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Abstract. A functorial filtration GL,, =S~'L, 2S°L, 2 -2 §L, 2 - - 2 E, of the general linear group
GL,, n 23, is defined and it is shown for any algebra A, which is a direct limit of module finite algebras,
that $~'L,(4)/S°L, (4) is abelian, that S°L,(4) 2 S'L,(4) 2 - - is a descending central series, and that
S’L,(4) = E,(4) whenever i> the Bass—Serre dimension of A. In particular, the K-functors
K,SL, =S, /E, are nilpotent for all i > 0 over algebras of finite Bass—Serre dimension. Furthermore,
withont dimension assumptions, the canonical homomorphism S°L,(4)/S'*'L,(4) —»SL, (4)/
Si*+1L, , 1(4) is injective whenever n > i + 3, so that one has stability results without stability condi-
tions, and if A is commutative then S°L,(4) agrees with the special linear group SL,(4), so that the
functor S°L,, generalizes the functor SL, to noncommutative rings. Applying the above to subgroups H
of GL,(4), which are normalized by E,(4), one obtains that each is contained in a sandwich
GL.(4, q) 2 H 2 E,(4, g) for a unique two-sided ideal q of 4 and there is a descending S°L,,(A)-central
series GL,(4, q) 28°L,(4,q) 2S'L,(4,q) 2 2SL,(4,9 2 2 E,(4, 9) such that §L,(4,q) =
E, (A, ) whenever i > Bass—Serre dimension of A4.
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1. Introduction

Let R denote a commutative ring with identity, let A denote an associative
R-algebra, and let GL,(4), n >3, denote the general linear group of rank n.
Beginning with the pioneering paper ‘K-Theory and Stable Algebra’ [2] of H. Bass,
published a quarter century ago, the problem of locating and analyzing near normal
subgroups of GL,(A) for finite R-algebras 4 has received considerable attention.
The combined results of H. Bass [2], [3, §5], J. S. Wilson [17], and L. Vaserstein [16]
show that a group H < GL,(4) is normalized by the elementary subgroup E,(4) of
GL,(4) if and only if for some (unique) two-sided ideal q of 4, H fits into a
sandwich E, (4, q) = H = GL, (4, q), where E,(4, q) denotes the relative elementary
subgroup of level q and GL,(4, q) the kernel of the canonical homorphism
GL,(4) - GL,(A/q)/center(GL,(4/q)). The unique ideal q is called the /evel of H.
The properties and structure of subgroups of level q depends obviously on those of
E, (A4, q) and the coset space GL, (4, q)/E,(4, g). Bass [2], [3, §5] showed that this
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coset space is a group whenever # is in the ‘stable range’ of 4 and that for such »,
GL,(A) acts trivially via conjugation on the subquotient GL, (4, q)/E, (4, q) where
GL,(4, q) = ker(GL,(4) - GL,(4/q)). Thus, for # in the stable range of A4, every
H of level g has a filtration H 2 HnGL,(4, q) 2 E,(4, q) such that the quotients
H/HNGL,(4, q) and HNGL,(4, q)/E, (4, q) are abelian and the action of GL,(4)
on them, via conjugation, is trivial. Moreover, stability results of Bass [2], [3, V]
and later Vaserstein [15] show that the quotient GL,(4, q)/E,(4, q) is canonically
isomorphic to the stable K-group K, (4, q):=GL (4, q)/E.. (4, q) providing # is in
the stable range of 4. Thus, one can use stable K-theory to study the consecutive
quotients H/H nGl,(4, q) and HnGL,(4, q)/E,(A4, q) in the sandwich theorem
above.

The current article will show that the coset space GL,(4, q)/E, (4, q) is a group
providing n > 3 (without stable range assumptions) and A is quasi-finite (a direct
limit of algebras which are module finite over their centers) and will investigate the
group GL,(4, q)/E,(A, q) by constructing a functorial filtration

GL,(4,9) =57'L,(4,9) 28°L,(4,9) 2 - - 25L,(4,9) 2 2 E,(4, q)
of GL,(4, q) such that
(i) S'L,(4, q) (i = —1) is normal in GL,(4),
(ii) the action of S°L,(4) on S'L,(4, q)/S**'L,(4, q) (i = —1) via conjugation is

trivial.
(iii) the canonical homomorphisms

SiLn(A’ q)/Sl+ an(As q) - SiLn+ I(Aa Q)/Sl+ 1Ln+ I(Aa q)
are injective for all n =i+ 3,
(iv) SL,.(4, q) = E,(4, q) whenever i > the Bass—Serre dimension of 4,
(v) the nilpotent class of S°L,(4, q)/E, (4, q) relative to S°L,(4) is £ infimum
(6(A4), [6(4) + 2 — n]) whenever the Bass—Serre dimension 6(A4) of 4 is finite,
and

(vi) if A is commutative then S°L,(4, q) = SL, (4, q), where SL,(4, q) denotes
the g-congruence subgroup of the special linear group SL,(4).

The result (iii) uncouples injective stability from stability conditions on 4 and
allows one to use stable K; to compute the quotients S’L,(4, q)/S'* 'L, (4, q) of
consecutive layers of the filtration above when —1 <i <» + 2; namely, defining the
stable K-groups K% (4, q)==SL_ (4, q)/E(A, q), one obtains from (iii) a canonical
injection

SL,(4,9)/S"*'L,(4, q) > Ki(4, 9)/Ki* '(4,9)  for —1<i<n+2
Results (ii) and (iv) show that the filtration

GL,(4,9) =S 'L,(4,9) 25°L,(4, q) 2 - - 2 8L, (4, q) = E,(4, q)

is a descending S°L,(A)-central series of finite length. Results (ii) and (v) put an
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upper bound on the S°L,(4)-nilpotent class of the (nonstable) K-groups
K,8'L,(4,9)=SL,(4,q)/E,(4,q) (>=—1),

which can be much smaller than that given by the functorial filtration above. The
result (vi) shows that the functor S°L,, is a natural extension of the functor SL, to
noncommutative rings.

Applying the results above to subgroups H of GL,(A4), which are normalized by
E,(A), one obtains for each H of level q a canonical filtration

H=HAGL,4, ) 2HNS 'L(4,q) 2 2HASL,(4,qQ 2 -2E,(4q)

such that any quotient formed by consecutive layers of the filtration is abelian and
such that any subgroup of S°L,(4), which normalizes H, acts trivially via conjuga-
tion on these quotients. This is the nilpotent sandwich classification theorem of
Section 6. Moreover, for —1<i<n-+2, there is a canonical injection
HASL,(4,q)/HAS"L,(4, q) = Ki(4, q)/K:7 (4, q). All of the above concerns
the nilpotent structure of the lattice of subgroups of GL,(4) normalized by the
elementary subgroup E,(4). Results on the nilpotent structure of lattices of
subgroups of GL,(4) normalized by congruence or relative elementary subgroups
of GL,(4) are found also in Section 6.

In a sequel to the current paper, the results above will be extended to classical
and Kac—Moody groups by introducing higher ‘nonabelian’ K-functors and using
Mayer—Vietoris sequences for these functors to replace some of the computations
in this article. In another article, it will be shown that similar results hold for
nonabelian analytic K-groups.

The remainder of the paper is organized as follows. In Section 2, basic notation
is fixed and standard commutator formulas are recalled. In Section 3, quasi-finite
algebras are introduced and S°L,(4) is defined. In Section 4, the principal tools of
the paper are forged. In Section 5, the filtration

STIL,(A)28L(A) =2 28L,(4) =2
is defined and its basic properties are established. In Section 6, the relative filtration
S7L,(4,9) 28°L,(4,9) 2 - 28, (4,9) 2 -

is defined and its properties are deduced from the corresponding ones of the
absolute filtration. Results on the absolute and relative nilpotent structure of GL,
are proved, including the nilpotent sandwich classification theorem. One important
consequence of the results in Sections 4—6 are upper bounds on the nilpotent class
of S°L,(4, q)/E,(4, q). In Section 7, S°L,(4)/E,(4) is tied to noncommutative
homotopy theory and the latter is used to establish lower bounds on the nilpotent
class of this group. The results show that the group SL,(R)/E,(R) can be nonabe-
lian for commutative rings R of finite Bass—Serre dimension §(R) and allow one to
construct nonnormal subgroups, as one expects, of GL,(R) which are normalized
by E,(R). The latter settles positively a question posed by Bass.
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2. Notation

Let G denote a group. If g, p € G, let °p = ope ~! denote the o-conjugate of p and
let [0, p] =0ps ~'p~"' denote the commutator of ¢ and p. The following formulas
will be used frequently.

(2.1) () [o, pt] =Io, pl(*[o, 7)),
(b) [op, 7] = ("Ip, Do, 1].

Let H and K denote subgroups of G. Let [H, K] denote the subgroup of G
generated by all commutators [o, p] such that ¢ € H and p € K. [H, K] is called the
mixed commutator group generated by H and K. Define inductively D% (K) = K
and for i >0, D},(K) =[H, D}y '(K)]. If G = H, we shall write D{(K) in place of
D%L(K). DG) > DY (G) > D*(G) o - - is the descending central series of G. G is
nilpotent if D(G) =1 for some i. The smallest { such that D(G) =1 is the
nilpotent class of G. If U and V are subsets of G, let YV denote the set
{°p|loeUpeV}.

Let A denote an associative ring with identity 1. Let » denote a natural number
and let G(4) = GL,(4) denote the general linear group of rank n over A. By
definition it is the group of all n x » invertible matrices over A4, i.e. the units in
the ring M,(A4) of all » x n matrices over A. Let q denote a subgroup of 4, closed
under multiplication. (g is not necessarily an ideal of 4.) Let i sj be natural
numbers such that 1 <i<n, 1<j<n A g-elementary matrix e;(q) is an n xn
matrix whose diagonal coefficients are 1, whose (i, j)th coefficient is ¢ where ¢ € q,
and whose other nondiagonal coefficients are zero. (If » =1, then 1 is the only
elementary matrix.) Let G(q) denote the subgroup of G(4) of all invertible
matrices whose diagonal coefficients are of the form 1+ ¢ where ¢ € q and whose
nondiagonal coefficients lie in q. G(q) is not necessarily normal in G(4). Let E(q)
denote the subgroup of G{(q) generated by all g-elementary matrices. If g is a
two-sided ideal in 4, then G(q) is a normal subgroup of G(4), because
G(q) = Ker(G(A4) — G(A4/q)). For such g¢’s, let E(A4, q) denote the normal subgroup
of E(A) generated by E(q). Clearly E(q) < E(4, q) = G(q). Let L denote a non-
negative integer. For q arbitrary, let £%(q) denote the subset of E(q) consisting of
all products of L or fewer g-elementary matrices. Thus, E'(q) is the set of all
q-elementary matrices and, by convention, E°(q) = 1. The letter L stands intu-
itively for word length. The following formulas for elementary matrices will be
used frequently.

