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Abstract. Employing Bak’s dimension theory, we investigate the nonstable quadratic K-group
K1,2:(A, A) = Gou(A, N)/Ep, (A, A), n >3, where G,(A, A) denotes the general quadratic
group of rank n over a form ring (A, A) and E;, (A, A) its elementary subgroup. Considering
form rings as a category with dimension in the sense of Bak, we obtain a dimension filtration
Gy (A, A) D ng(A,A) 2 G%n(A, A) D --- D Ep,(A,A) of the general quadratic group
Gy, (A, A) such that Gy, (A, A)/ng(A, A) is Abelian, ng(A, A) 2 Gén(A, A) D ---isa
descending central series, and Gg)gA)(A, A) = E5, (A, A) whenever d(A) = (Bass—Serre dimension
of A) is finite. In particular K1 2, (A, A) is solvable when d(A) < oo.
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1. Introduction

The concepts of A-quadratic form, quadratic module, and general quadratic group
over a form ring (A, A) were introduced by A. Bak who studied their K -theory
(see [2, 5, 10]). Although the quadratic setting is much more complicated than
the linear one, it is being gradually established that most results concerning the
K-theory of general linear groups can be carried over to the K-theory of gen-
eral quadratic groups. In the linear situation, there have been extensive studies of
normal subgroups of general linear groups and of non-stable K; of these groups.
Suslin showed using his localization-patching method, that the elementary sub-
group E,(A) of the general linear group GL, (A) is normal providing A is module
finite and Bak [3] used localization-completion methods to establish that the non-
stable K-group K; ,(A) := GL,(A)/E,(A) is a nilpotent by Abelian group (and
thus solvable) when the Bass—Serre dimension of A is finite. In the quadratic situ-
ation, the normality of the elementary subgroup is proved in [4] by generalizing
methods used in [3] and again in [5] by developing a quadratic analog of the trans-
vection procedure used in [12]. A partial statement without proof of the normality
result above is found earlier in [10]. In the current paper we prove the quadratic
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analog of Bak’s result, namely that nonstable K; of a general quadratic group is a
nilpotent by abelian group (and thus solvable) when the Bass—Serre dimension of
the ground ring is finite. The presence of both short and long roots in the elementary
quadratic subgroup makes the proof of the quadratic analog considerably more
complicated than that of the linear result.

The rest of paper is organized as follows. In Section 2 we briefly recall the basic
concepts of quadratic module and general quadratic group over form rings. The ele-
mentary subgroup of the general quadratic group is defined. We then recall the sum
and product of form ideals in form rings and state the first of several conjugation
results. Its proof gives an indication of the flavor of the long computations to come
in Section 4 and how to deal with short and long roots in elementary quadratic
groups.

In Section 3 we give a self-contained account of a portion of Bak’s dimen-
sion theory, which is tailored to the needs of the current paper. Dimension theory
provides for any ‘good’ pair G, £ of group valued functors on a category with
dimension, a normal filtration G 2 G° 2 G' D ... D & such that G / G0 is
Abelian and G° D G' D ... is a descending central series with the property
that G4™A) (A) = £(A) whenever dim(A) is finite. We then describe the category
of form rings as a category with dimension whose dimension function is Bass—
Serre dimension and show that the pair of functors G,,, E»,, n > 3 satisfies all,
except possibly one of the conditions for being good. Section 4 consists of several
long computations whose goal is verifying that the one missing condition above is
satisfied.

We fix some notation for the rest of the paper. If a and b are elements of some
group, let b = aba~! and [a, b] = aba='b~!. It is easy to see that following
commutator formulas hold.

C1) [a, bc] = [a, b)[a, cl,
CQQ) [ab,c] =“4b,]la,c].

Let A be an associative ring with identity 1. For any n € N, let GL,,(A) denote
the general linear group over A, i.e., the group of all invertible n x n matrices
and E,(A) its elementary subgroup, i.e., the subgroup of GL,(A) generated by all
elementary matrices ¢;; (a).

2. General Quadratic Groups and their Elementary Subgroups

The purpose of this section is to establish notation and recall some basic results,
as well as get started developing a conjugation calculus which will be required in
Section 4.

We begin by recalling the basic concepts of quadratic module over a form ring
and of general quadratic group.
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Let A be a ring with an involution denoted by a +— a, and let & € Center(A)
such that AA = 1. Let

Amn=f{a—Aa|lae A} and Anx={a€ A|a=—A\a}.

Clearly A, and A, are additive subgroups of A such that Ay, € Apax and
satisfy the closure property aAmin@ € Amin and aApx@ S Apax for all elements
a € A. Let A be an additive subgroup of A such that

(1) Amin - A - Amaxa
(2) aAha C A foralla € A.

A is called a form parameter and the pair (A, A) is called a form ring.

Remark. There is a generalization of the notion of form ring in [2, Section 13]
for which the conclusions of the current paper are valid. Checking details is straight
forward and is left to the reader. The generalization replaces the notion of invo-
lution by that of A-involution. A A-involution consists by definition of an element
A € A and an anti-automorphism a > @ of A such that AaA = a for all a € A.
Setting a = 1, we obtain that A\ = 1. One defines Amin = {a — aila € A}
and Apax = {a € Ala = —al}. A form parameter is by definition an additive
subgroup A of A such that Ay, € A € Anx and aAa € A forall a € A.
The reason that XA is appearing on the right instead of on the left is that A is not
necessarily in Center(A) and we use right A-modules below in the definition of
quadratic module.

Let (A, A) and (A’, A”) be form rings relative, respectively, to A and A". A ring
homomorphism u: A —> A’ such that for any a € A, u(@) = u(a), u(x) =
and u(A) C A’ is called a morphism of form rings. A morphism u: (A, A) —
(A’, A") of form rings is called surjective if u: A —> A’ is a surjective ring
homomorphism and u(A) = A'.

In order to construct later relative groups for the general quadratic group, we
introduce now the notion of form ideal in a form ring, due to Bak. Let J be an ideal
of A which is invariant under the involution of A, i.e., J = J. Let

Fhax =JNA and Tyn={x —Ax|x €T} + (xax|x € J,a € A).

Clearly I'yy, and My depend only on the form parameter A and the ideal J and
satisfy the closure property al'ina@ € i and al'yaxa C© T foralla € AL A
relative form parameter of J is an additive subgroup I" of J such that

(1) 1_‘min - r - 1—‘max

(2) al’'a C I'" foralla € A.

The pair (J, I') is called a form ideal in (A, A).
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Let V be a right A-module and f a sesquilinear form on V, i.e., a biadditive
map f: V x V — A such that f(ua, vb) = af(u,v)b for all u,v € V and
a,b € A. Define the maps h: V xV — Aandgq: V — A/A by h(u,v) =
fu,v)+Af(v,u)and g(v) = f(v, v)+ A. The function g is called a A-quadratic
form on V and h its associated A-Hermitian form. The triple (V, h, q) is called a
quadratic module over (A, A). It is called nonsingular, if V is finitely generated
and projective over A and the map V. — Homy (V, A), v — h(v, —) is bijective,
i.e. the Hermitian form #% is nonsingular. A morphism (V, h,q) — (V', k', q’) of
quadratic modules over (A, A) is an A-linear map V — V’ which preserves the
Hermitian and A-quadratic forms.

Define the general quadratic group G(V, h, g) to be the group of all auto-
morphisms of (V, &, g). Thus

G(V,h,q) = {0 e GL(V) | h(ocu,ov) = h(u,v),q(ocv) = q(v)
for all u, v € V},

where GL(V) denotes as usual the group of all A-linear automorphisms of V.
Suppose & and g are defined by the sesquilinear form f. If (J, I') is a form ideal in
(A, A), define the relative general quadratic group

GWV,h,q,(3,T)) = {6 € G(V,h,q)|oc =1modT, f(ov,ov) —
—f(,v) el forallv e V}.

THEOREM 2.1 (Bak). If (V,h,q) is nonsingular then the group G(V,h,q,
(3,T)) is well defined, i.e. does not depend on the choice of f, and is normal in
GV, h,q).

The theorem is proved in Bak’s thesis (unpublished). Published proofs for the
special case G, (A, A) which is defined below and is all we need in the current
paper, are found in Section 5.2 of the book [10] of Hahn and O’Meara or in a recent
paper of Bak and Vavilov [5].

We recall now the group G,,(A, A). Let V denote a free right A-module with
ordered basis ey, er,...,ep, €y, ...,e_1. fu € V, let uy,...,u,,u_ypy, ...,
u_y € Asuchthatu = Y7 eu;.Let f: V x V — A denote the sesquilinear

i=—n

map defined by
ui V1
Up Uy — _
f(u,v):f U s v =uv_g+ - F UV, (21)

u_q V_1
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It is easy to see that if 4 and g are the Hermitian and A-quadratic forms defined by
f then

h(u,v) =uv_y + - +Upv_py + AUV, + -+ + AU_1V]
and

qu) =uu_;+ - +uu_, +A.
Using the basis above, we can identify G(V, h, g) with a subgroup of the general
linear group GL,, (A) of rank 2n. This subgroup will be denoted by G,, (A, A) and
is called the general quadratic group over (A, A) of rank n. Using the basis, we can
identify the relative subgroup G(V, h, q, (3,T)) € G(V, h, g) with a subgroup
denoted by G,,,(J, I') of G5, (A, A).

