NON-ABELIAN HOMOLOGY OF GROUPS

HVEDRI INASSARIDZE^∗ AND NICK INASSARIDZE^{∗∗}

Abstract. New descriptions of non-abelian group homology in terms of derived functors are given and the Mayer-Vietoris sequence is constructed. Sufficient conditions are established for non-abelian homology groups of dimension ≥ 2 to be finitely generated, finite, p-groups, torsion groups or groups of exponent q. Some formulas for the second and third non-abelian homology of groups are obtained.

Introduction and summary

The non-abelian homology of groups with coefficients in any group in any dimension was introduced in [10]. It generalizes the classical Eilenberg-MacLane homology of groups [5,6] and extends Guin’s non-abelian homology [7].

The low dimensional H_0 and H_1 non-abelian homology groups with coefficients in crossed modules were defined by Guin and had important applications in the algebraic K-theory of non-commutative local rings [7].

The higher non-abelian homology groups were constructed as the non-abelian left derived functors [14,8] of the non-abelian tensor product of groups.

The non-abelian tensor product of groups was introduced by R. Brown and J.-L. Loday [1-3] following works of A. Lue [15] and R.K. Dennis [4]. It arises in applications to homotopy theory of a generalized Van Kampen theorem. It was defined for a pair A, B of groups which act on themselves by conjugation (^xy = xyx^{−1}) and on each other such that the following compatibility conditions hold: (^ab)a′ = aba^{−1} a′, (^ba)b′ = bab^{−1} b′ (1) for all a, a^′ ∈ A and b, b^′ ∈ B.

By definition, the non-abelian homology groups H_n(G, A) of a group G with coefficients in any group A in any dimension n ≥ 0 are the non-abelian left derived functors of the generalized non-abelian tensor product of Brown and Loday [10,11].

1991 Mathematics Subject Classification. 18G50.

Key words and phrases. Tensor product, derived functors, non-abelian group homology. 1

Let A and B be arbitrary groups which act on themselves by conjugation and on each other. The compatibility conditions above are not assumed to hold. The nonabelian tensor product A ⊗ B of the groups A and B is the group generated by the symbols a ⊗ b, (a ∈ A, b ∈ B) subject to the following relations

aa^′ ⊗ b = (^aa^′ ⊗^ab)(a ⊗ b) a ⊗ bb^′ = (a ⊗ b)(^ba ⊗^bb^′) (a ⊗ b)(a^′ ⊗ b^′) = (^{[a,b]}a^′ ⊗^{[a,b]}b^′)(a ⊗ b) (a^′ ⊗ b^′)(a ⊗ b) = (a ⊗ b)(^{[b,a]}a^′ ⊗^{[b,a]}b^′)

for all a, a^′ ∈ A and b, b^′ ∈ B, where [a, b] = aba^{−1}b^{−1} ∈ A ∗ B (free product of A and B). Now we recall the definition of non-abelian homology groups given in [10]. Let A denote a group. Let A_A denote the category whose objects are all groups G together with an action of G on A by automorphisms of A and an action of A on G by automorphisms of G. Morphisms in the category A_A are all group homomorphisms α : G → H which preserve the actions, namely α(^ag) =^aα(g) and^ga =^{α(g)}a, for all a ∈ A and g ∈ G. Let F : A_A → A_A be the endofunctor defined as follows: for an object G of A_A, let F (G) denote the free group generated by G with actions:^{|g1|ϵ1 ···|gs|ϵs} a =

g^{ϵ1}_1 (. . . (g^{ϵs}_s a) . . . ), and a(|g

1|^{ϵ1} · · · |g_s|^{ϵs} ) = |^ag_1|^{ϵ1} · · · |^ag_s|^{ϵs} where a ∈ A, |g_1|^{ϵ1} · · · |g_s|^{ϵs} ∈ F (G) and ϵ_i = ±1; for a morphism α : G → G^′ of A_A, let F (α) be the canonical homomorphism from F (G) to F (G^′) induced by α.

Let τ : F → 1_{AA} be the obvious natural transformation and let δ : F → F^2 be the natural transformation induced for every G ∈ ob A_A by the injection G → F (G). We obtain a cotriple F = (F, τ, δ), which we call the free cotriple in the category A_A. Let P be the projective class induced by the free cotriple F.

The non-abelian tensor product of groups defines a covariant functor − ⊗ A from the category A_A to the category Gr of groups. Consider the non-abelian left derived functors L^P_n (− ⊗ A), n ≥ 0, of the functor − ⊗ A relative to the projective class P induced by the free cotriple F.

Let G and A be groups acting on each other. Then the non-abelian homology of G with coefficients in A are defined by the following way: H_n(G, A) = L^P_{n−1}(G ⊗ A), n ≥ 2, H_1(G, A) = Ker λ^′, H_0(G, A) = Coker λ^′,

where λ^′ : G ⊗ A → A/H, λ^′(g ⊗ a) = [^gaa^{−1}], and H is the normal subgroup generated by the elements^{(ag)}a^′ ·^{aga−1} a^{′−1} for all a, a^′ ∈ A, g ∈ G.

It is easy to see that if G and A are any groups acting on each other trivially then H_n(G, A) ≈ H_n(G, A^{ab}) for n ≥ 1, where A^{ab} is the abelianization of the group A.

