, & W(mw;¥0), 0o — W,

between the space Vi, of the representation (m,,Vy,) and its corresponding Whittaker model W(m,; )
with respect to our fixed additive character 1, i.e. the component at v of the standard additive character
Y = @y, of A /K. Let us for future reference record the following important consequence of this fact.

Theorem 2.4 (Gelfand-Kazhdan, cf. Jacquet-Shalika, Bernstein-Zelevinsky). Fiz 7 = ®,m, a cuspidal
automorphic representation of GL,(Ak) of any dimension n > 2, and let v = R4, as described above
denote the standard additive character of Ay /K. Given a place v of K, let W, : KX — C* be any smooth
and compactly supported function, or more generally any square-integrable (or even just summable) function.
There ezists a vector @, € Vx, in the local representation m, such that, as functions of t, € K\, we have

v (0, )= |

Proof. The result is implied in all cases by the theorem of Gelfand-Kazhdan [25], i.e. from the result that
the Kirillov model of 7, always contains C°(N,,_1(K)\ GL,,—1(K), ). If v is archimedean, the result is also
implied by the isomorphism (9), as shown in Jacquet-Shalika [43, (3.8)]. If v is nonarchimedean, then the
result is also implied by the discussion of Bernstein-Zelevinsky [8, p. 50]. (Il

Remark We note that in the archimedean setting, the cited theorem of Jacquet-Shalika [43] shows that the
restriction of the unitary representation o of GL,(K) to the mirabolic subgroup P, (Ks) C GL,(K) is
equivalent to the unitary representation 7 of P, (K, ). However, smooth vectors in this latter representation
space V; need not correspond to smooth vectors in that of the former V. Although this does not pose a
problem for the choice of normalization of the archimedean local pure tensor Yo, = ®y|00w We make below,
we record this subtle point explicitly here as it is not so well-known. The theorem of Gelfand-Kazhdan [25]
however works directly for smooth representations, so we can give the proposition above without any caveat.

Let us now consider the unipotent radical Y;, ; C GL,, of the parabolic subgroup associated to the partition
(2,1,...,1) of n. Hence, Y,, ; is normalized by GLy C GL,,, and we have the decomposition N,, = Na X Y}, 1.
Let P, C GLo denote the mirabolic subgroup corresponding to the stabilizer of ; its adelic points Pa(A k)
can be described simply as

Py(Ag) = {( Y 91” ) cye A%, xeAK} C GLy(Ak).
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Corresponding to any pure tensor ¢ = ®,¢, € V; in the cuspidal GL,, (A )-representation 7, we can define
the classical projection PP on ¢ € V. by the rule sending a matrix p € Pa(Ak) to the integral

K ( (p )) ~L(y)dy.
/Yn,l(K)\Yn,l(AK)QO 4 1, - w (y) Yy

Note that since this integral is defined over a compact domain, it converges absolutely. As explained in
Cogdell [16, Lemma 5.2] (cf. also [17, § 2.2.1]), this function P} is left Py(K)-invariant, and moreover can
be viewed as a cuspidal L2—automorphic form on p € Py(Ar) having the Fourier-Whittaker expansion

(10) Plo(p) = | det(p)~(*=) 37 W, (( 1o 1 > < ’ Loz ))

yEK X

Pyo(p) = | det(p)| ("

Note that, somewhat remarkably, this latter expansion (10) on P»(Af) carries all of the information
about specializations to upper left diagonal elements of the Fourier-Whittaker coefficients appearing in (8)
as needed to construct the L-function of . Cogdell* used this observation to give the following Eulerian
integral presentation of the L-functions A(s,m ® x) = L(8,7eo)L(s, ™ ® x) we consider above, although
we remark that this theory of Eulerian integral presentations applies more generally to Rankin-Selberg L-
functions for GL, (A k) x GL,,(Ak) for any dimensions n > 2 and 1 < m < n, and any number field K. To
describe this special case, let us for ¢ = ®,¢, € V; any pure tensor for 7, x = ®, X, any ring class character
of K, and s € C any complex parameter (first with ®(s) > 1) consider the integral

(11) I(s,,x) = /A;(/KXIPW« ! 1 )) Xt~ 2 dt

Here, we write |- | = ||, x to denote the idele norm on Aj.
K

Proposition 2.5. The integral I(s,¢,x) of (11), defined for any complex number s € C, cuspidal pure
tensor ¢ = Ry, of GL,(AKk), and idele class character x = Q,x. of K, satisfies the following properties:

(i) It is absolutely convergent for each s € C, and hence entire.
(ii) It is bounded in vertical strips.
(iil) It satisfies the functional equation I(s,p,x) = f(l —8,0,x" 1), where ¢ denotes the contragredient
vector defined on g € GL, (Ak) by ¢(g) = ¢(tg™1), and

"
T(1*57<P,X):/ Py (t 1, . >)x(y)ly52dy

KX\AX
Here, writing ¢g* =t ¢~ ', we let P=t(oPoy..
Proof. These analytic properties are shown in [16, Lecture 5, Proposition 5.3] (with n’ = 1), for instance. O

Opening up the Fourier-Whittaker expansion (10) of P}, then switching the order of summation and
integration to collapse the integral, we obtain

oo /K/K o We (< ! 1o ) < t 11 ))X(t)lt|85("22)dt
o 2 2 wo (7, ) ot
=W (" 1))@ Ca

Now, since the Whittaker function W, decomposes into local factors as W, = ®,W,,, we can decompose

these latter integrals as
_(n=L
H / We, (( 1 >> Xv(tv)“v‘f) (%3 )dtv
K n—1

Aﬁm((t 1y ) xor I

4in the course of proving converse theorems for GLy, (A )

YE
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and in particular

. W, (( t - )> NG - 11 e << - ))Xu(tvﬂtvﬁ(n;l)dtv.

v<oo
These integrals give presentations of the completed L-function A(s,7 ® x) = L(s, 7o) L(s,m ® Xx) and its
finite part L(s, 7 ® x) respectively. Putting this together with the existence and characterization of essential
Whittaker vectors as described above, we obtain the following integral presentations.

Theorem 2.6. Let 1 = ®,m, be a cuspidal automorphic representation of GL, (Ak) for any dimension
n > 2, and let ¢ = ®up, € Vi be a pure tensor. Suppose as we may by Theorem 2.1 and Proposition
2.4 that for each nonarchimedean place v of K, we choose the local vector ¢, € Vz, in such a way that its
corresponding Whittaker function W, as a function of t, € K* is given by the specialization of the essential
Whittaker function W described in (7) above, i.e. so that we have the identification(s)

W,

t'U _ ess tU X
A ) () e

Let x = R4y X0 first be any finite-order Hecke character of K which is everywhere unramified, i.e. a ring class
character of K of trivial conductor ¢ = Op. We have for any s € C (first with R(s) > 1) the following
presentation for the finite part L(s, ™ ® x) of the completed L-function A(s,m ® x) = L(8, o) L(s, 7 ® X):

L(S’W®X)_/A;<,f W, << b 1, . >> X(t)legls Tty

We also have for some (unique) choice of archimedean component oo = @y|cpv for the pure tensor ¢ that

Meron= [ W ((1 ) xR

More generally, if x = ®yXo @5 a 1ing class Hecke character of K of some conductor ¢ C Op, in which
case it is unramified at all primes v not dividing <O, we obtain the Fulerian integral presentation

Aoosren = [T temew= [ wo((" ) xor P

v<oo

vtcO g A;Ozd

where A(COK) [T v<ee K denotes the ideles of K away from primes dividing ¢cOg .

vteO g

Proof. Let us suppose first that the idele class character y = ®,x, is everywhere unramified. Keeping the
setup described above, we then have that

L(s,m®x) = HLSﬂ'v®XU)

<00

0/ v (0, ) wtomes

<00

vllo /K W, (( " 1 )) xolto)ltols” T Dt
11 /K W, (< h 1, >> xolto)tols” 7 at,

<00

/NS We (( tf 1o >)X(tf)|tf|s(nz_l)dtf.