(2.2) (a) gi(@e;(b) = ¢ (a +b).
(b) [e;(a), e (D)] = 1 providing i #1, j #k.
(©) [g;(a), ex(b)] = &y (a) providing i # k.

From (2.2)(c), it follows that E(A) is perfect whenever n >3, ie. E(4)=
[E(4), E(4)].
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3. Quasi-Finite Algebras and the Special Linear Group SL, - ,

The goal of this section is to introduce the notions of quasi-finite algebra and of
special linear group over such an algebra. It will be shown that the latter notion
generalizes the usual one over commutative rings.

Let R denote a commutative associative ring with identity 1. An R-algebra is an
associative ring 4 with identity and a fixed ring homomorphism R — center(4). A
homomorphism 4, — A4, of R;-algebras (i =1, 2) is a pair of ring homomorphisms
R, - R, and A4, — 4, which commute with the canonical homomorphisms R, — A4,
i=1,2).

Suppose A is an R-algebra and I is an index set. By a direct system of subalgebras
A;/R; (i e I) of A, we shall mean a set of subrings R; of R and a set of subrings 4,
of A such that each 4, is naturally on R;-algebra and such that given i, j € I, there
is a k elsuch that R, S R,, R,S R, A, S 4;, and 4, S 4,.

An R-algebra A4 is called module finite or simply finite over R if A is finitely
generated as an R-module.

DEFINITION-PROPOSITION (3.1). 4n R-algebra A is called quasi-finite over R
if it satisfies one of the following equivalent conditions:

(i) There is a direct system of finite R-subalgebras A; of A such that lim 4; = A.
(ii} There is a direct system of subalgebras A;|R; of A such that each 114,- is finite
over R; and such that lim R, = R and lim 4, = A.

(iii) There is a direct systemlof subalgebras Il4,»/R,~ of A such that each A, is finite
over R, and each R, is finitely generated as a Z-algebra and such that
lim R, = R and lim 4, = A.

Proof. The proof that conditions (i), (ii), and (iii) are equivalent is straightfor-
ward and is left to the reader.

If 4 is a ring and q a two-sided ideal of A then the smash product A x q is the
ring whose elements are all pairs (a, g) such that ae 4 and ¢ eq and whose
addition and multiplication are given, respectively, by

@@+@,q)=@+a,q9+7q)

and

(a, a’, q") =(aa’, ag’ + qa’ + qq’).

The next corollary is surprising, since it is not valid for finite R-algebras, and
justifies replacing the category of finite algebras by the bigger category of quasi-
finite algebras. Most of the results in Section 6 depend on the corollary including,
for example, the results (i)—(vi) in the introduction and the nilpotent sandwich
classification theorem.

COROLLARY (3.2). If 4 is quasi-finite over R and q is a two-sided ideal of A, then
A X q is quasi-finite over R.
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Proof. The proof is straightforward, providing one uses the formulation (3.1)
(iii) of a quasi-finite algebra.

Let f-algebra and g-f-algebra denote respectively the categories of finite algebras
and of quasi-finite algebras. It is routine to check that g-f-algebra is closed under
direct limits, whereas f-algebra is not.

LEMMA (3.3). If ¢ is a category with direct limits and F: f-algebra — ¢ is a functor
then F has a unique-up-to-isomorphism extension to a functor F: q-f-algebras — ¢ such
that F commutes with direct limits. Moreover, F is universal among all extensions of
F to q-f-algebras, i.e. if ' is another extension, not necessarily commuting with direct
limits, then there is a unique natural transformation F— F' of functors such that if
A =1lim A; (4; € f-algebra) then the diagram below commutes for each i

I::' (4) — F'(4)

AN /
F4,) .

Proof. The proof is routine. One begins by noting that if {4,|iel} and
{A;|jeJ} are direct systems of finite subalgebras of A such that lim 4;,=

A =lim A}, then each system is cofinal in the other, i.c. givenie /, 3je J sulch that

J
A; = A}, and conversely. Thus, lim F(4;) and lim F(4;) are canonically isomorphic.
Define F(A) = lim F(A%) where Ay runs over all finite subalgebras of 4. The

k
remaining details of the proof are straightforward and are left to the reader.

DEFINITION (3.4). Suppose n = 2. If 4 is a finite algebra, define the special linear
group SL,(4) = {c | o € G(4) ( =GL,(4)), image of ¢ under G(f): G(4) —» G(B)
lies in E(B) (=E,(B)), f: A > B a homomorphism of finite algebras, B semilocal
[3, p. 86]}. Extend the definition of SL, to all quasi-finite algebras, via Lemma
(3.3).

Let SG(A4) =SL,(A). It is clear that SG defines a functor g-f-algebras — groups.
It will be shown next that the B’s in Definition (3.4) can be restricted to a certain
set of semilocal rings and then it will be shown that for 4 commutative, the
definition of SL, above agrees with the usual one.

Suppose A is a finite R-algebra and B’ is a semilocal ring which is finite over its
center. Suppose B is another semilocal ring which is finite over its center. If an
algebra homomorphism f”: 4 —» B’ can be factored as a composite of algebra
homomorphisms A . BB’ then clearly the condition that Gf(¢) € E(B) im-
plies the condition that Gf”(¢) € E(B’). It will be shown that an arbitrary f/” can be
factored as above where B belongs to a certain set of semilocal rings which are finite
over their centers. Let R’ = center(B’). Let q denote the Jacobson radical (B’)
[3,11§2]. Let R” = center(B’/q). Since B’/q is semisimple, R” is a finite product of
fields and is, therefore, semilocal. Let pf, ..., p; denote the maximal ideals of R”
and let p,,...,p; and pj, ..., p,. denote, respectively, their inverse images in R
and R’. Let R, ., denote the localization of R at the multiplicative set

,,,,,
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,,,,,

only if its image in B’/q is invertible, it follows that the elements of

R’ —p,u- - uUp; are invertible in B’. Thus, there is a canonical isomorphism
Ry o Or B’ —— B’, x®b > xb’,

and f: A — B’ factors canonically as the composite

A-R, . ®rA-R, QB ->B
On the other hand, if m,, ..., m, are maximal ideals of R containing, respectively,
P1s , Px, then the homomorphism 4 >R, ., ®g A factors canonically as the

-----

----------

maximal ideals of R}.

LEMMA (3.6). SG(A) is a normal subgroup of G(A) containing [G(A4), G(4)].
Proof. Whenever B is semilocal, E(B) is a normal subgroup of G(B) containing
[G(B), G(B)], by [3,1V (9.1)]. The lemma follows.

LEMMA (3.7). If A is commutative then SG(A) = Ker(det: G(4) = GL,(4)) where
det denotes the usual determinant map.

Proof. Let D(A) = Ker(det: G(4) — GL,(4)). It suffices by Lemma (3.5) to show
that if A is finite over R then

D)= () Ker(G(A)->GRy m, @r A/ERy,, . OrA)

(g, mmg)

where nt,, . .., m, runs through all finite sets of maximal ideals of R. But, since the
canonical homomorphism

.....

is injective, it follows that

D(A) =Ker(G(A) ~» [] GRuy, o, ®r /DRy, i, @A)

----------

.....

=(by [3,IV(9.2)) () Ker(G(4)

(my,..my)

=GRy,

,,,,,,,,,,
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4. The First Results on GL, .. 5

Let A denote an associative R-algebra with identity 1. Let # denote a fixed natural
number >3 and let G =GL,, E=E,, and SG =SL,, as in Sections 2 and 3. If
z € Z, let [z] denote the smallest nonnegative integer >z.

The main result of the section is the following:

THEOREM (4.1). Suppose that the space of maximal ideals of R, with the usual
topology is a finite union of irreducible Noetherian subspaces of dimension < d (finite)
[3, III §3]. Suppose that A is quasi-finite over R. Then D' T1@+2-"§G(A) = E(A).

COROLLARY (4.2). Assume the hypotheses of (4.1). Then E(A) is the largest
perfect subgroup of SG(A) and the quotient SG(A)/E(A) is nilpotent of class
<14[d+2—n]

Proof. The corollary follows directly from (2.2) and (4.1)

COROLLARY (4.3). Assume the hypotheses of (4.1). Then E(A) is the largest
perfect subgroup of G(A) and the quotient G(A)/E(A) is solvable of degree
<2+4[d+2—n)
Proof. By (3.4), SG(A) =[G(4), G(4)]. By (2.2) and (4.1),
Dt ™ (G(A4), G(A)) = E(4).
The corollary follows.

COROLLARY (4.4). A natural transformation G—-G or SG->SG over g-f-
algebras induces a natural transformation E — E over q-f-algebras.

Proof. 1 shall prove only the case SG. The proof for G is similar and is left to the
reader.

Let 0:5G — SG denote the natural transformation. It suffices to show that
6 4(E(A)) < E(A) for any g-f-algebra A. Suppose 4 =lim 4,. Define
D*SG(A)) = ﬂ DKSG(A").
k=0

Clearly,

0,4,(D*SG(4,)) = D*SG(4;).
Thus,

04(D*SG(A;)) = D*SG(4,).

If one knew that D*SG(4;) = E(4;), it would follow that ¢, (E(4;)) = E(4;) and
thus, that o ,(E(A4)) = E(A), because E commutes with direct limits. It is not difficult
to show that there is a direct system of finite R;-subalgebras A4; of 4 such that
A =1lim A4; and such that each R, is finitely generated as an algebra over its prime

ring. If R, is generated by g; elements over its prime ring, then its space of prime
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ideals is Noetherian of dimension <g; + 1. (This follows from the fact that R, is
Noetherian of Krull dimension <g; + 1, cf. [3, III §3].) It follows that the space of
maximal ideals of R, is Noetherian of dimension <g; + 1. Thus, by (2.2) and (4.1),
D*SG(4;) = E(4,).

COROLLARY (4.5). A natural transformation G — G over q-f-algebras induces a
natural transformation SG — SG over q-f-algebras.

Proof. By (4.4), the natural transformation G — G induces a natural transforma-
tion E — E. A straightforward functorial argument will show that the pair G > G,
E - E of natural transformations induces a natural transformation SG — SG.
Details are left to the reader.

The proof of Theorem (4.1) will be based on several lemmas. An important
aspect of Lemmas (4.6), (4.7), and (4.11) is the control between certain coefficients.
This control is based on the principle that if ¢ and p are two matrices such that ¢
is z-adically small and p s-adically small, then the commutator [o, p] is st-adically
small.

If s € R, let {s) denote the multiplicative set 1, s, 52, . .. defined by s. If # € R, let
(t/s)4 denote the subgroup of (s> 'A4 consisting all quotients fa/s, where a € 4.
The letters K, L, M, k, I, and m denote nonnegative integers.

