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Splitting a simple homotopy equivalence
along a submanifold with filtration

A. Bak and Yu. V. Muranov

Abstract. A simple homotopy equivalence f: M"™ — X™ of manifolds
splits along a submanifold Y C X if it is homotopic to a map that is
a simple homotopy equivalence on the transversal preimage of the sub-
manifold and on the complement of this preimage. The problem of splitting
along a submanifold with filtration is a natural generalization of this prob-
lem. In this paper we define groups LSF. of obstructions to splitting along
a submanifold with filtration and describe their properties. We apply the
results obtained to the problem of the realization of surgery and splitting
obstructions by maps of closed manifolds and consider several examples.
Bibliography: 36 titles.

§1. Introduction

The classical surgery theory [1]-[5] has a natural generalization to the case
of stratified manifolds [6]-[11]. A pair of closed manifolds is the simplest case of
a stratified manifold [5]. The surgery theory of a manifold pair and the problem
of splitting a (simple) homotopy equivalence along a submanifold (see [2], [4], [5],
[12]-[15]) provide effective methods of the solution of many problems in geometric
topology (see [13]-[22]). The splitting problem is closely related to the classifica-
tion of manifolds of a fixed homotopy type, (see [16], [20]-[22]), the computation
of the Wall groups and natural maps between them (see [23] and [24]), problems of
the classification of involutions and group actions on manifolds (see [2], [12]-[14]),
and the realization of elements of the Wall group by normal maps of closed mani-
folds (see [10], [14]-[16], [18] and [19]).

The problem of splitting a simple homotopy equivalence along a submanifold with
filtration is a natural generalization of the problem of splitting along a submanifold.
In this paper we define groups LSF , of obstructions to splitting along a submanifold
with filtration and investigate their properties. We consider topological manifolds
and the surgery obstruction groups L, = L [4], [5]. The orientation homomorphism
of the fundamental group of a manifold coincides with the homomorphism given by
the first Stiefel-Whitney class.

Let 7 be a group equipped with an orientation homomorphism w: 7 — {+1}.
We denote by L. () = Lf(m,w) the Wall group of obstructions to surgery up to
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a simple homotopy equivalence and by C.(w) C L.(w) the subgroup generated
by the elements that can be realized by normal maps of closed manifolds. Let
C%(m) C LE(w) be the image of the subgroup C,(m) in the projective group L%
under the natural map LS — L.

Let X™ be a closed topological manifold of dimension n > 5 with fundamental
group 7 (X) = m and Y" ¢ C X" a submanifold of codimension ¢q. A simple
homotopy equivalence

fi M — X" (1.1)

of n-dimensional manifolds splits along the submanifold Y if the homotopy class of
the map f contains a map g transversal to Y with N = ¢g~!(Y) for which the
restrictions

glyt N =Y andg[,, v MAN = X\Y

are simple homotopy equivalences.

A manifold pair Y"~! ¢ X™ is called a Browder-Livesay pair if Y is a one-sided
submanifold and the inclusion maps induce isomorphisms 71(Y) = 71(X) and
m1(0U) — m (X \'Y), where OU is the boundary of a tubular neighbourhood of Y
in X. In this case the map 7 (X \Y) — 71(X) is an inclusion of index 2 and the
Browder-Livesay splitting obstruction group LN,,—1 (m1(X\Y) — 71 (X)) is defined
(see [2], [5], [12]-]15]). Let RPN be a real projective space of high dimension N > n.
For an arbitrary subgroup p — 7 of index 2 consider a map

$: X" — RPV,

inducing the epimorphism of fundamental groups with kernel p. Let Y"~! c X"
be the transversal preimage of RPN ~!. Using surgery inside the manifold X (see
[2] and [15]) we can assume that the pair Y C X is a Browder-Livesay pair and the
group of obstructions to splitting along Y is equal to LN,,_1(p — ). For the inclu-
sion p — m of index 2 we have the rooted transfer map 0: L, (7) — LN, _2(p—)
(see [2], [5], [14], [17], [23]-[25]), which is called the Browder-Livesay invariant. The
map O gives the first obstruction to the realization of elements of the group L, ()
by normal maps of closed manifolds [14].

In [15] Hambleton constructed the second Browder-Livesay invariant and proved
that it is sufficient to use these invariants for detecting the group C¥(7) in the
case of an arbitrary finite 2-group 7. From the geometric point of view, the second
Browder-Livesay invariant arises in the case of the consecutive consideration of two
splitting problems for the Browder-Livesay pairs: first, for the pair Y C X and,
afterwards, for the pair Z C Y. These manifolds fit in the triple

ZCcYcX (1.2)

giving a filtration 2" of the manifold X. We shall call the triple (1.2) a Browder-
Livesay triple if the pairs (X,Y) and (Y, Z) are Browder-Livesay pairs. The filtra-
tion (1.2) is a stratified manifold in the sense of Browder-Quinn [6]-[8]; hence the
Browder-Quinn stratified surgery obstruction groups

LEC,(2) = LT, »(X,Y, Z).

are defined.
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In the general case of a manifold with filtration we present the definition of the
Browder-Quinn groups below, at the end of § 2.

