GENERALIZED HIGSON’S HOMOTOPY THEOREM

KANDELAKI T.K.

Abstract. It is proved Higson’s homotopy invariant theorem for complex and real C^∗-algebras with compact group action. It is given various consequences.

Introduction

The purpose of this article is investigation possibilities to generalize Higson homotopy invariant theorem and give some elementary applications.

In [8] it has been proved that if E is a functor from an admissible subcategory of the category of complex C^∗-algebras to the category of abelian groups, and E is stable and split exact, then E is homotopy invariant. The proof of this theorem is successful mixture of ideas of Kasparov’s proof of homotopy invariance of Kasparov KK-theory and Cuntz’s machinary of quasi-homomorphisms to characterization of KK-theory of C^∗-algebras [9], [4], [5], [8], [1].

Our main aim is to generalize this theorem for both cases real and complex in more general category then category of C^∗-algebras with value of an additive category. Our approach is based on the Cuntz- Skandalis view on Kasparov’s homotopy invariant theorem (HIT) for KK-groups [7].

In first section, using functional calculus, which exists in both case real or complex, we modify Cuntz-skandalis HIT in the form which will be applicable in the next sections, and in the second section we proof HIT for functor E on the admissible category of C^∗-algebras, with value in an additive category, which has M-pairing with the set of unitary Fredholm modules. M-pairing satisfies different conditions then conditions of pairings from [8]. After same simflications we get HIT for E which has pairing with the set Fredholm pairs (in both real and complex case).

In the next section, after some preparatory material we proof that if E is stable and split additive functor from an admissible category

The work was partially supported by INTAS Georgia Grant No 213. 1

2 KANDELAKI T.K.

of C^∗-algebras (real or complex) to an additive category, then E is homotopy invariant functor.

In next step, we define an abstract category A with split exact sequences, and split action of admissible category of C^∗- algebras on the A. Using this action we define what functors from A to an additive category are homotopy invariant, stable or split exact. From this data and above result we deduce more abstract form of HIT.

Finally, using abstract form of homotopy invariant theorem we deduce HIT for admissible subcategories of category real or complex C^∗- algebras with compact group action, particularly for Z_2-graded , for admissible subcategories of category of pro-C^∗-algebras, and HIT for some class of m-algebras. It is given an elementary applications in KK-theory, bivariant periodic cyclic cohomology, algebraic K-theory.

1. On The Cuntz-Skandalis HIT

In this section we shortly recall one of the main results of [7], homotopy invariant theorem (HIT) 3.7, which we modify slightly for our purposes in next section, to deduce generalized Higson’s homotopy invariant theorem (HIT).

Kasparov KK-groups In this subsection it will be assumed that A is separable and B is σ-unital Z_2-graded real (or complex) C^∗-algebras.

We recall definition of Kasparov KK-group for C^∗algebras [9], [13]. For such algebras, let E(A, B) be the set of Kasparov A, B-modules (E, φ, F ), where E is a countable generated graded Hilbert B-module; φ : A → L(E) is a graded ∗-homomorphism, F is in L(E) of degree 1, such that [φ(a), F ] ∈ K(E), (F − F^∗)φ(a) ∈ K(E), (F^2 − 1)φ(a) ∈ K(E), ∀a ∈ A. (1) A Kasparov module (E, φ, F ) will be said degenerate iff

[φ(a), F ] = 0, (F − F^∗)φ(a) = 0, (F^2 − 1)φ(a) = 0, ∀a ∈ A. (2) An element of E(A, B(I)) given by a family (E_t, φ_t, F_t) will be called a homotopy between (E_0, φ_0, F_0) and (E_1, φ_1, F_1), where B(I) is C^∗algebra of continuous function from I = [0, 1] to B. The addition of two Kasparov modules is defined by

(E_0, φ_0, F_0) ⊕ (E_1, φ_1, F_1) = (E_0 ⊕ E_1, φ_0 ⊕ φ_1, F_0 ⊕ F_1) Let KK(A, B) be the quotient of E(A, B) by homotopy equivalence.

Then it is abelian group relative the sum defined by the sum of Kasparov modules.

GENERALIZED HIGSON’S HOMOTOPY THEOREM 3

Cuntz-Skandalis homotopy invariance theorem Let E(A, B) be the abelian monoid of classes of Kasparov (A, B)- bimodules, where (E, φ, F ) and

(E^′, φ^′, F^′)

are identified if there exists a invariant unitary u ∈ L(E, E^′) of degree zero, interwining the action of A i.e. uφ(a)u^∗ = φ^′(a), and such that uF u^∗ − F^′ ∈ K(E, E^′) Such type equivalence will be called cs-isomorphism. Let KK(A, B) be the cancellation monoid associated with E(A, B). Theorem 3.7 of [7] states that the natural homomorphism τ : KK(A, B)^≃→ KK(A, B) (3) is isomorphism.

In the next subsections we are need following

Lemma 1. Let Ē_d(A, B) be abelian monoid of unitary isomorphic degenerate Kasparov A, B-modules, and KK̄_d(A, B) be its cancellation monoid. Then KK̄_d(A, B) = 0.

Proof. For each degenerate A, B-module (E, φ, F ) one can form A, B-module (E^∞, φ^∞, F^∞) such that (E, φ, F )⊕(E^∞, φ^∞, F^∞) is unitary isomorphic to (E^∞, φ^∞, F^∞) where E^∞ = E ⊕ E ⊕ · · ·, φ^∞ = φ ⊕ φ · ··, F^∞ = F ⊕ F ⊕ · · ·. This means that (E, φ, F ) = 0 in KK̄_d(A, B). Note to functional calculus in real algebra case As it is known each a real C^∗-algebras can be realized as involutive closed subalgebra of of a complex C^∗-algebra, considered later algebra as the real involutive algebra. More exactly, Let A be a real C^∗-algebra, consider complex involutive algebra A ⊗_R C with involution (a ⊗ c)^∗ = a^∗ ⊗c̄. Then there exist C^∗-norm, relative which A⊗_R C is complex C^∗- algebra and canonical ∗-imbedding i : A → A⊗_R C defined by a → a⊗1 is isometry (cf. Theorem 2 and Corollary 2 of [12], also [10]). From this easy follows that for real C^∗-algebras there exists functional calculus for self adjoint elements. Let us to be more precisely. if r ∈ A is self-adjoint element then let A(r) be the real closed subalgebra in A generated by r. It is real part of the sub-C^∗-algebra C^∗(r ⊗ 1) of A ⊗_R C generated by element r ⊗ 1. By functional calculus of complex C^∗algebras if r is normal i.e. r = s^∗s for some s ∈ A then there is canonical isomorphism

4 KANDELAKI T.K.

C^∗(r⊗1) ≃ C(sp(r⊗1)), and thus if R(sp_R(r)) is algebra of continuous real functions on the spectra of r which is sp(r ⊗ 1) by definition (cf. [12]), then there exist canonical isomorphism κ : R(sp_R(r)) ≃ R(r) such that κ(id_{sp(r)}) = r. In particular, we can use functional calculus on self-adjoint elements both in real and complex cases.

