Global Actions and Related Objects Foundations

Anthony Bak

Department of Mathematics, University of Bielefeld, 33501 Bielefeld, Germany e-mail: bak@@ mathematik.uni-bielefeld.de

1 Introduction

This article introduces a general algebraic concept of space with motion. The spaces consist of a set X together with a collection of group actions G_α ↷ X_α where G_α is a group acting on a subset X_α � X. It is possible that a given subset of X is acted on by several different groups. The group actions are tabulated by letting α above run through an index set Φ called a coordinate system. We structure the set {G_α ↷ X_α|α ∈ Φ} of group actions by equipping Φ with a reflexive relation ≦ and imposing the condition that G defines a functor Φ → ((groups)), α → G_α, such that if σ ∈ G_α and ρ its image in G_β under the homomorphism G_{α≦β} then for any x ∈ X_α ∩ X_β, σx = ρx. The resulting triple (Φ, G, X) is called a global action. Motion is provided by the concept of path. A path is a sequence x_0, · · · , x_p of points in X such that for each 0 ≦ i ≦ p − 1, there is a coordinate α_i ∈ Φ with the property that x_i, x_{i+1} ∈ X_{αi} and σ_ix_i = x_{i+1} for some σ_i ∈ G_{αi} . It turns out that there is a global action L called a line such that paths in a given global action A are determined by morphisms from L to A. We shall use this natural and intuitive construction of paths to carry over to algebra all of the experience we have with paths in topological spaces. One consequence of this program will be a homotopy theory for algebraic structures which includes a natural, intuitive, as well as rigorous concept of algebraic deformation of morphisms. There are two prerequisites for realizing this goal and they are supplied in the current article. First one must show how to make the set Mor(A, B) of all morphisms from a global action A to a global action B, into a global action. This allows one to deform a morphism f : A → B to a morphism g : A → B by a path from f to g. The second is to formulate a general condition for global actions, which guarentees that the exponential map E : Mor(A, Mor(B, C)) → Mor(A × B, C) is an isomorphism of global actions. This implies that the cylinder method for deforming a morphism f to a morphism g is equivalent to the path procedure above. With this equivalence, one develops fundamental constructions and principles of algebraic homotopy theory along the lines of their topological precedents. This will be done in a sequel to the current paper and used to present higher Volodin K-groups of stable and nonstable classical-like groups in terms of their canonical unipotent subgroups.

In order to apply the algebraic homotopy theory above to developing a theory of deformation for morphisms in arbitrary categories, the notion of global object will be used. This concept is introduced also in the current article. It is a generalization to arbitrary categories of the notion of global action and serves in the current article to provide depth and perspective for the notion of global action.

The remainder of the article is organized as follows. §2 introduces the notion of global action. We drop the annoying condition in [1] that the relation on the coordinate system is transitive. The section provides numerous examples. These include the line action L mentioned above, other related, geometrically inspired examples, and global actions which we christen Volodin models. The Volodin models will be used in a future paper to provide an algebraic definition of higher Volodin K-groups and algebraic foundations of algebraic K-theory. Next the concept of global object is introduced, as well as the concept of a representation of a global object by a global action. Examples of both concepts are given and it turns out that the geometrically inspired global actions at the beginning of the section are representations of global simplicial complexes, i.e. of global objects in the category of (abstract) simplicial complexes. The section closes with two results showing how to functorially construct global objects from primitive data. These constructions will be enormously important in constructing a deformation theory for morphisms in arbitrary categories.

§3 studies the concept of morphism for global actions. There is a general notion of morphism and two important special kinds of morphisms, namely normal morphisms and regular morphisms. The regular morphisms provide the strongest notion of morphism and preserve all the structural concepts in the definition of a global action. The general notion takes individually into account, the group actions making up a global action, but does not reflect the coherence among the actions, given by the transitive reflexive relation on the coordinate system Φ and the functoriality of the global group functor G. Normal morphisms lie somewhere between regular and general. All regular morphisms are normal, but not conversely.

We define first the general notion of morphism and then that of regular morphism. The notion of chart is introduced and used to define a global structure on the set Mor(A, B) of all morphisms from a global action A to a global action B. As a global action, Mor(A, B) is a contravariant functor in the first variable, but is not defined over all morphisms in the second variable. The notion of normal morphism is introduced so that Mor(A, B) becomes a covariant functor in the first variable over all normal morphisms. This result will be very important for algebraic homotopy theory, since it will imply that algebraic homotopy groups are functorial over a large class of normal morphisms called ∞−L-morphisms. Next the notions of infimum and strong infimum global action are introduced. Volodin models and the geometrically inspired global actions in §2 are examples of strong infimum actions. It is shown that any morphism whose target is an infimum or strong infimum action is ∞−normal and that the exponential morphism E : Mor(A, Mor(B, C)) → Mor(A × B, C) is an ∞− normal isomorphism if C is an infimum action and a regular isomorphism if C is a strong infimum action. These results will be also required in developing algebraic homotopy theory.

§4 introduces the notion of subaction of a global action and the notion of relative action. A relative action is a pair consisting of a global action and a subaction. Relative actions are required in the homotopy theory of global actions. §4 repeats the entire program of §3, with relative actions replacing global actions. The details are not routine, as in the case of topological spaces. The added complications arise from the notion of relative chart which is needed to put a relative global structure on the set of all morphisms Mor(A, B) from a relative action A to a relative action B. Relative charts are subtler than their absolute counterparts and this added subtlety has to be followed up throughout the entire section. This done, one gets the same results as in §3.

The article is written in an elementary and selfcontained style.

2 Global actions

A global action is an algebraic object which is formed by fitting or gluing together various group actions. The construction resembles that of several well known mathematical objects which are formed by fitting certain building blocks together, in our case group actions, to form more complicated structures. Examples include simplicial complexes where the building blocks are simplices, CW-Complexes where the building blocks are closed disks, manifolds where the building blocks are open disks of a fixed dimension, and varieties (resp. schemes) where the building blocks are affine varieties (resp. affine schemes). Furthermore the homotopy theory of global actions resembles that of the topological examples above in so far as the building blocks turn out to be homotopically trivial, being n-connected for all n > 0.

Definition 2.1 A global action is a set {G_α ↷ X_α|α ∈ Φ} of groups G_α acting on subsets X_α of some set |X|, subject to the following conditions.

(2.1.1) Φ is equipped with a reflexive relation ≦ .

If the relation ≦ is also transitive then Φ can be considered as category whose objects are the elements α of Φ and whose morphisms are the relations α ≦ β between elements of Φ. If Φ is a category then the set Mor(α, β) of all morphisms from an object α to an object β has at most one member. Thus if α ≦ β and β ≦ α then these morphisms are mutually inverse. If it is always the case that α ≦ β and β ≦ α implies α = β then the relation ≦ is by definition a partial ordering on Φ.

(2.1.2) The function X : Φ → subsets |X|, α → X_α, has in general no special properties.

If Φ is a category and subsets |X| is viewed as a category whose objects are the subsets of |X| and whose morphisms are all natural inclusions between subsets of |X| then the global action is called contravariant if the function X : Φ → subsets|X| is a contravariant functor, i.e. if α ≦ β then X_α � X_β.

(2.1.3) The function G : Φ → ((groups)), α → G_α, assigns also to each α ≦ β a unique homomorphism G_{α≦β} : G_α → G_β.

If Φ is a category and G defines a covariant functor to groups then the global action is called covariant.

(2.1.4) Compatibility condition. If α ≦ β then G_α leaves X_α ∩ X_β invariant and for all σ ∈ G_α and all x ∈ X_α ∩ X_β, σx = G_{α≦β}(σ)x. (Note that if X_α ∩ X_β is empty, the compatibility condition is automatically satisfied.)

The global action is called bivariant if it is both covariant and contravariant.

Φ is called the coordinate system of the action and each element of Φ is called a coordinate. The function G is called the group function of the action and the function X the set function. |X| is called the enveloping set. Its elements are called the points of the action. The group function is called covariant if the relation on Φ is transitive and G is a covariant functor to groups. The set function is called contravariant if the relation on Φ is transitive and X is a contravariant functor to subsets |X|. If α is a coordinate then G_α is called the local group at α and X_α the local set at α. Let x ∈ |X|. The local group G_α or an element σ ∈ G_α is said to be defined at x whenever x ∈ X_α. A group element of a global action is an element of some local group G_α.

To handle linguistically the concepts used in defining a global action, it is convenient to give some names to them. Let B be a collection of objects and of arrows A → B between objects A and B of B. Thus B is like a category, except there is no composition rule for arrows. Let C be a category. A rule F which associates to each object A of B a unique object F (A) of C and to each arrow f : A → B of B a unique morphism F (f) : F (A) → F (B) of C will be called a (covariant) generalized functor. A contravariant generalized functor is defined in the obvious way. A natural transformation η : F → G of generalized functors F and G : B → C is a rule associating to each object A of B a unique morphism η(A) : F (A) → G(A) such that if f : A → B is an arrow in B then the diagram

F (A)

F (f) �

η(A) �

G(A)

G(f) � F (B)_{η(B)} � G(B)

commutes. Thus in the definition of a global action (Φ, G, X), G is a generalized functor Φ → ((groups)). Natural transformations will be used in the definition of a regular morphism in §3.

Remark In a general global action, Φ is not necessarily a category and G is not necessarily a functor on Φ even if Φ is a category. Suppose now that α_0, · · · , α_p are elements in Φ such that α_0 ≦ α_1 ≦ · · · ≦ α_p. Of course it is not necessarily true that α_0 ≦ α_p. It follows easily from the compatibility condition (2.1.4) that for any ele-

ment x ∈^p ⋂ i=0 X_{αi} and any σ ∈ G_{α0} , σ(x) = G_{α0≦α1} (σ)(x) = (G_{α1≦α2} G_{α0≦α1} )(σ)(x) =

(G_{αp−1≦αp} · · · G_{α1≦α2} G_{α1≦α0} )(σ)(x). Moreover if α_0 ≦ α_p then it follows also that σ(x) =

G_{α0≦αp} (σ)(x). Thus G_{α0≦αp} (σ) and (G_{αp−1≦αp} · · · G_{α1≦α2} G_{α0≦α1} )(σ) agree on^p ⋂ i=0 X_{αi} .

This functorial like property of G is used subtly several times in this article. Moreover if Φ is a category and if for each α ∈ Φ, X_α = |X| and G_α acts fixed point free on |X| then G is necessarily a functor on Φ.

Remark Many global actions satisfy the additional property that |X| = ∪_{α∈Φ}X_α or even the property that |X| = X_α for some α ∈ Φ. If a global action doesn’t have this property one can introduce it by enlarging Φ with an element ∗ such that ∗ ≦ α for all α ∈ Φ and then setting X_∗ = |X| and G_∗ = {1}. However, this will change subtly the structure of the global action, as we shall see for example in the definition of an ∞− exponential action in (3.18) and in Theorem 3.23 and its proof.

It is allowed that X_α = ϕ. This will be convenient when making certain constructions, such as that of a standard subspace.

The examples below illustrate the concept of a global action.

Example 2.2 Let G be a group acting on a set |X|. Let Φ be a set which indexes a set {G_α|α ∈ Φ} of subgroups of G. Assume that G_α = G_β ⇔ α = β. Partially order {G_α|α ∈ Φ} by inclusion and give Φ the induced partial ordering. Clearly the rule α → G_α defines a functor Φ → ((groups)). Define the function X : Φ → subsets |X|, α → X_α, by X_α = |X| for all α ∈ Φ. Then one obtains a global action (Φ, G, X) which is bivariant.

Definition 2.3 Suppose that in (2.2), G = |X| and the action of G on |X| is by multiplication. Suppose that G_∗ = {1} for some ∗ ∈ Φ , that {G_α|α ∈ Φ} is closed under arbitrary intersections, and that the following condition is satisfied: If G_α and G_β are contained in a subgroup G_γ′ then the subgroup ⟨G_α, G_β⟩ of G generated by G_α and G_β is identical with some subgroup G_γ . Then (Φ, G, X) is called a Volodin model. (It turns out that the Volodin K-groups of rings or of rings with extra structure such as an involution are algebraic homotopy groups of certain Volodin models. The intersection property of Volodin models is needed to show that the algebraic homotopy groups of a Volodin model agree with the ordinary homotopy groups used by Volodin of a related topological space.)

If U is a set, let

Perm(U) =Group of all bijections of U onto itself.

fPerm(U) ={σ ∈ Perm(U)|σ fixes all but a finite number of elements of U}.

If U is a well ordered nonempty finite set, let

cPerm(U) = cyclic subgroups of Perm(U) generated by the cyclic permutation which sends each element of U, except for the last, to its successor and sends the last element to the first.

Example 2.4 This example is called the line action and is important for the homotopy theory of global actions. Let Φ = Z ∪ {∗}. Give Φ the partial ordering such that there is no relation between elements of Z and such that ∗ < n for all n ∈ Z. Let |X| = Z and define X : Φ → subsets |X|, α = n → {n, n + 1} and α = ∗ → |X|. Define

G : Φ → ((groups)),α = n → G_α = Perm({n, n + 1}) and α = ∗ → G_α = {1}. Then the triple (Φ, G, X) is a bivariant action.

The next example generalizes the one above.

Example 2.5 Let S denote an abstract simplicial complex and let |X| denote the set of its vertices. If α is a subcomplex of S, let X_α denote the set of its vertices. Call a subcomplex α simple, if X_α has a partition into subsets U such that any finite subset of U is a simplex in α and such that any simplex of α is a subset of some U. Clearly if α is simple then the partition above of (X_α) is unique; let Part(X_α) denote this partition. Let Φ denote the set of all simple subcomplexes α of S. Define α ≦ β ⇔each member U ∈ P art(X_α) has the property that either U ∩ X_β = ∅ or there is a V ∈ P art(X_β) such that U � V . Clearly the subcomplex of S whose vertices are |X| and whose simplices are the singleton subsets of |X| is the smallest element of Φ. For α ∈ Φ, define

G_α = ∏ U∈Part(X_α)

Perm(U)

fG_α = ∏ U∈Part(X_α)

fPerm(U).

There is a canonical action of G_α (resp. fG_α) on X_α defined by the action of each permutation group Perm(U) (resp. fPerm (U)) on U. If α ≦ β and X_α ∩ X_β ≠ ∅, there is an obvious group homomorphism G_α → G_β such that (2.1.4) holds. If X_α ∩ X_β = ∅ then one could take any homomorphism G_α → G_β and (2.1.4) would hold, but for the sake of having a concrete definition, we take the trivial homomorphism. Define

gl(S) = (Φ, G, X) fgl(S) = (Φ, fG, X).

Then gl(S) and fgl(S) are global actions called simplicial actions. They are not in general bivariant.

Well order now the vertices |X| of S and let cΦ denote the subset of Φ of all simple subcomplexes α such that P art(X_α) contains only finite sets. The smallest element of Φ, say ∗, clearly lies in cΦ. Give cΦ a new partial ordering such that α ≦ β ⇔ each member U of P art(X_α) has the property that either U ∩ X_β = ∅, U has exactly one element, or U = V for some V ∈ P art(X_β). For α ∈ cΦ, define (cX)_α = X_α and cG_α = ∏ U∈P art(X_α)

cP erm(U).

There is a canonical action of cG_α on cX_α defined by the action of each cyclic group cP erm(U) on U. If α ≦ β and cX_α ∩ cX_β ≠ ∅ there is an obvious group homomorphism cG_α → cG_β such that (2.1.4) holds. If cX_α ∩ cX_β = ∅, we define cG_β → cG_β equal to the trivial homomorphism. Define

cgl(S) = (cΦ, cG, cX).

Then cgl(S) is a global action called a cyclic simplicial action. It is not in general bivariant.

Remark There are two important variations of the above, each obtained by eliminating certain relations between coordinates. The first is to eliminate in Φ or cΦ any relation α ≦ β where X_α ∩ X_β = ∅. The second is to eliminate any relation α ≦ β such that X_α � X_β. In this case, we get a global action which is bivariant. To prepare for further examples, a few concepts from category theory are recalled. Let C be a category. Let O be an object in C. Let O^′ ↣ O be a subobject of O. If σ ∈ Aut_C (O) then one says that σ leaves O^′ invariant or stabilizes O^′, if there is a ρ ∈ Aut_C (O^′) such that the diagram

O^′ � � ρ � O σ � O^′ � � O

commutes. Clearly if ρ exists, it is unique. The set of all automorphisms of O which stabilize O^′ form a subgroup

Stab_O(O^′)

of Aut_C (O) called the stabilizer of O^′ in O. There is a canonical group homomorphism

Stab_O(O^′) → Aut_C (O^′) .

σ → ρ

Let P be an object of C. A P-point of C is an element of Mor_C (P, O) where O is any object of C. For a fixed P , the concept of P-point allows one to associate to an arbitrary object O of C, an underlying set, namely the set Mor_C (P, O) of all P-points in O. Moreover given any set P of objects of C (for the current purposes, it can be assumed that no two distinct objects in P are isomorphic), it makes sense to define the underlying set of P-points of O as the set ⋃ P ∈P MorC (P, O). If O

′ ↣ O is a subobject then there is a canonical injection P-points (O^′) ⊆ P-points (O)

of sets which will be frequently used to identify the former set with a subset of the latter.

Next we generalize the concept of global action to arbitrary categories by the concept of global object. Then we define the notion of representing a global object by a global action. After that a canonical method of constructing global objects from simple data is developed. All of this provides a wealth of examples of global objects and global actions and paves the way for applying global action methods to many different kinds of problems.

Definition 2.6 Let C be a category. A global object in C consists of a set {O_α ↣ O|α ∈ Φ} of subobjects O_α ↣ O of an object O of C and a set {G_α → Aut_C (O_α)|α ∈ Φ} of groups G_α and group homomorphisms G_α → Aut_C (O_α) satisfying the following conditions.

(2.6.1) Φ is equipped with a reflexive relation ≦.

(2.6.2) The function O : Φ −→ subobjects(O), α → (O_α ↣ O), has in general no special properties. If Φ is a category and subobjects (O) is viewed as a category in the usual way then the global object is called contravariant if the function O : Φ → subobjects (O) is a contravariant functor.

(2.6.3) The function G : Φ −→ ((groups)), α → G_α, assigns also to each α ≦ β a unique homomorphism G_{α≦β} : G_α → G_β. Thus G is a generalized functor. If Φ is a category and G defines a covariant functor to groups then the global object is called covariant.

(2.6.4) Compatibility condition. If α ≦ β then the pullback diagram

O_α ∩ O_β �^{φα} � � φ_β � O_α � � O_β � � O

exists in C and there is a (necessarily unique) group homomorphism G_α → Aut_C (O_α ∩O_β ) such that φ_α and φ_β are G_α -equivariant.

The global object is called bivariant if it is both covariant and contravariant.

Clearly the concept global action is identical with that of global set.

Definition 2.7 Let (Φ, G, O) be a global object in the category C. Let P be a set of objects in C. A P -representation of (Φ, G, O) is a set {X_α|α ∈ Φ, X_α � P-points(O_α), X_α is G_α-invariant}. The P-representation of (Φ, G, O) is the set {P-pointsO_α|α ∈ Φ}. It is easy to check that (Φ, G, X) is a global action. The P-representation of a contravariant global object is a contravariant action, but the same is not true of an arbitrary P-representation of a contravariant global object. Obviously any P-representation of a covariant global object is a covariant action.

Example 2.8 Let C denote the category of abstract simplicial complexes. Let S be an object of C. Let Φ be as in (2.5) and for each α ∈ Φ, set S_α = α. Thus S_α is a simple subcomplex of S. Let G_α and fG_α be defined as in (2.5). Thus G_α and fG_α are subgroups of Aut_C (S_α). One checks routinely that (Φ, G, S) and (Φ, fG, S) are global simplicial complexes. They are not in general bivariant. Moreover if P denotes the simplicial complex with precisely one vertex then the P -representation of (Φ, G, S) (resp.(Φ, fG, S)) is the global action gl(S) (resp.fgl(S)) defined in (2.5).

Let cΦ be as in (2.5) and for each α ∈ cΦ, set (cS)_α = α and let (cG)_α be as in (2.5). Then (cΦ, cG, cS) is a global simplicial complex and the P-representation of (cΦ, cG, cS) is the global action cgl(S) defined in (2.5). (cΦ, cG, cS) is not in general bivariant.

Remark There are two important variations of the above, just as in Example 2.5, each obtained by eliminating certain relations between coordinates. The first is to eliminate in Φ or cΦ any relation α ≦ β where vertices (α)∩ vertices (β) = ϕ. The second is to eliminate any relation α ≦ β such that vertices (α) � vertices (β). In this case, we get a global simplicial complex which is bivariant.

The following method of constructing global objects from data generalizes Example 2.2, even in the case of sets, and is very useful.

Construction-Lemma 2.9 Let C be a category and O an object in C.

(2.9.1) Global data for O consists of a set {O_α ↣ O|α ∈ Φ} of subobjects O_α ↣ O of O and a set {G_α � Aut_C (O_α)|α ∈ Φ} of subgroups G_α � Aut_C (O_α).

(2.9.2) Given global data, define a transitive reflexive relation ≦_{ct} on Φ, called the canonical transitive relation , as follows: α ≦_{ct} β ⇔ there is a commutative diagram

O_α � � O

O_β � � � � � � � �

such that G_α � Stab_{Oα} (O_β) and the canonical homomorphism G_α −→ Aut_C (O_β) has its image in G_β. One checks straightforward that (Φ, G, O) is a bivariant global object. Moreover, if ≦ is any transitive reflexive relation on Φ such that ((Φ, ≦), G, O) is a bivariant global object then the identity map Φ → Φ defines a functor (Φ, ≦) −→ (Φ, ≦_{ct}) of categories.