LEMMA (4.6). Let (t/s)A be as above and let s™tA denote the subgroup of (t/s)A
consisting of all s™ta, where a € A. If K, L and m are given, there are k and M, e.g.

k=m+ D4 +45" 1+ .- +4 and M =14%L,

such that TXCIDEL(skt4) = EM(s™tA).

Proof. The case K=0 or L =0 is trivial. Suppose K >0 and L >0. Since
EMWIDEL (s t4) is the set of all products of L or fewer elements of
EXWID (5Kt 4), it follows that the assertion of the lemma is true for a pair (K, L)
whenever it is true for the pair (K, 1). Thus, it suffices by induction to show that

El((t/s)A)El(S(m+ 1)4tA) - E14(SmlA)
and that for K > 1,

EK((t/s)A)El(S((m +IAK -1 4K -2 4y 1)4tA)

- EX- 1((z/s)A)E14(S(m 4 14K~ 4K =24y 4tA).

To prove the latter inclusion, it suffices to show that

El((t/s)A)El(s(m’+ 1)4tA) - E(Sm’tA)
where

m =(m-+ D451 4K-2 4. 1 4,

But this is just a special case of the former inclusion. The former inclusion is proved
as follows. The formulas in (2.2) will be used repeatedly in the proof.
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Let
p = el (s*1b) (k = (m + 1)4).
If i#j orj#1, then p =g, (s*tb). If i #;, but j =i’, then
p =& (s* 7 't2ab)e,; (s 1b).
If i=j, but j #’, then
p = &;,(—5*~'12ba)e,; (s¥tb).
If i =j and j =i, choose h # i, j. Then
p =" e;, (5*7), &,(s*71h)]
= £;,(s €~ Dia)e, (s47)e, ( — s @2~ De2pa) x
X Ehi(sk/zm)gih( — (&)~ Dta)ajh( _Sk/z)ghj(s((k/Z) - 1)t2ba)8hi( “‘Sk/ztb).
But,
(5t (=54 bae, (—s7)
= (setting k' = (k/2 — 1)) e, ( —s*7%1), e,(s**tha)]
= [gi( =€ P)ey, (—5*71), g3 (— 5%+ Ptba)e, (s* *tba)]
and
& ()i (*P1b)e( — s EP ~ Via)e,, ( — 552)
= &;,(s*1b)ey (s*2th)e,, ( — s D~ Veg).
Thus, p € EM(s™tA).

If U and V are subsets of some group, let U, V[ denote the ser of all
commutators [, v] such that u € U, v € V. Let p and ¢ denote nonnegative integers.

LEMMA (4.7). Let s,t € R. Let (t'/s)A4, (s*/0)A, and sPt?A denote the subgroups of
{st)~'A consisting, respectively, of all quotients (t'/s)a, (s*/t)a, and (s"t?/1)a, where
acA If K, L, p and q are given, there are k, I, and M, e.g.

k=(p+1)45+1 445+ ..+ 4, =(g+ D)4+ +45 4+ 44,

and M = 145+ L+2K[. such that

:lEK(Z—I A), EL(f A>|: < EM(7194).
s t

Proof. The case K =0 or L =0 is trivial. Suppose K >0 and L >0. If U is a
subset of a group and N is a nonnegative integer, let Prod¥(U) denote the set of all
products of N or fewer elements of U. Let S = (s¥/f)4 and T = (¢t'/s)A. From the
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commutator formulas (2.1), it follows that
1EXT), EXS)[ = (F*T'DIEN(T), EXS)D - - - (PTIENT), EX(S)D)
and
1ENT), EXS)[ = (PONENT), EXS)D) - - - (E-~ "DIENT), EXS)D).
Thus
1EX(T), EX(S)[ = Prod* (¥~ D= IOENT), EX(S)D).
I shall show that
1EN(T), EN(S)[ c EM¥(s+ DR 1448725t dy(q i DA =4 b= 2 e d

The assertion of the lemma will then follow from (4.6).
Let

t! s
p= [ (? “)’ 8f’f’(? ”ﬂ

and suppose that k and / are as in the statement of the lemma. The formulas of
(2.2) will be used repeatedly to evaluate p. If j £i” or i # 7, then p = 1. If i 52/, but
j=ithenp =g, (s*~ 't~ lab). If j #i’, but i =, then p = ¢, ,( —s*~'¢t'~ 'ab). The
remaining case to consider is i = and j = i". Choose h # i, j and let & = ¢,;((¢'/s)a).
Then

Sk/2
o]

k/2

= (by (2.1)) |:s, &in (ir b)](sjh ((S"/Z/t)b)[g, £,,(s¥%)]) x
x (# OO (g, (5 2YDBY))
x (o (CH 20D 2 (—SFR[0D) g g (— gkI2)])
=g, (t' 7 1s*?~1gb) x
X (‘Sjlz ((sk/2/t)b)8hj( — gk — l)a)) . (Ejh ((s%/2/2)b)ey; (skfz)el_h( — i g2y — ')ab)) X
X (G (12 0)b)Yep; (5 2)es ((—sk/2/t)b)£hj(tls(k/2 - l)a)) e

(letting  p'=(p+ D4 " +45 24 44, ¢' = (g + D4 +4572 4. - 14,
and applying (4.6) to each of the four factors above)

E(s”t7 A)E'Y(s7 17 A)E'¥(s7't7 A)E'¥(s7 17 A) < E"(s”17 A).

LEMMA (4.8). Let q be a two-sided ideal of A. Thern E(A, q) is generated as a group
by the elements %“) ¢,(q) such that i #j,ae A, and q € q.
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Proof. 11 i, j, k are distinct natural numbers and a, b € 4 and g € q, then one can
check by straightforward multiplication that

(48) @O (g)
= (= (1 + ba)es(gbeun( — abgble, (abg) X
x (% D (@))ey(@er((ab — 1gb)e; (bgb)(*s De;( —bgb)) x
x (% Ve, (gb))ey(gba)e,(gha).

By definition, E(4, q) is generated by the elements ,;(g) such that i # j, & € E(4),
and g € q. If ¢ is the identity matrix, let /(¢) = 0 and otherwise, let /(¢) denote the
least number of elementary matrices required to write ¢ as a product of elementary
matrices. The proof is by induction on I(¢). If /() =0, there is nothing to prove.

Suppose /() =1. Then & =g¢g(a) for some elementary matrix gg,(a). If
(k, 1) =(j, i), there is nothing to prove. If (k, 1) +#(j,i) then by (2.2),
1 @g,(¢q) = either &,(q) or &:;(q")s;(g) for an elementary matrix ¢,,(q") such that
q €q.

Suppose (e} = 2. Write ¢ = ¢’s,,,(b)e,,(a) where I(e") = 1(e) — 2. If (k, ) # (], 0),
then applying the paragraph above, one can finish by induction on /(g). Sup-
pose (k, 1) =(J, i). If (m, n) = (i, ) then applying (4.8), one can finish by induc-
tion on [Xg). Suppose (m,n)#(i,j). If m+#i and n#j, then by (2.2)
mn(D)e;i(a) = €;(a)e,q, (B). It is not possible that (m, n) = (j, i), because then it would
follow that & =e¢’¢;(b +a) and thus, that I(g) </(¢) + 1. Since (m, n) # (j, i), it
follows from (2.2) that

Frnn (b)gij(q) = either gij(q) or &,(q /)gij(q)

for an elementary matrix ¢;,.(¢") such that ¢’ € q and one is done again by induction
on /(g). There remain now two cases to check; namely, (m, n) = (m, j) with m #i
and (m, n) = (i, n) with n #j. In the first case,

&y (B (@) €y (q)
= (by (2.2))%m ¢ @emy Org (g)
= (by (22)" @ %, (g)
= (by (2. 2)) 8j; (@)em; (ba)gij(q)
= (by (2.2))% (e, (bag)e;(q))-
Thus, one can finish by induction on /(g). The second case is checked similarly.

COROLLARY (4.9). (a) (G. Habdank) If q is a two-sided idcal of A then
E(4, ¢*) < E(q).

(b) Suppose A is semilocal. If m>=2 then for any h (1<h<n),
G(s™A) = A, (s"A)E(s"™2 4), where A,(s™A) denotes all diagonal matrices whose hth
coefficient lies in 1 + s™A and whose other coefficients are 1.
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Proof. () By (4.8), E(4, q°) is generated as a group by all matrices % “e,(q;4,)
such that a € 4 and q,, ¢, € q. If k # i, then by (2.2),
eﬁ(a)sij(qqu) =% De, (q1), &;(g2)]
=[%Dgu(q,), (a)ﬁkj(% )]
= [8jk(aq1)£ik(ql)a £ —QZQ)Skj(‘b)]-

(b) By conjugating both sides of the inclusion in (b) by a suitable permutation
matrix, one can reduce to the case h=1. By [3,V(3.3)(1)], G("4)=
A,(s"A)E(4, s™A) and, by part (a), E(4, s™4) < E(s™24).

LEMMA (4.10). Suppose R is Noetherian and A is finite over R. Then given s € R,
there is a nonnegative integer k such that the homomorphism G(s*A) —» G({s)71A4)
induced by the canonical homomorphism A — (s> 'A is injective.

Proof. Clearly G(s*4) — G({s»~'4) is injective whenever s¥4 — (s> ~'4 is injec-
tive. For i >0, let a,={a|a € 4, s'a =0}. Clearly, qca, ca,c---. Since R is
Noetherian and A is finite over R, there is a k such that ap =a;  ,=a, ,=""".
Suppose a € A such that s*a vanishes in (s)~'4. Then s/s*a vanishes in 4 for some
j. Thus, a € a;, = a,. Thus, s*a =0. Thus, s*4 - {s>~'4 is injective.

LEMMA (4.11). Suppose A is quasi-finite over R. Let s™A denote the subgroup of
(1/s)A consisting of all s™a where a € A. Let “G”(s*A4) denote the image of G(s*4)
(=G(A)) in G({s) 'A). Given K and m, there is a k, e.g.

k :2((m + 1)4K+2+4K+1+4K+1+. R +4),
such that
1
I:EK<;A>, “G”(SkA):l o E(SmA)
Proof. Since k does not depend on R or 4 and since

EK(l ) “G7(s* ) and EG™ )

commute with direct limits, one can reduce to the case A4 is finite over R and R is
finitely generated as an algebra over its prime ring (i.e. image (Z— R)) and is,
therefore, Noetherian.

I shall show that

[Eq(%/i), an(skA):I CE(s(m+1)4K—1+4KA2+...+4A).

