Proceedings of A.Razmadze Mathematical Institute, Vol. 117, 1998

RELATIONSHIP OF NON-ABELIAN TENSOR PRODUCTS AND NON-ABELIAN HOMOLOGY OF GROUPS WITH WHITEHEAD’S GAMMA FUNCTOR

N. INASSARIDZE

Abstract. Brown and Loday’s exact sequence about the relationship of Whitehead’s gamma functor with the non-abelian tensor product and the exterior product of groups is generalized for precrossed modules and is extended using their non-abelian left derived functors and non-abelian homology of groups.

Sufficient conditions of finite generation of the non-abelian tensor product of groups and sufficient conditions of finiteness of the non-abelian homology of groups with coefficients in groups are established.

Introduction

Let μ : M → P and ν : N → P be crossed modules over a group P and let M and N act on each other via P . Then R. Brown and J.-L. Loday get the following result [5]: there exists an exact sequence of groups Γ(M ×_P N/ < M, N >)^Ψ−→ M ⊗ N −→ M ∧^P N −→ 1, where Γ is Whitehead’s universal quadratic gamma functor [20] (see definition below), M ×_P N = {(m, n) ∈ M × N | μ(m) = ν(n)}, < M, N >= Im((λ, λ^′) : M ⊗ N → M ×_P N, (λ, λ^′)(m ⊗ n) = (m ·^n m^{−1},^m nn^{−1})), M ⊗ N and M ∧^P N are non-abelian tensor and non-abelian exterior products of M and N respectively, Ψ(γ(m, n)) = m ⊗ n. Also Ψ has central image.

The non-abelian tensor product of groups was introduced by R. Brown and J.-L. Loday [3-5] following works of A. Lue [15] and R.K. Dennis [6]. It arises in applications to homotopy theory of a generalized Van Kampen theorem. It was defined for any

1991 Mathematics Subject Classification. 18G50.

Key words and phrases. Tensor product, homology, Gamma functor.

groups A and B which act on themselves by conjugation (^xy = xyx^{−1}) and each of which acts on the other, but the theory got development when actions satisfy the following compatibility conditions: (^a b)a′ = aba^{−1} a′, (^ba)b′ = bab^{−1} b′ (1) for all a, a^′ ∈ A and b, b^′ ∈ B.

Guin generalized the tensor product of Brown and Loday for μ : M → P , ν : N → P precrossed modules [8] in the sense that the groups A and B acting on each other compatibly form in a natural way a pair of crossed modules for which Guin’s tensor product coincides with Brown and Loday’s tensor product. We always

denote Guin’s non-abelian tensor product of precrossed modules by M^G⊗ N (see definition below).

Using the non-abelian tensor product Guin [8] defined non-abelian homology of a group G with coefficients in G-crossed module A in low dimensions H_0(G, A), H_1(G, A) and which have important applications to K-theory of non-commutative local rings.

The definition of non-abelian homology of a group G with coefficients in any group A in any dimensions H_n(G, A), n ≥ 0 necessitated another generalization of the non-abelian tensor product of Brown and Loday (see [11]).

Let A and B be arbitrary groups which act on themselves by conjugation and each of which acts on the other. The non-abelian tensor product A ⊗ B of the groups A and B [11] is the group generated by the symbols a ⊗ b, (a ∈ A, b ∈ B) subject to the relations

aa^′ ⊗ b = (^aa^′ ⊗^ab)(a ⊗ b) a ⊗ bb^′ = (a ⊗ b)(^ba ⊗^bb^′) (a ⊗ b)(a^′ ⊗ b^′) = (^{[a,b]}a^′ ⊗^{[a,b]}b^′)(a ⊗ b) (a^′ ⊗ b^′)(a ⊗ b) = (a ⊗ b)(^{[b,a]}a^′ ⊗^{[b,a]}b^′)

for all a, a^′ ∈ A and b, b^′ ∈ B ,where [a, b] = aba^{−1}b^{−1} ∈ A ∗ B. Note that when the actions are compatible then this tensor product coincides the Brown-loday tensor product.

As the non-abelian left derived functors of the non-abelian tensor product of groups a non-abelian homology of groups is constructed with coefficients in any group [11] which generalizes the classical Eilenberg- MacLane homology theory of groups [1] and extends Guin’s non-abelian homology [8]. For non-commutative local rings the relationship of Milnor’s algebraic K-functor K_2 with the symbol group Sym is given in terms of a long exact sequence of non-abelian homology of groups [11] extending Guin’s six terms exact sequence [8]. In fact, let R be a non-commutative local ring such that R/ Rad R ≠ F_2 , then one has the following exact sequence of groups · · · −→ H_3(R^∗, [R^∗, R^∗]) −→ H_2(R^∗, U(R), [R^∗, R^∗]) −→ H_2(R, U(R)) −→ −→ H_2(R^∗, [R^∗, R^∗]) −→ H_1(R^∗, U(R), [R^∗, R^∗]) −→ H_1(R, U(R)) −→ −→ H_1(R^∗, [R^∗, R^∗]) −→ K_2(R) −→ Sym(R) −→ [R^∗, R^∗]/[R^∗, [R^∗, R^∗]] −→ 1.

In Section 1 we continue to study the abovementioned generalized non-abelian tensor product of groups. It is shown the natural relation of the non-abelian tensor product of groups with any actions with the non-abelian tensor product of groups with compatible actions.

Sufficient conditions are given for the non-abelian tensor product of groups to be finitely generated. As the consequence of this fact we get that GL_n(Z) ⊗ GL_n(Z), E_n(Z) ⊗ E_n(Z) and St_n(Z) ⊗ St_n(Z), n ≥ 5 are finitely generated groups, where GL_n(Z), E_n(Z) and St_n(Z) are the linear group of n × n-matrices over Z, the elementary group of n × n-matrices over Z and the non-stable Steinberg group of Z respectively.

It is proved that the non-abelian tensor product of groups M ⊗ N, of precrossed modules μ : M → P , ν : N → P over the same group P is also a precrossed module over P .

We find nontrivial generalizations (Theorem 10 and Theorem 14) of the abovementioned theorem Brown and Loday about relationship of Whitehead’s gamma functor with the non-abelian tensor product and the exterior product of groups for precrossed modules. A long exact sequence of their left derived functors and non-abelian homology of groups extends the natural epimorphism M ⊗N → M ∧^P N and this is another application of non-abelian homology of groups.

Guin’s homology with coefficients in precrossed modules^GH_n(M, N), n ≥ 0 is constructed using the non-abelian left derived functors of Guin’s tensor product. It is easy to see that when (M, μ) and (N, ν) are crossed modules then^GH_0(M, N) = H_0(M, N) and^GH_1(M, N) = H_1(M, N).

Using the left derived functors of Γ, −⊗N and ∧^P N we obtain long exact sequences extending Brown and Loday’s abovementioned three terms right exact sequence about relationship of Whitehead’s gamma functor with non-abelian tensor product and nonabelian exterior product of crossed modules and making this relationship more precise.

Section 2 is concerned with finiteness of the non-abelian homology of groups. Using the loop functor G from the category of reduced complex to the category of simplicial groups [13] we construct a new simplicial projective resolution of a group G which give the possibility to prove that if G and A are finite groups, A acts trivially on G and G acts on A such that G ⊗ A is a finite group (see sufficient conditions in [12]) then H_n(G, A), n ≥ 0 is also a finite group.

1. Non-abelian Tensor Products of Precrossed Modules

First we recall some definitions from [12]

Definition 1. Let A and B be groups, which act on each other. The Comp-subgroup of A with B, denoted by CompA(B), is the normal subgroup of A generated by the elements (^ab)a′(aba^{−1} a′)−1 where a, a^′ ∈ A, b, b^′ ∈ B.

Definition 2. It will be said that A acts on B perfectly if the action of A on B induces an action of A on Comp B(A), and that A, B are groups with perfect actions if under these actions A acts on B perfectly and B acts on A perfectly.

Proposition 3. Let A and B be groups. If they act on each other perfectly and the following conditions hold: a^′ bb−1 ∈ Comp B(A), b^′ aa−1 ∈ Comp A(B) for each a ∈ A, b ∈ B, a^′ ∈ Comp A(B), b^′ ∈ Comp B(A), then there exists an isomorphism A ⊗ B ≈ (A ⊗ B)/H, where H is a normal subgroup of A ⊗ B generated by a^′ ⊗ b^′, a^′ ∈ Comp A(B) or b^′ ∈ Comp B(A), and the groups A = A/ Comp A(B), B = B/ Comp B(A) act on each other compatibly by the induced actions.