For non-commutative local rings, the relationship of Milnor’s algebraic K-functor K_2 with the symbol group Sym is given in terms of a long exact sequence of nonabelian homology of groups [10] extending Guin’s six terms exact sequence [7]. In fact, let R be a non-commutative local ring such that R/ Rad R ≠ F_2 . Then one has the following exact sequence of groups · · · −→ H_3(R^∗, [R^∗, R^∗]) −→ H_2(R^∗, U(R), [R^∗, R^∗]) −→ H_2(R, U(R)) −→ −→ H_2(R^∗, [R^∗, R^∗]) −→ H_1(R^∗, U(R), [R^∗, R^∗]) −→ H_1(R, U(R)) −→ −→ H_1(R^∗, [R^∗, R^∗]) −→ K_2(R) −→ Sym(R) −→ [R^∗, R^∗]/[R^∗, [R^∗, R^∗]] −→ 1. For precrossed P -modules (M, μ) and (N, ν), there is the exact sequence of groups · · · −→ H_3(M, N) −→ L^P_2 (M ∧^P N) −→ L^P_1 (f, N) −→ H_2(M, N) −→ L^P_1 (M ∧^P N) −→ L^P_0 (f, N) −→ M ⊗ N^f−→ M ∧^P N −→ 1 , obtained in [12], where M ∧^P N is the exterior product, f : M ⊗ N → M ∧^P N is the natural epimorphism given by m ⊗ n → m ∧ n and L^P_n (M ∧^P N), n ≥ 1, are the left derived functors of the functor − ∧^P N relative to the projective class induced by the free cotriple in the category of precrossed P -modules.

The rest of the paper is organized as follows. In section 1, the Mayer-Vietoris sequence (Theorem 5) is constructed. This generalizes the long exact sequence of non-abelian homology groups H_∗(G, A) with respect to the variable G (Theorem 3). Then non-abelian homology groups are described as the non-abelian left derived functors of the functor H_1(−, A) (Theorem 7), as well as of the section functor Γ in the category of cosheaves (Theorem 10). Sufficient conditions are established for the non-abelian homology groups to be finitely generated, finite, p-groups, torsion groups or groups of exponent q (Theorem 11).

In section 2, formulas for the second and third non-abelian homology of groups are obtained by using Ĉech resolutions (Theorems 12, 16 and 19). For an arbitrary group A acting trivially on Z when Z acts on A such that the compatibility conditions (1) hold, it is shown that there is a natural isomorphism Z ⊗ A ≈ A^{ab}, n ⊗ a → [^{n−1}a] · [^{n−2}a] · · · [^1a] · [a] (Proposition 13).

1. Some properties of the non-abelian homology of groups

First we describe in the category A_A the projective class P induced by the free cotriple F and the corresponding P-epimorphisms.

Proposition 1. A morphism α : G → G^′ of the category A_A is a P- epimorphism if and only if there exists a section map β : G^′ → G which preserves the actions of A i.e β(^ag^′) =^aβ(g^′) for all a ∈ A, g^′ ∈ G^′;

Proposition 2. In the category A_A the following conditions are equivalent:

(i) F belongs to the projective class P.

(ii) F is a free group generated by a set X such that^ax ∈ X for all a ∈ A and x ∈ X. (iii) For any morphism α : G → G^′ which has a section map β : G^′ → G preserving the actions of A and any morphism κ^′ : F → G^′ there exists a morphism κ : F → G such that ακ = κ^′.

The proof of these propositions is left to the reader.

As noted in Remark 3 [10], the exact sequence of the non-abelian homology H_∗(G, A) of groups with respect to the variable G can be obtained. In fact we have

Theorem 3. Let G_1, G, G_2, A be arbitrary groups. Suppose that A acts on G_1, G and G_2, and all groups act on A. Let 1 → G_1^α−→ G^β−→ G_2 → 1 be an exact sequence of groups such that the homomorphisms α and β preserve the actions. Then H_0(G, A) ≈ H_0(G_2, A) and there is a long exact sequence of non-abelian homology groups

(2) · · · −→ H_4(G_2, A) −→ H_3(G, G_2, A) −→ H_3(G, A) −→ H_3(G_2, A) −→ −→ H_2(G, G_2, A) −→ H_2(G, A) −→ H_2(G_2, A) −→ H_1(G, G_2, A) −→ −→ H_1(G, A) −→ H_1(G_2, A) −→ 1, where

H_n(G, G_2, A) = π_{n−1}(Ker(F_∗(β) ⊗ 1_A)), n ≥ 1, Ker(F_∗(β) ⊗ 1_A) = {Ker(F^n(β) ⊗ 1_A), n ≥ 1}.

Proof. The proof follows from the commutative diagram of groups · · · −→ −→ −→ Ker(F^2(β) ⊗ 1_A)

¯∂1_0 −→−→ ¯∂1_1

Ker(F^1(β) ⊗ 1_A) ↓ ↓ · · · −→ −→ −→ F^2(G) ⊗ A

∂^1_0 −→−→ ∂^1_1 F^1(G) ⊗ A^{∂00}−→ G ⊗ A^{λ′}−→ A/H^′ ↓^1F^2(β)^{⊗1}A ↓^1F^1(β)^{⊗1}A ↓ β⊗1A ‖ · · · −→ −→ −→ F^2(G_2) ⊗ A

∂^1_0 −→−→ ∂^1_1

F^1(G_2) ⊗ A^{∂00}−→ G_2 ⊗ A^{λ′}−→ A/H^′_2

.