It will then follow that [EX((1/5)A4), “G”(s*(4)] = (by (2.1))

ER- WD f(gln+ DAKZ T+ 4K=24 = 44 4y « (by (4.6)) E(s™A).
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Let

(2 )eE(24) and “o7 e G (sA).
T\ s s

Let m"=(m + 1)4%~ ' +4%-24 ...+ 4. Suppose it has been shown that for each
maximal ideal m of R, there is an element ¢, in the multiplicative set R —m and a
nonnegative integer /,, such that

fhe }

for any a e A. There is a finite set f,,,...,t, of £,’s such that the ideal they
generate is all of R. Choose x,, ..., x, € R such that

Xty -+ x4 = 1. Then

a (13 kR
[e"’<'§>’ ’ }
lm lm
tmll(xla) tmrr(x,a) ITPRT}
=8ij_—s— "'Eij_‘;—,a

e (by (2.1) and supposition above) E'WIDE (g0 + 14 1)
e (by (4.6)) E(s™ 4).

It remains to verify the supposition above. Let ¢ € G(s*4) and let “c” denote its
image in “G”(s*A). Let A,, denote the localization of A4 at the multiplicative set
R —m. Since R, is a local ring and A4,, is finite over R,,, it follows that A, is
semilocal [3, ITI(2.5), (2.11)]. Over 4,,, one can factor by Corollary (4.6)c as a
product 6’¢” where ¢’ € E(s%?4,,) and &’ is a diagonal matrix all of whose diagonal
coefficients are 1, except possibly the ith diagonal coefficient, and 4 can be chosen
arbitrarily. There is an element ¢ € R — m such that over {¢t)>~'4, ¢ can be factored
as a product §"¢” where

ki2
s”eE(i?—A)

and 6" is a diagonal matrix all of whose diagonal coefficients are 1, except possibly
the hth coefficient which lies in (1/£)4, and & can be chosen arbitrarily. Let 4, §, and
£ denote, respectively, the images of ¢, §”, and &” in G({st)>~14). Thus, ¢ = Jz. Let
ej(a/s) e E'((1/s)4) and let &y(a/s) denote its image in G({st)~'d). Let
p =(m’ + 1)4. Choose, using Lemma (4.10), a nonnegative integer q such that
G(t%¢s>~'4) maps injectively to G({st>~'4). Let [>gq. Since G(t%s)>'4) is
normal in G({s>'4), it follows that

[gij (-?) a] € G(t1(s> " 1A).
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Thus, it suffices to show that there is an / > ¢ such that

C /ta\ 7]
sj<—->a € E(s7174) (< G(<st>—1A)).

N

Choose h # 1, j, so that § commutes with £,(t'a/s). Thus,

Ls,-j P ,O'_—~ & P L€ |

By Lemma (4.7), there is an / such that [£,(t'a/s), &] € E(s?t?*'A), because

kf2

5€E<STA>, —I§=(p +1)4*+4 and K=1.
Thus,
Y 1/
6[5’7 <t—a>’ é} € PE(sP11" ') < E(s"174).
s

A. Suslin [13] has proved the following result when A4 is commutative and
A. Suslin (cf. [14,§1]) and L. Vaserstein [16] have proved it when A4 is finite
over R.

THEOREM (4.12). If A is quasi-finite, then E(A) is a normal subgroup of G(A).
Proof. The theorem follows trivially from Lemma (4.11) by setting s = 1.

If se R and V is an R-module, let ¥, = lim V/s?V.

p=0
Suppose {4, |i € I} is the set of all finite R;-subalgebras of 4, where R, ranges
over all subrings of R which contain s and are finitely generated as algebras over
their prime rings, i.e. over image (Z— R;). Each R; and A4, is Noetherian,
R =1lim R;, and if A4 is quasi-finite over R, then A =1lim 4,. There is a canonical

z -~ -~ . . . . i . . . . -
homomorphism lim (4;), — 4;, but it is, in general, neither injective nor surjective.

In order to be able to reduce problems in which the ring 4, normally plays a role
to the Noetherian situation, I shall need to replace A, by the ring hm (4,),. For this
reason, the following definition is introduced.

DEFINITION (4.13). Suppose A4 is a quasi-finite R-algebra and let {4, | iel}be
as above. Define R, =lim(R,), and 4, =1lim (4,),.

DEFINITION (4.14). Suppose A is a quasi-finite R-algebra. Define
G(s ™', A) = Ker(G(4) — G({s> ' A) [E({(s)714))
and

G(3, 4) = Ker(G(4) - G(4,)/E(A,)).
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COROLLARY (4.15). Let {A,|iel} be as in (4.13). Then
Gis~ 1 4) = lim G(s ', 4;) and G, A4) = h_r)n G(s, 4;).
Proof. The funct:)rs G and E commute with diretct limits.
THEOREM (4.16). Suppose A is quasi-finite over R. Then
[G(s ™!, 4), G(S, A)] = E(A).
Proof. One reduces by (4.15) to the case A is finite over R and R is Noetherian.
Let 6 € G(s !, A) and p € G(3, A). From (2.2)b), it follows that

1
EKsy~'A) =) EK<—A>.
K>0 s
Thus, the value of ¢ in G({s)>~'A) lies in EX((1/5)4) for some K. By Lemma (4.10),
there is an m such that the canonical homomorphism G(s”A4) — G({s)>"'4) is
injective. Let

k =2((m+ 1)4K+2+4K+1+. . +4)
Since
p € Ker(G(4) » G(A4/s*A)|E(A [s*A))),

there is an ¢ € E(4) such that pe € G(s*A4). Since E(4) is normal in G(A4) (by
Theorem (4.12)), it follows that [a, p] € E(A) if and only if [0, pe] € E(A). Since
pe € G(s¥A4) = G(s™A) and G(s™A) is normal in G(A), one has that [, pe] € G(s™A).
The proof follows now from the fact that the homomorphism G(s™A4) - G({s)~'4)
is injective and [o, pe] lies in image(E(s™A) — G({s)>~'4)), by Lemma (4.11).

A topological space is called irreducible if it is not the union of two nonempty
proper closed subsets. A topological space is called Noetherian if its closed subsets
satisfy the descending chain condition. Trivially, any subspace of a Noetherian
space is Noetherian. The dimension of a topological space X is the length m of the
longest chain X, cXigr gk, of nonempty closed irreducible subsets X; of X. If
there is no nonnegative integer m as above, then dimension(X) is infinity. Define
8(X) to be the smallest nonnegative integer 4 such that X is a finite union of
irreducible Noetherian subspaces of dimension <d. If there is no nonnegative
integer d as above, then §(X) is infinity.

Let Spec(R) denote the space of all prime ideals of R and let Max(R) denote the
subspace of all maximal ideals of R. Give Spec(R) its usual topology, i.e. a subset
W is closed if and only if there is an ideal a in R such that W=
{p|peSpec(R),p>a}, and give Max(R) the subspace topology. Define
S(R) = 6(Max(R)). There are examples where J(R) < dimension(Max(R))
[3, III(3.13)]. We call 6(R) the Bass—Serre dimension of R. If A is a quasi-finite
R-algebra then we define the Bass—Serre dimension of A (as an R-algebra) to be
that of R.
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INDUCTION LEMMA (4.17). Suppose 8(R) is finite. Let X, 0 UX, be a
decomposition of Max(R) into irreducible Noetherian subspaces of dimension <J(R).
If s € R such that for each X, (1 <k <r), s does not lie in some member of X then
(R < (R).

Proof. 1 shall show first that sR, = Jacobson radical(R,). Let the index set I be as
in Definition (4.13). Let a € R,. For some iel, a€ (R,),. The element 1 — sa is
invertible in (R,),, its inverse being the element 1+ X2, (saY. Thus, 1—sa is
invertible in R,. Thus, by Nakayama’s lemma [3, IT(2.2)], sR; < Jacobson radical
(K,).

Each element of Max(R,) contains the Jacobson radical(R,). Thus, Max(R,) is
canonically homeomorphic to Max(R, /sR,). But,

R JsR, lim (R),/s(R;), =1im (R,/sR,) = R/sR.
Thus,
Max(R,) =~ Max(R, /sR,) =~ Max(R/sR).

Max(R/sR) is canonically homeomorphic to the closed subset
{m|me Max(R), m > sR} of Max(R). Let ¥, = X, nMax(R/sR). The hypotheses
of the lemma show that Y, is a proper closed subset of X. Since X, is Noetherian,
so is Y,. Thus, by [3, III(3.7), (3.8)], Y, has only finitely many closed irreducible
components Yy, ..., Y, and Y, =Y, u---UY,,. Since X, and Y,; are irre-
ducible, and since Yj; is closed in X, and Y, < X, it follows that dimen-
sion(Y);) < dimension(X}) < 6(R). Since

r cx

Max(R/sR) = |J | Y
k=1j=1
it follows that (R/sR) < 6(R). Thus, 6(R,) = 6(R/sR) < 5(R).

Proof of Thoerem (4.1). We must show that if A4 is quasi-finite over R and J(R)
is finite then D!'+*P®+2-18G(4) = E(4). The proof is by induction on
[0(R) +2—n].

Since D' +6®+2-718G and E commute with direct limits of quasi-finite algebras
over R, one can reduce to the case that A4 is finite over R.

If [6(R) +2—n]=0 then by [3,V(3.5)] and [15, (3.9)], [G(A), G(A)] = E(A4).
Thus, D!SG(A) = E(A), because SG(A4) > E(A) and E(A) is perfect.

Suppose p =[6(R) +2 —n] > 0. It is a simple exercise using (2.1) to show that
D'+7SG(A) < E(A) if and only if for each sequence

G,01,..., O-p € SG(A)s [G’ p] € E(A)=
where
p 2[615 e ey [O-p—29 O-p—h Up]]' : .]'

Let X;u--- UX, be a decomposition of Max(R) into irreducible Noetherian
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subspaces of dimension <Jd(R). Let m; e X, (1<i<r). Let R’ and A4’ denote,
respectively, the localizations of R and A4 at the multiplicative set
R —myu---um,. 4’ is semilocal, because A’ is finite over R’ and R’ is semilocal
[3, IHI(2.5), (2.11)]. Since o € SG(A), its value in G(4") lies in the subgroup E(4").
There is an element s € R — m, U+ - -Um, such that the value of ¢ in G({s>~'4) lies
in E({s)>7'4). Thus, ¢ € G(s !, 4). Since the element s satisfies the hypotheses of
the Induction Lemma (4.17), 8(R,) < 8(R). Thus, by induction on [6(R) + 2 — n],
the value of p in G(A4,) lies in E(A4,). thus, p € G(§, A). The assertion of the theorem
follows now from Theorem (4.16).

QUESTION (4.18). If A is quasi-finite, is E(A) the largest perfect subgroup of
G(A4)?

5. Super Special Linear Groups S°L, . , and the Nilpotent Class of K,

Super special linear groups S7L, . ,(4) are defined over quasi-finite R-algebras 4
and it is shown that the sequence

SL,(4) = S°L,(4) > S'L,(4) o S?L,(4) = - - -

of super special linear groups is a descending central series for » >3 and
SO, (A) = E,(A) whenever 6(R) is finite and n > 3.