Here, the first identification follows from the definition of the L-function L(s,m ® x), and the second is

shown in [42, §5] (cf. [59, comment after Proposition 1.4]). The third identification follows from making the

identification of Corollary 2.3 at each finite place v, using that the positive character §p, is trivial. The fourth

identification is a simplification of notations. The fifth identification follows from our choice of pure tensor

p = ®yp, at each finite place v, and the sixth is simply the global integral corresponding to the product.
11




Now, taking x to be the trivial character, and comparing Dirichlet series expansions first for R(s) > 1, we
deduce that we have the identification

> R 2 by = [ me (Y a ) han

aCOgk aCOk Na 2

Via inspection of the Fourier-Whittaker expansion on the right-hand side, we then claim that for y any idele
class character of K we have the corresponding twisted relation

p n S—l
> = Lelolle) =/ Pre (( ey )) X(p)lys” 2 dyy-
2 A;E/KX n—1

aCOx aCOk Na*~

This implies the first claim. The second claim follows from a minor variation of the same argument for
the partial standard L-function A(¢Cx )(s, T ® X), using the fact that each of the local Hecke characters x,
appearing its Euler product is unramified. O

2.3. Rationality theorems and normalizations. We now record some relevant rationality theorems
in the direction of Deligne’s conjectures and explain the connection with the setup described above. Let
us now suppose that 7 = ®,m, is a cohomological cuspidal automorphic representation of GL, (Ak) for
any dimension n > 2. That is, we suppose now that there exists a finite-dimensional irreducible algebraic
representation &, of the real Lie group G, o = GL,(K ®q R) for which the archimedean component 7o
has nontrivial relative Lie cohomology with respect to &£,. Here, p denotes the highest weight for £,; this
highest weight can be parametrized as (p,)veco for v ranging over (pairs of) archimedean places of K, with
each entry f1, = (f1y,7)7—; arranged so that p,1 > -+ > iy (see e.g. [30, §1]). Recall that the purity weight
w € Z is a constant for which w = i, ; + po,n41—; for any 1 < j <n (and any archimedean place v).

Recall that an automorphic L-function A(s, 7 ® x) = L(s,Teo)L(s, ™ ® x) of the type we consider here,
i.e. with x corresponding to a wide class character so that x.o = 1 in all cases, an argument sy € ”771 +Z
is said to be critical in the sense of Deligne [21] if neither L(s, 7 ) nor the corresponding contragredient
factor L(1 — s, ) has a pole at sg. Here, we use the normalization for automorphic motives appearing in
various works such as [30], [29], and [34], and note that Deligne [21] uses the arithmetic normalization so
that a critical value sy can only ever be an integer. When n > 2 is even, the central value sp = 1/2 for the
functional equation (3) is always critical. We have the following special case of Deligne’s conjectures in the
setting we consider for this work, which for our purposes can be seen as generalizations of the well-known
theorems of Shimura for Rankin-Selberg L-functions on GL2(Af) X GL2(AF) (e.g. [68]).

Theorem 2.7. Let n > 2 be any even integer. Let m = ®,m, be a cohomological automorphic representation
of GLn(AKk). Let us assume that m = BCg p(n’) arises via cyclic basechange in the sense of Arthur-Clozel
[5] from an irreducible cuspidal cohomological representation ' of GL,(AFr), and moreover that ' descends
to a cuspidal automorphic representation 7V = ®,7Y on some unitary group U(V)(AF) associated to a
hermitian vector space V of dimension n over K. Let us also assume that 7% = ®U|Oo7rf)] is reqular, hence
with distinct Hodge-Tate weights (X\;)7_; = (X\j»)7, for each real place v | oo in F; writing w € Z to
denote the purity weight so that A\j + Apy1—; = w for each 1 < j < n, we also assume that \; # w/2
for each 1 < j < n. Let x be any ring class character of K. Then for sqg € "7_1 + Z any critical value of
A(s,m® x) = L(s,Too)L(s, ™ ® X), there exists a nonzero complex number Q. (7, x) € C\{0} depending on
both ™ and x such that the ratio

A(So,ﬂ' ® X) _ L(SO; 7700)
QSO (7T, X) QSO (W’ X)

is an algebraic number, contained in the number field E(m,x) = Q(m)Q(x) K given by the compositum of
the Hecke field Q(m) of m with the cyclotomic field Q(x) generated by the values of x with the Galois closure
KS of K in Q. Moreover, there is a natural action of o € Gal(Q/Q) on these values of the form

o (£(s0, ™ ® X)) = £(s0, ™ @ x7),

‘8(5077T®X): L(SOaﬂ-®X)€Q

where v = o|q(x) denotes the restriction of o to the Hecke field Q(m). Here, v acts on 7 in a natural way
via the Hecke eigenvalues, and x7 is defined by the rule sending t € Ay /K> to the complex value o(x(t)).
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Proof. See Harris-Lin [36, Theorem 4.7]. The result can be deduced from the main theorem of Harris [34], as
well as those of Guerberoff [31] and Guerberoff-Lin [32], albeit with an additional nonvanishing hypothesis
to deal with special case where n is even and sp = 1/2 is the central value.

Note that the result for the underlying GL, (A r) x GL2(AFr) Rankin-Selberg L-function L(s, 7" x m(x))
is also addressed in Harder-Raghuram [33, Theorem 7.21]. In the general setting, we also have the main
theorem of Raghuram [62] for GL, (A k) X GL;(A k) families. The period Q, (7 ® x) implicit in these latter
results takes the form of a Langlands quotient

A(so+1,7®x) L(so+1,7e0)L(s0 +1,T®@ X)

Qo) = —5malrng QI ()

in our notations, with i = /=1 a fixed square root of —1, and 7(x) the Gauss sum of . Here, we write 7
to denote the contragredient representation associated with 7, which arises via cyclic basechange from the
corresponding contragredient 7 of «’. In particular, this period depends on the choice of ring class character
x. Although they do not apply directly in this setting, we also mention the relevant rationality theorems of
Januszewski [46, Theorem A] and [47, Theorem A], as well as [48, Theorem A]. O

2.3.1. Normalizations of vectors. Let us now return to the setup of Theorem 2.6 above, taking for granted
the results of Theorems 2.1 and 2.7. We can make the following useful choice(s) of normalization(s) for the
archimedean component of the pure tensor ¢ = ®,¢, € V, appearing in Theorem 2.6.