An interpretation of KK-groups Thanks to remarks of subsection above, we able to proof, in the same way, analogies of lemma 17.4.2.-17.4.3 from [1] in both cases real or complex. We shorty recall contents those lemmas.

Lemma 2. Kasparov’s KK-groups will be unchanged if in definition of it will be taken:

1. only Kasparov modules (E, φ, F ) with property F = F^∗ and one take only homotopy equivalence or only cs-isomorphisms 2. The same is true if one take Kasparov modules (E, φ, F ) with properties F = F^∗ and ||F || ≤ 1.

According on discussion from 17.6 of [1], in the definition of KKgroup one can to take Kasparov A, B-modules (E, φ, F ) with properties:

[φ(a), F ] ∈ K(E), F^∗ = F, F^2 = 1, a ∈ A, (4)

in both case, real or complex C^∗-algebras.

Let ^E(A, B) be monoid of Kasparov A, B-bimodules (E, φ, F ), with properties 4, identified by cs-isomorphism. Let ^KK(A, B) be cancellation monoid associated with ^E(A, B).

Proposition 3. The natural homomorphism ^τ : ^KK(A, B) → KK(A, B) Proof. (cf. [1]) The homomorphism ^τ is epimorphism, because Kasparov modules (E, φ, F ) and (E ⊕ E, φ ⊕ 0, F ⊕ F^∗) are equal in KK(A, B) because of lemma 1, and last module is compact perturbation of ( E ⊕ E, φ ⊕ 0, ( F (1 − F F^∗)^12 (1 − F F^∗)^12 F^∗ )) , which naturally defines an element in ^KK(A, B). The homomorphism ^τ is a monomorphism: Let (E, φ, F ) be Kasparov A, B-bimodule such that F^∗ = F and F^2 = 1. Let (E, φ, F ) ⊕ (E^′, φ^′, F^′) is compact perturbation (this is partial case of cs-isomorphism) of (E^′, φ^′, F^′) where F^{′∗} = F^′ and ||F^′|| ≤ 1 by lemma 2. Then (E, φ, F )⊕(E^′⊕E^′, φ^′⊕0, G)

GENERALIZED HIGSON’S HOMOTOPY THEOREM 5

is compact perturbation of (E^′ ⊕ E^′, φ^′ ⊕ 0, G), where G = ( F^′ (1 − F^′F^{′∗})^12 (1 − F^′F^{′∗})^12 F^{′∗} ) . But A, B-module (E^′ ⊕ E^′, φ^′ ⊕ 0, G) has property 4. Thus {(E, φ, F )} = 0 in ^KK(A, B), because the last one is abelian cancelation monoid.

From this proposition follows that ^KK(A, B) is abelian group.

Corollary 4. . The group ^KK(A, B) is homotopy invariant relative to both arguments.

Proof. Trivially follows from proposition 3 and homotopy property of KK(A, B), because of homotopy property of KK(A, B) and isomorphism 3.

The case of trivially graded C^∗-algebras Now we give an interpretation of ^KK(A, B) for trivially graded C^∗- algebras. We are need case when B = C (C is ground field of real or complex numbers). Hilbert spaces are trivially graded in this subsection.

Definition 5. . A triple (φ, ψ, F ) is said to be unitary Fredholm Amodule if φ : A → L(H_φ) and φ : A → L(H_ψ) are representations, and F : H_φ → H_ψ is unitary isomorphism such that F · φ(a) − ψ(a) · F ∈ K(H_φ, H_ψ). 1) An unitary Fredholm A-module (φ, ψ, F ) is unitary isomorphic to (φ^′, ψ^′, F^′) if there exists unitary isomorphisms u : H_φ → H_φ′ and v : H_ψ → H_ψ′ such that uφ(a)u^∗ = φ^′(a), vψ(a)v^∗ = ψ^′(a), for all a ∈ A, and vF u^∗ = F^′.

2) An unitary Fredholm A-module (φ, ψ, F ) is compact perturbation of (φ, ψ, F^′) if F − F^′ ∈ K(H_φ, H_ψ).

3) The sum of unitary Fredholm A-modules is defined by formula (φ, ψ, F ) ⊕ (φ^′, ψ^′, F^′) = (φ ⊕ φ^′, ψ ⊕ ψ^′, F ⊕ F^′) 4) Let Ẽ(A, C) be the abelian monoid of classes of unitary Fredholm (A, C)-modules divided by the equivalence generated by unitary isomorphism and compact perturbation. Let then ~KK(A, C) be the cancellation monoid associated with ~E(A, C).

Let H be trivially graded Hilbert space. Define by ^H graded Hilbert space opposite to H. Then identity map i_d : H → Ĥ has degree one.

6 KANDELAKI T.K.

If (φ, ψ, F ) is unitary Fredholm module then define ^F : H_φ → ^H_ψ as the composition i_d · F and ψ̂(a) = i_d · ψ(a) · i^∗_d. Then correspondence (φ, F, ψ) → ( H_φ ⊕ ^H_ψ, ( 0 F̂^∗ ^F 0 ) , ( φ 0 0 ψ̂ ))

defines homomorphism ν : ~KK(A, C) → ^KK(A, C). Proposition 6. . Homomorphism ν is isomorphism.

Proof. Inverse to ν is defined by following way. Consider Kasparov module (H, φ, F ) which has property 4. Then H = H^{(0)} ⊕ ^H^{(1)} where H^{(0)} and H^{(1)} are trivially graded Hilbert spaces. In this decomposition ϕ = ( φ ψ̂ ) , G = ( 0 F̂^∗ F̂ 0 ) . Let ψ(a) = i^∗_d · ψ̂(a) · i_d and F = i^∗_d · F̂ . Then correspondence (H, ϕ, G) → (φ, ψ, F ) defines inverse homomorphism.

Corollary 7. . The cancelation abelian monoid (group) ~KK(A, C) is homotopy invariant relative the first argument.

Proof. Trivially follows from corollary 4 and proposition above.