Throughout the section, it will be assumed that A is quasi-finite. 6(R) is defined
as in Section 4.

DEFINITION (5.1). Suppose n > 2 and d = 0. If 4 is a finite R-algebra, define the
dth super special linear group SL,(4) = {0 | o € G(4) (=GL,(4)), value of o
under G(f'): G(A4) - G(4") lies in E(4") (=E,(4"), f: A —> A’ a homomorphism of
finite algebras, 4’ a finite R’-algebra, 8(R’) < d}. Extend the definition of S?L, to
all quasi-finite algebras, via Lemma (3.3). Define S~'L, = GL,,.

In order to bring the notation above in line with that in the previous sections, let
S9G(A) = SL,,(A).
It is clear that SG defines a functor g-f-algebras — groups.

COROLLARY (5.2). §°G(4) = SG(A).
Proof. The assertion follows from Lemma (3.5) and its proof.

COROLLARY (5.3). If n =3 then S%G(A) is a normal subgroup of S~'G(A).
Proof. The assertion follows from Theorem (4.12).

COROLLARY (5.4). If n =3 then a natural transformation S°G — S°G induces
natural transformations S**'G - S?+'G and E - E.

Proof. The proof of Corollary (4.4) shows that a natural transformation
S9G — S9 induces a natural transformation E — E. It is straightforward to show
that the pair S9G —S%G, E— E of natural transformations induces a natural
transformation S¢*!G —» §9+1G.
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THEOREM (5.5). If n>3 then the sequence SG(4)=S°G(4)>S'G(4)
5.5 89G(A) > - is a descending central series in SG(A) and S‘G(A) = E(4)
whenever 8(R) is finite and d = 6(R).

Proof. The latter assertion is true by definition.

The former assertion for quasi-finite algebras follows from that for finite alge-
bras. Suppose A is a finite R-algebra. Let ¢ € SG(4) and p € S°G(4). We want to
show that [0, p] € S+ 1G(4).

Let A4, be a finite Ry-algebra such that 6(R,) <d + 1. If /1 A —» A4, is an algebra
homomorphism, we must show that [Gf (0), Gf (0)] € E(4,). If suffices to show that
if 5(R) < d + 1 then [0, p] € E(4). The proof is similar to that of Theorem (4.1) and
goes as follows.

Let X,u---UX, be a decomposition of Max(R) into irreducible Noetherian
subspaces of dimension <d + 1. Let m, € X; (1 <k <r). Let R” and A’ denote,
respectively, the localizations of R and A at the multiplicative set R —m; U - -um,.
A’ is semilocal. Since ¢ € SG(4), its value in G(4") lies in E(A4’). There is an
element s € R —m,u---um, such that the value of ¢ in G({s>7'4) lies in
E({s)~'A). Thus, ¢ € G(s ', 4). Since the element s satisfies, by construction, the
hypotheses of the Induction Lemma (4.17), 6(R;) < 8(R) <d + 1. Thus, S(R) <d.
Thus, the value of p in G(A,) lies in E(A,). Thus, p € G(§, 4). Thus, [0, p] € E(4),
by Theorem (4.16).

Let G,(4) = GL,(4) and S9G,(4) = S?L,(A4). The canonical homomorphism

Gy(A) > Gyor(d), o (g ‘1’)
induces for each d a canonical homomorphism S9G,(4) - SG, , ,(4). Although
for n = d(R) + 2, the quotient SG,(4)/E,(4) is already abelian, the descending
sequence SG,(4) = S°G,(4) o S'G,(4) = - - - of subgroups is still interesting since
it gives a functorial filtration of the quotient SG,(4)/E,(4). Moreover, the stability
theorems of Bass [3, V(4.2), (4.5)] and Vaserstein [15, (3.2), (3.3)] showing that
whenever A4 satisfies Bass’ stable range condition SRy (A4) [3,V, §3], the canonical
homomorphism G,(4) -G, ,(4)/E, . (4) is surjective for n > N —1 and has
kernel E,(A) for n = N, have the following consequences for the homomorphism
S9G,(4) > SG, . ((A)[SIT'G, 1 (4).

THEOREM (5.6). Let i denote an integer =0. If A satisfies SRy(A4) then the
canonical homomorphism S°G,(A) — SG, . (A)/S*+'G, . (4) is surjective for
nzmax(N — 1, d + 2, 2) and has kernel S**'G,(A) whenever n > max(d + i + 2, 2).

Proof. The proof is a straightforward, formal functorial argument making use of
the stability theorems of Bass and Vaserstein. Details are left to the reader.

Remark (5.7). Bass has shown that if 4 is finite over R and é(R) is finite then A
satisfies SRz 4 2(4) [3, V(3.5)]. It is easy to show that this result extends to the
case A is quasi-finite over R.

Note that Theorem (5.6) above includes stability isomorphisms for n =N — 1
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which is less than the stable range N of 4. Without any stable range conditions on
A, the quotients S9G,(4)/S¢*'G,(A) still enjoy the following injective stability
result.

THEOREM (5.8). (a) If n > max(d + i + 2, 2), then the canonical homomorphism
S9G,(A) /S 'G(A) = G, (A)[SF G, 11 (4)
is injective.
Proof. The theorem is deduced easily from (5.7) and the stability results cited
above of Bass and Vaserstein.

DEFINITION (5.9). Let q denote a two-sided ideal of 4. For d = —1, define
89G(q) = SG(4) N G(q).

COROLLARY (5.10). If n >3 then S°G(q) is a normal subgroup of G(A).
Proof. G(q) = Ker(G(4) - G(4/q)) is obviously normal in G(4) and S?G(4) is
normal in G(A4) by Corollary (5.3).

6. Nilpotent Structure of GL, . 5: Nilpotent Sandwich Classification Theorem

In this section, the results of Sections 4 and 5 will be extended to the relative case
and applied to classifying subgroups of G normalized by congruence, elementary,
and relative elementary subgroups.

Throughout this section, it will be assumed that 4 is quasi-finite, that q is a
two-sided ideal of 4 and that n > 3. Let G = GL,,, S%G = S°L,,, and E = E,. Define
G(1), E(q), and E(A, q) as in Section 2 and SG(q) as in Section 5. Define 5(R) as
in Section 4, and if z is an integer, let [z] denote the smallest nonnegative integer
=2z,

THEOREM (6.1). Suppose A is quasi-finite over R. If S(R) is finite then
D50 +2-"8G(q) = E(4, q).

The proof of Theorem (6.1) will be given after Corollary (6.4).

Suppose J denotes a group and H a normal subgroup. H is called J-perfect if
[/, Hl = H. H is called J-nilpotent if D4(H) =1 for some d. The smallest d such
that D4(H) =1 is called the J-nilpotent class of H.

COROLLARY (6.2). Assume the hypotheses of (6.1). Then E(A, q) is the largest
SG(A)-perfect subgroup of SG(q) and the quotient SG(q)/E(A4, q) is SG(A)-nilpotent
of class <1+ [6(d) +2 —n].

Proof. The corollary follows directly from (6.1) and the fact, which is easily
deduced from (2.2), that E(4, q) is E(A)-perfect.

COROLLARY (6.3). Assume the hypotheses of (6.1). Then E(A, q) is the largest
G(A)-perfect subgroup of G(q) and the quotient G(q)/E(A, q) is solvable of degree
<2+ [6(R) +2 —H].
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Proof. By (3.4),[G(4), G(q)] = SG(4) nG(q) = SG(). By (6.2), D55 +2 7" x
[G(A), G(q)] = E(4, q). The assertions of the corollary follow.

COROLLARY (6.4). A natural transformation o: S°G — S°G (d = — 1) induces for
all i =0 natural transformation o;: S®+'G — S*+'G and p: E — E with the property
that (6,)(S°T'G(q)) = S*T'G(q) and p (E(A, q)) < E(4, q) for all two-sided ideals

qof A.
Proof. Let o: S9G — S%G denote a natural transformation. By (5.4), ¢ induces a
natural transformation o,: S9*'G — S¢*G. From the commutative diagram

Sd+iG(A) . Sd+iG(A/q)
(004 (i Xato

S4+iG(A) — S4G(A]g)
and the fact that

S9*G(q) = Ker(S7*'G(4) - S*'G(4/q)),
it follows that (¢,),(S?*'G(q)) = S 'G(q).

Let 0: SG — S9G denote a natural transformation. By (5.4), ¢ induces a natural
transformation p: E — E. Let A x q denote the smash product of 4 and q. By (3.2),
A x q is quasi-finite. Let /> 4 x q— A, (a,q) — a. The homomorphism f'is split by
the homomorphism 4 — 4 K q, a+>(a,0). Use this homomorphism to identify E(A)
with its image in E(4 x q). The group E(A4 X q) is the semidirect product E(4) x
Ker(E(f)) and Ker(E(f)) = E(4 x q,0 x g). From the commutative diagram

E(f)
E(4 x q) —> E(4)

Pa xq P4
E(4 x q) — E(A)
E(S)
it follows that
pA xq(E(A X QJO X Q))CE(A X qao X q)
Let g:4A xqo>A4,(a,9) —a+q. E(g) maps E(4 x q,0 x q) bijectively onto

E(A, q). Thus, from the commutative diagram

E(A % q) -5 E(4)

P4 xq Pa
E(A4 x q) — E(A)
E(g)
it follows that p(E(4, q)) < E(4, q).

Proof of Theorem (6.1). Let p = [6(R) + 2 — n]. The proof is by induction on p and
is similar to that of Theorem (4.1).

Suppose p = 0. By (5.7), [3, V(4.2)], and [15, (3.2)}, [G(4), G(q)] = E(A, q). Thus,
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[SG(A4), SG(q)] = E(4, q), because SG(4) > E(4), SG(q) > E(4, q), and by (2.2)
[E(A), E(4, q)] = E(4, q).