Proposition 2.8. Let 1 = ®,m, be an irreducible cuspidal cohomological automorphic representation of
GL,,(Ak) as in Theorem 2.7 above, with sy € % + Z any critical value for the standard L-function
A(s,m) = L(8, 7o) L(8, 7). Let ¢ = Qypp € Vi be any pure tensor whose nonarchimedean local components

are chosen to be essential Whittaker vectors as in Theorems 2.1 and 2.6 above. We can find a normalization

@L%t = (X)v|oo<,0,iunt of the archimedean component of any such pure tensor so that the FEulerian integral
A e
2(5077T) = M = Wwint t |t‘807( 21)dt
Q (7T') A% 1,1
(13)
e

L(s0, 7o) << ty )> so—(251)
= ——"" W int te|™ z /dt
Qso (7T) AIX{,f ? 1n71 | f‘ f

corresponding to the normalized vector '™ = @, ooy ® @It

of integers Op_ of the number field E, = Q(m)K 5.

is an algebraic integer, contained in the ring

Proof. Given complex numbers A and B # 0 and a number field E C Q, let us s write A ~p B if there exists
an algebraic number « € F for which A = aB, or equivalently if A/B = « € Q. Taking Theorem 2.7 with

trivial class group character y = 1 (which we now drop from the notations), we have the relation
Qs ()

14 L S0,7) ~E, — s .
( ) ( ) L(SOa 7Too)

Using Theorem 2.6 to describe the left hand side of (14) as an Eulerian integral presentation, it follows that
for ¢ = ®,p, € Vi any pure tensor whose nonarchimedean local components are chosen to be essential
Whittaker vectors as in Theorems 2.1 and 2.6 above, we have the rationality relation

t _(n1 Qs ()
W, g0~ () gp oy 2o\
AL A" ) P Lso.m)

4= We (( t 1,1 )) |t|30_(n;1)dt and B= Loy (m).

A% L(so, )’

Hence, writing

we can find some « € E for which A = aB. Now, put a = /s for E -integers ay, oy € Op_ with as # 0.
It follows that asA = a1 B, hence anA/B = «a is an integer in E,. We can now use Theorem 2.4 to justify
normalizing the achimedean component ¢o, = ®y|o0¥y in this way to prove the result. ]
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Corollary 2.9. Let us retain the setup of Proposition 2.8 above, as well as Theorems 2.1, 2.6, and 2.7.
Again taking the trivial class group character x = 1, we write ¢ € V. for the corresponding normalization
of (the archimedean component of ) the pure tensor p € Vi, so that the algebraic part of the critical value

£(sg,7) = /;2(80(:)) = s W gine <( y - >> |~ () ay

L(s0,Too) Yy so—(252)
= =" W. Tz d
Qq, (m,1) A%, ¥ (( 1, 4 vyl Yr

is an algebraic integer. We consider the following function on certain finite quotients of the idele group Aj;.
Hence, let us fiz a prime ideal p C Op with underling rational prime p. For each integer m > 0, we put

Xy = Pic(Opn) = A /KEK* Ok,  Opm i= Op +p™Ok.

For each class A € X,,, we fix an idele representative t4 € Ay so that A = [ta] € X, = AIX(/KOXOKX@,,X,”.
We can then consider the function 25, ., defined on any class A in any of these finite quotients X,, of the

idele class group A% /K> by taking the sum over ideles in the class [ta]:

(15) W) =Bl = 5 W (N )) O

AEtAA L KX 6;<m
[tal=A

Note that the sum defining (15) is absolutely convergent by Proposition 2.5 (i). By construction, this function
takes values in the field of rationality E = E,. More precisely, using the surjectivity of the archimedean local
Kirillov map to choose the archimedean local vector ¢ as in Proposition 2.8 above, we deduce that the sums
(15) take values in the ring of integers Og. Hence, each of the coefficient functions (15) associated to the
normalized vector ¢ takes values in the algebraic integers.

2.4. The Ichino-Ikeda formula for U, (Ar) x U;(AF). Let us now consider the special case of central
values so = 1/2, and in particular the following form of the Ichino-Tkeda conjecture for unitary groups
Un(Ar) x Uy(Ar) = U(V)(AFr) x U(L)(AF) as formulated by Liu [56], and moreover shown for the rele-
vant cases we consider by Liu [55, Theorem 1.4] and Beuzart-Plessis-Chaudouard [11, Theorem 1.3.3.1 and
Theorem 1.3.6.1] (replacing our n with their 2n + 1 and taking m = 1).

Fix n > 2 an even integer. Let V' be a hermitian space of dimension n over K, with U, = U(V) as its
unitary group. We assume there exists a nondegenerate line L C V whose orthogonal complement in V/
admits an isotropic subspace Z of the maximal possible dimension m — 1, and write U; = U(L) to denote
its unitary group. Write P C U(V) to denote the parabolic subgroup which stabilizes a complete flag of
subspaces in Z, with Levi factor Mp = GL;(K)™~! x U(L), and unipotent radical N = Np. Note that P
contains U; = U(L). Let » = ¢y denote the automorphic additive character on N(F)\N(Ar) defined in
Gan-Gross-Prasad [24] and [11, §1.3]. Note that this additive character is invariant under conjugation by
Ui(Ar). Let us also remark that this choice of automorphic character ¥ = ¢y is similar in spirit to the
choice of unipotent radical subgroup Y,, 1 C N, used to define the projection operator P{ ¢, in that it ensures
the corresponding integral over the unipotent radical N(F)\N(Ap) is automorphic.

Let us now take 7V = ®,77 to be a cuspidal automorphic representation of U, (F)\U,(AFr), which we
shall assume has a basechange to a cuspidal automorphic representation T = ®,m, of GL,(Ak) as above.
We can assume without loss of generality that 7Y us everywhere locally tempered. This set of conditions
implies that we have the identification of completed L-functions A(s,7 ® x) = A(s, 7V ® x) for any idele
class character x of K. Consider the corresponding projection operator Py defined for ¢ € U;(Ap) and
¢ = ®y0, € Vv a decomposable vector as the integral

(16) Pud(t) = /N i, St

Again, we note that the choice of automorphic character ¢ = ®,1, ensures that the integral (16) is left

U, (F')-invariant, analogous to the definition of projection operator P7¢ for GL, (A k). Let x be a ring class

character of K, which we now identify as an automorphic form on U (F)\U;(Afr) 2 A% /K> A}. Consider
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the linear form defined in the natural way via the corresponding (Bessel) automorphic period integral

(17) per’ — Pg):= Pyo(t) - x(t)dt.

/Ul(F)\Ul(AF)
Conjecture 2.10 (Ichino-Tkeda for U, (Ar)xUi(AF)). There ezists for each place v of K a local sesquilinear

form® P, 7Y x 7¥ — C such that for any decomposable vector ¢ = @,¢, € 7Y,

7.‘.U
(19) R = S TI A6

Here, A(s, 7Y, Ad) = A(s, 7, Ad) is the completed adjoint L-function of 7V, and the identity (18) is given up
to special values of abelian L-functions which cancel out to one given suitable choices of Haar measures.

We remark Conjecture 2.10 has now been shown for the special case we consider here:

U

Theorem 2.11. Assumen > 2 is even. Conjecture [39] is true if the unitary representation 7" is everywhere

locally tempered, and its basechange is a hermitian Arthur parameter.

Proof. See Beuzart-Plessis-Chaudouard [11, Theorem 1.3.3.1 and Theorem 1.3.6.1], replacing their 2n + 1
with our n and taking m = 1. See also Liu [55, Theorem 1.4 (1)] for the nonvanishing equivalence. ]

2.4.1. Normalizations of vectors. Taking for granted Conjecture 2.10, we make the following choice of vector.

Proposition 2.12. Assume Conjecture 2.10. We can choose the vector ¢ € ¥V to be normalized so that
| Py (¢)|? takes algebraic integer values. We thus fiz such a choice ™. Moreover, fixing an idele representative
ta for each class A € X,,, (for each integer m > 0), we can choose this vector so that each idele class sum

(19) Y PdM)= Y Pud™()
“/EtAA;iKX@;(m wEtAA;;KX@;m
[tal=A [tal=4

takes algebraic integer values.