■ Remark 4. In the exact sequence (2) the groups H_1(G, A) and H_1(G_2, A) can be replaced by the groups π_0(F_∗(G) ⊗ A) and π_0(F_∗(G_2) ⊗ A) respectively.

Let G_2 D = ↓^α2 G_1^{α1}−→ G (3) be a diagram in the category A_A with surjective α_1. Let L_∗(D, A) be the pullback of the induced diagram F_∗(G_2) ⊗ A ↓ F∗(α2)⊗1A F_∗(G_1) ⊗ A^{F∗(α1)⊗1A} −−−−−−→ F_∗(G) ⊗ A . Define H_n(D, A) = π_{n−1}L_∗(D, A), n ≥ 2.

Theorem 5 (Mayer-Vietoris sequence). For any diagram (3) there is a long exact sequence (4) · · · −→ H_{n+1}(G, A) −→ H_n(D, A) −→ H_n(G_1, A)⊕H_n(G_2, A) −→ H_n(G, A) −→ · · · · · · −→ H_2(D, A) −→ H_2(G_1, A) ⊕ H_2(G_2, A) −→ H_2(G, A) −→ π_0L_∗(D, A) −→ −→ π_0(F_∗(G_1) ⊗ A) × π_0(F_∗(G_2) ⊗ A) −→ π_0(F_∗(G) ⊗ A) −→ 1.

Proof. One has the following commutative diagram of simplicial groups with exact rows 1 −→ I_∗^{σ∗}−→ L_∗(D, A)^{p∗}−→ F_∗(G_2) ⊗ A −→ 1 ‖ ↓^q∗ ↓ F∗(α2)⊗1A 1 −→ I_∗ −→ F_∗(G_1) ⊗ A^{F∗(α1)⊗1A}−−−−−−→ F_∗(G) ⊗ A −→ 1 , (5) where I_∗ = Ker(F_∗(α_1) ⊗ 1_A). Diagram (5) induces the following commutative diagram with exact rows

· · · −→ π_1(F_∗(G_2) ⊗ A) −→ π_0(I_∗) −→ π_0L_∗(D, A) −→ π_0(F_∗(G_2) ⊗ A) −→ 1 ↓ ‖ ↓ ↓ · · · −→ π_1(F_∗(G) ⊗ A)^{δ1}−→ π_0(I_∗) −→ π_0(F_∗(G_1) ⊗ A) −→ π_0(F_∗(G) ⊗ A) −→ 1 . (6)

The connecting homomorphism π_n(F_∗(G) ⊗ A) → π_{n−1}L_∗(D, A), n ≥ 1, is the composite map π_{n−1}(σ_∗)δ_n. The homomorphism π_n(L_∗(D, A)) → π_n(F_∗(G_1) ⊗ A) × π_n(F_∗(G_2) ⊗ A), n ≥ 0, is induced by π_n(q_∗) and π_n(p_∗). The map π_n(F_∗(G_1) ⊗ A) × π_n(F_∗(G_2)⊗A) → π_n(F_∗(G)⊗A), n ≥ 0, is given by π_n(F_∗(α_1)⊗1_A)π̇_n(F_∗(α_2)⊗1_A)^{−1}. To get the exactness of the sequence (4) it remains to apply diagram (6). ■

Remark 6. If the group G_2 is trivial then we recover the sequence (2) (see Remark 4).

Let G and A be any groups which act on each other. Let us consider H_1(−, A) as a functor from the category A_A to the category Gr of groups and its left derived functors L^P_n (H_1(−, A)) relative to the projective class P induced by the free cotriple F. Then one has

Theorem 7. There is a natural isomorphism H_n(G, A) ≈ L^P_{n−1}(H_1(G, A)), n ≥ 1. Proof. One has a short exact sequence of groups 1 −→ H_1(G, A) −→ G ⊗ A^{λ′}−→ Im λ^′ −→ 1, and for any surjective morphism α : G → G^′ of A_A the commutative diagram of groups G ⊗ A^{λ′}−→ A/H ↓ ‖ G^′ ⊗ A^{λ′}−→ A/H^′ ,

where H = H^′ and λ^′(G ⊗ A) = λ^′(G^′ ⊗ A). Then the assertion follows from the long exact sequence of homotopy groups of the following short exact sequence of simplicial groups

1 1 1 ↓ ↓ ↓ · · · −→. .−→ H1(F^3(G), A) −→ −→ −→ H_1(F^2(G), A) −→−→ H_1(F^1(G), A) ↓ ↓ ↓ · · · −→. .−→ F^3(G) ⊗ A −→ −→ −→ F^2(G) ⊗ A −→−→ F (G) ⊗ A ↓ λ^′ ↓ λ^′ ↓ λ^′ · · · −→. .−→ Im λ^′ −→ −→ −→ Im λ^′ −→−→ Im λ^′ ↓ ↓ ↓ 1 1 1

, (7)

where the bottom simplicial group is a constant simplicial group and λ^′ : G ⊗ A → A/H. ■ Note that Theorem 7 generalizes the well known fact that the integer homology can be obtained as the left derived functors of the abelianization functor.