Let (X,Y, Z) be a triple of manifolds. The groups LSP,, _2(X,Y, Z) of obstruc-
tions to splitting a simple homotopy equivalence f: M™ — X™ along the pair of
submanifolds (Z C Y') are defined in [11]. The obstruction o(f) € LSF,,_2(X,Y, Z)
is trivial if and only if the homotopy class of the map f contains a map g split along
every pair of manifolds in the triple (X,Y, Z). The Browder-Quinn groups and the
LS P,-groups fit in the exact sequence [11]

s LT (XY, Z) — Ln(m1 (X)) 2 LSPy i1 (X, Y, Z) — - . (1.3)

For the Browder-Livesay triple (1.2) the map

Lo(m (X)) 2 LSP,_o(X,Y,Z), n—235, (1.4)

from the exact sequence (1.3) gives an invariant forbidding the realization of
elements of the group L, (m1(X)) by normal maps of closed manifolds (see [11]
and [26]). This invariant is equivalent to the pair of Browder-Livesay invariants
constructed in [15] (see [11] and [26]).

Iterated Browder-Livesay invariants forbidding realization of elements of the
Wall groups by normal maps of closed manifolds were defined by Kharshiladze (see
[18], [23], [27], and [28]). Kharshiladze’s construction uses a filtration of a mani-
fold X by a system of submanifolds in which every pair of adjacent manifolds is
a Browder-Livesay pair for the fixed inclusion p — 7 = 71 (X)) of index 2.

Consider a filtration 2"

Xp CXp1C---CXoC X C X=X (15)

of a closed topological manifold X by closed locally flat submanifolds.
In this paper we define groups LSF.(Z") of obstructions to splitting a simple
homotopy equivalence f in (1.1) along the subfiltration #':

X, CXp_1C---CXoC Xy (1.6)

For dim Xj, = ny > 5, the obstruction o (f) € LSF,, (%) is trivial if and only
if the homotopy class of the map f contains a map ¢ that is split for all pairs of
submanifolds appearing in the filtration 2°. The introduced groups are a natural
generalization of the groups LS, and LSP,.

In this paper we describe relations between the LSF .-groups, the classical sur-
gery obstruction groups, and the Browder-Quinn groups. The main relations are
given by commutative diagrams and braids of exact sequences. We obtain also rela-
tions between the groups LSF', and various structure sets for the filtration (1.5). We
use the algebraic surgery theory of Ranicki (see [4], [7]-[11] and [28]-[31]) yielding
realization of obstruction groups, structure sets and natural maps on the spectrum
level. The groups LSF,(Z") are also realized by the spectra LSF'(.Z").

We call a filtration 2 a Browder-Livesay filtration if every pair of manifolds
(Xi, Xi41) from (1.5) is a Browder-Livesay pair with respect to the inclusion
m1(X; \ Xiy1) — m(X;) of index 2. In this case the spectra LSF(2Z") are closely
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related to the surgery spectral sequence of Hambleton-Kharshiladze [32]. For the
case of a Browder-Livesay filtration we obtain a map into the group LSF,.(Z") that
is equivalent to the system of iterated Browder-Livesay invariants given by the filtra-
tion 2. After that we apply the groups LSF, to the investigation of the realization
of splitting obstructions by simple homotopy equivalences of closed manifolds (see
[13], [28] and [33]). We give several explicit results for the groups LN, (p — ).

8§ 2. Algebraic surgery theory and manifolds with filtration

In this paper we use the algebraic surgery theory of topological manifolds and
manifolds with filtration (see [2], [4], [7]-[9], [17], [29]-[31] and [34]). In the present
section we recall necessary preliminary facts about the realization of groups and
maps on the spectrum level. In the homotopy category of spectra the concepts
of push-out and pull-back squares are equivalent (see [10], [31] and [35]); hence
we shall call them push-out squares. All obstruction groups under consideration
are equipped with the decoration ‘s’; for example, LS, (F) = LS:(F) (see [2], [4]
and [5]).

Let X be a connected topological space with fundamental group = = 71 (X) and
orientation homomorphism w: 7 — {£1}. Let

L(m) =L(r,w) ={L_g(7) : k € Z}

be the Q-spectrum constructed in [4] (see [2], [5] and [12]). The spectrum L(7) is
4-periodic and its homotopy groups are isomorphic to Wall groups:

Ly () =~ Lipya(m), Ly () = mn(IL()).

We denote by L, the 1-connected cover of the spectrum IL(1). Then Loy ~ G/TOP
and there is a cofibration of spectra (see [4])

X4 ALe — L(r) — S(X). (2.1)

Let
In(X) = mn (S(X)).

The homotopy long exact sequence of the cofibration (2.1) yields the algebraic
surgery exact sequence [4]

= L1 (1) = g1 (X) = Hi (X5 L) = Lin(m) = -+, (2:2)

where H,,(X;Le) = (X4 A L,).

For a closed n-dimensional topological manifold X the left-hand part (m > n)
of the exact sequence (2.2) coincides with the surgery exact sequence (see [2], [4],
[5] and [10]). Under this identification H,, (X;Le) = [X,G/TOP] = ZTOP(X) is
the set of normal invariants of the manifold X and .7,,1(X) = #TOP(X) is the
set of classes of s-cobordance of simple homotopy equivalences f: M™ — X.

An orientation-preserving group homomorphism g: m — 7’ induces a cofibration
of spectra

L(r) — L(n") — L(g). (2.3)
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The homotopy long exact sequence of the cofibration (2.3) is the relative exact
sequence of L-groups with 7, (IL(g)) = Ly (g) (see [2], [4], [29] and [31]).

The transfer map and its relative groups are also realized on the spectrum
level [29]. The disc bundle

(D?,897Y) = (E,0E) % X

over a closed manifold X induces the homotopy commutative diagram of spectra
(see [2], [5], [10], [29] and [31])

L(m (X)) —"> QIL(m1 (0F) — m(E))
J{ . (2.4)

Q1L (m, (0F))

in which pf and pﬁ are the transfer maps and 6" is the connecting map in the cofibra-
tion exact sequence of L-spectra that is induced by the natural map m (0F) —
m1(F) of fundamental groups.