2. Pairings Admissable category of C^∗-algebras All algebras are considered here over C real or complex numbers.

Let H is a countable generated Hilbert space over C, K is algebra of compact operators, and L is algebra of bounded operators in H [9],[1]. Let B be category of C^∗-algebras over C real or complex numbers and their ∗-homomorphisms which contains trivial C^∗-algebra, ground field of real (or complex) numbers C, algebra of compact operators K and algebra C[0, 1] of continuous C valued functions on unit interval and closed relative to all usually split exact sequences of a form

0 → K → B^{γ,β}→ C([0; 1]) → 0 (5)

GENERALIZED HIGSON’S HOMOTOPY THEOREM 7

M-Pairing with unitary Fredholm Modules Let M be a category with property that hom(m, n) is abelian cancelation monoid for any m, n ∈ obM. Category M with such structure on morphisms is said to be CM-category. Let e_0, e_1 : C([0; 1]) → C be evolution homomorphisms at 0 and 1 respectively, then a functor E : B → M is said to be w-homotopy functor if E(e_0) = E(e_1) (or it will be written as (e_0)_∗ = (e_1)_∗). Let E : B → M be a functor, and E_C : B → M be the associated constant functor defined by rules E_C (B) = E(C), E_C (f) = 1_{E(C)}.

for every object B and morphism f from B.

Definition 8. . (cf. [8])Let E : B → M a functor, where M is CM category. A M-pairing of E with the set of unitary Fredholm Bmodules is rule which to each unitary Fredholm modules (φ, ψ, F ), for each B ∈ B, associates a morphism

×(φ, ψ, F ) : E(B) → E_C (B) (6) in the category M with following conditions:

1. Functoriality. If (φ, ψ, F ) is a unitary Fredholm B^′-module, and if f : B → B^′ is a ∗-homomorphism from B, then the diagram E(B)^{×(φf,ψf,F )} −→ E(C) (f)_∗ ↓ ↓= E(B^′)^{×(φ,ψ,F )}−→ E(C) commutes.

1. cs-isomorphism. If (φ, χ, F ) and (ϕ, ψ, G) are cs-isomorphic then ×(φ, χ, F ) = ×(ϕ, ψ, G). 2. Additivity. If (φ, χ, F ) and (ϕ, ψ, G) are unitary Fredholm Bmodules, then ×(φ, χ, F ) + ×(ϕ, ψ, G) = ×(φ ⊕ ϕ, χ ⊕ ψ, F ⊕ G). 3. Non-degeneracy. If (e, 0, 1) is a unitary Fredholm C-module for which e : C → K maps 1 ∈ C to rank one projection then ×(e, 0, 1) : E(C) → E(C) is the identity morphism.

8 KANDELAKI T.K.

Theorem 9. . Let E be a functor from category B to CM-category M. If the functor E admits a M-pairing with the set of unitary Fredholm modules, then E is w-homotopy functor.

Proof. First step note that pairing gives homomorphism π : KK̄(C(I), C) → hom(E(C(I)), E(C)), defined by rule (φ, ψ, F ) → ×(φ, ψ, F ), because of properties 2), 3) of 8 and 4) of definition 5. From homotopy invariant theorem, or more precisely from corollary 7, follows that (e_0e, 0, 1) = (e_1e, 0, 1) as the elements of KK̄(C(I), C). Using functoriality and non-degeneracy properties of M-pairing, we get (e_0)_∗ = ×(e_0e, 0, 1) = ×(e_1e, 0, 1) = (e_1)_∗ in the E-level. This means that E is w-homotopy functor.□ Pairing with unitary Fredholm modules

Definition 10. . Let E : B → M a functor, where M is CM category. A pairing of E with the set of unitary Fredholm modules is rule which to each unitary Fredholm modules (φ, ψ, F ) (for B ∈ B) associates a morphism ×(φ, ψ, F ) : E(B) → E_C (B) (7) in the category M, with following conditions:

1. Functoriality. If (φ, ψ, F ) is a unitary Fredholm B^′-module, and if f : B → B^′ is a ∗-homomorphism from B, then the diagram E(B)^{×(φf,ψfF )}−→ E(C) (f)_∗ ↓ ↓= E(B^′)^{×(φ,ψF )}−→ E(C) commutes.

1. Additivity. If (φ, F ) and (φ, G) are Fredholm B-modules, then ×(φ, χ, F ) + ×(χ, ψ, G) = ×(φ, ψ, F · G). 2. Compact perturbation. If F and G are equal, module the compacts, then ×(φ, χ, F ) = ×(φ, χ, G) 3. Stability.If (φ, χ, F ) is a unitary Fredholm B-module and χ : B → L(H) is a ∗-homomorphism then ×(φ, ψ, F ) = × (( φ 0 0 χ ) , ( ψ 0 0 χ ) , ( F 0 0 1 )) .

GENERALIZED HIGSON’S HOMOTOPY THEOREM 9

4. Non-degeneracy. If (e, 0, 1) is a Fredholm C-module for which e :

C → K(H) maps 1 ∈ C to rank one projection then ×(e, 0, 1) : E(C) → E(C) is the identity morphism.

Theorem 11. . Let E be a functor from category B to CM-category M. If the functor E admits a pairing with the set of unitary Fredholm modules which satisfies conditions of 10,then E is w-homotopy functor.

Proof. We have to proof that functor E admits M-pairing. First we proof that unitary isomorphic unitary Fredholm modules has same pairing: Let (u, v) is isomorphism of (φ, χ, F ) and (ϕ, ψ, G), i.e. uφu^∗ = ϕ, vχv^∗ = ψ and vF u^∗ = G, then after using additivity property one gets ×(φ, χ, F ) = ×(φ, ϕ, u) + ×(ϕ, ψ, G) + ×(ψ, χ, v^∗) = ×(ϕ, ψ, G), because of ×(φ, ϕ, u) = ×(ψ, χ, v^∗) = 0. For the proof additivity condition of M-pairing, consider sequence of equalities, which is consequence of stability, unitarity and additivity properties: ×(φ, χ, F ) + ×(ϕ, ψ, G) = ×(φ ⊕ ϕ, χ ⊕ ϕ, F ⊕ 1) + ×(ϕ ⊕ χ, ψ ⊕ χ, G ⊕ 1) = ×(φ ⊕ ϕ, χ ⊕ ϕ, F ⊕ 1) + ×(χ ⊕ ϕ, ψ ⊕ χ, 1 ⊕ G) = ×(φ ⊕ ϕ, χ ⊕ ψ, F ⊕ G). Then theorem follows from the theorem 9.