Proof. Let us first remark that [69, Lemma 4.1] would carry over if the hermitian space V' were compact at
infinity, this is if the corresponding unitary group U, (Fs) = U(V)(Fx) were compact.® Let us also remark
that since the representation 7V is cohomological, we deduce from the corresponding rational structure of
the (g, K)-cohomology space that we can normalize decomposable vectors to take algebraic values. Moreover,
we can realize vectors in the representation space 7V as classes in the coherent cohomology of the associated
unitary Shimura variety Sh(U(V')). We know that each of these Shimura varieties Sh(U (V")) has an integral
model by the work of [52] and [51]. Hence, using the induced integral structure on the sections of the relative
dualizing sheaves of these integral models, we deduce that we can even normalize these decomposable vectors
to take algebraic integer values.

Assuming the Ichino-Ikeda formula (18), we use the sesquilinear pairings on the right-hand side to deduce
more directly that we can choose decomposable vectors ¢'™ € V; so that the left-hand side is an algebraic
integer. It is then easy to see that the corresponding Bessel period PX(qﬁiI‘t) takes algebraic integer values.
We deduce that each idele class sum(mand) of the form (19) must also take algebraic integer values, since
otherwise taking finite sums over classes A € Pic(Opm ) (with x € Pic(Opm)Y) would give a contradiction. [

2.5. Ratios of periods and congruences. Although not needed for our constructions, we now gather
some notes on congruences and comparisons of periods inherent in choosing automorphic pure tensors in the
discussion above. Granted Conjecture 2.10, we can make the following comparison with the Eulerian integral
presentations considered above, as well as the rationality theorems as described in Theorem 2.7.

5essentially integrals of matrix coefficients
61n this simpler case, the vector ¢ can be viewed as a function on a finite set, and hence normalized trivially to take values
in the algebraic integers.
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Corollary 2.13. Assuming Conjecture 2.10, and the conditions of Theorem 2.7 on the cohomological cuspidal
automorphic representation m of GLy,(Ak) met, Theorem 2.6 gives us the following identification(s): For
decomposable vectors ¢ = Ry, € T and ¢ = Ry¢, € ™V and x any class” group character of K, we have

n t _ |PX(¢)|2 'L(lvﬂUaAd) _
IX</K>< Pl@(( 1 ))X(t)dt_ HUPU(¢U7¢’U) _A(1/277TU®X).

In particular, we have the identification of toric period integrals
L(1,7Y,Ad)

/A;dm e (1)) weoe = L, P (60 60)°

Moreover, writing Q(mw,x) = Q1 (7, x) to denote the period(s) described in Theorem 2.7, we have that

1
2

S ()

1 . L(1,7Y, Ad)
Q(m, x) IL, Px. (v, dv)

is an algebraic number, lying in some proscribed Hecke field according to Theorem 2.7, and admitting an
action of the absolute Galois group Gal(Q/Q). On the other hand, if we normalize the decomposable vector
¢ = Ry0, € TV as in Proposition 2.12 above, the corresponding toric period

2

Ay2mex) = [

A

2
Pyo(t)x(t)dt

/Ul(F)\Ul(AF)

(20)

Py¢(t)x(t)dt

/Ul(F)\Ul(AF)

(21) Py¢(t)x(t)dt

/Ul(F)\Ul(AF)

is an algebraic integer. Using this normalized choice of vector ¢ € ¥ in (20) leads to two comparable rational
structures for the central values. To be more precise, normalizing p = ®,p, € ™ according to Proposition
2.8 and ¢ = R,p, € TV to take algebraic integer values, the corresponding ratio of periods
(22) 1 L(1,7Y,Ad) 1 L(1,7,Ad)

Q(TUX) HvP v <¢v7¢v> Q(”ﬁX) HUP,U (¢v’¢v)

is an algebraic integer.

We expect the algebraic integers (22) to convey subtle information about level-raising congruences for 7.
To be more precise, we expect the following relations to hold, in the style of the work of Prasanna [61], [60] on
ratios of Petersson inner products, as well as the theorem of Ribet-Takehasi [64]. Let O be a finite extension of
Z,, containing all of the Hecke eigenvalues of the cuspidal cohomological representation = of GL,, (A k), as well
as those of its corresponding unitary transfer 7¥. Let p, denote the Galois representation associated to 7 by
the construction of [3], via the boundary cohomology of the Borel-Serre compactification of a Shimura variety
Sh(U(n,n)) attached to the unitary group U(n,n). Let p,v denote the Galois representation associated to mV
via the etale cohomology of a Shimura variety Sh(U (V")) attached to the unitary group U(V') (see e.g. [37]).
We write p,, = pr mod B and p,.v mod B to denote the corresponding residual Galois representations modulo
the prime ideal 9 C O. Let m,; C T® O denote the maximal ideal of the Hecke algebra T ® O corresponding
to pr, with Ty, the corresponding localization at m,, and &, : Ty, — O the corresponding eigencharacter.
We then consider the corresponding congruence ideal for 7 defined by

C(m) := & (Ann (ker (&7 : Ty, — O))) C O.

Similarly, we let m v C T ® O denote the maximal ideal of the Hecke algebra T ® O corresponding to p,uv,
with Ty _,, the corresponding localization at m;uv, and §rv : Ty, , —> O the corresponding eigencharacter.

We then consider the corresponding congruence ideal for 7V defined by

C(nY) =& (Ann (ker (&,v Tw , — 0))) co.

7A minor technical modification following Theorem 2.6 allows us to derive the corresponding relation for any ring class
character; we present the everywhere unramified case for simplicity.
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Again using the existence of integral models for these Shimura varieties Sh(U(n,n)) and Sh(U(V)) due to
[52] and [51], we argue as the in the proof of Proposition 2.12 that we can choose decomposable vectors
o ¢ V. and ¢ € Vv which take algebraic integer values.

Conjecture 2.14. Let us retain the setup of Corollary 2.13, and all of the discussion above. Let uy ()
denote the canonical periods associated to the Galois representation p, constructed from the l-adic étale
cohomology of the boundary of the Borel-Serre compactification of the unitary Shimura variety Sh(U(n,n))
by [3] (see also [67] and [13]) in the theory of Deligne [21, (0.4.1), Proposition 1.4, (1.7.1)], and ux(7Y)
the periods associated to the Galois representation pruv constructed from the l-adic étale cohomology of the
Shimura variety Sh(U) attached to the unitary group U = U(V') from our discussion above. That is, we let
ux(m) denote the periods defined with respect to the isomorphism

I': Hp(Sh(U(n,n))(C), Q) ® C — Hig(Sh(U(n,n))(C)) ®r C,
and ux (V) the periods defined with respect to the isomorphism
I': Hp(Sh(U(V))(C), Q) ® C — Hig(Sh(U(V))(C)) ®r C.

We expect to have the following relations:

(i) Writing (-, -)pet again to the denote the Petersson inner product, the ratios

5 — ((Pint,@ (¢int7¢int)Pet
() - u— () up(7V) - u_ (V)

int)Pet J

S
are algebraic numbers.
(ii) We have the equalities C(1) = (6,) and C(7Y) = (§,v) of ideals in O.

(iii) The ratio (p™F, P ) pet /(P P )pey is an algebraic number, and moreover lies in the Hecke field
Q() obtained by adjoining the Hecke eigenvalues of  to Q, or equivalently in the Hecke field Q(7V)
obtained by adjoining the Hecke eigenvalues of 7V to Q. If p,. is irreducible, then this algebraic num-
ber counts the number of automorphic representations of GL,, (A k) whose eigenvalues are congruent
to those of m mod B, but which do not arise via transfer to the unitary group U(V).

(iv) If © and 7Y are B-ordinary, then the algebraic integer ratio (22) is a p-adic unit, i.e. lies in O*.