Recall (see [4]) that a closed manifold pair (X™, Y4 &) of codimension ¢ is given
by alocally flat submanifold Y"~7 of the manifold X" together with a normal block
bundle

€=fyex: Y - BTOP(g), X =E(§)Usie) 2, Z =X\ E(£).

In addition, the pair (E(£), S(€)) fits in the associated (D7, S971) fibration (see [4],
§7.2)
(D?,8971) — (E(€), 8(€)) — Y. (2.5)

We assume in what follows that all pairs of manifolds of filtrations (1.2) and (1.5)
are manifold pairs in the sense of this definition.
Let
(f,b): M™ — X" (2.6)

be a topological normal map (¢-triangulation) (see [4], [5; § 7], [8] and [10]), where b
is a map of topological normal bundles covering the map f. The map (2.6) defines
a t-triangulation

((£,0);(g:¢)): (M,N) — (X,Y) (2.7)

of the manifold pair (X,Y,€) (see [5]) if the following conditions are satisfied:
a) the map f is transversal to Y with N = f=1(Y);
b) the pair (M, N) is a manifold pair with normal block bundle

v NIy S BTOP(q), M =E(W)Usy P, P=DM\E@);

¢) the restriction
(g,¢) = (f,b)|N: N =Y

is a t-triangulation of the manifold Y;
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d) the restriction

(h,d) = (£,b)]p: (P, S(v)) — (2,5(€))
is a t-triangulation of the pair (Z,S(€)) for which the restriction
(h )5, SW) = S(€)
coincides with the induced map

(9.9)'| ) S@) = S(©)

and (f,b) = (g,¢)' U (h,d).

By [5], Proposition 7.2.3, the set of concordance classes .7 TOP (XY, &) of t-
triangulations of a manifold pair (X, Y, £) coincides with the set of normal invariants
T TOP(X) of the manifold X.

By definition [5] a t-triangulation (2.7) of a manifold pair (X,Y,€) is an s-
triangulation if the above-defined maps

fiM—X, g:N-=Y, (P,S(v)) — (Z,5(¢)) (2.8)

are simple homotopy equivalences (s-triangulations). We denote by .#TOF (XY, ¢)
the set of concordance classes of s-triangulations of a manifold pair (X,Y, &) (see [5]).
By definition a simple homotopy equivalence f: M — X splits along the submani-
fold Y if it is homotopic to an s-triangulation of the pair (X,Y). The natural
forgetful maps

STOPX,Y,¢) - TP (X),  ISTPX Y, —7TPY) (29)

are well defined (see [5], §7.2).

For a manifold pair (X,Y, &) we denote by 0U = S(§) the boundary of a tubular
neighbourhood U = E(£) of the submanifold Y in X and by X \ Y the closure
X \U. Let

m(0U) — m(X\Y)
F= ! ! (2.10)
m(Y) — w1 (X)

be the square of fundamental groups with orientations. The maps in (2.10) are
induced by maps of the corresponding spaces. The groups LS, (F') of obstructions
to splitting of the simple homotopy equivalence (1.1) along the submanifold Y are
defined in [2], § 11. These groups depend on n — ¢ (mod 4) and, functorially, on the
square F. We denote by © the map

STOP(X) — LS, _,(F), (2.11)

assigning an obstruction to splitting.
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For the normal map (2.6) the groups LP,_,(F') of obstructions to surgery on
the manifold pair (X,Y,¢) are defined (see [2] and [5]). The groups LP,,_,(F') also
depend only on n — ¢ (mod4) and, functorially, on the square F. We denote by o
the map

FTOP(X) = LP, ,(F) (2.12)

assigning the corresponding obstruction.
The groups LS, (F) and LP,(F) are realized by the spectra LS(F') and LP(F).
There exists a commutative diagram of spectra (see [10] and [31])

OL(m1 (V) 2o Q1L (ry (X \ V) — 11(X)) —> LS(F)

ig . l (2.13)
O (1 (V) —— 0Ly (X \ V) —— = LP(F)

in which the left-hand square follows from the diagram (2.4). The right-hand square
of the diagram (2.13) is a push-out. The homotopy long exact sequences of the maps
in this square give us the commutative braid of exact sequences (see [2], [3] and [31])

9Ln(7T1(X\Y))\l /an(m(X))—>Lan1(F)‘>
/ . . o _ \
——= LS, ,(F) Ly—q(m1(Y)) Ly (m(X\Y)) =

(2.14)

where L7¢" = L, (71(X \'Y) — m1(X)). Note that the maps
LPy y(F) = Lu(mi(X)) and LPyy(F) = Lu_y(m(¥))

in (2.14) are the natural forgetful maps [2].
The map (2.12) is realized by the map of spectra (see [2], [4], [5], §7.2, [7], [10]
and [31])
X4 ALe — SILP(F),

fitting in a cofibration
Xy AL, — XILP(F) — S(X,Y,¢). (2.15)
Let (XY, &) = m(S(X,Y,€)); then by §7.2 of [5] there exists an isomorphism
Fnp1(X,Y,€) = STONX, Y Q).

The maps from (2.9), (2.11) and (2.12) are also realized on the spectrum level
by maps fitting in a homotopy commutative diagram of spectra (see [5], §7.2, [10]
and [31]):

S(X,Y, &) —= QS(X) — YILS(F)

R

S(X,Y,£) —= X, AL, —= S4LP(F),
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in which the right-hand square is a push-out. The homotopy cofibres of the vertical
map in the right-hand square in (2.16) are equal to L(m (X)).