Pairing with Fredholm pairs Recall that Fredholm A-pairs is pair (φ, ψ) such that φ(a)−ψ(a) ∈ K for any a ∈ A, where φ, ψ : A → L are ∗-homomorphisms.

Definition 12. . Let E : B → M a functor, where M is CM category. A pairing of E with the set of Fredholm pairs is rule which to each Fredholm pairs (φ, ψ) (for B ∈ B) associates a morphism

×(φ, ψ) : E(B) → E_C (B) (8)

in the category M, with following conditions:

1. Functoriality. If (φ, ψ) is a Fredholm module for B^′, and if f :

B → B^′ is a ∗-homomorphism from B, then the diagram E(B)^{×(φf,ψf)}−→ E(C) (f)_∗ ↓ ↓= E(B^′)^{×(φ,ψ)}−→ E(C) commutes.

10 KANDELAKI T.K.

1. Additivity. If (φ, χ) and (χ, ψ) are Fredholm modules for B, then ×(φ, χ) + ×(χ, ψ) = ×(φ, ψ). 2. Stability. If (φ, ψ, F ) is a unitary Fredholm bimodule for B and χ : B → L(H) is any ∗-homomorphism then ×(φ, ψ) = × (( φ 0 0 χ ) , ( ψ 0 0 χ )) . 3. Non-degeneracy. If (e, 0) is a Fredholm C-module for which e :

C → K(H) maps 1 ∈ C to rank one projection then ×(e, 0) : E(C) → E(C) is the identity morphism.

4. Unitary equivalence. If U ∈ L(H) is a unitary then ×(φ, ψ) = ×(UφU^∗, UψU^∗) 5. Stability under compact perturbations. If U ∈ L(H) is a unitary which is equal to the identity, module the compacts, then ×(φ, UφU^∗) = 0 Theorem 13. . Let E be a functor from category B to CM-category M. If the functor E admits a pairing with the set of Fredholm pairs which satisfies conditions above, then E is w-homotopy functor.

Proof. We have to construct pairing with unitary Fredholm modules. Let (φ, ψ, F ) be a unitary Fredholm module, then by definition ×(φ, ψ, F ) = ×(φ, F^∗ψF ). Checking of conditions of pairing is elementary. We give some of them:

a). Unitary equivalence. Using unitary equivalence condition of paring of Fredholm pairs we have ×(uφu^∗, vψv^∗, vF u^∗) = ×(uφu^∗, (uF^∗v^∗)vψv^∗(vF u^∗)) = ×(uφu^∗, uF^∗ψF u^∗) = ×(φ, F^∗ψF ) = ×(φ, ψ, F ) where (u, v) is unitary isomorphism from (φ, ψ, F ).

b). Additivity. Here we use unitary equivalence and additivity of pairing of Fredholm pairs: ×(φ, ψ, F ) + ×(ψ, χ, G) = ×(φ, F^∗ψF ) + ×(ψ, G^∗χG) = ×(φ, F^∗ψF )+×(F^∗ψF, F^∗G^∗χGF ) = ×(φ, F^∗G^∗χGF ) = ×(φ, χ, GF ). c). Compact perturbation. Let G−F is compact then, using suitable property of pairing of Fredholm pairs, we get: ×(φ, ψ, G) = ×(φ, ψ, F ) + ×(ψ, ψ, F^∗G) = ×(φ, ψ, F ) because F^∗G is unitary which is equal identity module compact operators. Then theorem follows from theorem 11.

GENERALIZED HIGSON’S HOMOTOPY THEOREM 11

3. Generalized Higson HIT

Split exact sequences in the additive categories A category A is said to be pointed category if there exists an object 0 which is both initial and terminal. From definition follows existing of 0-morphism 0_{a,b} : a → b such that 0_{a,b} = 0_{0,b} · 0_{a,0}. The kernel of a morphism α : a → b is kernel of the pair (α, 0_{a,b}). This is a monomorphism β : c → a such that α · β = 0, and if β^′ : d → a is another morphism with α · β^′ = 0 then there exists unique morphism γ : d → c such that βγ = β^′. In other words following sequence 0 → hom(d, c)^{β∗}→ hom(d, a)^{α∗}→ hom(d, b) is exact in the pointed category of pointed sets and point-preserving set maps. Next β = ker α denotes this fact. The co ker α is defined dually: this is a epimorphism ϵ : b → e such that ϵα = 0 and following sequence of pointed sets 0 → hom(e, d)^{β∗}→ hom(b, d)^{α∗}→ hom(a, d) is exact.

A sequence of morphisms 0 → a^α→ c^{γ,β}→ b → 0 (9) is said to be split exact sequence if α = ker β and β = co ker α and γ : b → c is such that βγ = 1_b.

Lemma 14. In a pre-additive category following conditions are equivalent 1. A sequence 0 → a^α→ c^{γ,β}→ b → 0 is split (by γ : b → c) exact sequence; 2. For any object d sequence of abelian groups

0 → hom(d, a)^{α∗}→ hom(d, c)^{γ∗,β∗}→ hom(d, b) → 0 (10)

is split exact;

3. The sequence of abelian groups 10 is split exact for d = a and d = c; 4. There exist a morphism δ : c → a such that

δα = 1_a, α · δ + γ · β = 1_c. (11)

In another words, morphisms α, β, γ, δ represent c as the sum of a and b. 5. For any object d sequences of abelian groups 0 → hom(d, a)^{α∗}→ hom(d, c)^{γ∗,β∗}→ hom(d, b) → 0 and 0 → hom(b, d)^{γ∗,β∗}→ hom(c, d)^{α∗}→ hom(a, d) → 0 are split exact.

12 KANDELAKI T.K.

Proof. The case 1 ⇒ 2 and 2 ⇒ 3 are obvious. 3 ⇒ 4. Consider following commutative diagram 0 → hom(c, a)^{α∗}→ hom(c, c)^{γ∗,β∗}←→ hom(c, b) → 0 α^∗ ↓ α^∗ ↓ α^∗ ↓ 0 → hom(a, a)^{α∗}→ hom(a, c)^{γ∗,β∗}←→ hom(a, b) → 0. By assumption, horizontal sequences are split exact sequences of abelian groups. There exists unique δ ∈ hom(c, a) such that α_∗(δ) = 1_c − γ · β i.e. α · δ + γ · β = 1_c. Now, consider δ · α = α^∗(δ) ∈ hom(a, a). Then α_∗(δ · α) = α^∗(1_c − γ · β) = α − γ · β · α = α because β_∗α_∗(1_a) = βα = 0 But α_∗(1_a) = α. Thus δ·α = 1_a, because α_∗ is monomorphism. 4 ⇒ 5 is obvious, and 5 ⇒ 1 is obvious too, only note that βγ = β_∗γ_∗(1_b) = 1_b.□ Let Ψ_B be the set of all split exact sequences of C^∗-algebras of form 5. Then pair (B, Ψ_B) is category with split sequences.