Let C be a category with finite limits, P a projective class in the category C and T a functor from C to the category Gr of groups.

Definition 8 ([17]). The functor T is called a cosheaf over (C, P) if for any Pepimorphism X → A the sequence of groups T (X ×_A X)−→−→T (X) −→ T (A) −→ 1, is exact, where X ×_A X is the pullback of the diagram X ↓ X −→ A . Proposition 9. (i) H_1(−, A) is a cosheaf over (A_A, P);

(ii) If the actions satisfy compatibility conditions (1), then H_1(−, A) is a right exact functor.

Proof. (i) From the commutative diagram of groups (7) it follows that H_1(−, A) ≈ L^P_0 H_1(−, A). Apply the fact that a functor is cosheaf if and only if it is naturally isomorphic with its zero derived functor relative to the projective class [17 or 9, Proposition 2.26].

(ii) Follows from the commutative diagram of groups 1 −→ H_1(G_2, A) −→ G_2 ⊗ A −→ A ↓ ↓ ‖ 1 −→ H_1(G, A) −→ G ⊗ A −→ A ↓ ↓ ‖ 1 −→ H_1(G_1, A) −→ G_1 ⊗ A −→ A ↓ ↓ 1 1

.

■ Now a new description of the non-abelian homology of groups will be given in terms of cosheaves. For this we need some assertions from [17 or 9, Chapter 2].

Let CS(C) denote the category of cosheaves over (C, P).

For any P ∈ ob P define the cosheaf Z_P : C → Gr as follows: Z_P (A) is the free group generated by the set Hom_C (P, A). Let Q be the projective class in the category CS(C) generated by the cosheaves Z_P which means that any object of Q is a retract of coproducts of cosheaves of the form Z_P [17 or 9, Proposition 2.29].

For any object A ∈ ob C define the section functor Γ_A : CS(C) → Gr by Γ(T ) = T (A), T ∈ ob CS(C).

Theorem 10. Let C be the category A_A and G ∈ ob A_A. Then there are isomorphisms H_n(G, A) ≈ L^Q_{n−1}Γ_G(− ⊗ A), n ≥ 2, H_n(G, A) ≈ L^Q_{n−1}Γ_G(H_1(−, A)), n ≥ 1.

Proof. Since the functors (− ⊗ A) and H_1(−, A) are cosheaves over (A_A, P) (see and Proposition 9(i)), the isomorphisms follow from [17 or 9, Theorem 2.34] and Theorem 7. ■

Theorem 11. Let G and A be any groups. Let A act on G trivially and G act on A. (i) If G is a finite group and A is a finite group (or p-group or finitely generated group), then H_n(G, A), n ≥ 2, is a finite group (or p-group or finitely generated group);

(ii) If A is a torsion group (or its any element has order dividing q), then H_n(G, A), n ≥ 2, is a torsion group (or a group of exponent q).

Proof. Let us consider a P-projective pseudosimplicial resolution of G in the category A_A X_∗^{∂00}−→ G. Apply the following Quillen’s construction [18,9] 1 −→ ΩX_∗ −→ EX_∗ −→ X_∗ −→ Cπ_0X_∗ −→ 1 to the pseudosimplicial group X_∗. One gets the comutative diagram of groups

· · · −→. .−→ Ker(∂^10 · · · ∂^{n+1}0 )

∂^{n+1}_0 −−→. .−−→ ∂^{n+1}_n · · · −→ −→ −→ Ker(∂^1_0 ∂^2_0 )

∂^2_0 −→−→ ∂^2_1

Ker(∂^1_0 ) ≡ EX_∗

↓ ∂^{n+1}_{n+1} ↓ ∂^2_2 ↓ ∂^1_1 · · · −→. .−→ Xn ∂^n_0 −→. .−→ ∂^n_n · · · −→ −→ −→ X_1

∂^1_0 −→−→ ∂^1_1

X_0 ≡ X_∗ ↓ ↓ ↓ · · · −→. .−→ G −→. .−→ · · · −→ −→ −→ G −→−→ G ≡ Cπ_0X_∗ ↓ ↓ ↓ 1 1 1

,

where Cπ_0X_∗ is the constant simplicial group. Therefore we have the following commutative diagram of groups

1 1 1 ↓ ↓ ↓ · · · −→. .−→ Ker(∂^{n+1}n+1 ⊗ 1A) −→. .−→ · · · −→ −→ −→ Ker(∂^2 ⊗ 1_A) −→−→ Ker(∂^1 ⊗ 1_A) ↓ ↓ ↓ · · · −→. .−→ Ker(∂^10 · · · ∂^{n+1}0 ) ⊗ A

∂^{n+1}_0 ⊗1_A −−−−−→. . −−−−−→ ∂^{n+1}_n ⊗1_A · · · −→ −→ −→ Ker(∂^1_0 ∂^2_0 ) ⊗ A

∂^2_0 ⊗1_A −−−→ −−−→ ∂^2_1 ⊗1_A

Ker(∂^1_0 ) ⊗ A

↓ ∂^{n+1}_{n+1} ⊗1A ↓ ∂^2_2 ⊗1A ↓ ∂^1_1 ⊗1A · · · −→. .−→ Xn ⊗ A ∂^n_0 ⊗1_A −−−−→. .−−−−→ ∂^n_n ⊗1_A · · · −→ −→ −→ X_1 ⊗ A

∂^1_0 ⊗1_A −−−→ −−−→ ∂^1_1 ⊗1_A

X_0 ⊗ A ↓ ↓ ↓ · · · −→. .−→ G ⊗ A −→. .−→ · · · −→ −→ −→ G ⊗ A −→−→ G ⊗ A ↓ ↓ ↓ 1 1 1

.