We can deduce Conjecture 2.14 (iv) from our construction of p-adic interpolation measures below. While we
do not address Conjecture 2.14 (i) and (ii) here, we expect they can be deduced from a subsequent discussion
of Iwasawa main conjectures (including those for the adjoint L-function), which would be interesting to
explore in a subsequent work. Conjecture 2.14 (iii) seems subtler, and is related to the still-nascent theory
of level-raising congruences in this setting. In brief, we expect there to be some analogue of the theorem of
Ribet-Takehashi [64] for n = 2, given in terms of the geometry of the unitary Shimura variety Sh(U(V)).

3. MAIN CONSTRUCTION
We now give the main construction, leading to a proof of Theorem 1.1.

3.1. Distribution relations. Fix a prime ideal 8 C Ok with underlying F-rational prime p = B N Op,
and underlying rational prime p = 3 N Z. We fix a uniformizer wsy, and write kg to denote the cardinality
of the residue field at . Recall that for each integer m > 0, we write

X, = Pic(Opm) = A} JASK* KX O

0 Opm
to denote the class group of the Op-order O + p™ Ok of conductor p” in Ok . Consider the profinite limit
X =lim X,,.

o

Asis well-known (e.g. [20, §2.1]), X has a finite torsion subgroup Xios, and the quotient X/ X}, is isomorphic

as a topological group to Zf,‘“, where 0, = [F}, : Q,] denotes the residue degree of the prime p C Op. We

shall now consider only ring class characters x of each of these finite abelian groups X,,, as m > 0 varies.
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3.1.1. Iwasawa algebras. Let us fix 1 = ®, 7, an irreducible cuspidal cohomological representation of GL,, (A k)
as in Theorem 2.7 above, together with a critical value so € 25t + Z. Let us consider the infinite tower of

2
number fields defined by the compositum

E=J U Ex=U U Q@i cq,

m>0xeXy, m>0xeXy,

where each E,, = Q(m)Q(x)K% C Q is the Galois extension of Q defined in Theorem 2.7. Note that E
will be some cyclotomic extension of the number field defined by E, = Q(7)K%?!. Fixing an embedding
t:Q— Qp once and for all, we consider the union L = U, E,, over all primes w | p above p in E of the
corresponding localizations F,, of E at w, and write O = O, to denote the corresponding ring of integers.
Hence, O is a discrete valuation ring, and we can consider the corresponding O-Iwasawa algebra of X:

O[[X]] = im O[X,u] = lim O[Pic(Opn ).
Now, recall that the elements of O[[X]] can be parametrized as O-valued measures on the profinite group
X =lim Xy, That is, cach element ) € O[[X]] can be parametrized as a collection di of maps

{"9m}’m21, ﬁm : Xm -0

satisfying the following distribution relation: For each A € X,,,, we have that

(23) Im(A) = Z Umt1(vA) = Z Im+1(vA).

WGZ;Y(L/Z::L+1 ’yeopm,f‘]SX/O:Wl‘Fl'm

Note that this can be viewed more simply as the compatibility relation required for the collection of group
ring elements of O[X,,] to form an element of the inverse limit. As well, we write

L, = Opm,p = Opm,rp = OFF + meK‘B C OK‘B

for any integer m > 0 here (and henceforth) to denote the localization at P of the order Opm = Op +p" Ok.
Note as well that we have a natural notion of integration or specialization via such a collection of maps
d¥ = {U }m. That is, for any character x of the profinite limit X factoring through some X,,, we consider

X(9) = /X X(@)d0) = 3 x(0)9m(0).

oeX

3.1.2. Strategy. The idea is to interpret the trace operator inherent in the distribution relation (23) as
some local “trace” Hecke operator at 9. Taking for granted either (1) the setup with Eulerian integral
presentations (Theorem 2.6, Theorem 2.7, and Corollary 2.9) or (2) the Ichino-Tkeda formula of Conjecture
2.10 and Proposition 2.12, we fix decomposable vectors ¢ = @™ € V, or ¢ = ¢ € V,v accordingly, and
use that that these are eigenvectors for the trace Hecke operators to construct natural bounded distributions
on X in the style of [69]. Thus, we shall assume henceforth that 7 is B-ordinary, so that the image under
lp Q — Qp of the eigenvalue of ¢ € V. under this local trace Hecke operator at 8 is a p-adic unit.
In this way, we shall construct p-interpolation series for the algebraic integer values (13) under our fixed
embedding ¢, : Og — Op, for (1), or for the toric periods P, (¢) appearing in Conjecture 2.10 for (2). Such
a construction gives at least a partial generalization of the construction of [69], as well as that from the
Euler system construction of Bertolini-Darmon (e.g. [10], [9]), and others for the special case of GLa(A ).
Note that each of these cited works relies on the Jacquet-Langlands correspondence for GLa (A r), together
with relations to central values via theta correspondence as established by theorems of Waldspurger [72] and
others (e.g. [23]). Here, we rely instead on the theories of essential Whittaker vectors and Eulerian integral
presentations as described above, and are constrained by what is known in this setting towards Deligne’s
rationality conjecture (e.g. Theorem 2.7) for the first construction (1), or else what is known towards the
Ichino-Icheda variant of the Gan-Gross-Prasad conjecture (Conjecture 2.10) for (2).
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3.2. Local Hecke operators. Fix an irreducible cuspidal cohomological representation 7 = ®,m, of
GL,(Ak) as above for (1), or 7¥ = ®,77 a cuspidal automorphic representation on U, (A ) for (2). In the
unitary case (2), we shall assume that 7 is a basechange of 7V to GL, (A k), and moreover that the prime
p C Op splits in K so that U, (F}) splits. Hence, we can and do fix an isomorphism U, (Fy) = GL,(F}).
Let q;‘fp denote the conductor of the local representation myp of GL, (Ky) for case (1). Let qg denote the
conductor of the local representation Wg of Uy (Fy) = GL,(F,) for case (2). Thus for case (1), the local rep-
resentation my is right GL,, (O Ko )-invariant when § = 0, and is right invariant by some parahoric subgroup
Ip, C GL,(Ok, ) when § = 1. Similarly for case (2), the local representation my, is right GL,,(OF, )-invariant
when 0 = 0, and is right invariant by some parahoric subgroup I, ; C GL,(OF,) when § = 1.

In this preliminary section, we describe the action of some suitable local Hecke operator acting on vectors
of myp or 71';%. In each case, we describe operators that take the form of the trace operator appearing in
the distribution relation (23). Characterizing such “trace” Hecke operators Ty and T}, we then impose the
natural conditions that my be PB-ordinary for Tiz and ﬂg be p-ordinary for T,, with corresponding p-adic
unit eigenvalues asp and «p, with respect to our fixed embedding ¢, : Q — Qp. We can then construct
in either case on § = 0,1 some sequences of local vectors (Tip(2m - ©p(-)))m>1 and (Ty(zm - @p(-)))m>1
which satisfy the distribution relation (23), in the style of the construction given in [69] (cf. [20, §6]). Our
subsequent construction of distributions is then built naturally from such a sequence, i.e. viewed in terms of
the component at B of our chosen decomposable vectors ¢ = ¢ € V. for (1), or the component at p for
our chosen decomposable vector ¢ = ¢t € Vv for (2).

3.2.1. Local orders. Recall that for a given integer m > 0, we write Z,,, = OF, +pm(9Kq3 to denote the local
order of conductor p in Ok, . It is not hard to show that given any Op,-order Z of Of,,, there exists a
unique integer m > 0 for which Z = Z,,, (see e.g. [20, §6.1, p. 62]).