Definition 15. . Let C be an additive category. A functor E : B → C will be called

a) w-additive, if for each exact sequence of form 5 following sequence

0 → E(K) → E(B) → E(C([0; 1])) → 0 (12)

is exact in additive category;

b) w-stable, if E(e) is isomorphism, where e : C → K is equivariant ∗-homomorphism such that e(1) is rank one projection;

c) w-homotopy, if E(i_0) = E(i_1), where i_0, i_1 : C[0, 1] → C are evolution homomorphisms at 0 and 1 respectively.

Our generalized Higson’s homotopy invariant theorem asserts

Theorem 16. . Let B be an admissible category of C^∗-algebras (real or complex), C an additive category. If functor E : B → C is w-additive and w-stable, then E is w-homotopy.

A construction Let H is a countable generated Hilbert space, K is algebra of compact operators, L is algebra of bounded operators, and p : L → Q be essential projection, where Q is the Calkin algebra. If φ : B → L is equivariant ∗-homomorphism, then from φ arises C^∗algebra B_φ and following commutative diagram 0 → K^j→ B_φ^p→ B → 0 = ↓^{p′} ↓ ↓^{πφ} 0 → K^j→ L^π→ Q → 0

GENERALIZED HIGSON’S HOMOTOPY THEOREM 13

such that second square is pullback. From definition follows that top sequence is short exact sequence of algebras, B_φ = {(b, x) ∈ B × L|φ(b) − x ∈ K}, p is obvious projection on the first summand, and j(x) = (0, x).

Note that the exact sequence 0 → K^j→ B_φ^p→ B → 0 is split by the ∗-homomorphism φ̂ : B → B_φ defined by φ̂(b) = (b, φ(b)). Let ψ : B → L(H) be an other ∗-homomorphism such that φ(b) − ψ(b) ∈ K, then B_φ = B_ψ, but sections φ̂ ≠ ψ̂.

Now, let E : B → M be w-stable and split w-additive functor in additive category M. Then following sequence 0 → E(K)^{j∗}→ E(B_φ)^{φ∗,p∗}←→ E(B) → 0 is split exact sequence in the additive category. Apply lemma 14, then arises unique morphism r_φ : E(B_φ) → E(K) such that

r_φ · j_∗ = 1_{E(K)}, j_∗ · r_φ + φ_∗ · p_∗ = 1_{E(Bφ)}. (13)

From definition follows that if φ − ψ ∈ K, then there exists unique morphism r(φ, ψ) : E(B) → E(K), such that r(φ, ψ) = r_φ · (φ_∗ − ψ_∗) and j_∗r(φ, ψ) = (φ_∗ − ψ_∗). Now, define × (φ, ψ) = e^{−1}_∗ · r(φ, ψ). (14) Lemma 17. . Let (φ, ψ) and (φ^′, ψ^′) Fredholm pairs for B in two universal Hilbert G- spaces H and H^′, e : C → K and é : C → K^′ maps such that e(1) and é(1) are rank one invariant projections, and the following diagram 0 → K^j→ B_φ^{φ̂,p}→ B → 0 h ↓^g ↓^f ↓ 0 → K^{′ j′}→ B_φ′^{φ̂′,p′}→ B^′ → 0 is commutative such that g · φ̂ = φ̂^′ · f, g · ψ̂ = ψ̂^′ · f and h · e = é. Then ×(φ, ψ) = ×(φ^′, ψ^′) · f_∗ Proof. Firstly note that r_φ′ · φ^′_∗ = 0 this is easy consequence of identities 13. This identity and 13 implies that

h_∗ · r_φ = r_φ′ · j^′_∗ · h_∗ · r_φ = r_φ′ · g_∗ · j_∗ · r_φ = r_φ′ · g_∗ − r_φ′ · φ^′_∗ · f_∗ · p = r_φ′ · g_∗. Then

14 KANDELAKI T.K.

×(φ^′, ψ^′) · f_∗ = é^{−1}_∗ · r(φ^′, ψ^′) · f_∗ = é^{−1}_∗ · r_φ′ · (φ^′_∗ − ψ^′_∗) · f_∗ = é^{−1}_∗ · r_φ′ · g_∗ · (φ_∗ − ψ_∗) = é^{−1}_∗ · h_∗ · r_φ · (φ_∗ − ψ_∗) = e^{−1}_∗ · r_φ · (φ_∗ − ψ_∗) = ×(φ, ψ).

Lemma 18. . Let φ : B → K ⊂ L. Then ×(φ, 0)) = e^{−1}_∗ · φ_∗.

Proof. Note that B_φ = B × K; and φ̂(b) = (b, φ(b)) and ^0(b) = (b, 0). Consider projection p_K : B × K → K. Then j_∗ · p_{K∗} + ^0_∗ · p = 1_{Bφ} and p_{K∗} · j_∗ = 1_{K∗}. Thus r_0 = p_{K∗} because of definition and uniqueness of r_{0.} It follows that

×(0, φ) = e^{−1}_∗ · r_0 · (^0_∗ − φ̂_∗) = e^{−1}_∗ · p_{K∗} · (^0 − φ̂_∗) = (as p_K · ^0 = 0) = −e^{−1}_∗ · p_{K∗} · φ̂_∗ = −e^{−1}_∗ · φ_∗. But ×(φ, 0) = − × (0, φ) by properties 2) and 6) of 12. Therefore, we get that ×(φ, 0) = e^{−1}_∗ · φ_∗.

Homotopy Invariant Theorem

Definition 19. . Let B as the above and contains K the algebra of compact operators of countable generated Hilbert space H, and if 0 → K → B ←→ C[0; 1] → 0 is a split extension then B ∈ B^G.

1. A functor E : B → M is said to be w-stable if E(e) : E(C) → E(K) isomorphism, where e : C → K is defined by formula e(1) = p is rank one projection;

2. A functor E : B → M is said to be split w-additive if for split extension above form the following sequence

0 → E(K) → E(B) ←→ E(C([0, 1])) → 0 (15)

is split exact sequence.

Theorem 20. . Let B be an admissible category real or complex C^∗- algebras 19, M be an additive category and E : B → M be a w-stable and split w-additive. Then E is w-homotopy invariant.