The homotopy long exact sequences of maps in the right-hand square in (2.16)
give us the commutative braid of exact sequences (see [5], Proposition 7.2.6)

Lyt (mi (X))
(X LP,_(F)
\ — \ — T~ /
=1 (X, Y,6) Hp (X5 L) Ly (m (X)) —
(2.17)

We now present necessary facts on the surgery on manifolds with filtration
in a form suitable for the development of splitting theory (see [6]-[9], [11], [26]
and [28]).

Let (X,Y, Z) be a triple of topological manifolds (1.2) with n =dim X, n— ¢ =
dimY,n—q—q¢ =dim Z > 5. Let £ be the normal bundle of Y in X, 7 the normal
bundle of Z in Y and v the normal bundle of Z in X.

Similarly to (2.5) we obtain the associated fibrations

(D?,8971) — (E(€). 5(§)) = Y,

(DY, 871) = (E(n),S(n) — Z.
(DT, S9N - (B(v), S(v)) — Z.

LS, _4(F)

Fn(X,Y,6)

We assume that the space E(v) of the normal bundle v is identified with the space
E(&|g(y)) of the restriction of the bundle & to the space E(n) of the normal bundle 7
so that
EW)=E(¢lem),  SW) =S5Elewm) VY EElsm) (2.18)
(see [6]-[8], [11], [26] and [28]).
Note that for the filtration 2" given by (1.2) there exists a commutative braid
of exact sequences (see [11])

n+1( Hn(XaLo) Ln(ﬂ-l(X)) >

- T L
Fn1(X) LTy —g—g

\ 7 T~ — ~ /

>Lpyi(m(X)) ——— > LSP,_,_(X,Y,2) I L) —
(2.19)

which is realized on the spectrum level. The diagram (2.19) is a natural general-
ization of the diagram (2.17).

Consider the filtration (1.5). In what follows we suppose that conditions similar
0 (2.18) hold for any triple of manifolds from this filtration. Then the filtra-
tion (1.5) is a stratified manifold in the sense of Browder-Quinn [6], [7]. Let n;
(no = n) be the dimension of the manifold X;, ¢; = nj_1 —n; (1 < j < k) the codi-
mension of the submanifold X; in X;_;, and s; the codimension of X; in Xy = X.
We assume that ng > 5. Let F; (for 0 < i < k — 1) be the square of fundamental
groups in the splitting problem for the pair of manifolds (X;, X;41).
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We denote by 2~ the filtration
(Xp—1 \ Xi, 0(Xp—1 \ Xi)) C -+ C (X \ X, O(X \ Xi)) (2.20)

of the manifold X \ X with boundary 9(X \ X). Every pair of manifolds in (2.20)
is a pair of manifolds with boundaries in the sense of Ranicki’s definition (see [5]).
The boundaries of manifolds in the filtration (2.20) give us the filtration 9.2 :

B(Xk,l \Xk) - 8(Xk,2 \ Xk) c---C 8(X \ Xk) (221)
of the closed manifold 9(X \ Xj). For 0 < j < k we denote by 2 the subfiltration
XjCX];1C-~-CX2CX1CX0:X (222)

of the filtration 2. As above, the filtrations 2 and 9.2 are defined.

Recall the inductive definition of the spectrum L2?(.2") for the Browder-Quinn
groups LE9(2) (see [6]-[8] and [28]). Note that in our definition the subscript *
for the obstruction group L*BQ(% ) is equal to the dimension ny of the smallest
manifold in the filtration 2" and

T (LPQ(2) = LBQ (). (2.23)

Let
LP2(20) = L(m(Xo))- (2.24)

We defined the spectrum L2?(.27) as the homotopy fibre of the composition
i
L(m1(X1)) =5 Q9 'L (11 (9(Xo \ X1))) — Q7 'L(mi (X0 \ X1)),

where the first map is the transfer and the second map is induced by the inclusion
A(Xo \ X1) C (Xo\ X1). We point out (see (2.13)) that

LB9(27) ~ LP(F). (2.25)

Assume that the spectra LBQ(%,Q are already defined for 0 < j < k. We
define the spectrum LBQ(,%}) as the homotopy fibre of the composition

L(mi(X;)) — Q07 'LP9(02;) — Qv 'LP9(Z)), (2.26)

where the first map is the transfer (see [7], §6) and the second map is induced by
the natural inclusion of filtrations 0.2; — .
Directly from the definition we obtain the cofibrations

LP9(25) — L(m (X)) — Q47 'LF9(Z;),  1<j<k, (2.:27)
and the homotopy long exact sequences

= LRR(25) = Ln(m (X)) = Loy ((Z5) — -+ (2.28)
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For 0 < j < k there exist cofibrations (see [7], §§6,7) and [8])
X; ALy — X WLEQ(27) — S(Z5). (2.29)

For j = 0 the cofibration (2.29) coincides with (2.1), and for j = 1 the cofibra-
tion (2.29) coincides with (2.15) for the pair (X, X7).
Let (%) = mi(S(Z;)). Then there exist isomorphisms (see [7], [8])

tyn-l—l(‘%/:j):°yTOP(3{:7')7 Ogjgka

where the set #TOP(27) consists of the concordance classes of s-triangulations of
the filtration 2 (see [7], [8]).
For 0 <i < j <k we denote by 27 the subfiltration

XjCXj_l c---CX; (230)
of the filtration 2. We shall write the filtration 23" as 2%, and 2;! = %
(see (1.6)).