Proof. It is easy to see that the actions of the groups A and B induce compatible actions of the groups A = A/ Comp A(B) and B = B/ Comp B(A).

We have a natural homomorphism f^′ : A⊗B −→ A⊗B. It is clear that f^′(H) = 1. This induces a homomorphism f : (A ⊗ B)/H −→ A ⊗ B. Define a map g^′ : A × B −→ (A ⊗ B)/H by the formula g^′([a], [b]) = [a ⊗ b]. Since

aa^′ ⊗ bb^′ = (^aa^′ ⊗^ab ·^ab^′)(a ⊗ bb^′) = (^aa^′ ⊗^ab)(^{(ab)}(^aa^′) ⊗^{(ab)}(^ab^′)) · ·(a ⊗ b)(^ba ⊗^bb^′), for every a ∈ A, b ∈ B, a^′ ∈ Comp A(B), b^′ ∈ Comp B(A), the map g^′ is defined correctly. It is easy to see that g^′ satisfies the conditions of crossed pairing. Therefore g^′ induces a homomorphism g : A ⊗ B −→ (A ⊗ B)/H, g([a] ⊗ [b]) = [a ⊗ b]. It is clear that fg and gf are identity homomorphisms. The proof is complete. ■

Theorem 4. Let M and N be normal subgroups of some group G acting on each other by conjugation in G. If the groups [M, N], M ∩ N, H_2(MN), H_3(MN/M), H_3(MN/N) are finitely generated, then M ⊗ N is a finitely generated group.

Proof. From [5, Theorem 4.5] we have an exact sequence −→ H_3(MN/M) ⊕ H_3(MN/N) −→ Ker([, ] : M ∧ N → [M, N]) −→ H_2(MN) −→ · · · , (2) where M ∧ N is the quotient of M ⊗ N by the subgroup generated by the elements x ⊗ x with x ∈ M ∩ N [5] and the homomorphism [, ] : M ∧ N → [M, N] is defined by m ⊗ n → [m, n].

Under the conditions of the theorem the exact sequence (2) implies that Ker([, ] : M ∧ N → [M, N]) is finitely generated and hence M ∧ N is a finitely generated group.

From [5, Theorem 2.12] we have the exact sequence Γ((M ∩ N)/[M, N]) −→ M ⊗ N −→ M ∧ N −→ 1. (3) Now we have to show that if A is a finitely generated abelian group, then the group Γ(A) is finitely generated. Let consider the natural epimorphism F → A, where F is the free abelian group generated by the generators of A. From [20] the induced homomorphism γ(F ) → γ(A) is surjective and γ(F ) is a finitely generated free abelian group, therefore γ(A) is a finitely generated abelian group.

Since (M ∩ N)/[M, N] is a finitely generated abelian group, this implies that Γ((M ∩ N)/[M, N]) is also finitely generated. From (3) one deduces that M ⊗ N is a finitely generated group. The proof is complete. ■

Corollary 5. Let G be a finitely generated group such that its abelization is finite and H_2(G) is finitely generated then the non-abelian tensor square G ⊗ G is finitely generated.

Note that the linear group GL_n(Z), the elementary group E_n(Z) and the Steinberg group St(Z), n ≥ 5, where Z is the ring of integers, satisfy conditions of Corollary 5. For instance it will be shown for the elementary group.

It is known that the group E_n(Z) is perfect and finitely generated for n ≥ 3 [2,10]. The non-stable Steinberg group St_n(Z) of the ring Z is the universal central extension of E_n(Z) for n ≥ 5 [16] and we have the exact sequence 0 −→ K_2(n, Z) −→ St_n(Z) −→ E_n(Z) −→ 1, where K_2(n, Z) is the non-stable Milnor functor of the ring Z. Therefore H_2(E_n(Z)) = K_2(n, Z), n ≥ 5. By the stability theorem we have the isomorphism K_2(n, Z)^≈−→ K_2(Z) for n ≥ 3 [19]. By Milnor’s theorem [16] the group K_2(Z) is cyclic of order 2.

A precrossed module (M, μ) over P is a group homomorphism μ : M → P together with an action of P on M, which satisfies the following condition μ(^pm) = pμ(m)p^{−1}, p ∈ P, m ∈ M. If in addition μ(m)m′ = mm′m−1, m, m′ ∈ M, then (M, μ) is a crossed module over P .

Proposition 6. Let μ : M → P , ν : N → P be precrossed modules over the group P . Let M and N act on each other via P and themselves by conjugation. Then (i) The group P acts on the group M ⊗ N as follows^p(m ⊗ n) =^pm ⊗^pn, (ii) λ : M ⊗ N → P defined by the formula λ(m ⊗ n) = [μ(m), ν(n)] with the actions of P on M ⊗ N as in (i) is a precrossed module over P .

Proof. (i) We only have to show that every element p ∈ P induces a homomorphism ~p : M ⊗ N −→ M ⊗ N, ~p(m ⊗ n) =^p(m ⊗ n) =^pm ⊗^pn. It follows from the equalities

pm ·^pm^′ ⊗^pn = (^{(pm)}(^pm^′) ⊗^{μ(p m)}(^pn))(^pm ⊗^pn) = (^{pmp−1 p}m^′ ⊗^{pmp−1 p}n)· (^pm ⊗^pn) = (^{pm}m^′ ⊗^{pm}n)(^pm ⊗^pn), pm ⊗^pn ·^pn^′ = (^pm ⊗^pn)(^{ν(pn)}(^pm) ⊗^{(pn)}(^pn^′)) = (^pm ⊗^pn)(^{pnp−1 p}m ⊗^{pnp−1 p}n^′) = (^pm ⊗^pn)(^{pn}m ⊗^{pn}n^′), p(^{[m,n]}m^′) ⊗^p(^{[m,n]}n^′) =^{[pm,pn]}(^pm^′) ⊗^{[pm,pn]}(^pn^′) = (^pm ⊗^pn)· (^pm^′ ⊗^pn^′)(^pm ⊗^pn)^{−1}, p(^{[n,m]}m^′) ⊗^p(^{[n,m]}n^′) =^{[pn,pm]}(^pm^′) ⊗^{[pn,pm]}(^pn^′) = (^pm ⊗^pn)^{−1}· (^pm^′ ⊗^pn^′)(^pm ⊗^pn).

(ii) Let define a map ~λ : M × N → P , ~λ(m, n) = [μ(m), ν(n)].

We have ~λ(mm′, mn)~λ(m, n) = [μ(mm′), ν(mn)] · [μ(m), ν(n)] = μ(m)μ(m′)μ(m)−1μ(m)· ν(n)μ(m)^{−1} · μ(m)μ(m^′)^{−1}μ(m)^{−1}μ(m)ν(n)^{−1}μ(m)^{−1} · μ(m)ν(n)μ(m)^{−1}ν(n)^{−1} = μ(m)μ(m^′)ν(n)μ(m^′)^{−1}μ(m)^{−1}ν(n)^{−1} = ~λ(mm^′, n). The prove of the rest three conditions of the crossed pairing (for the definition see [11]) is similar. Therefore ~λ is a crossed pairing and induces a homomorphism λ : M ⊗ N → P defined by the formula λ(m ⊗ n) = [μ(m), ν(n)].

Show that λ is precrossed module over P with the action of P on M ⊗ N defined in (i). In effect

λ(^p(m ⊗ n)) = [μ(^pm), ν(^pn)] = [pμ(m)p^{−1}, pν(n)p^{−1}] = p[μ(m), ν(n)]p^{−1} = pλ(m ⊗ n)p^{−1}. The proof is complete. ■

Now we recall Guin’s definition of the non-abelian tensor product of precrossed modules. Let μ : M → P and ν : N → P be precrossed modules over the group P . Let M and N act on each other and themselves via the group P i.e.

mm^′ =^{μ(m)}m^′,^mn =^{μ(m)}n, nm =^{ν(n)} m,^nn^′ =^{ν(n)}n^′,

for any m, m^′ ∈ M, n, n^′ ∈ N.

Definition 7 ([8]). Guin’s non-abelian tensor product of precrossed modules (M, μ) and (N, ν) over P is the group M^G⊗ N generated by the symbols m ⊗ n and defined by the relations mm^′ ⊗ n = (^mm^′ ⊗^mn)(m ⊗ n), m ⊗ nn^′ = (m ⊗ n)(^nm ⊗^nn^′), for every m, m^′ ∈ M and n, n^′ ∈ N.