(2.9.3) Given global data, define a reflexive relation ≦_{cr} on Φ, called the canonical relation , as follows: α ≦_{cr} β ⇐⇒ there is a pullback diagram

O_β ∩ O_α � � � � O_α � � O_β � � O

in C such that G_α � Stab_{Oα} (O_β ∩ O_α), G_β � Stab_{Oβ} (O_β ∩ O_α), the canonical homomorphism G_β −→ Aut_C (O_β ∩ O_α) is injective, and the image (G_α −→ Aut_C (O_β ∩ O_α)) is contained in the image of the previous homomorphism. It follows that if α ≦_{cr} β then there is a unique homomorphism G_α −→ G_β such that the morphism O_β ∩ O_α −→ O_β is G_α-equivariant. Obviously (Φ, G, O) is a global object. It is in general neither covariant nor contravariant. Moreover if ≦ is any reflexive relation on Φ such that the triple ((Φ, ≦), G, O) is a global object with the property that α ≦ β ⇒ G_β � Stab_{Oβ} (O_β ∩ O_α) and the canonical homomorphism G_β → Aut_C (O_β ∩ O_α) is injective then the identity map Φ → Φ is a morphism (Φ, ≦) −→ (Φ, ≦_{cr}) of relations. In particular (Φ, ≦_{ct}) −→ (Φ, ≦_{cr}) is a morphism of relations.

PROOF The only assertions left to prove are those concerning the universality of ≦_{ct} and ≦_{cr}. The proofs are similar and we carry out only that for ≦_{ct}.

Let ≦ be a transitive reflexive relation on Φ such that ((Φ, ≦), G, O) is a bivariant global object. Suppose α ≦ β. By contravariantness, there is a commutative diagram

O_α � � O

O_β � � � � � � � � .

From the compatibility condition (2.6.4), it follows that the morphism O_β ↣ O_α is G_α-equivariant. This says that G_α leaves O_β invariant. Furthermore it is clear that the canonical homomorphism G_α → Aut_C (O_β) must have its image in G_β and that the resulting homomorphism G_{α≦ctβ} : G_α → G_β must be the homomorphism G_{α≦β} : G_α → G_β, because there is exactly one homomorphism G_α → Aut_C (O_β) namely the canonical one above which makes O_β ↣ O_α G_α−equivariant and the homomorphism G_{α≦β} : G_α −→ G_β makes O_β ↣ O_α G_α−equivariant. Thus α ≦_{ct} β, by definition. □

Let Ψ be an index set. Let O be an object in a category C and let O : Ψ → subobjects(O), α → (O_α ↣ O), be a function. Let

Sub_Ψ(O)

denote the category whose objects are {O_α|α ∈ Ψ} and whose morphisms are the unique morphisms O_α ↣ O_β such that the diagram

O_α � � � � � � � O_β� � � � � O commutes. If S � Sub_Ψ(O) is a subcategory and if colimS exists in C then there is a canonical morphism colimS → O.

The following method of constructing global objects generalizes Example 2.8.

Construction-Lemma 2.10 Let C be a category and O an object in C.

(2.10.1) Let {O_α ↣ O|α ∈ Φ} be a set of subobjects O_α ↣ O of O. For each α ∈ Φ, let {O_{α,i} ↣ O_α|(α, i) ∈ Φ_α} be a set of subobjects O_{α,i} ↣ O_α of O_α such that there is a subcategory S_α � Sub_{Φα} (O_α) with the property that the colim (S_α) exists in C and the canonical morphism colim (S_α) → O_α is an isomorphism. Let G_α = {σ ∈

Aut_C (O_α)|σ ∈ Stab_{Oα} (O_{α,i})∀(α, i) ∈ Φ_α}. Obviously the sets {O_α ↣ O|α ∈ Φ} and {G_α � Aut_C (O_α)|α ∈ Φ} are global data in the sense of (2.9.1).

(2.10.2) Given the data above, define a transitive reflexive relation ≦_c on Φ as follows: α ≦_c β ⇔ there is a commutative diagram

O_α � � O

O_β � � � � � � � �

such that for each (β, j) ∈ Φ_β , the object O_{β,j} is a colimit of not necessarily all subobjects O_{α,i} ↣ O_{β,j} for which there is a commutative diagram

O_{α,i} � � � � O_α

O_{β,j} � � O_β. � �

This implies G_α � Stab_{Oα} (O_β) and the canonical homomorphism G_α → Aut_C (O_β) takes its image in G_β. Applying (2.9.2), one obtains that (Φ, G, O) is a bivariant global object.

(2.10.3) Given the data above, define a reflexive relation ≦_r on Φ as follows: α ≦_r β ⇔ there is a pullback diagram

O_α ∩ O_β � � � � O_α � � O_β � � O

in C such that O_α ∩ O_β is a colimit of not necessarily all subobjects O_{α,i} ↣ O_α ∩ O_β(resp.O_{β,j} ↣ O_α ∩ O_β) for which there is a commutative diagram

O_{α,i} � � � � � � �

O_α ∩ O_β � � O_α

(resp. O_{β,j} � � � � � � �

O_α ∩ O_β � � O_β ),

the canonical homomorphism G_β → Aut_C (O_α ∩ O_β) is injective, and the image (G_α → Aut_C (O_α ∩ O_β)) is contained in the image of the previous homomorphism. Applying (2.9.3), one obtains that (Φ, G, O) is a global object. Moreover, the identity map Φ → Φ defines a morphism (Φ, ≦_c) → (Φ, ≦_r) of relations.

3 Morphisms and morphism spaces

There is a general notion of morphism for global actions and two important special kinds of morphisms, namely normal morphisms and regular morphisms. The set Mor(A, B) of all morphisms from a global action A to a global action B will be given the structure of a global action such that Mor(, ) defines a contravariant functor with values in global actions with respect to the first variable over all morphisms and a contravariant functor with values in global actions with respect to the second variable over all normal morphisms.

Regular morphisms provide the strongest notion of morphism and preserve all the essential structural concepts in the definition of a global action. Two global actions which are regularly isomorphic are essentially the same. On the other hand, two global actions which are only isomorphic can behave very differently, since their structures are not necessarily in 1 − 1 correspondence. For example, they can have different higher algebraic homotopy groups because the construction of such groups is functorial only over a certain class of morphisms containing the regular morphisms. This class is called the ∞ -L-normal morphisms and will also be defined below.

The notion of morphism depends on the concepts of path, local path, and local frame. The concepts local path and local frame are really the same, but the notion local frame suggests possible directions for movement rather than a definite direction of movement and this will be helpful in developing the notion of normal morphism.

If A is a global action, let

Φ_A = coordinate system of A G_A = group function of A X_A = set function of A |A| = enveloping set of A.

Definition 3.1 Let A be a global action.

(3.1.1) A path in A is a sequence x_0, · · · , x_p of points in |A| such that for each i (0 ≦ i ≦ p − 1), there is a group element g_i defined at x_i with the property that g_ix_i = x_{i+1}. If 0 = p, it is assumed that x_0 lies in some local set (X_A)_α.

(3.1.2) A local path at α ∈ Φ_A is a path x_0, · · · , x_p in A such that each x_i ∈ (X_A)_α and each g_i ∈ (G_A)_α. (Clearly if x_0, · · · , x_p is a local path then so is x_{π(x0 )}, · · · , x_{π(p)} where π is any permutation of (p + 1) letters.)

(3.1.3) Let x ∈ (X_A)_α. A local frame at x in α or simply an α-frame at x is a sequence x = x_0, · · · , x_p of points in (X_A)_α such that for each i (1 ≦ i ≦ p) there is a g_i ∈ (G_A)_α such that g_ix = x_i. (Clearly x, x_1, · · · , x_p is an α-frame at x ⇔ x, x_1, · · · , x_p is a local path at α.)

Definition 3.2 A morphism f :A → B of global actions is a function f :|A| → |B| which preserves local frames or equivalently local paths. Specifically if x_0, · · · , x_p is an α-frame at x_0 then f(x_0), · · · , f(x_p) is an β-frame at f(x_0) for some β ∈ Φ_B .

Definition 3.3 A regular morphism η : A → B of global actions is a triple (η_Φ, η_G, η_X ) satisfying the following conditions.

(3.3.1) η_Φ : Φ_A → Φ_B is a relation preserving function, i.e. if α ≦ β then η_Φ(α) ≦ η_Φ(β).

(3.3.2) η_G : G_A → (G_B )_{ηΦ( )} is a natural transformation , as defined following (2.1.4), of group valued generalized functors on Φ_A where (G_B )_{ηΦ( )} denotes the composition of η_Φ with G_B .

(3.3.3) η_X : |A| → |B| is a function such that η_X ((X_A)_α) � (X_B)_{ηΦ(α)} for all α ∈ Φ_A.

(3.3.4) For each α ∈ Φ_A, the pair (η_G, η_X ) : (G_A)_α ↷ (X_A)_α → (G_B)_{ηΦ(α)} ↷ (X_B)_{ηΦ(α)} is a morphism of group actions, i.e. for σ ∈ (G_A)_α and x ∈ (X_A)_α, η_X (α)(gx) = η_G(α)(σ)(η_X (α)(x)). (This implies that a regular morphism is one in the usual sense). If f : A → B is a morphism of global actions then a regular morphism η = (η_Φ, η_G, η_X ) : A → B is called an extension of f if η_X = f.

A regular isomorphism η : A → B is a regular morphism such that there is a regular morphism η^′ : B → A called the regular inverse of η with the property that η^′_Φ is inverse to η_Φ, η^′_X is inverse to η_X , and for each α ∈ Φ_A η^′_G(η_Φ(α)) is inverse to η_G(α).

It is of course not true in general that a regular morphism which is an isomorphism in the general sense is a regular isomorphism.

Remark There is a concept of regular isomorphism which is not identical with that above, but is also useful. It starts off with an ordinary isomorphism f : A → B of global actions with inverse g : B → A and then requires that f and g extend to regular morphisms η and μ respectively, but does not assume that η and μ are regular isomorphisms in the sense above.

The notion of chart, to be introduced next, will be used to put a global action structure on the set Mor(A, B) of all morphisms from a global action A to be a global action B. Definition 3.4 Let A and B be global actions. An A-chart in B is a morphism f : A → B of global actions and a function β : |A| → Φ_B such that the following conditions are satisfied.

(3.4.1) f(x) ∈ (X_B)_{β(x)} for all x ∈ |A|.

(3.4.2) If x, x_1, · · · , x_p is an a-frame at x ∈ |A| then f(x), f(x_1), · · · , f(x_p) is a b-frame at f(x) for some b such that b ≧ β(x_i) (0 ≦ i ≦ p). Definition-Lemma 3.5 Let (f, β) be an A-chart in B. If σ = (σ_x) ∈ ∏ x∈|A|

(G_B)_{β(x)}

define

σf : |A| → |B|.

x → σ_xf(x)

Then σf is a morphism A → B of global actions and (σf, β) is an A-chart in B. PROOF Since σ_x ∈ (G_B )_{β(x)}, it follows that σf(x) ∈ (X_B )_{β(x)}. Thus the pair (σf, β) satisfies (3.4.1). To show that σf is a morphism of global actions and that (σf, β) is an A-chart in B, it suffices to show that (3.4.2) is satisfied. Let x_0, · · · , x_p be a local frame at x_0 ∈ |A|. By definition f(x_0), · · · , f(x_p) is a b-frame at f(x_0) for some b ≧ β(x_i) (0 ≦ i ≦ p). Let ρ_{x0} , · · · , ρ_{xp} denote respectively the images of σ_{x0} , · · · , σ_{xp} in (G_B )_b under the homomorphisms (G_B )_{β(xi)} → (G_B )_b (0 ≦ i ≦ p). Since σ_{xi} f(x_i) = ρ_{xi} f(x_i)by (2.1.4), it follows that σ_{x0} f(x_0), · · · , σ_{xp} f(x_p) is a b-frame at σ_{x0} f(x_0). Thus σf(x_0), · · · , σf(x_p) is a b-frame at σf(x_0) and b ≧ β(x_i) (0 ≦ i ≦ p). □ Definition 3.6 Let (f, β) be an A-chart in B. An A-frame at f on (f, β) is a set f = f_0, f_1, · · · , f_p : A → B of morphisms for which there are elements σ_1, · · · , σ_p ∈ ∏ x∈|A|

(G_B )_{β(x)} such that σ_if = f_i (1 ≦ i ≦ p). (In view of Lemma (3.5), f = f_0, f_1, · · · , f_p is also an A-frame at f_i on (f_i, β) for any i (0 ≦ i ≦ p).) The next lemma will be very useful.

Local-Global Lemma 3.7 Let (f, β) be an A-chart in B. Then f = f_0, f_1, · · · , f_p is an A-frame at f on (f, β) ⇔ for each x ∈ |A|, f(x), f_1(x), · · · , f_p(x) is a local frame at f(x) in β(x).

PROOF The assertions are trivial consequences of Lemma (3.5).

Definition 3.8 An A-normal morphism g : B → C of global actions is one which preserves A-frames, i.e. if f, f_1, · · · , f_p is an A-frame at f on (f, β) then gf,gf_1, · · · , gf_p is an A-frame at gf on (gf, γ) for some A-chart (gf, γ) in C. A normal morphism g : B → C is one which preserves A-frames for any global action A. An A-normal (resp. normal) isomorphism is an A-normal (resp. normal) morphism which has an A-normal (resp. normal) inverse.

It is not true in general that an A-normal (resp. normal) morphism which is an isomorphism in the usual sense is an A-normal (resp. normal) isomorphism. Lemma 3.9 A regular morphism is normal.

PROOF Let η : B → C be a regular morphism. If (f, β) is an A-chart in B then it follows straightforward that (η_X f, η_Φβ) is an A-chart in C. Let f, f_1, · · · , f_p be an Aframe at f on (f, β) and let σ_1, · · · , σ_p ∈ ∏ x∈|A|

(G_B )_{β(x)} such that σ_if = f_i (1 ≦ i ≦ p).

If σ = (σ_x) ∈ ∏ x∈|A|

(G_B )_{β(x)}, define η_G(σ) = (η_G(β(x))(σ_x)) ∈ ∏ x∈|A|

(G_C )_{ηΦ(β(x))}. Then

η_G(σ_i)(η_X f) = η_X f_i (1 ≦ i ≦ p), by (3.3.4). Thus η_X f, η_X f_1, · · · , η_X f_p is an A-frame at η_X f on (η_X f, η_Φβ). □

Next the set Mor(A, B) of all morphisms from a global action A to a global action B is given the structure of a global action.

Definition 3.10 Let A and B be global actions. Let |Mor(A, B)| denote the set of all morphisms from A to B. Define a global action

Mor(A, B) = (Φ_{(A,B)}, G_{(A,B)}, X_{(A,B)}) whose enveloping set is |Mor(A, B)| as follows. Define

Φ_{(A,B)} = {β : |A| → Φ_B }.

Give Φ_{(A,B)} the reflexive relation defined by β ≦ β^′ ⇔ β(x) ≦ β^′(x) ∀x ∈ |A|. For β ∈ Φ_{(A,B)}, define

(G_{(A,B)})_β = ∏ x∈|A|

(G_B)_{β(x)}.

If β ≦ β^′, there is for each x ∈ |A| a canonically defined homomorphism (G_B )_{β(x)} → (G_B )_β′_{(x)} and therefore a canonically defined homomorphism (G_{(A,B)})_β −→ (G_{(A,B)})_β′ . For β ∈ Φ_{(A,B)}, define (X_{(A,B)})_β = {f : |A| → |B||(f, β) A − chart in B}.

By (3.5), if σ ∈ (G_{(A,B)})_β and f ∈ (X_{(A,B)})_β then σf ∈ (X_{(A,B)})_β and so there is an action of (G_{(A,B)})_β on (X_{(A,B)})_β. All the conditions for a global action are obviously satisfied except possibly the compatibility condition (2.1.4) which is straightforward to verify. Moreover if B is covariant, contravariant, or bivariant, respectively the so is Mor(A, B). Proposition 3.11 As a functor taking values in global actions, Mor(, ) is contravariant and regular over all morphisms in the first variable and covariant over all normal morphisms in the second variable. More precisely the following holds. (3.11.1) Let C be a global action and let f : A → B be a morphism of global actions. Then f defines a regular morphism

η = Mor(f, 1_C ) : Mor(B, C) → Mor(A, C) as follows. Define the relation preserving morphism η_Φ : Φ_{(B,C)} → Φ_{(A,C)}.

β → βf

Define the natural transformation η_G : G_{(B,C)} → G_{(A,C)}

such that for each β ∈ Φ_{(B,C)}, the group homomorphism

η_G(β) : (G_{(B,C)})_β � (G_{(A,C)})_{ηΦ(β)} ∏ y∈|B|

(G_C )_{β(y)} ∏ x∈|A|

(G_C )_{βf(x)}

is defined by the property that

η_G(β)|_{(GC )β(y)} is the diagonal homomorphism (G_C )_{β(y)} → ∏ x∈|A|, f(x)=y

(G_C )_{βf(x)},

under the convention that the empty product of groups, which can occur on the right hand side of the arrow above, is the trivial group. Define

η_X : |Mor(B, C)| → |Mor(A, C)|. g → gf

Then η = (η_Φ, η_G, η_X ) is a morphism of global actions.

(3.11.2) Let A be a global action and let g : B → C be a morphism of global actions. Then the function Mor(1_A, g) : |Mor(A, B)| → |Mor(A, C)| is a morphism Mor(A, B) → Mor(A, C) of global actions ⇔ g is A-normal.

PROOF (3.11.1) Straightforward and routine. Details are left to the reader.

(3.11.2) Let (f, β) be an A-chart in B and let f = f_0, f_1, · · · , f_p be an A-frame on (f, β). By definition of the term local frame, f_0, · · · , f_p is also a local β-frame in the global action Mor(A, B) and conversely, any local frame in Mor(A, B) is an A-frame on some A-chart in B. Thus the function Mor(1_A, g) : |Mor(A, B)| → |Mor(A, C)| is a morphism of global actions ⇔ it preserves A-frames ⇔ g is A-normal.□

Remark If B is a global action then letting Φ_B′ denote a subrelation of Φ_B whose elements exhaust those of Φ_B , one obtains a global action B^′ = (Φ_B′ , G_B, X_B ) which at first glance looks very much like B, in fact the identity map |B| → |B| defines a regular morphism B^′ → B which is an isomorphism of global actions, but not in general a regular isomorphism. Consequences of the structural difference between B^′ and B can be observed by comparing the global action Mor(A, B^′) with the global action Mor(A, B), via the canonical morphism Mor(A, B^′) → Mor(A, B). The set of A-charts in B^′ is in general smaller than the set of A-charts in B, which has the consequence that the domain of a local group (G_{(A,B}′_))_β is in general smaller than the domain of the corresponding group (G_{(A,B)})_β, i.e. (X_{(A,B}′_))_β � (X_{(A,B)})_β. Of course the corresponding comparison between the domain of the local group (G_B′ )_b and that of (G_B )_b is equality, i.e. (X_B′ )_b = (X_B)_b. It is worth noting that if B satisfies the condition that for each coordinate b, the canonical homomorphism (G_B )_b → Perm((X_B )_b) is injective then the construction in (2.9.3) shows how to enlarge the set of arrows in Φ_B to an absolute maximum for the data (see (2.9.1)) provided by B.

Definition 3.12 Let g : B → C be a morphism of global actions. A sequence A_n, · · · , A_1 of global actions is called a normal chain of length n for g if g is A_1-normal and if for each i (1 ≦ i ≦ n − 1), the morphism Mor(1_{Ai−1} , · · · , Mor(1_{A1} , g)) · · · ) : Mor(A_i, Mor(A_{i−1}, · · · , Mor(A_1, B)) · · · ) → Mor(A_i, Mor(A_{i−1}, · · · , Mor(A_1, C)) · · · ) is A_{i+1}-normal. Let N be a class of global actions. The morphism g is called n-N -normal if every sequence of n objects from N forms a normal chain for g. The morphism g is called N -normal (resp. ∞-N -normal) if it is 1-N -normal (resp. n-N -normal for all n > 0). If N = {A} ( resp. N = all global actions), we shall write ∞-A-normal (resp. ∞-normal) in place of ∞-N -normal.

If the expression t-morphism denotes anyone of the notions of normality above or the notion of regularity then a t-isomorphism is a t-morphism which has a t-morphism as its inverse.

In order to associate to a morphism g : A → B of global actions a long exact sequence of algebraic homotopy groups, we shall need that g is ∞-L-normal where L is the line action defined in Example (2.4).

Lemma 3.13 If g : B → C is a regular morphism then for any global action A, the morphism Mor(1_A, g) : Mor(A, B) → Mor(A, C) exists and extends to a regular morphism. Thus g is ∞-normal.

PROOF By (3.9)and (3.11.2), the morphism Mor(1_A, g) : Mor(A, B) → Mor(A, C) exists. Let (η_Φ, η_G, η_X = g) be the regular structure of g. We define a regular structure (μ_Φ, μ_g, μ_X = Mor(1_A, g)) for Mor(1_A, g) as follows. Define the coordinate morphism

μ_Φ : Φ_{(A,B)} → Φ_{(A,C)}.

β → η_Φβ

Define the natural transformation

μ_G : G_{(A,B)} → G_{(A,C)} such that for each β ∈ Φ_{(A,B)}, the group homomorphism

μ_G(β) : (G_{(A,B)})_β → (G_{(A,C)})_{μΦ(β)} is defined by the commutative diagram

(G_{(A,B)})_β^{μG(β)} � (G_{(A,C)})_{μΦ(β)} ∏ x∈|A|

(G_{(A,B)})_{β(x) Q}

x∈|A|

η_G(β(x)) � ∏ x∈|A|

(G_{(A,C)})_{ηΦ(β(x))}

One checks straightforward that (μ_Φ, μ_G, Mor(1_A, g)) is a regular morphism. That g is ∞-normal follows by a trivial induction argument from the result just proved. □ Definition 3.14 Let N denote the name of a kind of morphism defined in (3.12). A global action is called an N action if it has the property that every morphism to it is an N morphism. For example an ∞ -normal action has the property that every morphism to it is ∞-normal.

For the results below on the exponential law, the notion of product is needed. We construct this next.

Definition-Lemma 3.15 Let A and B be global actions. Their product A × B is constructed as follows.

