
The s-tame dimension ve
tors forstarsMagyar, Weyman, Zelevinsky: Multiple Flag varietiesof Finite Type (1999)Classi�
ation of all dimension ve
tors for stars withonly �nitely many isomorphism 
lasses of subspa
erepresentations
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subspa
e representation: all maps of the represen-tation are inje
tives-ve
tors: dimension ve
tors of subspa
e representa-tionsAn s-ve
tor is s-tame :, There exists an inde
om-posable one parameter family of subspa
e representa-tions, but there is no de
omposition of the s-ve
torinto a sum of s-ve
tors with an inde
omposable twoparameter family of subspa
e representations for oneof the summands.fs-ve
torsg 1�1 ! ftuples of 
ompositions of a numberg
di;pi d1;p1�1d2;p2�1dk;pk�1

d12d22dk2
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ooÆ7! ((d11; d12 � d11; : : : ; d1;p1 � d1;p1�1);: : : ; (dk1; dk2 � dk1; : : : ; dk;pk � dk;pk�1))tuples of 
ompositions: have non negative entries(sin
e the \dimension jumps" are non negative).n := di;pi
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Tits form for dimension ve
tors of quiversquiver Q = (Q0; Q1; s; t);Q0: set of verti
es, Q1: set of arrows, s(�): startingpoint of � 2 Q1, t(�): terminating point, x 2 NQ00q(x) =Xi2Q0 x2i �X�2Q1 xs(�)xt(�)Tits form for tuples of 
ompositions of anumber nai = (ai;1; : : : ; ai;pi), i = 1; : : : ; k, 
ompositions of n
q(a1; : : : ; ak) = 12( kXi=1 piXj=1 a2ij + (2� k)n2)Properties of the Tits form� independent of the ordering of the \dimension jumps"along the arms� be
omes minimal for �xed 
entral dimension, if the\dimension jumps" are distributed as equally as pos-sible in every armOrder on tuples of 
ompositionsFor k and pi, i = 1; : : : ; k, �xed(a1; : : : ; ak) � (b1; : : : ;bk) :, ai;j � bi;j 8(i; j)(a1; : : : ; ak) < (b1; : : : ;bk) :, (a1; : : : ; ak) � (b1; : : : ;bk);and 9(i; j) with ai;j < bi;j 3



x2: Classi�
ation of s-tame ve
torsFrom now on, assume the underlying quivers not tobe of Dynkin or Eu
lidean type.TheoremA stri
t tuple (a1; : : : ; ak) of 
ompositions of a numberis s-tame if and only if� q(a1; : : : ; ak) = 0, and� q(b1; : : : ;bk) � 0 for all (b1; : : : ;bk) � (a1; : : : ; ak)Properties of the s-tame tuples of 
ompositionsThe list 
onsists of 49 tuples of 
ompositions { whenordered in
reasingly along their arms {, and all of themhave the following properties:� 3 � k � 4� The 
entral dimension is at most 14.� The following arm lengths o

ur for the underlyingquiver:(2;2;2;3), (2;2;2;4) (for k = 4); and (3;3;4), (3;3;5),(3;3;6); (2;4;5), (2;4;6), (2;4;7), (2;4;8); (2;3;7),(2;3;8), (2;3;9) (for k = 3)
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Finding s-tame ve
torsFirst 
onstru
t the list of all s-hyper
riti
al tuples of
ompositions of a number, i.e. tuples of 
ompositionswith the properties� q(a1; : : : ; ak) < 0, and� q(b1; : : : ;bk) � 0 for all (b1; : : : ;bk) < (a1; : : : ; ak)Properties of the s-hyper
riti
al tuples of 
om-positionsThe list 
onsists of 19 tuples of 
ompositions { whenordered in
reasingly along their arms {, and all of themhave the following properties:� 3 � k � 5� The 
entral dimension is at most 12.� The arm lengths for the underlying quiver are boundedby (2;2;2;2;2) for k = 5, (3;3;3;4) for k = 4 and(4;5;8) for k = 3.Finding all s-tame tuples of 
ompositions meansnow:� Finding the smaller ones (b1; : : : ;bk) withq(b1; : : : ;bk) = 0, and� Finding the in
omparable ones (b1; : : : ;bk) withq(b1; : : : ;bk) = 0.
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ExampleOne of the s-hyper
riti
al tuples of 
ompositions of12 is the following:((6;6); (4;4;4); (1;1;2;2;2;2;2))This leads to the following s-tame tuples of 
omposi-tions:smaller ones:� ((3;4); (2;2;3); (1;1;1;1;1;1;1))� ((4;4); (2;3;3); (1;1;1;1;1;1;2))� ((4;5); (3;3;3); (1;1;1;1;1;2;2))� ((5;5); (3;3;4); (1;1;1;1;2;2;2))� ((5;6); (3;4;4); (1;1;1;2;2;2;2))and in
omparable ones:� ((5;7); (4;4;4); (1;1;2;2;2;2;2))� ((6;6); (3;4;5); (1;1;2;2;2;2;2))� ((6;6); (4;4;4); (1;1;1;2;2;2;3))� ((6;7); (3;5;5); (1;2;2;2;2;2;2))� ((7;7); (3;5;6); (2;2;2;2;2;2;2))
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x3: Constru
tion of inde
omposableone parameter families of subspa
erepresentations for the s-tame ve
-tors� Take \orbits" under the Auslander-Reiten translate(inde
omposable representations go to inde
ompos-able representations, numbers of parameters are pre-served)� Restri
t to smaller quivers (e.g. of Eu
lidean orDynkin type), �nd an appropriate de
omposition ofthe new tuple of 
ompositions into tuples of 
omposi-tions for inde
omposable representations and �nd the\right embeddings"ExamplesThe following tuples of 
ompositions of 6 (resp. 9)are s-tame.1. ((3;3); (1;1;2;2); (1;1;1;1;2)); 31 2 4 6 4 3 2 12. ((5;4); (1;2;3;3); (2;2;2;2;1)); 51 3 6 9 8 6 4 23. ((5;4); (1;3;2;3); (2;1;2;2;2)); 51 4 6 9 7 5 3 2 7



x4: s-tame 6= tameTake for example ((3;1); (2;2); (2;2); (1;1;2)).This is s-tame, but not tame. For example, there is atwo parameter family of representations for this tupleof 
ompositions of 4.One 
an 
onstru
t it by de
omposing the 
orrespond-ing dimension ve
tor 32 4 221into
2 12 4 2 � 0 0 02 01 0 :

For the �rst dimension ve
tor there is an inde
om-posable two parameter family of representations, butone 
an also see that the family of representations
onstru
ted in this way is not a family of subspa
erepresentations.
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