Let μ : M → P and ν : N → P be precrossed modules over P . The associated crossed modules are μ^′ : M/M^′ −→ P, ν^′ : N/N^′ −→ P, where M^′ is a normal subgroup of M generated by the elements^{μ(m)}m^′mm^{′−1}m^{−1}, for m, m^′ ∈ M, N^′ is a normal subgroup of N generated by the elements^{ν(n)}n^′nn^{′−1}n^{−1}, for n, n^′ ∈ N, μ^′ and ν^′ are induced by μ and ν respectively.

One has the canonical epimorphism M^G⊗ N^f−→ M/M^′ ⊗ N/N^′. It is easy to verify that Ker f is a normal subgroup generated by the elements m ⊗ n, where m ∈ M^′ or n ∈ N^′.

Let consider the fibre product M ×_p N = {(m, n) ∈ M × N : μ(m) = ν(n)}. Definition 8. The (non-abelian) exterior product M ∧^P N is obtained from the tensor product M^G⊗ N by imposing the additional relations m ⊗ n = 1 for all (m, n) ∈ M ×_p N. Now we recall the definition of Whitehead’s Γ-functor [20].

Definition 9. Let A be an abelian group. Then Γ(A) is the group with generators γ(a), a ∈ A and the following relations: γ(a) = γ(a^{−1}), γ(abc)γ(a)γ(b)γ(c) = γ(ab)γ(bc)γ(ac), for every a, b, c ∈ A.

Theorem 10. Let (M, μ) and (N, ν) be precrossed modules over the group P such that μM ∩ νN acts trivially on X, where X is the subgroup of M^G⊗ N generated by the elements m ⊗ n such that μ(m) = ν(n). Then there is an exact sequence of groups Γ((M ×_p N)^{ab})^Ψ−→ M^G⊗ N −→ M ∧^p N −→ 1, where Ψ(γ(m, n)) = m ⊗ n. Also Ψ has central image.

Proof. Let ~Ψ : M ×_p N → M^G⊗ N be the map (m, n) → m ⊗ n; Therefore X = Ker(M^G⊗ N → M ∧^p N) is the subgroup of M^G⊗ N generated by Im ~Ψ.

Let consider a homomorphism λ : M^G⊗ N → P , λ(m ⊗ n) = [μ(m), ν(n)]. From [8, Proposition 2.4] it is known that (M^G⊗ N, λ) is crossed module over P .

We have to show that X is central. Since λ(m ⊗ n) = [μ(m), ν(n)] = 1 for (m, n) ∈ M ×_p N, one has X ⊆ Ker λ. But Ker λ is central in M^G⊗ N and therefore X is also central.

Let (m, n), (u, v) ∈ M ×_p N. Since μ(m) = ν(n), m ⊗ n, u ⊗ v ∈ Z(M^G⊗ N) and μM ∩ νN acts trivially on X, one has

mu ⊗ nv = (^mu ⊗^mn^mv)(m ⊗ nv) = (^mu ⊗^mn)(^{(mn)}(^mu) ⊗^{(mn)}(^mv))· (m ⊗ n)(^nm ⊗^v n) =^m {(u ⊗ n)(m ⊗ v)} (m ⊗ n)(u ⊗ v). Hence (u ⊗ n)(m ⊗ v) ∈ X and mu ⊗ nv = (u ⊗ n)(m ⊗ v)(m ⊗ n)(u ⊗ v), (4) Let (m, n), (m_1, n_1), (m_2, n_2) ∈ M ×_p N. Then by (4) one has m[m_1, m_2] ⊗ n[n_1, n_2] = (m_1m_2m^{−1}_1 m^{−1}_2 ⊗ n)(m ⊗ n_1n_2n^{−1}_1 n^{−1}_2 )(m ⊗ n)· (m_1m_2m^{−1}_1 m^{−1}_2 ⊗ n_1n_2n^{−1}_1 n^{−1}_2 ) =^{m1m2m−11} (m^{−1}_2 ⊗ n) ·^{m1m2} (m^{−1}_1 ⊗ n)·

m_1 (m

2 ⊗ n)(m_1 ⊗ n)(m ⊗ n_1) ·^{n1} (m ⊗ n_2) ·^{n1n2} (m ⊗ n^{−1}_1 ) ·^{n1n2 n−11} (m ⊗ n^{−1}_2 ) (m ⊗ n)(m_2m^{−1}_1 m^{−1}_2 ⊗ n_1)(m_1 ⊗ n_2n^{−1}_1 n^{−1}_2 )(m_1 ⊗ n_1) (m_2m^{−1}_1 m^{−1}_2 ⊗ n_2n^{−1}_1 n^{−1}_2 ) = {(m_1 ⊗ n)(m ⊗ n_1)} ·^{m1} {(m_2 ⊗ n)(m ⊗ n_2)} ·

m_1 m_2 {(m−1

1 ⊗ n)(m ⊗ n^{−1}_1 ) } ·^{m1m2 m−11} { (m^{−1}_2 ⊗ n)(m ⊗ n^{−1}_2 ) } (m ⊗ n) {(m_2 ⊗ n_1)(m_1 ⊗ n_2)} ·^{m2} { (m^{−1}_1 ⊗ n_1)(m_1 ⊗ n^{−1}_1 ) } · m_2 m^{−1}_1 {(m−1

2 ⊗ n_1) · (m_1 ⊗ n^{−1}_2 ) } (m_1 ⊗ n_1)(m^{−1}_1 m^{−1}_2 ⊗ n_2)(m_2 ⊗ n^{−1}_1 n^{−1}_2 )· (m_2 ⊗ n_2)(m^{−1}_1 m^{−1}_2 ⊗ n^{−1}_1 n^{−1}_2 ) = {(m_1 ⊗ n)(m ⊗ n_1)} { (m^{−1}_1 ⊗ n)(m ⊗ n^{−1}_1 ) } · {(m_2 ⊗ n)(m ⊗ n_2)} { (m^{−1}_2 ⊗ n)(m ⊗ n^{−1}_2 ) } (m ⊗ n) {(m_2 ⊗ n_1)(m_1 ⊗ n_2)} · { (m^{−1}_2 ⊗ n_1) · (m_1 ⊗ n^{−1}_2 ) } { (m^{−1}_1 ⊗ n_1)(m_1 ⊗ n^{−1}_1 ) } (m_1 ⊗ n_1)· { (m^{−1}_1 ⊗ n_2)(m_2 ⊗ n^{−1}_1 ) } ·^{m−11} { (m^{−1}_2 ⊗ n_2)(m_2 ⊗ n^{−1}_2 ) } (m_2 ⊗ n_2)· { (m^{−1}_2 ⊗ n^{−1}_1 )(m^{−1}_1 ⊗ n^{−1}_2 ) } (m^{−1}_1 ⊗ n^{−1}_1 )(m^{−1}_2 ⊗ n^{−1}_2 ) = (m ⊗ n)(m_1 ⊗ n_1)^{−1}· (m_1 ⊗ n_2)^{−1} · (m_2 ⊗ n_1)^{−1}(m_2 ⊗ n_2)^{−1}(m_2 ⊗ n_2)^{−1} · (m_2 ⊗ n_2)(m_2 ⊗ n_1)· (m_1 ⊗ n_2)(m_1 ⊗ n_1)(m_2 ⊗ n_2) = (m ⊗ n). This proves that ~Ψ induces a map on (M ×_p N)^{ab}.

We now start the proof that ~Ψ induces a homomorphism on Γ((M ×_p N)^{ab}). Let (m, n) ∈ M ×_p N, then

m^{−1} ⊗ n^{−1} = (^{m−1} m ⊗^{m−1} (n^{−1}))^{−1} =^{m−1} (^{n−1} m ⊗^{n−1} n) =^{m−1n−1} (m ⊗ n) = m ⊗ n.