Φ_{A×B} = Φ_A × Φ_B and (α, β) ≦ (α^′, β^′) ⇔ α ≦ α^′andβ ≦ β^′.

G_{A×B} = G_A × G_B |A × B| = |A| × |B| X_{A×B} = X_A × X_B.

For any coordinate (α, β) ∈ Φ_{A×B} , there is an obvious action of (G_{A×B})_{(α,β)} on (X_{A×B} )_{(α,β)}, namely the one defined coordinatewise. One checks easily that A×B satisfies the universal property of a product.

The following notation will be used below. If S and T are sets, let

(S, T ) = Mor_{((sets))}(S, T ).

If U is also a set then there is a canonical isomorphism

E : (U, (S, T ))^{∼=}−→ (U × S, T )

(3.16) f −→ Ef

of sets such that Ef(u, s) = f(u)(s). Its inverse is obviously the function

E^′ : (U × S, T ) −→ (U, (S, T )) f −→ E^′f where (E^′f(u))(s) = f(u, s).

Definition 3.17 Let A, B and C be global actions. We define a regular morphism

E : Mor(A, Mor(B, C)) → Mor(A × B, C) as follows. Denote the structural components of the global action Mor(A, Mor(B, C)) by (Φ_{(A,(B,C))}, G_{(A,(B,C))}, X_{(A,(B,C))}). Define E_Φ : Φ_{(A,(B,C))} � Φ_{(A×B,C)}

(|A|, (|B|, Φ_C )) (|A| × |B|, Φ_C ) to be the set theoretic exponential isomorphism (3.16). Clearly E_Φ is relation preserving. Define the natural transformation E_G : G_{(A,(B,C))} → (G_{(A×B,C)})_{EΦ( )} such that for each α ∈ Φ_{(A,(B,C))}, the group homomorphism E_G(α) : (G_{(A,(B,C))})_α � (G_{(A×B,C)})_{EΦ(α)} ∏ x∈|A| ( ∏ y∈|B|

(G_C )_{α(x)(y)}) ∏ (x,y)∈|A|×|B|

(G_C )_{(EΦα)(x,y)}

maps the factor (G_C )_{α(x)(y)} via the identity map onto the factor (G_C )_{(EΦα)(x,y)} = (G_C )_{α(x)(y)}. One verifies easily that the composite mapping |Mor(A, Mor(B, C))| → (|A|, (|B|, |C|)) @ > (3.16) >> (|A| × |B|, |C|) takes its image in |Mor(A × B, C)| and we define E_X : |Mor(A, Mor(B, C))| → |Mor(A × B, C)| to be the resulting mapping. One checks straightforward that E = (E_Φ, E_G, E_X ) is a regular morphism. (It fails in general to be an isomorphism (resp. regular isomorphism) because E_X is not necessarily surjective (resp. E_X ((X_{(A,(B,C))})_α) is not necessarily all of (X_{(A×B,C)})_{EΦ(α)}).

Let A_n, · · · , A_1 be an arbitrary sequence of global actions. Iterating the procedure above, one defines for any n ≥ 2 a regular morphism

E_n : Mor(A_n, Mor(A_{n−1}, · · · , Mor(A_1, C)) · · · ) → Mor(A_n × · · · × A_1, C)

as follows. For n = 2, the morphism is defined above. Suppose n > 2 and that the morphism has been defined for every natural number N where 2 ≦ N ≦ n − 1. Let E_{n−1} denote the morphism for the sequence A_{n−1}, · · · , A_1. Define E_n for the sequence A_n, A_{n−1}, · · · , A_1 as the composite of the regular morphism Mor(1_{An} , E_{n−1}) (see (3.13)) and the regular morphism E_2 : Mor(A_n, Mor(A_{n−1} × · · · × A_1, B)) → Mor(A_n × · · · × A_1, B).

The next definition is made to cope with the problem of finding an inverse to the morphism E_n above.

Definition 3.18 Let P be a class of global actions closed under finite products. A global action C is called ∞-P-exponential if the morphism E : Mor(A, Mor(B, C)) → Mor(A × B, C) is an ∞-P-normal isomorphism for all pairs A, B ∈ P. C is called regularly ∞-P-exponential if E is a regular isomorphism for all pairs A, B ∈ P. If P = all finite products of A (resp. P = all global actions A such that |A| = ∪_{α∈ΦA} X_α) then C is called ∞-A-exponential (resp. ∞-exponential) if it is ∞-P-exponential.

Lemma 3.19 Suppose the global action C is ∞-P-exponential (resp. regularly ∞-Pexponential). Then for any sequence A_n, · · · , A_1 ∈ P such that n ≥ 2, the morphism E_n in (3.17) is an ∞-P-normal (resp. regular) isomorphism.

PROOF For n = 2, the conclusion holds by hypothesis. Proceeding by induction on n, we can assume that the result holds for n − 1. By definition E_n = E_2Mor(1, E_{n−1}). By induction E_2 and Mor(1, E_{n−1}) are ∞-P−isomorphisms (resp. regular isomorphisms). The conclusion of the lemma follows. □

The next condition provides a useful criterion for guaranteeing that a global action is ∞-normal and either ∞-exponential or regularly ∞-exponential.

Definition 3.20 Let A be a global action. Let Δ � Φ_A be a finite possibly empty subset and let Φ^{≧Δ}_A = {α ∈ Φ_A | α ≧ β ∀ β ∈ Δ}. Let U � |A| be a finite nonempty subset such that for any β ∈ Δ, U ∩ (X_A)_β ≠ ∅. The strong infimum condition for A says that for any Δ and U as above, the set {α ∈ Φ^{≧Δ}_A |U an α-frame } is either empty or contains an initial element.

A is called an infimum action if it satisfies the condition above at least for Δ = ∅.

The next lemma provides a condition guaranteeing that a global action is a strong infimum action and the lemma thereafter proves the important result that if the target object in a morphism space is an infimum (resp. strong infimum) action then the morphism space inherits this property.

Any global action A has the property that if α and β are coordinates such that α ≦ β then for each by x ∈ (X_A)_α ∩ (X_A)_β, (G_A)_α(x) � (G_A)_β(x). The next lemma shows that the reverse implication coupled with a certain intersection property is a sufficient condition for A to satisfy the strong infimum condition.

Lemma 3.21 Let A be a global action. Consider the following conditions.

(3.21.1) Let α, β ∈ Φ_A. Then α ≦ β ⇔ ∃x ∈ (X_A)_α ∩ (X_A)_β such that (G_A)_α(x) � (G_A)_β(x).

(3.21.2) Let Ψ � Φ_A. Then for any x ∈ ∩_{α∈Ψ}(X_A)_α, ∩_{α∈Ψ} (G_A)_α(x) = (G_A)_β(x) for some β ∈ Φ_A.

The assertion of the lemma is that if A satisfies (3.21.1) and (3.21.2) then it is a strong infimum action.

PROOF Let U be a local frame. Let Δ � Φ_A be a finite set such that for each δ ∈ Δ, X_δ ∩U ≠ ∅. Let Ψ = {α ∈ Φ^{≧Δ} | U local α-frame } and assume Ψ ≠ ∅. We must show that Ψ has an initial element. If u ∈ U then U � ∩_{α∈Ψ}(G_A)_α(u) = (G_A)_β(u) for some β ∈ Φ_A, by (3.21.2). Clearly U is a local β−frame. Since (G_A)_β(u) � (G_A)_α(u), it follows from (3.21.1) that β ≦ α. This holds of course for all α ∈ Ψ. Thus we are finished if Δ = ∅. If Δ ≠ ∅, we must show that δ ≦ β for any δ ∈ Δ. Let u ∈ X_δ ∩ U. Since δ ≦ α for any α ∈ Ψ, it follows from (2.1.4) that (G_A)_δ(u) � ∩_{α∈Ψ}(G_A)_α(u) = (G_A)_β(u). Thus δ ≦ β, by (3.21.2). □

Remark Whereas the simplicial actions gl(S) and fgl(S) in (2.5) and any Volodin model (2.3) satisfy the strong infimum condition, only the Volodin model satisfies the conditions in the lemma above.

Lemma 3.22 If B is an infimum action (resp. strong infimum action and the relation on Φ_B is transitive) then for any global action A, Mor(A, B) is an infimum action (resp. strong infimum action and the relation on Φ_{(A,B)} is transitive).

PROOF Let U � |Mor(A, B)| be a finite nonempty subset. Let Δ � Φ_{(A,B)} be a finite subset such that for each δ ∈ Δ, (X_{(A,B)})_δ ∩ U ≠ ∅. Let Ψ = {β ∈ Φ^{≧Δ}_{(A,B)}|U a β-frame} and assume Ψ ≠ ∅. We must show that Ψ has an initial element. For each x ∈ |A|, let U(x) = {f(x)| f ∈ U}, Δ(x) = {δ(x)| δ ∈ Δ}, and Ψ(x) = {β(x)| β ∈ Ψ}. Set Ψ^′(x) = {b ∈ Φ^{≧Δ(x)}_B | U(x) a b-frame}. Obviously ∅ � Ψ^′(x) and (X_B)_{δ(x)} ∩ U(x) ≠

∅ for each δ(x) ∈ Δ(x). If Δ = ∅ (resp.Δ ≠ ∅) then by the infimum (resp. strong infimum) condition for B, the set Ψ^′(x) has an initial element c_x. Let γ : |A| → Φ_B , x → c_x. We shall show that if u ∈ U then (u, γ) is an A-chart B. This done, it will follow from the Local-Global Lemma 3.7 that U is a γ-frame. Thus γ ∈ Ψ. Since γ(x) is an initial element of Ψ^′(x), and hence also of Ψ(x), for each x ∈ |A|, it follows that γ is an initial element of Ψ. Finally we note that the transitivity of the relation on Φ_B implies the transitivity of the relation on Φ_{(A,B)}.

It remains to show that (u, γ) is an A-chart in B. Let x_0, · · · , x_p be a local frame in A. Let β ∈ Ψ. Since (u, β) is an A-chart in B, there is a coordinate b ∈ Φ_B such that b ≧ β(x_0), · · · , β(x_p) and u(x_0), · · · , u(x_p) is a b-frame. Since U is a β-frame, it follows (see the proof of (3.24)) that U(x_0) ∪ · · · ∪ U(x_p) is a b-frame. Suppose Δ = ∅. Since U(x_i) is a b-frame, it follows from the definition of γ(x_i) that b ≧ γ(x_i). This holds of course for all 0 ≦ i ≦ p. Thus (u, γ) is an A-chart in B. Suppose Δ ≠ ∅ and the relation on Φ_B is transitive. By the definition of b, b ≧ β(x_i) and since β ∈ Ψ, β(x_i) ≧ δ(x_i) for any δ ∈ Δ. Thus by the transitivity of the relation on Φ_B , b ≧ δ(x_i) for all δ ∈ Δ. Since U(x_i) is a b-frame, it follows from the definition of γ(x_i) that b ≧ γ(x_i). This holds of course for all 0 ≦ i ≦ p. Thus (u, γ) is an A-chart in B.

The next theorem is a main result.

Theorem 3.23 An infimum action is ∞−normal and ∞−exponential. A strong infimum action such that the relation on its coordinate system is transitive is ∞−normal and regularly ∞−exponential.

The proof of Theorem 3.23 will use the next lemma several times.

Lemma 3.24 Let A and B be global actions. Let (f, β) be an A−chart in B and let f = f_0, f_1, · · · , f_p be an A−frame at (f, β). If x_0, · · · , x_q ∈ |A| is a local frame in A then {f_i(x_j )| 0 ≦ i ≦ p, 0 ≦ j ≦ q} is a local b−frame for some b ∈ Φ_B such that b ≧ β_{x0} , · · · , β_{xq} .

PROOF Since (f_0, β) is an A-chart in B, it follows by definition that f_0(x_0), · · · , f_0(x_q) is a local b-frame for some b ∈ Φ_B such that b ≧ β_{x0} , · · · , β_{xq} . Thus (G_B )_b acts transitively on f_0(x_0), · · · , f_0(x_q). To complete the proof, it suffices to show that (G_B )_b acts transitively on {f_i(x_j )| 0 ≦ i ≦ p, 0 ≦ j ≦ q}. Since f_0, · · · , f_p is an A − frame at (f, β), (G_{(A,B)})_β acts transitively on f_0, · · · , f_p. Thus for any x ∈ |A|, (G_B)_{βx} acts transitively on f_0(x), · · · , f_p(x). Using the canonical homomorphism (G_B)_{βxj} → (G_B)_b and the observation that f_0(x_j ) ∈ (X_B )_b, one concludes that (G_B)_b acts transitively on f_0(x_j ), · · · , f_p(x_j ). Since this holds for each j such that 0 ≦ j ≦ q and since (G_B )_b acts transitively on f_0(x_0), · · · , f_p(x_q), it follows that (G_B)_b acts transitively on {f_i(x_j )| 0 ≦ i ≦ p, 0 ≦ j ≦ q}. □

PROOF of (3.23) Let C be an infimum action. We shall show that C is ∞−normal. Lemma 3.22 reduces the proof to showing that C is A−normal for any global action A. Let g : B → C be a morphism of global actions. Let (f, β) be an A − chart in B. Let f = f_0, f_1, · · · , f_p be an A−frame on (f, β). We must show that gf_0, · · · , gf_p is an A−frame in C. We construct first a coordinate (γ : |A| → Φ_C ) ∈ Φ_{(A,C)} such that (gf, γ) is an A−chart in C.

For x ∈ |A|, let U(x) = {gf_0(x), · · · , gf_p(x)}. By the Local-Global Lemma 3.7, f_0(x), · · · , f_p(x) is a local frame in B. Since g is a morphism, it follows that U(x) is a local frame in C. By the infimum condition for C, the set Ψ(x) = {c ∈ Φ_C |U(x) a c − frame} has an initial element c_x. Define γ : |A| → Φ_C , x → c_x. We show that (gf, γ) is an A−chart in C. Let x_0, · · · , x_q be a local frame in A. By (3.24), {f_i(x_j )| 0 ≦ i ≦ p, 0 ≦ j ≦ q} is a local frame in B. Thus {gf_i(x_j )| 0 ≦ i ≦ p, 0 ≦ j ≦ q} is a local c−frame for some c ∈ Φ_C . Clearly γ(x_j ) = c_{xj} ≦ c, because c_{xj} is initial in Ψ(x_j ). This shows that (gf, γ) is an A−chart in C. By the Local-Global Lemma 3.7, f_0, · · · , f_p is an A−frame on (f, γ) ⇔ f_0(x), · · · , f_p(x) is a local γ(x)−frame for all x ∈ |A|. But the right hand side of the equivalence holds by definition of γ(x). This completes the proof that C is A−normal.

Let C denote again an infimum action. We shall show that C is ∞−exponential. Let A and B be global actions such that |A| = ∪_{α∈ΦA} (X_A)_α and |B| = ∪_{β∈ΦB} (X_B)_β. Let E : Mor(A, Mor(B, C)) → Mor(A × B, C) be the morphism in (3.17). We shall prove that E has an ∞−normal inverse. By (3.22), Mor(A, Mor(B, C)) is an infimum action and thus by the first assertion of the current theorem, it must be ∞−normal. Thus if an inverse to E exists, it must be ∞−normal. So it suffices to show that E has an inverse. There is an obvious candidate for an inverse, namely the set theoretic map E^′ : |Mor(A × B, C)| → (A, (B, C)), f → E^′f, where (E^′f(x))(y) = f(x, y). We shall show that E^′f ∈ |Mor(A, Mor(B, C))| and that the resulting map E^′ : |Mor(A × B, C)| → |Mor(A, Mor(B, C))| is a morphism Mor(A × B, C) → Mor(A, Mor(B, C)) of global actions. From the set theoretic definition of E^′, it is obvious that E^′ will be inverse to E.

We prove that E^′f : |A| → (B, C) is a morphism A → Mor(B, C) of global actions. There are two properties to verify. First, if x ∈ |A| then E^′f(x) : |B| → |C|, y → (E^′f(x))(y), is a morphism B → C of global actions. Second, the resulting map E^′f : |A| → |Mor(B, C)|, x → E^′f(x), is a morphism A → Mor(B, C) of global actions.

Let x ∈ |A| and let y_0, · · · , y_q be a local frame in B. Then x is a local frame in A because |A| = ∪_{α∈ΦA} (X_A)_α and so (x, y_0), · · · , (x, y_q) is a local frame in A × B. Thus f(x, y_0), · · · , f(x, y_q) is a local frame in C. But f(x, y_j) = (E^′f(x))(y_j) (0 ≦ j ≦ q). Thus (E^′f(x))(y_0), · · · , (E^′f(x))(y_q) is a local frame in C. Thus E^′f(x) : B → C is a morphism of global actions.

Let x_0, · · · , x_p be a local frame in A. We shall verify that E^′f(x_0), · · · , E^′f(x_p) is a local frame in Mor(B, C). For each element y ∈ |B|, y is a local frame in B because |B| = ∪_{β∈ΦB} (X_B )_β. Thus (x_0, y), · · · , (x_p, y) is a local frame in A × B. Thus f(x_0, y), · · · , f(x_p, y) is a local frame in C. By the infimum condition for C, we know that the set {c ∈ Φ_C | f(x_0, y), · · · , f(x_p, y) a c−frame} has an initial element c_y. Define γ : |B| → Φ_C , y → c_y. We shall show that (E^′f(x_0), γ) is a B − chart in C. Suppose this has been done. It follows then from the Local-Global Lemma 3.7 that E^′f(x_0), · · · , E^′f(x_p) is a B −frame on (E^′f(x_0), γ). But then by definition, E^′f(x_0), · · · , E^′f(x_p) is a local frame in Mor(B, C), which is what we have to verify.

We show now that (E^′f(x_0), γ) is a B−chart in C. Let y_0, · · · , y_q be a local frame in B. We must show that (E^′f(x_0))(y_0), · · · , (E^′f(x_0))(y_q) is a local c−frame for some c ∈ Φ_C such that c ≥ γ(y_0), · · · , γ(y_q). Since x_0, · · · , x_p is a local frame in A and y_0, · · · , y_q a local frame in B, {(x_i, y_j)| 0 ≦ i ≦ p, 0 ≦ j ≦ q} is a local frame in A × B. Thus {f(x_i, y_j)| 0 ≦ i ≦ p, 0 ≦ j ≦ q} is a local c−frame for some c ∈ Φ_C . But by definition of γ, c ≥ γ(y_j) for all j such that 0 ≦ j ≦ q.

Next we show that the function E^′ : |Mor(A × B, C)| → |Mor(A, Mor(B, C))| is a morphism Mor(A × B, C) → Mor(A, Mor(B, C)) of global actions. Let f = f_0, f_1, · · · , f_p ∈ |Mor(A × B, C)| be a local frame in Mor(A × B, C). We must show that E^′f_0, · · · , E^′f_p is a local frame in Mor(A, Mor(B, C)). For each element (x, y) in A × B, f_0(x, y), · · · , f_p(x, y) is a local frame in C, by the Local-Global Lemma 3.7. By the infimum condition for C, the set {c ∈ Φ_C | f_0(x, y), · · · , f_p(x, y) a c − frame} has an initial element c_{(x,y)}. Define γ : |A| → (|B|, Φ_C ), x → c_{(x,−)}. We claim that (E^′f_0, γ) is an A − chart in Mor(B, C). It will follow then from the definition of γ and the Local-Global Lemma 3.7 that E^′f_0, · · · , E^′f_p is an A − frame on (E^′f, γ). But this says by definition that E^′f_0, · · · , E^′f_p is a local frame in Mor(A, Mor(B, C)) and we are finished. We show now that (E^′f, γ) is an A−chart. Let x_0, · · · , x_q be a local frame in A. We must show that E^′f(x_0), · · · E^′f(x_q) is a local δ−frame in Mor(B, C) for some δ : |B| → Φ_C such that δ ≧ γ(x_0), · · · , γ(x_q). Since f = f_0, f_1, · · · , f_p is a local frame in Mor(A × B, C), there is an A×B− chart (f_0, ε) in C such that f_0, · · · , f_p is an A×B− frame on (f_0, ε). For any fixed y ∈ |B|, (f_0( , y), ε( , y)) is an A−chart in C and f_0( , y), · · · , f_p( , y) is an A− frame on (f_0( , y), ε( , y)). Since x_0, · · · , x_q is a local frame in A, it follows from (3.24) that the set {f_i(x_j , y)| 0 ≦ i ≦ p, 0 ≦ j ≦ q} is a local frame in C. Since C satisfies the infimum condition, the set {c ∈ Φ_C |{f_i(x_j , y)| 0 ≦ i ≦ p, 0 ≦ j ≦ q} a local frame in C} has an initial element d_y. Clearly d_y ≧ (γ(x_j ))(y) (0 ≦ j ≦ q). Define δ : |B| → Φ_C , y → d(y). Thus δ ≧ γ(x_j ) (0 ≦ j ≦ q). Since (F f(x_j))(y) = f_0(x_j , y) (0 ≦ j ≦ q) and {f_i(x_j , y)| 0 ≦ i ≦ p, 0 ≦ j ≦ q} is a δ(y)−frame, it is clear that (F f(x_0))(y), · · · , (F f(x_q))(y) is a δ(y)−frame. By the Local-Global Lemma 3.7, F f(x_0), · · · , F f(x_q) is a B− frame on (F f(x_0), δ) provided that (F f(x_0), δ) is a B−chart in C. We show this next. Let y_0, · · · , y_r be a local frame in B. We must show that (F f(x_0))(y_0), · · · , (F f(x_0))(y_r) is a c−frame for some c ∈ Φ_C such that c ≧ δ(y_0), · · · , δ(y_r). Since the set {(x_j , y_k)| 0 ≦ j ≦ q, 0 ≦ k ≦ r} is a local frame in A×B and f_0, · · · , f_p is an A×B−frame in C, it follows from (3.24) that {f_i(x_j , y_k)| 0 ≦ i ≦ p, 0 ≦ j ≦ q, 0 ≦ k ≦ r} is a c-frame for some c ∈ Φ_C . From the definition of δ, it is obvious that c ≧ δ(y_0), · · · , δ(y_r). Since (F f(x_0))(y_k) = f_0(x_0, y_k) (0 ≦ k ≦ r) and {f_i(x_j , y_k)| 0 ≦ i ≦ p, 0 ≦ j ≦ q, 0 ≦ k ≦ r} is a c-frame, it is clear that (F f(x_0))(y_0), · · · , (F f(x_0))(y_r) is a c−frame. This completes the proof that C is ∞−exponential.