In order to describe the matrices in G,,(A, A), we need some notation. Let

M, (A) denote the ring of n x n matrices over A. If o« € M, (A), let «;; denote the

(i, j)th entry of «. For « € M, (A) define the conjugate transpose a* € M, (A) by
al.*j =aj;. Let

denote the matrix in M, (A), which has 1’s along the second diagonal and zero
elsewhere. If « € M, (A), the matrix pap amounts to rotating the matrix o by 180
degrees. Let

A, ={ae M,(A)|a =—ra"and o;; € A, for 1 <i<n}.
If (3,T) is a form ideal in (A, A), let

Iy ={a e M,(A)|a=—ra",a;j € Tforalli # j,a; €T for1<i<nj.

If
a b
g= (C d) € GLay(4),

then it is straightforward to check that it preserves # if and only if

a b\ _( pd*p ipb*p
cd ~ \ Apc*p pa*p
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and it preserves ¢ if and only if a*pc and b*pd € A,. Using the above, one
establishes easily that

Gon(A, A) { (‘C’ Z) c GLZ,,(A)‘d*pa + Wb pe

= panda®pc,b*pd € A,,}. (2.2)

Similarly

G(@3.T) = {g= (‘C’ Z) € Goy(A, M) | g € GLoy(D)

and a* pc, b* pd € Fn}

where GL,,(J) = {0 € GL,,(A) |0;; = 0mod J foralli # j and 0;; = 1 mod J}.
Note that the description above of G, (J, ') proves that its definition does not
depend on the choice of f.

Let k < n. Then there is a standard embedding of G (A, A) into G, (A, A) as
follows. If (‘g g) is an element of G, (A, A) then using (2.2), it is easy to see
that the rule

l-eik --on n —k---—1
1
A B
1 k —k---—1
1 k
A B 1
k n
L _ . _ _ _
—k —n
c D !
-1 —k
C D
_1\

induces an injective homomorphism Gy (A, A) — Gy, (A, A). We shall fre-
quently use this standard embedding to identify G, (A, A) with its image in
G2,(A, A). Note that the above embedding depends on the choice of the basis.
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With the basis which is used in the book of Bak [1], the standard embedding has
the form

1 k n 1 k n
1
A B
1---k 1---k
1 k
A B 1
k n
_ _ _ . _ _ _ _ _
1 1
C D C D
k k
1-
n

Next we recall the definition of the elementary quadratic subgroup. For i €
A=A{l,...,n,—n,...,—1}, let £(i) denote the sign of i, i.e., (i) = 1if i >0
and (i) = —1ifi < 0. Leti, j € A such thati # j. The elementary transvection
Tij(a) is defined as follows:

e+ae; —AEDTED/2Ge ;. wherea € A, ifi #—j
e+ae;_;, wherea e A~COTD2A ifj = —j.

Tij(a) = {

Itis easy to check that T;; (a) € G2,(A, A). The symbol T;; where i # — j is called
a short root whereas T; _; is called a long root.

The subgroup generated by all elementary transvections is called the elementary
quadratic group and is denoted by E;,(A, A). This group is the quadratic version
of the elementary group in the theory of general linear group. Note that elementary
transvections corresponding to long roots are elementary matrices in E,,(A) and
elementary transvections corresponding to short roots are a product of two ele-
mentary matrices in E,(A). Let (J, ") be a form ideal of (A, A). The subgroup
which is generated by all (J, I')-elementary transvections is denoted by F», (7, I'),
ie.,

Fo (3, 1) = (T;j(x), Ti—i (y) | x € T,y € A~ DTy,

The normal closure 224N F, (3, T) of F,(J3,T) in E»,(A, A) is denoted by
E»,(3,T) and is called the relative (or principal) elementary quadratic subgroup
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of G, (A, A) of level (3, I'). In this note we sometimes do not distinguish between
short and long roots and simply write T;;(x), assuming that x € A~¢@FD/27
wheneveri = —j.

There are standard relations among the elementary transvections, which are
analogous to those for the elementary matrices in the general linear group. In
Section 4, we shall repeatedly use these relations. We list them now for future
reference.

(R1) T; (a) = T ;i ()\(8(/’)-80))/25)_

(R2) Tij(@)T;;(b) = Tij(a+Db).

(R3) [T;;(a), Tix(b)] = 1 where h # j, —i and k # i, —j.

(R4) [T;;(a), Tjn(b)] = T;p(ab) where i, h # £j and i # +h.

(RS) [Tij(a), Tj_i(b)] = T;._i(ab — 1,*Dba) where i # %j.

R6) [Ti_i(a), T—; j(b)] = T;;(ab)T-; ; (—1ED=D2pap) where i # +j

We need the following theorem which determines the form of the generators of
E»,(3,T) (See [5] for the proof).

THEOREM 2.2. Let (3,T") be a form ideal and suppose n > 3. Then the group
En(AME, (3,T) is generated by all elements of the form T;i(@)T;j(x)T;i(—a),
wherea € Aand x € 7J.

Again note that we didn’t distinguish between the short and long roots. If in
the above theorem i = —j then a and x are in A~¢W+TD/ZA and A~CEO+D/2p,
respectively.

The above theorem is the quadratic version of an analogous result by A. Suslin
and L. Vaserstein for the general linear group. Using the latter result, it is easy to
show that W E, (33) € E,(J + J), where J and J are two sided ideals of A. We
need a quadratic version of this observation. For this purpose we recall the sum
and product of form ideals in a form ring. Let (J, I') and (J, 2) be form ideals.
We write (J,I") C ([, ifJ CJand ' C Q. Itisclearif (J,T") C (J, ) then
G2 (3, T) © G2, (3, ), F2,(3, T) © F,(J, 2) and E5, (T, ") S Ep,(J, €2). The
sum and product of arbitrary form ideals (J, I') and (J, 2) in (A, A) is defined by

GD+@.D=0+3T+9Q),
(T, DHE, ) = (33, I'Q),

where 'Q = IM'yin(3Y) + (I'y |y € J) + (xQx | x € T). In the above definition,
(yI'y |y € J) is the subgroup generated by all elements of the form yyy where
y € I'and y € J. Now we are able to give the quadratic result.

THEOREM 2.3. Let (3, 1) and (J, ) be form ideals of (A, A). Then

(1) CAN B, (3, 1)@ Q) € Fan(@+3,T + Q). providing n >2.
(2) E2)1(A»A)F2n((j’ (g, Q)) C F,(3+4+ 3, T 4+ Q), providing n > 3.
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Remark. We can write the first statement of the above Theorem under a weaker
condition. Namely if (J,I") € (J, Q) and I' C (xQXx | x € J), then a modification
of the proof of (1) shows that 24 F, (3, T) C £, (3, Q).

Proof. (1) First note that each element of G,(A, A) in G,,(A, A) has the
following form:

1 e n —n o .. —1
1 a : b
. 1. .
n 1
—n 1
: : 1
-1 \ c : d

Leto € G2(A, A) and T;(x) € F,((J, T')(J, ©2)). We shall show that 7 T;; (x) €
Fy,(J+ 3,T + Q). Suppose i # —j, i.e. T;; is a short root. We shall prove a
stronger statement that for any form ideal (9, ®) and element x € M, 7 T;;(x)
is in F5, (M, ®@). This will be required in the proof of the long root case later. If
i # *1 and j # =1, then clearly o commutes with T;;(x) and we are done.
Suppose that j = 1. The argument for the case j = —1 is the same and will be
skipped. Furthermore the relation (R1) shows that the case i = %1, follows from
the case j = =&1. Thus it suffices to treat just the case j = 1. Since T;; is a short
root, i # 1. Furthermore, since o € G,,(A, A), it follows by (2.2) that bd € A.
Direct matrix calculation shows that

oTi(0)o ™ =T, 1(xb) Ty (xd) T i -x (bd)X). (2.3.1)

For example if (i) > 0, the calculation above takes the form

1 i—bx

ol = ... ...
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l: axb || xd 1: 1:2x(bd)x

1 i—dx 1 : 1

The above decomposition can be better understood if we write elementary trans-
vections T;; (x) as a special case of ESD-transvections and use the calculus of the
latter which is spelled out in [5, Section 6] to make the computation above. The
translation of elementary transvections into ESD-transvections is done in [5, 6.5].
For a short root 7;; where j = 1 we get T;j(x) = T, (Ax,0). Using the
conjugation property [5, 6.2] of ESD-transvections, we have

O'Til(x)oi_1 = O'Tei,eq(xx’ O)G_l = Taei,ae,l (xx, _Ed)
But oe; = ¢;. Now a direct calculation shows that
Tae,-,oe_l (X-xa _Ed) = Tei,elb(x-xa O)Te,',e_ld(x-xa _Ed)a

which leads to the above decomposition (2.3.1) thanks to [5, 6.4].