Therefore ~Ψ[(m, n)] = ~Ψ[(m^{−1}, n^{−1})] for (m, n) ∈ M ×_p N. Let (m, n), (m_1, n_1), (m_2, n_2) ∈ M ×_p N. Then by (4) mm_1m_2 ⊗ nn_1n_2 = (m_1m_2 ⊗ n)(m ⊗ n_1n_2)(m ⊗ n)(m_1m_2 ⊗ n_1n_2) =

m_1 (m

2 ⊗ n)(m_1 ⊗ n)(m ⊗ n_1) ·^{n1} (m ⊗ n_2)(m ⊗ n)(m_1m_2 ⊗ n_1n_2) = {(m_1 ⊗ n)(m ⊗ n_1)}{(m_2 ⊗ n)(m ⊗ n_2)}(m ⊗ n)(m_1m_2 ⊗ n_1n_2), mm_1 ⊗ nn_1 = {(m_1 ⊗ n)(m ⊗ n_1)}(m ⊗ n)(m_1 ⊗ n_1), mm_2 ⊗ nn_2 = {(m_2 ⊗ n)(m ⊗ n_2)}(m ⊗ n)(m_2 ⊗ n_2). Hence

(mm_1m_2 ⊗ nn_1n_2)(m ⊗ n)(m_1 ⊗ n_1)(m_2 ⊗ n_2) = (mm_1 ⊗ nn_1)· (m_1m_2 ⊗ n_1n_2)(mm_2 ⊗ nn_2), i.e.

~Ψ[(mm_1m_2, nn_1n_2)]~Ψ[(m, n)]~Ψ[(m_1, n_1)]~Ψ[(m_2, n_2)] = ~Ψ[(mm_1, nn_1)]· ~Ψ[(m_1m_2, n_1n_2)]~Ψ[(mm_2, nn_2)].

Thus ~Ψ induces a homomorphism Ψ : Γ((M ×_p N)^{ab}) → M^G⊗ N given by Ψ(γ(m, n)) = m ⊗ n. The proof is complete. ■

Corollary 11. Let (M, μ) and (N, ν) be precrossed P -modules and let [μM, νN] = μM ∩ νN. Then there is an exact sequence of groups Γ((M ×_p N)^{ab})^Ψ−→ M^G⊗ N −→ M ∧^p N −→ 1, where Ψ(γ(m, n)) = m ⊗ n. Also Ψ has central image.

Proof. We have only to show that μM ∩ νN acts trivially on X = Ker(M^G⊗ N → M ∧^p N). Let p ∈ μM ∩ νN and l ∈ Ker λ, where λ : M^G⊗ N → P , λ(m ⊗ n) = [μ(m), ν(n)].

Then there exists l^′ ∈ M^G⊗ N such that λ(l^′) = p. Since [8] (M^G⊗ N, λ) is a crossed module over P and therefore l is in the center of M ⊗ N, one gets pl =^{λ(l′ )}l = l^′ll^{′−1} = l. Hence μM ∩ νN acts trivially on Kerλ. Since X ⊆ Ker λ, the group μM ∩ νN acts trivially on X. Then from Theorem 10 follows the assertion. The proof is complete. ■

We have a non-trivial Example 12. Let P be a perfect group i.e. P = [P, P ], A be any group and P act on A non trivially. Let (M, μ) = (N, ν) = (A ▷◁ P, f), where A ▷◁ P is a semidirect product of A and P , f is the natural surjective homomorphism of A ▷◁ P on P . The action of P on A ▷◁ P is given by the formula:^{p′} (a, p) = (^{p′} a,^{p′} p). It is easy to verify that (M, μ) = (N, ν) is a precrossed module, not crossed module and [μM, νN] = μM ∩ νN. A similar result holds for our non-abelian tensor product of precrossed modules extending Brown and Loday’s Theorem 2.12 [5] for crossed modules.

Lemma 13. Let A and B be groups which act on each other and on themselves by conjugation.

(i) If a ∈ A such that^{(ab̄)}ā =^{ab̄a−1}ā, for every ā ∈ A, b̄ ∈ B, then a induces the homomorphism ~a : A ⊗ B −→ A ⊗ B, ~a(a^′ ⊗ b^′) =^a(a^′ ⊗ b^′) =^aa^′ ⊗^ab^′.

(ii) If b ∈ B such that^{(bā)}b̄ =^{bāb−1}b̄, for every ā ∈ A, b̄ ∈ B, then b induces the homomorphism ~b : A ⊗ B −→ A ⊗ B, ~b(a^′ ⊗ b^′) =^b(a^′ ⊗ b^′) =^ba^′ ⊗^bb^′.

(iii) If a, a^′ ∈ A such that^{(ab̄)}ā =^{ab̄a−1}ā,^{(a′ b̄)}ā =^{a′b̄a′−1}ā, for every ā ∈ A, b̄ ∈ B and if b, b^′ ∈ B such that^{(bā)}b̄ =^{bāb−1}b̄,^{(b′ ā)}b̄ =^{b′āb′−1}b̄, for every ā ∈ A, b̄ ∈ B, then g ·^ba^{−1} ⊗ b^′ = (a ⊗ b) ·^{b′} (a ⊗ b)^{−1}, a^′ ⊗^abb^{−1} =^{a′} (a ⊗ b)(a ⊗ b)^{−1}.

Proof. (i) Follows from the equalities

a(a^′a^{′′} ⊗ b^′) =^aa^′ ·^aa^{′′} ⊗^ab^′ = (^{(a a′)a}a^{′′} ⊗^{(aa′ )a}b^′)(^aa^′ ⊗^ab^′) = = (^{aa′} a^{′′} ⊗^{aa′} b^′)(^aa^′ ⊗^ab^′) =^a(^{a′} a^{′′} ⊗^{a′} b^′) ·^a(a^′ ⊗ b^′), a(a^′ ⊗ b^′b^{′′}) =^aa^′ ⊗^ab^′ ·^ab^{′′} = (^aa^′ ⊗^ab^′)(^{(a b′)a}a^′ ⊗^{(ab′ )a}b^{′′}) = = (^aa^′ ⊗^ab^′)(^{ab′} a^′ ⊗^{ab′} b^{′′}) =^a(a^′ ⊗ b^′) ·^a(^{b′} a^′ ⊗^{b′} b^{′′}), a(a^′ ⊗ b^′) ·^a(a^{′′} ⊗ b^{′′}) ·^a(a^′ ⊗ b^′)^{−1} = (^aa^′ ⊗^ab^′)(^aa^{′′} ⊗^ab^{′′})(^aa^′ ⊗^ab^′)^{−1} = =^{[a a′,ab′ ]a}a^{′′} ⊗^{[a a′,ab′ ]a}b^{′′} =^{a[a′ ,b′]}a^{′′} ⊗^{a[a′,b′]}b^{′′} =^a(^{[a′ ,b′]}a^{′′} ⊗^{[a′,b′ ]}b^{′′}), a(a^′ ⊗ b^′)^{−1} ·^a(a^{′′} ⊗ b^{′′}) ·^a(a^′ ⊗ b^′) = (^aa^′ ⊗^ab^′)^{−1}(^aa^{′′} ⊗^ab^{′′})(^aa^′ ⊗^ab^′) = =^{[a b′,aa′ ]a}a^{′′} ⊗^{[a b′,aa′ ]a}b^{′′} =^{a[b′ ,a′]}a^{′′} ⊗^{a[b′,a′]}b^{′′} =^a(^{[b′ ,a′]}a^{′′} ⊗^{[b′,a′ ]}b^{′′}). (ii) Can be proved analogously. (iii) a ·^ba^{−1} ⊗ b^′ = (^{ab}a^{−1} ⊗^ab^′)(a ⊗ b^′) = (^{ab}a^{−1} ⊗^ab^{−1})(^{(a b−1 )ab}a^{−1} ⊗^{(ab−1)ab}(b^′b)) (a ⊗ n^′) = (a ⊗ b)(a^{−1} ⊗^ab^′ ·^ab)(a ⊗ b^′) = (a ⊗ b)(a^{−1} ⊗^ab^′)(^{(a b′ )}a^{−1} ⊗^{(ab′ )a}b) (a ⊗ b^′) = (a ⊗ b)(a ⊗ b^′)^{−1}(^{ab′} a^{−1} ⊗^{ab′} b)(a ⊗ b^′) = (a ⊗ b) ·^{b′} (a ⊗ b)^{−1}.

The second part of (iii) is proved similarly. The proof is complete. ■ Theorem 14. Let μ : M → P and ν : N → P be precrossed modules over the group P . Let M and N act on each other via P and on themselves by conjugation and the following conditions hold: μ(m)m′ = mm′m−1 if ∃ n ∈ N such that μ(m) = ν(n), ν(n)n′ = nn′n−1 if ∃ m ∈ M such that ν(n) = μ(m). Then there is an exact sequence of groups Γ((M ×_p N)^{ab})^Ψ−→ M ⊗ N −→ M ∧^p N −→ 1, where Ψ(γ(m, n)) = m ⊗ n. Also Ψ has central image.

Proof. Let ~Ψ : M ×_p N → M ⊗ N be the map given by (m, n) → m ⊗ n. Then X = Ker(M ⊗ N → M ∧^p N) is the subgroup of M ⊗ N generated by Im ~Ψ.