Suppose finally that C is a strong infimum action. We shall show that C is regularly ∞−exponential. Our task is to show that the morphism E : Mor(A, Mor(B, C)) → Mor(A × B, C) above has a regular inverse E^′. There are obvious candidates for the components (E^′_Φ, E^′_G, E^′_X ) of E^′. Define

E^′_X : Mor(A × B, C)| −→ |Mor(A, Mor(B, C))|

(3.25) f −→ E^′f

where f → E^′f is the map constructed above. Define

E^′_Φ : Φ_{(A×B,C)} −→ Φ_{(A,(B,C))}

as the set theoretic inverse (see (3.16)) of E_Φ. Define the natural transformation

E^′_G : G_{(A×B,C)} −→ (G_{(A,(B,C))})_E′_{Φ( )}

such that

E^′_G(α) : (G_{(A×B,C)})_α � (G_{(A,(B,C))})_E′_{Φ(α)} ∏ (x,y)∈|A|×|B|(GC )α(x,y) ∏ x∈|A|( ∏ y∈|B|(GC )E^′_Φ(α)(x)(y)

maps the factor (G_C )_{α(x,y)} via the identity map to the factor (G_C )_E′_{Φ(α)(x)(y)} = (G_C )_{α(x,y)}. If E^′ is a regular morphism then it is obvious from its construction that it is the regular inverse to the regular morphism E.

All the properties for E^′ to be a regular morphism are obvious, except the one that E^′_X (X_{(A×B,C)})_α � (X_{(A,(B,C))})_E′_{Φ(α)} for any α ∈ Φ_{(A×B,C)}. To establish this, it is enough to show that if (f, α) is an (A × B)-chart in C then (E^′_X (f), E^′_Φ(α)) is an A−chart in Mor(B, C). Let x_0, · · · , x_p be a local frame in A. We must show that E^′_X (f)(x_0), · · · , E^′_X (f) (x_p) is a γ − frame in Mor(B, C) for some γ : |B| → Φ_C such that γ ≧ E^′_Φ(α)(x_i) (0 ≦ i ≦ p). For each y ∈ |B|, the elements (x_0, y), · · · , (x_p, y) form a local frame in A×B. Thus f(x_0, y), · · · , f(x_p, y) is a local frame in C. By the strong infimum condition for C, the set {c ∈ Φ_C | f(x_0, y), · · · , f(x_p, y) a c − frame, c ≧ E^′_Φ(α)(x_i)(y) (0 ≦ i ≦ p)} has an initial element c_y. Define γ : |B| → Φ_C , y → c_y. Clearly γ ≧ E^′_Φ(α)(x_i) (0 ≦ i ≦ p). We shall show that (E^′_X (f)(x_0), γ) is a B−chart in C. Suppose this has been done. It follows then from the Local-Global Lemma 3.7 and the fact that E^′_X (f)(x_0)(y), · · · , E^′_X (f)(x_p)(y) is a γ_(y)−frame for each y ∈ |B| that E^′_X (f)(x_0), · · · , E^′_X (f) (x_p) is a B−frame on (E^′_X (f)(x_0), γ). But this says by definition that E^′_X (f)(x_0), · · · , E^′_X (f)(x_p) is a γ−frame in Mor(B, C). This would complete the proof of the theorem.

We show now that (E^′_X (f)(x_0), γ) is a B−chart in C. Let y_0, · · · , y_q be a local frame in B. Then {(x_i, y_j)| 0 ≦ i ≦ p, 0 ≦ j ≦ q} is a local frame in A × B. Thus {f(x_i, y_j)| 0 ≦ i ≦ p, 0 ≦ j ≦ q} is a local c−frame for some c ∈ Φ_C such that c ≧ α(x_i, y_j) = E^′_Φ(α)(x_i)(y_j) (0 ≦ i ≦ p, 0 ≦ j ≦ q). Since E^′_X (f)(x_0)(y_j) = f(x_0, x_j) (0 ≦ j ≦ q), it is clear that E^′_X (f)(x_0)(y_0), · · · , E^′_X (f)(x_0)(y_q) is a c-frame and c ≧ γ(y_j) (0 ≦ j ≦ q). □

4 Relative actions and their morphism spaces

The homotopy theory of global actions will require pointed actions and more generally relative actions. These concepts will be introduced next. They are subtler than their topological counterparts and more care must be taken to define and develop them. The main result of the section is a relative version of the exponential law proved in the previous section.

The organization and development of the current section will follow roughly that of the previous.

Definition 4.1 Let A be a global action. A subaction of A is a global action B such that |B| � |A| and the inclusion above is a morphism B → A of a global actions. If B is a subaction of A then we write B � A. Let n ∈ N ∪ {∞} and let N be a class of global actions. A subaction B � A is called n − N −normal (resp. regular) if the canonical morphism B → A is n − N −normal (resp. extends to a regular morphism).

If G is a group acting on a set X and if Y ⊆ X, define

Stab_G(Y ) = {σ ∈ G | σ(Y ) = Y }.

Definition 4.2 Let A be a global action and let Y � |A|. Let Y denote the set of all global actions (Φ, H, X) such that Φ = Φ_A, X is the function X : Φ_A → subsets(Y ), α → Y ∩(X_A)_α, and H is a generalized functor H : Φ_A → ((groups)), α → H_α, such that H_α � Stab_{(GA)α} (Y ∩ (X_A)_α) and such if α ≦ β then the homomorphism H_{α≦β} : H_α → H_β is induced by the homomorphim (G_A)_{α≦β} : (G_A)_α → (G_A)_β . Clearly Y ≠ ∅, since the constant function H_c : Φ_A → ((groups)), α → (H_C )_α = {1} makes (Φ, H_c, X) a global action. Define the generalized functor G : Φ_A → ((groups)), such that G_α = ⟨H_α | (Φ, H, X) ∈ Y ⟩ and G_{α≦β} : G_α → G_β is the restriction of (G_A)_{α≦β} to G_α. Then (Φ, G, X) is a global action on Y called the standard subaction on Y . Clearly if A is covariant, contravariant, or bivariant then so is (Φ, G, X).

Standard subactions satisfy the following universal property.

Lemma 4.3 Let B � A be a standard subaction. Then the triple η = (η_{ΦB} , η_{GB} , η_{XB} ) : B → A is a regular morphism of global actions where η_B : Φ_B → Φ_A is the canonical identification of Φ_B with Φ_A, η_{GB} : G_B → G_A is defined by the natural inclusions (G_B)_β � (G_A)_{ηΦB (β)} for each β ∈ Φ_B , and η_{XB} : |B| → |A| is the natural inclusion |B| � |A|. Thus B is a regular subaction of A. Moreover η : B → A has the following universal property: Let ν = (ν_Φ, ν_G, ν_X ) : C → A be a regular morphism such that image (ν_X ) = |B|. Suppose either ν_Φ : Φ_C → Φ_A is surjective on elements and relations (i.e. if ν_Φ(γ) ≦ ν_Φ(γ^′) then γ ≦ γ^′) or that for each γ ∈ Φ_C and sequence of relations ν_Φ(γ) ≦ α_1 ≦ · · · ≦ α_n in Φ_A, the group ((G_A)_{αn−1≦αn} )((G_A)_{αn−2≦αn−1} ) · · · ((G_A)_{α1≦α2} )(ν_G(γ)(G_C )_γ ) leaves |B| ∩ (X_A)_{αn} invariant. Then there is a unique regular morphism τ : C → B, namely τ = (ν_Φ, ν_G, ν_X ), such that the diagram C τ � � � �_ν � � � � B_η � A

commutes as one of regular morphisms.

Proof Straightforward.

Remark Let A be a global action and let Y^′ � Y � |A|. Let B^′ and B denote the standard subactions on Y^′ and Y , respectively. Then the inclusion Y^′ � Y is not in general a morphism B^′ → B of global actions. In fact the inclusion Y^′ � Y is a morphism

B^′ → B of global actions ⇔ for each α ∈ Φ_A, (G_B′ )_α � (G_B )_α. In this case the morphism B^′ → B has an obvious extension to a regular morphism.

We want to develop below subactions called defining subactions which are more plentiful than regular subactions. The defining subactions are the most general kind of subactions one can use to put a global structure on morphism spaces of pairs of global actions. We prepare for the definition of defining subaction and the construction of the global action on morphism spaces of pairs of global actions consisting of a global action and a defining subaction.

Definition 4.4 A pair A of global actions is by definition an ordered pair A = (A^{(1)}, A^{(2)}) of global actions A^{(1)} and A^{(2)} such that A^{(2)} � A^{(1)}. The pair is called standard if A^{(2)} has the standard subaction. The pair is called regular if A^{(2)} is a regular subaction of A^{(1)}. The pair will be called defining if A^{(2)} is a defining subaction of A^{(1)}. The concept of a defining subaction is defined in (4.14). The pair is called covariant, contravariant, or bivariant, respectively, if A^{(i)}(i = 1, 2) is covariant, contravariant, or bivariant, respectively.

Definition 4.5 A pointed global action is a standard pair A = (A^{(1)}, A^{(2)}) of global actions such that A^{(2)} consists precisely of one point ∗ which is called the base point of A. It will be assumed that ∗ ∈ (X_A(1) )_α for some α ∈ Φ_A(1) .

Definition 4.6 A morphism f : A → B of pairs is a morphism f : A^{(1)} → B^{(1)} of global actions such that f takes |A^{(2)}| to |B^{(2)}| and is a morphism A^{(2)} → B^{(2)} of global actions. A morphism f : A → B of pairs is called regular if the morphisms f : A^{(i)} → B^{(i)} (i = 1, 2) of global actions carry fixed regular structures. A morphism f : A → B of pairs is said to extend to a regular morphism if the morphisms f : A^{(i)} → B^{(i)} (i = 1, 2) of global actions extend to regular morphisms.

Definition 4.7 Let A and B be pairs of global actions. A relative A-chart, or simply A-chart, in B is a pair (f, β) consisting of a morphism f : A → B of pairs and a function β : |A^{(1)}| → Φ_B(1) ∪ Φ_B(2) such that the following conditions are satisfied. Let

|A^{(1)\(2)}| = |A^{(1)}|\|A^{(2)}|.

If U is a subset of A^{(1)}, set

U^{(1)\(2)} = U ∩ |A^{(1)\(2)}| U^{(i)} = U ∩ |A^{(i)}| (i = 1, 2).

The conditions are as follows.

(4.7.0) β takes |A^{(1)\(2)}| to Φ_B(1) and |A^{(2)}| to Φ_B(2) .

(4.7.1) If x ∈ |A^{(1)\(2)}| then f(x) ∈ (X_B(1) )_{β(x)}. If x ∈ |A^{(2)}| then f(x) ∈ (X_B(2) )_{β(x)}. (4.7.2) If U is a local frame in A^{(1)} then there is a b^{(1)} ∈ Φ_B(1) such that f(U) � (X_B(1) )_b(1) , (G_B(1) )_b(1) acts transitively on f(U), β(u) ≦ b^{(1)} for all u ∈ U^{(1)\(2)}, and (G_B(2) )_{β(v)}f(v) � (G_B(1) )_b(1) f(v) for all v ∈ U^{(2)}.

(4.7.3) If U is a local frame in A^{(2)} then there is a b^{(2)} ∈ Φ_B(2) such that f(U) is a local frame at b^{(2)} and β(u) ≦ b^{(2)} for all u ∈ U.

There are additional conditions which one could impose on charts of pairs of global actions and under which one can still prove our main result on exponentiation. Two such conditions are given below.

Condition 4.8 Let A and B be pairs of global actions. Let (f, β) be an A-chart in B. Below are two conditions for (f, β).

(4.8.1) If U is a local frame in A^{(1)} such that U^{(2)} is a local frame in A^{(2)} then there are coordinates b^{(i)} ∈ Φ_B(i) (i = 1, 2) such that f(U) � (X_B(1) )_b(1) , (G_B(1) )_b(1) acts transitively on f(U), β(u) ≦ b^{(1)} for all u ∈ U^{(1)\(2)} , f(U^{(2)}) � (X_B(2) )_b(2) , (G_B(2) )_b(2) acts transitively on f(U^{(2)}), β(v) ≦ b^{(2)} for all v ∈ U^{(2)}, and (G_B(2) )_b(2) f(v) � (G_B(1) )_b(1) f(v) for all v ∈ U^{(2)}. (4.8.2) If U is a local frame in A^{(1)} then there is a coordinate b^{(1)} ∈ Φ_B(1) such that f(U) � (X_B(1) )_b(1) , (G_B(1) )_b(1) acts transitively on f(U), β(u) ≦ b^{(1)} for all u ∈ U^{(1)\(2)} and the following holds: Given a local frame U_2 in A^{(2)} such that U_2 � U, there is a coordinate b^{(2)} ∈ Φ_B(2) such that f(U_2) � (X_B(2) )_b(2) , (G_B(2) )_b(2) , acts transitively on f(U_2), β(v) ≦ b^{(2)} for all v ∈ U_2, and (G_B(2) )_b(2) f(v) � (G_B(1) )_b(1) f(v) for any v ∈ U_2. (Thus (4.8.2) is a uniformization of (4.8.1)).

Definition-Lemma 4.9 Let A and B be pairs of global actions. Let (f, β) be an A-chart in B. If σ = (σ_x) ∈ ∏ x∈|A^{(1)\(2)}|

(G_B(1) )_{β(x)} × ∏ x∈|A^{(2)}|

(G_B(2) )_{β(x)}

define

σf : |A^{(1)}| → |B^{(1)}|.

x → σ_xf(x)

Then σf is a morphism A → B of pairs of global actions and (σf, β) is an A-chart in B.

PROOF It is clear that (σf, β) satisfies (4.7.0) and (4.7.1). To show that σf is a morphism of pairs and that (σf, β) is an A-frame in B, it suffices to show that (4.7.2) is satisfied. Let U be a local frame in U^{(1)}. By definition f(U) is a b^{(1)}-frame for some b^{(1)} ∈ Φ_B(1) such that β(u) ≦ b^{(1)} for all u ∈ U^{(1)\(2)} and (G_B(2) )_{β(v)}f(v) � (G_B(1) )_b(1) f(v) for all v ∈ U^{(2)}. It follows that for any σ, (σf)(U) is a b^{(1)}-frame and obviously β(u) ≦ b^{(1)} for all u ∈ U^{(1)\(2)} . It remains to show that (G_B(2) )_{β(v)}(σf)(v) � (G_B(1) )_b(1) (σf)(v) for all v ∈ U^{(2)}. Since (σf)(v) = σ_v (f(v)) ∈ (X_B(2) )_{β(v)} and (G_B(2) )_{β(v)} = (G_B(2) )_{β(v)}σ^{−1}_v , we obtain that (G_B(2) )_{β(v)}(σf)(v) = (G_B(2) )_{β(v)}(σ_v(f(v))) = ((G_B(2) )_{β(v)}σ^{−1}_v )(σ_v(f(v))) = (G_B(2) )_{β(v)}(f(v)) � (G_B(1) )_b(1) (f(v)) = (G_B(1) )_b(1) σ_v)(f(v)) � (G_B(1) )_b(1) (σ_v(f(v))) = (G_B(1) )_b(1) ((σf)(v)).□

Definition 4.10 Let A and B be pairs of global actions. Let (f, β) be an A-chart in B. A relative A-frame, or simply A-frame, at f on (f, β) is a set f = f_0, f_1, · · · , f_p : A → B of morphisms for which there are elements σ_1, · · · , σ_p ∈ ∏ x∈|A^{(1)\(2)}|

(G_B(1) )_{β(x)} × ∏ x∈|A^{(2)}|

(G_B(2) )_{β(x)} such that σ_if = f_i (1 ≦ i ≦ p). (In view of Lemma 4.9, f = f_0, f_1, · · · , f_p

is also an A-frame at f_i on (f_i, β) for any i (0 ≦ i ≦ p).)

The next lemma will be very useful, just as the analogous lemma in §3.

Local-Global Lemma 4.11 Let A and B be pairs of global actions. Let (f, β) be an A-chart in B. Then f = f_0, f_1, · · · , f_p is an A-frame at f on (f, β) ⇔ for each x ∈ |A^{(1)}|, f(x), f_1(x), · · · , f_p(x) is a local frame at f(x) in β(x).

PROOF The assertions are trivial consequences of Lemma 4.9.

Definition 4.12 Let A, B and C be pairs of global actions. An A- normal morphism g : B → C of pairs actions is one such that g : B^{(2)} → C^{(2)} preserves A^{(1)}− frames and g : B → C preserves A-frames, i.e. if f, f_1, · · · , f_p is an A-frame at f on (f, β) then gf,gf_1, · · · , gf_p is an A-frame at gf on (gf, γ) for some A-chart (gf, γ) in C. A normal morphism g : B → C of pairs is one which is A-normal for any pair A. An A-normal (resp. normal) isomorphism is an A-normal (resp. normal) morphism which has an A-normal (resp. normal) inverse.

It is not true in general that an A-normal (resp. normal) morphism which is an isomorphism in the usual sense is an A-normal (resp. normal) isomorphism.

Lemma 4.13 A regular morphism of pairs of global actions is normal.

PROOF Let η : B → C be a regular morphism of pairs of global actions. If (f, β) is an A-chart in B then it follows straightforward that (η_X f, η_Φβ) is an A-chart in C.

Let f, f_1, · · · , f_p be an A-frame at f on (f, β) and let σ_1, · · · , σ_p ∈ ∏ x∈|A^{(1)\(2)}|

(G_B(1) )_{β(x)} × ∏ x∈|A^{(2)}|

(G_B(2) )_{β(x)} such that σ_if = f_i (1 ≦ i ≦ p). If σ = (σ_x) ∈ ∏ x∈|A^{(1)\(2)}|

(G_B(1) )_{β(x)} × ∏ x∈|A^{(2)}|

(G_B(2) )_{β(x)}, define η_G(σ) = (η_G(β(x))(σ_x)) ∈ ∏ x∈|A^{(1)\(2)}|

(G_C(1) )_{ηΦ(1) β(x)} × ∏ x∈|A^{(2)}|

(G_C(2) )_{ηΦ(2) β(x)} where

η_G(β(x)) = { η_G(1) (β(x)) if x ∈ |A^{(1)\(2)}| η_G(2) (β(x)) if x ∈ |A^{(2)}|.

Then η_G(σ_i)(η_X f) = η_X f_i (1 ≦ i ≦ p), by (3.3.4). Thus η_X f, η_X f_1, · · · , η_X f_p is an A-frame at η_X f on (η_X f, η_Φβ). □ Next the set Mor(A, B) of all morphisms from a pair A of global actions to a pair B of global actions is given the structure of a pair of global actions. This construction contains the definition of a defining subaction of a global action and of a defining pair of global actions.

Definition 4.14 Let A and B be a pair of global actions. Define a pair of global actions

Mor(A, B) = (Mor(A, B)^{(1)}, Mor(A, B)^{(2)}) as follows. Mor(A, B)^{(2)} = Mor(A^{(1)}, B^{(2)}). Mor(A, B)^{(1)} is the global action whose enveloping set is |Mor(A, B)| and whose global structure

(Φ_{(A,B)}(1) , G_{(A,B)}(1) , X_{(A,B)}(1) ) is defined as follows. Define

Φ_{(A,B)}(1) = {β : |A| → Φ_B(1) ∪ Φ_B(2) |(4.7.0) satisfied}.

Give Φ_{(A,B)}(1) the reflexive relation defined by β ≦ β^′ ⇔ β(x) ≦ β^′(x) ∀x ∈ |A^{(1)}|. For β ∈ Φ_{(A,B)}(1) , define

(G_{(A,B)}(1) )_β = . ∏ x∈|A^{(1)\(2)}|

(G_B(1) )_{β(x)} × ∏ x∈|A^{(2)}|

(G_B(2) )_{β(x)}.

If β ≦ β^′, there is for each x ∈ |A^{(1)\(2)}| a canonically defined homomorphism (G_B(1) )_{β(x)} → (G_B(1) )_β′_{(x)} and for each x ∈ |A^{(2)}| a canonically defined homomorphism (G_B(2) )_{β(x)} → (G_B(2) )_β′_{(x)} and therefore a canonically defined homomorphism (G_{(A,B)})_β −→ (G_{(A,B)})_β′ . For β ∈ Φ_{(A,B)}(1) , define

(X_{(A,B)}(1) )_β = {f : |A^{(1)}| → |B^{(1)}| | (f, β) A − chart in B}.

By (4.9), if σ ∈ (G_{(A,B)}(1) )_β and f ∈ (X_{(A,B)}(1) )_β then σf ∈ (X_{(A,B)}(1) )_β and so there is an action of (G_{(A,B)}(1) )_β on (X_{(A,B)}(1) )_β. One sees easily that Mor(A, B)^{(1)} is a global action. If the inclusion morphism B^{(2)} � B^{(1)} induces a morphism Mor(A, B)^{(2)} → Mor(A, B)^{(1)} of global actions then Mor(A, B)^{(2)} is a subaction of Mor(A, B)^{(1)} because the map |Mor(A, B)^{(2)}| → |Mor(A, B)^{(1)}| is obviously an inclusion of sets. In this case Mor(A, B) = (Mor(A, B)^{(1)}, Mor(A, B)^{(2)}) is a pair of global actions. We define now the subaction B^{(2)} of B^{(1)} to be an A-defining subaction if the canonical inclusion B^{(2)} � B^{(1)} induces a morphism Mor(A, B)^{(2)} → Mor(A, B)^{(1)} of global actions. We say that B is an A-defining pair of global actions if B^{(2)} is an A-defining subaction of B^{(1)}. Clearly B is an A-defining pair ⇔ Mor(A, B)^{(2)} is a subaction of Mor(A, B)^{(1)} ⇔ Mor(A, B) = (Mor(A, B)^{(1)}, Mor(A, B)^{(2)}) is a pair of global actions. Let P be a class of global actions. We say that B^{(2)} is a P-defining subaction of B^{(1)} and that B is a P-defining pair of global actions if B is an A-defining pair for all A ∈ P. Let N be a natural number. We say that B^{(2)} is an N-P-defining subaction of B^{(1)} and that B is an N-P-defining pair of global actions if B is a P-defining pair and if for all natural numbers n < N and all sequences A_1, · · · , A_n of pairs in P, the pair Mor(A_n, · · · , Mor(A_1, B)) · · · ) is defined and is an A-defining pair for all A ∈ P. We say that B^{(2)} is an ∞-P-defining subaction of B^{(1)} and that B is an ∞-P-defining pair if B is an N-P-defining pair for all natural numbers N. We say that B^{(2)} is an ∞-Adefining subaction of B^{(1)} and that B is an ∞-A-defining pair of global actions if B is an ∞-{A}-defining pair.