Proof. It suffices to show that the pairing defined by 14 satisfies the hypotheses of 12. The first two are straightforward.

a) stability. Consider diagram

0 → K → B_{φ+} → C([0, 1]) → 0 ↓^h ↓^f ↓^= 0 → M_2(K) → B_{φ+⊕φ} → C([0, 1]) → 0,

(16)

where f(c ⊕ x) = c ⊕ ( c 0 0 φ_+ ) and φ_+ ⊕ φ = ( φ_+ 0 0 φ ) . Note

only does 16 commute, but also, the sections φ^′_± of the top short exact

GENERALIZED HIGSON’S HOMOTOPY THEOREM 15

sequence correspond via f to the sections ( φ_± 0 0 φ ) for the bottom

sequence. It follows from lemma 17 that

×(φ_+, φ_−) = × ( ( φ_+ 0 0 φ ) , ( φ_− 0 0 φ ) ) . b). non-degeneracy. Using lemma 18, we get that ×(e, 0) = e^{−1}_∗ ·e_∗ = 1_{C∗.} c). unitary equivalence. Consider diagram

0 → K → B_{φ+} → C([0, 1]) → 0 ad(u) ↓ ↓ad(u) ↓= 0 → K → B_{uφ+u}∗ → C([0, 1]) → 0. From lemma 17 follows that ×(φ_+, φ_−) = ×(uφ_+u^∗, uφ_−u^∗).

d).compact perturbation. Similarly, because if u is equal to the identity , module compacts, then u is an element of an subalgebra L which contains B_φ as the closed ideal then by lemma 2.6.12 of [8] the homomorphism ad(u)_∗ : E(B_φ) → E(B_φ) is identity. We conclude that

φ̂_∗ − ad(u)_∗φ̂_∗ = 0,

which implies that ×(φ, ad(u)φ) = 0.□

4. Abstract form of homotopy theorem

Now, we give here an elementary, but useful variant of homotopy invariant theorem.

Category with split exact sequences Let A be a category with zero object and Ψ_A be a set of (formal, without any conditions of exactness) split sequences of form 0 → a^α→ c^{γ,β}→ b → 0, (17) where γ : b → c is a morphism . The pair (A, Ψ_A) will be said a category with split exact sequences and Ψ_A is called set of split exact sequences. Let (C, Ψ_C ) be an other category with split exact sequences. A functor E : A → C is said a split additive functor if E(0) zero object and from α ∈ Ψ_A follows that E(α) ∈ Ψ_C .

Remark. a) In the next canonical structure of category with split exact sequences on an additive category C will be given by the set Γ_C of all split exact ∪sequences in the categorical sense.

16 KANDELAKI T.K.

b) In the admissible category of C^∗-algebras B the set Λ_B of split exact sequences are split exact sequences of algebras of form 0 → K → D → C[0, 1] → 0.

Definition 21. . Let (A,Σ_A) category with split exact sequences and C be an additive category. A functor E : A → C is said to be split exact functor if for each split exact sequence 0 → a^α→ c^{γ,β}→ b → 0 from Σ_A the following sequences of abelian groups

0 → hom(d, E(a))^{α∗}→ hom(d, E(c))^{γ∗,β∗}→ hom(d, E(b)) → 0 and 0 → hom(E(b), d)^{γ∗,β∗}→ hom(E(c), d)^{α∗}→ hom(E(a), d) → 0 are exact for each object d ∈ C.

Lemma 22. . Let (A,Σ_A) category with split exact sequences and C be an additive category. A functor E : A → C is split exact iff E is split additive.

Split action Here are given definitions which we are need to formulation of an abstract form of homotopy invariant theorem.

Definition 23. . Let A be and B be categories. We say that A is with right B-action if it is given functor ⊘ : A × B → A Let A and B have of structure of split categories with set split exact sequences Ψ_A and Ψ_B respectively, we say that action is a split action if for any object A ∈ A and split exact sequence 0 → B^′ → B^{γ,β}→ B^{′′} → 0 in Ψ_B following sequence

0 → A ⊘ B^′ → A ⊘ B^{γ̇,β̇}→ A ⊘ B^{′′} → 0 is in Ψ_A.

Definition 24. . Let A be a split category, B be an admissible category of C^∗-algebras, C is split category and ⊘ : A × B → A is a split action. We say that

1. functor E : A → C is a homotopy functor if E(A ⊘ −) is whomotopy functor on B for every object A ∈ A.

GENERALIZED HIGSON’S HOMOTOPY THEOREM 17

2. functor E : A → C is a stable functor if E(A ⊘ −) is w-stable on B for every object A ∈ A

Theorem 25. . Let A be a split category, B an admissible split category of C^∗-algebras and C is an additive category, ⊘ : A × B → A is split action. If functor E : A → C is stable and split additive, then E is homotopy functor.

Proof. For each A ∈ A functor E(A ⊘ −) from category B to C is w-stable and w-split additive, therefore it is w-homotopy invariant by theorem 16. Thus E is homotopy invariant by definition 24.□ Real C^∗-algebras Let RC^∗ (resp. SRC^∗) be category real C^∗-algebras (resp. real separable C^∗-algebras) and ∗-homomorphisms. Let B be an admissible category of real C^∗-algebras. Consider action

⊘ : RC^∗ × B →RC^∗

defined by formulas ⊘(A, B) = A ⊗_{min} B and ⊘(f, g) = f ⊗_{min} g where ⊗_{min} is minimal C^∗-tensor product. Category RC^∗ is category of split sequences relative usually split sequences and functor A ⊗_{min} − : B → RC^∗ preserves split exact sequences for any real C^∗-algebra A. Let R be algebra of real numbers and R[0, 1] real C^∗- algebra of continuous real functions. Then definition ? in this case has following formulation

Definition 26. Let C be an additive category. We say that

1. functor E : RC^∗ → C is a homotopy functor if E(1_A ⊗ i_0) = E(1_A ⊗ i_1) for every object A ∈ RC^∗, where i_0, i_1 : R[0, 1] → R are evolution maps at 0 and 1 2. functor E : RC^∗ → C is a stable functor if E(1_A ⊗ e) is an isomorphism for any A ∈ RC^∗, where e : R → K_R is such that e(1) is rank one projection.

3. functor E : RC^∗ → C is a split additive functor if for any split exact sequence 0 → I → B → A → 0 real algebras the sequence 0 → E(I) → E(B) → E(A) → 0 is split exact sequence in C.

Theorem 24 gives following

Corollary 27. Let RC^∗ be the category of real C^∗-algebras. If functor (covariant or contravariant)

E : RC^∗ → C

is stable and split additive, then E is homotopy functor.