Now we have to show that X is central in M ⊗ N. Let m ⊗ n, m^′ ⊗ n^′ ∈ M ⊗ N and μ(m) = ν(n). Then m ·^nm^{−1} = 1,^mnn^{−1} = 1 and (m ⊗ n)(m^′ ⊗ n^′)(m ⊗ n)^{−1} =^{mnm−1n−1} m^′ ⊗^{mnm−1 n−1} n^′ =^{m·nm−1} m^′ ⊗^{mnn−1} n^′ = = m^′ ⊗ n^′ i.e. we have (m ⊗ n)(m^′ ⊗ n^′) = (m^′ ⊗ n^′)(m ⊗ n) and X is central.

If (m, n) ∈ M ×_p N then m and n verify conditions of Lemma 13, therefore they act on M ⊗ N and trivially on X.

Let (m, n), (u, v) ∈ M ×_p N. Since μ(m) = ν(n) and m ⊗ n, u ⊗ v ∈ Z(M ⊗ N) , mu ⊗ nv = (^mu ⊗^mn^mv)(m ⊗ nv) =^m {(u ⊗ n)(m ⊗ v)} (m ⊗ n)(u ⊗ v). It follows that (u ⊗ n)(m ⊗ v) ∈ X and mu ⊗ nv = (u ⊗ n)(m ⊗ v)(m ⊗ n)(u ⊗ v). (5) Suppose (m, n), (m_1, n_1), (m_2, n_2) ∈ M ×_p N. Then by using (5) one has

m[m_1, m_2] ⊗ n[n_1, n_2] = m ⊗ n.

This proves that ~Ψ induces a map defined on (M ×_p N)^{ab}.

We now start the proof that ~Ψ induces a homomorphism on Γ((M ×_p N)^{ab}). Let (m, n) ∈ M ×_p N, then

m^{−1} ⊗ n^{−1} = (^{m−1} m ⊗^{m−1} (n^{−1}))^{−1} =^{m−1} (^{n−1} m ⊗^{n−1} n) =^{m−1 n−1} (m ⊗ n) = m ⊗ n.

Hence ~Ψ[(m, n)] = ~Ψ[(m^{−1}, n^{−1})].

Let (m, n), (m_1, n_1), (m_2, n_2) ∈ M ×_p N. Then from (5) mm_1m_2 ⊗ nn_1n_2 = (m_1m_2 ⊗ n)(m ⊗ n_1n_2)(m ⊗ n)(m_1m_2 ⊗ n_1n_2) =

m_1 (m

2 ⊗ n)(m_1 ⊗ n)(m ⊗ n_1) ·^{n1} (m ⊗ n_2)(m ⊗ n)(m_1m_2 ⊗ n_1n_2) = {(m_1 ⊗ n)(m ⊗ n_1)}{(m_2 ⊗ n)(m ⊗ n_2)}(m ⊗ n)(m_1m_2 ⊗ n_1n_2), mm_1 ⊗ nn_1 = {(m_1 ⊗ n)(m ⊗ n_1)}(m ⊗ n)(m_1 ⊗ n_1), mm_2 ⊗ nn_2 = {(m_2 ⊗ n)(m ⊗ n_2)}(m ⊗ n)(m_2 ⊗ n_2). Hence we have

(mm_1m_2 ⊗ nn_1n_2)(m ⊗ n)(m_1 ⊗ n_1)(m_2 ⊗ n_2) = (mm_1 ⊗ nn_1)· (m_1m_2 ⊗ n_1n_2)(mm_2 ⊗ nn_2),

i.e.

~Ψ[(mm_1m_2, nn_1n_2)]~Ψ[(m, n)]~Ψ[(m_1, n_1)]~Ψ[(m_2, n_2)] = ~Ψ[(mm_1, nn_1)]· ~Ψ[(m_1m_2, n_1n_2)]~Ψ[(mm_2, nn_2)].

Thus ~Ψ induces a homomorphism Ψ:Γ((M ×_p N)^{ab})→M ⊗N, Ψ(γ(m, n))=m⊗ n. The proof is complete. ■

Example 15. Let A be metabelian (not abelian) group i.e. [A, A] ⊂ Z(A) (center of A). Let M = A, N = A, P = (A/Z(A)) × A, the actions of P on M and N be given: ∀ p = ([a], a^′), m = a^{′′}, n = a^{′′′} ([a],a^′)a′′ = a^′ a′′, ([a],a^′)a′′′ = a^′ a′′′ and μ : M → P , μ(a) = ([a], 1), ν : N → P , ν(a) = (1, a). Then it is easy to verify that (M, μ) is a precrossed module and not a crossed module, (N, ν) is a crossed module and conditions (1) hold.

Consider PCM(P ) the category of precrossed modules over the group P . The objects of this category are (M, μ) precrossed modules over P and morphisms (M, μ)^f−→ (M^′, μ^′) of the category are homomorphisms M^f−→ M^′ such that 1. f(^pm) =^pf(m), 2. μ^′f = μ.

Now we construct a cotriple F = (F, τ, δ) in the category PCM(P ) in the following manner. Let F : PCM(P ) → PCM(P ) be an endofunctor defined as follows: for (M, μ) ∈ ob PCM(P ) the object F (M, μ) ≡ (F (M), ~μ) is a free precrossed module ~μ : F (M) → P generated by the precrossed module (M, μ), where F (M) is the free group generated by M, ~μ is the homomorphism induced by μ and the action of P on F (M) is given by the formula:^p(|m_1|^{ϵ1} |m_2|^{ϵ2} · · · |m_s|^{ϵs} ) = |^pm_1|^{ϵ1} |^pm_2|^{ϵ2} · · · |^pm_s|^{ϵs} , for p ∈ P , |m_1|^{ϵ1} |m_2|^{ϵ2} · · · |m_s|^{ϵs} ∈ F (M) and ϵ_i = ±1. If f : (M, μ) → (M^′, μ^′) is a morphism of PCM(P ), then F (f) : (F (M), ~μ) → (F (M^′), ~μ^′) is the natural homomorphism induced by f.

Let τ : F → 1_{PCM(P )} be the obvious natural transformation and let δ : F → F^2 be the natural transformation induced for (M, μ) ∈ ob PCM(P ) by the injection M → F (M). It is easy to verify that the homomorphisms τ_{(M,μ)} and δ_{(M,μ)} are morphisms of the category PCM(P ) and that F = (F, τ, δ) is a cotriple which we call the free cotriple in the category PCM(P ) of precrossed modules over P .

It is easy to see that there exist simplicial kernels in the category PCM(P ). Consider the non-abelian left derived functors L^P_n (− ⊗ N), L^P_n (− ∧^P N), n ≥ 0, of the functors − ⊗ N, − ∧^P N : PCM(P ) → Gr respectively relative to the projective class P [9,14] induced by the free cotriple F.

Theorem 16. Let M_1^f−→ M^g−→ M_2 −→ 1 be an exact sequence of precrossed modules. Then we have the following exact sequence of groups M_1 ∧^P N^{f ′}−→ M ∧^P N^{g′}−→ M_2 ∧^P N −→ 1, where f^′ = f ∧^P 1_N , g^′ = g ∧^P 1_N .

Proof. According to the right exactness of the non-abelian tensor product of groups [11, Theorem 1] we have an exact sequence of groups M_1 ⊗ N^{f ′}−→ M ⊗ N^{g′}−→ M_2 ⊗ N −→ 1.

Let X be the subgroup of M ⊗ N generated by m ⊗ n such that μ(m) = ν(n) and X_2 be the subgroup of M_2 ⊗ N generated by m_2 ⊗ n such that μ_2(m_2) = ν(n). Then the restriction of g^′ on X is surjective on X_2.

We have a commutative diagram of groups 1 1 ↓ ↓ X −→ X_2 −→ 1 ↓ ↓ M_1 ⊗ N^{f ′}−→ M ⊗ N^{g′}−→ M_2 ⊗ N −→ 1 ↓ ↓ ↓ M_1 ∧^P N^{f ′}−→ M ∧^P N^{g′}−→ M_2 ∧^P N −→ 1 ↓ ↓ ↓ 1 1 1

.