If B is an A-defining pair of global actions then clearly the pair Mor(A, B) is covariant, contravariant, or bivariant, respectively, wherever the pair B is so. Remark Let B be a pair of global actions. If B^{(1)} satisfies the infimum condition (3.20) then by Theorem 3.23, B is an A-defining pair for any pair A of global actions. Lemma 4.15 If B is a regular pair of global actions then B is ∞-P-defining where P is the class of all pairs of global actions. Furthermore if A_1, · · · , A_n is any sequence of pairs of global actions then Mor(A_n, (· · · , Mor(A_1, B)) · · · ) is a regular pair. Proof By a simple induction argument on n, one reduces to showing that a regular structure on the canonical morphism B^{(2)} → B^{(1)} induces a regular morphism Mor(A, B)^{(2)} →

Mor(A, B)^{(1)}.

Let η = (η_Φ(2) , η_{GB(2)} , η_{XB(2)} ) be a regular structure on B^{(2)} → B^{(1)}. Define a regular morphism ν = (ν_{Φ(A,B)(2)} , ν_{G(A,B)(2)} , ν_{X(A,B)(2)} ) : Mor(A, B)^{(2)} → Mor(A, B)^{(1)} as follows. Let ν_{X(A,B)(2)} : |Mor(A, B)^{(2)}| → |Mor(A, B)^{(1)}| be the inclusion of sets defined by the inclusion |B^{(2)}| � |B^{(1)}| of sets. Define the morphism ν_{Φ(A,B)(2)} : Φ_{(A,B)}(2) → Φ_{(A,B)}(1) of relations by the rule

(ν_{Φ(A,B)(2)} β)(x) = { η_Φ(2) (β(x)) if x ∈ |A^{(1)\(2)}| β(x) if x ∈ |A^{(2)}|.

Define the natural transformation ν_{G(A,B)(2)} : G_{(A,B)}(2) → G_{(A,B)}(1) by the group homomorphisms

ν_{G(A,B)(2)} (β) : (G_{(A,B)}(2) )_β � (G_{(A,B)}(1) )ν_{Φ(A,B)(2)} (β) ∏ x∈|A^{(1)}|

(G_B(2) )_{β(x)} ∏ x∈|A^{(1)\(2)}|

(G_B(1) )_{νΦ(2) (β(x))} × ∏ x∈|A^{(2)}|

(G_B(2) )_{β(x)}

where

ν_{G(A,B)(2)} (β)|_{(GB(2) )β(x)} = { η_G(2) (β(x)) : (G_B(2) )_{β(x)} → (G_B(1) )_{νΦ(2) (β(x))} if x ∈ |A^{(1)\(2)}| identity : (G_B(2) )_{β(x)} → (G_B(2) )_{β(x)} if x ∈ |A^{(2)}|.

One checks routinely that ν is a regular morphism. □ Proposition 4.16 As a functor taking values in pairs of global actions, Mor(, ) is contravariant and regular over all morphisms in the first variable, under the condition that only regular pairs are allowed in the second variable, and covariant over all normal morphisms in the second variable under, of course, the condition that only P-defining pairs are allowed in the second variable, where P is the class of all pairs. More precisely the following holds.

(4.16.1) Let C be a regular pair and let f : A → B be a morphism of pairs. Then f defines a regular morphism

η = Mor(f, 1_C ) : Mor(B, C) → Mor(A, C)

of pairs as follows. Let (ν_Φ, ν_G, ν_X ) : C^{(2)} → C^{(1)} be a regular structure for the inclusion map ν_X : |C^{(2)}| � |C^{(1)}|. Define the relation preserving morphism

η_Φ(1) : Φ_{(B,C)}(1) → Φ_{(A,C)}(1) . β → β ∘ f

where β ∘ f is defined by

β ∘ f(x) = β(f(x)) if x ∈ |A^{(1)\(2)}| and f(x) /∈ B^{(2)} ν_Φ(β(f(x))) if x ∈ |A^{(1)\(2)}| and f(x) ∈ B^{(2)} β(f(x)) if x ∈ |A^{(2)}|.

Define the natural transformation η_G(1) : G_{(B,C)}(1) → G_{(A,C)}(1)

such that for each β ∈ Φ_{(B,C)}(1) , the group homomorphism

η_G(1) (β) : (G_{(B,C)}(1) )_β � (G_{(A,C)}(1) )η_{Φ(1)} (β) ∏ y∈|B^{(1)\(2)}|

(G_C(1) )_{β(y)} × ∏ y∈|B^{(2)}|

(G_C(2) )_{β(y)} ∏ x∈|A^{(1)\(2)}|

(G_C(1) )_{β∘f(x)} × ∏ x∈|A^{(2)}|

(G_C(2) )_{β∘f(x)} is defined by the property that for y ∈ |B^{(1)\(2)}|, η_G(1) (β)|_{(GC(1) )β(y)} is the diagonal homomorphism ∏ x∈|A^{(1)\(2)}|,f(x)=y

(identity map) : (G_C(1) )_{β(y)} −→ ∏ x∈|A^{(1)\(2)}|,f(x)=y

(G_C(1) )_{β∘f(x)},

under the convention that the empty product of groups, which can occur on the right hand side of the arrow above, is the trivial group; and for y ∈ |B^{(2)}|, η_G(1) (β)|_{(GC(2) )β(y)} is the homomorphism ∏ x∈|A^{(1)\(2)} |,f(x)=y × ∏ x∈|A^{(2)}|,f(x)=y

(identity map) : (G_C(2) )_{β(y)} → ∏ x∈|A^{(1)\(2)} |,f(x)=y

(G_C(1) )_{β∘f(x)}× ∏ x∈|A^{(2)}|,f(x)=y

(G_C(2) )_{β∘f(x)}.

One checks straightforward that η^{(1)} = (η_Φ(1) , η_G(1) , η_X ) is a regular morphism η^{(1)} : Mor(B, C)^{(1)} → Mor(A, C)^{(1)} of global actions and by (3.11.1), η_X |_{Mor(B,C)}(2) extends to a regular morphism η^{(2)} : Mor(B, C)^{(2)} → Mor(A, C)^{(2)} of global actions. One checks routinely then that η = (η^{(1)}, η^{(2)}) is a regular morphism η : Mor(B, C) → Mor(A, C) of pairs.

(4.16.2) Let A be a pair and let g : B → C be a morphism of pairs. Then the function Mor(1_A, g) : |Mor(A, B)^{(1)}| → |Mor(A, C)^{(1)}| is a morphism Mor(A, B) → Mor(A, C) of pairs ⇔ g is A-normal.

PROOF (4.16.1) Nothing has been left to prove.

(4.16.2) Let (f, β) be an A-chart in B and let f = f_0, f_1, · · · , f_p be an A-frame on (f, β). Let (f^′, β^′) be an A^{(1)}-chart in B^{(2)} and let f^′ = f^′_0, f^′_1, · · · , f^′_p, be an A^{(1)}-frame on (f^′, β^′). By definition of the term local frame, f_0, · · · , f_p is also a local β-frame in the global action Mor(A, B)^{(1)} and conversely, any local frame in Mor(A, B)^{(1)} is an A-frame on some Achart in B. Similarly f^′_0, · · · , f^′_{p’} is a local β^′-frame in the global action Mor(A, B)^{(2)} and conversely, any local frame in Mor(A, B)^{(2)} is an A^{(1)}-frame on some A^{(1)}-chart in B^{(2)}. Thus the function Mor(1_A, g) : |Mor(A, B)^{(1)}| → |Mor(A, C)^{(1)}| defines a morphism Mor(A, B) → Mor(A, C) of pairs ⇔ Mor(1_A, g) preserves A-frames and Mor(1_A, g)^{(2)} : |Mor(A, B)^{(2)}| → |Mor(A, C)^{(2)}| preserves A^{(1)}-frames ⇔ g is A-normal. □

Definition 4.17 Let g : B → C be a morphism of ∞-((pairs))-defining pairs. A sequence A_n, · · · , A_1 of pairs is called a normal chain of length n for g if g is A_1-normal and if for each i (1 ≦ i ≦ n − 1), the morphism Mor(1_{Ai−1} , · · · , Mor(1_{A1} , g)) · · · ) : Mor(A_i, Mor(A_{i−1}, · · · , Mor(A_1, B)) · · · ) → Mor(A_i, Mor(A_{i−1}, · · · , Mor(A_1, C)) · · · ) is A_{i+1}-normal. Let N be a class of pairs. The morphism g is called n-N -normal if every sequence of n objects from N forms a normal chain for g. The morphism g is called N -normal (resp. ∞- N -normal) if it is 1-N -normal (resp. n-N -normal for all n > 0). If N = {A} ( resp. N = all pairs of global actions), we shall write ∞-A-normal (resp. ∞-normal) in place of ∞-N -normal.

If the expression t-morphism denotes anyone of the notions of normality above or the notion of regularity then a t-isomorphism is a t-morphism which has a t-morphism as its inverse.

Lemma 4.18 If g : B → C is a regular morphism of ((pairs))-defining pairs then for any pair A, the morphism Mor(1_A, g) : Mor(A, B) → Mor(A, C) is regular. Thus g is ∞-normal.

PROOF By (4.13)and (4.16.2), the morphism Mor(1_A, g) : Mor(A, B) → Mor(A, C) exists. Let (η_Φ, η_G, η_X = g) be the regular structure of g. We define a regular structure (μ_Φ, μ_g, μ_X = Mor(1_A, g)) for Mor(1_A, g) as follows.

Define the coordinate morphisms μ_Φ(1) : Φ_{(A,B)}(1) → Φ_{(A,C)}(1) , β → η_Φ(1) β μ_Φ(2) : Φ_{(A,B)}(2) → Φ_{(A,C)}(2) . β → η_Φ(2) β Define the natural transformation μ_G(1) : G_{(A,B)}(1) → G_{(A,C)}(1) such that for each β ∈ Φ_{(A,B)}(1) , the group homomorphism μ_G(1) (β) : (G_{(A,B)}(1) )_β → (G_{(A,C)}(1) )_{μΦ(1) (β)} is defined by the commutative diagram

(G_{(A,B)}(1) )_β^{μG(1) (β)} � (G_{(A,C)}(1) )μ_{Φ(1)} (β) ∏ x∈|A^{(1)\(2)}|

(G_B(1) )_{β(x)} × ∏ x∈|A^{(2)}|

(G_B(2) )_{β(x) τ} � ∏ x∈|A^{(1)\(2)}|

(G_C(1) )_{ηΦ(1) (β(x))} × ∏ x∈|A^{(2)}|

(G_C(2) )_{ηΦ(2)} (β(x))

where τ = ∏ x∈|A^{(1)\(2)}|

η_G(1) (β(x)) × ∏ x∈|A^{(2)}|

η_G(1) (β(x)).

Define the natural transformation μ_G(2) : G_{(A,B)}(2) → G_{(A,C)}(2) as in the proof of (3.13).

One checks straightforward that (μ_Φ, μ_G, Mor(1_A, g)) is a regular morphism.

That g is ∞-normal follows by a trivial induction argument from the result just proved. □ Definition 4.19 Let N denote the name of a kind of morphism defined in (4.17). A pair is called an N pair if it has the property that every morphism to it is an N morphism. The following definition is needed for the exponential law. Definition 4.20 Let A and B be pairs of global actions. Define the pair

A ▷◁ B as follows.

(A ▷◁ B)^{(1)} = A^{(1)} × B^{(1)} . The enveloping set of (A ▷◁ B)^{(2)} is defined by

|(A ▷◁ B)^{(2)}| = |A^{(1)}| × |B^{(2)}| ∪ |A^{(2)}| × |B^{(1)}| where the union is taken in |A^{(1)}| × |B^{(1)}|. The coordinate system of (A ▷◁ B)^{(2)} is defined by Φ_{(A▷◁B)}(2) = Φ_A(1) × Φ_B(2) ∪ Φ_A(2) × Φ_B(1) where the union is now disjoint. Relations (arrows) between coordinates are defined coordinatewise. The group function of (A ▷◁ B)^{(2)} is defined by

(G_{(A▷◁B)}(2) )_{(α,β)} = { (G_A(1) )_α × (G_B(2) )_β if (α, β) ∈ Φ_A(1) × Φ_B(2) (G_A(2) )_α × (G_B(1) )_β if (α, β) ∈ Φ_A(2) × Φ_B(1) .

The set function for (A ▷◁ B)^{(2)} is defined by

(X_{(A▷◁B)}(2) )_{(α,β)} = { (X_A(1) )_α × (X_B(2) )_β if (α, β) ∈ Φ_A(1) × Φ_B(2) (X_A(2) )_α × (X_B(1) )_β if (α, β) ∈ Φ_A(2) × Φ_B(1) .

The action of (G_{(A▷◁B)}(2) )_{(α,β)} on (X_{(A▷◁B)}(2) )_{(α,β)} is coordinatewise. One checks routinely that A ▷◁ B satisfies the universal property of a product.

In the next definition, the notation (S, T ) = Mor_{((sets))}(S, T ), where S and T are sets, will be used. This notation was introduced already in (3.16).

Definition 4.21 Let A, B and C be pairs such that C is 2 − {A, B, A ▷◁ B}-defining. We define a regular morphism E : Mor(A, Mor(B, C)) → Mor(A ▷◁ B, C) as follows. Denote the structural components of the pair Mor(A, Mor(B, C)) by (Φ_{(A,(B,C))}, G_{(A,(B,C))}, X_{(A,(B,C))}). Define E_Φ(1) such that the diagram

Φ_{(A,(B,C))}(1) ⋂ E_{Φ(1)}

� Φ_{(A▷◁B,C)}(1) ⋂ (|A^{(1)}|, (|B^{(1)}|, Φ_C(1) ∪ Φ_C(2) ))_{(3.16)} � (|A^{(1)}| × |B^{(1)}|, Φ_C(1) ∪ Φ_C(2) ) commutes. Clearly E_Φ(1) is relation preserving. Define E_Φ(2) as in (3.17), i.e. such that the diagram

Φ_{(A,(B,C))}(2)^{EΦ(2)} � Φ_{(A▷◁B,C)}(2)

(|A^{(1)}|, (|B^{(1)}|, Φ_C(2) ))_{(3.16)} � (|A^{(1)}| × |B^{(1)}|, Φ_C(2) ) commutes.

Define the natural transformation E_G(1) : G_{(A,(B,C))}(1) → (G_{(A▷◁B,C)}(1) )_{EΦ(1) ( )} such that for each α ∈ Φ_{(A,(B,C))}(1) , the group homomorphism E_G(1) (α) : (G_{(A,(B,C))}(1) )_α −→ (G_{(A▷◁B,C)}(1) )_{EΦ(1) (α)} maps the factor of (G_{(A,(B,C))}(1) )_α = ∏ x∈|A^{(1)\(2)}| [( ∏ y∈|B^{(1)\(2)}|

(G_C(1) )_{α(x)(y)})×( ∏ y∈|B^{(2)}|

(G_C(2) )_{α(x)(y)})] × ∏ x∈|A^{(2)}| [ ∏ y∈|B^{(1)}|

(G_C(2) )_{α(x)(y)}] with the subscript α(x)(y) via the identity map onto the factor of (G_{(A▷◁B,C)}(1) )_α = ∏ (x,y)∈|A^{(1)\(2)} |×|B^{(1)\(2)}|

(G_C(1) )_{(EΦ(1) α)(x,y)}× ∏ (x,y)∈|(A▷◁B)^{(2)} |

(G_C(2) )_{(EΦ(1) α)(x,y)} with the subscript (E_Φ(1) α)(x, y). Define the natural transformation E_G(2) : G_{(A,(B,C))}(2) → G_{(A▷◁B,C)}(2) as in (3.17), i.e. such that E_G(2) (α) : (G_{(A,(B,C))}(2) )_α → (G_{(A▷◁B,C)}(2) )_{EΦ(2) (α)} maps the factor of (G_{(A,(B,C))}(2) )_α = ∏ x∈|A^{(1)}| ( ∏ y∈|B^{(1)}|

(G_C(2) )_{α(x)(y)}) with the subscript α(x)(y) via the identity map onto the factor of (G_{(A▷◁B,C)}(2) )_{EΦ(2) (α)} = ∏ (x,y)∈|A^{(1)}|×|B^{(1)}|

(G_C(2) )_{(EΦ(2) α)(x,y)} with the subscript (E_Φ(2) α)(x, y). One verifies routinely that the composite mapping |Mor(A, Mor(B, C))^{(1)}| → (|A^{(1)}|, (|B^{(1)}|, |C^{(1)}|)) @ > (3.16) >> (|A^{(1)}| × |B^{(1)}|, |C^{(1)}|) takes its image in |Mor(A ▷◁ B, C)^{(1)}| and we define E_X : |Mor(A, Mor(B, C))^{(1)}| → |Mor(A ▷◁ B, C)^{(1)}| to be the resulting mapping. One checks straightforward that E^{(1)} = (E_Φ(1) , E_G(1) , E_X ) is a regular morphism E^{(1)} : Mor(A, Mor(B, C))^{(1)} → Mor(A ▷◁ B, C)^{(1)} of global actions. (It fails in general to be an isomorphism (resp. regular isomorphism) because E_X is not necessarily surjective (resp. E_X ((X_{(A,(B,C))}(1) )_α) is not necessarily all of (X_{(A▷◁B,C)}(1) )_{EΦ(1) (α)}). Let E_X(2) = E_X |_{|Mor(A,(B,C))}(2)_| and E^{(2)} = (E_Φ(2) , E_G(2) , E_X(2) ).

Then by (3.17),

E^{(2)} : Mor(A, Mor(B, C))^{(2)} � Mor(A ▷◁ B, C)^{(2)}

Mor(A^{(1)}, Mor(B^{(1)}, C^{(2)}) � Mor(A^{(1)} × B^{(1)}, C^{(2)})

is a regular morphism of global actions. One checks straightforward that

E = (E^{(1)}, E^{(2)}) is a regular morphism

E : Mor(A, Mor(B, C)) → Mor(A ▷◁ B, C) of pairs.

Suppose now that C is ∞-((pair))-defining. Let A_n, · · · , A_1 be an arbitrary sequence of pairs. Iterating the procedure above, one defines for any n ≥ 2 a regular morphism

E_n : Mor(A_n, Mor(A_{n−1}, · · · , Mor(A_1, C)) · · · ) → Mor(A_n ▷◁ · · · ▷◁ A_1, C) as follows. For n = 2, the morphism is defined above. Suppose n > 2 and that the morphism has been defined for every natural number N where 2 ≦ N ≦ n − 1. Let E_{n−1} denote the morphism for the sequence A_{n−1}, · · · , A_1. Define E_n for the sequence A_n, A_{n−1}, · · · , A_1 as the composite of the regular morphism Mor(1_{An} , E_{n−1}) (see (4.18)) and the regular morphism E_2 : Mor(A_n, Mor(A_{n−1} ▷◁ · · · ▷◁ A_1, B)) → Mor(A_n ▷◁ · · · ▷◁ A_1, B).

The next definition is made to cope with the problem of finding an inverse to the morphism E_n above.

Definition 4.22 Let P be a class of pairs closed under finite operations by ▷◁. An ∞-P - defining pair C is called ∞-P-exponential if the morphism E : Mor(A, Mor(B, C)) → Mor(A ▷◁ B, C) is an ∞- P-normal isomorphism for all pairs A, B ∈ P. C is called regularly ∞- P-exponential if E is a regular isomorphism for all pairs A, B ∈

P. If P = all finite ▷◁ −products of A (resp. P = all pairs A such that |A^{(i)}| = ∪_{α∈ΦA(i)} (X_A(i) )_α (i = 1, 2)) then C is called ∞-A-exponential (resp. ∞-exponential) if it is ∞- P-exponential.

Lemma 4.23 Suppose the pair C is ∞- P-exponential (resp. regularly ∞-P-exponential). Then for any sequence A_n, · · · , A_1 ∈ P such that n ≥ 2, the morphism E_n in (4.21) is an ∞-P-normal (resp. regular) isomorphism.

PROOF The proof is exactly the same as that of (3.19).

Definiton 4.24 Let A be a pair of global actions. Let U_i � |A^{(i)}| (i = 1, 2) be local frames in A^{(i)}, respectively. If U_2 � U_1 then (U_1, U_2) is called a pair of local frames in A. A pair (U_1, U_2) of local frames is called a neat pair if there are coordinates a^{(i)} ∈ Φ_A(i) such that U_i is a local frame at A^{(i)} and (G_A(2) )_a(2) u � (G_A(1) )_a(1) u for any u ∈ U_2. In this case, we say that (U_1, U_2) is a neat pair at (a^{(1)}, a^{(2)}). In order to define the concept of a strong neat pair of local frames, we need some additional notation. Suppose Δ^{(2)} � Φ_A(2) is a finite possibly empty subset and U_2 � |A^{(2)}| is a finite subset such that for each d ∈ Δ^{(2)}, (X_A(2) )_d ∩ U_2 ≠ ∅. Then by

(X_A(2) )_d ⊓ U_2

we shall mean a fixed nonempty subset of (X_A(2) )_d ∩U_2. At a certain point in the definition below of a strong neat pair of local frames, we shall use the set(X_A(2) )_d ⊓ U_2 in place of the set (X_A(2) )_d ∩ U_2 in order to be able to carry out later (e.g. in the proofs of (4.31) and (4.32)) specialization arguments which replace functions f, α etc. by their values f(x), α(x) etc. at a fixed element x in their domains. Define

Φ^{Δ(2)⊓U2}

A^{(2)} ={a ∈ ΦA^{(2)} | (XA^{(2)} )d ⊓ U2 � (XA^{(2)} )a

∀ d ∈ Δ^{(2)}, (G_B(2) )_d(u) � (G_B(2) )_a(u) ∀ d ∈ Δ^{(2)} and ∀ u ∈ (X_A(2) )_d ⊓ U_2}.