(8)

Thus the sequence of simplicial groups 1 −→ Ker(ϑ ⊗ 1_A) −→ EX_∗ ⊗ A^{ϑ⊗1A}−−−→ X_∗ ⊗ A^{j⊗1A}−−−→ Cπ_0X_∗ ⊗ A −→ 1, is exact, where ϑ_n : (EX_∗)_n → X_n is induced by the homomorphism ∂^{n+1}_{n+1} : X_{n+1} → X_n and j_n : X_n → (Cπ_0X_∗) is the composite homomorphism ∂^0 ∂^1_0 · · · ∂^n_0 . Therefore one gets two long exact sequences of groups: · · · −→ π_{n+1} Ker(j⊗1_A) −→ π_n Ker(ϑ⊗1_A) −→ π_n(EX_∗⊗A) −→ π_n Ker(j⊗1_A) −→ −→ π_{n−1} Ker(ϑ ⊗ 1_A) −→ · · · −→ π_1 Ker(j ⊗ 1_A) −→ π_0 Ker(ϑ ⊗ 1_A) −→ −→ π_0(EX_∗ ⊗ A) −→ π_0 Ker(j ⊗ 1_A) −→ 1 and · · · −→ π_{n+1}(Cπ_0X_∗⊗A) −→ π_n Ker(j⊗1_A) −→ π_n(X_∗⊗A) −→ π_n(Cπ_0X_∗⊗A) −→ −→ π_{n−1} Ker(j ⊗ 1_A) −→ · · · −→ π_1(Cπ_0X_∗ ⊗ A) −→ π_0 Ker(j ⊗ 1_A) −→ −→ π_0(X_∗ ⊗ A) −→ π_0(Cπ_0X_∗ ⊗ A) −→ 1. But the homotopy groups π_n(EX_∗ ⊗ A), n ≥ 0, are trivial, since the augmented pseudosimplicial group (EX_∗, ϵ, 1) is right contractible with contractions h = 0 and h_n = s^{n+1}_{n+1} for n ≥ 0 [18,9]. This implies that

H_{n+1}(G, A) = π_n(X_∗ ⊗ A) ≈ π_{n−1}(Ker(ϑ ⊗ 1_A)), n ≥ 1. (9)

Assume now with no lose of generality that A acts on X_∗ trivially. Any Ker(∂^1_0 · · · ∂^{n+1}_0 ), n ≥ 0, acts trivially on A and since it is a free group, by [3, Proposition 2.4] one has

Ker(∂^1_0 · · · ∂^{n+1}_0 ) ⊗ A ≈ Ker(∂^1_0 · · · ∂^{n+1}_0 )^{ab} ⊗ A^{ab} ≈ ∑ α A^{ab}, (10)

where α runs over the basis of Ker(∂^1_0 · · · ∂^{n+1}_0 ).

First we prove (i): If G is a finite group and A acts trivially on G then we can construct a new P-projective simplicial resolution G_∗ of the object G in the category A_A such that every G_n will be finitely generated free group [12]. This can be done as follows.

Recall the definition of the loop functor G from the category of reduced complexes to the category of simplicial groups [13].

Let K be a reduced complex (i.e. K is simplicial set which has only one 0-simplex ϕ). Then we define a simplicial group G K as follows: the group of the n-simplices is a group which has

(i) one generator σ for every n + 1-simplex σ ∈ K_{n+1}, (ii) one relation s^nτ = e_n for every n-simplex τ ∈ K_n.

The face and degeneracy homomorphisms ∂^n_i : G_n K → G_{n−1} K and s^n_i : G_n K → G_{n+1} K are given by the formulas ∂^n_i σ = ∂^n_i σ, 0 ≤ i < n, ∂^n σ = ∂^n σ · ∂^n_{+1}σ^{−1}, s^n_i σ = s^n_i σ, 0 ≤ i ≤ n. Clearly the groups G_n K are free and from [13] it is known that π_n(K) ≈ π_{n−1}(G K) for n > 0.

Let G be a category which has only one object O and Hom(O, O) = G, and consider the nerve M_∗(G) of the category G. It is easy to see that M_∗(G) is a reduced complex. It is known that π_1(M_∗(G)) ≈ G and π_n(M_∗(G)) = 0, n ≠ 1. Let us consider the simplicial group G M_∗ (G). Then π_0(G M_∗ (G)) ≈ π_1(M_∗(G)) ≈ G and

π_{n−1}(G M_∗ (G)) ≈ π_n(M_∗(G)) = 0, n > 1. Hence G M_∗ (G)^{∂00}−→ G is a P-projective simplicial resolution in the category of groups, where ∂^0 is the natural epimorphism, P is the projective class in the category of groups induced by the free cotriple.