Since columns and two top rows are exact, the bottom row is also exact. The proof is complete. ■

Theorem 17. There exists a natural isomorphism

L^P_0 (− ∧^P N) ≈ − ∧^P N

Proof. Consider a P-projective pseudosimplicial resolution of an object M of the category PCM(P ) · · · −→. .−→Xn ∂^n_0 −→. .−→ ∂^n_n · · · −→ −→ −→ X_1^∂ 1 0−→−→ ∂^1_1 X_0^{∂00}−→ M. Then the sequence of precrossed modules

Ker ∂^1_0^{∂11 σ}−−→ X_0^{∂00}−→ M −→ 1

is exact, where σ : Ker ∂^1_0 → X_1 is the inclusion and from Theorem 16 it follows that the sequence

Ker ∂^1_0 ∧^P N^{∂11 σ∧P 1N} −−−−−−→ X_0 ∧^P N^{∂00 ∧P 1N}−−−−−→ M ∧^P N −→ 1 is also exact.

We have the commutative diagram

Ker ∂^1_0 ∧^P N^{∂11 σ∧P 1N} −−−−−−→ X_0 ∧^P N f ‖ ‖ Ker(∂^1_0 ∧^P 1_N )^{∂11 ∧P 1N} −−−−−→ X_0 ∧^P N^{∂00 ∧P 1N}−−−−−→ M ∧^P N −−−−→ 1, where the homomorphism f induced by the inclusion σ is surjective by Theorem 16. Thus the bottom sequence of this diagram is exact. The proof is complete. ■

Theorem 18. Let μ : M → P , ν : N → P be precrossed modules over the group P . Then we have the following exact sequence of groups · · · −→ H_3(M, N) −→ L^P_2 (M ∧^P N) −→ L^P_1 (f, N) −→ H_2(M, N) −→ L^P_1 (M ∧^P N) −→ L^P_0 (f, N) −→ M ⊗ N^f−→ M ∧^P N −→ 1 ,

where

L^P_n (f, N) = π_n(Ker f_∗), n ≥ 0, Ker f_∗ = {Ker f^n | f^n : F^n(M) ⊗ N → F^n(M) ∧^P N, n ≥ 1}.

Proof. Let consider the cotriple F- resolution of an object M of the category PCM(P ) · · · −→. .−→F^n(M) −→. .−→ · · · −→ −→ −→ F^2(M)−→−→F^1(M) −→ M, where F^n(B) = F (F^{n−1}(B)), ∂^n_i = F^iτF^{n−i}, s^n_i = F^iδF^{n−i}.

It is known [17] that the derived functors relative to the projective class induced by a cotriple are isomorphic to the derived functors relative to this cotriple, L^P_n (−) ≈ L^F_n (−).

We have the commutative diagram of groups · · · −→. .−→ F^n(M) ⊗ N −→. .−→ · · · −→−→ F^1(M) ⊗ N → M ⊗ N ↓ fn ↓ f1 ↓ f · · · −→. .−→ F^n(M) ∧^P N −→. .−→ · · · −→−→ F^1(M) ∧^P N → M ∧^P N .

and hence an exact sequence of groups · · · −→ L^P_2 (M ⊗ N) −→ L^P_2 (M ∧^P N) −→ L^P_1 (f, N) −→ L^P_1 (M ⊗ N) −→ L^P_1 (M ∧^P N) −→ L^P_0 (f, N) −→ L^P_0 (M ⊗ N)^f−→ L^P_0 (M ∧^P N) −→ 1.

It is clearly that the derived functors L^P_n (− ⊗ N) coincide with the derived functors of the non-abelian tensor product as a functor from the category A_N to the category Gr relative to the projective class induced by the free cotriple. Hence L^P_0 (M ⊗ N) ≈ M ⊗ N and L^P_n (M ⊗ N) = H_{n+1}(M, N), n ≥ 1 [11] (see definition in Section 2). ■

Now we consider Guin’s non-abelian tensor product −^G⊗ N and its exterior product −∧^P N as functors from the category PCM(P ) to the category Gr of groups and their non-abelian left derived functors relative to the projective class P induced by the free cotriple F.

Theorem 19. Let M_1^f−→ M^g−→ M_2 −→ 1 be an exact sequence of precrossed modules. Then we have the following exact sequence of groups M_1 ∧^P N^{f ′}−→ M ∧^P N^{g′}−→ M_2 ∧^P N −→ 1,

(the exterior product M ∧^P N is taken for the Guin’s tensor product) where f^′ = f ∧^P 1_N , g^′ = g ∧^P 1_N .

Proof. Similar to the proof of Theorem 16. ■

Theorem 20. There exist natural isomorphisms L^P_0 (−^G⊗ N) ≈ −^G⊗ N, L^P_0 (− ∧^P N) ≈ − ∧^P N, where the exterior product − ∧^P N is taken for the Guin’s tensor product. Proof. Similar to the proof of Theorems 4[11] and Theorem 17. ■

Definition 21. Let (M, μ) be an object of the category PCM(P ). Then we define Guin’s homology^GH_∗(M, N) of a precrossed module (M, μ) with coefficients in any precrossed module (N, ν) over P as follows GH_n(M, N) = L^P_{n−1}(M^G⊗ N), n ≥ 2, GH_1(M, N) = Ker λ^′,^GH_0(M, N) = Coker λ^′,

where λ^′ : M^G⊗ N → N/N^′, λ^′(m ⊗ n) = [^{μ(m)}nn^{−1}] and N^′ is the normal subgroup generated by the elements^{ν(n)}n^′nn^{′−1}n^{−1} for n, n^′ ∈ N.

Remark 22. It is clear that the groups^GH_n(M, N) are abelian for n ≥ 2. When (M, μ) and (N, ν) are crossed modules then^GH_1(M, N) = H_1(M, N) is also abelian and^GH_0(M, N) = H_0(M, N). We will show that Im λ^′ is a normal subgroup of N/N^′.

In fact, let [n^′] ∈ Im λ^′ and [n] ∈ N/N^′, then we have [n][n^′][n] = = [n]λ^′((m_1 ⊗ n_1) · · · (m_k ⊗ n_k))[n]^{−1} = [n][^{μ(m1 )}n_1n^{−1}_1 · · ·^{μ(mk )} n_kn^{−1}_k ][n]^{−1} = = [^{ν(n)μ(m1 )ν(n)−1} (^{ν(n)}n_1)(^{ν(n)}n_1)^{−1}] · · · [^{ν(n)μ(mk )ν(n)−1} (^{ν(n)}n_k)(^{ν(n)}n_k)^{−1}] = = [^{μ(ν(n)m1 )}(^{ν(n)}n_1)(^{ν(n)}n_1)^{−1}] · · · [^{μ(ν(n) mk )}(^{ν(n)}n_k)(^{ν(n)}n_k)^{−1}] = = λ^′((^{ν(n)}m_1 ⊗^{ν(n)} n_1) · · · (^{ν(n)}m_k ⊗^{ν(n)} n_k)) Theorem 23. Let (M, μ), (N, ν) be precrossed modules over the same group P . Then we have the following exact sequence of groups · · · −→^G H_3(M, N) −→ L^P_2 (M ∧^P N) −→ L^P_1 (f, N) −→ GH_2(M, N) −→ L^P_1 (M ∧^P N) −→ L^P_0 (f, N) −→ M^G⊗ N^f−→ M ∧^P N −→ 1 ,

where L^P_n (f, N) = π_n(Ker f_∗), n ≥ 0 Ker f_∗ = {Ker f^n | f^n : F^n(M)^G⊗ N → F^n(M) ∧^P N, n ≥ 1}.

Proof. Similar to the proof of the Theorem 18 (i). ■

Consider the category CM(P ) of crossed modules over the group P . The objects of this category are (M, μ) crossed modules over P , and morphisms (M, μ)^f−→ (M^′, μ^′) of the category are the homomorphisms M^f−→ M^′ such that 1. f(^pm) =^pf(m), 2. μ^′f = μ. Now we construct a cotriple F^′ = (F^′, τ^′, δ^′) in the category CM(P ). Let F^′ :

CM(P ) → CM(P ) be an endofunctor defined as follows: for (M, μ) ∈ ob CM(P ) the object F^′(M, μ) is the crossed module (F (M)/H, ~μ), where F (M) is the free group generated by M and H is the normal subgroup generated by the elements ~μ(x)x′xx′−1x−1 for each x, x′ ∈ F (M). If f : (M, μ) → (M ′, μ′) is a morphism of CM(P ), then F^′(f) : (F (M)/H, ~μ) → (F (M^′)/H^′, ~μ^′) is induced by the natural homomorphism F (f).

Let (M, μ) be a crossed module. Then the natural epimorphism F (M) → M

induces a morphism (F (M)/H, ~μ)^{τ ′(M)}−−−−→ (M, μ) of the category CM(P ) and τ^′ : F^′ → 1_{CM(P )} satisfies the condition of natural transformation.

