HEIGHTS OF ALGEBRAIC ONE-CYCLES ON TWISTED SIEGEL THREEFOLDS

JEANINE VAN ORDER

ABsTrACT. We compute archimedean local heights of certain compact and diagonal one-cycles on twisted
Siegel threefolds realized as spin Shimura varieties. This gives evidence for the arithmetic Rallis inner product
formula for Saito-Kurokawa lifts, as well as the corresponding conjecture of Beilinson-Bloch.
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Arithmetic heights of algebraic cycles should appear as regulators and central derivative values of auto-
morphic L-functions, following conjectures of Birch-Swinnerton-Dyer, Beilinson-Bloch, Bloch-Kato, Deligne,
and Langlands. In the setting of Shimura varieties, particularly those of orthogonal type, Kudla’s programme
relates the generating series of algebraic cycles to derivatives of Siegel Eisenstein series. In the special set-
ting of Siegel threefolds realized as spin Shimura varieties, the conjectural “arithmetic Rallis inner product
formula” refines this programme in the spirit of the Rallis inner product formula and higher Gross-Zagier
formulae, linking inner products of these generating series to central derivative values of spin L-functions of

GSp, (A)-automorphic forms, to realize the corresponding Beilinson-Bloch conjecture for rank one.

We obtain results in this direction for GSp,(Q)-automorphic forms arising as Saito-Kurokawa lifts from
GL2(A), using the theory of regularized Borcherds theta lifts developed by Kudla [33] (cf. [32], [41], [49]),
Bruinier-Yang [11], and Andreatta-Goren-Howard-Madapusi Pera [1] to show higher Gross-Zagier formulae
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in terms of Faltings heights of arithmetic special divisors evaluated along CM-cycles of spin Shimura varieties.
Here, we compute archimedean local heights of certain pairs of codimension-two cycles in terms of integrals
of Green’s currents realized in terms of pullback-pushforward of Green’s functions for the threefold, after
“passing to a divisor”. Realizing the archimedean local height in this way, we compute special cases of such an
“arithmetic Rallis inner product formula" corresponding to Saito-Kurokawa lifts from GLo(A)-automorphic
forms, with applications to the corresponding conjecture of Beilinson-Bloch for rank one. We explain this
intricate setup in more detail for Theorem 1.3, Conjecture 1.7, and Theorem 1.8 below. Roughly speaking,
we pair together a one-cycle Y given by a projective curve and a diagonal one-cycle Z(f) parametrized by
a harmonic Maass form f of weight —1/2 on the twisted quaternionic Siegel threefold X determined by the
spin group of a rational quadratic space (V, Q) of signature (3,2) and even lattice L C V. We prove an
analogue of the Gross-Zagier formula [22] (cf. [11], [1]) in Theorem 1.3. We then explain how this fits into the
conjectures of Beilinson-Bloch and Bloch-Kato for GSp,(A)-automorphic forms arising as Saito-Kurokawa
lifts from GL2(A) via Conjecture 1.7 and Theorem 1.8.

1.1. A height formula. Fix (V, Q) a rational quadratic space of signature (3, 2), with V' denoting the vector
space over Q, and @ : V — Q the quadratic form of signature (3,2). Let GSpin(V') denote the general spin
group of V', so the reductive algebraic group over Q which sits in a short exact sequence

1 — G,, — GSpin(V) — SO(V) — 1.

Each maximal even lattice L C V determines a compact open subgroup K = K, C GSpin(V)(Ay), and we
consider the corresponding spin Shimura variety X; = X, with complex points given by

X1(C) = GSpin(V)(Q)\ GSpin(V)(A/) x D(V)/K,
where
DV)={zcCc V(R) :dim(z) =2,Q|, < 0}

denotes the Grassmannian of oriented negative hyperplanes in V' (R). This hermitian symmetric domain can
be identified with the Siegel upper-half plane Hs of genus 2. Moreover, GSpin(V') is an inner form of GSpy;
there is an exceptional isomorphism of algebraic groups GSpin(V) = GSp, over Q, defined over any number
field F' over which the quadratic space (V, @) splits. Hence if V' is split over Q, then we can identify

X1, = Shg, (GSpy, Ha)

as a Siegel threefold representing a moduli space of abelian surfaces with extra structure. More generally, X,
is a twisted (quaternionic) version of the Siegel threefold Shg, (GSp,, Hz2) over Q. We describe this setup
in (15) and Proposition 2.2 beflow. In summary, X, is a quasiprojective variety defined over Q which is
compact if and only if V' = (V,Q) is anisotropic. Since any indefinite quadratic form @ over Q in five or
more variables is isotropic by Meyer’s theorem [48], [51], the threefold X is never compact!. It is smooth if
K7, is neat, in which case it represents a moduli problem by Kudla-Rapoport [41] (Proposition 2.2).

1.1.1. Special cycles. The spin Shimura variety X, = Shg, (GSpin(V'), D(V')) comes equipped with a special
m-cycle Z(U) of codimension r := 3 — m for each rational quadratic subpace U C V of signature (m, 2) (for
0 < m < 2), as studied systematically by Kudla [31]. To describe this briefly, each such subspace U has a
corresponding spin group GSpin(U) C GSpin(V), Grassmannian D(U) C D(V), and lattice Ly = LN U,
and determines a Shimura subvariety Z(U) C X, of codimension r, with complex points given by

Z(U)(C) = GSpin(U)(Q)\ GSpin(U)(Ay) x D(U)/KL,, Kr, = KrNGSpin(U)(Ay).
For each g € GSpin(V)(A ), we can define a g-conjugated cycle Z(U, g) € Z"(X k) with complex points
Z(U,9)(C) = GSpin(U)(Q)\ GSpin(U)(Ay) x D(U)/KLy,g, Kry.g=9KL,9™"
To describe such cycles more explicitly, we fix a vector x = (xz)::_& € V7 for which Q(x) > 0, so that the

corresponding span W = Q(z) = Q(xzyo, ..., zr—1) determines a positive definite subspace W C V of signature
(r,0). The orthogonal complement U = W+ C V then determines a quadratic subspace (U, Q) = (U, Q|v)

1S‘crictly speaking, we should pass to the compactification of X, in parts of this discussion, or to a number field F' over
which there are suitable anisotropic quadratic forms of signatures (3,2) and (1,2) if (V, Q) is split.
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of signature (m, 2) = (3—7r,2), as well as a an m-cycle Z(U) € Z"(X1), equivalently a subvariety Z(U) C X,
of codimension r. We also consider the following weighted cycles. Write

(z,2) = (23, 75))1<ij<r € Sym,(Q)

to denote the symmetric matrix of inner products (z;,z;) = Q(z; + ;) — Q(z;) — Q(z;). Given a positive
definite symmetric matrix 8 = '3 € Sym,.(Q), we consider the corresponding hyperboloid

Q) ={zeV": (z,2) =5}

Fix z € Q3(Q). Given ¢ € S(V(Ay)") a K-invariant Schwartz function, we consider the decomposition

supp(¢) N Qp(Ay) = HKL(_lx,
¢

where the product runs over a fixed set of representatives ¢ € GSpin(V)(A ). We then consider the cycle
Z(B,p) € Z"(Xk) given by the weighted sum

Z(B,) =Y o(¢ ) Z(U, Q).
¢

We note that by Witt’s theorem, this weighted cycle is independent of the choice of basepoint z € Q3(Q)
and coset representatives {¢}. We shall often take p =1, ®---® 1, for

1, = char (M+L®2>
the characteristic function of a coset y in the discriminant group LY /L of L. For codimension r = 1, this
construction gives the well-studied (arithmetic) divisors
(1) Z(m,p) = Z(m,1,) € Z'(X)

appearing in the theory of Borcherds regularized theta lifts (see e.g. [33], [7]). Here, we shall be primarily
interested in the setting of codimension r = 2, with diagonal cycles coming from any choice of vector
x = (xg, 1) € V" with (z9,x0) = (x1,21) = m for m € Qxy,

2 ZB, () =2((z,2),1,®1,) =2 ((ZL 731) 1, ® 1#) € Z*(X1), a=(wo,r1) = (z1,20).

1.1.2. Setup: projective curves against diagonal one-cycles for harmonic Maass forms. To describe our main
result, fix an anisotropic subspace Vio C V of signature (1,2), with corresponding algebraic one-cycle
Y = Z(Vi2) € Z2(X1). Hence, Y = Z(Vi2) determines a projective curve on X, with complex points

Y (C) = GSpin(V1,2)(Q)\ GSpin(V12)(Af) x D(V12)/ KL, ,, Ki,, = Kr N GSpin(Vi2)(Ay).

On the other hand, let f(7) = f*(7) 4+ f~(7) € H_q/2(wr) be a harmonic weak Maass form of weight
—1/2 =1 —3/2 and Weil representation wy, in 7 = u + iv € $) (see Definition 4.3), with holomorphic part

fr(r) = Z Z C—f’_(m,’u)e(mT)]_#, e(z) := exp(2miz).
m>»>—oo neLV /L

We assume that the Fourier coeflicients CJT (m, p) are integers for all m < 0. We can then construct from
these coefficients the diagonal one-cycle Z(f) € Z?(X) defined by the corresponding linear combination

0 -3 femnz (0 )  2x0).
m>0 ueLV /L

Here, we use the same conventions as in (2) above. Hence, for each coset u € LY /L, we choose for each of the
finitely many m € Z+ Q(u) contributing to the sum a vector z = (zg, 1) € V2 with m = (29, 70) = (z1,21)
and a = (z9,71) = (21, 20); the corresponding cycle Z(f) € Z*(X1) does not depend on these choices.

We compute the archimedean local height [Y, Z(f)]eo = [Z(V1,2), Z(f)]co of this pair of one-cycles on X7,.
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1.1.3. Characterization of archimedean local heights. To define the archimedean local height, the theorem of
Gillet-Soulé (Theorem 4.5) associates to each m-cycle Z € Z"(Xy) a Green’s current gz € D"~ " ~1(X)
characterized by its inclusion in the Green’s current equation

dd®gz + 67 = [(.JZ] S DT’T(XL),

where d denotes the Dirac current of integration, and wy € A™"(X,) a smooth, Poincaré dual representative

of the homological cycle [Z]. Such a current is unique up to the addition of an element of im(9) @ im(d).
The archimedean local height [Y, Z(f)]oo = [Z(V1,2), Z(f)]eo is characterized, essentially, by the integral

[ﬂﬁﬂwﬂﬂﬁﬂwmw:/gmy

Y(C)

This integral is well-defined if the one-cycles Y, Z(f) € Z?(X[) are homologically equivalent to zero, or more

generally, if the Green’s current gz (s) € DY1(X7) is admissible in the sense of Zhang [61]; see Definition 4.9.
The explicit realization of automorphic Green’s functions gz (m ) = [Gz(m.u)] € D®9(X) for arithmetic

divisors Z(m, p) € Z'(Xy) is now well-understood via the theory of regularized Borcherds theta lifts:

G z(ma) = P(Fmu(1,5/4),) € L'5(X1).

We refer to the discussions in [7], [11, §4], and [33], outlined below. In brief, writing Gz, ) € A>°(Xy) for
the function giving rise to the current gz, ) € D®%(X), we know that G Z(m,u) can be realized explicitly
as the regularized theta lift

GZ(m,/L) (Zv h) = (I)(Fm,,u(Tv 5/4)7 2 h) = /}_*<<Fm,#(7-a 5/4)7 aL(Ta Z, h)>>d:u(7-)

= CTocy | Jim. / (Ep (7. 5/4), 01, (7, 2, h)) Yo~ du(7)
Fr

of the Hejhal-Poincaré series F, (7, s) defined in (25) at the point s = 5/4, where it determines a Laplacian
eigenfunction of eigenvalue zero. Here, we write CTs— F'(s) to denote the constant term in the Laurent series
expansion around s = 0 of a function F'(s) in s € C. We refer to Theorem 4.4 and §4.3.3 for more details.
On the other hand, the explicit or canonical realization of automorphic Green’s currents gz € D"~ " ~1(X )
for cycles Z € Z"(X) of codimension r = 2 appears to be an open problem.

We address this problem for the special case [Z(f),Y]  of Z(f) € Z*(X.) diagonal as defined in (3)
and Y = Z(Vi2) € Z?(X) a projective curve as follows. Starting with the abstract characterization of
Gillet-Soulé of the Green’s current g5y € D' (Xy) for the cycle Z(f) € Z?(Xy) defined in (3), we use a
nested sequence of arithmetic divisors to realize this current in terms of certain “pushforward-pullbacks” of
Green’s functions given by regularized theta lifts. To describe this in more detail, consider the cycle (2) in the
expansion of Z(f) corresponding to (m, u). Hence, we fix a vector z = (zg,21) € V? with (z;,2;) =m >0
for each of i = 0, 1. Let us write

U(z) = U(zo, 1) := Q(zo,z1)t CV
for the rational quadratic subspace U(z) is signature (1,2) determined by the orthogonal complement of the
span Q(zo,x1) C V. For either of the vectors x; € V', we can also consider the subspace of signature (2,2)

defined by the orthogonal complement U(z;) := Q(x;)~ C V of the space Q(z;). In this way, we obtain for
each of i = 0,1 a nested sequence of quadratic spaces

U(x) cU(x;) CV
of respective signatures (1,2), (2,2), and (3,2). This gives us a corresponding nested sequence of divisors
Z(U(x)) C Z(U(x;)) C Xy,
together with a nested sequence of weighted divisors

26,0 =2 ((

m (zo, 1)

21,20)  m >’(u,u)>cZi(m,u)cXL.
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Let us for simplicity write Z = Z(8, (u, ), Z; = Z;i(m, ), and X = Xp. Viewing Z € Z(Z;) as a divisor,
we have a corresponding Green’s function gz,z, = [Gz,z,] € D*°(Z;). Similarly, viewing Z; € Z'(X) as a
divisor, we have a corresponding Green’s function gz, /x = [Gz,/x] € D%%(X). Pushing forward along the
closed embedding ¢ : Z; < X, we obtain from the Green’s function g,z € D%%(Z;) a pushforward Green’s
current t.gz/z, € DV(X) for the cycle Z € Z*(X) (Lemma 36). On the other hand, we can consider the
pullback along differential forms ¢' : A™"(X) — A™"(Z;) of the Green’s function Gz, /x € A%°(X) to get
V'Gz,/x € A*0(Z;) with corresponding current [1'Gz,/x] € D"'(Z;) and pushforward ¢.[/'G 2, /x] € D!(X).
Using the explicit realization of the associated Poincaré dual representatives wz and wz, /x as Kudla-Millson
theta series (Theorem 3.9), we can then deduce the following realization of the archimedean local height.

Theorem 1.1 (Theorem 4.8, Theorem 4.9). In the setup described above, we can realize the Green’s current
gz € DY(X) of the one-cycle Z = Z(B,(u,p)) € Z*(X) as the pushforward current for the pullback
UGz x € AY0(Z;) of the Green’s function Gz, x € A%(X),

gz = L*[L!Gzi/x] € DM(X).
Hence, we can characterize the archimedean local height as

2Y] = [ 1 ['Gax].

Moreover, we can realize the pushforward-pullback L*L!Gzi/x € A%(Z,) of Gz, x = Gz,(m,u explicitly as

L*L!(I)(Fm’H(T,E)/Zl),Z,h) = CTs—g Tlim /<<Fm’#(’7', 5/4),11_1/20L(T,z,h)))v‘sdﬂ(T)
— 00
Fr

More generally, we can deduce the following relevant characterization:

Corollary 1.2 (Corollary 4.10). Let f(7) € H_1/5(wr) be a harmonic weak Maass form with one-cycle
Z(f) € Z*(X) as defined in (2). We can realize the Green’s current gz sy € DVH(X) as gz(p) = t[V'®(f, )],
where the pushforward-pullback 1,.'®(f,-) can be realized explicitly as the modified theta lift

L B(f(r), 2,1) = CTocg | lim / (F(7), 0720, (7, 2, 1)) o~ "du(r)

Fr
Consequently, we can define the archimedean local height [Y, Z(f)], explicitly as
Z(f),Y], = / Ly [L!@(f,z,h)] = / L*L!q)(f(T),Z,h).
Y (C) Y (C)

1.1.4. Computation of the archimedean local height. We compute the archimedean local height [Z(f),Y]
using the characterization of Corollary 1.2. Since we assume the subspace Vi 2 C V is anisotropic, the
corresponding one-cycle Y = Z(Vi5) € Z%(X.) is a projective curve. Writing L1 o = L N V; o for the
corresponding sublattice of signature (1,2), with sz C V its orthogonal complement of signature (2,0), we
first restrict the harmonic weak Maass form f € H_/5(wg) to the sublattice M = Ly 5 & Li, and argue
(via Lemma 5.1) that we can replace the Siegel theta series 0, (7, z, h) with Or, 01t (7,2, h). For any point

(#21,h) € Y(C), we then have the decomposition
9L112@L1{2 (1,21,h) = 0p, ,(T,21,h) ® eLiz(T, 1,1).
Here, ;. (1) = 0. (7,1,1) is a holomorphic Siegel theta series of weight 1. Hence, we compute

[ edetman = X [0 0 ) 96, (7)),
vio) (z1mev(©) "7
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Writing K12 = K1, , = KL NGSpin(Vy2)(Ay) for the compact open subgroup determined by Ly > C L, with
vol(K 2) its volume with respect to the Haar measure on GSpin(V; 2)(A ) chosen for Lemma 5.3 below, we
first relate this to the integral

deg(Y * _
# / (5,00, (20, 1) @ 0720 (7)) dpa(r)
SO(V1,2)(Q)\SO(V1,2)(Ay)
where
2
Y)= Z = —\
deg(Y) = deg(Z(Vi.2)) = Lo
We can then use the convergent Siegel-Weil formula (Theorem 4.1, Corollary 4.2)
1
3 / Or, (T, 21,h)dh = B, ,(1,1/2;-1/2)

SO(V1,2)(Q)\SO(V1,2)(Ay)

to relate this integral to the value at s = so(Vi2) = dim(Vi2)/2 — 1 = 1/2 of the Eisenstein series
Er, ,(7,5;—1/2) of weight —1/2 associated to the lattice L; o. Hence, we relate the height to the integral

deg(Y) / ((f(r), 0720, (7) @ Er, ,(7,1/2;=1/2)))du(7)dh.
SO(V2,2)(Q)\ SO (Vi 2) (A )

Following the approach of Kudla [33] (cf. [49], [11]), we can relate this Eisenstein series Er, ,(7,s;—1/2) to
the image under the Maass weight-lowering operator L 3 of the corresponding Eisenstein series Er, ,(7,s;3/2)
of weight 3/2 for the same lattice Lq o as

LsEyL, ,(1,8;3/2) = %(s -1/2)-Er, ,(7,5,—-1/2).
Taking the derivative with respect to s then evaluating at s = 1/2 gives the relation
L%E/Ll,z(77 1/2;3/2) = % “Ep,,(1,1/2;-1/2).
We note that the higher-weight Eisenstein series Ep, ,(7,s;3/2) is incoherent in the sense of Kudla [32], and
hence has an analytic continuation E7, | (1,8;3/2) to all s € C satisfying an odd functional equation
E7, ,(7,83/2) = —ET, ,(1,—5;3/2).

In particular, this Eisenstein series vanishes at the central point s = 0. The corresponding derivative
E} (7,53/2) = LEL, ,(7,5;3/2) with respect to s determines a nonholomorphic Eisenstein series

E'Ll)2(7,5;3/2) = E/Lt’Q(T,S;?)/Q) + E}IQ(T,S;S/Q) € Hyjo(wr,,)-
We write £, , (1) = E/Ltz (7,0;3/2) to denote its holomorphic part at s = 0, with Fourier series expansion
EL.(M) = Y Y kL ,(nv)e(mr)l, € Myp(wr, ,).
VELY /Ly m>0
We then write
CT((f (1), 014, (1) @ EL, (7))

to denote the constant term in the Fourier series expansion of the scalar-valued form defined by

(FH) 00, (M @ELL) D (M0, A(DEL (7).

Ae(sz)V/sz
uELY,z/LLQ

On the other hand, let & denote the Bruinier-Funke antilinear differential operator

& Hi(wr) = Mao(w)),  &(f)(r) :==v'2Lif(r), Li= —2iv2%.
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We consider the holomorphic form

E1pp(f)(T) = Z Z ey () (myp)e(mr)l, € Ms)5(wy)

neLY /L m>0

of weight 5/2 and type wy determined by the image of f(7) € H_y2(wr). Writing the Fourier series expansion
of the holomorphic theta series 6,1 (7) attached to the negative definite sublattice sz C L as

esz(T) = Z Z TLtz(m,)\)e(mT)l)\ e M (wLiz)’

Ae(Liy)V/Li, m20

we consider the corresponding Rankin-Selberg L-series L(s,&_1/2(f) x HLILQ). We can define this first for
R(s) > 1 by the convergent Dirichlet series

Lis,6ay2(f) ¥ O1p,) = (am)-(50r (8+21/2> > > e, n(n) (M A)rps (m, N~ (522),

m21Xe(Li-p)V/LY 5

then show by a standard unfolding argument (46) that this series equals the Petersson inner product

L(s,&1/2(f) x 9L1{2) = <5—1/2(f)a9L1{2(T) ® ErL, , (- 83/2)).
Hence, this L-function inherits from Er, ,(7,s;3/2) an analytic continuation

L*(s,€-1/2(f) x 9Lf2) = <§—1/2(f)a9L1{2(T) ® Ezm(vsé 3/2))
to all s € C, and satisfies the odd symmetric functional equation

L*(s,€-1/2(f) x 9L1{2) = —L*(=s,-1/2(f) % ‘L)Lfﬂ)-

It therefore vanishes at the central point s = 0; we consider the central derivative value L'(0,&_1 /2(f) x 0 sz)'

Theorem 1.3 (Theorem 5.6, Corollary 4.10). Let f(1) = f(7r) + f~(7) € H_1/5(wr) be any harmonic
weak Maass form whose holomorphic part

o= Y Y emape(mni,

pELY /L m>—0o0

has integer Fourier coefficients c}' (m, p) for all negative m € Z+ Q(u). Consider the corresponding diagonal
one-cycle Z(f) € Z*(X1) defined in (3) above. Let V12 C V be any anisotropic subspace of signature (1,2)
with corresponding projective one-cycle Y = Z(Vi2) € Z%(X1). We have the archimedean height formula

[Z(0),Y]oo = =2deg(Y) - (E'(0,6 1/2(f) X Op1,) + CTUST (7). 0, (1) @ E0, ()

1.1.5. Nonarchimedean local heights. We expect that the constant term CT<<f+(T),9L1L2(T) ® Ep, (7))

computes most of the nonarchimedean local height [Z(f),Y]gn, cf. [11, Conjecture 5.1, Conjecture 5.2], [1].
If L C V is chosen so that the corresponding level K7 C GSpin(V)(Ay) is neat, then X = X has an
integral model coming from the moduli description (Definition 2.1, Proposition 2.2); see Kudla-Rapoport
[41]. Viewed more generally as a spin Shimura variety of Hodge type, X is known to have a flat integral model
X — Spec(Z) by theorems of Kisin [27], Madapusi Pera [47], and Kim-Madapusi Pera [26]. As explained
in [1], the special divisors Z € Z1(X) have extensions Z — X via the Kuga-Satake abelian scheme. Being
spin Shimura subvarieties, it follows that special cycles Z € Z"(X) of each codimension 0 < p < 2 have
integral models Z € ZP(X). We can therefore consider the corresponding Faltings arithmetic height, in the
sense of Arakelov theory, after adding the nonarchimedean local component:

[Z(), Y] =[2(f), Vg + [2(f), V] -

7



Conjecture 1.4. In the setup of Theorem 1.3, we expect for each coset y € LY /L and negative m € Z+Q(u)
to have the nonarchimedean local height formula

@ [2((" ) wm) Y] aw0) X T g e )

n1€(LTo)V /LT, T:LnlJ;"lzéﬂ
o 1 4+may=m

n2€Ly 5/L1 2

p1+po=p mod L

so that

[Z(£), Vg = 2deg(V) D > cf(=m,p) > Do o, (ma )R, o (Mo, o).

neLY /L m>0 Hle(Lf2>v/Lf‘2 ml,mQEO
H2€L1v,2/L1’2) mq+mo=m
p1+po2=p mod L
In other words, we expect that the nonarchimedean local height [Z(f), Y]an is given by 2deg(Y) times the
Fourier coefficient at (m, ) of <<f+(7'),9L1L2(7') ® &, ,(7))). Consequently, the arithmetic height

[Z(£), Y] =[2(f), Vgy T [2(£): V]
should be

[Z(f)>y] = —Qdeg(y) : (C?(0,0) : ’le,z(O’O) + L/(O7€71/2(f) X 9Lt2)> :

We note that Kudla-Rapoport [41, Theorem 0.2 with ny = ny = 2; r = 2] gives evidence for this conjecture,
calculating the p-adic local intersection of a pair of cycles Z(8;, (1i1, 1i2)) € Z2(XK§) extended to a good
reduction p-integral model Xpr in terms of sums of Fourier coefficients of derivatives of Siegel Eisenstein
series for the metaplectic group Mp, (A). We describe these results in Theorem 3.4 and Theorem 3.5. It would
be very interesting to develop these ideas to address or even deduce Conjecture 1.4 via (4) after relating
Op+,(7) ®EL, ,(7) to an Eisenstein series on Mp,(A). In this approach, we expect Conjecture 1.4 to follow

after characterizing the generalized Shimura-Waldspurger lift of Gan-Ichino [16] of the Saito-Kurokawa lift
(or the Maass lift of the Eichler-Zagier lift) of QLfZ(T) ® &€, ,(7) to GSpy(A). Since the realization of this
idea would seem to imply a generalization of the explicit correspondences of Kohnen [30] and Kohnen-Zagier
[29] to this higher-rank setting, we leave the details for a subsequent work.