Suppose p>0. Let o0,0,,...,0,€SG(4) and let 7eSG(q). Let p=
[61,.-.5[0,-1,[0,,7]] - - ]. One must show that [g, p] € E(4, q). Let X;u---UX,
be a decomposition of Max(R) into irreducible Noetherian subspaces of dimension
<O(R). Let my € X, (1<k <r). Let R" and A’ denote, respectively, the localiza-
tions of R and A4 at the multiplicative set R — m; U- - -um,. 4’ is semilocal. Since
o € SG(A), its value in G(A4’) lies in the subgroup E(A4’). There is an element
se€R—myu---um, such that the value of ¢ in G({s)>~'4) lies in E({s)'A4).
Thus, o € G(s ', 4). Since the element s satisfies by construction the hypotheses of
the Induction Lemma (4.17), 8(R,) < 6(R). Thus, by induction on p, the value of p
in G(A4,) lies in E(4,, &,) where §, denotes the ideal of A, generated by the image of
qin A,. Let 4 x q be as in the proof of (6.4). Let

fidxqod, (a,9)—>a+q and Jidx§, >4, @GPra+q

Sfissplitby é&: 4 >4 x q— A, a - (a, 0). One shows easily that Gf maps G(0 x q)
bijectively onto G(q). Let ¢’ denote the inverse of this isomorphism. I shall show
that [(G¢(o), ¢'(p)] € E(A4 x q,0 x q). Clearly, Gg(c) e G(s !, A x q). From the
commutative diagram

G(4 x q) — G(4, x §,)
G0 l l 6(7)
G(4) — G(4,)

and the fact that G(f) maps E(4, x &, 0 x §,) isomorphically onto E(4,,3,), it
follows that the image of g’(p) in G(4, x §,) lies in E(A, x §,, 0x§,). Thus,
g'(p) e GBS, 4 x q). Now, by Theorem (4.16), [Gg(o), g’(p)] € E(A x q). But,
g’(p) € G(0 x q) and thus,

[Gg(0), 8'(p)] € G(O X q) NE(A x q) = E(4 x q,0 x q).
Moreover,
(Gf XGg)o) =0, (Gf)g'(p) =p and Gf(E(4 x q,0 x q)) = E(4, q).

Thus, [o, p] € E(4, q).

Suppose J denotes a group and H a normal subgroup. Call a sequence
H=H,> H > H,> - of subgroups of H a descending J-central series if for each
ia [Ja Hz] CI‘Ii-l—l'

THEOREM (6.5). Suppose A is quasi-finite over R. Then the sequence
SG(q) = S°G(q) > 8'G(a) - - - 2 §G(q) > - -

is a descending SG(A)-central series in SG(q) and [G(q), SG(q)] < E(A, q) whenever
M R) is finite and d = 5(R).

Proof. Let o € SG(A) and p € $%G(q). Clearly, [0, p] € G(q) and by Theorem
(5.5), [0, p] € ST 'G(A). Thus, [0, p] € S**1G(4) N G(q) = S*T1G(q).
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By Theorem (5.5), S9G(q) = $9G(A4) = E(A) whenever d > §(R) and by the next
theorem [G(q), E(4)] = E(A4, q). Thus, [G(q), S?G(q)] = E(4, q) whenever d > 6(R).

THEOREM (6.6). [E(4), G(a)] = E(4, q).
The proof of Theorem (6.6) and other results use the following lemma.

LEMMA (6.7). Let fA x q— A4, (a,q) > a +q. Then:

(a) The homomorphism Gf: G(A X q) > G(A4) is split surjective and maps
G'(0 x q) bijectively onto G’(q), G(0 x q) bijectively onto G(q), and E(A x q,0 % q)
bijectively onto E(A, q).

(b) E(Ax q)=E(A4 x A, A x q) and E(4 x )nG(0 x q) = E(4 x q,0 x q).
Proof. Straightforward.
Proof of Theorem (6.6). From (2.2) it follows that E(A, q) is E(A)-perfect. Thus,
[E(A), G(q)] = [E(4), E(4, 9)] = E(4, q).
It remains to show that [E(A4), G(q)] < E(4, q). By Theorem (4.12),
[E(4 x q), G(0 x q)] = E(4 x ) nG(0 x q).
The theorem follows now from the lemma above.

COROLLARY (6.8). E(A, q) is a normal subgroup of G(A).
Proof. The result follows from Theorems (4.12) and (6.6).

DEFINITION (6.9). Make an exception to the premises of this section by letting
n=2 Letd>0.1If Ais a finite R-algebra define S?G(4, q) = {o | o € SG(q), value
of ¢ under Gf: G(4) »> G(A") lies in E(4’, q"), f: A > A’ a homomorphism of finite
algebras, q' = A’f(q)4’, A’ quasi-finite over R’, 6(R’) finite, (R") < d}. Extend the
definition of S9G(4,q) to all quasi-finite algebras via Lemma (3.3). Define
S71G(4, q) = G(q).

COROLLARY (6.10). SG(4, q) is a normal subgroup of G(A).

Proof. The assertion for d = —1 is clear. For d > 0, the assertion follows from
the fact, given in (6.8), that E(4’,q") is a normal subgroup of G(4’) for any
quasi-finite algebra 4’ and any two-sided ideal q" of 4’

COROLLARY (6.11). 4 natural transformation o: S°G — S%G induces for all i >0,

natural transformations o;: S?+'G — S G with the property that (6;),S?"'G(4, q)

< ST G(A, q) for all quasi-finite algebras A and all two-sided ideals q of A.
Proof. The corollary follows from (6.4).

THEOREM (6.12).
[G(4), G(a)] = S"72G(4, q) and [SG(4), G(q)] = $G(4, q).



386 ANTHONY BAK

Proof. Recall that G = GL,,. To prove the first assertion, it sufficies to show that
if A is finite over R and §(R) <n — 2 then [G(A4), G(q)] = E(4, q). But, this is an
immediate consequence of results of Bass [3,V(4.2),(4.5)] and Vaserstein
[15,(3.2), (3.3)].

The first assertion of the theorem infers the cases d = —1, 0 and 1 of the second
assertion, since n > 3. The case d > 0 of the second assertion follows from Theorem
(6.6).

THEOREM (6.13). Suppose A is quasi-finite over R. Then the sequence SG(q) =
5°G(q) > 8°G(4, q) 2 S'G(4,q) - -2 5 (4,q) > -+ is a descending SG(A)-
central series and S°G(A, q) = E(A, q) whenever 6(R) is finite and d = 6(R).

The proof of Theorem (6.13) will use the following lemma.

LEMMA (6.14). The homomorphism A x q— A, (a, q) «— a + g, induces an isomor-
phism S?G(4 x q,0 x q) = SG(4, 9).
Proof. The result follows from (6.8).

Remark (6.15). For d >0, it is probably not true in general that the homomor-
phism S9G(0 x q) - S9G(q) is surjective.

Proof of Thoerem (6.13). By Theorem (6.12), [SG(A4), S°G(q)] = S°G(4, q) and
by definition, $G(4, q) = E(4, q) whenever §(R) < d. It remains to prove that for
d =0, [SG(A), SG(4, q)] = S**'G(4, q). The proof is similar to that of Theorem
(5.5).

As in the proof of Theorem (5.5), one reduces to showing that if ¢ € SG(4),
p € 8%G(4, q), and 5(R) <d + 1 then [g, p] € E(4, q) and next, one constructs an
element s & R such that ¢ € G(s ', A) and the value of p & G(A4,) lies in E(4,, d,).
Let

fidxq—oA4, (@qrra+q and ged—-4xq, ar(a0).

Let g’ denote the inverse of the isomorphism Gf: G(0 x q) = G(q) in (6.7a). It is
clear that Gg(o) € G(s ', 4 x q) and by (6.7a), that g’(p) € G(§, A x q). Thus, by
Theorem (4.16), [Gg(0), g'(p)] € E(4 x q). Since g'(p) € G(0 % q), [Gg(o), g’(p)] €
G(0 x g). Thus

[Gg(0), £'(p)] € E(4 x q) nG(0 x q) = (by (6.7b)) E(4 x g,0 x q).
Thus, by (6.7a), [0, p] = Gf({Gg(0), &'(P)]) € E(4, q).

THEOREM (6.16). Let i denote an integer >0. If A satisfies Bass’ stable range
condition SRy (A) then the canonical homomorphisms

89G,(q) = SG, . 1(9)/S?H G, 1(q), SG,(q) >SG,.1(Q)/SHC, 1 1(4, q),
and

SdGn(A’ q) —‘)SdGn+l(A: Q)/Sd+iGn+ l(As q)
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are surjective for n>zmax(N —1,d+2,2) and have, respectively, kernels
54+1G (q), S9*G(4, q), and S?T'G,(4, q) for n = max(d +i+2,2).

Proof. The proof is similar to that of Theorem (5.6). Details are left to the
reader.

Without any stable range conditions on A, one still has the following injective
stability result.

THEOREM (6.17). Let i denote an integer =0. If n = max(d + i+ 2, 2) then the
kernels of the homomorphisms in (6.16) are as in the conclusion of (6.16).

Proof. The proof is similar to that of Theorem (5.8). Details are left to the
reader.

I turn now to classifiying subgroups of G(A) normalized by relative elementary
subgroups or congruence subgroups. The following definitions are taken from

[1,83].

DEFINITION (6.18). Let a, b, and q denote two-sided ideals of A. Define a <, b
if for some i >0, g'a+ aq’ < b. Define a O, bif a <, b and b <, a. Clearly, ¢ is
an equivalence relation on the set of all two-sided ideals of A.

DEFINITION (6.19). Let H and K denote subgroups of G(A) which are normal-
ized by E(4, q). Define H <, K if for some i >0, D, (H) = K. Define H ¢, K
if H<,K and K <, H. Clearly, ¢, is an equivalence relation on the set of all
subgroups of G(4) which are normalized by E(A4, g).

Let (a:q) ={x |x €4, xq+qx = a}.

THEOREM (6.20) (F.-A. Li and M.-L. Liu [8]). Suppose A is commutative and q
is a fixed ideal of A. Then:

(a) The rule ar—> E(A, a) induces an order preserving isomorphism of the < -equiv-
alence classes of ideals of A onto the O -equivalence classes of subgroups of G(A)
normalized by E(A, q).

(b) Forany i20, E(4, ga) O, E(4, a) ©,G(a) O, G (a) O, G'(a: o°). Further-
more, if H is normalized by E(A, q) then H < E(A, o) if and only if for some i >0,
E(4,q'a) c H<=G'(a: q°).

Instead of considering < -equivalence classes of subgroups of G(4) normalized
by the relative elementary subgroup FE(4, q), it is sometimes more natural to
consider <%-equivalence classes of subgroups of G(A4) normalized by the congru-
ence subgroup SG(q), where < is defined as follows.

DEFINITION (6.21). Let H and K denote subgroups of G(A4) which are normal-
ized by SG(q). Define H <9 K if for some i > 0, D, (H) < K. Define H 9 K if
H <K and K <9H.

Clearly, < is an equivalence relation on the set of all subgroups of G(4) which
are normalized by SG(q).
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THEOREM (6.22) Suppose A is commutative and q is a fixed ideal of A. If 8(A) is
finite then:

(a) The rule a— SG(a) induces an order preserving isomorphism of the < ,-equiva-
lence classes of ideals of A onto the $%-equivalence classes of subgroups of G(A)
normalized by SG(q).

(b) For any i =0,

E(4, g'a) OTE(4, a) O98G(a) OG(a) OIG(a) OFG ((a: 9Y)).

Furthermore, if H is normalized by SG(q) then H &% SG(a) if and only if for some
i20, E(4, 9'a) = H = G'(a: q)).

Proof. Theorem (6.22) will follow from Theorem (6.21), once it is established
that the equivalence relation <, restricted to subgroups of G(A) which are
normalized by SG(q) is the same as the equivalence relation <9 This is the
assertion of Lemma (6.24) below.