Let δ^′ : F^′ → F^{′2} be the natural transformation induced for (M, μ) ∈ ob CM(P ) by the composition of the injection M → F (M) and the natural epimorphism F (M) → F (M)/H (because any map of sets f : M → M^′ which satisfies conditions f(^pm) =^p f(m), μ^′f = μ induces a morphism F (M)/H → F (M^′)/H^′ of crossed modules).

It is easy to see that there exist simplicial kernels in the category CM(P ).

From [8] it is known that −^G⊗ N and − ⊗ N are the same functors on the category CM(P ). Consider the non-abelian left derived functors L^{P ′}_n (−⊗N) and L^{P ′}_n (−∧^P N), n ≥ 0 of the functors − ⊗ N and − ∧^P N respectively relative to the projective class P^′ induced by the cotriple F^′. Then we have

Theorem 24. There exist natural isomorphisms L^{P ′}_0 (− ⊗ N) ≈ − ⊗ N, L^{P ′}_0 (− ∧^P N) ≈ − ∧^P N. Proof. Consider a projective pseudosimplicial resolution of an object M of the category CM(P ) relative to the projective class P^′ induced by the cotriple F^′

· · · −→. .−→Xn ∂^n_0 −→. .−→ ∂^n_n · · · −→ −→ −→ X_1^∂ 1 0−→−→ ∂^1_1 X_0^{∂00}−→ M.

Since P^′-epimorphism is surjective, then

Ker ∂^1_0^{∂11 σ}−−→ X_0^{∂00}−→ M −→ 1

is an exact sequence of crossed modules, where σ : Ker ∂^1_0 → X_1 is the inclusion. From Theorem 1[11] and Theorem 16 it follows that the sequences of groups

Ker ∂^1_0 ⊗ N^{∂11 σ⊗1N} −−−−−→ X_0 ⊗ N^{∂00 ⊗1N}−−−−→ M ⊗ N −→ 1,

Ker ∂^1_0 ∧^P N^{∂11 σ∧P 1N} −−−−−−→ X_0 ∧^P N^{∂00 ∧P 1N}−−−−−→ M ∧^P N −→ 1 are also exact.

We have the commutative diagram

Ker ∂^1_0 ⊗ N^{∂11 σ⊗1N} −−−−−→ X_0 ⊗ N f ‖ ‖ Ker(∂^1_0 ⊗ 1_N )^{∂11 ⊗1N}−−−−→ X_0 ⊗ N^{∂00 ⊗1N}−−−−→ M ⊗ N −−−−→ 1, where the homomorphism f induced by the inclusion σ is surjective by Theorem 1[11]. Thus the bottom sequence of this diagram is exact. The exactness of the sequence Ker ∂^1_0 ∧^P N^{∂11 σ∧P 1N}

−−−−−−→ X_0 ∧^P N^{∂00 ∧P 1N}−−−−−→ M ∧^P N −→ 1 is proved analogously. The proof is complete. ■

It is easy to see that (− ×_P N)/ < −, N > is a covariant functor from the category CM(P ) to the category Ab of abelian groups, then Γ(− ×_P N/ < −, N >) will be a functor from the category CM(P ) to the category Ab. Consider the non-abelian left derived functors L^{P ′}_n Γ(−×_P N/ < −, N >), n ≥ 0 of the functor Γ(−×_P N)/ < −, N > relative to the projective class P^′ induced by the cotriple F^′.

Theorem 25. Let (M, μ), (N, ν) ∈ ob CM(P ), then we have the following exact sequences of groups · · · −→ L^{P ′}_2 (M ∧^P N) −→ L^{P ′}_1 (f, N) −→ L^{P ′}_1 (M ⊗ N) −→ L^{P ′}_1 (M ∧^P N) −→ L^{P ′}_0 (f, N) −→ M ⊗ N^f−→ M ∧^P N −→ 1 , where

L^{P ′}_n (f, N) = π_n(Ker f_∗), n ≥ 0, Ker f_∗ = {Ker f^n | f^n : F^{′n}(M) ⊗ N −→ F^{′n}(M) ∧^P N, n ≥ 1} and · · · −→ L^{P ′}_2 (f, N) −→ L^{P ′}_1 (ψ, N) −→ L^{P ′}_1 Γ(M ×_P N/ < M, N >) −→ L^{P ′}_1 (f, N) −→ L^{P ′}_0 (ψ, N) −→ L^{P ′}_0 Γ(M ×_P N/ < M, N >) −→ L^{P ′}_0 (f, N) −→ 1 , where

L^{P ′}_n (ψ, N) = π_n(Ker ψ_∗), n ≥ 0, Kerψ_∗ ={Kerψ^n | ψ^n : Γ(F^{′n}(M)×_P N/<F^{′n}(M),N >)→F^{′n}(M)⊗N, n≥1}; Proof. Consider F^′ cotriple resolution of an object M of the category CM(P ) · · · −→. .−→F^{′n}(M) −→. .−→ · · · −→ −→ −→ F^{′2}(M)−→−→F^{′1}(M) −→ M.

Put Ω^n ≡ Γ(F^{′n}(M) ×_P N/ < F^{′n}(M), N >). Then from [5, Theorem 2.12] we have the comutative diagram · · · −→. .−→ Ω^n −→. .−→ · · · −→−→ Ω^1 → Γ(M ×P N/ < M, N >) ↓ ψn ↓ ψ1 ↓ ψ · · · −→. .−→ F^{′n}(M) ⊗ N −→. .−→ · · · −→−→ F^{′1}(M) ⊗ N → M ⊗ N ↓ fn ↓ f1 ↓ f · · · −→. .−→ F^{′n}(M) ∧^P N −→. .−→ · · · −→−→ F^{′1}(M) ∧^P N → M ∧^P N

.

which has exact vertical rows. The proof is complete. ■

Remark 26. There exists the natural epimorphism L^{P ′}_0 Γ(M ×_P N/ < M, N >) −→ Γ(M ×_P N/ < M, N >). 2. Finiteness of a Non-abelian Homology of Groups

The non-abelian homology of groups with coefficients in any group was introduced in [11]. The construction was made possible by using the left derived functors of the non-abelian tensor product of groups. Now we recall the definition of the non-abelian homology of groups from [11].

Let consider the category A_A of groups acting on a fixed group A and the group A acts on these groups. Morphisms of the category A_A are homomorphisms α : G → H, G, H ∈ ob A_A of groups which preserve the actions in sense that: α(^ag) =^aα(g) and ga =^{α(g)}a, for all a ∈ A, g ∈ G ∈ ob A_A.

Let F : A_A → A_A be an endofunctor defined as follows: for G ∈ ob A_A the object F (G) is the free group generated by G with actions:^{|g1|ϵ1 ···|gs|ϵs} a =^{gϵ11} (. . . (^{gϵss} a) . . . ), and^a(|g_1|^{ϵ1} · · · |g_s|^{ϵs} ) = |^ag_1|^{ϵ1} · · · |^ag_s|^{ϵs} for a ∈ A, |g_1|^{ϵ1} · · · |g_s|^{ϵs} ∈ F (G) and ϵ_i = ±1; for α : G → G^′ the morphism F (α) is the canonical homomorphism from F (G) to F (G^′) induced by α.

Let τ : F → 1_{AA} be the obvious natural transformation and let δ : F → F^2 be the natural transformation induced for every G ∈ ob A_A by the injection G → F (G). We obtain a cotriple F = (F, τ, δ), which we call the free cotriple in the category A_A.

The non-abelian tensor product of groups defines a covariant functor − ⊗ A from the category A_A to the category Gr of groups. Consider the non-abelian left derived functors L^P_n (− ⊗ A), n ≥ 0, of the functor − ⊗ A relative to the projective class P induced by the free cotriple F.

Definition 27. Let G be an object of the category A_A. Then we define H_n(G, A) = L^P_{n−1}(G ⊗ A), n ≥ 2, H_1(G, A) = Ker λ^′, H_0(G, A) = Coker λ^′,

where λ^′ : G ⊗ A → A/H, λ^′(g ⊗ a) = [^g aa^{−1}], and H is the normal subgroup generated by the elements^{(ag)}a^′ ·^{aga−1} a^{′−1}, for each a, a^′ ∈ A, g ∈ G.

The present section is concerned solely with finiteness of homology of groups. Let G be any group and A a finite group acting on each other. It is easy to see that H_0(G, A) is a finite group.