3.2.2. Spaces of lattices and elementary divisors. Fix a Fy-vector space V of dimension n over Fy, so V = F.
Let £ = L(V) denote the space of Op,-lattices V' of rank n. Hence, fixing a base lattice Lo € L stabilized
by GL,(OF, ), we have the natural bijection

(24) GL,(Fy)/ GLn(OF,) — L, g+ gLo.

We consider the action of F}, via the upper diagonal embedding
(25) FY — GLy(F), ~v+— < T ) :
n—1

Given a lattice L € £, let us write [L] = {aL : a € F,,} to denote the corresponding class under this action.
We shall denote the action of v € F,* on a given lattice L € GL,,(Fy)/ GL,(OF, ) = L by the symbol v L.
Let us also record the following standard result. Recall that we fix a uniformizer w, € OF,.

Lemma 3.1. Write ' = GL,,(OF,). Given § € GL,,(F}), we expand the double coset decomposition T'ET" into
right cosets as T¢T' =[], T'¢,. Again, we fixt V' a vector space over F, of dimension n, and write L = L(V)
to denote the space of rank n lattices in V.

(i) For each § € GL,(F}), the double coset TET" has a unique representative
wy!
¢ =T r

Wy

for rational integers a; € Z with a; < aj41 for each 1 < j <n—1.

(ii) We have that Stabgy,, (r,)(L) = I for some distinguished base lattice L := Lo € L, and consequently
for any pair &1,& € GLy,(Fy) that &1 = &I if and only if &1L = & L.

(iii) Given M € L, let us (for L = Lo) write (L : M) = ()’ )7_1 to denote the set of elementary divisors.

n
j=1

n

such that M admits an Op, -basis (w,’e;)7—,. Given lattices
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M,N,L € L, we have that (L : M) = (L : N) if and only if there exists £ € T for which M = ¢{N.

(iv) Given & € GLy(Fy) with double coset TEI' = ], T'E, represented as in (1) above, there is a one-
to-one correspondence between the right cosets T'€, in Tl and pairs of lattices L, M € L with
aj\n
(L:M)= (wP])j:I'

Proof. The result is standard, see e.g. [6, §2.1]. |

Given £ € GL,,(Fp) with T¢I’ = [], T'¢, having the representation described in Lemma 3.1 (1), we can
now consider the corresponding Hecke operator defined on a lattice L € L by

(26) To(€)(L) = Tp(wi, ..., wir)(L) ==Y &L= 3 M.
& (L:M)=(wwpt,...,wp™)

These operators appear in the classical literature (see e.g. [6], [66]), and can be viewed as operators on the
Bruhat-Tits building of SLy,(F}), i.e. on a certain (n—1)-dimension complex whose vertices correspond to lat-
tices in £. We shall consider Hecke operators of this form associated to the diagonal matrices (w, Y, 1),
and their relations to the induced action * of F,,* via the embedding (25). To be more precise, recall that we
write § € {0, 1} to denote the exponent of the conductor of the local representations we consider. Let us for
simplicity write I' = GL,,(OF,) when § = 0, and I' = I, for I, C GL,(OF, ) any suitable parahoric subgroup
when 0 = 1. We shall consider the Hecke operators corresponding to the double coset operators

-1

w
27 T, =T P T
1) =t (7 )
in each case for our construction.

3.2.3. Hecke operators describing the trace and distributions. We now characterize the local Hecke operators
on x = L € GL,(F,)/ GL,(OF,) = L which coincide with the trace operators

Trpt1.m(L) := Z y* L
’YEzT)f(L/Z‘:Y(L‘Fl

appearing implicitly in the distribution relations (23) described above. That is, we consider the O-Iwasawa
algebra O[[X]] of the profinite abelian group X = lim Xy, Let us write the natural transition maps as

Tm+1,m * Xm+1 — Xm

Fix an integer m > 0. Writing s, = OF, /@, as above to denote the residue field at p, it is simple to verify
that for any A = [t] € X,,, with t4 = ta,, € Aj; any fixed idele representative, we have the relation

(28) ot (A):{A(l—l—w;"v) :venp}:{tA(l—l—wglv):venp}.

m+1,m

We define in each case on the local conductor ¢ € {0,1} the corresponding compact subgroup

o [GLaOg,) ifi=0

For each integer m > 0, we also define in each case the matrix representative

(29) T = ( @™ - )

Here, we embed z,, € GL,,(F}) into GL,,(Ar) C GL,(Ak) in a natural way, sending it to the idele having
trivial component at each place v # p, and component z,,, at v = p. Recall that given an idele t € A} and a
matrix g € GL,,(Ak), we write ¢ * g to denote the action of ¢ by left multiplication on g via the embedding

GLl(AK) = A;( — GLn(AK), t— < ¢ 1 ) .
n—1
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Let us for each class A € X,,, = Pic(Opm) = AIX(/AFKX@;% fix an idele representative t4 € A, so that

the sum over ideles in the class A can be represented as the sum over ¢t € tAAIX?KX@pXm = [ta]. Given a
decomposable vector ¢ = ®,p, € V;, we then define the basic theta element

(30) O (p) = Z Z p{t*xzy,) | A

AeX X A X
Ashm \t€taALK* 0Ny,

Similarly, for a decomposable vector ¢ = ®,¢, € V, v, we define the analogous theta element

(31) Om(d) = Y > b (txxy) | A

AeX X A X
ashm \t€taALK*xOX,

Here, we make use of the identification U(L)(Ap)/U(L)(F) = A}/AFK*. Note that although the
notation is redundant in this case, as the action is induced by the natural subspace embedding L — V
described above, we retain it to give a uniform description in both cases. It is easy to construct the following
distributions from these elements.

Lemma 3.2. Let ¢ = Qup, € Vi and ¢ = @y, € Vv be any pure tensors, and define the corresponding
theta elements as in (30) and (31) above. Writing T, to denote the Hecke operator corresponding to the
double coset operator defined above in (27), we have for each integer m > 0 that

7Tm+1,m(®m+1(§0)) = Gm(Tp(p)

and similarly

Tm+1,m (@m+1(¢)) = Gm(Tp¢)

Proof. We give details for the first claim with the theta elements associated to a pure tensor ¢ = ®,p, € Vi,
the analogous claim with the pure tensor ¢ = ®,¢, € V,v following by a minor variation of the same
argument. Using the identification (28), we find as a formal consequence that

Tmt1,m(Omy1(p)) = Z Z Z oyt *Tme1) | A

X X AeX A
VEZm/Zi1 4l \tE€taALK*XON,

Z Z Z @(Vt*wm—‘rl) A

AeX 2 X X
AS(eny tEtAAR KX Oy Y€Zm [ Z,, 1

= Z Z Z cp((l+w;’1v)t*xm+1)[tA],

AeXm X A X
AS[iy tELAALKXO S, vERp
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We now want to identify the inner sum in the latter expression with the sum defining the Hecke operator
Ty, i.e. so that the right-hand side can be identified with the theta element ©,,(T},¢). Hence,

Z Z Z © (1 + @ 0t * Ty [Ea]

AEXm X AX  VEK
A:[qun] tEtAAFKXOpm p

- X xe(( L)

AShT tEtAAF KX O, VERD

t - ) ( w;(mﬂ) o )) 4]
w;(mﬂ) . )) 4]

(
(70 ) (7 ))w
(

A=[t 4]

(
SN VL (e
)
)

AeXx X
ASiy tEtAAL KX O VERE

=D D SIS S ( (L

AT tEtAA KX Oy VD

_ Z Z Z (( (14 @yv) .

