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41. Let X be a compact topological space and {Vn : n ∈ N} be a decreasing
sequence (i.e. Vn+1 ⊆ Vn for every n ∈ N) of closed neighborhoods of x ∈ X such

that
+∞⋂
n=1

Vn = {x}. Show that {Vn : n ∈ N} is a neighborhood base of x.

42. Let X be a compact topological space, V be an open subset of X and
{Fn : n ∈ N} be a decreasing sequence (i.e. Fn+1 ⊆ Fn for every n ∈ N) of closed

subsets of X such that
+∞⋂
n=1

Fn ⊆ V . Show that there exists n0 ∈ N such that

Fn0 ⊆ V .

43. Let X be a locally compact space and A be a compact subset of X. Show
that for every open set W ⊆ X such that A ⊆ W there exists an open set V ⊆ X
such that V is compact and

A ⊆ V ⊆ V ⊆ W.

44. (σ-compact spaces) Let X be a locally compact, second countable space.
Show that X is a σ-compact space, that is there exists a sequence {Vn : n ∈ N}
of open subsets of X such that

Vn is compact and Vn ⊆ Vn+1, for every n ∈ N, with X =
+∞⋃
n=1

Vn.

Hint : Use Lindelöf’s lemma.

45. Let X be a topological spaces endowed with two topologies T1 ⊆ T2. Show
that if (X, T2) is connected then (X, T1) is also connected.