LEMMA (6.23). Suppose that A is quasi-finite and that a and q are two-sided ideals
of A. Then [G(a), G(q)] = SG(aq + qa).

Proof. One shows in a straightforward manner that [G(a), G(q)] = G(ag + qa).
The result then follows from (3.6).

LEMMA (6.24). Suppose A is commutative and 6(A) is finite. Then the equivalence
relation <, restricted to subgroups of G(A) normalized by SG(q) is the same as the
equivalence relation O,

Proof. Let H and K be subgroups of G(4) normalized by SG(q). It is clear that
H <K implies H <, K, because D% o(H) < D, (H). Thus, it remains to
show that H <, K implies H <% K. By Theorem (6.20), there are ideals a and b of
A such that

E(4, g'a) c H = G'((a: ¢')) and E(4, 9D) = K = G'((b: ).

It suffices to show that G'((b: q')) <% E(4, g'a). By Theorem (6.20), there is a
natural number j such that ¢/(b: q°) < ¢'a. It is enough to prove the following: If a
and b are ideals of A such that for some j, ¢b<a, then G'(b) <9 E(4, a). By
induction on j, it suffices to show that G'(b) < E(4, qb).

Clearly, [SG(q), G'(b)] = SG(b). By the previous lemma, [SG(g), SG(b)] <
SG(gb) and by Theorem (6.13), DZ % (SG(ab)) < E(A4, qb).

Let G'(A, q) = ker(G(A) —» G(4/q) [center(G(A4/q)).

NILPOTENT SANDWICH CLASSIFICATION THEOREM (6.25). Let H be a
subgroup of G(A). Then H is normalized by E(A) if and only if for a (unique)
two-sided ideal q of A, H fits into a sandwich E(A, q) € H < G'(4, q). Furthermore,
the canonical filtration H=HNG'(4,q) 2 HAS7'G(4,q) 2 HNS°’G(4,9) 2" -
S HNE(A, q) = E(A, q) has the property that each quotient of consecutive members
of the filtration is abelian and any subgroup of S°G(A), which normalizes H, acts
trivially on each of the quotients above via conjugation.



NONABELIAN K-THEORY 389

Proof. 1t is routine to reduce the proof of the sandwiching assertion to the case
of finite algebras, where it follows from [16, Cor. 5, Lemma §8]. The assertions
concerning the filtration follow from Theorem (6.13).

COROLLARY (6.26). Let H be a subgroup of G(A).

(a) If 8(R) is finite then H is normalized by E(A) if and only if for some (unique)
two-sided ideal q of A, DERI3*(H) = E(4, q).

(b) If (R) is finite then H is normalized by SG(A) if and only if for some (unique)
two-sided ideal q of A, there is a filtration

H=HnGA,q2HnS'G(4,q9) 2 HnS°G(4, q)
o2 HnS*®G(4, q) = E(4, q)

such that the action of SG(A) on each quotient of consecutive members of the filtration
above is trivial.

Proof. (a) follows straightforward from Theorems (6.13) and (6.25) and the fact,
cf. [1, (3.17)], that if N is a subgroup of G(A) then [E(A), N] < G(g) if and only if
N<SG'(4,q). (In fact, one can show using Theorem (6.16) that the exponent
d(R) + 2 in the corollary can be replaced by the exponent 2 + [6(R) + 2 —#u].)

(b) is an immediate consequence of (a).

7. Connections to Noncommutative Homotopy Theory: Lower Bounds for the
Nilpotent Class of K,

Whereas the results of Section 4 establish upper bounds for the nilpotent class of
S°L,(A4)/E,(A), the current section concentrates on lower bounds for this class. The
main goal is to provide families of commutative rings R of finite Bass—Serre
dimension O(R), such that one can compute a nontrivial lower bound to the
nilpotent class of K;SL,(R):=SL,(R)/E,(R). The lower bound will be obtained by
exhibiting a topological space X and a canonical homomorphism K,SL,(R)—
[X, SL,(F)], where F denotes the real or complex numbers and [X, SL,(F)] the
group of homotopy classes of continuous maps from X to SL,(F), such that the
nilpotent class of the image of this homomorphism has a computable lower bound.
This bound shows that the groups SL,(R)/E,(R) can be nonabelian and is used to
construct examples of nonnormal subgroups of SL,(R) which are normalized by
E.(R).

Let G denote an H-Group [12], e.g. a topological group, with a closed, nonde-
generate base point [12] representing an identity element of G. Later, G will be
specialized to SL,(F).

DEFINITION (7.1). If for some nonnegative integer k and for all topological spaces
X with a nondegenerate point [12} (e.g. X a CW-complex), the group [X, G] of
homotopy classes of continuous maps from X to G has nilpotent class <k then by
definition the global homotopical nilpotent class ¥(G) of G is the smallest such k;
otherwise, y(G) = oo.
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Below, classical results of R. Bott, W. Browder, I. James and E. Thomas on the
homotopy commutivity of compact, connected Lie groups will be used to show the
following result.

THEOREM (7.2). Suppose G is a compact, connected Lie group. Then

0, fG=1,
§G) =<1, if G =a torus,
>1, otherwise.

Before proving the theorem, I shall apply it to prove the results for K;SL,, described
in the first paragraph.

Let A be any commutative topological ring containing the real numbers R with
the usual topology. Let M, (4) denote the ring of all n x n-matrices with coefficients
in A with the product topology and give SL,(A4) the subspace topology.

LEMMA (7.3) E,(A) is contained in the path component of the identity matrix in
SL,(A).

Proof. Let [0,1] denote the real closed interval {t|reR,0<zr<1}. If
a,,...,a € A then the function

w:[0, 1] > E (4), tr 8i1j[(tal) T aikjk(lak)
is a path from 1 to ¢ ; (a1) ... &, (a).

Let X be a topological space. If F is a commutative topological ring containing
R, let F(X) denote the ring of continuous functions f on X with values in F with
the compact-open topology. Let (X, SL,(F)) denote the group of all continuous
maps from X to SL,(F). There is a canonical isomorphism

SL,(F(X)) = (X, SL,(F)), (/f;; )~ (x = (f,,(x)))

of topological groups and by Lemma (7.3) the kernel of the composite homomor-
phism

SL,(F(X)) —» (X, SL,(F)) - [X, SL,(F)]

contains the subgroup E,(F(X)). Thus, for any subring R < F(X), there is a
canonical homomorphism K, SL,(R) —[X, SL,(F)].

Suppose now that F =R or C so that SL,(F) is a compact, connected Lie group.
By Theorem (7.2), y(SL,(F)) > 1 providing n > 3. Let k£ be a natural number such
that 1 <k < y(SL,(F)). Choose X such that the nilpotent class of [X, SL,(F)]is =k

and let o, ..., o be matrices in SL,(F(X)) such that the value of the (k — 1)-iter-
ated commutator [e, [0 1, ..., [0, 0] - °]] in [X, SL,(F)] is not trivial. If R
denotes the subring of F(X) generated over F by the coefficients of «, . . . ., o, then

clearly the image of the (k — l)-iterated commutator above in K;SL,(R) is not
trivial and since R is finitely generated as an F-algebra by kn? elements, it follows
that 6(R) < kn?. Thus, we have shown:
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COROLLARY (7.4) Let n and k be natural numbers such that n =3 and
1 <k <y(SL,(F)) (F=R or C). Then there are commutative rings R of dimension
O(R) < kn? such that the nilpotent class of K,SL,(R) is >k.

CONJECTURE. For a compact, connected Lie group G with finite fundamental
group, y(G) is finite and y(G) - oo as rank (G) - .

A reader, who is familiar with classical results on homotopy commutativity, will
see quickly that Theorem (7.2) is a consequence of a theorem of 1. James [6, (1.1)].
The proof below is intended for the noninitiate and will recall some standard
constructions and facts that are well known to experts.

Suppose X has a nondegenerate point and let such a point be the base point of
X. Let G be a connected H-group and let a homotopy identity element in G be the
base point for G. There is a canonical homomorphism [X, G], —[X, G] where
[X, G], denotes the group of equivalence classes under base point preserving
homotopy of base point preserving continuous maps X — G and [X, G] denotes as
above the group of equivalence classes under homotopy of continuous maps X — G.
By a well known result, cf. {12, Chap. 7, Sec. 3, Theorem 5], the canonical
homomorphism above is an isomorphism, because G is a connected H-space. This
isomorphism will be used to identify the two groups above and for the rest of this
paper, it will be assumed that all continuous maps and homotopies are base point
preserving.

Let y: G — G denote the identity map « +— o on G, let ¥,: G x G — G denote the
commutator map

(82,81 (g2, 811 = 228185 g1 s

and for any k£ >0 let

Y: G x - x G- G denote the k-iterated commutator map
H_)

k+1

(gk+17 R >g1) = [gk+la [gk: < [g2= gl] . ]]
Obviously, ¥, (k =2 0) is an element of the H-group (G x - -« x G, G) of all base

k+1
point preserving continuous maps G x - - - X G— G where G x - - - x G has as base

k41 k+1
point the (k + 1)-tuple (e, ..., e) where e is the base point of G. An important
observation is the following: If
G X xG-G(IKig<k+1
P ( )

k+1

denotes the projection map on the ith coordinate then each p, is a member of the
H-group (G x:--xG,G) and 4y, is the k-iterated commutator [p,.,,
[Pe> - -+ [P2s 1] - °]]. If for some k, ;. is homotopic to the constant map, let 7'(G)
denote the smallest such k; otherwise, let y/(G) = 0.
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LEMMA (7.5). Let G be a connected H-group with nondegenerate base point. Then
WG) =7'(G).

Proof. Trivially, y(G) = y'(G). Conversely, if y/(G) = 0, then the base point of G
is a strong deformation retract of G. Thus, y(G) = 0. Suppose y(G) is finite and
>0. Let £k =9(G). If fii1,....f;: X =G are base point preserving continuous
maps, one must show that the k-iterated commutator map

¢: X =G x> [fi (), [fex), - [HG0, L] -1

is homotopic to the constant map. But ¢ factors as a product Y, / where

Xo>G X xG, x> X), ..., f1 ().
f Gr (fer 1 () fi(x)
Since ., is homomotopic to the constant map, so is Y. f. Thus, y(G) < y'(G).
Let k£ >0. Let A\**! X denote the (k + 1)-fold smash product of X. By defini-
tion, /\F*'X is the quotient of the (k + 1)-fold product

Xx- - xX
NaTANN AR

k+1
obtained by identifying the subspace \/**' X ={(xc, 1, X, .. ., x;)| at least one
x; (1<j <k +1) is the base point of X} to a point. The map

Gx - xGoGC
Yi: —~—"

restricted to \/**! G is homotopic to the constant map. Since the base point of G
is closed and nondegenerate, it follows (cf. [12, Chap. 1, Exercise E7]) that y, is
homotopic to a map which induces naturally a map ¢,: \**' G —G. If for some

k, ¢, is homotopic to the constant map, let y”(G) denote the smallest such k;
otherwise, let v"(G) = 0.

k41

LEMMA (7.6). Let G be a connected H-group with a nondegenerate, closed base
point. Then ¢y is homotopic to the constant map if and only if . is. In particular,
?"(G) =y'(G).