1.1.6. Remarks. While we do not show that the realization t.[/'®(f,-)] € D(X) of the Green’s current we
use to compute [Z(f), Y] is admissible in the sense of Definition 4.9, our subsequent calculation shows that
we obtain the value predicted by the arithmetic Rallis inner product formula (Conjecture 1.7). We explain
this connection in more detail below, noting that our special setup with Z(f) € Z?(X ) diagonal as in (3)
and Y = Z(V12) € Z?(X|) a projective curve can only recover central derivative values of GLa(A) x GL2(A)
Rankin-Selberg L-functions, and hence can only be viewed as evidence for this conjectural formula for the case
of Saito-Kurokawa lifts. Theorem 1.3 also allows us to deduce unconditional evidence for the corresponding
Beilinson-Bloch conjecture (Conjecture 1.6) for rank one; see Theorem 1.8. It is interesting to consider
whether some more systematic study of “passing to divisors” in this way would allow for the calculation of
heights of higher-codimensional cycles via Green’s functions. In any case, the calculations we present here hint
at a more general picture, where the height of a pair of codimension-two cycles [Z(F),Y| = [Z(F), Z(V1,2)]
should compute the central derivative value of the degree-eight Rankin-Selberg L-function

L(s,spin, ¢ X Oyz1 y) = L(s,spin, ¢) L(s, spin o @ Xp(1.+,)
of the spin L-function L(s,spin, ) of a GSp,(A)-automorphic form ¢ € M3 times the Hecke theta series
Okcrt,) € Mi(To(ldycrs s Xars,))

attached to the imaginary quadratic field k(L{,) = Ly, ® Q of discriminant dy,(,. ) and Dirichlet character

d, 1
Xd ()= <M> determined by the negative-definite lattice LfQ. Here, we write

k(Lf2)

F=¢"WVeM,
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to denote the generalized Shimura-Waldspurger lift [16] of ¢ to the metaplectic group Mp,(A), and
Z(F) = (F, Ay) € CH*(X1)
the class of the one-cycle determined by pairing F with the generating series Ay of special cycles Z € Z2(Xp).

1.2. Ambient conjectures, results. We now explain how this fits into the landscape of cycles conjectures.

1.2.1. The refined conjecture of Beilinson-Bloch. Recall that for X a smooth projective scheme over Q of
odd dimension 2r — 1, we can consider the motivic L-function

L(s, ¥ 1 (X ®q Q, Qu()))

of the middle-degree l-adic cohomology of X. We refer to the expository article [50] for definitions and
background, but use normalizations of L-functions as in Li-Liu [42], [43]. Conjecturally, this L-function has
an analytic continuation to a meromorphic function

L*(s, H" 1 (X ®q Q, Qi(1)))

defined on all s € C which does not depend on the choice of prime [, and which satisfies a functional
equation s — —s making s = 0 the centre of symmetry. Let CH"(X)? ¢ CH"(X) denote the Chow group of
algebraic cycles of codimension 7 which are homologically trivial on X ®@q Q. We have the following standard
conjecture, generalizing that of Birch-Swinnerton-Dyer for the special case of X = E an elliptic curve:

Conjecture 1.5 (Beilinson-Bloch). Let X be any smooth projective scheme of dimension 2r — 1 over Q.

(i) The Chow group CH"(X)? C CH"(X) of null-homologous cycles has finite Q-dimension tk CH" (X)°.
(i) There exists a nondegenerate height pairing { , ), : CH"(X)? x CH"(X)? — R.
(iii) We have the rank formula tk CH"(X)? = ords—o L(s, H* " 1(X ®q Q, Qi(1))).

(iv) We have the refined formula
L*(s, H" (X ©q Q, Qu(r))) = Crrzr-1(xgqa.qu(r) (0) ~det(, )» mod Q,

where

Crrori(xaq@auny (0) € R7/Q
denotes the Deligne period.

Taking X to the the compactification of X = Shg, (GSpin(V), D(V)) for (V,Q) a rational and K C
GSpin(V)(A ) neat with codimension r = 2, our Theorem 1.3 gives some evidence for Conjecture 1.5 (ii). We
explain this connection in more detail below. First, we remark that the works of Li-Liu [42], [43] suggest the
following automorphic refinement of Conjecture 1.5. To describe this, we first recall the following equivariant
version given in terms of the conjectural Chow motive h?"~1(X)(r)c of degree 27 — 1. Let us therefore assume
that X admits an action of a Hecke algebra T via étale correspondences, so that T acts on both CH"(X)°
and H?"71(X ®q Q), Qi(r)). Let 7 be a nonzero irreducible finite-dimensional complex representation of T.
For each prime [ and each embedding Q; — C, we have an L-function

L(s,Homr (m, H~}(X ®q Q, Qi(r))c))-
We again expect this L-function to have an analytic continuation
L*(s, Homr(m, H" (X ®q Q, Qu(r))c))
to a meromorphic function of all s € C satisfying a functional equation s — —s, along with the identification
ords—o L* (s, Homy(m, H*" (X ®q Q,Q;(r))c)) = dimc Hom (7, CH"(X)).
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Conjecture 1.6 (Beilinson-Bloch for GSp,). Let X = {Xk}x = {Shx(GSp,,Hz2)}k denote the GSp,
Shimura variety of dimension 2r —1 =3 (r = 2) defined over Q. Let 1 = ®,m, be an automorphic represen-
tation of GSpy(A) of cohomological type. Let L(s,spin,m) = [[, ., L(s,spin, m,) denote the corresponding
spin L-function, normalized so that its functional equation relates s — 1 — s, making s = 1/2 the central
point. We expect to have the relations

ords—1 /2 L(s,spin, 7) = ords—¢ L*(s, Homr (7, H3(X ®q Q,Qi(2))c)) = dimc Homr (T, CHQ(X)%).

If 7 is cuspidal, with archimedean component wo, belonging to the discrete series, and w is not endoscopic
or CAP (=cuspidal automorphic associated with a parabolic), then 7o contributes to the cohomology of X in
the middle degree. It also has a basechange to a cuspidal automorphic representation Il = ®,I1, to GL4(A)
by Asgari-Shahidi [3] [4] and Hundley-Sayag (25|, with standard L-function L(s,II) = [], ... L(s,11,). The
standard L-function L(s,II) is normalized so that its functional equation relates s — 1 — s, making s = 1/2
the central point. In this case, we expect to have the relations

ords_1 o L(s, 1) = ord,—o L*(s, Homr(m, H*(X ®q Q, Qi(2))c)) = dimc Hom~(r, CH*(X){).

We remark that if the automorphic representation 7 of GSp,(A) is (everywhere locally) tempered, then
it cannot be CAP or endoscopic. We refer to the discussions in [59] and [55, §0.6] for details. As we shall see
below, we can interpret the setup we consider above as a CAP example involving the Saito-Kurokawa lift.

1.2.2. The Bloch-Kato Main Conjecture. We also have the following analogue of Bloch-Kato [12]; see [55] for a
more extensive account. Let m = ®,,m, be a cuspidal automorphic representation of GSp,(A) of cohomological
type. Here, we focus on the case where the archimedean component 7., belongs to the discrete series L-
packet of parallel weight (3,3), so that = appears in the étale cohomology of the GSp,(A) Shimura variety
X = {Xk}x = {Shi(GSpy, H2)} k with trivial coefficients. Fix a prime number p. Taking [E : Q,] > 1 to
be a sufficiently large coefficient field, we have for each prime ideal p | p in E a p-adic Galois representation

prp : Gq —> GSpy(Ey)

of the absolute Galois group Gq = Gal(Q/Q). Writing V. , to denote the E,[Gq]-module of dimension 4
determined by pr ,, and Iq, C Gq the local inertia subgroup at a prime ! # p, we consider the corresponding
Bloch-Kato Selmer group

(5) H%(Q?‘/ﬂ',}.’l) = ker Hl(Qan,p) — Hl(Qp7VTr,p ® BCI‘iS) X HHl(IQLaVTr,p)
l#p

Writing L(s, spin, 7) again to denote the spin L-function of 7, the Bloch-Kato Main Conjecture asserts that
dimg, H}(Q, Vrp) = ords_q 2 L(s, spin, 7).

Hence, Conjecture 1.6 would also describe the rank of the Bloch-Kato Selmer group H}(Q7 Vip) as

(6) dimp, H}(Q, Vs,) = dimc Homr (7, CH*(X)Q).

Assuming this cuspidal representation 7 of parallel weight (3,3) has trivial central character, and is not
CAP or endoscopic, Sweeting [55, Theorem A, Theorem C| proves results towards this Bloch-Kato Main
Conjecture (5) for ranks zero and one under standard technical hypotheses. However, the case of rank one
[65, Theorem C] is stated implicitly in terms of the conjectural identity (6), and requires a still-conjectural
“arithmetic Rallis inner product formula” relating the codimension-2 cycles CH?(X)% to the central derivative
values L'(1/2,spin, 7) to deduce the corresponding Bloch-Kato Main Conjecture identity (5) in this setting.

1.2.3. The “arithmetic Rallis inner product formula”. Broadly speaking, this should realize the identity

(7) ords—y /2 L(s,spin, ) = dimc Homr (7, CH?(X)%).

of Conjecture 1.6 in the case of rank one as an arithmetic height formula for L’(1/2, spin, ) involving special
codimension-two cycles Z € CH? (X)9, giving generalizations of both the Rallis inner product formula for

the central value L(1/2,spin, 7) and the (higher) Gross-Zagier formula [22], [11], [1] to this setting.
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To give a precise statement in this setting, we assume for simplicity? that (V, Q) is a split rational quadratic
space of signature (3,2), so that we have an identification of algebraic groups GSpin(V) = GSp, over Q.
Fix an even lattice L C V with corresponding dual lattice LY and discriminant group LY /L. Writing K, to
denote the corresponding compact open subgroup of GSpin(V)(As) = GSp,(Ay), we can then identify the
corresponding spin Shimura variety as a Siegel threefold:

X = XL = ShKL (GSle(V),D(V)) = ShKL (GSp4,7-l2).
Let us for each possible genus 1 < g < 3 write &1, to denote the vector space of functions (LV/L)Y — C:
S1,y = C[(LY/L)%] C Aut(S(V(Ay)9)).

The metaplectic group Mp,,(Z) acts on &1, 4 through the Weil representation wy, 4. Let M} (wr ) denote
the space of Siegel modular forms of parallel (scalar) weight (k, k) for k € %Z, genus ¢, and type wr, 4. We
have for each function ¢ € &, ; and positive symmetric matrix 7' € Sym,(Q)>o the special weighted cycle
Z(T,p) € Z9(Xy). This gives a class in the Chow group CHY (X)), as well as its complexification CH?(Xp)c,
which we denote by the same symbol Z(T', ¢). Let Z(T') denote the element of Hom(&y, ,, CH? (X)) defined
by the map ¢ — Z(T, v). Consider the formal generating series

Ay(r) = Z Z(T)q", qF = e(rTe(T)) = exp(2miT Tr(T))
TGSymg(Q)zo
with coefficients in &7 / ®@c CHY(X[). Bruinier-Raum [10, Theorem 6.2] confirms Kudla’s modularity con-

jecture that Ay(7) determines a CHY(X)c-valued Siegel modular form in Mg/Q(wZ,g). In particular, we

have for genus g = 2 the modular generating series
Aq(1) = > Y Z(T (pp2))e(r Te(D)1,, ® 1, € CHY(X1)e © M2 (W) )-
(n1,12)€(LY /L)? TE€Sym,(Q) >0

Let 7’ = ®, 7, denote the automorphic representation of Mp, (A) corresponding to 7 under the generalized
Shimura-Waldspurger correspondence of Gan-Ichino [16] (cf. [17], [52], and [57]). Fix

F(r) = > o (T (p p2))e(T Te(T) 1y, ® 1y, € MEjp(wy )
(1,12)€(LY /L)? TE€Sym,(Q) >0
giving a vector-valued generator of this metaplectic representation 7’. Consider the scalar product

0(F)(r) = ((F(7), A44(7))) € CH*(XL)c ® M3

determined by pairing the generating series As(7) with this generator F(7),

O(F) () = > S er(Ty (pa,p2))e(r Te(Ty)) > Z(Ty, (i1, p2))e(r Te(T).

(p1,p2)€(LY/L)? T1€Sym,(Q)>0 T2€Sym,(Q) >0
Writing = to denote equality up to a nonvanishing constant, we expect to have an arithmetic height formula
(8) “[O(F),0(F)] ~ L'(1/2,spin, 7).”

Let us for each projective one-cycle Y = Z(V;5) € Z2(X[,) parametrized by some anisotropic quadratic
subspace V; 2 C V consider the linear functional Iy, : CHQ(X 1) — C defined by

Iypo : CH2(XL) — C, 7 —> [Z’Y]oo = /gz.
Y

—2
In fact, this functional is defined on the arithmetic Chow group CH (X1) = {(Z,92), Z = [Z] € CH*(X1)}.
We can also define the corresponding global arithmetic linear functional in the natural way as

Iy :CH (X1) — C, Z+— [Z,Y] =[Z,Y]an + [Z,Y]we.

2Strictly speaking, we would have to pass to a number field F' over which the split rational quadratic space (V, Q) admits
an anisotropic subspace of signature (1,2) over F. To describe the general case where the rational quadratic space (V, Q) is
not split, we pass to a Jacquet-Langlands transfer n#’ of m to the general spin group GSpin(V)(A), with 7’ its generalized
Shimura-Waldspurger lift to Mp, (A).
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Let (F) € CH?(X ) denote the class of the codimension-two cycle underlying 0(F)(r) € CH*(X)c ®M52/2.
Let 7(6 L%z) denote the dihedral automorphic representation of GL2(A) generated by the holomorphic theta

series 0L1L2(7') of weight one associated to the lattice Lf‘,Q C L of the complement of Lo = LNV 2.

Conjecture 1.7. Let 7 = ®,m, be an automorphic representation of GSp,(A) = GSpin(V)(A) whose
archimedean local component Ty, belongs to the discrete series L-packet of parallel weight (3,3), with level
K C GSpin(V)(Ay) determined by some even lattice L C V. Write L(s,spin,m) =[], . L(s,spin, m,) to
denote its corresponding spin L-function with B
L(s,spin, 7 x w(0)) = H L(s,spin, m, x w(0),)
v<00

its degree-eight Rankin-Selberg product with the standard L-function of the dihedral GLg(A)-automorphic
representation 7(0) = ®,7(0), induced from a theta series 6. Let w' denote the lifting of © to an automor-
phic representation of Mp,(A) by the generalized Shimura- Waldspurger theta correspondence of [16]. Fiz a
Siegel modular form F(T) € M52/2(wL,2) generating ' . Let O(F) € CH?*(Xp)c denote the class of the cycle

determined by the pairing of F(7) with the modular generating series As(7) € CH*(X1)c ® Mg/z(ijgv).

(i) We have for each projective curve Y = Z(V12) € Z*(X1) parametrized by an anisotropic subspace
Via CV and sublattice L1 o = LN Vi 2 an archimedean local height formula

Iy oo0(F) = [Y,0(F)]s ~ L'(1/2,spin, 7 X m(0pL,))-
(ii) If 7 is cuspidal, then we have for each Y = Z(V12) € Z*(X1) an aﬁ'thmetic height formula
IyO(F) =[Y,0(F)] ~ L'(1/2,spin, 7 x F(@Ltz)).
If this 7 is everywhere locally tempered, or not CAP/endoscopic, we can express this equivalently as
IyO(F) = [Y,0(F)] ~ L'(1/2,spin, IT x 7T(9Lt2)),
where I denotes the basechange of m to GL4(A).

Here, we remark that in the same way the formulae of Gross-Zagier [22] and higher Gross-Zagier [11], [1]
require the passage to a zero/CM cycle Z(U) € Z"(Shk, (GSpin(V'), D(V))) corresponding to an imaginary
quadratic field k(U) determined by the negative definite subspace U C V (of (V,Q) of signature (n,2)),
we require the passage to a one-cycle Y = Z(Vj2) corresponding to a projective curve determined by
an anisotropic quadratic subspace Vi, C of signature (1,2). The deduction of the relation (8) is then
accessible after consideration of the complementary theta series 0Li2(7), in the style of the arguments of
Gross-Kohnen-Zagier [23] and their reinterpretation by Bruinier-Yang [11, §7, Theorem 7.7, Corollary 7.8|.
To be more precise, the negative definite lattice L{:2 of signature (2,0) can be associated to the imaginary
quadratic field k = k(L{,) := Li;, ® Q of discriminant dj, and quadratic Dirichlet character x(-) = (de),
After identifing the holomorphic Siegel theta series ;. (7) as a Hecke theta series 0k (1) € M1(Io(|dkl), xx),
we see there is a decomposition into a product of two degree—four spin L-functions

L(s,spin,m x m(0)) = L(s,spin, 7)L(s,spin, 7 @ Xx).

Granted suitable conditions on the choice of imaginary quadratic field k = k(Ll{Q) to ensure the nonvanishing
of the central value L(1/2, spin, r® X ), we can then derive an inner product formula for the central derivative
value L'(1/2,spin, 7). Moreover, we expect to find a generalization of the theorems of Waldspurger [58],
Kohnen-Zagier [29, Theorem 1], and Gross-Kohnen-Zagier [23, § II. 4, Corollary 1], relating the central value
L(1/2,spin, ™ ® xj) to the modulus squared |cp((diag(dy,dx))[* of the “Fourier coefficient at |dy|” of the
metaplectic form F(7) € M52/2 (wr2) generating the Gan-Ichino Shimura 7’ lift of m to Mp,(A), so that

L'(1/2,spin, 7 x w(0y)) ~ |cr(diag(dy, di))|* - L'(1/2, spin, 7),

so that a derivation of (8) would follow from a similar argument. In this way, we see that Conjecture 1.7
would give evidence of Conjecture 1.6 for rank one, in the form of the implication

(9) L'(1/2,spin,7) #0 =  dimc Homy(r, CH*(X1)c) > 0.

12



1.2.4. Saito-Kurokawa lifts. Finally, we explain how to derive this implication (9) in the special case where
the automorphic representation 7 of GSp,(A) arises as a partial Saito-Kurokawa lift of the form

Eap(Nm) =D D enlm,pe(mr) € Mso(wy)

pELY /L m>0

appearing in Theorem 1.3. Let us write h(7) € M5/5(I'0(4N)) to denote the canonical lifting of £_y/5(f)(7)
to a scalar-valued form (see [54, Theorem 5.2 and 5.4], and §5.3 below), with L(s, h) its standard L-function.
We again normalize standard L-functions to have central value at s = 1/2, and assume that L(s, h) has an
odd symmetric functional equation so that L(1/2,h) = 0. As we explain in (46) and (48) below, we have an
identification of completed Rankin-Selberg L-functions

L(s = 1/2,h X Oy ) = L7 (25 = 2,61 /2(f) X Opp ) = A28, Xpnt,)) L(25 — 2,61/2(f) x Op ),

where 071 ) denotes the Hecke theta series associated to the imaginary quadratic field k(Liy) = Li,® Q.
Via quadratic basechange equivalence, we also have decompositions into GLa (A )-automorphic L-functions

L(s—1/2,h x gk(Liz)) =L(s—1/2,h)L(s —1/2,h ® X’C(sz))

(10) — LM(2s— 5,6 1ya(f) X 0pp) = L (25 — 2,6 1a(F)L* (25 = 2.612(5) © Xaus )

Recall that the Saito-Kurokawa lift can be realized explicitly as the composition

USh O_E-Z a,I\ia
oy MQ[,Q(F()(N)) % Mltl/z(F0(4N)) k—} Jl,4N L) MZQ

of the Shimura correspondence

o Myy_o(To(4N)) — M;F

171/2(1—‘0(4N))

from the space of modular forms May;_o(I'o(N)) of weight 21 — 2 on I'g(IV) to the Kohnen plus space
Mltl/Q(FO(ZLN)) C Mi_1/2(I'o(4N)) of forms of weight [ — 1/2 on I'g(4N) (see [52], [28]), with the Eichler-
Zagier correspondence

O'ZE_Z : Mltl/Q(FO(4N)) — Jl,N
to the space of Jacobi forms J; y of weight ! and index N (see [15], [23, §II]), with the lifting
O'lMa : Jl,N — Ml2

of Maass [44], [45], [46], Andrianov [2], Zagier [60], and also Gritsenko [21] to the space of Siegel (paramodular)
forms M7 of parallel weight (I,1) and genus 2 for any integer [ > 1. Assuming that h € M;'/Q (To(4N)) lies in
the plus space, we can then consider the corresponding Siegel modular form

on(r) = 03" 0 05 (h)(7) € M3,

This can be thought of as a partial Saito-Kurokawa lift in that it factors through the Saito-Kurokawa lift

on(1) = 03(ho)(1), 03 =03"00F% 005"

of elliptic modular form hg € M4(T'o(N)) of weight N associated to h(7) by the Shimura correspondence.
This ¢, (1) € M3 generates an automorphic representation 7 of GSp,(A) whose archimedean component 7.,
is a discrete series of parallel weight (3,3). It has a metaplectic lift Fj,(7) € M2 /2 generating the automorphic

representation 7’ of Mp, (A) associated to 7 by the Shimura-Waldspurger correspondence of Gan-Ichino [16].
13



Moreover, normalizing® L-functions to have central value at s = 1 /2, we have the relation of L-functions

(11) L(s,ho)¢(s +7/2)C(s +5/2) = L(s,h)((s + 7/2)((s +5/2) = L(s, n)
if the underlying ho(7) € Ms(I'g(IV)) is a Hecke eigenform. Twisting by X+, ), We also obtain
(12) L(s, b @ X ) L5+ T/2, Xi(nt ) L(s +5/2, Xk(nt)) = L8, 0n @ Xi(rt))-

Using that L(1/2,h) = 0 with the Artin decomposition (10), we can then deduce from (11) and (12) that
L'(1/2,0n % O(rt,) = L'(1/2,00) L(1/2, 00 @ Xirt,))
= L'(1/2, M) L(1/2,h ® Xp(rt,)) - C(A)L(4, Xt ,))SB) L3, X))
= L*I(075—1/2(f))L*(0af—1/2(f) ® Xk(Ll{z)) “C(4)L(4, Xk(Ll{z))C(3)L(3a Xk(Ll{z))
= L*’(0,§_1/2(f) X QLI{Z) “C(4)L(4, Xk(LI{Z))C(?’)L(?’a Xk(LI{Z))-
Equivalently, writing 7(¢p,) to denote the automorphic representation of GSp,(A) generated by ¢, and
k= k(LfQ) = LlL,? ® Q for simplicity to denote the imaginary quadratic field, this gives us the relations
L'(1/2,spin, w(pn) X X&)
= L'(1/2,spin, 7(pp))L(1/2,spin, 7(¢n) @ X&)
= L'(1/2,h x 01) - C(3)L(3, xx)C(4) L(4, xx)
= L'(1/2,h)L(1/2,h & xx) - C(4)L(4, x2)¢(3) L(3, xk)
= L7(0,€-1/2(f))L*(0,6-1/2(f) ® X&) - C(4)L(4, x2)C(3) L (3, xk)
= L*(0,6-1/2(f) @ 01.1,) - C(A)L(4, xx)CB)L(3, Xk)-
In particular, we deduce from (11), (12), and (13) that
CA)L(4, x1)CB) LB, xx) L7061 /2(f) x 0y )
L(1/2,spin,w(en) @ xi) — L(1/2h@ xi)

L(1/2,5pin, w(o)) = L(0,€ 1/o(f) % 0,
where
L(1/2,h @ xx) = L(1/2,ho @ xx) =~ |cn(|di)[*

by theorems of Waldspurger [58], Kohnen-Zagier [29], and Gross-Kohnen-Zagier [23, § 1.4, Corollary 1],
relating L(1/2,ho ® xx)(= L(1/2,h ® xi)) to the Fourier coeflicient ¢ (|dg|) of h as |di|. Here, we use the
symbol = to denote equality up to the explicit constants worked out in [23, § 11.4, Corollary 1], which we
omit from this discussion in the interests of clarity. We then obtain from Theorem 1.3 the relation

(14)
v 2spinaten) = - (D2 L or ), 0, (e, () ) - COEE XG0

We expect that Z(f) = Z(F),) € CH*(X1), which with Conjecture 1.4 would verify Conjecture 1.7 here:

[Z(Fn), Z(V12)]  C(4)L(4, xk)C(3)L(3, xk)
deg(Z(V1.2)) |en(Idi])]? '

L'(1/2,spin, 7(pp)) =~ —

3In the arithmetic normalization, given ho(7) € Ma_2(To(N)) an eigenform, we have by [44], [45], [46], [2], and [60] the
identification of L-functions L(s, ho)((s — 1+ 2)¢(s — 1+ 1)(= L(s,h)¢(s =1+ 2)¢(s — 1+ 1)) = L(s,07(hg)). Write the Fourier
series expansion in arithmetic and normalized terms respectively as
w(hg)—1

ho(T) = D eng(mle(mr) = > any(m)ym™ 2 e(mr)

m>0 m>0

for w(hg) = 21—2 the weight of hg. Write L(s, w(ho)) for the standard L-function associated GL2 (A )-automorphic representation
m(ho) determined by ho with the automorphic normalization. Its finite part L(s,m(ho)) has the expansion

Ly(s,m(ho)) = Z apy(m)m™° = Z Cho(m)m™

m>1 m>1

w(hg)—1
2

m™* =: L¢(s+ (w(ho) — 1)/2, ho).