Now suppose thati = —j,i.e. T;; isalong root. If i # +1thenoT; _; xX)o~ ! =
T; _i(x). So assume that i = 1. The argument for i = —1 is the same. Let x =
Ay where y € I'Q. Therefore y = a + B + & for some a € T'pin(J3J), B €
(yI'y|y € J) and § € (zQZ |z € J). We shall show that ° T; _; (Aa), ° T;._; (A B8)
and °T; _;(A8) are all in F,,(J+ J, T + ). For T; _; (18), it is enough by R(2) to
prove this when § = Zwz where z € J and w € 2. The argument for 7; _; (AB) is
the same. So let § = zwz. Using (R6) and the fact that n > 2, we can write

Ti-i08) = T, i (AZwz) = Tr, i (@2)[ Ty, 4 (=), Tt —i(2)]
where k # +i and k < 0. Therefore
T i (A8) = “Tr (@) " Tk, 4 (—w), “ T4 i (2)].

Since k # +£1, o0 commutes with 73 _x(—w). On the other hand, by the proof of
the short root case above, °Tj _;(wz) and °T_; _;(z) are in F,,(J + J, [ + Q).
Therefore

“Ti—i(A8) € Fpy(3+ 3. T + Q).
Now let a € I'y,in (7). So o = 7 + v for some

te{x—Ax|x€JJ} and v e (xnx|x €I, neA).
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Let T = x1y1 — Ay1x1, where x; € 7, y; € J. Using R(5), we have T,-,_i(XT) =
[T;;(=y1), T - (x1)], for any j # =i. Therefore

T, _i(At) =[O T;;(=y1), ° T —: (kD).

By the short root case, *T;;(—=yr) and °T; _;(x7) are in F2,(J + J, T + Q). This
shows that °T; _;(At) C F5,(J 4+ J, T + Q). We are left with 7_; ;(Av). But it is
easy to see that v can be written as the sum of elements from the sets

{x — x| x € 73}, {yI'y|yeJ} and {xQx|x € J}.

Therefore the argument for 7__; ; (Av) reduces to the cases above and the first part
of the theorem is complete.

(2) By Theorem 2.2, P2A-M E, (3, T)(J, Q)) is generated by elements of the
form Ti@T;(x) where a € A and x € 33, if i # £/, and by elements of the form
Ti-i@T_; ;(x) where a € A~EW+D2A and x € A=EOFD2rQ if i = —j. Let’s
deal first with the short roots. We shall show that 7/T;; (x) where i # +j,a € A
and x € JJisin F5,(J+ J, T + Q). Since x € JJ, we can write x = ), x;y
where x; € J, y; € J. By R(2), it suffices to prove the theorem for x = x;y; where
x1 € J,y; € J.Since n > 3, there is an h # i, £j. By (R4),

T@OT () = OT(x), T )] = [ OTxp), 9O T ()],

Applying now (R4) to the left and right-hand entries of the last commutator, we
obtain that this commutator equals

[Tin(ax)Tjn(x1), Tni Y1) Thj(=y1a)] € E2y(T+ 3, T + Q),

since J and J are two sided ideals in A. Next we turn to the case of long roots. Sup-
pose i = —j. Therefore we are dealing with elements of the form 7.~/ T_; . (y),
where

o € ATEDHDZA and  y e A7EEDHD2P Q.
Lety = v+ B + 8 for some

v e AT TR (),

B er CCIIRGIY |y €3)
and

§ € A"EETD2xOx | x € T).
We shall show that

T @7 ), @O ;(8) and BT (8)
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are all in Fa,(J 4+ J, T + Q). Let u = A~CED+TD/2 For T_; ;(8), it is enough to
prove it when 6 = uzwz, where z € J and w € 2. The argument for 7_; ; (B) is the
same. Let i # =i such that e(h) = —e(i). Then by (R6), we have
p =" (pRwz) = " O Ty (o) [ O Ty (=), BT (D).
Since h # =%i, T; _; (o) commutes with 7}, _j, (—uw). Therefore we obtain
p = T (@) Ti(no2) T i (=) [T —p(—pw), " T (2)]
= Thi(uwz) Tpi(—pwz2)T; i () T (nwz) T; i (—a) x
R(6)
X T, (—pw), =T 1 (2)]
= Thi(pw2)Th—i(—pwza) Ty 4 WO D 2pza57)
X [T, (—pw), =0T 1 (2)].
On the other hand,

[T, (—pw), "= T, (2)]
= [Th-n(—pw), T; —i ()T i () T; —i (—)]
= [Th,-n(—pw), T-p i (2) T-p,i(—=2)T; i () T—p i (D) T; —i (—)]
R(6)
= [Th—n(—pw), T—p i () T—p,—i (—z20) T_p n(za2)].
Now a quick inspection shows that p € F5,(T+ J, " + Q).

Next, we consider the long root case Ti-i (“)T_i,i(v) where v € ul'nin (JJ) and
w=A"EED+D2 S0y = 7 4 v for some

teufx —Ax|xe€TJJ} and v e pulxnx|x €I, ne ).

Let t = u(x;y; — Ayix;) where x; € J,y; € J. Depending on sign of i, two
cases may occur. Suppose first ¢(i) = 1. Thus u = 1. Using R(5), we have
T_i’i(f) = [T—i,j (xl), Tj,i(yl)]’ where ] 7é +i. Therefore
BT () = [T (), T ()
R(6) R(6)
= [Tj(ax) T j (=2 CD Pxax) T (x1),
T;i )T —i(—y10)Tj —jAED=ED 2y g37)].

But
T;'j (ax)), T—j,j (_A(S(j)—s(—i))/zﬂaxl)
= —j,j(_)\_(8(_])+1)/2Eax1)’ T ;i j(x1), Tji(y1), Tj—i (—y1)
and
Tj,—j ()\(S(i)—b“(j))/zylaﬁ) — Tj,—j ()\_(E(j)+l)/2y10{ﬂ)

which appear in the above equation are in F>,(J+ J, ' + Q).
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_ Now consider the case e(i) = —1. Therefore & = A. Thus © = (—y)x] —
A(x1)(—y1). Using R(5), we have

T () =[T-;;(—=yD, T;; xD],
where j # =i. Therefore

lia@T (o) = [T (=5, O, ()]

R(6) R(6)

and one completes the proof as in the case £(i) = 1 above.

We are left with 7_; ; (v). But it is easy to see that elements of the form xnx
where n € A can be written as a sum of elements from the sets {x — AX|x €
I3L {yI'y |y € 3} and {xQ2X | x € TJ}. Therefore the argument for 7_; ; (v) reduces
to the cases above and the proof is complete. U

COROLLARY 2.4. Let (A, A) be a form ring and let s € Center(A) such that
s=vsand sA C A, e.g. s = tf where t € Center(A). Then

(1) 2ANE, (s3*A, s3*A) C Fa,(s*A, s¥A), providing n > 2.
2) FnAME, (53 A, s3*A) C Fo,(sFA, s*A), providing n > 3.

Proof. The corollary follows from Theorem 2.3, by letting (J, ') = (J, Q) =
(sA, sA) and recognizing that (53K A, 53K A) C (%A, sFA)(s*A, sKA). |

COROLLARY 2.5. If(A, A) is a form ring then Go(A, A) normalizes E», (A, A),
providing n > 2.
Proof. Lets =1 in Theorem 2.4 (1). O

The next result is due to Bak and if A = A, independently also to Vaserstein.

THEOREM 2.6. Let (A, A) be a form ring such that A is semilocal. If n > 1 then
G (A, A) = G2(A, M) Exn(A, A) = Exn(A, A)Ga(A, A),

Ey (A, A) is normal in Gy,(A, A) and the quotient G,(A, A)/E», (A, A) is
abelian.
Proof. 1f o is a 2n x 2n matrix with coefficients in A, let
t(017 <o O0py, Opy e ey 6—1)

denote the (n + 1)st column of o, where oy,...,0,,0_,,...,0_1 € A and t
denoted the transpose operator taking row vectors to column vectors. Suppose
o € Gy, (A, A). By [9, Section 1V, (3.11)], there is an ¢ € E;,(A, A) such that
t((ga)—n’ LR ] (80)—1)
is a unimodular vector, i.e. there exista_,, ..., a_; € A such that
-1

Z a;(e0); = 1.

i=—n
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It follows from [8, Section V, (3.3)(1) and (3.4)(a)] that there is a product 7 of
elements of the kind T;;(a) where i, j € {—n, ..., —1} such that

((teo)_y, ..., (teo)_1) = (1,0,...,0).
Now it is straightforward to find an element p € E», (A, A) such that

((ped), ..., (pea),, (pea)_,,...,(peo)_1) =(0,...,0,1,...,0).