Let

Gy =m(X;), 0<i<k, Go =G, pi =m(Xi\ Xit1), 0<i<k-—1
By [8] there are the following push-out squares of spectra:
LPQ(2)) ——> QuLE9(2],)
l l 0<i<i+l<j<k, (2.31)
LBQ({Q//;’-H) . quLBQ(ﬂfjijll)

and
LBQ(2},,) —— QunLBQ(2)

l l 0<i+1<k. (2.32)
LEQ(2; 1) — Qo1 L(p; — Gi)
Note that the square (2.32) coincides with the square

LP(F;) Qa+11L(G;)

N

L(Gi1) — Q1 L(p; — Gy)

which realizes the central square in the diagram (2.14) for the pair (X;, X;y1).

The horizontal maps in the diagram (2.31) correspond to the map of forgetting
the submanifolds X, and the vertical maps correspond to the map of forgetting
the submanifold X;. In the diagram (2.31) the homotopy fibre of the vertical maps
is equal to Q% 1L(p;) and the homotopy fibre of the horizontal maps is equal to
LS(F;_1).
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§ 3. Splitting along a submanifold with filtration
In this section we consider a filtration 2" (see (1.5)). We define the spectra
LSF(4%;), 1 <i <k, and the groups
mn(LSF(Z3)) = LSF,(%3), (3.1)

where 2 is the subfiltration defined in (2.22). The group LSF,, (2"), where ny
is the dimension of the smallest manifold X} of the filtration 27, is the group
of obstructions to splitting a simple homotopy equivalence (1.1) along the sub-
filtration # = 2! from (1.6). We describe relations between the groups LSF.,
the Browder-Quinn groups, and various structure sets for the filtration 2°. We
preserve the notation and the agreements of the previous section.

The subfiltration 27", ; of the filtration 2" is given by the manifold pair X; 1 C X;
(0 <i<i+1<k). By definition, let

LSF(Z2},1) = LS(F). (3:2)
Consider the composition
LPQ(23) — Q¥L(2}) — QUHeL(m (X \ X1) = m(X)),  (33)

in which the first map is the forgetting map from the diagram (2.32) (for ¢ = 1)
and the second is the g-looped map of the transfer p* for the pair (Xo, X1) (see
the diagrams (2.4) and (2.13)). Denote by

LSF(25) = LSF(2,) = LSP(Xo, X1, X2)

the homotopy fibre of the composition (3.3) (see [11]). The diagram (2.31) and this
notation give rise to the following homotopy commutative diagram of spectra [11]):

LBQ(2;) — Q=L(m (X \ X1) — m (X)) — Q- LLSF(23)

| | e

LP9(2y) — Q=7 'L(m (X \ X1)) —— Q7'LP9(22)

where so = ¢1 + ¢2. The rows in the diagram (3.4) are cofibrations and the right-
hand square is a push-out.
The upper row of the diagram (2.31) yields a sequence of maps of spectra:

LEQ(2) — QLB ) — - — @ OL(28) = O IL(Gy).  (3.5)
For 1 < j < k consider the composition
LB(2}) — Q% 1L(G1) — QY L(m (X \ X1) — m(X)) (3.6)

in which the first map follows from (3.5) by means of the corresponding delooping
and the second map is similar to the map in (3.3). We define the spectrum LSF(.Z)
as the homotopy fibre of the composition (3.6). Then we obtain a cofibration

LPQ(2") — QY L(m (X \ X1) — m(X)) — Q7 'LSF(%;). (3.7)

Now, (3.1) defines the groups LSF,,(Z;), 1 < j < k, of the filtration Z;. It follows
from the definition that the groups LSF,, depend on n (mod4).
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Proposition 1. The following commutative diagram of spectra holds:

LPQ(Z2}) —— Q¥ L(m (X \ X1) — m (X)) — Q7 LSF(2;)

| o

LPQ(2;) ———> Q% 1L (m (X \ Xy)) ——> Q7'LFQ(2;)

in which the horizontal rows are cofibrations and the right-hand square is a push-
out. The homotopy fibre of the vertical maps of the right-hand square is equal to
Q% L(m (X)).

Proof. This follows from the diagrams (2.31), (3.5) and the definition of the spec-
trum LSF(Z;).

Corollary 1. The groups LSF, = LSF.(Z") fit in the commutative braid of exact
sequences

— Ln(po) Ln(Go) LSF,, 1 —

/ S et ~ _— \
LpR(2) Lu(po — Go) (3.9)

\ 7 S 7 T~ /

— LSF,,

LELQ(@) Lnfl(p()) -

where pg = m (X \ X1), Go = m(X) and m =n — sy,.

Proof. The homotopy long exact sequences of the maps in the right-hand square
in (3.8) give us the diagram (3.9).

The diagram (3.9) is a natural generalization of the diagram (2.14).
Corollary 2. Let X be a submanifold of X of codimension g1 > 3. Then

LSF,(2) = LB? (%)

for all n.

Proof. In the case under consideration L, (pg — Go) = 0 since the map py — Gy is
an isomorphism. The result now follows from the diagram (3.9).

Theorem 1. For 2 < j < k there exists a push-out square of spectra
LSF(2) LEQ(2))

T

QULSF(Zj_1) — QULEQ(ZL )

j—

in which the homotopy fibre of the wvertical maps is equal to LLS(F;j_1) and the
homotopy fibre of the horizontal maps is equal to

Q5L (7 (X \ X1) — m1(X)).
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The square (3.10) gives rise to the braid of exact sequences

— LS,(Fj_1) LB Lret

/ \LSFH(%)/7 \LlBQ(%-l " \

— Ly LSFi(Z51) LS, 1(F;_1) —~

where m =n+s;j, | =n+gq; and L7 = L, (m (X \ X1) — m(X)).