Hence, we deduce the relation L(s,7(ho)) = L(s+ (2l — 3)/2, ho), so that the general relation in the automorphic normalization
is given by L(s, m(ho))¢(s + (20 + 1)/2)C(s + (20 — 1)/2) = L(s, w(h))¢(s + (20 +1)/2)((s + (21 — 1)/2) = L(s, 7(01(ho)))-
14



In any case, we can deduce from (14) the implication (9), in the direction of Conjecture 1.6 for rank one.

Theorem 1.8. Let h(T) € M5,5(I'0(4N)) denote the scalar-valued lift of the vector-valued holomorphic form
§_1)2(f) € M3 )o(wy) of Theorem 1.3. Assume that h(T) arises as the Shimura lift of some Hecke eigenform
ho(1) € My(To(N)), equivalently that h(7) € M;r/2 (To(4N)) lies in the Kohnen plus space. Assume that ho(T)
is invariant under the Fricke involution, so that the corresponding standard L-function L(s,hg) = L(s,h) has
odd symmetric functional equation and vanishing central value L(1/2,hg) = L(1/2,h) = 0. Let ¢}, denote
the Saito-Kurokawa lift of h (via hg) generating an automorphic representation w(ep) of GSpy(A). Then,
by consideration of Theorem 1.8 for all imaginary quadratic fields k = k(sz) indexed by rational quadratic

spaces Vi.2 C V of signature (1,2) giving functionals Iy,co = Iz (v, ,).00 € Homr(m (1), CH*(X 1)), we deduce
L'(1/2,spin,w(¢p)) #0 =  dimc Homr (m(pp), CH*(X 1)) # 0.

1.2.5. Acknowledgements. It is a pleasure to thank Spencer Bloch for so many conversations about this
project over the past several years, and to dedicate this work to him. I would also like to thank Shouwu
Zhang for suggesting to me in 2024 that there should be a “pullback lemma” to reduce to Green’s functions.

2. SPIN SHIMURA VARIETIES AS TWISTED SIEGEL THREEFOLDS
We describe twisted Siegel threefolds realized as spin Shimura varieties, following [31, § 1] and [41, §1, A].

2.1. General spin groups. Let (V, Q) be a rational quadratic space of signature (3,2), hence dimg (V) = 5.
We write (z,y) = Q(z +y) — Q(z) — Q(y) to denote the corresponding inner product on x,y € V.

2.1.1. Clifford algebras. Let C(V') denote the Clifford algebra of V', given by the quotient C(V) = T(V)/I(V)
of the tensor algebra T(V) = @, V®™ of V with the ideal I(V)) generated by elements of the form
x®x — Q(x) for x € V. We write

cv)y=Cc'(V)ye cl(v)

to denote its Z/2Z-grading into the even subalgebra C°(V') generated by even products of vectors, and the
odd subalgebra C! (V) generated by odd products of vectors. Hence, there is a canonical Q-linear embedding
V — CY(V), which allows us to view V as a subspace. Let us write v - - - v, for simplicity to denote the
tensor product v; ® - - ® v, in the Clifford algebra C(V) = C°(V) ® C1(V). Let ¢ — ¢* denote the Clifford
involution of C(V'), the unique Q-linear anti-involution which acts as the identity on V' C C1(V). Hence,

(Ul.--UT)L:’l}"LA.-.Ui.

Given vy,...v5 € V any basis, the product 6 = vy ---vs lies in the centre Z(C(V)), and is invariant under
the Clifford involution § = 6*. The rule ¢ — cc¢* defines the spinor norm map

v:CV)—Q, c—cc.
2.1.2. Spin groups. We consider the general spin group
GSpin(V) :=={ge CoV): gVg ' =V}.
This GSpin(V) is a reductive algebraic group defined over Q. It sits in a short exact sequence
1— G,, — GSpin(V) — SO(V) — 1,

from which we can view it as an extension of the special orthogonal group SO(V'). The restriction of the
spinor norm to GSpin(V) gives us another short exact sequence

1 — Spin(V) — GSpin(V) ~= G,, — 1,
where
Spin(V) = {g € GSpin(V) : v(g) = 1} € GSpin(V)

is identified as the derived subgroup. We refer to [31, §1], [41, Appendix A], and [8, §2.2] for more details.
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2.2. Identifications. We now describe the exceptional isomorphism
(15) GSpin(V) = GSp,
of reductive algebraic groups over Q, following [41, Appendix A].

2.2.1. The spin representation. Suppose we can fix a Witt decomposition V =V, @V ® V_ over Q, where
the Vi C V are maximal isotropic subspaces of dim(Vy) = 2 and Vj C V is an anistropic line, dim(Vp) = 1.
Note that if we cannot fix such a decomposition over Q, we pass to a finite extension F' of Q where such
an extension holds, then repeat the arguments given below to derive the corresponding isomorphism of
reductive algebraic groups (15) over F. Starting with such a Witt decomposition, fix a basis vector vy € Vj
with Q(vg) = 1. We have identifications of representations of Clifford algebras

CV)/e(V)C(V)so =C(Vy @ Vo) = C(Vi) (1 +vo) & C(Vi)(1 = o),
where the last two components C(V, )(1+wg) are isomorphic at CY(V)-modules. Either one of these modules
defines the four-dimensional spin representation W of GSpin(V). Fixing an isomorphism A2V, = Q, let
W —Q

denote the linear functional obtained by composing this isomorphism with the projection of C(V}) = A(V4)
onto A%V,. This defines an alternative Q-form

(z,y) = U(z"y).
As shown in [41, Lemma A.1], writing o(c) for the spin representation action of ¢ on W, we have for each
c € C(V) and z,y € W the relation (o(c)x,y) = (z,0(c)y). In particular, for g € GSpin(V'), we have
{o(9)z,0(9)y) = v(9)(z,y).
Here again, v : GSpin(V) — Q*,v(g) = gg* denotes the restriction to GSpin(V') of the spinor norm. As a
consequence of this relation, we obtain from the spin representation o the exceptional isomorphism (15), i.e.

o : GSpin(V) = GSp(W).

2.2.2. Parametrization in terms of quaternion algebras. As explained in [41, Appendix A.3]|, we have the
following parametrization of our rational quadratic space (V, Q) in terms of a quaternion algebra B over Q.

More generally, if (V, Q) is any nondegenerate rational quadratic space of dimension dimg (V) = 5, with
any choice of basis v1,...,v5 € V and corresponding pseudoscalar/volume element § = v; - --v5 € C(V), the
subspace 6V C CY(V) can be characterized as

§V ={zeC’V):a" =u, tr(z) =0}

As part of the proof of this identification ([41, Lemma A.3]), the space (V, @) is characterized in terms of
a quaternion algebra as follows. Let B be a quaternion algebra defined over Q with main involution x — x*.
Let C' = My(B) with involution z +— ' = 'z*. Let Vg denote the vector space over Q defined by

Vg ={xeC=MDB): 2 =uz, tr(x)zo}:{x=<b‘ﬁ ba): acQqQ, beB}.

Let Qp : Vg — Q denote the quadratic form defined by Qp(x) = xz’. Hence, (Vg, @p) determines a rational
quadratic space. We consider its corresponding Clifford algebra C'(Vg) = C°(Vg) @ C'(Vp). Observe that

2
i 2 _ [(a®+v(b)
W= _( a>+v())”
The inclusion Vp — Ms(B) induces an isomorphism C(Vp) = Ms(B) which is compatible with the involu-
tions. Conversely, let (V, Q) be any nondegenerate rational quadratic space of dimension dimg (V) = 5. The
Clifford involution x — 2’ induces an isomorphism C°(V') = C°(V)°P, from which it follows that

C%(V) = Ma(B)
for some quaternion algebra B defined over Q. We can choose this isomorphism to be compatible with the
Clifford involution, so that the map carries §V into Vz. Comparing dimensions, we then obtain an isometry

(V,0%-Q) = (Vs,Qp).
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2.3. Shimura/Siegel threefolds. We now describe the spin Shimura varieties associated to GSpin(V),
which by the exceptional isomorphism (15) determine twisted (quaternionic) Siegel modular threefolds.

2.3.1. Hermitian symmetric domains. Let D(V') denote the space of oriented, negative 2-planes in Vg,
D(V)={zC Vg :dim(z) =2,Q|, < 0}.

This space has two connected components D*(V'), each one of which is isomorphic to a bounded symmetric
domain of C3. We fix one of these connected components throughout. Note that we have identifications

(16) D(V) =2 SO(V)(R)/(SO(3) x SO(2)) =2 S0O(3,2)/(SO(3) x SO(2))

(cf. [8, §2.4], [31, §1][41, Appendix A]). Here, SO(3,2) has two connected components SO(3,2)*, of which
we take SO(3,2)" to be the component of the identity. In line with (15) above, we also have an exceptional
isomorphism SO(3,2)™ =2 Sp,(R). On the other hand, recall that we have the Siegel upper-half space

Ho ={Z =X +1iY € Sym,y(C) : Y > 0}.

Via the map Z = (2; ;)i — (2i,j);>1, we can identify Ho with a subset of C3. The symplectic group Sp,(R)
can be characterized as the group fixing the alternating form

2 2
Z TjY—j — Z T—jYj-
j=1 j=1
In matrix coordinates A, B,C, D € Ms(R), writing Is € M2(R) to denote the identity, it is given by

o mI_{(A B), AC=C'A AD-C'B=1I
psR)=1\¢ p)* pia_BiCc=1, B'D=DB '

This group Sp,(R) acts simply transitively on Hsy by

(A B> 7= (AZ+B)(CZ+ D).

C D
(0 —L
2= )

acts as an involution on Hy, having only i - I5 as its fixed point, and so
Ho = Spy(R) - ils.

The matrix

The stabilizer of 7 - I5 is

K = {(_AB i) €Sp,(R): ATA+B'"B=1, ATB = BTA} ~U(2) = {Z —A+iB:Z'7 = 12}
(_AB i) — A+iB.

In this way, we obtain group-stabilizer identifications of the Siegel upper-half space of genus 2,

Haz = Spy(R)/K = Spy(R)/U(2).
On the other hand, using the central exact sequence

1—U(1) —U(2) — SO@3) —1

with U(1) = {e'? - I,} = SO(2) the central circle in U(2), we obtain identifications

U(2)/U(1) = U(2)/SO(2) 2 SO(3)
and U(2) = SO(3) x SO(2) up to finite central kernel. That is, we have a surjective isogeny of finite kernel

U(2) = (SU(2) x U(1))/{(—=I,-1)} — SO(2) x SO(3).

This implies we have a Lie algebra decomposition u(2) = s0(2) + s0(3), from which we obtain identifications
(17) Ha =2 Spy(R)/(SO(2) x SO(3)) =2 SO(3,2)*/(SO(2) x SO(3)) = D*(V)

17



of the corresponding hermitian symmetric domains. Here, we choose the connected component D* (V) of
D(V) to match the connected component SO(V)* 2 SO(3,2)" of the identify in SO(V) = SO(3.2).

2.3.2. Shimura spin/Siegel threefolds. Following the approach of Deligne [13] (cf. [41, §1], [31, §1]), we explain
how (GSpin(V), D(V)) determines a Shimura datum, and hence a Shimura variety

Sh(GSpin(V),D(V)) = Jim Shg (GSpin(V), D(V))
KCGSpin(V)(Ay)
with a canonical model defined over its reflex field E(GSpin(V), D(V)) = Q.
Fix a point z € D(V') with a properly oriented basis z = [z, 1] such that ((z;, zj))1<i j<2 = —I2. Then,

j»=2z0-21 € C°(VR)

determines an element j, € GSpin(V)(R) such that j2 = —1. Write S = Resc/r G to denote the Deligne
torus. Let us for each element a + by/—1 € Sgr = C* define the map*

hy:Sr — GSpin(V)(R), a+bvV—1+— a+ bj,.

The domain D(V') can be realized as the space of conjugacy classes of this morphism h, : Sg — GSpin(V)(R)
under the action of GSpin(V)(R). Hence, (GSpinV, D(V)) = (GSpin(V), h.) determines a Shimura datum.
By the theory of Shimura and Deligne [13], we then have for any compact open subgroup K C GSpin(V)(Ay)
an algebraic variety Shy (GSpin(V'), D(V)) = Shx (GSpin(V'), h,) with complex points given by

Shic (GSpin(V), D(V))(C) = GSpin(V)(Q)\D* (V) x GSpin(V)(A)/K,

and with a canonical model defined over a uniquely-determined number field E(GSpin(V'), D(V)) known as
the “reflex field". In this setting, the reflex field E(GSpin(V), h;) is the rational number field Q. Since each
compact open subgroup K C GSpin(V)(Ay) arises as the stabilizer

K = K, = Stabaspin(v)(a,) (L ® z)

of the adelization L ® Z of some uniquely-determined lattice L C V under the action of GSpin(V)(A #) by
conjugation, we shall also write Shz,(GSpin(V'), D(V)) = Shg, (GSpin(V'), D(V)) = Shg, (GSpin(V), h,) to
spell out that this level structure depends only on the lattice. As explained in [31] and [41], each of these
Shimura varieties Shy, (GSpin(V'), D(V')) determines a quasiprojective variety of dimension 3 over Q. Fixing
any set of representatives {h} of the finite set GSpin(V)(Q)\ GSpin(V)(A¢)/Kr, we have a decomposition
into geometrically connected components

(18) Shye, (GSpin(V), D(V))(C) = [[Tn\D*(V), T} := GSpin(V)(Q) NhK h ™.
h

Now, recall from (17) above that we can identify the hermitian symmetric domain D(V) = D*(V)[[ D~ (V)
with two copies of the Siegel upper-half space Hy = {Z = X +1iY € Sym,(C) : Y > 0} C C3 of genus 2. The
isomorphism of algebraic groups (15) allows us to identify each of the discrete subgroups I'y, of GSpin(V)(R)
as a discrete subgroup of GSp,(R), and to view each of the threefolds on the right-hand side of (18) as
a (quaternionic) Siegel threefold. In the special case where B = M>(Q) is the matrix quaternion algebra,
Sh(GSpin(V), D(V)) = Sh(GL2(B), D(M2(B(R)))) is the classical Siegel modular threefold of genus 2.

2.3.3. Moduli description. We have the following moduli description for the Siegel threefolds considered above
(see [41, §1]). Fix a lattice L C V and let K = K C GSpin(V)(Ay) denote the corresponding compact
open subgroup. Recall that C = My(B), with B the indefinite quaternion algebra over Q parametrizing
the rational quadratic space (V, Q). We write 2 — x* for the main involution on B, and © — 2’ = %* for
the induced main involution on C. Let D(B) denote the discriminant of B, i.e. the product of primes p for
which B, = B ®q Q, is a division algebra. Fix a maximal order Op C B such that O3 = Op. We choose
an element 7 € B* such that 7" = —7 with 72 = —D(B) and 7Op7~! = Op. Consider the involution
x* = tz*7~! on B; this preserves the maximal order Op.

41n the context of the discussion above, we have j; = —j. with jZ = zfz% = —1 and j.j% = 1. There is an isomorphism of

algebras C = C° (2z) over R given by i — 2122, and the composition of this isomorphism with the natural inclusion/identification
C%z) c CO(VR) = C(R) = M2(B(R)) induces the same morphism h, : S — GSpin(V) defined over R. Note that h. (i) = j.
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Definition 2.1 (Moduli problem). Define a functor X;, = X, = Xk by sending a Q-scheme S € Sch /Q
to the set X1, (S) of isomorphism classes of quadruples (A, 1, \,7), where

(i) A is an abelian scheme (of relative dimension 8) over S, up to isogeny,
(ii) +: C — End"(A) is a homomorphism for which
det (1(c); Lie(A)) = N°(c)?,
where N° denotes the reduced norm homomorphism on C = Ms(B).
(iii) A is a Q-class of polarization on A which induces the involution x on C':

—

Nowle)o N =u(c*) Ve e C = My(B).
(iv) 77 is a Kp-class of isomorphisms

n:V(A) =2UeA;, V(A):=][1A)eQ
l

which are C-linear for the left-module structure on U, and respect symplectic structures on both sides
up to multiplication by a constant in A; (see Kottwitz [30, p. 390] and [41, §1] for details).

Proposition 2.2. Let L C V be any lattice whose associated compact open subgroup K = K5, C GSpin(V')(Ay)
is neat. Then, the moduli problem X1, = Xk, = X is represented by a smooth quasiprojective scheme, again
denoted by X1, = Xk, = Xk over Q. Moreover,

X1 (C) = Shy(GSpin(V), D(V))(C).
Proof. See [30] for representability (under neatness), and [41, Proposition 1.1] for the isomorphism. O

3. ALGEBRAIC CYCLES

We now summarize the construction and relevant properties of special cycles on each Shimura/Siegel
threefold X, = X, = Shg, (GSpin(V'), D(V)) following [31]. To describe this very briefly: Each subspace
(U,Qu) = (U,Q|v) of signature (m,2) of (V,Q) with m = 0,1,2 determines a Shimura subvariety

Z(U) = Shg, naspin(vy(a,) (GSpin(U), D(U)) C X1,
of dimension m defined over Q. That is, each such subvariety determines a cycle Z(U) C X, of codimen-
sion r := 3 — m. These so-called special cycles satisfy nice functorial properties such as compatibility in
profinite limits and under Hecke correspondences. We also have explicit constructions of the Poincaré dual
representatives as Kudla-Millson theta series according to [31, §8], [35], [36], and [37]. We later describe the

construction of arithmetic special divisors associated to special divisors (r = 1) via regularized Borcherds
theta lifts as well as “admissible Green’s currents" associated to special cycles of higher codimension r > 2.

3.1. Special cycles. More formally, let W C V be any subspace® of dimension dim(W) = r < 3 such
that (-,-) |w is positive definite, equivalently such that Q|y is positive definite. Its orthogonal complement
U =W+ C V determines a rational quadratic subspace (U, Qu) = (U, Q|) of signature (m,2) = (3 —r,2)
of (V,Q). We write GSpin(U) = {g eCo%U):gUg ! = U} to denote the corresponding general spin group,
1— G,, — GSpin(U) — SO(U) — 1,
with
D(U) ={z CUr :dim(z) = 2,Qul. < 0}
the Grassmannian of oriented negative 2-planes in Ug. Again, this has a complex structure, with two con-
nected components D*(U). As explained in [31, §2|, we have a natural morphism of groups

GSpin(U) — GSpin(V),

and can identify GSpin(U) with the pointwise stabilizer of W in GSpin(V'). Writing L C V again to denote
the lattice giving rise to the compact open subgroup K C GSpin(V)(Ay), the corresponding sublattice

5We remark that Kudla [31] uses U to denote the positive definite space Q(z) whose orthogonal complement U+ gives the
desired subspace of signature (dim(X) — dim(U),2), with » = dim(X) and n = dim(X) — dim(U) the codimension.
19



Ly = LNU gives rise to the compact open subgroup K, = K1, NGSpin(U)(A ). Putting this together, we
find there is a natural morphism of the Shimura varieties defined over Q,
Shg,, (GSpin(U), D(U)) — Shk, (GSpin(V), D(V)).
To be more precise, we write Z(U) = Z(U, K1) to denote the image of the Shimura subvariety Shy, (GSpin(U), D(U))
under this morphism. Hence, Z(U) has complex points given by
Z(U)(C) = GSpin(U)(Q)\D*(U) x GSpin(U)(Ay)/KL,

We can define for each g € GSpin(V')(A ) a conjugated level structure K., ; = GSpin(U)(Af)NgKr, g~
and corresponding special cycle Z(U, g) = Z(U, g, K1) with complex points given by
Z(U,g)(C) = GSpin(U)(Q)\D*(U) x GSpin(U)(Af)/KLy 4.
As explained in [31, Lemma 2.2], these latter cycles satisfy the following functorial properties:
(i) For all k € K, we have Z(U, gk, K1) = Z(U,g,Kp).
(ii) For all h € GSpin(U)(Ay), we have Z(U,hg, K1) = Z(U, g, Kp1).
(iii) For all v € GSpin(V)(Q), we have Z(vU,~g, K1) = Z(U, g9, KL).
(iv) For all go, g1 € GSpin(V')(Af), we have Z(U, 195, 90Kr95 ") 90 = Z(U, g, K1).
We refer to [31, §§2-4] for more on these cycles, and how they behave with respect to the decomposition (18).

1

3.1.1. Weighted cycles. We consider the following weighted cycles corresponding to K -invariant Schwartz
functions ¢ € S(V(Ay)") (see [31, §5]). Fix a codimension 0 < r < 3. Fix a positive definite symmetric
matrix 8 =8 € M,(Q). Given a vector z = (zo,...,z,—1) € V", let (z,2) = ((z,2;))o<i j<r—1 € Sym,(Q)
denote the matrix of inner products (z;,z;) = Q(z; + z;) — Q(x;) — Q(x;) of the components of z. Let Qg
denote the corresponding hyperboloid

Qs =Qp ={z = (x0,...,2r—1) €V": (z,2) = B}.
As explained in [31, §5], this hyperboloid determines a Zariski closed subset of V". The map
GSle(V)(Af) — Qg(Af), h+—h- x,

is open, so that for K C GSpin(V)(Ay) any compact open subgroup, the corresponding K - = is an open
neighbourhod of z in Qg(A ). Moreover, we have

e 03(Q)=0 < Qs(Ay) =0 < Qp(A)=10

o if r < 3, then Q3(Q) # 0 implies that K - Qg(Q) = Qz(Ay).