This says that the matrix pteo fixes the basis element e_,. A standard argument
(see the Proof of [9, Section IV, (3.4)]) shows that there is an § € E,,(A, A)
such that dpteo fixes not only e_,, but also e,. Thus §pteo leaves invariant the
hyperbolic plane H generated by e,, e_,. Since dpteo preserves the Hermitian
form #, it follows that it leaves the orthogonal complement of H invariant. But
this is the subspace generated by ey, ..., e,—1,e_—1), ..., e_;. Thus dpreoc €
Gyn-1y(A, A). Thus 0 € Ey, (A, A)Gop—1)(A, A). Repeating the argument for
each m such that 2 <m < n, we get

o€ Ey(A, A)Gy(A, A) = (by (2.5)G1(A, A)Ey, (A, A).
This shows that
G2 (A, A) = G2(A, N Ey, (A, A)

and E,,(A, A) is normal in G, (A, A). If & denotes the permutation matrix

0 —1
1 0

01
-10

then obviously 7 € G, (A, A) (because it satisfies the defining equations in (2.2)),
m normalizes E,,(A, A)(because conjugation by m leaves the set of elementary
transvections invariant), and

G2(A, M Ey (A, A) = Gon(A, A) =7 Gy (A, A) =T Ga(A, N Er(A, N).

Since G,(A, A) and "G,(A, A) commute, it follows that G, (A, A)/E», (A, A)
is Abelian. O

We close this section by recalling a lemma which will be used in Section 4.
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LEMMA 2.7. Let A be module finite over a Noetherian ring R. Then for any s in
R, there is a nonnegative integer k such that the map s*A — (s)~' A induced by
the canonical homomorphism A — (s)~' A is injective.

The verification is easy and can be found in the proof of Lemma 4.10 in [3].
The above lemma shows that if A is a Noetherian ring, then there is an integer k,
such that the relative congruence subgroup Gy, (s*A, s*A) embeds in
G, ({(s)"'A, (s)"'A). This result will be used in proving Theorem 4.6.

3. On Bak’s Dimension Theory

In this section we give a self-contained account of a portion of Bak’s dimension
theory and show how to apply it to general quadratic groups.

Recall that a relation < on a set is called a quasi-ordering, if it is reflexive and
transitive. If in addition, it is anti-symmetric, then it is called a partial ordering.
A quasi-ordering < 1is directed, if given elements a and b, there is an element ¢
such that a < ¢ and b < c¢. Following Bak [6], we define a category with structure
as follows.

DEFINITION 3.1. A category with structure is a category C together with a class
S(C) of commutative squares in C called structure squares and a class of Z(C)
of functors from directed quasi-ordered sets to C called infrastructure functors,
satisfying the following conditions.

(1) S(C) is closed under isomorphism of commutative squares.

(2) For each object A of C, the trivial square i.e.,

A——>2a
I
A——>2a

—_—

—

isin S(C),
(3) Z(C) is closed under isomorphism of functors.

(4) For each object A of C, the trivial functor Fu: {x} — C, x — A, is in Z(C),
where {x} denotes the directed quasi-ordered set with precisely one element .

(5) For each F: I — C in Z(C), the direct limit 1i_n>11 F exists in C.

Next we define a category with dimension.

DEFINITION 3.2. Let (C,S(C),Z(C)) be a category with structure. Let d:
Obj(C) — Z2° U oo be a function which is constant on isomorphism classes
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of objects. Let A € Obj(C) such that 0 < d(A) < oo. A d-reduction of A is
a set

— > B

A
l l(iel)

Ci— D

of structure squares where / is a directed quasi-ordered set and B: | — C,i >
B;, is an infrastructure functor such that the following holds.

(1) If i < j € [ then the triangle
A

|\

Bi——%>Bj

commutes.

(2) d(lim_ B) = 0.
—1

(3) d(C;) < d(A) foralli € 1.

A function d is called a dimension function on (C, S(C), Z(C)) if for any object
A of C, such that 0 < d(A) < oo, A has a d-reduction. In this case, the quadruple
(C,S8(C),Z(C),d) is called a category with dimension.

For the rest of this section (C, S(C), Z(C), d) will denote a category with di-

mension and G, £: C — Group a pair of group valued functors on C such that
£Cgq.

DEFINITION-LEMMA 3.3. Let n > 0. Define the functor G" : C — Group, by
G"(4) = [ Ker(G(A) — G(B)/E(B)).

A—B
d(B)<n

In general G"(A) is not a normal subgroup of G(A). Clearly £(A) C G"(A) for any
object A of C and if d(A) is finite then G"(A) = £(A) for all n > d(A), because
the identity morphism A — A is now one of those occurring in the definition of
G"(A). The filtration

G(A)26° W) 26" 2
is called the dimension filtration on G with respect to £. For a fixed object A, a set
S of morphisms A — B such that forany A — B € S, d(B) < n, and such that

G"(4)= [ Ker(G(A) — G(B)/E(B)),
A—>BeS

is called a defining set for G"(A). It is easy to check that defining sets exist,
although they are not as a rule unique. However, for any defining set S, the map

G(A)/G (A — [] 9B/EB) (3.3.1)

A—sBeS
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of coset spaces is injective. Clearly if d(A) <n, then G"(A) = £(A), because one
can enlarge if necessary any defining set S for G"(A) to a defining set S’ by adding
the identity morphism id: A — A.

DEFINITION 3.4. A pair G, £ of group valued functors on C is called good if the
following holds.

(1) € and G preserve direct limits of infrastructure functors.
(2) For any A of C, £(A) is a perfect group.
(3) For any zero dimensional object A, K;(A) := G(A)/E(A) is an abelian group.
(4) For any structure square
A——B

o

C——=D
let

H =Ker(G(A) — G(B)/E(B)) and L = Ker(G(A) — G(C)/E(C)).
Then the mixed commutator [H, L] C £(A).

The following theorem plays a crucial role in this note and is a central result in
Bak’s dimension theory.

THEOREM 3.5. Let C = (C,S(C),Z(C), d) be a category with dimension and
(G, &) be a good pair of group valued functors on C. Then the dimension filtration
G D G° D G! D .- of G with respect to £ is a normal filtration of G such
that the quotient functor G/G° takes its values in abelian groups and the filtration
G >G> ... isa descending central series such that if d(A) is finite then
G"(A) = E(A) whenever n > d(A). In particular, if d(A) is finite, then E£(A) is
normal in G(A).

Proof. If A is an object of C, let S,,(A) denote a set of defining morphisms for
g"(A).

By Lemma 3.3, the map

(A6 - [ 9B/EB)

A—> BeSy(A)

is injective. Since each G(B)/E(B) is Abelian by (3) of Definition 3.4, it follows
that G°(A) is normal in G(A) and the quotient G(A)/G%(A) is Abelian.

Let n > 0. We shall show that for any object A, [G°(A), G"(A)] € G"'(A).
Since for any object B such that d(B) <n + 1, we have that G"*!(B) = £(B) and
since the map

g /g A -~ [ BE®B)

A—>BeS,41(A)
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is injective, we can reduce to the case d(A) <n + 1. Suppose d(A) <n + 1. Let
o € G%A)and p € G"(A). Let

A——B;
l l(ie])
C,—D,

be a d-reduction of A. Since d(lim B;) = 0 and since G and £ commute with lim ,
) . —— n,
there is an i € I such that

o € Ker(G(A) — G(B;)/E(By)).
Since

d(C;) <n+1,G"(C) = E(Cy).
Thus

p € Ker(G(A) — G(C)/E(Cy)).

Now by property (4) of Definition 3.4, [0, p] € £(A) = G"F1(A).

We show finally that for any n, G" is normal in G. The proof is by induction on
n. The case n = 0 has been done above. Suppose n > 0. By induction on n, we
can assume for all 0 <m < n that G™ is normal in G. Since the map

GA)/G A~ J] 9wB/EMB)
A—>BeS, (A)

is injective, it suffices to show that each £(B) above is normal in G(B). This allows
us to reduce to the case that d(A) <n and G"(A) = £(A). We have shown already
that

[G°(A), G" 1 (A)] € G"(A) = E(A).

Since £(A) is perfect by property (3) of Definition 3.4, and £(A) € G" '(A) C
G°(A), it follows that

[G°(A4), G" 1 (A)] = G"(A).
But G°(A) and G"'(A) are normal in G(A), by the induction assumption. Thus
G"(A) is normal in G(A). O

Remark. Bak has also an alternative version of the theorem above in which a
good pair (G, &) is replaced by a natural transformation S — G of group valued
functors such that

(1) S and G preserve direct limits of infrastructure functors.
(2) S(A) is perfect for any A.



DIMENSION THEORY AND NONSTABLE K| OF QUADRATIC MODULES 311

(3) G(A)/image(S(A) — G(A)) is Abelian for any zero-dimensional object A.
(4) Ker(S(A) — G(A)) C Center(S(A)) for any finite-dimensional object A.
(5) The extension S — G satisfies excision on any structure square.

The conclusion of the alternative version is the same as that above. The alternative
approach is used in [11], where it is applied to general linear groups and in [7]
where it is applied to net general linear groups.

There are many ways to make the category of form rings into a category with
dimension such that G,,, E, is a good pair of group valued functors. We describe
next a way based on quasi-finite localization-completion squares and the Bass—
Serre dimension.

Let Az denote a pair consisting of an associative ring A with identity and a
commutative ring R C Center(A). Thus Ay is an algebra over R. A morphism
Ar — A, of algebras is a ring homomorphism f: A — A’ such that f(R) C R’
Next we recall the Bass—Serre dimension of Ag.