Proof. The definition of the spectrum LSF and the upper map for ¢ = 1 in the
diagram (2.31) yield the homotopy commutative diagram of spectra

LSF(23) LBQ(Z}) ——— Q9 L(m (X \ X1) — m (X))

]

QULSF(2j-1) —= QULP(Z}L ) ——= Q9L (7 (X \ X1) — mi(X))

in which the left-hand vertical map is induced by the other two vertical maps
(see [35]). The homotopy fibre of the map L5?(2}') — QWLP?(21 ) is equal to
LS(F;_1) as follows from the diagram (2.31). The left-hand square is a push-out
since the cofibres of the horizontal maps are naturally homotopy equivalent.

Theorem 2. There exists a push-out square of spectra
QS(X) —— = X4y AL,
i J/ (3.13)
Q5 LSF(Z) ——= Q= LBQ(2)

in which the homotopy cofibre of the horizontal maps is equal to L(m (X)) and the
homotopy cofibre of the vertical maps is equal to S(Z").
The square (3.13) gives rise to the braid of exact sequences

— Sn1(2) H,(X,L,) Ly (m (X)) =
Fntr1(X) Lpd(Z)
= Lpia1(m (X)) LSF,, (Z) In(X) —=
(3.14)

Proof. The required result follows from the homotopy commutative diagram

OS(X) — > X4 ALy — > L(mi (X))

T e

QS LSF(Z) ——= Q™ LPQ(2) ——=L(m (X))
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in which the maps in the right-hand square are defined in (2.29) and (3.5), the upper
row follows from the cofibration (2.1), the bottom row is defined in Proposition 1,
and the left-hand vertical map is induced by the other two vertical maps.

The commutative diagram (3.14) generalizes the diagrams from [5], Proposi-
tion 7.2.6, iv, and [11], Proposition 3.2. The map

Op: Spy1(X) — LSF, () (3.16)
in the diagram (3.14) fits in the exact sequence
= Ipi1(2) — S (X) — LSFp, (Z) — - -

and corresponds algebraically to the map assigning the obstruction to splitting
a simple homotopy equivalence f: M — X along the subfiltration % .

Theorem 3. For 2 < j < k there exists a push-out square of spectra

LSF(2;) ——> Q58(2))

|

QULSF(2;-1) — Q98(Z)_1)

in which the homotopy cofibre of the horizontal maps is equal to Q@ *LS(F;_1) and
the homotopy cofibre of the vertical maps is equal to Q% S(Z").
The square (3.17) gives rise to the braid of exact sequences

e 1 (X) LSF oo, (1) ——= LSy s, 1(Fj_1) =

~ 7 7

7 LSF o, (25) \E’m(%jl) T
\ 7 T~ . /
= LSy s, (Fj_1) I (L) I (X) ——

(3.18)

Proof. Consider a homotopy commutative diagram of spectra

OS(X) ——> QSLSF(2;) ——> §(2))

R

OS(X) ——> Q5= LSF(2j_1) —> S(Z;1)

in which the maps of the right-hand square follow from (3.15) and (3.17). The
description of the cofibres of the horizontal maps follows from Theorem 2. By The-
orem 1 the cofibre of the middle vertical map in (3.19) is equal to Q1 =5/ LS(F;_1).

Theorem 4. There exists a homotopy commutative diagram of spectra

OS(X) —> SSLSF(2) — -+ —> S2LSF(25) — S5 LS(F)

| | l |

X, AL, ——> ESkLBQ(%) N, ES2LBQ(%) —— YSLP(F)
(3.20)
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in which all the squares are push-outs and the cofibres of all the vertical maps are
naturally homotopy equivalent to the spectrum L(m1(X)).
Proof. The diagram (3.20) follows from the diagrams (2.29), (2.31), (3.15) and (3.17).

Corollary 3. For 2 < j < k there are braids of exact sequences

— Lpy1(G) 4>L5Fm—sj,1(<%—l) LSm—sj—l(Fj—l) >

LSFo—s,(27) Lo, -1(Z5-1)
> LSy, - s; F]—l) szcgsj('%f]) L"”(G) -
(3.21)

which are realized on the spectrum level.

Proof. This follows from the diagram (3.20).

Corollary 4. For 2 < j < k there are braids of exact sequences
1(G) LSy —s, (Fo) LSF,, sj,l(,%”jl) >
/ LSF, s, (25) LP,_, (Fy) \
Fin-s;(23') L2, (25) Lin(G) ——

which are realized on the spectrum level.

Proof. The central square of the diagram (3.22) is realized by the square of spectra
from the diagram (3.20).

Corollary 5. Let
0: STOP(X) — LS, 4 (Fo)

be the map (2.11) for a pair (Xo,X1) and let © € LS, _q (Fo). If mj(z) # 0 for
some j, 2 < 7 < k, then the element x cannot be realized as an obstruction to
splitting a simple homotopy equivalence into the closed manifold X .

Proof. Tt follows from [5], Proposition 7.2.7 that the image of the map O coincides
with the image of the map

O1: csﬂn—i-l(X) - LSn—q1 (Fo),
which is realized on the spectrum level by the map
QS(X) — XULS(Fy). (3.23)

The map (3.23) is the composition of the maps in the upper row of the diagram
(3.20). The result now follows from the exact sequence with the map 7; in the
diagram (3.22).
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8§ 4. The Browder-Livesay filtration

We apply the groups LSF, to the problem of the realization of splitting obstruc-
tions by simple homotopy equivalences of closed manifolds (see [13], [28] and [33])
and describe their relation to the iterated Browder-Livesay invariants. Afterwards,
we give several examples.