18 KANDELAKI T.K.

Remark. Corollary also is true for any admissible subcategory of RC^∗ closed relative minimal tensor product, short extensions and contains 0, R, R[0, 1], in particular for SRC^∗ of category of separable real C^∗-algebras and their ∗-homomorphisms.

Corollary 28. Let G be a compact group, GRC^∗ be the category of real G − C^∗-algebras, B an admissible split category of real C^∗-algebras (which are considered as the G − C^∗-algebras with trivial G action), ⊗_{min} : GRC^∗ × B → GRC^∗ is split action defined as above, C is an additive category. If functor E : RC^∗ → C is stable and split additive, then E is homotopy functor.

4.1. The category of pro-C^∗-algebras. Let A^∗ denote the category of involutive algebras over C field of complex numbers, which are equipped with a Hausdorf topology such that all algebraic operations are continuous. Morphisms in this category are involutive algebra homomorphisms. We consider ungraded algebras as objects in this category.

Definition 29. [15] a) An involutive complex algebra A is called a pro-C^∗-algebra, if there exists an inverse system {A_i, τ_{ij} } of C^∗-algebras such that A = inv lim A_i. The category of pro-C^∗-algebras and bounded ∗-homomorphisms will be denoted by Pr C^∗.

b) A pro-C^∗-algebra A is called countable if there exists a sequence A_1 ← A_2 ← · · · ← A_n ← · · · of C^∗-algebras such that A = inv lim A_i. Countable pro-C^∗-algebras are called σ-C^∗-algebras. The full subcategory of Pr C^∗ of σ-C^∗-algebras is denoted by S Pr C^∗.

c) For A in A^∗ let S(A) be the set of continuous C^∗-seminorms and suppose that it is Hausdorf and complete. For each x ∈ S(A) let I_x = {a ∈ A : |a|_x = 0}, and A_x = A/I_x which is C^∗-algebra. Let x ≤ y ⇔ |a|_x ≤ |a|_y, for all a ∈ A,is essential order on S(A). If x ≥ y, then the identity map on A induces epimorphism π^{xy} : A_x → A_y. Let π^x : A → A_x denote essential projection. Then (A_x, π^{xy}) is an inverse system of C^∗-algebras which will be denoted again by S(A). Then A_∞ = inv lim S(A) is a pro-C^∗-algebra and projection π^x induce a morphism π : A → A_∞. Note also that S(A) is directed set.

In [[15]] is a characterization of such algebras which we give here:

Theorem 30. For a pro-C^∗-algebra following properties are equivalent:

a) A is a pro-C^∗-algebra.

GENERALIZED HIGSON’S HOMOTOPY THEOREM 19

b) A is Hausdorf, complete and topology on A is induced by a system of C^∗-seminorms.

c) The canonical homomorphism π : A → A_∞ is an isomorphism, i.e. π is an isomorphism of ∗-algebras and a homeomorphism.

Let Pr C^∗ (resp. S Pr C^∗) be full subcategory of A^∗ of pro-C^∗- algebras (resp. separable algebras).

Now, we are in need to construct action ∧ ⊗: Pr C^∗ × B → Pr C^∗

where B is admissible subcategory of nuclear C^∗-algebras. Namely, we want to construct a tensor product of pro-C^∗-algebra and nuclear C^∗-algebra (cf. [[15]]).

We recall that for a C^∗-algebras A and nuclear C^∗-algebra B one has uniqual C^∗-tensor product A ⊗ B.

Definition 31. Let A be a pro-C^∗-algebra and B be a nuclear C^∗- algebra, then define the tensorproduct A^∧⊗ B to be the inverse limit of the system (A_x ⊗ B, π^{xy} ⊗ 1_B) x, y ∈ S(A). Proposition 32. Let 0 → B_0 → B^{←−}_{2−→}B_1 → 0 be a split exact sequence of algebras from B and A is a pro-C^∗-algebra. Then

0 → A^∧⊗ B_0 → A^∧⊗ B^{←−}_{−→} A^∧⊗ B_1 → 0 (18)

is split exact sequence of pro-C^∗-algebras.

Proof. Let A = inv lim A_α, where A_α is C^∗-algebras. Then following sequence

0 → A_α ⊗ B_0 → A_α ⊗ B^{←−}_{−→} A_α ⊗ B_1 → 0 is split exact sequence of C^∗-algebras, because B_0, B_1 are nuclear C^∗- algebras. From this we get following long exact sequence of linear spaces

··^{←−}_{−→}lim_← .^{(1)}(A_α⊗B_1) → lim_← (A_α⊗B_0) → lim_← (A_α⊗B)^{←−}_{−→} lim_← (A_α⊗B) → 0

from which easy follows that the sequence 18 of pro-C^∗-algebras is exact.

Now, remark that definition of general stability, homotopy and split exactness gives following definitions.

Definition 33. a) Two homomorphisms f_0, f_1 : A → A^′ in the category Pr C^∗ are homotopic if there exist homomorphism F : A → A^{′ ∧}⊗ C([0; 1]) such that (1 ^⊗i_0)F = f_0 ^⊗1 and (1 ^⊗i_1)F = f_1 ^⊗1,where

20 KANDELAKI T.K.

i_1, i_0 : C[0, 1] → C are evolution homomorphisms at 1and 0 respectively. A functor F on B is said homotopy functor if F(f_0) = F(f_1).

b) Let e : C → K be a homomorphism such that e(1) is rank one projection, and 1_A^∧⊗ e : A^∧⊗ C → A^∧⊗ K be induced homomorphism. A functor F on Pr C^∗ is said stable if F(1_A^∧⊗ e) is isomorphism for any A.

c). A functor F from B to additive category is split additive if from split exactness of sequence 0 → B_0 → B_1 → B_2^{←−}→ 0 follows split exactness of 0 → F(B_0) → F(B_1)^{←−}_{−→}F(B_2) → 0 Theorem 34. Let F be a stable and split additive functor from category Pr C^∗ (or S Pr C^∗) to a pre-additive category. Then F is homotopy invariant functor.

Proof. For any A from Pr C^∗ consider functor F_A : B → C which is defined by formulas F_A(B) = A ^⊗B and F_A(g) = 1_A ^⊗g, where C is a additive category. By assumption F_A is w-stable and w-additive. Apply main theorem, we get that F_A is w-homotopy functor for any pro-C^∗-algebra. Therefore F is homotopy functor.

Remark. By analogy of theorem 34, we can proof similar theorems for other subcategories of Pr C^∗ which are closed relative split extensions and B-action, in particular for category of separable pro- C^∗-algebras.