The set Φ^{Δ(2)⊓U2}

A^{(2)} will replace the closely related set{a ∈ Φ

≧Δ^{(2)} A^{(2)} | (XA^{(2)} )d ⊓U2 � (XA^{(2)} )a ∀

d ∈ Δ^{(2)}}, in the specialization arguments mentioned above.

A pair (U_1, U_2) of local frames is called a strong neat pair if given finite possibly empty subsets Δ^{(i)} � Φ_A(i) (i = 1, 2) such that for each d ∈ Δ^{(i)}, (X_A(i) )_d ∩U_i ≠ ∅, the following condition is satisfied. If the sets Ψ^{(1)} = {α^{(1)} ∈ Φ^{≧Δ(1)}_{A(1)} |U_1 is a local frame at α^{(1)}, (G_A(2) )_d

(u) � (G_A(1) )_a(1) (u) ∀ d ∈ Δ^{(2)} and ∀ u ∈ (X_A(2) )_d ⊓ U_2} and Ψ^{(1)} = {a^{(2)} ∈ Φ^{Δ(2)⊓U2}_{A(2)} | U_2 is a local frame at a^{(2)}} are nonempty then (U_1, U_2) is a neat pair at some (a^{(1)}, a^{(2)}) ∈ Ψ^{(1)} × Ψ^{(2)}. In this case, we say that (U_1, U_2) is a neat pair for (Δ^{(1)}, Δ^{(2)} ⊓ U_2) at (a^{(1)}, a^{(2)}). We say that (U_1, U_2) is a semistrong neat pair, if it is a neat pair for (Δ^{(1)}, Δ^{(2)} ⊓ U_2) whenever Δ^{(1)} = ∅.

Let U � A^{(1)} be a local frame. Let U_2 be a nonempty set of local frames U_2 in A^{(2)}. The pair (U, U_2) is called uniformly strongly neat or simply strongly neat if given any finite possibly empty subset Δ^{(1)} � Φ_A(1) such that (X_A(1) )_d ∩ U ≠ ∅ for all d ∈ Δ^{(1)} and any set {Δ^{(2)}_{U2} � Φ_A(2) | U_2 ∈ U_2, Δ^{(2)}_{U2} finite possibly empty, (X_A(2) )_δ ∩ U_2 ≠ ∅ for all d ∈ Δ^{(2)}_{U2} and all U_2 ∈ U_2}, the following condition is satisfied: If the sets Ψ^{(1)} = {a^{(1)} ∈ Φ^{≧Δ(1)}_{A(1)} | U is a local frame at a^{(1)}, (G_A(2) )_du � (G_A(1) )_a(1) u ∀ U_2 ∈ U_2, ∀(d, u) ∈ Δ^{(2)}_{U2} ×

(U_2 ⊓ (X_A(2) )_d)} and Ψ^{(2)}_{U2} = {a^{(2)} ∈ Φ^Δ (2) U2 ⊓U_2 A^{(2)} | U2 is a local frame at a

(2)} are nonempty then there is a coordinate a^{(1)} ∈ Ψ^{(1)} and for each U_2 ∈ U_2, a coordinate a^{(2)}_{U2} ∈ Ψ^{(2)}_{U2} such that (U, U_2) is neat at (a^{(1)}, a^{(2)}). In this case, we say that (U, U_2) is (uniformly) neat for (Δ^{(1)}, Δ^{(2)}_{U2} ⊓ U_2). The pair A of global actions is called uniformly semistrongly neat (resp. uniformly neat), if it is neat for (Δ^{(1)}, Δ^{(2)}_{U2} ⊓ U_2) whenever Δ^{(1)} = ∅ (resp. Δ^{(1)}, Δ^{(2)}_{U2} = ∅ for all U_2 ∈ U_2).

Definition 4.25 A pair A of global actions is called a neat (resp. semistrongly neat) (resp. strongly neat) pair if every pair (U_1, U_2) of local frames in A is neat (resp. semistrongly neat) (resp. strongly neat).

A pair A of global actions is called uniformly neat (resp. uniformly semistrongly neat) (resp. uniformly strongly neat), if every pair (U, U_2) as in (4.24) is neat (resp. semistrongly neat) (resp. strongly neat).

The following definition is given for the sake of completeness. It will not be needed technically and therefore will not be used further in this article.

Definition 4.26 Let f : A → B be a morphism of pairs of global actions. There are two notions of neatness for f. One says that f preserves neat pairs of local frames and the other that f sends any pair (U_1, U_2) of local frames in A to a neat pair (f(U_1), f(U_2)) of local frames in B. Similarly we can define two notions of semistrong neatness and of strong neatness for f.

Remark Obviously if B is a neat (resp. semistrong neat) (resp. strong neat) pair of global actions then any morphism f : A → B of pairs of global actions is neat (resp. semistrongly neat) (resp. strongly neat).

The next condition provides a useful criterion for guaranteeing that a pair of global actions is ∞-normal and either ∞-exponential or regularly ∞-exponential. Definition 4.27 A pair A of global actions is called a strong infimum action if the following conditions are satisfied.

(4.27.1) Let Δ^{(i)} � Φ_A(i) (i = 1, 2) be finite possibly empty subsets. Let U_i � |A^{(i)}| (i = 1, 2) be finite subsets such that U_2 � U_1 and such that for each d^{(i)} ∈ Δ^{(i)}, (X_A(i) )_d(i) ∩ U_i ≠ ∅. If the set Ψ^{(1)} = {a^{(1)} ∈ Φ^{≧Δ(1)}_{A(1)} | U_1 is a local frame at a^{(1)}, (G_A(2) )_d(2) (u) � (G_A(1) )_a(1) (u) ∀ d^{(2)} ∈ Δ^{(2)} and ∀ u ∈ (X_A(2) )_d(2) ⊓ U_2} is nonempty then it contains an initial element.

Obviously the special case of (4.27.1) that Δ^{(2)} = ∅ implies that A^{(1)} is a strong infimum global action.

(4.27.2) Let Δ_i (i = 1, 2) � Φ_A(2) be finite possibly empty subsets. Let U_i (i = 1, 2) � |A^{(2)}| be finite subsets such that U_2 � U_1 and such that for each d^{(i)} ∈ Δ_i, (X_A(2) )_d(i) ∩ U_i ≠ ∅. If the set Ψ^{(2)} = {a^{(2)} ∈ Φ^{≧Δ1}_{A(2)} | U_1 is a local frame at a^{(2)}, (G_A(2) )_d(2) u � (G_A(2) )_a(2) u ∀ d^{(2)} ∈ Δ_2 and ∀ u ∈ (X_A(2) )_d(2) ⊓ U_2} is nonempty then it contains an initial element.

Obviously the special case of (4.27.2) that Δ_2 = ∅ implies that A^{(2)} is a strong infimum global action.

(4.27.3) A is a uniform strong neat pair of global actions. This completes the definition of a strong infimum pair of global actions. A pair A of global actions is called an infimum pair (resp. semistrong infimum pair) if (4.27.1) and (4.27.2) are satisfied whenever Δ^{(1)} = Δ_1 = Δ^{(2)} = Δ_2 = ∅ and A is a uniform neat pair of actions (resp. Δ^{(1)} = Δ_1 = ∅ and A is a uniform semistrong neat pair of actions).

The following lemma is easy to verify and its proof is omitted. Lemma 4.28 (4.28.1) Any pointed global action is a uniform strong neat pair of actions. (4.28.2) A pointed global action A satisfies the infimum condition (resp. semistrong infimum condition) (resp. strong infimum condition) for pairs of global actions ⇔ A^{(1)} satisfies the infimum condition (resp. infimum condition) (resp. strong infimum condition) for global actions.

When the hypotheses in the following lemma are satisfied, it can be used to simplify details in the proofs of (4.30) and (4.31). The proof of the lemma is straightforward and is omitted Lemma 4.29 There are two statements, one for global actions and the other for pairs of global actions.

(4.29.1) Let f : A → B be a morphism of global actions such that the relation on Φ_B is transitive.. Let β, γ ∈ Φ_{(A,B)} such that f(x) ∈ β(x)∩γ(x) for all x ∈ |A|. If β ≦ γ and (f, γ) is an A−chart in B then so is (f, β).

(4.29.2) Let f : A → B be a morphism of pairs of global actions such that the relations on Φ_B(1) and Φ_B(2) are transitive. Let β^{(1)}, γ^{(1)} ∈ Φ_{(A,B)}(1) such that f(x) ∈ β^{(1)}(x) ∩ γ^{(1)}(x) for all x ∈ |A^{(1)}|. If β^{(1)} ≦ γ^{(1)} and (f, γ^{(1)}) is an A−chart in B then so is (f, β^{(1)}).

Lemma 4.30 If B is a pair of global actions which satisfies the infimum condition (resp. semistrong infimum condition) (resp. strong infimum condition and the relations on Φ_B(i) (i = 1, 2) are transitive) then for any pair A of global actions, the same holds for Mor(A, B). In fact we shall show the following.

(4.30.1) If B satisfies (4.27.1) and (4.27.2) for Δ^{(1)} = Δ^{(2)} = Δ_1 = Δ_2 = ∅ (resp. for Δ^{(1)} = Δ_1 = ∅) (resp. in general and the relations on Φ_B(i) (i = 1, 2) are transitive) then the same holds for Mor(A, B).

(4.30.2) Assume B satisfies (4.30.1). If B is neat (resp. semistrongly neat) (resp. strongly neat) then the same holds for Mor(A, B).

(4.30.3) Assume B satisfies (4.30.1). If B is uniformly neat (resp. uniformly semistrongly neat) (resp. uniformly strongly neat) then the same holds for Mor(A, B). PROOF (4.30.1) It is clear that if the relation on Φ_B(i) (i = 1, 2) is transitive then so is that on Φ_{(A,B)}(i) (i = 1, 2). The remainder of the proof is devoted to showing that Mor(A, B) satisfies (4.27.1) and (4.27.2). We consider first (4.27.1). Let Δ^{(i)} � Φ_{(A,B)}(i) (i = 1, 2) be finite possibly empty subsets of coordinates. Let F_i � |Mor(A, B)^{(i)}| (i = 1, 2) be finite nonempty subsets such that F_2 � F_1 and such that for each δ ∈ Δ^{(i)}, the set (X_{(A,B)}(i) )_δ ∩ F_i ≠ ∅. Suppose that the set Ψ^{(1)} = {β^{(1)} ∈ Φ^{≧Δ(1)}_{(A,B)(1)} | F_1 is a local frame at β^{(1)}, (G_{(A,B)}2 )_δf � (G_{(A,B)}(1) )_β(1) f ∀ δ ∈ Δ^{(2)} and ∀ f ∈ F_2 ⊓(X_{(A,B)}(2) )_δ} is nonempty. We shall prove that the conclusion of (4.27.1) holds, namely that Ψ^{(1)} has an initial element.

For each x ∈ |A^{(1)}|, let Δ^{(i)}(x) = {δ(x) | δ ∈ Δ^{(i)}}, let F_i(x) = {f(x) | f ∈ F_i}, and let Ψ^{(1)}(x) = {β^{(1)}(x) | β^{(1)} ∈ Ψ^{(1)}} � Ψ^{(1)}(x) := {b^{(1)} ∈ Φ^{≧Δ(1)(x)}_{B(1)} | F_1(x) is a local frame at b^{(1)}, (G_B(2) )_{δ(x)}f(x) � (G_B(1) )_b(1) f(x) ∀ δ ∈ Δ^{(2)} and ∀ f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ}. Suppose x ∈ |A^{(1)\(2)}|. By the conclusion of (4.27.1) applied to B, Δ^{(i)}(x), F_i(x), and Ψ^{(1)}(x), the set Ψ^{(1)}(x) has an initial element c_x. Suppose x ∈ |A^{(2)}|. Then Ψ^{(1)}(x) � Ψ^{(2)}(x) := {b^{(2)} ∈ Φ^{≧Δ(1)(x)}

B^{(2)} | F1(x) is a local frame at b

(2), (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_b(2) f(x) ∀ δ ∈ Δ^{(2)} and ∀ f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ}. By the conclusion of (4.27.2) applied to B^{(2)}, Δ^{(i)}(x), F_i(x), and Ψ^{(2)}(x), the set Ψ^{(2)}(x) has an initial element c_x. Define γ : |A^{(1)}| → Φ_B(1) ∪Φ_B(2) , x → c_x. For any f ∈ F_1, we shall show that (f, γ) is an A-chart in B. This demonstration is where the hypotheses whether or not certain Δ’s are empty and whether or not the relation on Φ_B(i) (i = 1, 2) is transitive play a role. Suppose for the moment that this has been done. By the Local-Global Lemma 4.17, F_1 is a local frame at γ. By construction, δ ≦ γ for all δ ∈ Δ^{(1)}. Moreover since for each x ∈ |A^{(1)}|, (G_B(2) )_{δ(x)}f(x) � (G_B(1) )_{γ(x)}f(x) for all δ ∈ Δ^{(2)} and for all f ∈ F_2⊓(X_{(A,B)}(2) )_δ, it follows that (G_{(A,B)}(2) )_δf � (G_{(A,B)}(1) )_γ f for all δ ∈ Δ^{(2)} and for all f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ. Thus γ ∈ Ψ^{(1)}. Obviously γ is an initial element of Ψ^{(1)}, by construction. This proves that Mor(A, B) satisfies the conclusion of (4.27.1). We show as promissed above that (f, γ) is an A-chart in B. It is obvious that (f, γ) satisfies (4.7.0) and (4.7.1). Let β ∈ Ψ^{(1)}. By construction, γ(x) ≦ β(x) for all x ∈ |A^{(1)}|. Thus γ ≦ β. Since F_1 is a local frame at β, it follows by definition that (f, β) is an A-chart in B. Thus if the relation on Φ_B(i) (i = 1, 2) is transitive then (f, γ) is an A-chart in B by (4.29.2). Hence we can assume that Δ^{(1)} = ∅.

We shall show that (f, γ) satisfies (4.7.2). Let V be a local frame in A^{(1)}. Since (f, β) is an A-chart in B, f(V ) is a local frame at a coordinate b ∈ Φ_B(1) such that β(x) ≦ b for all x ∈ V^{(1)\(2)}, and such that (G_B(2) )_{β(x)}f(x) � (G_B(1) )_bf(x) for all x ∈ V^{(2)}. Suppose x ∈ V^{(1)\(2)}. Since Δ^{(1)} = ∅, γ(x) is by definition an initial element in Ψ^{(1)}(x) = {b^′ ∈ Φ_B(1) | F_1(x) is a local frame at b^′, (G_B(2) )_{δ(x)}f(x) � (G_B(1) )_b′ f(x) ∀ δ ∈ Δ^{(2)} and ∀ f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ}. We shall show that b ∈ Ψ^{(1)}(x). This will prove that γ(x) ≦ b. Since F_1(x) is a local frame at β(x) and β(x) ≦ b, it follows that F_1(x) is a local frame at b. From the inclusion above that (G_B(2) )_{δ(x)}f(x) � (G_B(1) )_b′ f(x) ∀ δ ∈ Δ^{(2)} and ∀ f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ and from the fact by definition of β that (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_{β(x)}f(x) for all δ ∈ Δ^{(2)} and for all f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ, it follows that b ∈ Ψ^{(1)}(x). Thus γ(x) ≦ b. Suppose x ∈ V^{(2)}. Since γ(x) ≦ β(x), it follows that (G_B(2) )_{γ(x)}f(x) � (G_B(2) )_{β(x)}f(x) � (G_B(1) )_bf(x). This completes the proof that (f, γ) satisfies (4.7.2).

We show next that (f, γ) satisfies (4.7.3). Let β ∈ Ψ^{(1)}. Then γ ≦ β and (f, β) is an A-chart in B. Let V be a local frame in B^{(2)}. Then f(V ) is a local frame at a coordinate n ∈ Φ_B(2) such that β(x) ≦ b for each x ∈ V . Since Δ^{(1)} = ∅, γ(x) is by definition an initial element in Ψ^{(2)}(x) = {b^′ ∈ Φ_B(2) | F_1(x) is a local frame at b^′, (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_b′ ∀ δ ∈ Δ^{(2)} and ∀ f ∈ F_2 ⊓(X_{(A,B)}(2) )_δ}. We shall show that b ∈ Ψ^{(2)}(x). This will imply that γ(x) ≦ b which shows that (f, γ) satisfies (4.7.3). Since F_1(x) is a local frame at β(x), it follows that F_1(x) is a local frame at b. From the definition of β, it follows that (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_{β(x)}f(x) for all δ ∈ Δ^{(2)} and for all f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ. Since β(x) ≦ b, it follows that (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_bf(x) for all δ ∈ Δ^{(2)} and for all f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ. Thus b ∈ Ψ^{(2)}(x). Thus γ(x) ≦ b for each x ∈ V . Thus (f, γ) satisfies (4.7.3). This completes the proof that (f, γ) is an A-chart in B.

We show that Mor(A, B) satisfies (4.27.2). Let Δ_i � Φ_{(A,B)}2 (i = 1, 2) be finite possibly empty subsets and let F_2 � F_1 � Mor(A, B)^{(2)} be finite subsets such that for each δ ∈ Δ_i, the set (X_{(A,B)}(2) )_δ ∩ F_i ≠ ∅. Suppose that the set Ψ^{(2)} = {β^{(2)} ∈ Φ^{≧Δ1}_{(A,B)(2)} | F_1 is a local frame at β^{(2)}, (G_{(A,B)}(2) )_δf � (G_{(A,B)}(2) )_β(2) f ∀ δ ∈ Δ_2 and ∀ f ∈ (X_{(A,B)}(2) )_δ ⊓ F_2} is nonempty. We shall prove that the conclusion of (4.27.2) holds, namely that Ψ^{(2)} has an initial element.

For each x ∈ |A^{(1)}|, let Δ_i(x) = {δ(x) | δ ∈ Δ_i}, let F_i(x) = {f(x) | f ∈ F_i}, and let Ψ^{(2)} (x) = {β^{(2)}(x) | β^{(2)} ∈ Ψ^{(2)}}. Let Ψ^{(2)}(x) = {b ∈ Φ^{≧Δ1(x)}_{B(2)} | F_1(x) is a local frame at b, (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_bf(x) ∀ δ ∈ Δ_2 and ∀ f ∈ F_2 ⊓(X_{(A,B)}(2) )_δ}. By the conclusion of (4.27.2) applied to B, Δ_i(x), F_i(x), and Ψ^{(2)}(x), the set Ψ^{(2)}(x) has an initial element c_x. Define γ : |A^{(1)}| → Φ_B(2) , x → c_x. For any f ∈ F_1, we shall show that (f, γ) is an A^{(1)}-chart in B^{(2)}. This demonstration is where the hypotheses whether or not certain Δ’s are empty and whether or not the relation on Φ_B(i) (i = 1, 2) is transitive play a role. Suppose for the moment this has been done. By the Local-Global Lemma 3.7, F_1 is a local frame at γ. By construction, δ ≦ γ for all δ ∈ Δ_1. Moreover since for each x ∈ |A^{(1)}|, (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_{γ(x)}f(x) for all δ ∈ Δ_2 and for all f ∈ F_2 ⊓(X_{(A,B)}(2) )_δ, it follows that (G_{(A,B)}(2) )_δf � (G_{(A,B)}(2) )_γ f for all δ ∈ Δ_2 and for all f ∈ (X_{(A,B)}(2) )_δ ⊓ F_2. Thus γ ∈ Ψ^{(2)}. Obviously γ is an initial element of Ψ^{(2)}, by construction. This proves that Mor(A, B) satisfies (4.27.2).

We prove as promissed above that (f, γ) is an A^{(1)}-chart in B^{(2)}. Obviously (3.4.1) is satisfied. Let β ∈ Ψ^{(2)}. By construction, γ(x) ≦ β(x) for all x ∈ |A^{(1)}|. thus γ ≦ β. Since F_1 is a local frame at β, it follows by definition that (f, β) is an A^{(1)}-chart in B^{(2)}. Thus if the relation on Φ_B(2) is transitive then (f, γ) is an A^{(1)}-chart in B^{(2)}, by (4.29.1). Hence we can assume that Δ_1 = ∅.

We shall prove that (f, γ) satisfies (3.4.2). Let V be a local frame in A^{(1)}. Let β ∈ Ψ^{(1)}. Since (f, β) is an A^{(1)}-chart in B^{(2)}, f(V ) is a local frame at a coordinate b ∈ Φ_B(2) such that β(x) ≦ b for all x ∈ V . To show that (f, γ) satisfies (3.4.2), it is enough to show that γ(x) ≦ b for all x ∈ V . Since Δ_1 = ∅, γ(x) is by definition an initial element in Ψ^{(2)}(x) = {b^′ ∈ Φ_B(2) | F_1(x) is a local frame at b^′, (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_b′ f(x) ∀ δ ∈

Δ_2 and ∀ f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ}. We shall show that b ∈ Ψ^{(2)}(x). This will complete the proof. Since β(x) ≦ b and F_1(x) is a local frame at β(x) (by definition of β(x)), it follows that F_1(x) is a local frame at b. Furthermore β(x) ∈ Ψ^{(2)}(x) by definition. Thus (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_{β(x)}f(x) � (G_B(2) )_bf(x) for all δ ∈ Δ_2 and for all f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ. Thus b ∈ Ψ^{(2)}(x). Thus γ(x) ≦ b. This completes the proof that (f, γ) satisfies (3.4.2).