Let X be a topological space. The dimension of X is the length n of the longest
chain X, g X, g g X,, of nonempty closed irreducible subsets X; of X, [8,
Section III]. Define §(X) to be the smallest nonnegative integer d such that X is a
finite union of irreducible Noetherian subspaces of dimension <d. If there is no
such d, then by definition §(X) = oo. Let R be a commutative ring. Let Spec(R)
denote the topological space consisting of the set of all prime ideals of R, under
the Zariski topology and let Max (R) denote the subspace consisting of all maximal
ideals of R. Then the Bass—Serre dimension of R is §(Max(R)) and is denoted by
8(R). Define the Bass—Serre dimension §(Ag) of Ag by

8(R) if A is quasi finite over R,
oo  otherwise.

8(Ag) = {

Recall that an R-algebra A is called quasi-finite over R if there is a direct system
of finite R-subalgebras A; of A such that h_r)nl A, = A.

A form algebra over a commutative ring R is a form ring (Ag, A) where the
involution leaves R invariant. A morphism (Ag, A) — (A/R/, A") of form algebras
is a morphism of form rings which defines an algebra morphism Az — A’,. A
form algebra (Ag, A) is called module finite, if A is module finite over R and is
called quasi-finite, if Ay is quasi-finite. If (Ag, A) is a form algebra, let Ry denote
the subring of R generated by all aa such that a € R. Define the Bass—Serre

dimension of (Ag, A) by

8(Rp) if (Ag, A) is quasi-finite,

6(Ag, A) = { oo otherwise.

The next task is to put structure on the category Form algebras, which makes
it a category with dimension under Bass—Serre dimension.

Let Mod(R) denote the category of all modules over the commutative ring R
and Noeth(R) € Mod(R) the full subcategory of all Noetherian modules over R.
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Ifs € Rand M € Mod(R), let M, = lim _ M/Ms' denote the completion of

M ats. Let (s)™'M denote the module of (s)-fractions of M where (s) denotes the
multiplicative set {1, s, s?, ...} generated by s. The square

M——-(s)"'M

A

My — ()" M)

is called the localization-completion square of M at s. Whereas the functor M +
M(é) is exact on Noeth(R) (in particular if N C M, there is a canonical embedding
N(Y) - M(Y)) and whereas the localization-completion square above is a pullback
square if M € Noeth(R), these facts fail to hold over Mod(R). To rectify this
problem, Bak [3] has defined for any R-module M, its finite completion at s by
My = hm (M )(s) Where {R;|j € J}is any directed system of subrings R; C R
such that each R; is finitely generated as a Z-algebra, contains s, and 11m R; =R
and {M;|j € J } is any directed system of Abelian subgroups M; C M such that
each M is a finitely generated R;-module and hm M; =M. It is easy to check

that M(Y) does not depend on the choice of the dlrected system above. Clearly
M(Y) = My, if M € Noeth(R) and R is finitely generated as a Z-algebra. The
square

M——-(s)"'M

| ]

My — (s)" M)

is called the localization-finite-completion square of M at s. The exactness of
finite completion on Mod(R) and the pullback property for localization-finite-
completion squares on Mod(R) follow from the analogous properties, respec-
tively, of ordinary completion and of ordinary localization-completion squares on
Noeth(R).

Let M € Mod(R). Whereas ordinary completion M(S) does not depend on R,
finite completion M does. If confusion can arise, we shall write (M) ,;(S)) in

place of ]\7(3).

DEFINITION-LEMMA 3.6 (Bak). Let Ag be an R-algebra. Let s € R and let
{Ro |l € J} and {Ay |a € J} be directed systems in R and A, respectively, used
to construct (A))g, - Letx, y € Ag,). Choose , B € J and elements x” € (Ag)s)

and y' € (A,g)(s) such that x" and y’ represent x and y, respectively. Neither
Ay nor Ag is necessarily closed under multiplication in A. However, since A,
is module finite over R, and Ag is module finite over Rg, there is a y € J such
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that e <y, B<y, and AyAg € Ay. Let [[;5 9% € [];5Ax represent x” and
L >o0Vi € IL >0 Ap represent y'. Define x o y to be the class in ;f(s) of the element
of (A],)(S) defined by [ ;5 g%y € [, 5 Ay Then the product x oy is independent
of all the choices made and makes X(S) into an ﬁ(s)—algebra.

Proof. Straightforward. O

The result above paves the way for defining finite completions of form algebras.
Let (Ag, A) be a form algebra and let s € Ry. Define the finite completion of
(AR, A) at s by

(Ar, A = (Ars A = ()i By )-

Define the ordinary completion of (Ag, A) at s by (Ag, A5y = (A, As))-

LEMMA 3.7. Let (Ag, A) be a module finite form algebra such that R is finitely
generated as a Z-algebra. If s € Ry, then (Ag, A) 5y = (Ag, A)(y)-

Proof. 1t suffices to show that R is finitely generated as an Ry-module and
that Ry is finitely generated as a Z-algebra. Let a;, ..., a, € R such thatay, ...,
a,,dai, ...,a, generate R as a Z-algebra. Clearly each a; and a; satisfies the monic
polynomial X? + (a; + @;)X + a;a; whose coefficients lie in Ry. Thus R is fi-
nitely generated as an Rp-module. It is an easy exercise to show that R is gen-
erated as a Z-algebra by all elements a;a; such that 1 <i <n and all elements
xreoox)O YD)+ oD X)) where {xg, ..., x¢} and {y, ..., v}
range over all disjoint, possibly empty subsets of {ay, ..., a,}. U

The following corollary is an easy consequence of the lemma above and its
proof.

COROLLARY 3.8. Let (Ag, A) be a quasi-finite form algebra. Then there is a
directed system of module finite form subalgebras ((Ay)r,, Ao) € (Ag, A), (@ €
J) such that each R, is finitely generated as a Z-algebra and

(Ag, A) = lm((Ag)r, > Aa)-
J

Furthermore, if s € Ry, we can assume that s € (Ry)o, for all @ € J. Thus

(AR, Ay = lim (A, M)y = i (Aa) g, » (Be)s)-
J J

In particular (Ag, A) ) is quasi-finite.
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REDUCTION LEMMA 3.9. Let (Ag, A) be a form algebra such that 0 <
8(Ag, A) < oo. Then there is a multiplicative subset S C Ry such that

S((ST'AR) -1z, STIA) =0

and forall s € S, §((Ag, A)(5)) < 6(Ag, A).

Proof. Let X U --- U X, be a decomposition of Max(Ry) into irreducible
Noetherian subspaces such that 6(X;) <8(Ag, A) for all 1 <i <r and §(X;,) =
8(Ag, A) for some ij. Foreach 1 <i <r,let MM; € X;. Let

S=Ry—DU---UM,.

Since (S~'Ag-1z, ST'A) is obviously quasi-finite and S~' Ry is semilocal, it fol-
lows that

S(ST'Ag-ig, STIA) = 8(STIRy) = 0.

By the corollary above, (Ag, A)(s) is quasi-finite and by [3,4.17], 8(150(‘?)) < 8(Rp).
Thus

(AR, Ais) = 8(Ro(y)) < 8(Ro) = 8(Ag, A). O

We can now make the category C = Form algebras into a category with
dimension. As structure squares, we take all localization-finite-completion squares

(Ap, A) ——= () Ay 1g, ()71 A)

| l

(Ag, As) ()~ (AR, A)is)

where s € Ry. If S € Ry is a multiplicative set, give S a quasi-ordering by defining
s <t if and only if there is a u € S such that su = 7. As infrastructure functors, we
take all functors of the kind

F:S—Cos > ((8) " Ayyoig, () 71A).

Clearly h_II)l F = (S'Ag 1z, S7'A). From the Reduction Lemma above, it fol-
lows immecfiately that (C, S(C), Z(C), §) is a category with dimension.

MAIN THEOREM 3.10 Let n > 3. Let Gy, denote the general quadratic group
functor on C = Form algebras and let E,, denote its elementary subgroup. Let
Gy, 2 ng D) Gén D --- denote the dimension filtration on G,, with respect to
E,,.. Then this filtration is normal, the quotient functor G,/ ng is Abelian, and the
filtration ng D G%n D --- isadescending central series such that G;n (AR, A) =
Ey, (Ag, A) whenever i > 5(Ag, A).
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Proof. 1Tt suffices to show by Theorem 3.5 that the pair (G,,, E,) is good on
(C,S8(C),Z(C), §). Property (1) for being good is obvious. Property (2) follows
from R(1)-R(6) in Section 2, because n > 3. We shall prove property (3) next.
Property (4) is the subject of the next section.

Suppose §(Ag, A) = 0. By definition §(Ry) = 0. Thus Ry is semilocal. Since
(Ag, A) is quasi-finite, it follows that it is a direct limit li_r)nj((A PR Nj) of a
directed system of form subalgebras ((A ;) Ry A i) € (Ag, A) such that each A; is
module finite over R, Ry C R; and R; is finitely generated as an Ro-module. It fol-
lows (cf. proof of Lemma 3.7) that A; is finitely generated as an Ryp-module. Thus
A is semilocal, by [8,III(2.5), 2.11]. It follows by Theorem 2.6 that E»,(A;, A ;) is
normal in G»,(A;,A;) and the quotient Go,(A;, Aj)/Ey(A;, Aj) 1is
Abelian. Taking direct limits, we obtain that the same is true for G,,(A, A) and
E2n (A’ A) O

4. Computation

The goal of this section is to complete the proof of Theorem 3.10 by showing that
(G, Eny,) satisfies property (4) in Definition 3.4 of a good pair of group valued
functors on a category with dimension. This is achieved in Theorem 4.6 below.
Throughout the section it will be assumed that n > 3. We follow closely Bak’s
method in section 4 of [3], with an obvious complication due to the existence of
long and short roots in elementary quadratic groups. In passing, we also prove that
E», (A, A) is a normal subgroup of G, (A, A).