Thus, if we define the action of A on G_n M_∗(G) trivially and the action of G_n M_∗(G) on A as follows:_m a =^{∂00 ∂10 ···∂n0 m}a, m ∈ G_n M_∗(G), then by Propositions 1 and 2 one deduces that G_n M_∗(G)^{∂00}−→ G is the P-projective simplicial resolution in the category A_A.

Therefore the group Ker(∂^1_0 · · · ∂^{n+1}_0 ) is the subgroup with finite index of the finitely generated free group and by [19] Ker(∂^1_0 · · · ∂^{n+1}_0 ) is also a finitely generated free group. Hence by (10) if A is finite group (or p-group or finitely generated group) so is Ker(∂^1_0 · · · ∂^{n+1}_0 ) ⊗ A, n ≥ 0. By (8) and (9) it follows that H_n(G, A), n ≥ 2 is a finite group (or p-group or finitely generated group).

(ii) is proved analogously by (8-10) and the fact that the property of a group to be torsion (or of exponent q) is stable under coproducts, subgroups and quotient groups. ■

2. The second and the third non-abelian homology of groups

Now new descriptions of the second and third non-abelian homology of groups will be given.

Let G and A be arbitrary groups which act on each other. Let P be an object of the projective class P and P^α−→ G be a P-epimorphism in the category A_A. Consider the Ĉech resolution of G for α : P → G [17 or 9, Definition 2.31, Examples] · · · −→ −→ −→ −→ P ×_G ×_G ∂^2_0 −→ −→ −→_{∂22} P ×^G P ∂^1_0 −→−→ ∂^1_1 P^α−→ G. The actions of A and P ×_G · · · ×_G P on each other are induced in a natural way by the actions of A and P on each other.

Denote by C_∗ the following simplicial group · · · −→ −→ −→ −→ (P ×_G P ×_G P ) ⊗ A ∂^2_0 ⊗1_A −−−→ −→ −−−→ ∂^2_2 ⊗1_A (P ×_G P ) ⊗ A ∂^1_0 ⊗1_A −−−→ −−−→ ∂^1_1 ⊗1_A P ⊗ A^{α⊗1A}−−−→ G ⊗ A. Theorem 12. (i) There is an isomorphism

H_2(G, A) ≈ Ker(∂^1_0 ⊗ 1_A) ∩ Ker(∂^1 ⊗ 1_A)/[Ker(∂^1_0 ⊗ 1_A), Ker(∂^1 ⊗ 1_A)];

(ii) there is an epimorphism

H_3(G, A) −→ ∩_{i∈[2]} Ker(∂^2_i ⊗ 1_A)/ ∏ I,J [K_I , K_J ],

where ∅ ≠ I, J ⊂ [2] = {0, 1, 2} with I ∪ J = [2], K_I = ∩_{i∈I} Ker(∂^2_i ⊗ 1_A) and K_J = ∩_{j∈J} Ker(∂^2_j ⊗ 1_A).

Proof. By [17 or 9, Theorem 2.39(ii)] we know that there is an isomorphism

H_2(G, A) = L^P_1 (G ⊗ A) ≈ π_1C_∗

(11)

and an epimorphism

H_3(G, A) = L^P_2 (G ⊗ A) −→ π_2C_∗ .

(12)

Now we have to show that C_2 = P ×_G P ×_G P and C_3 = P ×_G P ×_G P ×_G P are generated by degenerate elements. In fact, for any (x, y, z) ∈ C_2 and a ∈ A one has (x, y, z) ⊗ a = (x, x, x)(1, x^{−1}y, x^{−1}y)(1, 1, y^{−1}z) ⊗ a = (^{(x,x,x)}(1, x^{−1}y, x^{−1}y) ·^{(x,x,x)}(1, 1, y^{−1}z) ⊗^{α(x)}a)((x, x, x) ⊗ a) = ((1, yx^{−1}, yx^{−1})(1, 1, xy^{−1}zx^{−1}) ⊗^{α(x)}a)((x, x, x) ⊗ a) = (^{(1,yx−1,yx−1)}(1, 1, xy^{−1}zx^{−1}) ⊗^{α(x)}a)((1, yx^{−1}, yx^{−1}) ⊗^{α(x)}a)((x, x, x) ⊗ a) = ((1, 1, zy^{−1}) ⊗^{α(x)}a)((1, yx^{−1}, yx^{−1}) ⊗^{α(x)}a)((x, x, x) ⊗ a) = (s_0 ⊗ 1_A)((1, zy^{−1}) ⊗^{α(x)}a) · (s_1 ⊗ 1_A)((1, yx^{−1}) ⊗^{α(x)}a) · (s_0 ⊗ 1_A)((x, x) ⊗ a).

For C_3 the proof is similar.

By [3, Lemma 5.7] and [16, Theorem 4.1] there are equalities Im d_2 = [Ker(∂_0 ⊗ 1_A), Ker(∂_1 ⊗ 1_A)], Im d_3 = ∏ I,J [K_I , K_J ], (13)

where ∅ ≠ I, J ⊂ [2] = {0, 1, 2} with I ∪ J = [2], K_I = ∩_{i∈I} Ker(∂^2_i ⊗ 1_A), K_J = ∩_{j∈J} Ker(∂^2_j ⊗ 1_A) and d_2, d_3 are Moore complex homomorphisms of C_∗.