(4.30.2) The proof is a specialization of that for (4.30.3), to the case F has one element. (4.30.3) Let F � Mor(A, B)^{(1)} be a local-frame and let F be a set of local frames F_2 � Mor(A, B)^{(2)}such that F_2 � F . Let Δ^{(1)} � Φ_{(A,B)}(1) be a finite possibly empty subset of coordinates such that for each δ ∈ Δ^{(1)}, (X_{(A,B)}(1) )_δ ∩ F ≠ ∅. For each F_2 ∈ F, let Δ^{(2)}_{F2} � Φ_{(A,B)}(2) be a finite possibly empty subset of coordinates such that for each δ ∈ Δ^{(2)}_{F2} , (X_{(A,B)}(2) )_δ∩F_2 ≠ ∅. Suppose that the set Ψ^{(1)} = {β ∈ Φ^{≧Δ(1)}_{(A,B)(1)} | F is a local frame at β, (G_{(A,B)}(2) )_δf � (G_{(A,B)}(1) )_β f ∀ F_2 ∈ F, ∀ δ ∈ Δ^{(2)}_{F2} , and ∀ f ∈ F_2 ⊓(X_{(A,B)}(2) )_δ} ≠ ∅ and that for each F_2 ∈ F, the set Ψ^{(2)}_{F2} = {β_{F2} ∈ Φ^Δ (2) F2 ⊓F_2 (A,B)^{(2)} | F2 is a local frame at βF^2 } ≠

∅. We shall show that there are coordinates γ ∈ Φ^{≧Δ(1)}_{(A,B)(1)} and γ_{F2} ∈ Φ^Δ (2) F2 ⊓F_2 (A,B)^{(2)} for each F2 ∈

F such that (F, F_2) is a neat pair at (γ, γ_{F2} ).

Let x ∈ |A^{(1)}|. Define F (x) = {f(x) | f ∈ F }. For F_2 ∈ F, define F_2(x) = {f(x) | f ∈ F_2}. Define Δ^{(1)}(x) = {δ(x) | δ ∈ Δ^{(1)}} and Δ^{(1)}_{F2} (x) = {δ(x) | δ ∈ Δ^{(2)}_{F2} }. Define Ψ^{(1)}(x) = {β(x) | β ∈ Ψ^{(1)}} and Ψ^{(2)}_{F2} (x) = {β_{F2} (x) | β_{F2} ∈ Ψ^{(2)}_{F2} }. Define Ψ^{(2)}_{F2} (x) = {b_2 ∈ Φ_B(2) | F_2(x) is a local frame at b, (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_{b2} f(x) ∀ δ ∈ Δ^{(2)}_{F2} and ∀ f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ}. By (4.27.2) for B, the set Ψ^{(2)}_{F2} (x) has an initial element (c_{F2} )_x. Define γ_{F2} : |A^{(1)}| → Φ_B(2) , x → (c_{F2} )_x.For x ∈ |A^{(1)\(2)}|, define Ψ^{(1)}(x) = {b ∈ Φ^{≧Δ(1)(x)}_{B(1)} | F (x) is a local frame at b, (G_B(2) )_{γF2 (x)}f(x) � (G_B(1) )_bf(x) ∀ F_2 ∈ F and ∀ f ∈ F_2}. Since Ψ^{(1)} ≠ ∅, there is a b ∈ Φ^{≧Δ(1)(x)}_{B(1)} such that F (x) is a local frame at b. Since B satisfies (4.27.3), it follows that Ψ^{(1)}(x) ≠ ∅. Since B satisfies (4.27.1), it follows that Ψ^{(1)}(x) has an initial element c_x. For x ∈ |A^{(2)}|, define Ψ^{(1)}(x) = {b ∈ Φ^{≧Δ(1)(x)}_{B(2)} | F (x) is a local frame at b, (G_B(2) )_{γF2 (x)}f(x) � (G_B(2) )_bf(x) ∀ F_2 ∈ F and ∀ f ∈ F_2}. Since Ψ^{(1)} ≠ ∅, the set {b ∈ Φ^{≧Δ(1)(x)}_{B(2)} | F (x) is a local frame at b, (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_bf(x) ∀ F_2 ∈ F, ∀ δ ∈ Δ^{(2)}_{F2} , and ∀ f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ} ≠ ∅. By (4.27.2) for B, the set above has an initial element c_x. From the definition of γ_{F2} (x), it follows that γ_{F2} (x) ≦ c_x. Thus c_x ∈ Ψ^{(1)}(x). Define γ : |A^{(1)}| → Φ_B(1) ∪ Φ_B(2) , x → c_x. From the proof of (3.22), we know that (f, γ_{F2} ) is an A^{(1)}-chart in B^{(2)} for any f ∈ F_2. Thus by the Local-Global Lemma 3.7,

F_2 is a local frame in Mor(A, B)^{(2)} at γ_{F2} . We shall show that for any f ∈ F, (f, γ) is an A-chart in B. Assume this has been done. Then it follows from the Local-Global Lemma 4.11 that F is a local frame at γ. One checks easily that γ ∈ Φ^{≧Δ(1)}_{(A,B)(1)} and that for each

F_2 ∈ F, γ_{F2} ∈ Φ^Δ (2) F2 ⊓F_2

B^{(2)} and (F, F2) is a neat pair at (γ, γF^2 ).

We show as promissed above that (f, γ) is an A-chart in B for any f ∈ F . Clearly (f, γ) satisfies (4.7.0) and (4.7.1). We prove it satisfies (4.7.2). Let U be a local frame in A^{(1)}. Let β ∈ Ψ^{(1)}. By definition, (f, β) is an A-chart in B. Thus there is a coordinate b ∈ Φ_B(1) such that f(U) is a local frame at b, β(x) ≦ b for all x ∈ U^{(1)\(2)}, and (G_B(2) )_{β(x)}f(x) � (G_B(1) )_bf(x) for all x ∈ U^{(2)}. We shall show that γ(x) ≦ b for all x ∈ U^{(1)\(2)} and (G_B(2) )_{γ(x)}f(x) � (G_B(1) )_bf(x) for all x ∈ U^{(2)}. This will prove that (f, γ) satisfies (4.7.2). Let x ∈ U^{(1)\(2)} . Since β(x) ≦ b and F (x) is a local frame at β(x), it follows that F (x) is a local frame at b. If Δ^{(1)} = ∅ then vacuously δ(x) ≦ b for all δ ∈ Δ^{(1)}. Suppose Δ^{(1)} ≠ ∅ and let δ ∈ Δ^{(1)}. From the definition of β, it follows that δ(x) ≦ β(x) and from the definition of b, β(x) ≦ b. Thus by the transitivity of ≦ on Φ_B(2) , δ(x) ≦ b. Let F_2 ∈ F. Let δ ∈ Δ_{F2} and f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ. Since (G_B(2) )_{δ(x)}f(x) � (G_B(1) )_{β(x)}f(x), it follows that (G_B(2) )_{δ(x)}f(x) � (G_B(1) )_bf(x). From the definition of γ, it follows from the above that γ(x) ≦ b. Let x ∈ U^{(2)}. From the definition of β and γ, it follows that γ(x) ≦ β(x). Thus for any f ∈ F, (G_B(2) )_{γ(x)}f(x) � (G_B(2) )_{β(x)}f(x) � (G_B(1) )_bf(x). This completes the proof that (f, γ) satisfies (4.7.2).

We show that (f, γ) satisfies (4.7.3). Let U be a local frame in A^{(2)}. Let β ∈ Ψ^{(1)}. By definition, (f, β) is an A-chart in B. Thus there is a coordinate b ∈ B^{(2)} such that f(U) is a local frame at b and β(x) ≦ b for all x ∈ U. We shall show that γ(x) ≦ b for all x ∈ U. This will prove that (f, γ) satisfies (4.7.3). Let x denote an arbitrary element of U. If Δ^{(1)} = ∅ then vacuously δ(x) ≦ b for all δ ∈ Δ^{(1)}. Suppose Δ^{(1)} ≠ ∅ and let δ ∈ Δ^{(1)}. From the definition of β, we know that δ(x) ≦ β(x) and from the definition of b, β(x) ≦ b. Thus by the transitivity of ≦ on Φ_B(2) , δ(x) ≦ b. Let F_2 ∈ F. Let δ ∈ Δ_{F2} and let f ∈ F_2 ⊓ (X_{(A,B)}(2) )_δ. From the definition of β, it follows that (G_B(2) )_{δ(x)}f(x) � (G_B(2) )_{β(x)}f(x) � (G_B(1) )_bf(x). From the definition of γ and the above , it follows that γ(x) ≦ b. This completes the proof that (f, γ) satisfies (4.7.3). □

The next theorem is a main result.

Theorem 4.31 An infimum pair of global actions is ∞-normal and ∞-exponential. A strong infimum pair of global actions such that the relations on its coordinate systems are transitive is ∞-normal and regularly ∞-exponential.

PROOF Let C be an infimum pair. We shall show that C is ∞-normal. Lemma 4.30 reduces the proof to showing that C is A-normal for any pair A. Let g : B → C be a morphism of pairs. Since C^{(2)} is ∞-normal as a global action by Theorem (3.23), the morphism g : B^{(2)} → C^{(2)} is ∞-normal and thus A^{(1)}-normal. Let (f, β) be an A-chart in B. Let f = f_0, f_1, · · · , f_p be an A-frame at (f, β). It remains to show that gf_0, · · · , gf_p is an A-frame in C. We construct first a relative coordinate (γ : |A^{(1)}| → Φ_C(1) ∪ Φ_C(2) ) ∈ Φ_{(A,C)}(1) such that (gf, γ) is an A-chart in C.

Let F = {f_0, · · · f_p}. For x ∈ |A^{(1)}|, let F (x) = {f_0(x), · · · , f_p(x)}. By the Local- Global Lemma 4.11, F (x) is a local frame in B^{(1)} or B^{(2)} depending on whether x ∈ |A^{(1)\(2)}| or x ∈ |A^{(2)}|, respectively. Thus gF (x) is a local frame in either C^{(1)} or C^{(2)} depending on whether x ∈ |A^{(1)\(2)}| or x ∈ |A^{(2)}|, respectively. Let Ψ^{(1)}(x) = {c ∈ Φ_C(i) | gF (x) local frame in C^{(i)}, i = 1 or 2 depending on whether x ∈ |A^{(1)\(2)}| or x ∈ |A^{(2)}|, resp.}. By the infimum condition for C^{(i)}, Ψ^{(1)}(x) has an initial element c_x. Define γ : |A^{(1)}| → Φ_C(1) ∪ Φ_C(2) , x → c_x.

We show that (gf, γ) is an A-chart in C. It is clear that (gf,γ) satisfies (4.7.0) and (4.7.1). We show next that it satisfies (4.7.3). Let U be a local frame in A^{(1)}. By (3.24), gF (U) = {gf_i(x) | 0 ≦ i ≦ p, x ∈ U} is a local frame in C^{(1)} and gF (U^{(2)}) is a local frame in C^{(2)}. By (4.27.3) for C, (gF (U), gF (U^{(2)})) is a neat pair at some (c^{(1)}, c^{(2)}) ∈ Φ_C(1) × Φ_C(2) . We shall show that c^{(1)} satisfies the requirements in (4.7.3). Let x ∈ U^{(1)\(2)} . Then gF (x) = {gf_i(x) | 0 ≦ i ≦ p} is a local frame at c^{(1)}. By construction, γ(x) is an initial element in {c ∈ Φ_C(1) | gF (x) is a local frame at c}. Thus γ(x) ≦ c^{(1)}. Let x ∈ U^{(2)}. Then gF (x) is a local frame at c^{(2)} and by neatness of the pair (gF (U), gF (U^{(2)})) at (c^{(1)}, c^{(2)}), (G_C(2) )_c(2) gf_i(x) � (G_C(1) )_c(1) gf_i(x) for all 0 ≦ i ≦ p. By construction, γ(x) is an initial element in {c ∈ Φ_C(2) | gF (x) is a local frame at c}. Thus γ(x) ≦ c^{(2)}. Thus (G_C(2) )_{γ(x)}gf(x) � (G_C(2) )_c(2) gf(x) � (G_C(1) )_c(1) gf(x). This shows that (gf, γ) satisfies (4.7.3).

To complete the proof that (gf, γ) is an A-chart in C is enough to show that it satisfies (4.7.4). Let U be a local frame in A^{(2)}. By (3.24), gF (U) is a local frame in C^{(2)}, say at c^{(2)} ∈ Φ_C(2) . We shall show that c^{(2)} satisfies the requirements in (4.7.4). Let x ∈ U. Clearly, gF (x) is a local frame at c^{(2)}. By construction, γ(x) is an initial element in {c ∈ Φ_C(2) | gF (x) is a local frame at c}. Thus γ(x) ≦ c^{(2)}. Thus (gf, γ) satisfies (4.7.4). This completes the proof that (gf, γ) is an A-chart in C.

From the definition of γ and the Local-Global Lemma 4.11, it follows immediately that gf = gf_0, gf_1, · · · , gf_p is an A-frame on (gf, γ). This completes the proof that C is Anormal.

Let C denote again a pair satisfying the infimum condition. We shall show that C is ∞- exponential. Let A and B be pairs of global actions such that |A^{(i)}| = ∪_{α∈ΦA(i)} (X_A(i) )_α and |B^{(i)}| = ∪_{β∈ΦB(i)} (X_B(i) )_β. Let E : Mor(A, Mor(B, C)) → Mor(A ▷◁ B, C) be the morphism in (4.21). We shall prove that E has an ∞-normal inverse. By (4.30), Mor(A, Mor(B, C)) is an infimum action and thus by the first assertion of the current theorem, it must be ∞-normal. Thus if an inverse to E exists, it must be ∞- normal. So it suffices to show that E has an inverse. There is an obvious candidate for an inverse, namely the set theoretic map E^′ : |Mor(A ▷◁ B, C)^{(1)}| → (A, (B, C)), f → E^′f, where (E^′f(x))(y) = f(x, y). We shall show that E^′f ∈ |Mor(A, Mor(B, C))^{(1)}| and that the resulting map E^′ : |Mor(A ▷◁ B, C)^{(1)}| → |Mor(A, Mor(B, C))^{(1)}| is a morphism Mor(A ▷◁ B, C) → Mor(A, Mor(B, C)) of pairs of global actions. From the set theoretic definition of E^′, it is obvious that E^′ will be inverse to E.

We prove that E^′f : |A^{(1)}| → (B, C) is a morphism A^{(1)} → Mor(B, C)^{(1)} of global actions. There are two properties to verify. First, if x ∈ |A^{(1)}| then E^′f(x) : |B^{(1)}| → |C^{(1)}|, y → (E^′f(x))(y), is a morphism B → C of pairs of actions. Second, the resulting map E^′f : |A^{(1)}| → |Mor(B, C)^{(1)}|, x → E^′f(x), is a morphism A^{(1)} → Mor(B, C)^{(1)} of global actions.

The demonstration that y → (E^′f(x))(y) is a morphism B^{(1)} → C^{(1)} of global actions is the same as the analogous demonstration in the proof of Theorem 3.23. Furthermore it is clear that the morphism E^′f(x) : B^{(1)} → C^{(1)} takes |B^{(2)}| into |C^{(2)}| and that the pattern of the demonstration above can be repeated to show that E^′f(x)|_{|B}(2)_| is a morphism B^{(2)} → C^{(2)} of global actions. Thus E^′f(x) : B → C is a morphism of pairs of actions.

Let x_0, · · · , x_p be a local frame in A^{(1)}. We shall verify that E^′f(x_0), · · · , E^′f(x_p) is a local frame in Mor(B, C)^{(1)}. For each element y ∈ |B^{(1)}|, {y} is a local frame in B^{(1)} because |B^{(1)}| = ∪_{β∈ΦB(1)} (X_B(1) )_β. Thus (x_0, y), · · · , (x_p, y) is a local frame in (A ▷◁ B)^{(1)}. Thus f(x_0, y), · · · , f(x_p, y) is a local frame in C^{(1)} and if y ∈ B^{(2)} then it is also a local frame in C^{(2)}. By the infimum condition for C^{(1)}, we know that for y ∈ B^{(1)\(2)}, the set {c ∈ Φ_C(1) | f(x_0, y), · · · , f(x_p, y) c-frame} has an initial element c_y. By the infimum condition for C^{(2)}, we know that for y ∈ B^{(2)}, the set {c ∈ Φ_C(2) |f(x_0, y), · · · , f(x_p, y) c-frame} has an initial element c_y. Define γ : |B^{(1)}| → Φ_C(1) ∪ Φ_C(2) , y → c_y. We shall show that (E^′f(x_0), γ) is a B-chart in C. Suppose this has been done. It follows then from the Local-Global Lemma 4.11 that E^′f(x_0), · · · , E^′f(x_p) is a B-frame on (E^′f(x_0), γ). But then by definition, E^′f(x_0), · · · , E^′f(x_p) is a local frame in Mor(B, C)^{(1)}, which is what we have to verify.

We show now that (E^′f(x_0), γ) is a B-chart in C. Obviously (E^′f(x_0), γ) satisfies (4.7.0) and (4.7.1). We show that it satisfies (4.7.2). Let U = {x_0, · · · , x_p}. Let V be a local frame in A^{(1)}. Then U × V is a local frame in (A ▷◁ B)^{(1)} and U × V^{(2)} is a local frame in (A ▷◁ B)^{(2)}. Thus (f(U ×V ), f(U ×V^{(2)})) is a pair of local frames in C. Since C satisfies the infimum condition, it is neat. Thus (f(U×V ), f(U×V^{(2)})) is a neat pair at some (c^{(1)}, c^{(2)}) ∈ Φ_C(1) ×Φ_C(2) . We shall show that c^{(1)} satisfies the requirements of (4.7.2) for the local frame

V . Let y ∈ V^{(1)\(2)}. Obviously f(U × {y}) is a local frame at c^{(1)}. By construction, γ(y) is an initial element in {c ∈ Φ_C(1) | f(U × {y}) is a local frame at c}. Thus γ(y) ≦ c^{(1)}. Let y ∈ V^{(2)}. Clearly (f(U ×{y}), f(U ×{y})) is a neat pair at (c^{(1)}, c^{(2)}). By construction, γ(y) is an initial element in {c ∈ Φ_C(2) | f(U × {y}) is a local frame at c^{(2)}}. Thus γ(y) ≦ c^{(2)}. Thus (G_C(2) )_{γ(y)}E^′f(x_0)(y) � (G_C(2) )_c(2) E^′f(x_0)(y) � (G_C(1) )_c(1) E^′f(x_0)(y). This proves that (E^′f(x_0), γ) satisfies (4.7.2).

To complete the proof that (E^′f(x_0), γ) is a B-chart in C, it remains to show that (E^′f(x_0), γ) satisfies (4.7.3). Let V be a local frame in B^{(2)}. Then U × V is a local frame in (A ▷◁ B)^{(2)}. Thus f(U × V ) is a local frame in C^{(2)}, say at c^{(2)} ∈ Φ_C(2) . Let y ∈ V . Obviously f(U × {y}) is a local frame at c^{(2)}. By construction, γ(y) is an initial element in {c ∈ Φ_C(2) | f(U × {y}) is a local frame at c}. Thus γ(y) ≦ c^{(2)}. This proves that (E^′f(x_0), γ) satisfies (4.7.3). This completes the proof that (E^′f(x_0), γ) is a B-chart in C.

It is clear that the morphism E^′f : A^{(1)} → Mor(B, C)^{(1)} takes |A^{(2)}| into |Mor(B, C)^{(2)}|. We show that the function (E^′f)|_{|A}(2)_| : |A^{(2)}| → |Mor(B, C)^{(2)}| is a morphism A^{(2)} → Mor(B, C)^{(2)} of global actions. This will complete the proof that E^′f : A → Mor(B, C) is a morphism of pairs of actions. Observe first that Mor(B, C)^{(2)} = Mor(B^{(1)}, C^{(2)}). Then observe that the function (E^′f)|_{|A}(2)_| is identical with the function E^′(f|_A(2)_{×B}(1) ) where the latter E^′ is the morphism E^′ : Mor(A^{(2)} × B^{(1)}, C^{(2)}) → Mor(A^{(2)}, Mor(B^{(1)}, C^{(2)})) of global actions, which is constructed in the proof of (3.23). By the conclusion of Theorem 3.23, E^′(f|_A(2)_{×B}(1) ) is a morphism of global actions.

Next we show that the function E^′ : |Mor(A ▷◁ B, C)^{(1)}| → |Mor(A, Mor(B, C))^{(1)}| is a morphism Mor(A ▷◁ B, C) → Mor(A, Mor(B, C)) of pairs of actions.

To begin we show that E^′ is a morphism Mor(A ▷◁ B, C)^{(1)} → Mor(A, Mor(B, C))^{(1)} of global actions. Let f = f_0, f_1, · · · , f_p be a local frame in Mor(A ▷◁ B, C)^{(1)}. We must show that E^′f_0, · · · , E^′f_p is a local frame in Mor(A, Mor(B, C))^{(1)}. For each element (x, y) in A × B, f_0(x, y), · · · , f_p(x, y) is a local frame in C^{(1)}, by either the Local-Global Lemma 4.11 or (3.24). Furthermore if (x, y) ∈ |(A ▷◁ B)^{(2)}| then f_0(x, y), · · · , f_p(x, y) is also a local frame in C^{(2)}, by the same reasons. By the infimum condition for C^{(1)}, it follows that for (x, y) ∈ |(A ▷◁ B)^{(1)\(2)}|, the set {c ∈ Φ_C(1) | f_0(x, y), · · · , f_p(x, y) c-frame} has an initial element c_{(x,y)}. By the infimum condition for C^{(2)}, it follows that for (x, y) ∈ |(A ▷◁ B)^{(2)}|, the set {c ∈ Φ_C(2) | f_0(x, y), · · · , f_p(x, y) c-frame} has an initial element c_{(x,y)}. Define γ : |A| → (|B|, Φ_C(1) ∪ Φ_C(2) ), x → c_{(x,−)}. We claim that (E^′f_0, γ) is an A-chart in Mor(B, C). It will follow then from the definition of γ and the Local-Global Lemma 4.11 that E^′f_0, · · · , E^′f_p is A- an frame at (E^′f, γ). But this says by definition that E^′f_0, · · · , E^′f_p is a local frame in Mor(A, Mor(B, C))^{(1)} and we are finished.