AEXm it A AL KX B, VERD

S N D o1 (Gl D [ Gy B

AeXxX X
ASiy tEtAAL KX O VERE

Now, the inner sum in the latter expression can be identified with the Hecke operator T}, corresponding to the
double coset operator Fdiag(wp_l, 1...,1)T, as the matrices diag(wp_l(l +wp'v), 1,...,1) in the summand
(with v € K, varying) run over a full set of right coset representatives. Hence, we check the desired claim

Tmstm(Oma1(9) = Y Yoo D e(A+ @)tk wma) [tal

AeX X A X
AS(en) tELAAR KX O, vERp

> Y. Typ(txam)[tal = On(Tpp).

AeXm X A X
A:[tlxn] tetaAp KX Opm

The same calculation works for the second element ©,,(¢) defined for the unitary case (2). O

Corollary 3.3. Let us write o, to denote the eigenvalue of the Hecke operator T, acting on ¢ € Vi or
¢ € Vv, and moreover assume that the image iy(cyy under our fized embedding v, : Q- Qp 18 a p-adic
unit, then the weighted elements defined by

(32) Om(p) =™ Om(p) =0, ™ Y S pltram)A
jgm tEtAAF KO
and

(33) Om(0) = ;™ - Op(@) = ;™ Y > Dt * ) A

AEXm x
A=itn] tEtAAFKXOpm

form distributions on the profinite group X = Liilm X That is, for each integer m > 0, we have
—(m+1 m— —-m
Tt O () = T (@5 "7 Om(9)) = ™ i (Ty) = 45" - Om() = Orn()

and

Totm O (8)) = Tt (@5 "0 (6)) = '™ i1 (T56) 0™ - O () = O (@)
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3.3. Interpolation properties. Let us for each integer m > 0 write 7(Opm) to denote the volume of
AFK*K ;(ng in A% with respect to our fixed Haar measure. Let us also fix normalized pure tensors

(lpint — 90 — ®'U§0U c VTr
and

¢int = ¢ = ®v¢’v € V‘rrU

as described in Corollary 2.9 and Corollary 2.13 respectively. Recall that for each integer m > 0, we define
matrices x,, € GLy(F}) to construct distributions via Lemma 3.2 above. We also fix an idele representative
ta € Ax for each class in A € X,,, so that A = [t4] € X,,. Let us modify the construction of elements
given in Corollary 3.3 by introducing the following Whittaker-like class functions

W, (Axzn)= D Wy (( 7 - )xm> [y |50 (22%)

wetAA;KX 6;7,1
[tAl=AEXm

and
W(A* 2m) = Z Pyd™ (% ).

‘YGtAA;:('KX @;(nL
[taAl=AEXm

Theorem 3.4. We have the following constructions of p-adic interpolation measures on the profinite group
X = @m X in either case § € {0,1} on exponent of the conductor qg on the local representation

Ty = proK T OT wg. Again, we fix normalized decomposable vectors o = @™ € V. and ¢ = ¢™ € Vv
as in Propositions 2.8 and 2.9 above. Hence, we can take for granted both the algebraicity of the values taken
by these vectors, as well as the integrality of the specializations.

(1) Fiz any critical value so. Assume the conditions of Theorem 2.7, Proposition 2.8, and Corollary 2.9
hold. Then, the collection (Op)m>1 = (Im (9™, $0))m>1 of maps U, defined on each A € X,, by

O (A) = 0y ™ - W, (Ax z,)

determines a bounded distribution on X = limm X, satisfying the following interpolation property:
For any primitive ring class character x of conductor p™ factoring through X, with m > 1, we have

x(9) = /X x(o)dd (o) = Z X(A)Im(A) = a,™ - <W) - L(s0,m®@x) € O.

el 7(Op)

Kf; Wew << t 1, )) x«p(t)\ﬂ;’*(%l)dt

L(s0, T ® Xp)

E(Pv »X(SO) = H

n‘nlpox
‘13|1;:([on1:[1< Mmjmmﬁf(wv / (( Lo )) (Ol Sy

denotes the quotient of the product of the adelic Mellin transform of the essential Whittaker vector at

primes P | pOg by the corresponding Euler factors L(so, mp ® x) of L(so, 7 ®x). In the discussion

above, we chose the local vectors gz at P to be essential Whittaker vectors, so that the corresponding

Whittaker functions W, coincide with the characteristic functions for the corresponding rings of

integers Ok, . By Theorem 2.4, can simply choose these vectors in such a way that the corresponding
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quotient

K{g Wew << t 1, 1 )xm> @l U

L(so, T ® X9p)

g@pv)((so) = H

PBlpOx

. Mgy 5 (P)xp (= so— (25t
11 H( & mm’it( “”) / - << - >xm> X ()t (54 g
PlpOk j=1

equals one (or a p-adic unit)®, and do so for the statement given in the introduction. Here, to

illustrate, we choose them so that €,, \(s0) is a p-adic unit. The symbol £(so, ™ @ x) denotes the

image of the algebraic integer

Also, 7 ® x)
Qs (m, x)

described in Proposition 2.8 and Corollary 2.8 under our fized embedding ¢, : Q — Qp.

L(s0, TR x) = €O

(2) Let us take for granted the setup leading to the statement of Conjecture 2.10 above, and assume that
the F-rational prime p C Op splits in K. Then, the collection (9%)m>1 = (95 (¢™))m>1 of maps
VWY defined on each A € X,, by

I (A) = a,™ - W(Ax )

determines a bounded distribution on X = l'mm X, satisfying the following interpolation property:
For any primitive ring class character x of conductor p™ factoring through X,, with m > 1, we have

—-m 1 in
K0%) = [ X (0) = 3 i) =y (g ) R,
X Aex,, 7( pm)
Here, P,(¢) for a given decomposable vector ¢ € Vv denotes the image of the (normalized) period

Py(6) = / Puo(t)x(t)dt

Ur(Ap) /Uy (F)=A% | ALK
- / ( / ¢int(ut)¢1(u)du> (bt € O
N(F)\N(AF)
AXJAXKX
described in Conjecture 2.10 under our fized embedding v, : Q— Qp,

Proof. We first show the distribution relation for (1). Hence, we check that for each integer m > 1 and class
A € X,, we have the relation

(34) Z 19m+1(7A) =m (A)

WGZ%/Z;:L_H

_(n=1
8We first use Theorem 2.4 to choose each @y so that [ W (( t 1 )) |t|;; ( 2 )dt = L(so,myp). We then
KX n—1
B

argue that for each primitive ring class character x € X,, (of conductor p™), we obtain the corresponding identity
t 0-(7) 4,
Kj; W(W;anL)@qu (( 1,1 )) ‘t|q3 dt = L(5077Tq3 ®X‘¥§)-
B
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Opening up the definition on the left hand side of (34), we see that

S dwatd= ¥ ™ w (Mg e ) a2

7€Z7>51/Z7>:L+1 FYEZ7>7<1/Z::L+1 ’\etAA;;KXé;m
[tal=A
_ —(m+1) A “1 so—(mst
= > > elu( © g )emn ) v e | A,
e
VEZAIZ retanprx 6y, NN\ (AK)
[tal=A

Writing ¢, for a given pure tensor ¢ € V, and unipotent matrix u € N, (A k) to denote the function defined
on g € GL,(Ak) by ¢(ug) (for simplicity), this latter expression is equivalent to

—(me+1) / (( A ) )w—l dut - Ix[fo—(252)
o u T uw)du - |y
2w 2 No(K\Na(Arc) Lot ! (e~

X X X A X
ryeZm/Zerl AetAAFKXOpm
[tal=A

- v Pu Tm v (u)du
' N (K)\Nn(Ax) 2, N 2 1, 1 +1 ) Al ()

X X X A X
’YeZm/Zm+1 )‘etAAFKXOpm
tal=A

> Yoo euOrann) M) [0 () du,

"/EZé/Z,fLH AEtAA;iKX @pxm
[tal=A

/]Vn(K)\Nn(AK)

which after applying Lemma 3.2 to the inner sum gives us

o) / S T Gxan) AT [ (w)du
Nn(K)\Nn(Ak) AEt AR KX 0%,
[tal=A P
ey | Y e A CE) | g @
N (K)\Nn(Ak) AEtAARKX B
5

[tal=A

=a;™ w O x z) ¥ (w)du | (A0 (")
G Y (/NR(K)\NH(AK)@ (A ) 957 (1) u>| |

AEt 4 AR KX <§pxm
[tal=A

oy Y X W@(< A - ):cm) A0 (35) = a5 9, (A k) = Do (A).