From (11-13) follows the assertion. ■ We need the following calculation of the non-abelian tensor product of groups.

Proposition 13. Let A be any group acting trivially on Z and Z acts on A such that the compatibility conditions (1) hold. Then there is a natural isomorphism Z ⊗ A^≈−→ A^{ab}, n ⊗ a → [^{n−1}a] · [^{n−2}a] · · · [^1a] · [a]. Proof. By [3, Proposition 2.3] Z ⊗ A is an abelian group and n ⊗^aa^′ = n ⊗ a^′. Therefore, n ⊗ aa^′ = (n ⊗ a)(n ⊗ a^′). (14)

Let define a homomorphism f : Z ⊗ A → A^{ab} as follows: n ⊗ a → [^{n−1}a] · [^{n−2}a] · · · [^1a] · [a]. We have to show that this map preserves the defining relations of the non-abelian tensor product. In fact,

f((n + m) ⊗ a) = [^{n+m−1}a] · · · [^1a] · [a], f(m,^na) = [^{m−1}(^na)] · · · [^1(^na)] · [^na] = [^{n+m−1}a] · · · [^{n+1}a] · [^na].

Therefore f((n + m) ⊗ a) = f(m ⊗^na)f(n ⊗ a). Next, f(n ⊗ aa^′) = [^{n−1}(aa^′) · · · [^1(aa^′)] · [aa^′], f(n ⊗^aa^′) = [^{n−1}a^′] · · · [^1a^′] · [a^′].

Therefore f(n ⊗ aa^′) = f(n ⊗ a)f(n ⊗^aa^′).

Now define g : A^{ab} → Z ⊗ A by [a] → 1 ⊗ a. It is easy to see that g is a correctly defined homomorphism. We have to show that gf is identity map. In effect, by (14) and the following formula

(n + 1) ⊗ a = (1 ⊗^na)(n ⊗ a)

we have

gf(n ⊗ a) = 1 ⊗ (^{n−1}a · · ·^1a · a) = (1 ⊗^{n−1}a) · · · (1 ⊗^1a)(1 ⊗ a) =

= (n ⊗ a)((n − 1) ⊗ a)^{−1} · · · ((n − 1) ⊗ a)((n − 2) ⊗ a)^{−1} · · · (2 ⊗ a)(1 ⊗ a)^{−1}(1 ⊗ a) = = n ⊗ a. It is easy to see that fg is also identity map. ■

Example 14. Let A be a metabelian group and the action of Z on A is defined by inner automorphism, i.e.^na^′ = a^na^′a^{−n} for all n ∈ Z, a^′ ∈ A for some a ∈ A. If A acts on Z trivially, then in this case the groups Z and A act on each other compatibly and Proposition 13 can be applied.

Proposition 15. Let A be a metabelian group acting on Z trivially and Z act on A by inner automorphism (see above). Then there is a natural isomorphism

Z^2 ⊗ A ≈ (A^{ab})^2.

Proof. Check the conditions of Proposition 10 [1] in our case. One has (a):^m(^na^′) =^n(^ma^′).

(b)-(c):^n(m ⊗ a^′) = m ⊗^na^′ is an action and since = m ⊗ a^na^′a^{−n} = m ⊗ a^′, it is trivial.

Therefore by Proposition 10 [1] and Proposition 13 one has natural isomorphisms Z^2 ⊗ A ≈ (Z ⊗ A) × (Z ⊗ A) ≈ A^{ab2}. ■ Let us consider an exact sequence of groups 1 −→ R^σ−→ F^α−→ G −→ 1, where F ∈ P and α is a P-epimorphism. We have commutative diagrams of groups with exact rows and columns 1 1 ↓ ↓ R = R ↓^σ1 ↓ σ 1 −→ R^{σ0}−→ F ×_G F^{∂0}−→ F −→ 1 ‖ ↓ ∂1 ↓ α 1 −→ R^σ−→ F^α−→ G −→ 1 ↓ ↓ 1 1

, (15)

1 1 ↓ ↓ 1 −→ Ker(σ_1 ⊗ 1_A)^β−→ Ker(σ ⊗ 1_A) −→ Coker β ↓ ↓ R ⊗ A = R ⊗ A ↓ σ1⊗1A ↓ σ⊗1A R ⊗ A^{σ0⊗1A}−−−→ (F ×_G F ) ⊗ A^{∂0⊗1A}−−−→ F ⊗ A −→ 1 ‖ ↓ ∂1⊗1A ↓ α⊗1A R ⊗ A^{σ⊗1A}−−−→ F ⊗ A^{α⊗1A}−−−→ G ⊗ A −→ 1 ↓ ↓ 1 1

. (16)

Define a homomorphism

δ : Ker(∂_0 ⊗ 1_A) ∩ Ker(∂_1 ⊗ 1_A) → Coker β,

by δ(x) = [y] for all x ∈ Ker(∂_0 ⊗ 1_A) ∩ Ker(∂_1 ⊗ 1_A) and with (σ_1 ⊗ 1_A)(y) = x. It is easy to verify that δ is correctly defined and is an isomorphism. From Theorem 12(i) follows

Theorem 16. Let G and A be any groups acting on each other. Then H_2(G, A) ≈ Coker β/δ([Ker(∂_0 ⊗ 1_A), Ker(∂_1 ⊗ 1_A)]).