The following notation will be used. Suppose (J,I") € (A, A) is a form ideal
and s € Ry. Let (1/5)J (resp. (1/s)I") denote the additive subgroup of (s)~'A
(resp.(s)_lF) consisting of all elements (1/s)a such that a € J (resp.a € I').
For any natural number N, let EN((1/5)3, (1/s)T") denote the subset of G,
((s)7TA, (s)7TA) consisting of all products of N elementary transvections 7;;(a)
such that a € (1/s)7J if T;; is a short root and a € A~EOFD2(1 /)T if T;; is along
root. If t € Ry, we let EN(tJ,tT") denote the subset of EV(1/5)J, (1/s)I") con-
sisting all products of N elementary transvections 7;;(a) such that a € Im(tJ —
(s)717) if T;; is short and such that a € AEOFD2ImT — (s)7'T) if T;; is
long. Note that if the canonical map tJ — (s)~'A is injective then EV (tJ, tT) is
identified under the injective map G, (tJ,tI') — G, ({(s)"' A, (s)"'A) with its
preimage in G,,(tJ, tI") consisting of all products of N elementary transvections
T;;(a) such that a € tJ if T;; is short and a € A~€DFTV/2T if T;; is long. We also
use the notation E((1/5)(3), (1/s)(I)) for [y EN((1/5)(3), (1/s)(I)).

LEMMA 4.1. Lets,t € Ry. If K, L and m are given, there are €t and M, e.g.
t=(m+ D48 + 451 ...+ 4 and M = 14%L, such that

ER@AWINEL (st A, s*1A) © EM (s™1A, s™1A).
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Proof. Once the lemma is proved for K = 1, L = 1, then by an easy induction
procedure we can establish the lemma for any pair of K and L. Therefore we shall
first show that

El((t/S)A,(t/S)A)El(S(m+1)4tA S(m+1)4tA) C E14(SmtA SmtA)

Let p = Thk(“)Tij (b). We must show that p € E'"*(s™tA, s™tA). The proof breaks
into 4 cases depending on the length of the roots T, and T;;. It will be seen that
the most complicated situations are when we have either two short roots such that
Thi=T__jand p = T—"-—-/'(“)Tl-j (b) or two long roots such that 7, _, = 7_;; and
p=THOT, _(b).

Case I. Ty and T;; are short roots, namely 7 # =k and i # 4. This case is
handled by dividing further into four subcases:

(D) h#j.k#i
Q) h=jk+i
Q) hjk=i
@ h=jk=i.

We shall prove (1) and leave it to the reader to reduce cases (2)—(4) to case (1). Our
proof of (1) breaks further into four subcases:

(i) h # —ik #—j,

(i) h = —i, k # —}J,

(iii)) h # —i, k= —],

(iv) h = —i, k= —}.

Thus consider p = Thk(“)Tij(b) where h # +k,i # xj, h # j,k # i and
ae(t/s)A, b e s™tDira,

(1) In this case Tji(a) commutes with T;;(b). Therefore p =T;;(b) and we are
done.
(i1) In this case

p = T(a)T_p j(b)Thi(—a).
Two cases can occur. If k # j use (R1) to write
T_pj(b) = T_j ,(AED==M/2).
By definition, b = s™*+D4t¢ for some ¢ € A. Since s, € Ry
A ED=e=m)/2G — 5 E()—e(=h)/2g(m+1d 5 o ((m+Ddg 4
To simplify notation, we denote A*()=¢(=")/2p by pb. This done, we have

p = T(@)T_; (D) T (—a)
= T_;,(b)T_; (=) T (@) T_ 4 (D) Thi (—a)

R(4)
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= T_;4s(D)T_; 1 (—ba)(buta = ta'/s, b = s™TD4b'))
= T_;n (™D T 1 (s D120 a’) € EX(s™tA, s™tA).

On the other hand, if k = j then

p = Tu(@)T— n(b)Thk(—a)
= T_40 () Tt n(=0) Tni (@) T 1 (b) Tii (—a)
R(5)
= T 4(D)T_j 1 (—ba + 1*Pab)
= Tn (s T (s D12 (—ba’ 4+ 25®a'h)) € E? x
x (sTtA, s™tA)

for some a’, b’ € A.

(ii1) The argument is similar to that in the previous case and is omitted.

(iv) In this case p = Ty (@) T—p.—x (b) Thr (—a). By (R1) we can rewrite p as Tp(a)
Tin(b) Ty (—a), where a = ta' /s, b = s™+D4b’'. Choose i # +h, +k and set
x =s™D2and y = s™M+D2¢p’ Thus b = xy. Now the computation goes as
follow,

p = Tw(a@)Tin (D) Th(—a)
= Tw(a) [Tki (x), Tin(y)] T (—a)
= T (a) Ty (X) The (—a) Ty (—x) X
R()
X Tei (%) T (@) Tin (¥) Thi (=) Tin (= y) Thi (—a)
= Ti(ax) T () Tin (y) Tin (=) Thi (@) Tin (¥) Thi (—a) x
R()
X Ty (@) Tii (=) Tin (—y) Thi (—a)
= Tni(ax) Ty (x) Tin(Y) Tix (—ya) Thi (@) Tii (—x) T (—a) Ty (x) X
commutes R()
X Tii (=) Thi (@) Tin (—y) Thi (—a)
= Thi(ax)Tii () Tix (—ya) T (¥) Thi (—ax) Tii (—x) Tin (—y) X
X Tin(W) Thi (@) Tin (—y) Thi (—a)
R(3)
= Thi(ax) Ty () Tix (—ya) T (—x) Tii (X) Tip (y) Thi (—ax) Ty (—x) X
T T
X Tin(=y)Tix (ya).

Clearly —ya = —s™+D2=1£2p/q’ Let

c=—s"t and d=s""tbd.
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Therefore —ya = cd. Thus,

Ty =Ty (x) [Tin (), Thi(d)] Tri (—x) = [Tin (xc) Tip(¢), Thi(d) Ty (—dx)],

and
T = Ty ) Tin () Thi (—ax) Ty (—x) = T, (xy) Tin (¥) Thi (—ax).
A quick inspection shows that ax, xc, ¢, d, dx, xy, ya € s™tA. Therefore,

p="Tiax) Ty T Ti(=)Ti(ya) € EM(s™A, s™1A).

8terms 3terms 2terms

Case II. Ty, is a long root and T;; a short one. Thus k = —h and
a e A~ EWTD2(t/5) A whereas i # £j and b € s(™+D4A . This case is handled by
dividing further into three subcases:

(1) j#h,i#—h,

(2) j=h,i#—h,

B3)j#h,i=—h.

(1) By R(3), Tj,—j(a) commutes with T;;(b). Therefore p = T;;(b) and we are
done.

(2) We have

p = Th n(@Tin(b)Th,n(—a)
= Tipn(b) Tin(=b) Ty, 1 (@) Tip (b) T, —n (—a)
R(6)
= Ty (b)Ti_p(—ba)T; _; AP~ 2paby e E3(s™1A, s™tA).

(3) This case is similar to the above argument in (2).

Case Ill. Ty and T;; are long roots. Thus h = —k,i = —j and

—(em+D T —(e(D+1)
aer” 2 —A, ber™z sMm4A,
s
Suppose i # —i. Then T; _; commutes with 7}, _; and we are done. The only case
which remains is when h = —i,i.e. p = T, (@) Ty (D) Ty, (—a) where
—eW+) —(e(=h)+1)
aeir” 2 -A and bexr” z s™TDYp,
s

Choose p # =£h such that p < 0. Write b as a product b = pcdc where
= A~ EEHD/2 =MD g0 g = MED2y
where b’ € A. By R(6), we can write

T (ped?) = Ty (—ped) [T —p(d), T-p 1 (0)].
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Thus
p = Th_p(@Ton(—pcd)[T, —,(d), T_p 1 ()] Th —p(—a)
= Th_n(@Tpp(—pcd)Ty _p(—a) Ty (ued) Top(—ped) Ty —p(a) X
R(6)

X [Tp,—p(d), T p 4 (1T}, - (—a)
= T, WEDEP2G0cd)T, _(cdacd) Ty (—ped) Ty _n(a)T,_p(d) x

T commutes

X T_pp(c) x Ty _p(=d)T_), ,(—=c)Ty, —p(—a)
= Ty, p(d) Tp,-n(@)T_p 1 ()T, —n(—=a) T, (=) T, 5 (c) X
R(6)
X Tn, (@) Ty, —p(=d), T_p 1 (=) T, —p(—a)
= Ti Ty p(d) Ty (=2 EPTV200) T, (heae) T, 4(c) x
T
X Th—n(@)Ty —p(=d) T_p 1y (=) Ty _p(—a)

commutes

= TlT2T—p,h(C)Tp,—p(_d)T—p,h(_c) X
X T_p n()Th,—n(@)T-p p(—c)Th,—p(—a)

R(6)
= LT, —p(=d) Ty (D) T_p ()T —p (=) T_p (=) X
R(6)
x T_, _p(ca)T—, ,(rcac)
I3
=N T Ty —p(=d) T (dc) Ty (1~ EPTD2eq ) D e
3 3 2

EM(s™A, s™1A).