Proposition 28. Let G and A be finite groups which act on each other compatibly i.e. conditions (1) hold. Then H_1(G, A) is a finite group.

Proof. If the finite groups G and A act on each other compatibly then from [7] G ⊗ A is also finite. From the definition H_1(G, A) is a normal subgroup of G ⊗ A. Thus H_1(G, A) is a finite group. The proof is complete. ■

Remark 29. If finite groups G and A act on each other such that one of the following sufficient conditions for the finiteness of the non-abelian tensor product of groups [12] holds:

(i) G and A act on each other half compatibly (see [12]); (ii) A is soluble;

(iii) [G, A]^n is abelian for some n ≥ 1, where [G, A]^n = [G, [G, A]^{n−1}] and [G, A] is a normal subgroup of A generated by the elements^gaa^{−1} for all g ∈ G, a ∈ A. Then H_1(G, A) is a finite group.

It is interesting to establish the finiteness of non-abelian homology in higher dimensions. Below we only concern the non-abelian homology of a group G with coefficients in a G-group A. From Definition 3[11] the homology of G with coefficient in G-group A is H_∗(G, A) with trivial action of A on G.

Now we construct a new simplicial P-projective resolution of G in this case. For this we recall the construction of the loop functor G from the category of reduced complexes to the category of simplicial groups [13].

Definition 30. Let K be a reduced complex (i.e. K is simplicial set which has only one 0-simplex ϕ). Then we define a simplicial group G K as follows: the group of the n-simplices is a group which has

(i) one generator σ for every n + 1-simplex σ ∈ K_{n+1}, (ii) one relation s^nτ = e_n for every n-simplex τ ∈ K_n.

The face and degeneracy homomorphisms ∂^n_i : G_n K → G_{n−1} K and s^n_i : G_n K → G_{n+1} K are given by the formulas ∂^n_i σ = ∂^n_i σ, 0 ≤ i < n, ∂^n_n σ = ∂^n_n σ · ∂^n_{n+1}σ^{−1}, s^n_i σ = s^n_i σ, 0 ≤ i ≤ n. Clearly the groups G_n K are free and from [13] it is known that π_n(K) ≈ π_{n−1}(G K) for n > 0.

Let G be a category which has only one object O and Hom(O, O) = G, and consider the nerve M_∗(G) of the category G. It is easy to see that M_∗(G) is a reduced complex. It is known that π_1(M_∗(G)) ≈ G and π_n(M_∗(G)) = 0, n ≠ 1. Let consider the simplicial group G M_∗ (G). Then π_0(G M_∗ (G)) ≈ π_1(M_∗(G)) ≈ G and π_{n−1}(G M_∗ (G)) ≈ π_n(M_∗(G)) = 0, n > 1. Hence G M_∗ (G)^{∂00}−→ G is a P-projective simplicial resolution in the category of groups, where ∂^0_0 is the natural epimorphism, P is the projective class in the category of groups induced by the free cotriple.

Remark 31. An epimorphism of groups α : G → H, G, H ∈ A_A, which preserves the actions, is a P-epimorphism in the category A_A if A acts trivially on G and H, and any object of the projective class P in the category A_A induced by free cotriple (F, τ, δ) is a free group F (X), where X is a set on which A acts such that^ax ∈ X for every x ∈ X.

Thus, if we define the action of A on G_n M_∗(G) trivially and the action of G_n M_∗(G)

on A as follows:^ma =^{∂00 ∂10 ···∂n0 m}a, m ∈ G_n M_∗(G), then from Remark G_n M_∗(G)^{∂00}−→ G is the P- projective simplicial resolution in the category A_A.

Theorem 32. Let G and A be finite groups. A acts on G trivially and G acts on A such that the non-abelian tensor product G ⊗ A is finite (see Remark 29, conditions (i-iii)).

If F is a finitely generated free group which acts on A and A acts on F trivially and α is an epimorphism α : F → G preserving the actions, then F ⊗ A is a finite group.

Proof. Consider the exact sequence of groups 1 −→ Ker α −→ F^α−→ G −→ 1 From the right exactness of the non-abelian tensor product [11, Theorem 1], we have the exact sequence of groups Ker α ⊗ A −→ F ⊗ A^{α⊗1A}−−−−→ G ⊗ A −→ 1. (6) The group Ker α is the subgroup with finite index of the finitelly generated free group F and from [18] it follows that Ker α is a finitely generated free group. Since Ker α and A act on each other trivially, from [3] we have Ker α ⊗ A ≈ Ker α^{ab} ⊗_ZA^{ab} ≈ ∑ m Z ⊗_ZA^{ab} ≈ ∑ m A^{ab}. Hence Ker α ⊗ A is a finite group. From (6) one gets that F ⊗ A is a finite group. The proof is complete. ■

Theorem 33. Let G and A be finite groups. If A acts on G trivially and G acts on A such that the non-abelian tensor product G ⊗ A is finite, then H_n(G, A), n ≥ 0, is a finite group.

Proof. Consider the P-projective pseudosimplicial resolution G M_∗ (G)^{∂00}−→ G in the category A_A for G constructed above. Every G_n M_∗(G) is a finitely generated free group and since the face operators are epimorphisms, α : G_n M_∗(G) → G, α = ∂^0_0 ∂^1_0 · · · ∂^n_0 is an epimorphism which preserve the actions. Thus from Theorem 32 G_n M_∗(G) ⊗ A is a finite group. Clearly H_n(G, A), n > 1, is a finite group. The finiteness of H_1(G, A) and H_0(G, A) is shown above. The proof is complete. ■

Acknowledgement

The research described in this publication was made possible in part by Grant No GM1-115 of the U.S. CRDF and by Grant INTAS 93-436.

References

1. M. Barr and J. Beck, Homology and standard constructions. Lecture Notes in Math. 80, 245–335, Springer-Verlag, Berlin, 1980.

2. H. Bass, Introduction to some methods of algebraic K-theory. Amer. Math. Soc., 1970.

3. R. Brown, D. L. Johnson, and E. F. Robertson, Some computation of nonabelian tensor products of groups. J. of Algebra 111(1987), 177–202.

4. R. Brown and J. L. Loday, Excision homotopique en basse dimension. C.R. Acad. Sci. Paris S.I Math. 298(1984), No. 15, 353–356.

5. R. Brown and J. L. Loday, Van Kampen theorems for diagrams of spaces. Topology 26(1987), 311–335.

6. R. K. Dennis, In search of new homology functors having a close relationship to K-theory. Preprint, Cornell University, 1976.

7. G. J. Ellis, The non-abelian tensor product of finite groups is finite. J. of Algebra 111(1987), 203–205.

8. D. Guin, Cohomologie et homologie non abéliennes des groupes. J. Pure Applied Algebra 50(1988), 109–137.

9. H. Inassaridze, Homotopy of pseudosimplicial groups, non-abelian derived functors and algebraic K-theory. (Russian) Mat. Sbornik 27(1975), No. 3, 339–362.

10. H. Inassaridze, Algebraic K-theory. Kluwer Academic Publishers, 1995. 11. N. Inassaridze, Non-abelian tensor products and non-abelian homology of groups. J. Pure Applied Algebra 112(1996), 191–205.

12. N. Inassaridze, Finiteness of a non-abelian tensor product of groups. Theory and Applications of Categories 2(1996), No. 5, 55–61.

13. D. M. Kan, A combinatorial definition of homotopy groups. Ann. Math. 67(1958), No. 22, 82–312.

14. F. Keune, Non-abelian derived functors and algebraic K-theory. Lecture Notes in Math. 341, 158–168, Springer-Verlg. Berlin. 1973.

15. A. S. T. Lue, The Ganea map for nilpotent groups. J. London Math. Soc. 14(1976), No. 2, 309–312.

16. J. Milnor, Introduction to algebraic K-theory. Princeton University Press, 1971.

17. T. Pirashvili, On non-abelian derived functors. (Russian) Trudy Tbiliss. Mat. Inst. Razmadze 42(1979), 91–104.

18. O. Schreier, Die Untergruppen der freien Gruppen. Hamburg. Abh. 5(1927), 161–183.

19. W. Van Der Kallen, Injective stability for K_2. Lecture Notes in Math. 551, 77–154, Springer-Verlag, Berlin, 1971.

20. J. H. C. Whitehead, A certain exact sequence. Ann. Math. 52(1950), No. 1, 51–110.

Author’s address:

A. Razmadze Mathematical Institute Georgian Academy of Sciences 1, M. Aleksidze St., Tbilisi 380093 Georgia