We prove now that (E^′f, γ) is an A-chart in Mor(B, C). Obviously (E^′f, γ) satisfies (4.7.0). We show next that (E^′f, γ) satisfies (4.7.1). Our task is to prove that if x ∈ |A^{(1)\(2)}| then E^′f(x) ∈ (X_{(B,C)}(1) )_{γ(x)}, i.e. (E^′f(x), γ(x)) is a B-chart in C, and if x ∈ |A^{(2)}| then E^′f(x) ∈ (X_{(B,C)}(2) )_{γ(x)}, i.e. (E^′f(x), γ(x)) is a B^{(1)}-chart in C^{(2)}.

Let x ∈ |A^{(1)\(2)}|. From the definition of γ, it follows that (E^′f(x), γ(x)) satisfies (4.7.0) and (4.7.1). We show that (E^′f(x), γ(x)) satiesfies (4.7.2). Let V be a local frame in B^{(1)}. Let F = {f_0, · · · , f_p}. Recall that f = f_0. Clearly ({x} × V, {x} × V^{(2)}) is a pair of local frames in A ▷◁ B. By (3.24), (F ({x} × V ), F ({x} × V^{(2)})) is a pair of local frames. Since C satisfies the infimum condition, C is neat. Thus (F ({x} × V ), F ({x} × V^{(2)})) is a neat pair of local frames at some (c^{(1)}, c^{(2)}) ∈ Φ_C(1) × Φ_C(2) . We shall show that c^{(1)} satisfies the requirements of (4.7.2) for V . Let y ∈ |V^{(1)\(2)}|. Obviously F (x, y) is a local frame at c^{(1)}. By construction, γ(x)(y) is an initial element in {c ∈ Φ_C(1) | F (x, y) is a local frame at c}. Thus γ(x)(y) ≦ c^{(1)}. Let x ∈ |V^{(2)}|. Obviously (F (x, y), F (x, y)) is a neat pair at (c^{(1)}, c^{(2)}). By construction, γ(x)(y) is an initial element in {c ∈ Φ_C(2) | F (x, y) is a local frame at c}. Thus γ(x)(y) ≦ c^{(2)}. Thus (G_C(2) )_{γ(x)(y)}E^′f(x)(y) � (G_C(2) )_c(2) E^′f(x)(y) � (G_C(1) )_c(1) E^′f(x)(y). This completes the proof that (E^′f(x), γ(x)) satisfies (4.7.2). To complete the proof that(E^′f(x), γ(x)) is a Bchart in C, it is enough to show that (E^′f(x), γ(x)) satisfies (4.7.3). Let V be a local frame in B^{(2)}. Clearly {x} × V is a local frame in (A ▷◁ B)^{(2)}. By (3.24), F ({x} × V ) is a local frame in C^{(2)}, say at the coordinate c^{(2)} ∈ Φ_C(2) . Clearly F (x, y) is a local frame at c^{(2)}. By construction, γ(x)(y) is an initial element in {c ∈ Φ_C(2) | F (x, y) is a local frame at c}. Thus γ(x)(y) ≦ c^{(2)}. This shows that (E^′f(x), γ(x)) satisfies (4.7.3) and completes the proof that (E^′f(x), γ(x)) is a B-chart in C when x ∈ |A^{(1)\(2)}|.

Let x ∈ |A^{(2)}|. It follows from the proof of Theorem 3.23 applied to F |_A(2)_{×B}(1) � Mor(A^{(2)} × B^{(1)}, C^{(2)}) that (E^′f(x), γ(x)) is a B^{(1)}-chart in C^{(2)}. This completes the proof that (E^′f, γ) satisfies (4.7.1).

We show that (E^′f, γ) satisfies (4.7.2). Let F = {f_0, · · · , f_p} as above and recall that f = f_0. Let U be a local frame in A^{(1)}. We shall show that (E^′F (U), E^′F (U^{(2)})) is a neat pair at some (δ^{(1)}, δ^{(2)}) ∈ Φ_{(B,C)}(1) ×Φ_{(B,C)}(2) . Assume this has been done. Obviously for each x ∈ U, E^′F (x) is a local frame at δ^{(1)}. Let x ∈ U^{(1)\(2)} . By construction and the Local-Global Lemma 4.11, γ(x) is an initial element in {δ^′ ∈ Φ_{(B,C)}(1) | E^′F (x) is a local frame at δ^′}. Thus γ(x) ≦ δ^{(1)}. Let x ∈ U^{(2)}. By construction and the Local-Global Lemma 3.7, γ(x) is an initial element in {δ^′ ∈ Φ_{(B,C)}(2) | E^′F (x) is a local frame at δ^′}. Thus γ(x) ≦ δ^{(2)}. Thus (G_{(B,C)}(2) )_{γ(x)}E^′f(x) � (G_{(B,C)}(2) )_δ(2) E^′f(x) � (G_{(B,C)}(1) )_δ(1) E^′f(x). This proves that (E^′f, γ) satisfies (4.7.2).

We show now, as promissed above, that (E^′F (U), E^′F (U^{(2)})) is a neat pair of local frames in Mor(B, C). Since C satisfies the infimum condition, it follows from (4.30) that Mor(B, C) also satisfies the infimum condition. Thus Mor(B, C) is a neat pair of global actions. Thus it is enough to show that (E^′F (U), E^′F (U^{(2)})) is a pair of local frames.

We show first that E^′F (U) is a local frame in Mor(B, C)^{(1)}. Let U be a local frame in A^{(1)}. Let y ∈ |B^{(1)\(2)}|. Then U × {y} is a local frame in (A ▷◁ B)^{(1)}. By (3.24), F (U × {y}) is a local frame in C^{(1)}. By the infimum condition for C^{(1)}, the set {d ∈ Φ_C(1) | F (U ×{y}) is a local frame at d} has an initial element d_{U,y}. Let y ∈ |B^{(2)}|. Then U × {y} is a local frame in (A ▷◁ B)^{(2)}. By (3.24), F (U × {y}) is a local frame in C^{(2)}. By the infimum condition for C^{(2)}, the set {d ∈ Φ_C(2) | F (U × {y}) is a local frame at d} has an initial element d_{U,y}. Define δ : |B^{(1)}| → Φ_C(1) ∪ Φ_C(2) , y → d_{U,y}. Let x ∈ U. We shall show that (E^′f(x), δ) is a B-chart in C. Once this has been done, it will follow from the Local-Global Lemma 4.11 that E^′F (U) is a local frame at δ in Mor(B, C)^{(1)}.

It is obvious that (E^′f(x), δ) satisfies (4.7.0) and (4.7.1). We show that it satisfies (4.7.2). Let V be a local frame in B^{(1)}. Then U × V is a local frame in (A ▷◁ B)^{(1)} and U × V^{(2)} is a local frame in (A ▷◁ B)^{(2)}. By (3.24), (F (U × V ), F (U × V^{(2)})) is a pair of local frames in C. Since C satisfies the infimum condition, C is neat. Thus (F (U × V ), F (U × V^{(2)})) is a neat pair at some (c^{(1)}, c^{(2)}) ∈ Φ_C(1) × Φ_C(2) . Let y ∈ V^{(1)\(2)}. Obviously F (U ×{y}) is a local frame at c^{(1)}. By construction, δ(y) is an initial element in {c ∈ Φ_C(1) | F (U × {y}) is a local frame at c}. Thus δ(y) ≦ c^{(1)}. Let y ∈ V^{(2)}. Obviously F (U × {y}) is a local frame at c^{(2)}. By construction, δ(y) is an initial element in {c ∈ Φ_C(2) | F (U × {y}) is a local frame at c}. Thus δ(y) ≦ c^{(2)}. Thus (G_C(2) )_{δ(y)}E^′f(x)(y) � (G_C(2) )_c(2) E^′f(x)(y) � (G_C(1) )_c(1) E^′f(x)(y). This proves that (E^′f(x), δ) satisfies (4.7.2). The proof that (E^′f(x), δ) satisfies (4.7.3) follows from the proof of Theorem 3.23 applied to F |_A(1)_{×B}(2) � Mor(A^{(1)} × B^{(2)}, C^{(2)}). This shows (E^′f(x), δ) is an B-chart in C and completes the proof that (E^′f, γ) satisfies (4.7.2).

The proof that (E^′f, γ) satisfies (4.7.3) follows from the proof of Theorem 3.23 applied to F |_A(2)_{×B}(1) � Mor(A^{(2)} × B^{(1)}, C^{(2)}). This completes the proof that (E^′f, γ) is an A-chart in Mor(B, C) and the proof that E^′ : Mor(A ▷◁ B, C)^{(1)} → Mor(A, Mor(B, C))^{(1)} is a morphism of global actions.

Clearly E^′ : Mor(A ▷◁ B, C)^{(1)} → Mor(A, Mor(B, C))^{(1)} takes |Mor(A ▷◁ B, C)^{(2)}| into (A^{(2)}, (B^{(1)}, C^{(2)})). In fact, Mor(A ▷◁ B, C)^{(2)} = Mor(A^{(1)} × B^{(1)}, C^{(2)}) and E^′ |_{|Mor(A}(1)_{×B}(1)_{,C}(2)_{)|} is identical with the function |Mor(A^{(1)}×B^{(1)}, C^{(2)})| → |Mor(A^{(2)}, Mor (B^{(1)}, C^{(2)}))| defined by the morphism E^′ : Mor(A^{(1)} ×B^{(1)}, C^{(2)}) → Mor(A^{(2)}, Mor(B^{(1)}, C^{(2)})) of global actions in Theorem 3.23. Thus E^′ : Mor(A ▷◁ B, C)^{(2)} → Mor

(A, Mor(B, C))^{(2)} is a morphism of global actions. Thus E^′ : Mor(A ▷◁ B, C) → Mor (A, Mor(B, C)) is a morphism of pairs of actions. This completes the proof that C is ∞-exponential.

Suppose finally that C is a strong infimum pair. We shall show that C is regularly ∞-exponential. Our task is to show that the morphism E : Mor(A, Mor(B, C)) → Mor(A ▷◁ B, C) has a regular inverse E^′. There are obvious candidates for the structural components (E^′_Φ, E^′_G, E^′_X ) of E^′. Define

E^′_X : Mor(A ▷◁ B, C)| −→ |Mor(A, Mor(B, C))|

(4.32) f −→ E^′f where f → E^′f is the map constructed above. Define

E^′_{Φ(i)} : Φ_{(A▷◁B,C)}(i) −→ Φ_{(A,(B,C))}(i) (i = 1, 2) as the set theoretic inverse (see (3.16)) of E_Φ(i) . Define the natural transformations

E^′_{G(i)} : G_{(A▷◁B,C)}(i) −→ (G_{(A,(B,C))}(i) )_E′_{Φ(i) ( )} (i = 1, 2) as follows. For α ∈ Φ_{(A▷◁B,C)}(i) , define the group homomorphism

E^′_{G(1)} (α) : (G_{(A▷◁B,C)}(1) )_α −→ (G_{(A,(B,C))}(1) )_E′_{Φ(1) (α)} such that the factor of (G_{(A▷◁B,C)}(1) )_α = ∏ (x,y)∈|A^{(1)\(2)}|×|B^{(1)\(2)}|

(G_C(1) )_{α(x,y)} × ∏ (x,y)∈|(A▷◁B)^{(2)} |

(G_C(2) )_{α(x,y)} with the subscript α(x, y) is mapped via the identity map onto the factor of (G_{(A,(B,C))}(1) )_E′_{Φ(1) (α)} = ∏ x∈|A^{(1)\(2)}| [ ∏ y∈|B^{(1)\(2)} |

(G_C(1) )_{(E}′_{Φ(1) α)(x)(y)} × ∏ y∈|B^{(2)}|

(G_C(2) )_{(E}′_{Φ(1) α)(x)(y)}] × ∏ x∈|A^{(2)}| [ ∏ y∈|B^{(1)}|

(G_C(2) )_{(E}′_{Φ(1) α)(x)(y)} with the subscript (E^′_{Φ(1)} α)(x)(y). For α ∈ Φ_{(A▷◁B,C)}(2) , define the group homomorphism

E^′_{G(2)} (α) : (G_{(A▷◁B,C)}(2) )_α → (G_{(A,(B,C))}(2) )_E′_{Φ(2) (α)} such that the factor of (G_{(A▷◁B,C)}(2) )_α = ∏ (x,y)∈|A^{(1)}|×|B^{(1)}|

(G_C(2) )_{α(x,y)} with the subscript

α(x, y) is mapped via the identity map onto the factor of (G_{(A,(B,C))}(2) )_E′_{Φ(2) (α)} = ∏ x∈|A^{(1)}| ( ∏ y∈|B^{(1)}|

(G_C(2) )_{(E}′_{Φ(2) α)(x)(y)}) with the subscript (E^′_{Φ(2)} α)(x)(y).

All the properties for E^′ to be a regular morphism are obvious, except the one that E^′_X (X_{(A▷◁B,C)}(i) )_α � (X_{(A,(B,C))}(i) )_E′_{Φ(i) (α)} for any α ∈ Φ_{(A▷◁B,C)}(i) (i = 1, 2).

We prove first the case i = 1. To establish this, it is enough to show that if (f, α) is an (A ▷◁ B)-chart in C then (E^′_X (f), E^′_{Φ(1)} (α)) is an A-chart in Mor(B, C). To simplify notation, we shall write (E^′f, E^′α) in place of (E^′_X (f), E^′_{Φ(1)} (α)).

Clearly (Ef, E^′α) satisfies (4.7.0). We show that it satisfies (4.7.1). Let x ∈ |A^{(1)\(2)}|. We must show that Ef(x) ∈ (X_{(A,B)}(1) )_E′_{α(x)}, i.e. that (E^′f(x), E^′α(x)) is an B-chart in C. Clearly (E^′f(x), E^′α(x)) satisfies (4.7.0) and (4.7.1). We show that it satisfies (4.7.2). Let V be a local frame in B^{(1)}. Then {x} × V is a local frame in (A ▷◁ B)^{(1)}. Since (f, α) is an A ▷◁ B-chart in C, there is a coordinate c^{(1)} ∈ Φ_C(1) , such that f({x} × V ) is a local frame at c^{(1)}, α(x, y) ≦ c^{(1)} for all y ∈ V^{(1)\(2)}, and (G_C(2) )_{α(x,y)}f(x, y) � (G_C(1) )_c(1) f(x, y) for all y ∈ V^{(2)}. But then E^′f(x)(V ) (= f({x} × V )) is a local frame at c^{(1)}, E^′α(x)(y) (= α(x, y)) ≦ c^{(1)} for all y ∈ V^{(1)\(2)}, and (G_C(2) )_E′_{α(x)(y)}E^′f(x)(y) � (G_C(1) )_c(1) E^′f(x)(y) for all y ∈ V^{(2)}. This proves that (E^′f(x), E^′α(x)) satisfies (4.7.2). That it satisfies (4.7.3) follows from Theorem 3.23 applied to the morphism E^′ : Mor(A^{(1)} ×B^{(2)}, C^{(2)}) → Mor(A^{(1)}, Mor(B^{(2)}, C^{(2)})). This completes the proof that (E^′f(x), E^′α(x)) is a B-chart in C. Let x ∈ |A^{(2)}|. We must show that E^′f(x) ∈ (X_{(B,C)}(2) )_E′_{α(x)}, i.e. that (E^′f(x), E^′α(x)) is a B^{(1)}-chart in C^{(2)}. But this follows from Theorem 3.23 applied to the morphism E^′ : Mor(A^{(2)} × B^{(1)}, C^{(2)}) → Mor(A^{(2)}, Mor(B^{(1)}, C^{(2)})). This completes the proof that (E^′f, E^′α) satisfies (4.7.1).

We show that (E^′f, E^′α) satisfies (4.7.2). Let U be a local frame in A^{(1)}. Let y ∈ |B^{(1)\(2)}|. Then U × {y} is a local frame in (A ▷◁ B)^{(1)} and (U × {y})^{(1)\(2)} = U^{(1)\(2)} × {y}. Since (f, α) is an A ▷◁ B-chart in C, there is a coordinate c ∈ Φ_C(1) such that f(U × {y}) is a local frame at c, α(x, y) ≦ c for all x ∈ U^{(1)\(2)}, and (G_C(2) )_{α(x,y)}f(x, y) � (G_C(1) )_cf(x, y) for all x ∈ U^{(2)}. By the strong infimum condition for C, the set of all c’s as above has an initial element c_y. Let y ∈ |B^{(2)}|. Then U × {y} is a local frame in (A ▷◁ B)^{(2)}. Since (f, α) is an A ▷◁ B-chart in C, there is a coordinate c ∈ Φ_C(2) such that f(U × {y}) is a local frame at c and α(x, y) ≦ c for all x ∈ U. Since C^{(2)} satisfies the strong infimum condition, the set of all c’s above has an initial element c_y. Define γ : |B^{(1)}| → Φ_C(1) ∪ Φ_C(2) , y → c_y. Let x ∈ U. We shall show that (E^′f(x), γ) is a B-chart in C. Assume this has been done. By the Local-Global Lemma

4.11, Ef(U) is a local frame at γ. By the construction of γ, E^′α(x) ≦ γ for all x ∈ U^{(1)\(2)}, (G_C(2) )_E′_{α(x)(y)}E^′f(x)(y) � (G_C(1) )_{γ(y)}E^′f(x)(y) for all x ∈ U^{(2)} and all y ∈ |B^{(1)}|, and E^′α(x)(y) ≦ γ(y) for all x ∈ U^{(2)} and all y ∈ |B^{(2)}|. From the last two assertions in the sentence above, it follows that (G_{(B,C)}(2) )_E′_{α(x)}E^′f(x) � (G_{(B,C)}(1) )_γ E^′f(x) for all x ∈ U^{(2)}. Thus (E^′f, E^′α) satisfies (4.7.2).

We show as promissed above that (E^′f(x), γ) is a B-chart in C. Clearly (E^′f(x), γ) satisfies (4.7.0) and (4.7.1). From the proof of Theorem 3.23 applied to E^′ : Mor(A^{(1)} × B^{(2)}, C^{(2)}) → Mor(A^{(1)}, Mor(B^{(2)}, C^{(2)})), it follows that (E^′f(x), γ) satisfies (4.7.3). To show that (E^′f(x), γ) satisfies (4.7.2), it suffices to show that for each x ∈ U^{(1)\(2)}, E^′α(x) ≦ γ and that for each x ∈ U^{(2)}, (G_{(B,C)}(2) )_E′_{α(x)}E^′f(x) � (G_{(B,C)}(1) )_γ E^′f(x). Suppose x ∈ U^{(1)\(2)}. From the definition of γ, one checks straightforward that for each y ∈ |B^{(1)}|, E^′α (x)(y) ≦ γ(y). Thus E^′α(x) ≦ γ. Suppose x ∈ U^{(2)}. From the definition of γ, one checks straightforward that for each y ∈ |B^{(1)\(2)}| (resp. y ∈ |B^{(2)}|), (G_C(2) )_E′_{α(x)(y)}E^′f(x)(y) � (G_C(1) )_{γ(y)} E^′f(x)(y) (resp. (G_C(2) )_{γ(y)}E^′f(x)(y)). Thus (G_{(B,C)}(2) )_E′_{α(x)}E^′f(x) � (G_{(B,C)}(1) )_γ E^′f(x). This completes the proof that (E^′f(x), γ) is a B-chart in C.

That (E^′f, E^′α) satisfies (4.7.3) follows from Theorem 3.23 applied to the morphism E^′ : Mor(A^{(1)} × B^{(2)}, C^{(2)}) → Mor(A^{(1)}, Mor(B^{(2)}, C^{(2)})). This completes the proof that (E^′f, E^′α) is an A-chart in Mor(B, C).

This completes the proof that E^′_X (X_{(A▷◁B,C)}(1) )_α � (X_{(A,(B,C))}(1) )_E′_{Φ(1) (α)} for any α ∈ Φ_{(A▷◁B,C)}(1) .

To complete the proof of the theorem, it remains now to show that E^′_X (X_{(A▷◁B,C)}(2) )_α � (X_{(A,(B,C))}(2) )_E′_{Φ(2) (α)} for any α ∈ Φ_{(A▷◁B,C)}(2) . Observe that Mor(A ▷◁ B, C)^{(2)} = Mor(A^{(1)} × B^{(1)}, C^{(2)}) and Mor(A, Mor(B, C))^{(2)} = Mor(A^{(1)}, Mor(B^{(1)}, C^{(2)})). But by Theorem 3.23, the morphism E^′_X : Mor(A^{(1)} × B^{(1)}, C^{(2)}) → Mor(A^{(1)}, Mor(B^{(1)}, C^{(2)})) of global actions is regular and therefore has the desired property above. □

References

[1] Global Actions: The Algebraic Counterpart of a Topological Space, invited paper for the 100’th anniversary of P.S. Alexandroff, Uspekhi Mat. Nauk 52 :5 (1997), 71-112, English translation: Russian Math. Surveys 52 :5 (1997), 955-996

[2] (with R. Brown, G. Minian, T. Porter) Global actions, Groupoid Atlases and releated topics, UWB Preprint 99.27, 72 pp.

[3] Minian, G., Generalized Cofibration Categories and Global Actions, K-Theory 20 (2000), 37-95.

[4] Minian, G., Lambda Cofibration Categories and the Homotopy Categories of Global Actions and Simplicial Complexes, Applied Categorical Structures 10 (2002) 1-21.

Anthony Bak Department of Mathematics University of Bielefeld 33501 Bielefeld Germany

e-mail: bak@@ mathematik.uni-bielefeld.de