Fix K C GSpin(V)(Ay) a compact open subgroup and ¢ € S(V(Ay)") a K-invariant Schwartz function.
Fix =8 € M,(Q) a positive definite symmetric matrix, and = € Q3(Q) a basepoint. Writing

supp(p) N Qz(Ay) HK ¢t

for some finite set of representatives ¢ € GSpin(V)(A ), we then use the same notations as above with
U=U(z):=Qz)t cV
the orthogonal complement of the space Q(a:) generated by x € V7 to define the weighted cycle

(19) Z(8,0, K Zw (ha)Z(U(x), ¢ K).

Note that this cycle is independent of the Ch01ce of basepoint « € Q3(Q) and coset representatives {(}.

Proposition 3.1 (Kudla). The weighted cycle Z (83, , K) defined in (19) satisfies the following properties.
(i) It can be expressed in terms of the decomposition (18) as

ZB.o, K)=> > o -x)CU(),g,K),
h zeQg(Q) mod I'y,
where C(U(x), g, K) denotes the cycle on the connected component Tp\D(V') defined by the image of
(T N GSpin(U(2)) (A ) \D(U(x)) — Tp\D(V).
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(ii) Writing w(h) to denote the natural action of h € GSpin(V)(Ay) on Schwartz functions S(V(Ay)")
by (w(h)p)(z) = @(h~'z), we have for any h € GSpin(V)(Ay) the equivariance property

Z(ﬁaw(h’)@ahKh_l) = Z(ﬁa‘)OvK) . h’_l'

(iii) If K C GSpin(V)(Ay) is a neat compact open subgroup with subgroup K' C K and corresponding
natural projection pr: X — X of Shimura varieties, then we have the pullback formula

pr (Z(8, ¢, K)) = Z(B, ¢, K').
Proof. See [31, Proposition 5.4] for (i), [31, Proposition 5.9] for (ii), and [31, Proposition 5.10] for (iii). O

Example 3.1 (Special divisors or “Heegner cycles”). We have weighted cycles Z(m,p) = Z(m,1,, K) of
codimension 7 = 1 indexed by positive rationals m € Symp(Q) >~ Q> and characteristic functions

1, = char(u+ L®Z) € S(V(Ay))

of cosets p € LY /L of the discriminant group of the lattice L C V. To describe these concretely in terms
of the decomposition (18) of X1 (C) = Xk, (C) into connected components, let us for each of the chosen
representatives h of the finite set GSpin(V)(Q)\ GSpin(V)(Af)/K |, write p, € LY /Ly, to denote the cosets
of the discriminant group of the lattice L, determined by L; ® Z = hL ® Z. Given a vector z € V with
Q(z) > 0, we write

DV),={2€D(V):(z,2) =0} c D(V)

to denote its complement in D (V). The special divisor Z(m, u) = Z(m, 1,, K1) has complex points given by

(20) Zm,w(©) =TI\ | II P
h

zEpp+Lp
2Q(x)=m

Such special divisors generalize the construction of Heegner divisors on the modular curve, and are sometimes
referred to in the literature as Heegner cycles for this reason.

3.2. Moduli description of special cycles. We have the following description of the weighted special
cycles Z(8, (p1,- -+, pr)) € Z"(X1,) for the moduli description of Definition 2.1 and Proposition 2.2, according
to Kudla-Rapoport [41, §2]. Suppose the quadratic space (V, Q) is parametrized as V' C C' = My (B) for B an
indefinite quaternion algebra defined over Q, with @ the quadratic form defined by 22 = Q(x) - I, € My(B).

3.2.1. Special endomorphisms and positive-definite spaces. Given a point & = (4,1, A, 7) € X1(5), a special
endomorphism of € is an element j € End$(A,¢) which is invariant under the Rosati involution of A and has
reduced trace zero:

j* =7 and trd(j)=0.

Here, we note that Endg(A, ¢) is a finite dimensional semisimple Q-algebra, there a sensible notion of reduced
trace trd : End%(A, 1) — Q. Given j a special endormorphism of £ = (4,1, \,7) € X1(S) for S a connected
scheme, its square j2 = Q(j) - id determines a quadratic form with Q(j) € Q ([41, Lemma 2.1]). Hence, for
S a connected scheme and & = (A, ¢, A\, 7) € X (S) a point, we can define

C? = Endg(4,¢)?
and
V€0 ={ze Cg cat =, trd(z) =0}

the finite-dimensional rational vector space of special endomorphisms with quadratic form Q¢ : V5O - Q
given by 2 = Q¢(z) - id4. Hence, each point £ = (A, 1, \,7) € X1(S) determines a rational quadratic space
(V2, Q7). Writing C(V,Q}) to denote its Clifford algebra, we know by the universal property that there is

a natural homomorphism C' (VEO, Qg) — Cg which is compatible with respect to specialization.
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To describe this setup in classical terms ([41, Lemma 2.3]), fix a point & = (4,:,\,7) € X (S) with
corresponding parameter (z,g) € Shg, (GSpin(V), D(V)). Let AP = U(R)/U(Z) denote the real torus
underlying the abelian variety A, = A(C). Then, we have the following identifications:

C(Q) = End’(A'P, 1), Q= Cente(q(j:), V& ={xeV(Q):wj. =j.x}, Centom)nV(R)=2"
In particular, we can identity V; = V(Q)Nz+ and deduce that 0 < dimq(Ve) < 3. If € = (4,1, A\, 1) € XL(S)
for S a connected scheme, then we also know that the space (Vg, Q¢) is positive definite ([41, Lemma 2.4]).

3.2.2. Moduli description of weighted cycles. We have the following moduli description of the weighted cycles

Z(ﬁ7 (,u'lv,uT')) = Z(ﬁvlpn & ®1Hr) = Z(B,QO,KL) € ZT(XL)

introduced above, for Schwartz functions ¢ = 1,, ® ---® 1, € S(V(Af)") given by the characteristic
functions of cosets p1,---u, € LY/L in the discriminant group of the underlying lattice L C V. In this
generality, we view a cycle as being a finite unramified morphism into the ambient scheme X, .

Definition 3.2 (Cycle moduli problem). Fiz L C V a even lattice with corresponding compact open subgroup
K = K1, C GSpin(V')(Ay). Define a functor sending a Q-scheme S € Sch /Q to the set

Z(/Ba (:u‘lv e HU‘T))(S) = Z(Bv (:u’la e 7/’LT)7KL)(S)
of isomorphism classes of 5-tuples (A, ¢, A\, 7,j), where:
(1) (A’ 2 )‘7ﬁ) € XL(S)}
(i) j= (j1,---jr) € End®(A,1)" is an r-tuple of special endomorphisms of A such that
e For some (and hence for all) n € 7, the element n*(j) € Endc(U(Ay))" lies in the set
u1®~-~®ur+L’"®2€V(Af)r.

e Q() = 3G.d) = 3((Ui, Jj)i<ij<r = B € Sym,(Q).
Proposition 3.3 (Kudla-Rapoport). The functor of Definition 3.2 has a coarse moduli scheme Z(3, (1, , fir))-
If the compact open subgroup Ki C GSpin(V)(Ay) is neat, then Z(5, (1, -+ , 1)) is a fine moduli scheme,
and the forgetful functor Z(B, (u1,- -, pur)) — X is finite and unramified. Moreover, we have

Z(/67 (.[1“17 e hur))(c) = Z(Bv (/’Lla e 7:U’T)) € ZT(XL)
Proof. See [41, Proposition 2.5], taking w; = p1;+L®Z for each 1 < i < r and w = wy X+ - - Xw, C V(A O

3.2.3. Extension to the p-integral model. Fix an odd prime p > 2 not dividing the discriminant of B. Fix an
even lattice L C V' with corresponding compact open subgroup K = K; C GSpin(V)(Ay). We decompose
K as K = KPK, and assume K? C GSpin(V)(A%) is neat. As described in [41, §1, p. 704], we have a
p-integral version of the moduli problem (Definition 2.1, Proposition 2.2), which we denote here by Xk».
Given a point & = (4,1, \,T?) € Xk»(S), we have natural analogues of the quadratic spaces and special
cycles defined above, with Z,) algebra
Cf = Ends(A, L)Op X Z(p)

and corresponding Z,)-module

Ve={z € Ce¢: 2" =z, trd(z) =0},
as well as the analogous notion of a special endomorphism j of a point & = (4, ¢, \,7P) € Xk»(S). Writing
wi=p+L@Zforeach1 <i<randw=uw; X - xw, CV(Ay)", we can decompose w = w, x wP into
Wp =1 @@ py + LOZy € V(Zy)" and wP = p1 @ -+ @ pi, + L ® ZP € V(A%)". We then define

Z(B, (uis- - py) = 2(B,w") € Z"(Xkv)
for the corresponding characteristic functions
=1l =1p® Q1€ S(V(ASZ)T),

using the corresponding version of Definition 3.2. In this case, [41, Proposition 2.6] shows that this functor
Z(B,wP) is representable by a scheme which maps by a finite unramified morphism to Xx», and that

(21) Z(ﬁ’ (/.L]f, e :u'zr))) ><SPeC Z(p) Spec Q = Z(ﬂa (:ula T a,uT))'
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3.2.4. Fibre products and local intersections of codimension 2 cycles. As mentioned above, Kudla-Rapoport
[41] compute p-adic local intersection numbers of these special cycles (21). We describe their main results
for pairs of codimension 2 cycles Z (81, (¢}, b)) and Z(Bs, (15, pif))) briefly. We consider the fibre product

Z = Z(Br, (17, 13)) xx Z(B2, (15, 1))
To each point
E= (A0, A1) = (AL, A7, (1,1, J1,2, 92,1, J2,2)) € 2,
we can associate a fundamental matrix
1

TE = Q(.]) = 5 ((ji,j,ji,j))lgi,jgg € Sym4(z(p))a diag(Tg) = (ﬁl 62) .

Note that we have the decomposition

Z = Z(Pr, (1], 15)) xa Z2(B2, (15, 1})) = 1T Z(T, (p, p2, i3, pa))-

TeSyma(Z(p)) >0

diag(T)= ﬁl
<>( 52)

Theorem 3.4 (Kudla-Rapoport). Let & = (A,¢, A\, 7P, j) € Z be any point with det(T¢) # 0. Then, £ is an
1solated intersection point if and only if the fundamental matriz Ty represents 1 over Z,. Moreover, when
this is the case, the underlying abelian variety A is a product of a supersingular elliptic curve.

Proof. See [41, Theorem 0.1] for the special case of n; = ny =2 (so r = 2). O

Kudla-Rapoport [41, Theorem 0.2] also compute the local intersection numbers

(Z(Br, (18, 15)), Z (B2, (5, W))EP" = D el€),

(EZ
isolated

where each isolated intersection point & = (A4,¢, A, 7", j) of £ appears with multiplicity
e(§) =length Oz ¢

given by the length of the local ring of Z at £&. To describe the computation briefly for the context of
Conjecture 1.4, fix rational symplectic spaces Wi and Wy of dimension 4, and put W = Wy + Ws. Let

i: Mpy(A) x Mp,(A) — Mp,(A)

denote the embedding of the corresponding metaplectic groups Mp(W7) x Mp(W3) — Mp(W). Fix a standard
section ®(s) = Poo(s) ® P¢(s) € I(s,x) in the induced representation of Mp,(A). More precisely, writing
(V', Q') for the rational quadratic space of signature (5,0), take poo(s) the standard Gaussian function for
V'(R), and @, (8) = Moo (oo )(8) its image under the local intertwining operator Ao : S(V/(R)) — I (s, X)-
For the nonarchimedean local component, we take ¢y = 1, ®1,, ® 1,, ® 1,,, € S(V(A;)*) to be the
corresponding characteristic function, with ®¢(s) = As(¢y)(s) its image under the nonarchimedean local
intertwinining operator Ay : S(V(Af)*) — I7(0,x). Writing P C Mp, to denote the Siegel parabolic, the
corresponding incoherent Eisenstein series

E(h,5,®)= Y ®(yh,5), heMpy(A)
YEP(Q)\ Mp,(Q)

converges for R(s) > 5/2, and has an analytic continuation to all s € C. We consider its Fourier series
expansion along the unipotent radical of P, denoted by

E(h,s,®)= > Er(h,s,®).
T€eSym,(Q)

Since E(h, s, @) is incoherent, it vanishes at s = 0, and we can consider the values EZ.(h,0, ®) = d%ET(h, 8, D) |s=0-
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Theorem 3.5 (Kudla-Rapoport). We have for any pair h; € Mp(W;)(A) =2 Mpy(A) (i =1,2) that

S it ha).0.9) = VDl )k () tog(p) - vol(pr (1)

TeSym4(Q)>o0
X (Z(B, (1, 15)), Z(Ba, (i, piy)) Y BTOPr.
Here, the W,é? (h;) denote the generalized Whittaker functions defined as in (22) below.

Proof. See [41, Theorem 0.2] for the special case of n; = ng =2 (so r = 2). O

3.3. Cycle classes and the intersection ring. Given K C GSpin(V)(A[) a compact open subgroup, we
again write Xx = Shi (GSpin(V), D(V)) to denote the corresponding Shimura variety, with X = lim, Xg
the projective limit. Given an integer 0 < r < 3, we write Z"(Xg) to denote the free abelian group on
irreducible subvarieties of codimension r (so dimension m = 3 — r), with

CH"(Xk) = Z"(Xk)/ ~rat
the Chow group of rational equivalence classes. We have a natural projection map Z"(Xg) — CH"(Xk),

as well as a natural cycle class map cl : CH" (X ) — H?"(Xf, Q). Passing to limits, we consider the groups
Z"(X) = lim Z" (Xx)
®

CH(X) = lim CH" (Xx)
K
H2T(X7 Q) = @HzT(XKa Q)a
K

as well as the corresponding natural maps Z"(X) — CH"(X) — H?"(X, Q). In particular, we obtain from
the construction of weighted cycles above (cf. [31, Corollary 5.11, (6.6), (6.7)]) classes

S(V(Ay)")r — Z"(X)r, ¢ — lim Z(8, ¢, K)
K
S(V(A))r — CH (X)r, o+ {B, ¢} =1m{Z(B, ¢, K)}x
K

S(V(Af)")r— H"(X,R), ¢+ [B,¢] :=cl({8,¢})
for any ring R.
Remark This construction can be adapted for § singular; see [31, § (6.9)-(6.11)]. In brief, suppose V is

anisotropic, and that 5 € Sym,.(Q) is positive semidefinite, so that det(3) = 0. Since V is anistropic, the the
inner sum in the corresponding weighted cycle (19) is finite, and so we can define

ZBp, K)° =" > et a)e(U(x), h, K).
h zeQs(Q) mod I'y,

Here, each U(x) = Q(z)* C V has complement Q(x) of dimension equal to b = rk(f3), and we have
Z(B, ¢, K) EZb(XK)v {Z(B, )} = {B?@}OGCHZ}(XK% [Z(B,¢)] = [6790]0 €H2b(XK7Q)'
Let kp+(vy(z1,22) denote the Bergman kernel function for each connected component D*(V'). Let
Qz) = QDi(V)(Z) := 00 log :ZCDi(V)(Z, 2)
denote the corresponding Kéhler form. For each compact open subgroup K C GSpin(V)(Ay),

1 1 _
% . QDi(V)(Z) = % . aakDi(V) (Z, Z)
induces a (1,1) form on Xy which is the Chern form for the canonical bundle fx, on Xg. Taking the cup
product with this Qp+ vy induces the Lefshetz operator
L:HY Xk, Q) — H(Xg,Q),
as well as its corresponding operator on Chow groups
L:CHY(Xk)q — CHI™ (Xk)q.
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We obtain from this a commutative diagram
L:CH (Xk)q —— CH ™' (Xk)q

cll Cll
L:H”(Xk, Q) —— H*(Xk,Q),

which after taking direct limits becomes
L:CH(X)q —— CH ™ (X)q

o o
L:H>(X,Q) —— H¥(X,Q).

As explained in [31, Proposition 6.1], the Lefshetz operator L on CH"(X) and on H" (X, Q) commutes with
the action of GSpin(V)(Ay). Consequently, for any positive semidefinite matrix 3 € Sym,.(Q), we have

{B,¢} = L™ {84} € CH"(X)q
and

B,¢] = L") . [8,4]° € H (X, Q).

We also have the following cup product formula for classes coming from special cycles.

Theorem 3.6 (Kudla). Assume the quadratic space V is anisotropic. For each 0 < r < 3 = dim(X), let
C"(X) denote the subspace of H*"(X,Q) spanned by the classes [3,] = cl({B,¢}), with B € Sym,(Q)
ranging over positive semidefinite matrices, and ¢ € S(V(Af)")q ranging over Schwartz functions.

(i) The space C(X) = é CP(X) is a subring of H(X, Q).
r=0

(ii) For B; € Sym, (Q) and ¢; € S(V(Ay)™) (i =1,2) the cup product of [B1,p1] and [Ba, @o] is given
by the formula

[B1, 1] - [B2, 2] = Z (B, 01 ® 1],
BESYM | 4y (Q)

where the sum runs over matrices o € My, »,(Q) for which (ﬂl a> is positive semidefinite.

‘o B
Proof. See [31, Theorem 6.2]. O

3.4. Poincaré dual representatives. We now describe the theory of Kudla-Millson [35], [36], [37] in this
setting, particularly the construction of Poincaré dual representatives for the classes [3,¢] € H?*" (X, C),

following [31, §7-8]. Here, we fix an integer 1 < r < 3 corresponding to the chosen codimension of the special
cycles on the Siegel threefold X = { Xk} x = {Shx(GSpin(V), D(V))} k.

3.4.1. r-th Schwartz forms. We work over the ring R = C, with H"(Xx) = H"(Xk, C). Fixing a basepoint
zo € D(V'), we now write K to denote the corresponding stabilizer in GSpin(V')(R.), so that the identification
(16) of the Grassmannian is equivalent to

D(V) =2 GSpin(V)(R)/K = S0(n,2)/ (SO(n) x SO(2)).

Write go = Lie(GSpin(V)(R)) and ¢, = Lie(K) to denote the corresponding Lie algebras, with g = go ® C
and £ = £y ® C their complexifications. We have a Harish-Chandra decomposition

g=t+pr+p-
and a space of smooth differential forms on D(V) of type (a,b),
A (D(V)) = [C*(GSpin(V)(R)) @ A" (p*)]
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Let Mp,,.(R) denote the metaplectic cover of Sp,,(R). Recall this group acts on the space S(V(R)?) of
Schwartz functions on V(R)" through the Weil representation w = wy__ associated to the standard additive
character ¥ (z) = e(z) = exp(2mix). Let K’ denote the inverse image of the maximal compact subgroup

{(“b Z) ca+ibe U(p)} C Sp,,.(R).

Given a point z € D(V'), we again write (-, ), to denote the majorant determined by z, so

z,x) ifxezt
(x,x)zz{_(’) fae

(x,z) ifxez

We consider the corresponding Gaussian ®° defined by

®O(z,2) == exp (=7 tr(z, z).).
Note that ®°(hx, hz) = ®%(z, 2) for all h € GSpin(V)(R), and hence

() € [SV(R)) @ C=(D(V))| 5.
It is also an eigenfunction for K’ such that w(k')®° = det(k')2 ®°.
Theorem 3.7 (Kudla-Millson). There exists for each integer 1 < r < 3 a nonzero Schwartz form
() € [SV(R)) @ AT (D(V) T = [S(V(R)") @ A7 (p7)

for which the following properties hold:

(i) d®) =0, so ®")(x,-) is a closed GSpin(V)(R)-invariant (r,7)-form on D(V) for each x € V(R)".

r+2

(ii) Under the action of K' on S(V(R)") through the Weil representation w, w(k')®") = det(k') = &),

(iil) The Schwartz forms combine under wedge products as ST AD(r2) = <I>(’"1+7"2), with @) =0 ifr > 3.

(iv) @) (0) = c(r)Q" for some constant c(r) > 0.

Proof. See [31, Theorem 7.1]. O

Suppose that W, (+,-)w is a positive definite inner product space over R, with Gaussian 9, € S(W(R)")
defined by ®Y,(x) = exp(—tr(z,z)w) and associated Weil representation wy, of Mp,,.(R) on S(W(R)")
acting via wy ()09, = det(k’)3®Y,. Given a vector z € W(R)" with (z,2)w = B € Sym,(R) and
g € Mp,,.(R), we consider the generalized Whittaker function defined by

(22) Ws(g) = ww (9) Py (2).
Theorem 3.8 (Kudla-Millson). The following assertions are true.
(i) For any g € Mp,,.(R), w(g)®")(z) is a closed GSpin(U)(R)-invariant (r,r)-form on D(V).

(i) Let Ty < GSpin(U)(R)T be any discrete subgroup such that Ty \D*(U) is compact. Then, for any
closed and bounded (3 —r,3 —r)-form n on Ty \D*(U), we have

r 1 * r—
@)@ An=Wale) [ ~5ma’ 1,27 Am,
Ty \D*(V) Ty \D*(U)

where 8 = (z,z) and ¢ = rk(8) = dim Q(x).
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(iil) Fiz W = Q(z) a positive g-plane determined by the span of a vector x € V(R)? for 0 < g < r.
Let U = U(z) = Q(x)* C V be its orthogonal complement, a subspace of signature (3 — q,2), with
corresponding Grassmannian D(U) of connected components D (U). Let ®9, € S(W(R)") be the
corresponding Gaussian, as described above. Under pullback on differential forms

wy t APT(D(V)) — AT (D(U)),
we have the identification
e = o) @ e,
where @g) denotes the r-th Schwartz form for U and GSpin(U)(R),
o) € [SUR)) © 4™ (D(U))| SO
Proof. See [31, p. 67] for (i), [31, Theorem 7.2 (Thom lemma)] for (ii), and [31, Lemma 7.3] for (iii). O
3.4.2. Dual forms. We have the following construction of Poincaré dual representatives for the classes [3, ¢]

introduced above. Here, we first introduce the Kudla-Millson theta series G)(LT) associated to the p-th Schwartz
form ®("). Hence, fixing the integer codimension 1 < r < 3, we chose a decomposable Schwartz function

® =D ® By € [S(V(A)) ® A" (D(V)) ST
with archimedean part given by the p-Schwartz form
Poo = @) € [S(V(R)") ® A™7(D(V))| “*PmE)
and nonarchimedean part matching the chosen function parametrizing our weighted special cycles Z (3, ¢),
;=€ SV(A).

Fix K = K1 C GSpin(V)(Ay) a compact open subgroup with underlying lattice L C V. Let ¢ = ®,1,
denote the standard additive character of A/Q, with archimedean component ¥, (z) = e(z) = exp(2mizx).
Recall that the metaplectic group Mp,,.(A) acts on the space of Schwartz-Bruhat functions S(V(Ay)") via
the Weil representation wy, = wy, . For any K-invariant Schwartz function ®; € S(V(A[)"), we define the
corresponding Kudla-Millson theta series on g € Mp,,.(A) and h € GSpin(V)(A) by

O (hg9) = D wr@eln)= Y w2 e (h ).
zEV(Q)T 2EV(Q)"

Note that this theta series defines a closed (r,r)-form on the threefold X, = Xk, . Its cohomology class is
related to the classes [3, ¢] € H?" (X[, C) described above as follows. We define the generalized Whittaker co-

efficients Ws(g) = wr,(9)®°(x) for g € Mp,,.(R) C Mp,, (A) as in (22). Let us write @(LT)(g, p) = @(LT)(I, g,9)-
Theorem 3.9 (Kudla-Millson). Fiz1 <r <3, and a K = K -invariant Schwartz function ¢ € S(V(Ay)").

(i) We have for each g € Mp,,.(R) C Mp,,.(A) an identification of cohomology classes

O @el= > W9lb € H'(X1,C).

BES[};I;S(Q)
(ii) Given B € Sym,.(Q) with B > 0 (positive semidefinite), g € Mp,,(R), and h € GSpin(V)(Ay), let

@(Lr,)ﬁ(hvg’@): Z w(9)@(h™'x) = Z wr(9)®") ® p(h ).
z€Q3(Q) 2€03(Q)

This is a (r,r)-form on Xk, and a smooth Poincaré dual form for the weighted cycle [5,¢]:

[07:(9.0)] = [B.¢] - Wa(g) € H* (X, C).