Case 1V. Ty is a short root and T;; is a long one. All the possibilities which
may occur here reduce to one of the cases above.
Therefore we have shown that

El((t/s)A,(t/S)A)El(s(m+1)4tA S(m+1)4tA) C E14(SmlA SmtA).
Now suppose that K > 0 and L > 0. Since

EK((t/s)A,(t/s)A)EL(S(m+1)4tA S(m+1)4tA)

is the set of all products of L or fewer elements of

EK((t/s)A,(t/s)A)El (s(m+1)4tA s(m+1)4tA)
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we will be done if we can prove the assertion of the lemma for arbitrary K and
L = 1. We proceed by induction on K. The case K = 1 is proved above. Let
K > 1. We shall show that

EX((t/)A. (/)M 1 (s(m“)‘u(_1+4K_2+‘”+1)4tA S(m+1)4'<—‘+4K—2+~~+1)4tA)

c EX=1((t/s)A.t/)A) E14(s<m+1>4’<*'+4K*2+~~+4>tA’ gt DAKT 4K 2 o) A).

To prove this, it suffices to show that £ ((/9A.@/DM EL(('+Ddgq gm'+D4A)
E(s™1A, s™tA), where m’ = (m + 1)4K-! 4 4K-2 4 ... 4 4 But this is just
a special case of the first step of the induction which we have already proved.
Therefore the proof is complete. O

If U and V are subsets of a group, let U, V[ denote the set of all commutators
[u,v] suchthatu € U andv € V.

LEMMA 4.2. Lets,t € Rop. f K>1 and 1 >0, let EK(t[/sA, t[/sA) denote
the subset of Ga,((st)"'A, (st)"'A) consisting all products of K or fewer ele-
mentary transvections T;;j(a) such that a € tYsA(C (st)"'A) if T;; is short
and a € A"EOTD2LgA(C (st)7IA) if Tij is long. If L>1 and € >0, define
EL(st/tA, st /tA) similarly. If M > 1 and p, q >0, let EM(sPt9A, sPt9A) denote
the subset of Ga,({st)"' A, (st)~' A) consisting of all products of M or fewer ele-
mentary transvections Tjj(a) such that a € sPt9A(C (st)~TA) if T;j is short and
a € A"CEOFD2ghra A(C (st)71A) if T;j is long. If K, L, p and q are given, there
are t,land M, e.g.

= (p+1)4K+2+4K+1+“.+4’
[=(q+ 1)4L+2 4L+ +4, and M= 14K+L+3KL,

such that

bt stogt
EX(=A,=A),EX (=, = )| C EM(sP19A, sP1IA).
Ky K} A tA

Proof. If U is a subset of a group and N a nonnegative integer, let Prod” (U)
denote the set of all products of N or fewer elements of U. Using commutator
formulas, it is easy to see that

Prod* (U1), Prod™ (Uy)[ < Prodt™ (P! Wored MWy, ) (4.2.1)
Let

t[ t[ 13 14
U =E! <—A, —A) and U, =E' (S?A il )
S S

Since

k(1,1 K Ls° s L
E* | —A, —A ) =Prod® (U;) and E~|—, — | = Prod™(U,),
s s A tA
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it follows from (4.2.1) that
A st st
EX(—A, —A ), Ef =, —
s K} A tA
C Prodk: <ProdK’1(U1)ProdL’1(U2)] U, Uz[) '

By Lemma 4.1, it suffices to show that
ttoq! bt ;o ;o
E'(Sa,ZA) B (S, )| c BP9 A, 571 A, 4.2.2)
) s A tA
where

p=@p+D45 " +452 4. 14 and
q =@+ D4 4524 1 4

Let p = [T ((t'/s)a), T;; ((s*/1)b)]. The proof breaks into 4 cases depending on
the length of the roots 7}, and T;;.

Case I. Ty and T;; are short roots, namely 7 # =k and i # 4. This case is
handled by dividing further into four subcases:

(D) h#j k#i,

2 h=j,k#i,
G h#j k=i,
@ h=jk=i.

We shall prove (1) and leave it to the reader to reduce cases (2)—(4) to case (1). Our
proof of (1) breaks further into four subcases:

() h#—i,k#—],
(i) h =—i,k #—J,
Gii) b # —i, k = —j,
(V) h = —i k = —j.
(i) By R(1), Ty ((¢'/s)a) commutes with T;;((s*/7)b) and therefore p = 1. Thus
we are done.

(i) In this case p = [T ((t'/5)a), T_hj((sé/t)b)]. Two cases can occur. If k # j
then use R(1) to write

T ((t'/9)a) = T_y _,WEO=DR2 G 5ya),
Set a’ = A0 —eM)/2g Then

p = [Top_n((t'/s)a), T_yj((s*/1)b)]
= (by R@) Ty ;1" 's*a'b).
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If k = j then using R(5) we obtain
p = [T n((t'/5)a"), T ((s*/1)D)]
— T (s b — AP g,
(iii) The argument here is similar to that in the previous case.

(iv) In this case p = [T ((t'/5)a), T_h,_k((sé/t)b)]. Choose p_;é +h, £k. Write
T _((st/t)b) = Ten((st/1)b') where b’ = AE0=¢=M)/2p Then

p = [T ((t"/s)a), T ((s*/1)b)]
[Tk ((£'/8)a), [T, (572 /D)), Tpi(sH]11.

Using the commutator formula [x, [y, z]] = [x, y]7 [x, z]*[x, y_l]yzy_1 [x,z7'1,
we have

p = [Tu("/)a), [Te, (s /)b, Ty (s¥)]]
= [T ((t"/9)a), Tip (s**/1)D")] x
SE/Z /

x T CIOP T () 5)a), Ton(s*)] x

x Tl GO T, (1 /5)a), Tip (—(*7 /061 x

x T OO T I GO (0 5)a), Tyn (=5
Applying R(4) repeatedly, we obtain

p = T 's¥* ab’) x (€ E(s*19 A, 5717 A)) x
> Tip ((s¥/2/1)b") Tpk(tlsE/Z—la/) %
x (by Lemma4.1 € EM(s* 1A, s 19 A)) x

€27 €2 _ _
5 Tep(* 2 /D) Ty (s )Th,;(—t[ 1gt/2 lab’) %

x (by (4.1) € EM™ (s?t7 A, s* 19 A)) x

x T (G2 /0N Ty DT 62D (glg¥271 g7y ¢
3 ot ro
x (by (4.1) € EM (sP 17 A, sP 1T A)).
Therefore p € E144(sp/t°‘/A, sPETA).

Case II. Ty is long and T;; is short. Thus p = [Th,_h((t[/s)a), T,-j((sé/t)b)]
where i # +j,a € A"EWFTD/2A and b € A. This case is handled by dividing
further into 3 possible subcases: (1) j # h,i # —h (2) j = h,i # —h (3)
j#hi=—h.
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(1) In this case p = 1 and we are done.
(2) In this case

p = [Th-n(('/5)a), T ((s'/1)b)]
———
R()
= [Th-n((t"/$)a), T_p i ((s* /D)) (Where b’ = A=)/
= (by R(6) )T, —i (¢'~'s"'ab)T; i (—pu1s** 1720 ab’)
e EXP1VA, 5P 1A,
where p; = AECD=EE/2,
(3) Here the argument is the same as in the previous case.