Assume that a manifold pair (X", Y"~!) is a Browder-Livesay pair. In this case
the square (2.10) has the following form:

p——sp

P l ) l , (4.1)

G—;G-‘r

where p = m (OU) 2 m (X \Y), G~ = m(Y) and G* = m;(X) are groups with
orientation homomorphisms. The vertical maps in (4.1) are inclusions of index 2.
The orientation homomorphisms on the groups G* coincide on the images of the
vertical maps and differ outside these images. In this case the groups LS, (F)
are called the Browder-Livesay groups and are denoted by LN.(p — G7T) (see
[12]-[15], [17], [18], [23]-[25] and [34]). Throughout this section we suppose that the
filtration 2" in (1.5) is a Browder-Livesay filtration. In this case the dimension of
the submanifold X; is n—i, where n = dim X, the codimension s; of the submanifold
X;in X is i, and

Pi —= Pi
Fr = l i , (4.2)
Giy1 —= G,

where all the groups G; = m1(X;) are isomorphic to the group Gy = 71(Xp) if we
forget the orientation homomorphism.

We now state more algebraically several results of surgery theory for the Browder-
Livesay filtration (1.5).

Consider an infinite diagram ¢ of groups with orientations (which is commutative
as a diagram of groups):

NN

in which the maps p; — G; and p; — G;41 are inclusions of index 2 of oriented
groups. Every horizontal map is an isomorphism preserving the orientation on
the image of the corresponding group p; and reversing the orientation outside this
image.

The commutative triangles of groups in (4.3) define the sequence of squares .%

Fy,Fy,...,F,..., i>0. (4.4)
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For 0 < i < j we denote by yf the finite subset
Fi,Fit1,..., Fj—1, I} (4.5)

of the sequence (4.4). Let #; = ﬁjo. For any square of groups (4.1) the Browder-
Livesay groups LN.(p — G) are defined in [25]. These algebraically defined groups
and the diagram (2.14) are realized on the spectrum level (see [10], [17], [29], [31]
and [34]). We can transfer the inductive definition of the spectra LSF (%) to the
case of the sequence .# using the push-out squares (2.31) and (2.32). Thus, we
obtain the spectra LE? (ﬁ;) and ]LSF(ﬁ;).

Note that the Browder-Livesay filtration (1.5) yields the finite set %1 = .Z2 .
In this case for 0 < i < j < k we have

LP9(F)) =LP9(2}4,),  LSF(F)) = LSF(2}).

For the sequence .% the diagram (3.20) yields the homotopy commutative dia-

gram of spectra

—— YMILSF (%) —— - ——=3SLSF(%)) — =

| |

. > SFHLBQ(F,) — -+ —— SLBQ(F,) — LL(G) (4.6)
L(Go) L(Go) == L(Go)

columns in which are cofibrations. We point out that in (4.6) we have LSF (%) =
LS(Fp) and LEQ (%) = LP(F) and
The diagram (4.6) yields the filtration of spectra

. > YHHILBQ(Z),) —— - ——= YLBQ(F)) ——= L(Gy)

which defined the surgery spectral sequence (see [8] and [32])

"—>Xk+1

EP? = EPYZF), p=20, q€Z,

such that
BV = mqp(Xp, Xpt1) =2 LNg_2p-2(pp — Gp). (4.7)

The first differential
d’f’q: Efﬂ _}E{H-LQ

of the surgery spectral sequence coincides with the composition

LNq—2p—2(pp - Gp) - Lq—2p—2(Gp+1) - LNq—2p(pp+1 - Gp+1)~ (4.8)
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The first map of the composition (4.8) fits in the diagram (2.14) for the square F),
and the second map fits in the diagram (2.14) for the square Fj41.
The upper row of the diagram (4.6) yields the filtration of spectra

——SMILSF(F) — - —— SLSF (%)) — *

Yit1 aE Yo

The homotopy spectral sequence & () of this filtration is similar to the surgery
spectral sequence (see [8], [32] and [3 [ 6]) In this case we obtain

éalp)q = mg—p(Yp, Ypt1)

with the first differential
31)-,(1: gm N éop+17q.

Proposition 2. Forp > 0 and q € Z the vertical maps in the diagram (4.6) induce

an isomorphism
P9 o~ P9
EPI = EP

of spectral sequences. In particular, the differential 077 coincides with the compo-
sition (4.8).

Proof. All the top squares in (4.6) are push-outs; hence the fibres of all the corres-
ponding horizontal maps coincide (see [32] and [36]).

Proposition 3. For j > 2 there is a braid of exact sequences

&
5
:

v

LSFm(ﬂj_l) LPn—l(FO)
> LSF(F} 1) LEQ(ZF; 1) Ln(Go) —
(4.9)

where m =n — j. The diagram (4.9) is realized on the spectrum level.
Proof. This follows from the diagram (4.6).

Theorem 5. Let 4 be a diagram of groups (4.3) and © € LN,,_1(po — Gp) an
element of the Browder-Livesay group. If T;(z) # 0 for some j > 2, then the ele-
ment x cannot be realized as an obstruction to splitting a simple homotopy equiva-
lence f: M™ — X" of closed manifolds with 71(X) = Go.