Proof. See [31, Theorem 8.1] for (i), and [31, Corollary 8.2] for (ii). O
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4. AUTOMORPHIC GREEN’S FUNCTIONS AND CURRENTS

We now describe automorphic Green’s functions and currents for spin Shimura varieties X = X, leading
to a characterization of the archimedean local heights for the setup with twisted Siegel threefolds intro-
duced above. Here we begin with Siegel theta series related to Siegel Eisenstein series via the (convergent)
Siegel-Weil formula. We then introduce regularized theta lifts following [33], [31], and [11], including their
characterization as automorphic Green’s functions for divisors. We note that this theory is now well-known,
with various detailed expositions (e.g. [1], [5], [7], [11], [33]). Here, we describe only what we require for our
later calculations. We then give a general account of Green’s currents, including the notation of an admissible
Green’s current (due to Zhang [61]) to define the archimedean local height of two algebraic cycles Y, Z C X
for which dim(Y") + dim(Z) = dim(X) — 1. Finally, returning to our setting of twisted Siegel threefolds

X, = Shg, (GSpin(V), D(V)),

we consider how to compute the archimedean local height [V, Z],, of a pair of one-cycles Y,Z € Z?(X).
Taking the diagonal one-cycle Z = Z(8, (i, 1)) as in (2) above, we show how passing to a divisor Z; C X
containing Z C Z; as a divisor allows us to realize the Green’s current gz € D%!(X) as the pushfoward
1:[t'G 7, /x] of the current [('Gz,,x] € D*°(Z;) determined by the pullback ('G, ,x along differential forms
AYO(X) — A%0(Z;) of the Green’s function G,y of any surface ¢ : Z; < X containing Z C Z; as a divisor
(Theorem 4.8). This allows us to give a more precise characterization of the archimedean local height [Y, Z] o
of two one-cycles Y, Z € Z?(X) in Corollary 4.9 and Corollary 4.10.

4.1. Siegel theta series. Let us first suppose more generally that (V, Q) is any rational quadratic space of
signature (n,2), with corresponding inner product (-,-) and Grassmannian D(V) = D*(V). We also fix an
integral lattice L C V, with dual lattice LY, and write LY /L to denote the discriminant group.

4.1.1. Construction. Let ©» = ®,1, denote the standard additive character of A/Q, with archimedean
component o (z) = e(x) := exp(2miz). We write wy, = wr, 4 to denote the corresponding Weil representation

wr : G(A) x H(A) — Aut (S(V @ A))

of the product of the two-fold metaplectic cover G(A) = Mp,(A) of Spy(A) = SLa(A) and the general spin
group H(A) = GSpin(V)(A) on the space of Bruhat-Schwartz functions S(V(A)), as described in [33, §1],
[11], or [1] (for instance). Given ® € S(V® A), g € G(A), and h € H(A), we consider the theta function

Ir(g, @) = Y (wrl(g,W)®) (z) = > wilg)®(h ).
zeV(Q) zeV(Q)

This theta function is both left G(Q)-invariant and left H(Q)-invariant.
Given z € D(V'), we consider the corresponding majorant defined on z € V(R) by

z.x) ifzezt
(z, 7). ::(szasz)—(xZ,xz):{_( ) ifxe

(r,z) ifzez
Note that this determines a positive definite quadratic form on V(R). The corresponding Gaussian
D (z, 2) = exp(—mn(z,x),)

determines an archimedean local Schwartz function ®(z, ) € S(V(R)), and is left H(R)-invariant. To
be more precise, Poo(hx, hz) = P (z, 2) for each h € R. This Gaussian function also has weight 1 — n/2
under the action of the maximal compact subgroup of G(R). Taking any finite local Schwartz function
®s e S(V®Ay), and fixing a basepoint zg € D(V'), we write the theta function corresponding to this choice
of Schwartz function ® = &, (-, 20) ® Dy as

Descending via the Iwasawa decomposition for Mp,(R)), we can write this as a function of £ x D(V') to recover
the classical Siegel theta function 6 (7,z,h) :  x D(V) — &, = C[LY/L] as follows. Given z € D(V),
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choose an element h, € H(R) for which h - zg = z. Observe that we then have wr,(h,)®s (-, 20) = Poo (-, 2).
Writing 7 = u +iv € 9, let g~ = (9,,1) € G(R) denote the image of the mirabolic matrix

1 wu v3 0

Given hy € H(Ay), we then consider the theta function defined by
HL(Ta 2, hf7 Qf) = ,U—%"r%qu(g;, hzhf7 (I)OO(7 ZO) 0 (bf())
=T YT wi(gr) (Beo(2) @ wi(hy)®y) (@),
z€V(Q)
which after using explicit formulae for the Weil representation wy, to deduce that

T 3w (gh) (Bao (-, 2)) (2) = v - e (Q(2,.)T + Q(x2)T)
takes the more explicit form
Or(7,2,hy; ®f) =0 Z e (Q(z.1)T+ Q(z:)T) ® (I)f(hjjlx)'
zeV(Q)

We shall often write h = hy € H(Ay) for simplicity in what follows. Taking ¢y =1, = char(u + L ® 2)
to be the characteristic function of a coset u € LY /L, we consider the corresponding theta function

QLH#(T,Z,h)1219L(T,Z,hf;1#).

Note that 1, belongs to the subset &, C Aut(S(V ® Ay)) of functions supported on LY ® Z which are
constant on cosets of L ® Z, and that we have the identification

P c1,=CLY/L] c Aut(S(V ® Ay)).
neLY /L

Note as well that & is invariant the under action of the inverse image of SLy(Z) in G(A 7) by wr,. Taking
the sum over cosets u € LY /L, we obtain the classical Siegel theta series

(23) Ou(r,z,h) = > Opu(r,2,h)1,:Hx D(V) — &
HWELV /L

As a function in Grassmannian variable z € D(V), this theta series is invariant under the arithmetic subgroup
'y = HQ)NhKph™1. As a function in 7 € §, it determines a nonholomorphic vector-valued modular form
of weight 1 — n/2 and representation wy .

4.2. Eisenstein series and the Siegel-Weil formula. We can describe averages of theta Siegel theta
series (23) as special values of certain Langlands Eisenstein series via the Siegel-Weil formula. Here, we first
describe the general setup for any rational quadratic space (U, Q) of signature (n,2) following [33, §4.1].
We then describe the corresponding convergent Siegel-Weil formula. Later, we shall apply this to the special
setting of U = V4 o C V an anisotropic quadratic subspace of signature (1, 2).

4.2.1. Langlands FEisenstein series. Let 1 = ®,1, again denote the standard additive character on A/Q.
Let (U,Qu) be any rational quadratic space of signature (p(U), q(U)) = (n,2), for n > 0 an integer. Fix an
integral lattice Ly C U with dual lattice Ly, and discriminant group Ly, /Ly. We write

WLy = WLy e Mpy(A) x GSpin(U)(A) — &,

for the corresponding Weil representation, as introduced above. We write G = Mp, and Hy = GSpin(U)
again for simplicity to denote the algebraic groups over Q. We write P = M N denote the standard parabolic
subgroup of upper triangular matrices in SLy, with Levi subgroup M and unipotent subgroup N, so

M:{m(a)::(a a_1>,aeGm}, N:{n(b)::<1 I;),beGa}‘

Let Koo = SO2(R) denote the maximal compact subgroup of SLy(R), with K =
compact subgroup of SLa(A ). Hence, we have the Iwasawa decomposition SLa(A)
29
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Writing M’, N’; K’, and K.  to denote the respective images in the metaplectic group G = Mp,, we
also have Iwasawa decomposition G(A) = N(A)' M(A) K. K'. We shall consider the metaplectic group
G as a semidirect product G = Mpy(A) = SLa(A) x {£1}, with multiplication on the right given by
[91, €1][g2, €2] = [9192, €1€2¢(g1, g2)], with ¢ the cocycle defined in [19] and [57].

Given an idele class character x : AX/Q* — C*, we define a character x¥ : M’(A) — C* by the rule

X" ([m(a), €]) = ex(a)y(a, )",

where 7(-,1) denotes the global Weil index. Let (-,-), denote the Hilbert symbol on A*, and det(U) the
Gram determinant of U. We shall consider the idele class character x = xy defined on x € A* by

dim(U)

(@) = (2.5 det(1) |

Given s € C, let I(s, xy) denote the principal series representation of G(A) induced from the quasicharacter
xu(+)| - |?. Explicitly, I(s, xu) is the space of all smooth functions ¢(g’, s) on g’ € G(A) such that

XL (Im(a), é)|al*¢(g',s) if p(U) =1 mod 2

¢([n(b), 1] [m(a)a 6]9 ,S) = {XU(G)|(I|S+1¢(.Q’ 5) if p(U) =0 mod 2

for all a € A* and b € A, with Mp,(A) acting by right translation. We have a G(A)-intertwining map

A:S(U(A) — I(s0(U), xv),  A®)(¢) = (wr(g")®) (0) for so(U) := dimg(U)—l.

This gives rise to a unique standard section in the following sense. A section ¢(s) € I(s,xy) is said to
be standard if its restriction to the maximal compact subgroup K. K C Mpy(A) does not depend on the
complex variable s. We deduce from the Iwasawa decomposition for G(A) that each A(®) € I(so(U), xv)
has a unique extension to a standard section A(®)(s) € I(s, xu) such that A(P)(so(U)) = A(P).

Given a standard section ¢(s) € I(s, xv), we define the Eisenstein series on ¢’ € G(A

Er(g',s;0) = D G
7 EP(Q\G(Q)

Here, the sum converges absolutely if %(s) > 1, and determines an automorphic form on ¢’ € G(A). This
Eisenstein series F(¢’, s) has a well-known analytic continuation to a meromorphic function of s € C via the
Langlands functional equation, which relates Er,(¢', s; ¢) to Er(g', —s; M), for M the intertwining operator.
We shall consider Eisenstein series constructed from standard sections related to the Siegel theta series
(23). To describe these in general, let x; for any [ € 1Z denote the character of Ko = SO2(R) defined by

e . _ cos  sinf
Xi(ko) = €% = exp(ill), ko= < Csinfd  cosf ) € Keo.

Let ¢'_(s) € I(s, xu) denote the unique standard section of weight [, i.e. for which ¢'_(kg, s) = x;(kg) = 7.

Writing D(U) = {# C U(R) : dim(u) = p(U),Q|, < 0} for the Grassmannian of U, we define for a given
basepoint z € D(U) the majorant (z,x), = (v,1,2,1) — (x4, 2,) on x € U(R) and standard Gaussian

D (z,2) = exp (—(z,2).).
This Gaussian satisfies the familiar property ®..(hx, hz) = @ (x, 2) for all h € GSpin(U)(R). As a function
of z € U(R), it determines an archimedean local Schwartz function ®., € S(U(R)). The maximal compact
subgroup K/ C G(R) acts on P (z, z) via the Weil representation wy, with weight M. Hence, it is

natural to consider the Eisenstein series Fr, (¢, s; A(®)) with archimedean local section given by applying the
intertwining operator to this Gaussian,

pW)—a(U) dim(U
hoe(@oc2) = 0% (s0(U)), sof0) := POy
More generally, we shall consider the corresponding Siegel Eisenstein series of weight [ defined by
(24) Eurosil) = Y Elghsidh ® AL,
peELY /L
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4.2.2. The Siegel-Weil formula. In the special case where the quadratic space (U, Qu) is anisotropic or more
generally, has sufficiently small Witt index r = r(U) relative to m = dimq(U) so that the “Weil convergence
criterion” ( <= m — r > 2) ensures the absolute convergence of the theta integral

low)= [ duem®)n veeSVA)),
O(V)(Q\O(V)(A)
we know by classical theorems of Siegel, Weil, and Kudla-Rallis [38] [39] that the values Er(g’, so(U), A\(®))

are holomorphic, and can be realized as multiples of the corresponding convergence theta integral I(g, A®).

Theorem 4.1 (“Siegel-Weil”, Kudla-Rallis). Let (U, Q) be a rational quadratic space of signature (p(U), q(U)).
Assume that (U, Q) is anisotropic, or more generally that dimg(U) — r(U) > 2, where r(U) denotes the
Witt index of U (the dimension of the largest isotropic subspace). Let L C U be any integral lattice, and
® € S(U(A)) any Schwartz function. The corresponding Fisenstein series Er (g, s; ®) is holomorphic at

so(U)::dimi(U)f1:M

-1,
2 2

where it is given by the formula
K
B 3r(g, h; ®)dh = Er(g, s0(U); M(®)), k:=

SO(U)(Q)\SO(U)(A)
Here, dh denotes the Tamagawa measure on SO(U)(A).

{2 if dimg(U) < 2

1  otherwise

Proof. See [33, Theorem 4.1 (ii)]. The anisotropic case is shown in [38], and the isotropic convergent case
(with the Weil convergence criterion dimg(U) — r(U) > 2) is shown in [39]. O

Corollary 4.2. We have the following special version of Theorem 4.1 for the Siegel theta series (23) related
to the Eisenstein series (24) of weight | = 1(U) := (p(U) — q(U))/2:
: / 0., (r, h)dh = By (r. so(U):1).
SOU)(Q\SOU)(A)

Proof. This follows from Theorem 4.1, using the matching special choices of theta series (23) and Eisenstein
series (24) for the weight [ determined by the signature of the space (U, Q). O

In our main calculations below, we shall take U = V] 5 to be an anisotropic subspace of signature (1, 2)
(hence m = dimq(U) = 3) with corresponding projective one-cycle Z (Vi 2) C X1 = X, so that we can use
the convergent Siegel-Weil formula of Theorem 4.1 and Corollary 4.2. We remark that in the more general
setting where such a signature (1,2) subspace V3 2 C V is not anisotropic, and hence for which the Weil
convergence criterion fails, there should be a regularized first-term identity in the spirit of [40] and [34], as
well as a second-term identity in the spirit of [18].

4.3. Regularized theta lifts and automorphic Green’s functions. We now describe regularized theta
lifts giving automorphic Green’s functions. Here, we retain the more general setup introduced above, with
(V,Q) a rational quadratic space of signature (n,2) for any integer n > 1. We write GSpin(V') to denote
the corresponding spin group, with D(V') the Grassmannian of oriented negative 2-planes in V(R). Fixing
an integral lattice L C V with corresponding compact open subgroup K C GSpin(V)(Ay), we write
X1 = Xk, = Shk, (GSpin(V), D(V)) to denote the corresponding Shimura variety with complex points

X1(C) = GSpin(V)(Q\D(V) x GSpin(V)(Ay)/KL.

In this generality, X is a quasiprojective variety of dimension n defined over Q, compact if V' is anisotropic,
and smooth if Ky, is neat. We write wy, = wr  to denote the corresponding Weil representation, with
1) = @41, the standard additive character of A/Q, and w) the dual representation.
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4.3.1. Harmonic weak Maass forms. Fix a weight [ € %Z. Write T' = SLy(Z), and T for its inverse image in
the metaplectic group Mp,y(R).

Definition 4.3. A twice continuously differentiable function f : $ — & is a harmonic weak Maass form
of weight | and type wy, for T if

(1) fliw,Y = f for ally' € I'. Here, |i ., denote the Petersson slash operator of weight | and type wy,,

defined for 7' = (v,€) € Mpy(Z) by
Fwry = e(r) Hor(y") " (y7).-
(ii) There exists an S -valued polynomial
Ps(1) = Z Z c;{(m,u)e(mT)lM,
HELY /L m>—00

known as the principal part of f, such that f(7)—P¢(1) = O(e™"¢) for somee >0 asv = (1) = oo.
(i) f is harmonic, i.e. annihilated A;f = 0 by the weight | hyperbolic Laplacian operator

Ay = —0? a—2+a—2 +ilv 2+i2
LT ou?  Ov? ou o)’
We write H;(wr,) to denote the vector space over C of harmonic weak Maass forms of weight [ and type

wy, for I, As shown in [9], and such form f(7) € H;(7) has a unique decomposition f(7) = f*(7) + f~ (1)
given on the level of Fourier series expansions by

=3 Y0 cfmpe(mn,
peLY /L m>—00
and
()= Z Z ¢y (m, pe(mr)Wi(2rmou)l,,.
peLY /L m<0
Here, W, denotes the Whittaker function defined by Wi(a) = [, e *~!dt = I'(1 —1,2al) for a < 0. The

series fT(7) is known as the holomorphic part of f, and f~(7) is non-holomorphic part of f. Bruinier-Funke
[9, Proposition 3.2] study the antilinear differential operator & on H;(wy,) defined by

Ty .5 0

() (1) =o' 2Lif(r), Li:= —2“12%~

Writing M| (wr,)H;(wz) to denote the subspace of weakly holomorphic forms (with poles at cusps), with

M;(wy) C Mj(wr) the subspace of holomorphic forms, and S;(wr) C M;(w;) C Mj(wr) C Hj(wz) the
subspace of cuspidal holomorphic forms, the operator & determines a short exact sequence

0 —— Mi(wy) — Hj(wp) —— M}_,(w)) — 0

of vector spaces over C, with the identification ker(&;) = M| (wr,). Given harmonic weak Maass forms

f@) =Y fuln)l, € Hwy)

nweELV/L

and

g(t) = Z 9u(T)1, € Hoy(w)),

nweLY /L

we define their corresponding inner product

(F()yg()) = Y fulm)gu(r)

peELY /L

and Petersson inner product
dudv

5 -

(frq) = / () g(otdu(r),  du(r) =

f

v
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Here,
F={reH:—1/2<Rw) <1/2,77 > 1}
denotes the standard fundamental domain for the action of SLy(Z) on $.

4.3.2. Regularized theta lifts as Green’s functions of special divisors. Let 01(7, z, h) denote the Siegel theta
series defined in (23) above. Note that as a modular form in the variable 7 = u + iv € ), this theta series
has weight n/2 — 1 and representation wy. Let f(7) = fT(7) + f~(7) € H;(wr) be any harmonic weak
Maass form of weight [ = 1 — n/2 and type wy. Given a function F(s) of a complex variable s € C, let us
write CTs—¢ F(s) to denote the constant term in its Laurent series expansion around s = 0. We consider the
Borcherds regularized theta lift ([5], [33]) defined on 7 = u+iv € §, z € D*(V), and h € GSpin(V)(Ay) by

dudv
= 5 -

B(f, 2 h) = CTog | lim / (), (r, 2 )o~*dpu(r) | . da(r)

T—o0
Fr
Here, each Fp = {7t = u+iv € F : v < T} denotes the truncated fundamental domain of height T'. We
also consider for each m € Q> and p € LY /L the divisor Z(m,p) = Z(m,1,,K) C X, defined in (20)
above,i.e. where the definition holds more generally for spin Shimura varieties X;, = Shg, (GSpin(V), D(V))
attached to any rational quadratic space (V, @) of signature (n,2).

v

Theorem 4.4 (Borcherds/Bruinier). Let f(r) = f*(r) = f~(7) € Hi_,2(wr) be any harmonic weak
Maass form whose holomorphic part f+(7) has integer Fourier coefficients

ffoy= 32 > ¢impe(mm)l,, ¢ (um) € Z.
uELY /L m>—00
(1) If f(r) = fH(1) € ker(&—pny2) = Mllfn/Q(wL) is weakly holomorphic, then there ezists a Q-valued
meromorphic modular form W(f,z,h): X1(C) — Q of weight c;(0,0)/2 and divisor

DIVI(/)?) = 2(f)i= S 3 epl—m,w)Z(m, )

peELY /L meQxso
for which
U(f,2,h) = =2log |[¥(f, 2, h)||* = ¢;(0,0) (2log |lyl| + T'(1)) -
Here, || - || denotes the Petersson norm on X (C).

(ii) In general, the reqularized theta lift (f, z, h) is an automorphic Green’s function for the divisor
nELY /L mMEQso
That is, U(f, z,h) is a smooth function on X \Z(f) with a logarithmic singularity along Z(f). Its
corresponding (1,1)-form dd“®(f, z, h) satisfies the Green’s current equation

dd°®(f,z,h) = 675 + lwzpl,

where 075y denotes the Dirac current for Z(f), and wzs)y a smooth closed form representing the
homological cycle [Z(f)], so that the cohomology class (wz(s)] € H*(Xy,C) is the Poincaré dual of
[Z(f)]. The regularized theta lift ®(f,z,h) also an eigenfunction for the generalized Laplacian A,

ALB(f, 2 h) = Z -¢£(0,0) - B(f, 2, h).

Moreover, ®(f,z,h) € L'*¢(Xy,du(z)) for some € > 0, where du(z) denotes the measure on X,
induced from the Haar measure on GSpin(V)(A).

Proof. The first claim (i) follows from Borcherds [5, Theorem 13.3] (see also [33, Theorem 1.3]), with the
algebraicity shown by Howard-Madapusi Pera [24, Theorem 9.1.1]. The second claim (ii) is shown by Bruinier
[7]; see also [11, Theorem 4.3]. O
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4.3.3. Maass Poincaré series and the special divisors Z(m,

n

Frnu(1) € Hi(wr) of weight | = 1 — % whose regularized

1). We now describe the Hejhal-Poincaré series
theta lifts ®,, ,(-) = ®(Fp, 1, -) are the Green’s

functions of the special divisors Z(m, p) = Z(m,1,, K1) defined in (20) above, following [7, Definition 1.8|.
To define these, let us for complex numbers «, 8 € C write W, g(z) and M, g(z) to denote the standard

Whittaker functions, giving linearly independent solutions

of the differential equation

d*w 1 o p2-1/4
dz2+<_2 ‘zz)“’—“
Hence, these functions are related by
(-2 2
Wos(2) = om o Mo p(2) + ol Mo _5(2),
I'(3-8-a) I'(3+8-a)

whence M, g(z)

M, _(z). These functions behave as

My g(z) ~ Pte

for § ¢ —5Zo,

2 1
as z — 0, and as
T(1+2 P _
Mas(2) = g mae oy (14 067)

Wap(z) = e By (1+ O(yil))
(z) =y — oo. Fixing a weight [ € %Z7 we define for s € C and y € R~ the normalized functions
.y
), Ws(lyD) =1yl Wiy -1 (9
These normalized functions are holomorphic in s € C, and related the standard Whittaker functions via

Mg(y)=y‘%M tioa(y) =e?, Wlié(y):y_%wi

— 1
272 272

as &

s 1
$T3

Ms<y) = yiéM—%,

Yy Yy
2 2

_1y) =€z

Let | =1 — n/2. Recall we write IV to denote the inverse image of I' = SLy(Z) in the metapletic group
Mp,(R). Let us also write I/, to denote the inverse image of

rw:{(é 7{) :reZ}CSLg(Z)

in Mpy(Z). Given a complex number s € C (first with R(s) > 1), a coset 4 € LY/L, and an integer
m € Z+ Q(u), let Fyy, ,(7) denote the Poincaré series defined on 7 = u + iv € § by the summation

>

7' €T\ Mp,(Z)

(25) Fonpu(7,8) = Fy, (7, 9) (M (drfmfv)e(m) L] 1w, Y-

s)
Here again, |;.,, denotes the Petersson slash operator defined for 7' = (v,€) € Mp,(Z) by

Fliwn (1)Y= e(1) 2 wr ()71 £ (7).

The series (25) converges normally for 7 = u +iv € $ and s = 0 + it € C with ¢ > 1. Moreover, it is an
eigenfunction for the hyperbolic Laplacian A; of weight [, with

AFy (1,8) = (s(1—s) + (1> - 20)/4) Fp (7, 5).
In particular, for s = 1 —1/2, this Poincaré series F), (7,1 —1/2) is annihilated by A;, and hence we have
Frau(m,1=1/2) € Hi_y2(wr).
The Fourier series expansions of these Poincaré series are computed in [7, Proposition 1.10]; in crude form,
(26) Fopu(1,1=1/2) = 1,e(m7) + 1_,e(m7) + O(1).
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Remark In the setting we describe above with n =3, s0 1 =1—3/2 = —1/2, the regularized theta lift
By, (2, h) = B(F (1 —1/2), 2,h) = ®(Fy u(1,5/4), 2,h) € L'e(X1)

of each of these Poincaré series is the regularized theta lift in the sense of Theorem 4.4 (ii) for the weighted
special divisor Z(m,p) = Z(m,1,) C X = Shg, (GSpin(V), D(V)). Equivalently, in the notations of
Theorem 4.4, we have an identification of (arithmetic) divisors Z(m, u) = Z(Fy, ) € Z*(X1).