Proof. This is an immediate consequence of the cofibre sequence [10].

Proof of Theorem (7.2). By Lemmas (7.5) and (7.6), y(G) = y"(G) and by /. James
[6,(1.1)], y"(G) is as in the assertion of Theorem (7.2).

There is only one compact, simply connected Lie group G, namely S°, whose
y-class y(G) is known. The result is given below and follows essentially from work
of P. Hilton [5]. I am indebted to H. Baues for explaining to me Samelson and
Whitehead products which play a role in the computation of y(S?).

PROPOSITION (7.7). If S* denotes the real 3-sphere then y(S?) = 3.

The demonstration of Proposition (7.7) is made, as in the case of Theorem (7.2),
with the nonexpert in mind.
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Let X and Y be pointed, topological spaces. Let £Y = S' A Y denote the reduced
suspension of ¥ and let QY = (S, Y) denote the loop space of Y. Z and Q define
functors from the category of point topological spaces to the category of pointed
topological spaces. The exponential law, cf. [12], establishes a homeomorphism ex:
(ZX,ZY) = (X, QX Y) of H-groups such that for any diagram

x 1.3y
N
27z

the diagram

ex(f)
X— QXY

ex(gf) l )
Qrz

commutes. In particular,

(7.8) Any map G: X »QXY, G =ex(g), factors as a product Q(g) ex(lgy) where
Q(g) is an H-map (i.e. map of H-spaces), and

(7.9) the diagram

X, ex(lxy))

X, Y) (X, QXY)

z ex
(X, 2Y)
commutes.

Let H denote the quaternions with the usual norm. Thus, S* can be identified
with the elements of norm 1 in H and the group operation on S* is given by
multiplication in H. Let

HE**'=Hx---xH
kY1

with the usual norm and let HS* denote the elements of norm 1 in HE**+!, §?3
operates on HS* by scalar multiplication and by definition, quaternionic projective
space HP* is the orbit space of $° acting on H.S*. The embedding

HE**' o HE*'2, (a1, ..., ¢ 1) = (@, ..., @iy, 0),
preserves scalar multiplication and induces embeddings
HS* ¢ HS**! and HPF o HPFTL
Let
HS= :th} HS* and HP® =1i_lr}1 H P~
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The action of S* on HS® is principal, its orbit space is HP>, and the canonical
map HS® - HP> is locally trivial with fibre $3, i.e. HS® —»HP® is a principal
S*-bundle. Since HS* is contractible, there is by a theorem of Samelson [11,
Theorem I], an H-map s: S* > QHP>, which is a weak homotopy equivalence (cf.
[12]) and therefore, a homotopy equivalence (cf. [9, Theorem (3, 3)]), since S* and
QHP* are CW-spaces. For any k-sphere S*, let 1, : S*— S* denote the identity
map. By the cellular approximation theorem (cf. [12] or [9]), one can deform s to
a map s §°>QS*=0HP' (cQHP*®) and by (7.8), s’ factors as a product
577 s+, as
for some H-map s”. Thus, one obtains the following well known fact:

LEMMA (7.10). The H-map h =5~ 's": QS*— §° is split (but not H-split [10]) by
the map ex(1,): S° > QS84 =Q%S3,

Next, the definitions of Samelson and Whitehead products are recalled. Let X be
a pointed topological space and G an H-group. The k-iterated Samelson product
S [X, Gl x - x[X,G]=[X A~ AX,CG]
- v J . ~ J
k+1 k+1

is defined by
Sk(.f}c-Flﬂ R Lfl) = [f_}c+17 [f_}(’ et [ﬁ:f_i] . ]]

where

fi=fpopi X x - x XX
k41

is the projection on the ith coordinate, and [, ] is the standard commutator bracket,
cf. Baues [4]. S, depends on the bracketing, e.g. [ 3, [ /3, /1]] is not in general equal
to [ /5, /o], /1], and if X is the suspension XX’ of some space X’ then Sy is
(k + 1)-multiplicative. Let Y be a pointed topological space. The k-iterated White-
head product

Wil [ZX, Y] % - X [EX, Y] [Z(X A -~ A X), Y]

L

A a1

is defined as the composite

€x
—

hY
[EX, Y] x - x[ZX, Y] = [X, QY] x - x[X, QY] =5 [X A - A X, QY]

ex
—

= [ZX A---rX), Y]
cf. Baues [4]. As above, W, depends on the bracketing and if X is a suspension then
W, is (k + 1)-multiplicative.
Since the map ex(i,): S®—QS* is not an H-map, the following result is a bit
surprising.
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LEMMA (7.11). For k = 2, the diagram below is commutative

Wi
T3(S*) x -+ - x 1y (S — 7'f(k+1)4—k(Sk)

N I:
7t3(53) XX 3(8?) T’ n(k+1)3(S3)
k
and the suspension homomorphisms ¥ are injective.
Proof. Let h: Q8*— S* denote the H-map in Lemma (7.10) and consider the

diagram

K,

~,

Wi
7‘7T4(S4) X X (S — i + 1)4—k(S4)

! ex = = ex N,
i \.
s l, 4 4 Sk 4\\\ )
I (QSY) X"'an(QS)'“”’”(k+1)3(QS);
v /
‘\ i h* /’
\ L

\ Sk 7
13(S?) X -+ - X 13(S%) —> 7T(k+1)3(S3) -

By (7.9) and (7.10), the homomorphism ex X splits #,.. Thus, X splits s, ex. Thus,
the suspension homomorphisms X are injective.

To complete the proof of the lemma, it suffices in view of the commutativity of
the solid arrows in the diagram above and the fact that X splits # ex to show that
image(W,.) < image(X). Since W, is (k + 1)-additive and 7,(S*) is generated by 1,,
it suffices to show that W, (i, ..., 1,) € image(Z). But, for k = 2, this follows from
[5, Corollaries (2.4) and (2.5)].

Proof of Proposition (7.7). By Lemmas (7.5) and (7.6), it suffices to show that
7"(S§% = 3. Thus it is enough to show that the homotopy class [¢,] of ¢, is trivial
for k > 2 and nontrivial for k = 2. Clearly, [¢.] = Si(15, . . ., 13). By Lemma (7.17),
the diagram below is commutative

(14""’14)H Wk(l49'--: 14)
pX z

(13, . 7oy 13) 2 Si(ts, .. 5 13) = [04]

and S.(13,...,13) =0 if and only if W.(1,,..., 1) =0. But, by [5, Corollaries
(2.4) and (2.95)], W, (14, - . ., 1) is trivial or not according to whether k > 2 or =2.

COROLLARY (7.12). y(SL,(R)) = 3.

Proof. Since SO4(R) is a deformation retract of SL,(R), cf. [7, §2], it suffices to
show that y(SO,(R)) = 3. By well known results, the action of SO,(R) on §*
induces a semidirect decomposition SO,(R) = §°* x SO;(R). Thus, p(SO,(R)) =
9(S3) and by Proposition (7.7), y(S°) = 3.

Remark. It is reasonable to hope that with some work, one can compute
y(SO;(R)) and then using the semidirect decomposition above, compute 7(SO,(R)).
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This might give one sufficient insight to guess and then prove the value of
(SO, (R)) for arbitrary n. In a similar vein, using the observation that S° = Sp,,
one might try by ad-hoc methods to compute y(SU,) (resp. y(Sp,)) and then,
assuming one has been successful, apply the experience gained to compute y(SU,)
(resp. y(Sp,)) for arbitrary n.

The next corollary answers a question of H. Bass concerning the existence of
nonnormal subgroups of GL,(4) which are normalized by E,(4).

COROLLARY (7.13). There are commutative finitely generated Z-algebras R such
that SL,(R) contains nonnormal subgroups normalized by E,(R).

Proof. Suppose for some R as above, there are elements o, p € SL,(R) such that
the order of ¢ in K;SL,(R) is infinite and such that the commutator [p, o] does not
vanish in K,SL,(R). The subgroup H of SL,(R) generated by ¢ and E,(R) is
normalized by E,(R), because E,(R) is normal in SL,(R). I shall show that H is not
normalized by p. Each element of H can be written as a product ¢’z for some i e Z
and ¢ € E,(R). If H were normalized by p then [p, 0] =6 mod E,(R) for some
i#0. Thus, for any k=1, the k-iterated commutator [p,[p,...,[p, 0] -] =
" mod E,(R). But, since the Bass—Serre dimension §(R) is finite, K,SL,(R) is
nilpotent by Theorem (4.1) and thus, for some k > 1, ¢ =1 mod E,(R). This
contradicts the fact that ¢ has infinite order in K, SL,(R).

Next, I shall construct R, g, and p satisfying the assumptions above. Let ¢” and
p": S x §%x §*— §* denote the projections on the third and second coordinates,
respectively, and let ¢’ and p’ denote the composition of ¢” and p”, respectively,
with the canonical map S°*-SO,(R) given by the semidirect decomposition
SO,(R) = 82 x SO5(R). The proof of Proposition (7.7) shows that the commutator
o', 61 €[S? x §3 x 53, 80,(R)] is nontrival (in fact, if 7: 8% x S3 x § - S0,(R)
denotes the composite of projection on the first coordinate followed by the
canonical map S°-—SO,(R) then the proof of Proposition (7.7) shows that
[z, [p’, 6’1] is still nontrivial). Furthermore, ¢’ has infinite order in [S® x §°> x S3,
SO,(R)], because the canonical map S°*—S3x 8*x S3, x—(1,1,x), and the
canonical map SO,(R) - S* induce a homomorphism [S® x §* x §3, SO,(R)] -
[S°, S°] which takes ¢’ 1g; and it is well known that [S3, S°] = n5(S%) is iso-
morphic to Z with generator 1g5s;. Using the fact that SO,(R) is a deformation
retract of SL,(R) [7, §2], identify [S3 x §3 x 83, SO,(R)] 2 [S3 x §% x §3, SL,(R)]
and identify the elements ¢’ and p’ with their images in [S® x S§* x $3, SL,(R)].
Consider now the canonical surjective homomorphism

K SL,(R(S® x §2 x §%) =[S° x §3 x §3, SL,(R)],

described prior to (7.4). Let o and p be preimages, respectively, of ¢” and p’. If R
denotes the subring of R(S> x §* x $3) generated by the coefficients of ¢ and p then
it is clear that R, o, and p satisfy the assumptions in the first paragraph of the
proof.
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