4.2. Homotopy property of Cuntz bivariant theories. Let C[0, 1] be algebra of continuous functions on the unit interval and K be algebra of compact operators on a separable Hilbert space. Let M be the category of m-algebras and their homomorphisms [2],[11]. Definition 35. For any functor ⋄ : M → A let ⋄^A_K : B → A be the functor defined by formulas

⋄^A_K (B) = ⋄(A ⊗_π (K ⊗_{min} B)) and ⋄^A_K (f) = ⋄(1_A ⊗_π (1_K ⊗_{min} f)). (19) Definition 36. A algebraic bivariant theory is a functor ⋄ from category M into an additive category A such that following conditions are satisfied:

1. (M_2-stability) the canonical inclusion ι : A → M_2(C) ⊗ A induces an isomorphism ι_⋄ ∈ A(A, M_2(C) ⊗ A);

2. (split exactness) for any split exact sequence 0 → A^i→ B^{t,p}→ C → 0 there exists unique morphism j̃ ∈ A(B, A) such that {A, C; i_⋄, j̃, t_⋄, p_⋄} is representation of B as the sum in the additive category A.

GENERALIZED HIGSON’S HOMOTOPY THEOREM 21

Proposition 37. Let ⋄ : M → A is algebraic bivariant theory. Then functor ⋄^A_K : B → A defined by 19 is w-homotopy invariant functor for any A ∈ A

Proof. According on the associativity of the tensor products bellow and nuclearity of M_2(C), we get following commutative diagram

A ⊗_π (K ⊗_{min} C)^ι→ A ⊗_π (K ⊗_{min} K) ↓^j ↓^≃ M_2(A ⊗_π (K ⊗_{min} C)) ≃ A ⊗_π (K ⊗_{min} M_2(C)),

where i = 1_A ⊗_π (1_K ⊗_{min} e) and j is canonical imbedding in the left upper corner. Apply M_2(C)-stability of ⋄, one has that for the canonical homomorphism

ι : A ⊗_π (K ⊗_{min} C) → A ⊗_π (K ⊗_{min} K)

the morphism ι_⋄ is isomorphism, i.e. ⋄^A_K is w-stable. The w-additivity property follows from the fact that functor A ⊗_π (K⊗_{min}) : B → M carries split exact sequences. Thus by homotopy invariance theorem functor ⋄^A_K is w-homotopy invariant.

Definition 38. Two homomorphisms f_0, f_1 : A → M in the category M are π-homotopic if there exists homomorphism F : A → M ⊗_π C[0, 1] such that f_0 = ev_0 · F and f_1 = ev_1 · F . Let ⋄ : M → A be a functor and M ∈ M. We say that ⋄ has π-homotopy property relative M, if (1_M ⊗_π ev_0)_⋄ = (1_M ⊗_π ev_1)_⋄ where ev_t : C[0, 1] → C is evolution at t ∈ [0, 1].

Theorem 39. Let ⋄ : M → A be M_2(C)-stable and splite exact functor. Then ⋄ has π-homotopy property relative to any m-algebra of the form M ⊗_π K. In particular, for any π-homotopic homomorphisms f_0, f_1 : A → M ⊗_π K holds ⋄(f_0) = ⋄(f_1).

Proof. Consider commutative diagram

A ⊗_π (K ⊗_π C[0, 1])^c→ A ⊗_π (K ⊗_{min} C[0, 1]) ↓^≃ ↓^{it} (A ⊗_π K) ⊗_π C[0, 1]^{evt}→ (A ⊗_π K) ⊗ C. where c is essential homomorphism defined as the identity on the elements of form a ⊗_π (‖ ⊗ f(t)) and extended continuously because of ||·||_{min} ≤ ||·||_π. By proposition 37 for vertical arrowos i_0, i_1 holds equality ⋄(i_0) = ⋄(i_1). Thus ⋄(1_{A⊗πK} ⊗_π ev_0) = ⋄(1_{A⊗πK} ⊗_π ev_1). Second fact is easy consequence of first.

22 KANDELAKI T.K.

Corollary 40. Let kk^∗(A, B) be the Cuntz smooth bivariant kk-theory on the category of m-algebras [2]. Then kk^∗_K(A, B) = kk^∗(A ⊗_π K, B ⊗_π K) has π-homotopy property for any A, B ∈ M.

Corollary 41. Let HP^∗(A, B) be the Cuntz-Quillen periodic cyclic cohomology on the category of m-algebras [6]. Then HP^∗_K(A, B) = HP^∗(A ⊗_π K, B ⊗_π K) has π-homotopy property for any A, B ∈ M.

References

[1] Blackadar B., K-Theory for operator algebras M.S.R.I. Publ. 5, Springer-Verlag, 1986.

[2] Cuntz J., Bivariante K-theorie Fur Lokalkonvexe Algebren und der Chern-Connes-charakter, Doc. Math. J.DMV 2(1997),139-182.

[3] Cuntz J., A General Construction of Biv ariant K-theories on the Category of C^∗-algebras (In preparation) [4] Cuntz J.,A New Look at KK-Theory K-Theory 1 (1987), 31-51. [5] Cuntz J., K-theory and C^∗-algebras Lect. Notes in Math. 1046 (1982), 55-79.

[6] Cuntz J., Quillen D. Exision in bivariant periodic cyclic cohomology, Invent. math. 127(1997),67-92.

[7] Cuntz J., Skandalis G., Mapping cones and exact sequences in KKtheory, J. Operator Theory 15 (1986), 163-180.

[8] Higson N., Algebraic K-theory of stable C^∗-algebras, Adv. Math. 67 (1988), 1-140.

[9] Kasparov G.G., The operator K-functor and extensions of C^∗- algebras, Izv. Acad. Nauk SSSR. 44 (1980), 571-636 (in Russian); Math. USSR Izv. 16 (1981), 513-572 (English trans.)

[10] Kasparov G.G., Hilbert C^∗-modules: theorems of Stinespring and Voiculescu, J. Operator Theory 4 (1980), 133-150.

[11] Michael E.A., Locally multiplicative-convex topological algebras, Memoirs of the AMS, 11(1952).

[12] Palmer T.W., Real C^∗-algebras, Pacific J.Math., 35 (1970), 195-204. [13] Skandalis G., Some remarks on Kasparov theory, J. of Funct. Anal., 56 (1984), 337-347.

[14] Suslin A.A., Wodzicki M. Excision in algebraic K-theory, Annals of Math. 136(1992)51-122.

[15] Weidner Topological invariants for generalized operator algebras, PhD Thesis, Heidelberg (1987).