If (V,Q) has signature (2,2) so that the corresponding variety X, is a surface and | =1 —2/2 = 0, the
special divisors Z(m, u) = Z(m,1) € Z*(X) have Green’s functions given by the regularized theta lift

@y (2, h) = ®(Fp (1= 1/2),2,h) = ®(Fy, u(1,1),2,h) € L' (X1).

4.4. Green’s currents and archimedean local heights. We now characterize Green’s currents and
archimedean local heights. We refer to [53], [6], [20], and [61] for general Arakelov theory background.

4.4.1. Green’s currents. Given X = (X,Q) any Kéhler variety of complex dimension n, we write AP7(X)
to denote the vector space of smooth C-valued differential forms of type (p,q). The space A*(X) of smooth
differential forms of degree ¢ < 2n then has the decomposition

(27) A(X)= P Ar(X).
pt+q=1i
We have the Dolbeault differentials 9, 9, and d = & + 0 on these spaces,
9: API(X) — APTH(X), 9: API(X) — APITH(X), d: AY(X) — ATTH(X).

We write D;(X) = AY(X)* = Homeont (A (X), C) to denote the dual space of Schwartz-continuous linear
functionals on A*(X). We obtain from (27) the corresponding decomposition on this dual space

Di(X) = @ Dpo(X),  Dpge(X):=API(X)"
ptq=i

We also have the corresponding maps induced by 9, 9, and d = 0 + 0:
o' : DPI(X) —s DPYYI(X), 3 : DPI(X) —s DPOTL(X), d': DPA(X) —s DPHLOHL(X),
For each of these spaces, there is a natural inclusion map
APY(X) — DPYX), wr— [w],
with [w] the current defined by
[W](a) := /w ANa Vae AP TI(X).
b'e

Let us choose an orientation on X by declaring that dz,dz; - - - dx,dz, has positive orientation on C". If
P+ q = n, then Stokes’ theorem gives us the relation

[dw](a):/de/\a:/xd(w/\a)—/X(—l)"w/\da
— (-pi /X w A da = (~1)" [u](da) = (—1)" (@ [w]) (0).

Writing 0 = (—1)"+19’, 0 = (—1)"+15/, and d = (—1)""1d’, we then have the commutative diagrams
APd ———  DPY(X) AP4 ———  DPY(X) AP —  DPI(X)

dl al dl dl 4| 4|
APTLI(X) —— DPHLa(X), APatl(X) — Dpatl(X), AptLaetl(X) — prlatl(x).

For each irreducible subvariety ¢ : Y < X of codimension r, we define the Dirac current dy by the rule
Oy (o) := / o Vo€ A" (X)),
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where Y™ denotes the nonsingular locus of Y. This definition extends by linearity to any analytic subvariety
of X. A well-known result of Lelong shows that dy is well-defined, giving a current dy € D"™"(X). As
explained in [53], this result can be deduced in a direct way from Hironaka’s resolution of singularities. We
consider this construction, together with the relations

L

1
de:

(0-9), dd°==———00

T 4w 2mri

Given Y C X any analytic subvariety of codimension r, a Green’s current for Y is a current gy € D"~ 11
such that for some form w € A™"(X), we have the identity of currents

ddcgy + 0y = [w] € DT’T(X).
Theorem 4.5 (Gillet-Soulé). Let Y C X be any subvariety of codimension r. Let wy € A™"(X) be a closed
form representing the homological cycle [Y], so that the cohomology class of wy is the Poincaré dual of [Y].

Writing 8z to denote the Dirac current given by integration along Z, there exists a current gy € D"~ 17=1(X)
characterized by its inclusion in the Green’s current equation

ddcgy + oy = [UJY] S DT’T(X).
If gy and gy are two Green’s currents for'Y, then
gy — gy =[] + 081 + 95>

for some n € AT~ L(X), Sy € D""27L(X), and Sy € D" 2(X). In other words, the Green’s current
gy € D"V =Y(X) is unique up to addition of an element of im(9) @ im(d).

Proof. See [53, §1, Theorem 1], [20], or [61, Theorem 4.1]. O
4.4.2. Archimedean local heights. We use Green’s currents to define the archimedean local height of algebraic
cycles Y, Z C X with dim(Y) + dim(Z) = dim(X) — 1. We shall later focus on the example of a twisted

quaternionic Siegel threefold X = X = Sh(GSpin(V, D(V)) with Y, Z C X one-cycles of codimension r = 2.
Broadly speaking, the archimedean local height [Z, Y], should be given naturally by the integration

2Y]w= [ oz

along Y of a Green’s current gz € D™"(X) for Z € Z"(X). Since this integration rule depends on the choice
of smooth Poincaré dual representative [wz] = dd°gz + 0z, we introduce the notion of an admissible Green’s
current following [61] to get a well-defined characterization of the archimedean local height [Z, Y] .

To describe the origin of this definition of admissible Green’s currents, we first recall Hodge decompositions,
the curvature map, and the Hodge-Lefschetz theorem. The Kéhler structure on X = (X, ) gives adjoint
maps 0%, 5*, and d* for the L%-inner product

(@.6) = [ lale). )9, va,8 € 421(X)
X
on forms in A™(X). We define the corresponding Laplacian
Ag=0(0"0+00") =9 (5*6 + 5@*) = d*d + dd*

with HP4(X) = ker(A,) the corresponding space of harmonic forms. The Hodge decomposition for AP7(X)
is the orthogonal decomposition

AP(X) = HPI(X) & im () & im(8*) = HPY(X) & im(0) & im(d") = HPI(X) @ im(d) & im(d*).
By duality, the space of currents DP:9(X) has the corresponding Hodge decomposition

DPI(X) = HPI(X) @ im(d) @ im(8*) = HPI(X) @ im(D) @ im(d ") = HP(X) ® im(d) @ im(d*).
Note that we also have identifications H'(X, C) = ker(Aq|4:(x)) and H??(X, C) = ker(Ag|ar.a(c), so that

H'(X,C)= P H"(X,C).

pt+q=i
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We have the following 90 lemma (see [53, § 1, Lemmal): If 7' € D""(X) is given by T = dS for some other
current S, then T' = dd°U for some U € D"~1"~1(X). We also have the following Hodge-Lefschetz theorem.
Recall that taking the wedge with the Kéhler form ) gives the Lefshetz operator

L: AP9(X) — APThatl(X),

The Hodge index theorem applied to the complex vector spaces H'(X,C) gives us the Hodge-Lefschetz
theorem, which implies the following: For indices p+¢ < n+1, the operator L™*1~P~7 induces an isomorphism

im(90)P4 = im(99)" e H—p,
and there is a canonical splitting of the corresponding short exact sequence
0 — im(99) — ker(d) — HP9(X) — 0.
Recall we write Z"(X) to denote the free abelian group of algebraic cycles of codimension r of X. Let
Z"(X)={(Y,gy):Y € Z"(X),gy € D"V (X) Green’s current for Y}

denote the corresponding group of arithmetic cycles of codimension r. Writing C"(X) ¢ H™"(X,C) to
denote the group of cohomology classes of cycles in Z" (X)), we have surjections

Z"(X) — Z"(X) — C"(X), (Y,gy)— Y —> [wy]
Consider the corresponding kernels defined by

Z7(X) = ker (2"(X) s C"(X))

= {(Y, gy) € Z"(X): Y is cohomologically trivial}
and
Z3(X) = ker (27(X) — 2" (X))
= {(Y, gy) € Z"(X): Y =0 is the empty cycle, with dd®gy = dd°gy smooth and exact} .
Since im(d)NA™"(X) = im(09)NA™" (X), we see that the map that sends (), gg) +— g¢ defines an isomorphism
Z7(X) = AT (X)),

Making this identification 2{ (X) = Ar=L7=1(X), we consider the pairing defined by

Z1(X) x 2" T(X) 5 R, (6,(Yygv)) / 6 Awy,
X

and write N™(X) C A™"1"=1(X) = Z7(X) to denote its left kernel. Note that we have the inclusions
im(@+0)N A" HX) C N"(X) C ker(99) N A"~ 11 (X)),
These inclusions imply there is a surjection
ker(99) N AT~br=1(X) R ker(99) N AT~br=1(X)
im(9 + 9) NP(X)

corresponding to
I_Irfl,rfl()(7 C) ~ HnJrlfr,nJrlfr(X, C)* N CnJrl*T(X)*.

Note that Grothendieck’s standard conjectures would imply the identification C"T1=7(X)* = C"~1(X).
We now consider the numerical equivalence classes defined by

700 = 5o BN = e 0 =3,
Zy(x) = KO AT o cntaer

NT™(X)
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and

These groups fit into short exact sequences
0—Z,(X) —Z(X)—Z"(X)—0
and
(28) 0 — Zo(X) — Z,(X) — B"(X) — 0.
We consider the curvature map defined by sending an arithmetic cycle to its Poincaré dual representative:
w:Z (X)— A" (X), (Y,gy)— wy with |wy]=dd°gy + dy.
Observe that since N7 (X) C ker(99), this map is well-defined. We consider its image
C'(X) :=w(Z"(X)).

Note that the cycle class map induces a surjective map

C'(X) — C"(X) Cc H¥ (X, C).
We then consider its kernel

a
Hence, we have a short exact sequence

0— C (X)) —C(X)— C"(X) —0

(X) = ker(C' (X) — C"(X)).

and fundamental diagram

0 —— Z(X) —— Z'(X) —— Z"(X) —— 0

I

0 —— (X)) —— C'(X) —— C"(X) —— 0.

Note that by applying the snake lemma to this diagram, we obtain the short exact sequence
0 — C" 17" (X)* — ker(w) — ker(cl) — 0.
We now apply Hodge-Lefschetz to the short exact sequence (28) to get a canonical splitting
75(X) = Z5(X) & By(X),
where
BI(X) = im (a*é* AT (X) — 7{(}()) .
Writing
Cy(X)=H""(X,C)nC (X)

for the (r,r)-harmonic forms in the image of the curvature map, we also have the corresponding splitting

T

C'(X) = Cy(X) & OL(X).
Let Z7(X) C Z"(X) denote the cycles with harmonic curvatures, equivalently, the orthogonal complement
of B} (X). We have a short exact sequence

0— C"H (X)) — Z7(X) — Z"(X) — 0

which is split by the lifting [Y] — (Y, gy ), where the Green’s curren gy is chosen so that

/gyh =0 forall he CPH(X).
X

We call such a Green’s current gy € D"~1"=1(X) admissible.
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Definition 4.6 (Archimedean local heights). Let X = (X,Q) be any Kdhler variety of complex dimension
n. Let Z C X be an algebraic cycle of codimension r with corresponding Green’s current gz € D™~ L7 =1(X).
Given'Y C X any algebraic cycle such that dim(Y) +dim(Z) = n—1, we define the archimedean local height

2Y)e= [ gz
Y
This is well-defined if the Green’s current gz € D"~1"=1(X) is admissible, i.e. chosen such that fX gzh =0
—n+1—r

for all h € CPT177(X) := HrHl-rntl=-r(X C)nC (X).

4.4.3. Pushforward and pullback. We now return to our setting with a twisted quaternionic Siegel threefold.
Hence, we fix (V, Q) a rational quadratic space of signature (3,2) and an integral lattice L C V with stabilizer
K = K1, C GSpin(V')(Ay), and consider the corresponding spin Shimura variety

We now prepare abstractly to compute examples of heights of algebraic cycles Y, Z C X of codimension
r = 2 in the subsequent section.

Let Z = Z(U(x)) = Z(U(xo,21)) C X1, be the special cycle of codimension 2 associated to the rational
quadratic subspace of signature (1,2) arising as the complement U(x) = U(xo,21) := Q(xo,z1)* C V of the
signature (2, 0) space Q(zg,z1) generated by z = (z9,71) € V? with Q(x;) > 0:

U(z) = Uz, z1) := Q(zo,z1)t C V.

For each vector x; = x¢,x;, we can also consider the complement U(z;) := Q(z;)* C V of the line spanned
by x;, which determines a subspace U(x;) C V of signature (2,2). Hence, we obtain a nested sequence

Ulz) CU(z;) == Q(z)t cV

of rational quadratic spaces of respective signatures (1,2), (2,2), and (3,2) for each index ¢ = 0, 1. We write
Ly = LNU(x) and Ly (5,) = LNU(x;) for the corresponding lattices, with K, ., = KNGSpin(U(z))(A )
and K, , = K NGSpin(U(z))(Ay) the corresponding compact open subgroups. Writing Z(U(z;)) C X1,
for the divisor corresponding to U(x;) C V, we obtain a nested sequence of arithmetic divisors

with complex points given by

Z(C) = Z(U(2))(C) = GSpin(U(2))(Q)\D*(U(x)) x GSpin(U(x))(Ay)/ KLy, = LhIFh\Di(V)(zo,xl)

l

Zi(C) = Z(U(x:))(C) = GSpin(U (2:))(Q\D* (U (w:)) x GSpin(U (2:))(As) /KLy, = ]E[Th\Di(V)zi

l

X1.(C) = GSpin(V)(Q)\D*(V) x GSpin(V)(Ay) /Ky, = IE[Fh\Di(V)'

Here, we use the decomposition into connected components (18), writing D(V),, = {z € D(V) : (z;,2) = 0}
and D(V')(zg,2;) = {2 € D(V) : (w0, 2) = (1, 2) = 0} for the orthogonal complements. We can also consider
nested sequences of weighted divisors. To fix ideas, suppose we choose vectors z; € V with Q(z;) = m; € Q>o,
and such that m; € Z + Q(u;) for given cosets u; € LY /L. Consider the corresponding symmetric matrix

= (om0 nm) (o) )

(x1,20) (z1,21) a m
We then have for each i = 0,1 the corresponding nested sequence of divisors
(29) Z = Z(/Ba (MOa,ul)) = Z(/Ba 1#0 ® 1#17K) — Zz = Z(mm,uz) = Z(mi7 1uiaK) — XL
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with complex points

2(C) = Z(B, (o, 11))(C) = Z(B, 1y @ 14, K)(C) %]ﬁ[rh\ I DE(V)(zg.a0)
zi€pi ptLp
2@(_1:/L-&:1mi

24(©) = Zmi,1)(€) = Z(ms, 1, KYQ) =TI | 11 D),
21@(‘:{?=m:

i

X,(C) = [IL\D*(V).

Let us now write X = X, for simplicity to denote the twisted (quaternionic) Siegel threefold we consider.
We consider the nested sequence of weighted divisors Z C Z; C X defined in (29). Note that by the discussion
of Green'’s functions above (Theorem 4.4 and §4.3.3), each Z; C X is an arithmetic divisor

2 = (Z:,1G2)) = (25, [®(Fpy s (- 5/4))])
with Green’s function
Gz,(2,h) = ®(Fn, , (-,5/4),2,h) € A%°(X)
given by the regularized theta lift of the Hejhal-Poincaré series
Fonyopi(1,5/4) = Finy i (7,8)|s=5/4 € H_12(wr) = Hi_3/2(wL).
Similarly, viewing Z; € Z'(X) as a surface containing Z € Z?(X), Z C Z; determines an arithmetic divisor
2 =(2,1Gz2)) = (Z,[®(Fu, (D) Ty € Lo/ Luenys  §#4€{0,1}
with Green’s function
Gz/z.(2,h) = ®(F, 55(7,1),2,h) € A%O(X)
given by the regularized theta lift of the Hejhal-Poincaré series
Fony 5 (1, 1) = Fon 7 (75 8) =1 € Ho(wiy,.,,) = Hi—2/2(wLy,))-
In particular, we have for each of ¢ = 0,1 a nested sequence of weighted arithmetic divisors
ZcZ cX.

We first consider the Green’s function Gz, of Z C Z; for either i = 0,1. Here, the choice of surface
Z C Z; C X does not matter; we could replace Z; by any subsurface S C X containing Z as a divisor,
Z C S C X. We view this as a Green’s current gz, = [Gz/z,| € D%°(Z;) which satisfies the Green’s
current equation

(30) dd°gz)z, + 022, = lwz/z,) € DN (Zy).

Pushing the Green’s current gz, 7, € D%9(Z;) forward along the closed embedding ¢ : Z; < X, we obtain a
(1,1)-form t.gz/7, acting on test (3,3)-forms 7 on X by t.9z/7,(n) = gz/z,(¢*n). The corresponding Green’s
current equation (30) then pushes forward along ¢ : Z; < X as

ddCL*gz/Zi + L*éz/zi = L*[WZ/Zi] S DQ’Q(X).

Here, 67,7, denotes the current of integration over Z C Z;, and wy,z, € AYY(Z;) denotes the smooth

Poincaré dual associated to the homology class [Z] of Z relative to Z;. To interpret this identification of

(2, 2)-forms, we first argue that the pushforward ¢.d7,z, coincides with the current of integration 7 = ¢, x
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over Z inside of X. This is because integrating a test form on X over Z is equivalent to integrating its
restriction to Z; along the same cycle Z. Hence, we obtain the pushforward Green’s current equation

(31) dch*gZ/Zi + 6Z = L*[UJZ/Zi] (S D2’2(X).

We now compare this to the Green’s current equation of the codimension r = 2 special cycle Z C X. By
Theorem 4.5, we know there exists a (1,1)-form gz = gz,x € D"!(X) satisfying the current equation

dd°gy + 07 = [wz] € D*?(X).

Here, 67 = 67, x is the same current of integration described above, and wz = wz/x € A%2(X) denotes the
smooth Poincaré dual of the homology class [Z] of Z relative to X. Now, let H be the (1, 1)-form for which

dd°H = 1.[wy,7,] — [wz] € D*2(X).

Solving for H (via Theorem 3.9), we can then describe the Green’s current gz € D"!(X) in terms of the
pushfoward t.gz/z, = t«[Gz/z,] of the current g, = [Gz/z,] associated to the Green’s function Gz, as

(32) 92 = 1eg23, — H € DM (X),
On the other hand, since v, [wz,7,] and [wz] represent the same class [1(Z)] = [Z] in H*(X, Q), their difference
telwzz,] — [wz] represents the trivial class. Hence, we may take t.[wz,z,] € D*?(X) explicitly in the Green’s

current equation for Z C X, so that gy = t+gz/z,. In this way, we show the following

Lemma 4.7 (Pushforward of Green’s currents). Consider the nested sequence of weighted arithmetic divisors
(29) above. The pushforward Green’s current 1.gz/z, € D?*2(X) associated to the arithmetic divisor Z C Z;
(on the surface Z;) defines a Green’s current for the codimension r = 2 special cycle Z C X.

Note that we can use Theorem 3.9 to compute the Poincaré dual representatives wy = @(ZQ) € A%%(X)
and wz/z, = @(Zl/)Zi € AY1(Z;) as Kudla-Millson theta series, and hence to solve explicitly for H in (36). To
be more precise, we refer to the nested sequence of weighted divisors (29) above, with Green’s function

Gz, = q)(thHi(" 5/4)’*) € L1+E<X)
of the divisor Z; = Z;(m;, p;) on X and Green’s function

Gzyz, = ®(Fony 5, (- 1),%) € L'(Z;)

of the divisor Z = Z(3, (10, 11)) on the surface Z; = Z;(m;, p;). Recall that for y = (yo,y1) € V? we write
_ ((yo, %) (yanl))
. y) ((yo,yﬁ (y1,91)
for the matrix of inner products, and that we have
(0, z0) (xo,x1)> (m1 a >
= = €S .
g <(3€179€0) (z1,21) a ym,(Q)

We consider the hyperboloids
(Q) = {y = (yo,y1) € V?: (y,9) = B}

QmL(Q) = {y ev: Q(y) = mi},
and
O, = {y €U(:) = Qlun () =my}, j#i€{0,1}

The codimension r = 2 cycle Z C X and the codimension r = 1 cycle Z C Z; on the surface defined by
Z; = Zi(mg,p;) C X and Z = Z(B, (po, muq)) C Z; have the corresponding Kudla-Millson theta series

wz =01, ®1,,) = Y P (1, 01,) ) = > ) (y) € A**(X)
y=(30,y1)€24(Q) v=(uo.v1) €15 (D

(m; €24+ Q(py), i=0,1)
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and

waiz =00y m) = Y, W@l (y) = > oM (y) € A} (Z).

YEQm; (Q) ¥€Qm; (Q)
ye“J+LU(z )
(M €Z4QIy (o;) (7). I#i€{0,1})

Hence, we consider the corresponding currents [wz] € D*?(X) and |wyz,z,] € D"'(Z;) characterized by
[wz](a) = /sza—/@ (1 ®1,) A Ya e AMY(X)

and

[wz)z,)( / = / G(ng(”),m,(lﬁj) ANa Yae AYN(Z).

Zi Z(mi, i)

We also consider the pushforward t.[wz,z,] € D*?(X) characterized by

lelwzyz, () = /wz/zi ANla= /@(ngm)ymj(lﬁj) Ala Yo e AVY(X),

Z;

where ¢! : AV1(X) — AY1(Z;) is the pullback on differential forms. We can then compute the difference as

X

telwzz,](@) — [wzl(a) = /wz/zi Ala — /wz ANa
Zi

= /G(lei(m),mj (17,) A Yo — /@(2 (Lo @ Lp) A

Z; X
:/ > ‘I’(l)(yj)“!a_/ > 3@ ((yo,11)) A
j €2m (v0.v1)€23(Q)
z e A X GoDEns

m;EZ ), i=0,
(M €Z4QIy () (7)), G#i€0,1) (mi €2 Q) =01

_ / T 3D (y,) Ao — / ¥ M A &™) ((yo, 1)) A
Zi

Y €U(24):2Qy (4,) (yj)=m; X

I U(=; m a

Y €B Ly (ay) Fyi=rj mod Ly (g, v=(vo.u1)EV2i(y)=p=| °
(mj€Z4Qly (g;) (@j). i#i€{0,1}) a my

y; €EL+pg
(my €Z+Q(u1) i=0,1)

_ / 3 &M () A e — / 3 &M (o) A 2D (1) A
Z; X

Y €U (24):2Qy (g, (¥j)=m;
Y i m a
YjE€B; Ly (ay) Fyi=rj mod Ly (g, v=(vo.u1)EV (g =p=| °
(mj€Z4Qly (g,;) (7)), i#i€{0,1}) a my
Yy €L+p;
(m; €Z+Q(n;), i=0,1)

- / ) a0 (y;) At - > 20 (yo) A M (y1) N a
X

v €U(24):2Qly (4,) (y5)=m;

_ ek m a

Ui €Ly (g, Bji=pg med Ly gy y=(r0.w1)EV2i(y)=fi=|  °
(mj€24QIy () (Fj), i7#i€{0,1}) a mi

Y; EL+p;
(m; €EZ+Q(p4), i=0,1)

for any a € DV1(X). We deduce from Lemma 36 that this represents Poincaré dual of the trivial class in
H??2(X,C) C H%(X, C). Note that if we restrict to the diagonal setting with m = mg = my and u = po = 1,
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this difference (which represents the trivial class) is given by the simpler expression

telwzyz, (@) — [wz](@)
:/ > W (y;) Adla — > M (yo) A V(1) Ay

vjEU(®):2Q1y (g,) (Wj)=m

, ! m a

Vi SF TR () Fi=r mod Lu(ay) v=(vo.v1)EV2:(y,9)=8=
a m

Yy, EL+p

Let us now consider pullbacks along differential forms ¢ : A™"(X) — A™"(Z;) of the Green’s function
Gz, = Gz, x € A%(X) and its corresponding dd°Gz,/x € AM'(X). Abstractly, we can characterize these
pullbacks via the L2-inner product on differential forms by

<L!Gzi/x,04> =(Gz,/x,0z Na) Yo A*?(Z;)
and
('dd°G z,/x, o) = (dd°G z,/x, 67, Ny = (dd°' Gz, x,a) Ya e AV (Z;)
For the current of integration &z, = [Z;], we have [1'Z;] = 0. We deduce from the Green’s current equation
ddgz,/x +6z,/x = [wz,/x] € D"'(X)
for gz,/x = [Gz,/x] € DV*(X) that we have the current identity
(33) dd°[' Gy, x] = [wz,/x] € DVN(Z).
Now, recall that we have

wz.x = O, (1) = 3 W (y) € AVL(Z))
yEV:2Q(y)=m;
m;€EZ+Q(p;),yEL+p

and

Ywzx =100, (1) = > () @ @M (y™) e AV(Z)

y=yt @y~ ewWaU (z;)
2Q|U(Ii)(y)=m7‘,
m; €Z4+Q (1), yEL+u;

by Kudla-Millson [37] (Theorem 3.9 and Theorem 3.8 (iii)). Let us now consider the difference of currents
oz x] = zyz] = 100, W) - 08 . (1g)] € DV(Z),
Expanding out the Kudla-Millson theta series, this is the current defined for any form o € A%!(Z;) by

oz, x] = wzy2) = 00, 1)) = 05 ()]

= 0 + 1), — 1
-/ Y e esy) - > 2W(y) | Ao
7. yzﬁ@g(*)ewew(zi) v €U (24):2Qly (z,) =M
* 2Q(y)=m; YjERj+ Ly ;) Fji=rj mod Ly ()
m; €Z+Q(ky),yEL+1; (M} €2+Qly (p,) Fy), 34i€{0,1})
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Now, if we take m = mg = my and g = py = p1, then the contributions of the 1-Schwartz forms M) cancel
out, leaving only a contribution of the Gaussian ¢, for the positive-definite line W = Q(z;):

[wzx] = wzyz] = 1000, 1] = 0L m(17)]

:/ > P (yh) @ oW (y™) - > oW (y;) [ rNa
=yt @y— - Y €U (24)2Q1 (g, =
(34) Z \vTvTgy Sweuto A A

[ X @] rea=[| X ewattoh)|racDiz),

ytew:=Q(z;) Z. ytew:=Q(z;)
2Q(yt)=m

Zi

2Q(yt)=m

Now, observe that since the special cycle Z; = Z(U(x;)) is parametrized by the orthogonal complement
U(z;) = Q(x;)* = W+ of the positive space W = Q(x;), we deduce from the right-hand-side of (34) that

[L!wzi/x] —wz/z,] = /C(W pym) A o
Z;

for C(W, u,m) a constant. Equivalently, we can view the difference [L!wzi/X] — [wgz/z,] as the constant
C(W, u, m) times the identity (1, 1)-form in AY!(Z;). Equivalently, the difference [L!WZ,;/X]—[WZ/Zi] represents
the trivial class in HV1(Z;, C) C H?(Z;, C). Hence, we derive the following result.