Proof. Let f: M™ — X{ be a simple homotopy equivalence, and (Xo, X1) a
Browder-Livesay pair of closed manifolds such that the splitting obstruction ©(f)
isequal to x € LN,,—1(po — Go), where Gy = m1(Xp), po = m1(Xo\ X1). Using the
geometric definition of 4-periodicity (see [2], Theorem 11.6.1) we can assume that
n > j+5. Let RPN be a real projective space of high dimension. Consider a map

¢: X1 — RPY,
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which induces an epimorphism of fundamental groups G; = m(X;1) — Z/2 with
kernel p;. Without loss of generality we can assume (see the introduction) that the
map ¢ is transversal to RPN ! with ¢~ }(RPV~1) = X, and that the pair X, C X3
is a Browder-Livesay pair with the square F; in the splitting problem. Iterating
this construction we obtain a Browder-Livesay filtration 2~

Xj C Xj,1 C -+ C X1 C Xy, (410)

in which Fj is the square in the splitting problem for the pair (X;, X;4+1). Similarly
to the proof of Corollary 5 we obtain that the element x lies in the image of the
map

LSF,_j(#j-1) = LNp_1(po — Go)

from the diagram (4.9). Hence 7;(x) = 0. We obtain a contradiction, which proves
the theorem.

For j > 1 we have the homotopy long exact sequences

s LB F 1) — Ln(Go) 25 LSF_j 1 (Fj_1) — - (4.11)

n—j
of the vertical cofibrations from the diagram (4.6).

Theorem 6. Let x € L, (Gy). If 5; # 0 for some j > 1, then the element x cannot
be realized by a normal map of closed n-dimensional manifolds.

Proof. If Bj(x) # 0, then it follows from the exact sequence (4.11) that = does not
lie in the image of the map Lffgj(ﬁj,l) — L,(Gp). Then, by [8] and [28], the
element = cannot be realized by a normal map of closed n-dimensional manifolds.

Every diagram ¢ yields the set of iterated Browder-Livesay invariants (see [§],
[11], [18], [27] and [28]). Note that the map §;, j > 1, is equivalent to the full
set of iterated Browder-Livesay invariants of order up to j (see [8], [11], [18], [27]
and [28]).

Proposition 4. There is a homotopy commutative diagram of spectra

i > YHHLSF(F) — - ——> S3LSF(Fy) —— S2LSF (7))

l l |

- —=SILN(py — Go) == - -- == S'LN(py — Go) == S'LN(py — Gy)

| | l

> YHRLSF(F)) — - —— SULSF(FY) SBLS(F)
(4.12)

columns in which are cofibrations.
Proof. This follows from the diagram (4.6) and Proposition 3.

Corollary 6. Let + € LN,_1(po — Go). If 7j(z) # 0 for some j > 2, then
Ti(x) # 0 for alli > j.
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Proof. For j > 2 the map

S'LN(po — Go) — S TLSF(Z) )

in the diagram (4.12) induces the map 7;. The required result now follows from
(4.12).

The forbidding invariant 75 is similar to the first Browder-Livesay invariant.

Theorem 7. The invariant 7o fits in the braids of exact sequences

- Ln+1(G0)

— L +1(p0—>Go) LN, 3 pl_)Gl)9

7 \LSan(ﬁ'( 61)/7 ™~
> LN,,_ (p1—>G1) LP,_ 2(F1)4>Ln (po — Go) —
(4.14)

which are realized on the spectrum level. The map 1o coincides with the first differ-
ential

LN,_1(po — Go)

1 1 1 1
d?»n+ :E(lj,n‘F HEl’n+

of the surgery spectral sequence for the diagram 9.

Proof. The diagram (4.9) with j = 2 yields the diagram (4.13). The diagram
(3.11) with j = 2 yields the diagram (4.14). The push-out square (3.10) yields the
homotopy commutative diagram

LSF(%,) ——= LP(F})

! |

QLN (py — Go) QL(G) 0L (py — Go) (4.15)
Q- 1]LS Fl 79 1LN(p1 — Gl)

the central row and the central column in which are cofibrations. The map §
in (4.15) realizes the map 75 on the spectrum level. It now follows from (4.8) that
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the map of homotopy groups

TTn— Q(Q LN 0—>G0))i>ﬂ'n 2( 1LN 1—>G1))

L 0—>G0) L 1—>G1)

induced by ¢ coincides with d5" ',

We now consider several examples of the application of the results obtained.
Leti: p — G~ be an inclusion of index 2 of Abelian groups, where the orientation
homomorphism is trivial on the group p and non-trivial on the group G~.

Theorem 8. No element of infinite order of the group LNog(p — G~) can be real-
ized as the splitting obstruction of a simple homotopy equivalence of closed mani-
folds.

Proof. The inclusion i yields the diagram of groups ¢, in which all inclusions of
index 2 coincide with ¢ and the orientation on the groups G; changes on each
successive group outside the image of the map ¢. In particular, the orientation
homomorphisms of all the groups Gaf, coincide with the orientation homomorphism
of the group Gy = G~. By Theorem 7 the map 75 coincides in dimension 2k
with the first differential of the surgery spectral sequence, which is yielded by the
composition

LNai(p — Go) — Log(m) — LNapia(p — G1) = LNaw(p — Go) (4.16)

and is multiplication by 2 (see [15] and [32]). The required result now follows from
Theorem 5.

Corollary 7. Only the trivial element of the group
LNsw(Z)2" — Z/2" 7y = 722"

can be realized as the splitting obstruction of a simple homotopy equivalence of closed
manifolds.
Corollary 8. Only the trivial elements of the groups
LNo(1—>Z/27) =17, LNo(Z)2 - Z®Z/27)=ZZ,
LNo(Z2®Z]2 - ZDLDL)2")=ZSLDLDL

can be realized as the splitting obstructions of simple homotopy equivalences of closed
manifolds.

Corollary 9. Let RP* be a real projective space. Then for any manifold X4™+1
with 71(X) =0 and 4m + 4k + 1 > 5 a simple homotopy equivalence

f: M — X xRP*

of (4m + 4k + 1)-dimensional manifolds splits along the submanifold X x RP3.
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