Case Ill. Ty and T;; are long roots. Thus p = [Th,_h((t[/s)a), E,_i((sé/t)b)].
If h # —i then p = 1 and we are done. The only case which remains is when
h = —i. Then

p = [Th_n((t"/s)a), T4 ((s*/1)D)],

where a € A~EWFTD/2A and b € A=CEEMHD/2A Choose p # +h. By R(6), we
can decompose

T n((s*/1)b) = Ton(=(s* /)b (s NIT, - ((s*2/1)b), T 5 (s*'H)],
where pu = A(7#W=(P)/2 Therefore

p = [Thn((@"/9)a), Tpn(—(s*?/D)b(s " DTy (u(s*2/1)b), Ty (s H]1.
Now using the commutator formula

Lx, sely, 211 = Dr, @1 L, Y1 L, 2190, vy 199 e, 271,
we have

o = Th,_p(t[_ls3é/4_1,u1ab)Tp,_,,(ult[_zs““_lbag) %

« Tph<<s3“/4/z>b>T,,,_,,«sf/z/z)b)<Th,p(,lsé/4—1 Mza)T_p,p(msE/z‘lt’a» %

s Ton (DB Tp —p (2 /DB)YTp (s Ty —p(=(s*/2/1)b) (Th,p(t‘ s a) x

X T_p,p(—/uczsm_ltla))

where 1] = ACM—EPN/2 and 1y = AEWD—ECP/2,
Now the same argument as in the case II, shows that p € EW¥ (SP’;CI’A, sp/tq/A).
Case IV. Ty is short and T;; is long. This case is handled in the same spirit as
the others above. O

LEMMA 4.3. Let (Ag, A) be a quasi-finite form algebra. Let (s™A,s™A) be
the subgroup of ((s)~'A, (s)"'A). Let "G"(s*A,s*A) denote the image of
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Gon(stA, st A) in Gy, ((s)"'A, (s)"'A). Given K and m, there is a ¢, e.g, ¢ =
O((m + 1)4K+3 1 4K+2 ...+ 4), such that

1 1
[EK (—A, —A) G”(s“A,s“A)] C E(s™A,s™A).
S S

Proof. Since (Ag, A) is quasi-finite, the proof reduces to the case A is module
finite over R and R is finitely generated as a Z-algebra. This implies (cf. proof
of (3.7)) that A is module finite over Ry and Ry is also finitely generated as a
Z-algebra. In particular A is a Noetherian Ry-module. We shall show that

11 , ,
[El (—A, —A) VG (st A, sEA):| CEGE™A,s™A)
) )

where m’ = (m 4+ 1)4X—1 4+ 4K=2 4 ... 4+ 4. The conclusion of the lemma follows
from this result, the commutator formulas C(1) and C(2) of the introduction, and
Lemma 4.1.

Let T;;(a/s) € E'(2A,1A) and "0” €” G"(s*A,s*A). We do not treat the
short and long roots separately. We use the standard localization-patching method
to prove our result. We shall show that for any maximal ideal 9 of R, there is an
element f9y € Ry — 97 and a nonnegative integer /sy such that for any a € A,

Lon
t ’ ’

|:T,»j (—fm a) a:| € E(s™HDiA, s(mHDIA), 4.3.1)
N

Suppose this is done. Since the set {tg’{ |9M e Max(Ro)} is not contained in
. . . . [ I .

any maximal ideal of Ry, there is a finite set {t;;l', cee tg?{f} such that the ideal

I Iogi, \ - . I

<t9?l‘, el tﬁf ) is the whole ring Ry. Choose x1, ..., x, € Ry such that xltz)?ll +

"'+xrtsl,3m{r’ = 1. Then

lml lm

lop, X140 ton XrQ
I:Tij <i_l) ,//0’//] Tij % ce Tij ( Smrs ) ’//0_//
(by (4.3.1) and C(2))

El((l/s)A,(l/s)A)E(S(m’+1)4A, s(m/+1)4A)
C (by Lemma4.1) € E(s™ A, s™ A).

m

This finishes the proof.

It remains to prove (4.3.1). Let 97t be a maximal ideal of Ry. Then Agy is a
semilocal ring. Recall the definition of F,, given prior to Theorem 2.2. By Theorem
2.6 (cf. also [10, 9.1.4]) and Corollary 2.4 we have

Gon(s* Ao, ¥ Aom) € Fon (5 Ao, sY° Aan) G (st Ao, s* Asam). (4.3.2)
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Therefore the image of o over Agy can be decomposed as a product of elements
of Go(stAgn, st Agyn) and Fo, (s¥3 Aoy, st/ Agp). Thus we can find an element
t € Ry — M such that over ((t)~'A, (t)"'A), o can be factored as &8, where
§ € Go(s* (1) TA, st (t)"'A) and £ € Fp,(s*3(t)7'A, s*3(t)"'A). By Lemma
2.7, there is a q such that the canonical homomorphism

G, (rq<s>—1A, 0 <s>—1A) LY Gz,,((st)_lA, (st)_1A> (4.3.3)

is injective. Let [ > q. Since Tj; (t'a/s) € 62n<tq(s)_1A, tq(s)_1A>, we have by
Theorem 2.1 that

p=1T;(t'a/s)," 5" € Gan(19(s) " 4, 1(5) ' A ).
Let p denote the image of p in Gz,,((st)‘lA, (st)_1A>. If we can show that

p € EGPtIA, s 1IA)

where p = (m’+ 1)4 then because of the injectivity of the map in (4.3.3) we obtain
that p € E(sPA, sPA).

Let T;;(t'a/s), o, § and § denote respectively the images of T;; (t'a/s), o, § and
£1in Ga,((st)" A, (st)"'A). Then

o= [1(0) ] [()-] v
[a () ()4

If {+i, £j}N{£1} = B then [T;; ((t"/s)a), 8] = 1. If {£i, £} N{£1} # @ then we
choose k ¢ {=i, &j} and change the embedding of G, in G, to that corresponding
to {£k}, without sacrificing the validity of Corollary 2.4, Theorem 2.6 and (4.3.2).
This done, we obtain again that [T,»j((t[ /s)a), 8] = 1. Thus, in either case, we

achieve that p= [&((t[/s)a), g].

Since
$€3 /3 e
§EE(TATA), 3 >p+DF+4+4 and K =1,
it follows from Lemma 4.2 that there is a [ such that [Lj(t[a/s),g] €
E(sPt9A, sPt9A). This completes the proof. O

If s = 1 then the above lemma implies the result of Bak and Vavilov [4, 5], that
E», (A, A) is a normal subgroup of G, (A, A) when n > 3.

THEOREM 4.4. Let (Ag, A) be a quasi-finite form algebra. Then E»,(A, A) is a
normal subgroup of G,,(A, A).
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DEFINITION 4.5. Let (Ag, A) be a quasi-finite form algebra. Let s € Ry. Define

G(s™' A
= Ker(G2, (A, A) —> Go,({s) ' A, ()" A)/Ean((s) ' A, (s) 71 A)),

and

G5, A) =Ker(Gy (A, A) —> G (Ag, M)/ Eon (AR, A)is).

THEOREM 4.6. Let (Ag, A) be a quasi-finite form algebra. Then
[G(s™!, A), GG, A)] € Exy(A, A).

Proof. As in Lemma 4.3, the proof reduces to the case A is module finite over
Ry and Ry is Noetherian. We first show that

En(s)7'A, (s)7'A) = | ) EX (lA, lA). 4.6.1)
S )
K>0

Letm > 1 and T;;(a/s™) € E>,((s)"'A, (s)~'A). Suppose first that T;; is a short
root, namely i # £j. Choose h # +i, =j. By R(4), we have that

()= () (1]

By induction on m, we conclude that there is a K such that

a k(1. 1
Ty (%) € EX (a4, <a).
S S S

Suppose now that T;; = T; _; is a long root. If m is odd, decompose

a 1 a 1

gm o gm=1/2 ¢ gm—1/2
and if m is even then decompose

a 1 a 1

s - sm/2 1 gm/2°

Suppose m is odd. Then by R(6), we have

a a —a 1
Tt () = 7 () | B () 7o (i ) |
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where j # +i. Suppose m is even. Then by R(6), we have

a a —a 1
it () =1 () | 7o () 700 ()|

Since the short roots are in

U EXW1/94, (1/s)n),

K>0

we conclude that there is a K such that T; _;(a/s™) € EX((1/s)A, (1/s)A). This
completes the proof of (4.6.1).
By Lemma 2.7 there is an m such that the canonical homomorphism,

V1 G (s™A, s™A) —> Ga,((s) A, (s)7TA)

is injective. Since A is module finite over Ry and Ry is Noetherian, the Artin—Rees
Lemma [1,10.10] tells us that given an integer n > 0, there is an integer / > 0 such
that '™ A N A C s"A.

Leto € G(s™', A) and p € G(§, A). We must show that [0, p] € Ea, (A, A).
Choose K such that "¢” € EX((1/s)A, (1/s)A). Let £ = 9((m 4 1)4K+3 4 4K+2 ¢
-+ -+4) (see Lemma 4.3) and choose p = €+, using the Artin—Rees Lemma. Then

Gon(sPA, sPANA) C Gyy(stA, sEA). (4.6.2)
Let

A A
0:Gum(AN) — G | o7 T~
sPA SPANA

denote the canonical map. Thus Kerf = G,,(s? A, s? A N A). Since

o) < By (A A
E n _’ . 9
PrEEm A ANA

there is an element £~ € E,, (A, A) such that 6(§~') = 0(p). This and (4.6.2) im-
ply that p& € G,,(stA, s*A). By Theorem 4.4, E,, (A, A) is a normal subgroup of
G2, (A, A). Thus by C(1), [0, p] € Ey, (A, A) if and only if [0, p€] € E», (A, A).
Because G,,(s™A,s™A) is normal in G,,(A, A), it follows that [o, p§] €
Gon,(s™A, s™A). Since the image "o” of o is in EX((1/s)A, (1/s)A) and the
image " p&" of p& isin "G5 (s*A, s*A), it follows from Lemma 4.3 that

[//O_//’//pg//] c E(SmA, smA)

Since i is injective and takes F,,(s™A, s™A) bijectively onto E(s™A, s™A), it
follows thats

[0, p&] € Fan(s™A, s™A) C Epn(A, A),

and the proof is complete. U
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