Theorem 4.8 (Pullback-pushforward of Green’s forms). If m = mg =my and p = g = p1, then
gz = L*[L!G'Z,i/x] e Db(X)
is a Green’s current for the one-cycle Z = Z(B3, (u, p)) € Z*(X).
Proof. If m = mg =my and p = pp = w1, then we have
[wz,/x] = [wz/z.] = 0.
by the discussion above. Consequently, we have via (33) the Green’s current equation
dd°gz)z, +02/7, = ['wz, x) = dd°[/'G 5, /x] € DV (Z;).
Pushing currents forward along ¢ : Z; — X according to Lemma 36, we obtain
1dd®gz/7, + 6z = L*[L!wzi/X] = L*ddC[L!GZi/X] € D**(X).

Hence, we can take the pushforward ¢, [L!Gzi/x] of the Green’s current [LIGZi/X} of the pullback L!GZi/X of
the Green’s function Gz, /x to be the Green’s current gz for the codimension r = 2 cycle Z C X. (]

Theorem 4.9. In the special setup described above of nested arithmetic divisors (29) with m = mgo = my
and p = po = p1, we have the following characterization of the archimedean local height of Z € Z*(X)
against another special cycle Y € Z?(X) of codimension r = 2:

mmW=L%=Lqmmﬂ=memw@W@m.

Here, we arque that we can realize the pullback 'G z;/x explicitly as the modified reqularized theta lift

(35)  B(Fnlr.5/4).2h) = CTucy [ tim [((0F 7. 5/4). 07,2, )0~ () |
Fr
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where 01,(1, 2, h) denotes the weight-zero restriction of the Siegel theta series 01T, z, h) to the subspace U (x;).
We then argue that we can realize the subsequent pushforward to X, explicitly as

1t ®(Fyy (1,5/4), 2,h) := CTy—g | lim / (W2 E,, (1,5/4), v Y40 (7, 2, h)))o~*du(T)

T—o0
Fr

= CTe | lim /<<Fm,ﬂ(7, 5/4), 0720, (1, 2, h)) v du(T)
T—o0
Fr
Proof. The first identification follows from Theorem 4.8. The second identification can be deduced from the
characterization of the Green’s function Gz, ,x of the arithmetic divisor Z; € Z L(X) as a regularized theta
lift ®(F,,,.(7,5/4),-) of some F,, ,,(7,5/4) € H_;5(wr). Here, we argue as follows that the pullback
L!GZi,/X = L!(I)(Fm#(’r, 5/4), *) S AO’O(Zi)
is realized as in (35). We first note that the regularized theta lift
CD(Fm,u(Ty 5/4)a ) € L1+E(XL)

can be characterized abstractly following Kudla [33, §1, (1.25), cf. (1.28), (1.29)]: It is the theta lift in the
metaplectic variable g/ = (g,,1) € Mp,(R) of the automorphic form ¢, ,(g-,5/4) on g, € SLa(A) lifting
Frnu(7,5/4) € Hi_3)5(wr) against the functional

019l 2, h) : Mp(Q)\ Mpy(A) x X1(C) = Shr, (GSpin(V), D(V)) — (S(V(A))<*)”

determined by the Siegel theta series 01(g},2,h) € Aj/o(wyf) of weight 1/2 = (3 — 2)/2. Recall that the
underlying Siegel theta series 61,(¢’, z,h) on ¢’ € Mpa(A) is defined in terms of the theta kernel

(37) 0L(9' 1 @p) = DL(g', b Poc (-, 20) @ Py (1))

Here again, fixing any basepoint zo € D(V'), we write @ (+, z0) to denote the standard Gaussian in S(V(R)),
whose weight under the action of the maximal compact subgroup K. C Mp,(R) equals (3—2)/2 = 1/2. The
pullback ¢'®.. (-, z0) is then determined by restriction to the corresponding subspace of Schwartz functions

L S(V(Ay)) — S(U(x:)(A)).

In this way, we deduce that ¢'® (-, z0) € S(U(x;)(R)) must transform under the action of K/, C Mp,(R) on
this space® with the same weight 0 = (2—2)/2 as the corresponding Gaussian in S(U(z;)(R)). In other words,
we require that K/, C Mpy(R) acts on '@ (-, 29) with weight zero. Taking sums to define theta kernels
as in (37), we deduce that the pullback ¢'®(F,, ,(7,5/4),") of ®(F,, .(7,5/4), ) along A%0(X) — A%0(Z;)
should determine a lift in g, € Spy(R) = SLa(R) against the corresponding weight-zero theta functional

100(g', 2, h)  SLa(Q)\ SLa(A) x Zi(C) = Shic, ., (GSpin(U (2:)), D(U (:))) — (S(U(wi)(A)) roven)”

Explicitly, we can realize the pullback t'61(¢’, 2, h) via the restriction 0 (g, z, h) of 0(¢, z, h) to the subspace
U(z;) C V, with Weil representation corresponding to the sublattice Ly (,,) = L N U(z;), and evaluating at
the corresponding restrictions to g € Spy(A) = SLo(A), z € D(U(x;)), and h € GSpin(U(z;))(Ay). This
01(g', 2z, h) determines a Siegel theta series of weight 0 = (2 — 2)/2. When we subsequently consider the
pullback to the original space (V, Q) of signature (3,2) with z € D(V) and h € GSpin(V)(Ay), we take

1l 0(T,2,h) = 1,01 (7, 2, h) = viiGL(T, z,h)

to compensate for this shift in the weight of the theta series from 1/2 = (3 —2)/2 to 0 = (2 — 2)/2.
To define a pairing ((#(g'),'0.(g', z, h))) against this theta kernel /'07(g’, z, h) = 01(g, 2, h) according to
[33, (1.31), (1.32)], we require a vector-valued automorphic function ¢ of weight zero,

¢ : Mp,(Q)\ Mpy(A) — S(U(x;)(A) ;) KNGSpinUz))(As)

Swhich factors through the action of the maximal compact subgroup Keo C Spy(R) 22 SL2(R) as dim(U(z;)) is even
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That is, the two forms ¢(g’) and ¢'61(¢’, 2, h) must have opposite weights summing to zero. Hence, we let
¢ be the non-genuine” lifting to g € Mpy(A) of the weight-zero Maass form v'/4F,, ,(7,5/4) € Hy(wr).
Descending back down to 7 € $) via the Iwasawa decomposition to express the corresponding pairing

(((97), 0L g7, 2, 1)) = ((8(97), BL(gr, 2, 1))

in classical terms leads us to the realization
V®(Fpypu(7,5/4), 2, h) =/ (VM4 F o (7,5/4), 0L (1, 2, h)))du(r) € A%°(Z;(C))
f

of the pullback described in (35) above, as well as to the subsequent realization
! _ [ 1/4 —1/4 0,0
1 O (Fpy 1 (1,5/4), 2, h) = / (v Frp u(1,5/4),0 0r(7,z,h)))du(t) € A% (XL(C)).
.7_-

Here, we may shift the factor of v!/*

L*LICI)(FW#(Ta 5/4)3 2 h) = /]:<<Fm”u(7—’ 5/4)a vil/zeL (7—7 Z, h)>>d:u‘(7_) € AO’O(XL(C))'

to the dual side to express this pushforward equivalently as

In this way, we justify the realization (36) of the pushforward-pullback Green’s function v.t' ®(Fy, . (7,5/4), 2, h),
giving the Green’s current gz = 1. [t'®(Fy, T, 2, h)] = [tat' ®(Fy 1 (7,5/4), 2, k)] € DV (XL(C)). O

Corollary 4.10. Gwen f(7) = f*(r)+f~ (1) € H_12(wr) a harmonic weak Maass form with corresponding
diagonal one-cycle Z(f) € Z*(X) as defined in (2) above, we can realize the Green’s current gz sy € D"(X)
as gz(p) = L[ ®(f, )] = [t ['@(f, )], where the pullback /'®(f,-) can be realized explicitly as

JR(F(r), 5 h) 1= CTuco | Jim [ (@1 4(7), 0,2 )0 ~“du(r) |
Fr

and the subsequent pushforward as

1t ®(f(7),2,h) == CTuzg | lim /<<u1/4f(7),v*1/4aL(T,z, h))o~*du(r) |
—00
Fr
= CTozo | lim / ((f(r), 071200 (r, 2, h))v*dpu(7)
—00
Fr
Consequently, we can define the archimedean local height [Y, Z(f)],, for Y € Z*(Xy) explicitly as

2NV = [ llean] = [ wlegzn.
Y Y (C)
Proof. Formally, we can apply the arguments of Theorem 4.8 and Corollary 4.9 in the same way to
— _ +( m a 2
2=20=Y ¥ Gmwz ({5 o)) e 20,
m>0puelV /L
with the corresponding divisors
Z; = Z Z c}'(—m,u)Z(m, p) € ZH(Xp)
m>0pelV /L

determined uniquely for each pair (m, p) in the expansion of Z(f). To be sure, we choose for each such pair
(m, u) with m € Z + Q(u) a vector x = (xq,z1) € V? such that

()= ({0} Loy (70 € symy(@)

(x1,20) (x1,71) a

By Witt’s theorem (see [31, §5]), the special weighted cycles Z and Z; do not depend on these choices. [

"That is, we take the lift to Spy(A) 22 SL2(A), then consider this as a form on Mpy(A) with trivial metaplectic variable.
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5. INNER PRODUCT CALCULATION

We now compute [Z(f),Y]_ as described in Corollary 4.10 above for Y € Z%(X[) a projective curve.

o0

5.1. Setup. Let V3 2 C V be an anisotropic subspace of signature (1,2), so that we can use the convergent
Siegel-Weil formula (Theorem 4.1). This means that the corresponding 1-cycle Y := Z(V; 3) on the threefold
X1 is a projective curve. Fix f(7) = f*(7) + f~(7) € H_12(wr) = H1_3/2(wr) with holomorphic part

o= ), Y cflmpe(mm)i,.
HELY /L m>—00
Assume that the Fourier coefficients c}f(m, 1) € Z are integers for all negative m € Z 4+ Q(u). Let
m a
Z(f) = Z Z c}r(—m,u)Z ((a m) 1, ® 1#) € 7%(Xy)
HELY /L m>0

be the corresponding special cycle of codimension r = 2. Here, we take a € Q* to be the rational number
a = (zg,21) = (21,20) determined by the choice of vector z = (x¢,71) € V? in the discussion above. We
now compute the corresponding archimedean local height

(38)  [Z(f).Y]oo = [Z(f), Z(Via)]oo = / LB(f (), %) = / o R

Z(Vi,2)

5.1.1. Rational quadratic spaces. Recall that we fix (V, Q) any rational quadratic space of signature (3,2),
with L any maximal even lattice. We then fix V; 2 C V any rational quadratic subspace of signature (1,2),
with Ly 3 = V1 2 N L the corresponding sublattice. As explained above following [31], we can construct such
a subspace V; o explicitly as the complement of a positive definite hyperplane U = U(x) of V of signature
(2,0) spanned by some positive definite vector = (z1,72) € V2, so that V; o, = U+ = U(z)L C V. Writing
Vﬂ‘z C V to denote the orthogonal complement of V; », we have a rational splitting

V=Vi2® Vi
We also consider the complement Lf:Q C L, and the corresponding sublattice M = M; 3 := L1 2 ® LfQ C L.

5.1.2. Sublattices and inner product relations. Let 0 (7, z,h) : HxD(V)xGSpin(V)(Ay) — & = C[LY /L]
denote the Siegel theta series associated to the lattice L, as constucted above from the Weil representation

wr, : Mpy(Ay) — &, 2 C[LY /L]

following [5], cf. [33, §1] and [11, §2]. Writing M = Ly » & Li, C L again, we now argue that we can replace
the Siegel theta series 0, (7, z, h) with that of the sublattice

eM(Ta 2 h) = 0M1,2 (Ta 2 h) = '9L172€BL1L72 (Ta 2, h)
When z = z; € D(Vi2) and h = hy € GSpin(V;,2)(Ay), this latter theta series decomposes as a product
9L1,2@Lf2 (7’, z, h) = 9L1,2 (T, z, h) X 0Lf2 (7’) = 9[]1,2 (T, z, h) X HLtQ (T, 1, 1).

Here, we write 6. (7) =0, (7,1,1) to simplify notations.

Lemma 5.1. Let M C L be any finite-index sublattice. For any | € %Z, we have a natural restriction map

rrm s Hiwr) = Hi(ww),  f(7) — fa(7)
and a natural trace map

trm : Hi(wn) — Hi(wp),  g(7) — gL(T)
for which there is a relation of inner products

((f(m),9(r))) = ((Far(7), g5 (7))
for any f € Hi(wr) and g € Hi(wyr). To describe these maps explicitly, consider the natural map
LY/L — LY/L, pu+—Tn.
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For e MY /M and f € H/(wr), we have
P T AT
METN0 otherwise .

Form e LY /L with ju a fived preimage of i in LY /M and g € Hi(wpr), we have

gﬁ: Z Gu+p-

veL/M
Proof. See [11, Lemma 3.1]. O
We deduce from this that we have for any 7 € 9, z € D(V), and h € GSpin(V)(A ) the relation
Or(7,2,h) = (Oar(7, 2, h))E,
and hence the identification of inner products
(39) (f(r),00(r,2,h)) = ({f(7), Or, yort, (T, 2, 1))")

for any harmonic weak Maass form f(7) € H,_3(wr) = H

-

= <<fL1,2@L1{2(7')7oLl,z@Lf,z(TvZa h)))-

wr,). We shall take this relation (39) for granted
in what follows, dropping the restriction map notations far(7) = f1, ,er+,(7) to simplify the writing.

—~

1

5.2. Functional identities for Eisenstein series. We now review some properties of the Langlands Siegel
Eisenstein series Er, ,(7,s;1) as defined in (24) for our later calculations.

5.2.1. Langlands Fisenstein series for the subspace Vi 2. We consider Langlands Eisenstein series for the
rational quadratic space U = V1o = (V12,Q|v,,) from the discussion above. Since dim(Vi2) = 3, these
will be Eisenstein series on the metaplectic group Mp,(A). Fixing an even lattice L1 o C Vi 2, we write
WL, , = WL, 5 to denote the corresponding Weil representation of Mp,(A) acting on the space of Schwartz
functions S(V1,2(A)). In this case, the principal series representation I(s,xv;,) of Mpy(A) induced from
Xvi.. ()] - |° consists of smooth functions ¢(g’,s) on g’ = [g, €] € Mp,(A) such that

o([n(v), 1)lm(a), g’ 5) = X%, (Im(a), lal 6 (', s)
for all b € A and a € A*, with the notations described above. In particular, we have for any v € R~ that
(40) 3([n(b), 1][m(v),€lg’, s) = xy, , ([m(v), "+ o(g', 5),
so that
w72 6(In(b), Um(v). dg', 5) = X3y, ([m(0), )T 26(g', 5).

Note that if ¢(g',s) € I(s, xv,,) is standard, then we can identify this latter operation with ¢(¢’,s —1/2).
Indeed, we see from the definition of ¢(g¢’, s — 1/2) that we have the corresponding transformation property

(41) 3([n(b), 1][m(v),€lg’, s = 1/2) = Xy, , ([Im(v), o ™/?¢(g', s — 1/2)
for all b € A and v € R>(. We argue that this is equivalent to the standard section ¢(g’,s) € I(s,xv;,),

multiplied by v~/2. To see this, use Iwasawa decomposition to write ¢’ = [n(b), 1][m(v), ]k’ for k' in the
maximal compact subgroup of Mp,(A). Using the identities (40) and (41) at k&’ € Mp,(A)’, we compute
#g's) o) Um(v),eDk's) & dK.s) g

¢(g'ss —1/2)  o([n(b), [m(v), k', s — 1/2) Pk, s —1/2) '
Here, the first equality follows from the Iwasawa decomposition for ¢’, where we could more generally
consider the Iwasawa decomposition of any element of Mp,(A) in this way. The second equality follows from
a comparison of the corresponding transformations (40) and (41). The third equality then follows from the
fact that ¢(¢’, s) is standard, meaning that its restriction to the maximal compact subgroup is independent
of the choice of shift s. In particular, we find that we have the identification (of standard sections)

(42) vY20(gl,s) = (gl s —1/2) € I(s,xv,,), T=u+iveESH

Here, we take g, = n(u)m(v) (rather than n(u)m(v'/2)) to be consistent with the discussion of [33, §4.1]. Of
/2 to use later as follows.

D=

course, the same argument works for any power of v; we present the example of v
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Recall that for any standard section ¢(g’,s) € I(s, xv; ,), we consider the corresponding Eisenstein series
E(g,s:0) = > (79’ 5),
7' €P(Q)\ Mp,(Q)

whose analytic properties we describe above. Writing g = (gr,1) € Mp,(R) C Mp,(A) and ¢%, € I(s, xv; ,)
again for the standard section of weight | € %Z, we consider the corresponding Eisenstein series

Ep ,(1,81) = Z E(g;a5§¢éo®>‘f(1#))1#'
RELY 5/L1,2
Observe that by (42), we obtain for any v € R+ the identification
v*l/ZELm(T7 s+1/2;1) = Ep, ,(7,s;1),
so that after taking derivatives in s to get
vPEL, (s +1/2;0) = B, (7, s31),
we can evaluate at s = 0 to obtain the corresponding identity
(43) vT2EL, L (r1/20) = By, (7, 030),
Note that we can describe this Eisenstein series

EL1,2(T»3;Z) = Z E(g;vs;d)éo@)‘f(lu))lﬂ
H‘ELY,Q/LLE

in classical terms following [34, IV.2|, [11, (2.17)]. Writing I',, = P’(Q) NI” in the notations above, we have

By si0be @ A1) = Y 6h(V[gr )M (1)(Y)-

v =[] €T\
fa b
e d
/! a b
g, =gmd = (¢ 1) gre| = 1(®). Vim(a), ik, 1]
for 5 € R, a € Ry, and 0 € R. Using that

oke([n(8), 1)[m(e), e][ka, 1], 5) = XV, , ([m(a), )a’T1e™ = ex(a, ) la el = ee T atHel,

We consider the Iwasawa decomposition

we find that after direct calculation expanding v and g, that

_,1/2 dl-1 0 _ ct+7d _ e +d
a=viler+d™, = T )

and hence
/ l o L, /22 )
E(g7, 860 @ Ap(1,)) = > ee” T (et +d) Tor £ it A1) ()
v =lrderi I fer +4
. v5/2+1/2

= 2 e et e (e (0 )00
Y =[v el el A\

so that

(44) Eu.(ns)= > e F[30) ]| v,
v =lredel I Bt

for |;,.,, , the Petersson slash operator of weight I for the Weil representation wy,, ,.
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5.2.2. Functional identities. Let Ep, ,(7,s;l) denote the Langlands Eisenstein series of weight | € 1Z/Z
associated to the lattice Ly o C V1 o, as defined above. We consider the case of weight [ = (1 —2)/2 = —1/2.
Recall that by the Siegel-Weil formula (Theorem 4.1, Corollary 4.2), we have

1
3 / Or,,(7,21,h)dh = Ep, ,(7,50(V1,2); —1/2) = Er, ,(7,1/2; -1/2).

SO(V1,2)(Q)\ 8O(V1,2)(Ay)
Observe that we have the following relation under the Maass weight lowering operator L,
LyEp,,(r,5:3/2) = %(s C1/2) - By, (ry 5 —1/2).
Taking the derivative with respect to s on each side, we obtain from this the relation
L%E'LM(T, $;3/2) = %(s —-1/2)- E}JLQ(T, s;—1/2) + % -Ep, ,(1,5-1/2).
Evaluating at s = 1/2 then gives us the functional identity
(45) LsE), ,(r1/2:3/2) = % Ep, L (r1/2—1/2).

5.2.3. Functional equations. We note that each of the Eisenstein series Er, ,(7,s;1) with [ # (1 —2)/2 is
incoherent in the sense of Kudla [32]. In particular, each of these Eisenstein series has an analytic continuation
E7. (7,8;1) to all s € C which satisfies the odd functional equation

B, (1,80) = —Ef (7,—s;1),
with vanishing central value E7 (7,0;1) = Er, ,(7,0;1) = 0.
5.3. Rankin-Selberg L-functions. We now consider the Rankin-Selberg L-function
L(s,E-1p2(f) x 0p1)) = (E-1/2(f), 0pr, ® ErL, 5(+,53/2))
given by the Petersson inner product | |
(€-1/2(f), 001, ® B, 5(-,53/2)) = /((5—1/2(f)(T), Ops,(7T) @ Er, (7, 5:3/2))0* 2dp(r).

_F
We write the Fourier series expansion of the holomorphic form £_; 5(f)(7) € My /o(wy) as

5 1/2 Z Zcﬁ 1/2(f) m 'u) (mT) Ko

nELY /L m>0
and that of the holomorphic theta series ¢ L%Z(T) € M (wz n ) for the negative-definite sublattice sz as
thQ(T) = Z Z ’I"LL m, A)e(mt)1y
AE(Li,)V /Li, m20
Here, each r sz(m’ A) denotes the counting function defined by
| 1
(Lt )

where wy, Liy) denotes the number of roots of unity in the imaginary quadratic field k‘(Lfg) determined by

H#{r e X+ Liy: Q(x) =m},

rps, (M, A) ==

Li, ® Q. That is, each rational quadratic space (V5, Q Liz) of signature (2,0) is equivalent to

(Vi'a, Qry,) = (K(Liy), a- Nirt,)/q)
for vector space given by the imaginary quadratic field k(Li,) of discriminant ALty = (Li,), with qua-

dratic form given by some positive scalar a € Qs times the corresponding norm form®
Nk(Liz)/Q(Z) =z22", T#1€ Gal(k(sz)/Q).

8ie. expanding z in terms of an integral basis of Oy, this determines a positive definite binary quadratic form
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We refer to [11, §2.2] and [1] for more details.