AEtAALKXO
[tal=A

m
p
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Hence, we have shown the distribution relation (34) for (1). To show the corresponding interpolation formula,
let x € XY, be any primitive ring class character of conductor p™ factoring through X,,. Then, we have

X(0m) = X (0)) = 0™ > W (Axz)x(A)

AEX

DS SR (N FA DRSS

AEAY /AKX 6pxm AELAARKX O,
[tal=A

o G I el ML (D O R

Let us now decompose the Whittaker functions W, in each of the latter integrals. Using our choice of pure
tensor (™) = ®vcp1(,m) € V; from Theorem 2.8, we have for any class t = (t,), € Aj /KX K* that

w(( e = (0 )m) @ (0 )

Hence, it remains to consider the contributions of the Whittaker function W of the essential Whittaker
vector g3 = g we chose at ‘B. Recall from Theorem 2.1 that these functions are right invariant by the
action of GL,,_1(Ok,,) via the embedding

GLy1(Oky) — GL,(Oky), g+ ( g . )

On the other hand, each class z,, is given by the natural embedding into GL,, (A, ) of the matrix

Yo _( wm"

with yp € K‘ﬁ We can then find some matrix

(35) ( S ) € GLy1(Oxy)

for which pg = By is contained in Z,5 = (O, +p" Ok, )*. Since W™ is right invariant by any matrix
of the form (35) via the embedding

oconsons (%, )( 1., )

we can then deduce after right multiplication by some matrix (35) that we have identifications of the form

o () () (7))
- (" o) (™)

for any class t € A%, with pugp € Z5 C @pm (fixed). It is then easy to deduce that we have

/AIX( W, << t - ):cm> @[t~ gt = /AK W, <( t . >> NGl

Hence, we derive the desired interpolation formula

X(ﬁm) = a;m ’ T(OP’”)il '5¢p7x(30) ' m . AX WW << t 1,1 )> X(t)|t|807(n771)dt

= ap—m . T((’)pm)—l .gsop’X(SO) - L(s0, T ® X).
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Let us now consider (2). To show the distribution relation, we proceed similarly. Thus for any integer
m > 0 and class A € X,,,, we check that

(36) Y Ina(vA) = 95 (A).
’YGZ:Y(L/Z::L«Fl

Writing ¢,, for a given decomposable vector ¢ € Vv and unipotent matrix n € N(A ) to denote the function
defined on uw € U(V)(AF) by ¢n(u) = ¢p(nu), and using Lemma 3.2 in the same way, we find that

U _ —(m+1) int
S 0 (A) = o 3 S W™ Ak ag)
YEZM/Z) 1y YEZN/Z oy AELAARKX O,
[tal=A

SR YD S § F" (0 1) ()

’YGZm/Zw1+1 )\efAA KXOX F)\N AF)
[tal=

_ o mD) | / 3 S Mt O x i) | ¥ (n)dn
N(F)\N(AF) WGZ;(L/Z:;JA xgtAA;‘KX@:m
[tal=A4
= ap_(m+1) / Z Tpﬁbinnt(/\ * ) | ¥ (n)dn
N(F)\N(AFr) AEtAARKXO X,
[tal=A P

= ap_(mH) - oup Z / A (A K )Y (n)dn
N(F)\N(AF)

AEtAA L KX 6‘>)<m
[tal=A

=a,™ > Py (A x z,,) = 07 (A),

AetAA;EKXé;(m
[tal=A

as required. To show the interpolation property, we use the same style of argument as given for (1). Hence,
for x € XY, any primitive ring class character of conductor p™ factoring through X,,, we have that

x(¥Y) = a,™ Z W(A % z,)x(A)
AeXy,

=a;™ > > Pgine (A x ) X (V)

AeAR /AL KXO AetAA;EKX@pXm
[tal=A

1 )
=qa,™- . Pud™ (t * ) x () dt,
i (T(Opm)> /AX JEKXA% w? x(®)

which after making a change of variables ¢ > wyit is the same as

- 1 / int
a-m. [ — ). Pypd™ () x (o, t)dt
’ (T(Opm)> AXJKXAY v EOX( P )
1

=" () X [, PO =0 () R

O

Now, as noted above, the distributions ¥ = (9,,(¢,50))m>1 and 9Y = (Y (¢))m>1 on X = m X,
constructed for Theorem 3.4 above depend on our choice of sequence of local matrix representatives x,, in
the corresponding space of lattices or 1-lattices GL,, (F},)/I". It is easy to see — as in the analogous construction
for GL2(A k) (cf. [10], [69]) — that a different choice of system of local matrices x,, in this construction has
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the effect of giving an element that is equal to (9, (¢, 50))m>1 or (9Y,(¢))m>1 in O[[X]] respectively times
some automorphism o € X. To get around this, let us write ¥* to denote the image of any element ¥ € O[[X]]
under the involution O[[X]] — O[[X]] given by inversion on group-like elements o — o~ € X. We then
define elements Lo (1, s9) and Loz(7Y,1/2) by the products

(37) Ly(m,50) = 09" = 9(p, 50)0(p, 50)" € O[[X]]
and
(38) Lp(nY,1/2) = 9Y9"" =9V ()0 ()" € O[[X]].

These elements (37) and (38) do not depend on the choice of system of matrix representatives z,, € GLy, (Fy).

Corollary 3.5. The elements defined in (37) and (38) do not depend on the choice of system of represen-
tatives xy, € GLy(Fy) for the homogeneous space GLy,(Fy)/I'. For any primitive ring class character x of
conductor p™ factoring through X,, with m > 1, they satisfy the following interpolation properties:

(1)

—2m X (‘C:Sﬂp 7)((80)

X(Lp(m, 80)) = ~(Op) ) - £(s0, T @ x)? € O.

(2)
1 2
U . —2m . . int
X(Cp(w ,1/2)) =a, <T((9pm)) |Py(9™)] € O,
which if Conjecture 2.10 is known is the same as
v T AQ/2,77 @ x)
X (Lp(Y,1/2)) = o (T(opm) 11 Pv. (@0, 60) LU Ad) © 0.

v<oo

Proof. The result follows in a direct way from Theorem 3.4 and the discussion above (cf. [69, §4.1.3]). To
derive the stated interpolation formula from Theorem 3.4 for (1), observe that we can extend the given ring
class character x to an Iwasawa algebra homomorphism x : O[[X]] — O to derive the relation

X(Lp(m,50)) = x(99%) = x(9)x(9*) = x(9)x~ " (9) = x(9)x(V),
and hence

X(Lp (7, 50)) = a;™ - (EW’X(SO)> L(s0, @) ™ (W) 250, 7@ Y).

7(Opm) 7(Opm)
The proof for (2) is derived formally in the same way, spelling out the connection to special values of
L-functions via the Ichino-Tkeda formula (Conjecture 2.10 and Theorem 2.11). O
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