5.3.1. Analytic continuation via Rankin-Selberg convolution. Let us first observe that we can compute

— 1 —
T<<£—1/2(f)(7_)7 eLi2(T) ® 1L1,2+0>> = ~/O <<£—1/2(f)(u + Z"U)7 gLiZ(quiv) ® 1L1,2+0>>du

= Z Z ey () (M, Ae(miv) Z rLf2(n, /\)e(niv)/o e(nu — mu)du

)\g(L 2)\//LV m>0 n>0

— Z Z WTLI{?(WL,)\)G_A’“’””.

Ae(Li,)Y /LY 5 m2>0

Here, we restrict the holomorphic form £_4 5(f) € M5/2(wy) to the sublattice L1 » @ Ll{Q C L. We can then
open up gamma factors in the following Dirichlet series (defined first for $(s) > 1) to compute

Lis,6aya(f) ¥ Op,) = ()5 (S : 1/2) > > mmiz(m,)\)m*(#)

m21e(Li,)V /LY,

—4rmuy, 2E1/2
Z Z0571/2(f)(m,u)rLt2(m,)\)e vz dv

erd)v/ay,ma1

// 5 1/2 f)(u—|—w) eLL 5 (u+tiv) ®1L1 2+0>>

st1/2 o dudy

Z/ (Eor2()(u+1), 001 (uyiv) @ 1L, 540))v
T \H

/ f 1/2 eLL ( )®1L1,2+0>>

T \$

02

s+1/2+4

dp(T).

Here, the unipotent matrices ', = P(Q) NT act on $ by translation. Fixing a set of coset representatives
{7} for T \I' and writing F as usual to denote the standard fundamental domain for I'\$), we obtain a
fundamental domain {F} for this translation action. Hence, we unfold to get the convolution relation

Lis.&1ya(f) x 02 ) = 3 / (E ()00, (1) © L, o)™ du(r)
YEL o\
= X (000,07 @ L) 307) F )

YET G\

= [ (@R, e | X S6m e, () | du)

YET o\

= A((Wa 9L1{2(7') ® Z

YET o\

&

()2 | 7| du(r)

3/2,wL1,2

:/}_<<€71/2(f)(7—)a9L1{2(7—)® Z [%(7)#10” ~ >>U5/2d/,6(7')

YEL o\ 3/2:0L1 2
:/}_<<£—1/2(f)(7—)a0L1{2(7—)®EL1,2(Tv5;3/2)>>")5/2d/‘(7):<£—1/2(f)a0L1{2®EL1,2(‘75;3/2)>'

Here, we use the expansion (44). We also treat the shift by —5/2 by the same principles used to establish

the relations (42) and (43) for shifts by —1/2. Since this incoherent Eisenstein series Er, ,(7,s;3/2) has

an analytic continuation E}  (7,s;3/2) to all s € C satisfying the odd symmetric functional equation
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E}, ,(1,83/2) = —E7, ,(7,—5;3/2), we deduce from (46) that the Dirichlet series L(s,{—1/2(f) % 01 )
(defined first for R(s) > 1) has an analytic continuation

L¥(s,621y2(f) x Opp,) = (€1/2(f), O, ® B, L (45 53/2))
to all s € C satisfying the odd functional equation
(47) L*(s,&-1/2(f) x GLI{Z) = —L"(=s,§1/2(f) x 9L1{2)-

In particular, the central value vanishes: L*(0,£_1/2(f) x 0, _)) = 0. It therefore makes sense to look at the
central derivative value L*'(0,£_12(f) x 0.+ ), which we often simply denote by L'(0,&-1/2(f) x 01 ).

5.3.2. Relation to standard Rankin-Selberg L-functions. We now explain how to relate L*(s,£_1/2(f) x 9Li2)
to standard GLa(A) x GLa(A) Rankin-Selberg L-functions, as outlined in the introduction for Theorem 1.8.

Let h(T) = he_, ,(p)(T) denote the lifting of 1 /5(f)(7) € Ms/2(wy) to a scalar-valued holomorphic form.
To describe this according to [54, Theorems 5.2 and 5.4], let d(L) denote the discriminant of the lattice
L C V, given by the determinant of the Gram matrix, with x.(-) = (M) the corresponding character.
Let M(L) denote the level of the lattice L C V. Viewing £_1/5(f) € M;5/2(w)) as the Shimura lift of a
holomorphic form of weight 4, we deduce that the scalar-valued lifting has the expansion

h(7) = he_y ) (7) = > (2 (NE] | o € Myja(To(M (L) x).

5/2
v’ =[v,e]€T0(M(L))\ Mpy(Z)

)

We write the Fourier expansion of h(7) as

h(r) = Z cp(m)e(mr) = Z ah(m)ms/ifle(mr) = Z an(m)m3/*e(mr).

m>0 m>0 m>0

Here, the aj(m) denote the normalized Fourier coefficients, scaled so that the finite part of the standard
L-function of & is given by the Dirichlet series L(s,h) = > _ ap(m)m™ =3 . cp(m)m=+3/4) Let

O(ri,(T) = > |:9Lf2(7—)10:| ’M L€ My(To(ldy g )1 Xa(r i)
v€lo(ldyp g,y D\ SL2(Z) T2
denote the lifting of 0,1 (7) € Mi(w/. ) to the scalar-valued Hecke theta series associated to the imaginary
, 1,2
quadratic field k(Lj,) determined by Li-,. We refer to the discussion in [56, §6.1] for more details of this
correspondence, which presumably is known classically. Here, we can write
9k(L1{2)(7') = Z TLf2(m)e(mT)
m>1
to denote the Fourier expansion, with (normalized) coefficients given in terms of the counting functions
TLt, (m) = Z L, (m, A)
AE(Lip)Y /Lo

introduced above. The choice of lattice sz determines an integral ideal in the imaginary quadratic field
k(Liy) = Li, ® Q, and r +,(m) counts the number of ideals of norm m in the ideal class it represents.
Let L(s,h x 0p+ ) denote the Rankin-Selberg L-function of h times 6,1 ), defined for R(s) > 1 by

Ls, b x Ot ) = L(28: Xt ) Z ah(m)rLﬁ(m)m‘(s‘l)
m>1

= L(287Xk-([11i,2)) Z Ch(m)rLlL,z (m)m_(3—1/4).

m>1
This Dirichlet series has a well-known analytic continuation to an entire function
A(S, h X ok(LtQ)) = LOO(S7 h X ek(LiQ))L(S, h X ak(lj%ﬂ))
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of s € C by the method of Rankin-Selberg convolution, and satisfies a symmetric functional equation
A(S,h X Hk(Lng)) = 6(5,]’); X ek(sz))A(l — S, h x ek(sz))

relating values at s to 1 —s. More precisely, a variation of the unfolding calculation of (46) above shows that

s 1 2 5 s+1/2
(477)_( =21 <S +2 / ) Z cn(m)rpe (m)m =342) / Z cn(m ’I"LL m)e” MYy 52 0

m>1 m>1

— s+1/2 o dudv ——— s49/2

= [ [ he e // Wiy (03 di(r)
T\

= Y [, ) = Y [ hom B, Gr960m “H dun)
’YEFOO\FA/]: ’YeFOO\Ff

___ s—1/2
= / Moy | > [s6m ]| 2dp(r) = (b, Oy, Bajal-, 9)).
r ' YET oo \I' 3/2 Xk(Li4) '

Here, E3/2(7,s) € M3/2(I'o(M (L)), Xk(r+,)) corresponds the scalar-valued lift of the incoherent Eisenstein
series Er, ,(7,5;3/2). It inherits the twist Xk(Li,) from 0. y via the corresponding transformation law.
Now, observe that we have an identification of Petersson inner products

(hOr(ri ) Espa(e8)) = (€o1/2(f), Oy, ® Er, 5 (5 53/2)) = L(s,§-1/2(f) X Opp )
From the vector-valued case, we deduce that Es/»(7,s) has an analytic continuation E3 (7, s) satisfying
E?f/z(Tv s) = —E§/2(7’, —s),
and hence that
L*(s,h x Hk(Ll{?)) = <h50k(Lf2)E§/2('75)> =—L*(=s,h x Hk(Ll{Q))-

Moreover, we deduce (cf. [11, Proposition 2.5]) that

s _s S

E3)o(7,8) = A5+ 1, Xp(g ) E32(758), A8, Xprg,)) = ldyp 22T (§> L(s, Xn(rt,))-
Indeed, this gives us the relation of Dirichlet series

* —(s—2 3 —(s—2

L*(25 = 2,h X Oy p,) = (4m) (73T ( - 4) A2, Xiet,) D en(myrpy, (mym=(=%)

m>1
_(s_3 3\ _ s _(s_3
as) = am) D (= ) 70 (0 ey s xacet) 3 anmhrg (mpm (D

m>1
7(57§) 3 —92 s
= (4m) )T (s — )7 I (s) |dk(L1{2)| L(s—1/2,h x ek(Liz))'
We deduce that L*(s,h X Ot )) = L*(s,€-1/2(f) X 0,1 ) must be a shift
A(S — 1/2, h x gk(Li2)) = L*(2S — 2, h x ok(LfQ))

of the standard Rankin-Selberg L-function A(s, hx 01 _)), which has root number €(1/2,h x 01 ))) = —1.

We can also deduce from the quadratic basechange equivalence (see e.g. [56, (6.1.3)]) and the Hecke theta
series that we have decompositions into products of GLa(A)-automorphic L-functions, namely

L(s,h x Oy ,)) = L(s, B)L(s, h @ X(rt,))-

5.4. Summation along 1-cycles. We now compute the archimedean local height (38) in the style of the
arguments of Kudla [33], Schofer [49], and Bruinier-Yang [11, Theorem 4.7].
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5.4.1. Relations of differential forms.
Lemma 5.2. We have for any weight | € %Z and Maass form f € Hj(wy) the relation of differential forms
A(fdr) = —v*~'&(f)dp(r) = —Li fdp(r).
In particular, we have the relation
A(fdr) = —v3&_ 1 (f)du(r) = —L_1 fdu(r).
Proof. See e.g. [14, Lemma 2.5]. O

5.4.2. Normalization of measures. Recall we have a short exact sequence of algebraic groups
(49) 1 — G,, — GSpin(Vi2) — SO(Vi2) — 1.
Fix the Haar measure dh = dhoo % dhy on SO(V4 2)(A) so that
vol (SO(V1,2)(Q)\SO(V1,2)(A)) = 2.
We further normalize the archimedean component dh., so that
vol (SO(V12)(R)) = 1.

Fix the Haar measure on A} to give vol(Z,) = 1 for each prime p, so that vol(Z) = 1, and vol(Q* \AF)=1/2.
This determines the normalization of the measure dhy on GSpin(Vi 2)(Ay) via (49), with

vol(GSpin(V1,2)(Q)\ GSpin(Vi,2)(Af)) = vol(Q \AF) - vol (SO(V1,2)(Q)\ SO(V12)(A)) = 1.

Lemma 5.3. Let B be any function of h € GSpin(Vi2)(Ay) which depends only on the image of h in
SO(Vi,2)(Ay). Assume that B is left GSpin(Vi 2)(Q)-invariant, and right invariant under the compact open
subgroup K12 = K, , = Kr N GSpin(Vi2)(Ay). We have the relation of finite sums

WO 2= Y U0 (1) 9 0, (e ) dul)
(s1,0)€Z(V1,2)(C) 7T
1 *
VOI(KLQ) F
SO(V1,2)(Q)\ SO(V1,2)(Ay)
_ deg(Z(V12)) )
2

(F(r), 07201, (7) @ 01, , (7, 20, 1)) du(T)dh

<<f(T)7 Uﬁl/z&Li2 (T) Y 6L1,2 (7—7 21, h)>>d:u‘(7_)dha
SO(V1,2)(Q)\SO(V1,2)(Af)

where
2

vol(Ky2)'

Proof. See [49, Lemma 2.13| and [11, Lemma 4.4]. Put H; » = GSpin(V; 2), with Z; 5 its centre, so that
SO(V12)(Q\SO(Vi2)(Af) = Hi2(Q)\Hi12(Af)/Z12(Af).

Since V; o is anisotropic, we argue as in [49, Lemma 2.13| this spaces is compact, with finite quotient

SO(Vi,2)(Q\SO(Va2)(Ay)/ (K1,2/Z12) = H12(Q)\H12(Af) /K1 2.

Since the function B is invariant under K », it follows that we have the identification of finite sums

deg(Z(Vi,2)) =

B(h)dh = vol(K 1 2/Z, 2) > B(h).
SO(V1,2)(Q)\SO(Vi.2)(As) H2 QAL (A 1)/ (K2 /20.2)

Our choice of measure normalizations implies that vol(K7 2/Z1,2) = vol(K7 2), so that we have
1
_— B(h)dh = B(h).
vol(K 1) / (h) > (h)
" S0(V1,2)(Q)\ SO(Va2)(Af) Hy2(Q)\H1,2(Af)/(K1,2)
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Taking B(h) = 1.t'®(f, 2, h) (with z € D(V) fixed) as a function of h € Hy 2(Ay), we obtain
! 1 !
> Ll B(f, 2, h) = ) / 1l ®(f, 2, h)dh.
H12(QN 1 2(Ag)/ K 2 SO(V1.2)(Q\SO(V1.2)(Ay)

On the other hand, taking the constant function B(h) = 1, we obtain the relation

deg(Z(Vi2)) = Z 1
Hi2(Q)\H1,2(Ay)/Ki,2

_ 1 o VOUSO(V1.2)(Q\SO(Vio) (Ay)) _ 2
VOI(KLQ) VOI(K1’2> VO](KI,Q).
SO(V1,2)(Q\SO(Vi,2)(Ay)

O

5.4.3. Description of the regularized integral. We first derive the following convenient expression for the
regularized theta integral following Kudla [33, Proposition 2.5]. Hence, given f(7) € H_;2(wr), 21 € D(V12),
and h € GSpin(V12)(Ay), we consider the regularized integral defined by

L B(f, 21, h) = /F ()00, () @ 0, (7, 20, h)))dp(r)

= CTS:() Tlgréo /<<f(7'), gLiz (7') ® 7}_1/2911172 (’T, Z1, h)>>@_5d/¢(7)
Fr

Again, CTs—o F'(s) is the constant term in the Laurent series expansion around s = 0 of a function F'(s).
We first consider the less convergent shift by s = —1/2,

L @D (f, 21, h) = /

].'

*

({f(), 001, (7) ® 0L, (7, 21, h)))dpu(7)

= g | Jim [ (£().004,(7) 60, (7,20, )0~ du(r)

—00
Fr

Proposition 5.4. We have the regularized integral formula

L*L!(I)(1/2)(f, z1,h) = Tlim /((f(T), GLtz(T) ®0r, (7,21, h1)))du(r) — Aglog(T) | ,

— 00
T

where
A = CT{(f7(7),001,(7) @ LosL,,))-
denotes the constant term in the Fourier series expansion of the modular form ((f*(7),0,+ (7) ® Lotr,,))-

Proof. See [33, Proposition 2.5], a variation of the same calculation works here. To be clear, we start with

U 21, 1) = T | Jim [ (7). 60,,(7) 96, (7.0, )0~ du(r)
Fr

Since
J U 00,(7) 960, (72 W)

Fi1
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is a holomorphic function, we can separate it from the limit to obtain the expression
1t @2 (f 20, 1)

(50) _sdv

= Ty [ Jim / Clotyo™* T |+ [0, 00, () 60, (7.2, ))(r),
Fi1
where each C(v,y) denotes the constant coefficient defined by
1/2
C(v,h) = / v N {(f (u+ v), QLI{Q(“ +iv) @ 0p, ,(u+ v, 21, h)))du.
—1/2

To evaluate this coefficient, let us first split it into parts according to the holomorphic/nonholomorphic
decompostion f(7) = f*(7) + f~ (7). Hence, we consider C(v,h) = C*(v,h) + C~ (v, h), with

1/2
Ci(v, h) = / 1}*1<<fi(u + i’l)), 0Li2 (u —+ iv) ® 0L1,2 (u + v, 21, h)>>du
—1/2
Writing M = L1 @ sz for simplicity so that we have the Fourier expansions

o= Y L= Y Y e wmemn,,

peMY /M pEMY /M meQ

@)=Y L@l= >0 Y ¢ (mm)Woyp(2emy)e(mr)1,,
neMY /M ueMY /M Z:iQ

and

Op (T, 21,h) =0 Z Orrp(z1,h)1, =wv Z Z e(7Qx¢ —l—TQ(le)) 101

pEMY /M HEMY /M =EV(Q)
hp

we then compute

1/2
C™*(v,h) —v_l/ Z f&7u(u+iv)9M,u(u+iv,zl,h)du

1/2 peEMY /M
1/2
- Z Z ¢ (p, m)e(miv) Z e (in(leL) - in(le)) / e (mu + Q1 )u+ Q(le)u) du
WeMY /M meQ S o
=y 3 > G umemivie (vQ(.;) - vQ(r,))
HEMY/M | 1S9 oy

m=-Qz_1)-Q(ez1)

YooY Q) — Qas))e T

HEMY /M =€V(Q)
z€hp

and similarly

Cm = > Y Q) ~ Q)W (270 (<QUay) - Q) ) ) T,

REMY /M =EV(Q)
z€hp

Now, observe that the sum

T T
lim C(v, h)v~ sdv_ lim (C*T(v,h) + C~ (v, h)) v_s%

T—oo Jq [ T—oo Jq
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converges absolutely, as the restricted quadratic form @|,, < 0 for z; € D(V12), and the Fourier coefficients
are sufficiently bounded. Let us now consider the contributions from x orthogonal to 21, so (z,21) = 0,
equivalently ., = 0 so that Q(z.,) = 0 and x € V5. It is easy to see that these contributions are given by

SRCUEED SENND VI PRt e
)‘G(Lf,z)v/sz zevihy (Q)
TEA

and
0;1%2 (’l}, h) - Z Z W—1/2 (7271—1)@(‘%2%)) C;(A? 7Q(‘Tzf)) = Cj\;lJ’-2 (U)

)\G(LiQ)V/Lt2 zeVl%Q(Q)
zEA

Notice that neither of the coefficients depends on h, and the first coefficient C‘t . does not even depend on
1,2
v. We have for R(s) > 0 that

T T _
d d 11—
lim [ Ch (upp =t - dim [ v E = - im =77
T—o0 1 v 1,2 T—o0 1 v 1,2 T—oo S

and in the limit to s = 0 that

T
dv
. . -+ —s Y — BT
i (H%O/ G, (e ) Oy g, Los(T).

For the constributions of the x not orthogonal to z;, we find that

C‘J/rl’z (U’ h) - U_l/Q Z Z CJT()\’ _Q(‘Tzl) - Q(xzf‘))eéva(le)

ALY 5/ L2 we:é’f;Q)

and

Cp ) =v72 3 S Q) — Qe ))Worya (—2m0 (Qles,) + Qo)) ) €O,

AELY 5 /L2 16;%;;‘3)

As explained in the proof of [33, Proposition 2.5], the integrals defined for ¢t > 0 by
o d

Iy

1 v

are convergent for all s € C, and determine holomorphic functions of s. In this way, we deduce that

. T _gdv ) T _gdv i
e (&&/ Clo,hjo==5 | = Jim / Clo, R = Cy, - log(T)
T

= lim (/ C’(v,h)v*‘qd—v -4 log(T)> .
T—o00 1 v

Substituting this back into the initial expression, we obtain the desired limit

T—o0

lim Q (). 0, (1) @ 01y 4 (22, ) )o~dp(r) — Aglog(T)

O

Corollary 5.5. The regularized theta integral 1,0'®(f, z1, h) is absolutely convergent, and given by the limit

LB (f,z k) = Tim [ (F(), 07205 (7) © 01,4 (7, 21, 1)) (7).

- T—o0
Fr
Proof. This follows from an easy variation of the proof of Proposition 5.4, scaling each C‘j/[ L (v,h) by v=1/2,
1,2

|
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5.4.4. Summing up. Applying Lemma 5.3, we obtain the expression

D, @00, (1) © 0y, (720, M) ()
(Zl,h)GZ(Vl’z)
1 *

- / [ U502, (1) 0, (7,20 ).

SO(V1,2)(Q)\SO(V1,2)(Af)/K1,2
Applying Corollary 5.5, this is the same as

1 . -
vol(K12) Th_{réo fT<<f(T)aU 1/291;1{2(7)®9L1,2(T=Zhh)>>dﬂ(7)~

SO(V1,2)(Q\SO(V1,2)(Af)/ K12
Switching the order of summation with the finite sum over h in the limiting integral, then applying the
Siegel-Weil formula (Theorem 4.1, Corollary 4.2), we obtain the expression

0, (7) @ 00, . )u)
(z1,h)€Z(V1,2)
(51) :

= Jim ey Jo (@ 0 ()8 Er (12 1/2) © 7 )t

Applying Lemma 5.2 to the functional identity (45) to obtain the relation of differential forms
—20E7, ,(7,1/2;3/2)dr = Er, ,(7,1/2; =1/2)du(r),

we then use the relation d = 9 + 0 to express (51) equivalently as

— Jim s [ A0, () 90 B (/232
(52) o
+im s [ (@00, 0B (1 /2302

Using Lemma 5.2 again to evaluate
a(fdr) = —v*2¢_1po(£)dp(r) = ~Los o fdp(7)

for each of the truncated integrals in the second term of (52), we then obtain the equivalent expression
*
(F(7), 004, (r) @020, , (7, 20, h)))du(r)
(21,R)EZ (Vi) " T

4

(53) =~ im e | AP, B, (1) @B, (7172 3/2) e

. 4 —1/2 5
- i s [ a0 00, () 0 2B (/282
To evaluate this latter expression (53), we first note by (43) that we can identify the shift in each integral
as a shift in the s-variable of the Eisenstein series:

vVPEY, L (7,1/2;3/2) = B, (7,0:3/2).
We can then identify the second expression on the right-hand side of (53) as the Rankin-Selberg integral

Jm ey o (a0 Oy (7) @0 2L (712312 ()
= Jim ey [ (€ (D) Ou (1) © F (03720 ()
= e €O () @ B (7.0:3/2)
- i F Ol < Oug,),
.



where we consider the Rankin-Selberg L-function defined by the Petersson inner product
L(s,6_1/2(f) x HLI{Q) = <f—1/2(f)(7')79Lf2(7') ® EL, ,(1,53/2)).
We then evaluate the first integral in the expression (53) via Stokes’ theorem to find that

4

Jin e [ a0, (1) 0 7 A (1232

) 4 / .
= Jim s /. ), B0, (1) © B (7, 0:3/2))dr
4

= Jim ey o W00 () 0 B 0:3/2)ar

- 4 14T /
- Th—I>r<l>o vol(K1 2) /r:iT (), asz(T) ® B, ,(7,0:3/2)))dr

: 4 ! , . ,
= Jim e /u=0<<f(u ), 00y (u+iT) © By (u -+ 0T, 053/2)))du
4
= i CT{(f(7), OLe, (1) ® B, ,(7,0;3/2))).
To further evaluate this constant coefficient term, we split the derivative Eisenstein series into holomorphic
and nonholomorphic parts E7, ,(7,0;3/2) = Ez'll L (7,05 3/2)+EZI/ ,(7,0;3/2) then consider the corresponding
integral following the arguments of [11, Theorem 4.7] and [14, Theorem 3.2|, using the rapid decay of
E;! ,(u+iT,0;3/2) with T' — oo to see that its contribution to the integral is negligible in the limit. Writing

Ep,,(1) = E;ZJ(T, 0;3/2)
for the holomorphic part, we find in this way that
4

TH)I;O VOI(KLQ) Fr

= vo1(4K172) CT{(fT(7), 02, (7) @ €L, (7))

Hence, we have now shown the following

Theorem 5.6. We have that

e Zia) = Y ) 020, (1) © 01, (20, ) ()
(z1,0)€Z(Vi2) T

d{(f(7),0,1,(r) @ v 2EL | (7,1/2:3/2)))dr

4

= ity (FO€020) X 00,) + CTU(0).004,(7) @ 0, (7))

Hence by Corollary 4.10 and Lemma 5.8, we compute the archimedean local height (38) as
(Z(). Y]ow = ~20eg(V) - (L0, 1ja(F) x O+ CT(S (7). 0, (7) @ €, (7))
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