Corollary 17. If A acts trivially on G, G acts on A and the actions are compatible, then there is an isomorphism

H_2(G, A) ≈ Coker β.

Proof. It is obvious, since by Proposition 2.3 [3] in this case the group (F ×_G F )⊗A is abelian. ■

Note that if G acts on A and A acts on G trivially such that the actions are compatible then H_n(G, A) ≈ H_n(G, A^{ab}), n ≥ 2, since G ⊗ A ≈ G ⊗ A^{ab}.

Let Z_n act on a group A and A act on Z_n trivially such that the actions are compatible. Further we assume that Z acts on A via the canonical homomorphism α : Z → Z_n and A acts trivially on Z. Consider the isomorphism κ : A^{ab} → nZ ⊗ A given by a → n ⊗ a and the homomorphism σ_1 ⊗ 1_A : nZ ⊗ A → (Z ×_α Z) ⊗ A (see diagram (16)). Then one has

Proposition 18. There is an isomorphism

H_2(Z_n, A) ≈_N (A^{ab})/ Ker((σ_1 ⊗ 1_A)κ),

where_N (A^{ab}) = Ker N, N : A^{ab} → A^{ab} with N([a]) = ∑ x∈Z_n x[a].

Proof. It is clear that α is a P-epimophism (see Proposition 1). Using Proposition 13 one has the following commutative diagram nZ ⊗ A^{κ−1}−−→ A^{ab} ↓ σ⊗1A ↓ N Z ⊗ A^≈−→ A^{ab} . It remains to apply Corollary 17. ■

Let us consider the category A_{Mod} of A-modules. In this category consider the following projective class P:

An object of P is a free abelian group having a basis X such that^ax ∈ X for any x ∈ X, a ∈ A. It is clear that the projective class P includes all free A-modules. For any additive functor T : A_{Mod} → abGr(abelian groups) consider its left derived functors L^P_n T , n ≥ 0. For any short exact sequence of A-modules 0 → B_1^i−→ B^j−→ B_2 → 0, where j is a P-epimorphism i.e. with an action preserving section, one has a long exact sequence of the left derived functors L^P_n T of T .

Consider the following commutative diagram of groups with exact rows: 1 −→ R^σ−→ F^α−→ G −→ 1 ↓ τ^′ ↓ ↓ 1 −→ Ker(α^{ab})^{σ′}−→ F^{ab αab}−−→ G^{ab} −→ 1 , where G ∈ ob A_A, F is an object of the projective class P in the category A_A (see above) and α is a P-epimorphism.

Theorem 19. Let G be an abelian group acting on a group A trivially and A acts on G. Then one has an exact sequence of groups

(Ker(σ ⊗ 1_A) ∩ Ker(τ^′ ⊗ 1_A))^{ab} −→ H_2(G, A) −→ Tor^P_1 (G, IA) −→ 0,

where IA is the augmentation ideal of A.

Proof. It is easy to show that in this case τ^′ is surjective. So one gets the following commutative diagram of groups with exact rows and columns [F, F ] ⊗ A = [F, F ] ⊗ A ↓ ↓ 1 −→ Ker(σ ⊗ 1_A) −→ R ⊗ A^{σ⊗1A}−−−→ F ⊗ A^{α⊗1A}−−−→ G ⊗ A −→ 1 ↓ λ ↓ τ^′⊗1A ↓ ‖ 1 −→ Ker(σ^′ ⊗ 1_A) −→ Ker(α^{ab}) ⊗ A^{σ′⊗1A}−−−→ F^{ab} ⊗ A^{αab⊗1A}−−−−→ G ⊗ A −→ 1 ↓ ↓ 1 1

.

It will be shown that the natural epimorphism λ : Ker(σ ⊗ 1_A) −→ Ker(σ^′ ⊗ 1_A) reduced to Ker(σ_1 ⊗ 1_A) (see diagram (16)) and to δ([Ker(∂_0 ⊗ 1_A), Ker(∂_1 ⊗ 1_A)]) is trivial. In effect, the commutative diagram with exact rows 1 −→ R^{σ1}−→ F ×_G F^{∂11}−→ F −→ 1 ↓ ↓ ↓ 1 −→ Ker(∂^1^{ab}) −→ (F ×_G F )^{ab ∂11} ab −−→ F^{ab} −→ 1 induces the following commutative diagram

R ⊗ A^{σ1⊗1A}−−−→ (F ×_G F ) ⊗ A^{∂11 ⊗1A}−−−→ F ⊗ A −→ 1 ↓ ↓ ↓ Ker(∂^1^{ab}) ⊗ A −→ (F ×_G F )^{ab} ⊗ A^{∂11} ab⊗1_A −−−−−→ F^{ab} ⊗ A −→ 1 (17)

which maps to the diagram R ⊗ A^{σ⊗1A}−−−→ F ⊗ A^{α⊗1A}−−−→ G ⊗ A −→ 1 ↓ τ^′⊗1A ↓ ‖ Ker(α^{ab}) ⊗ A^{σ′⊗1A}−−−→ F^{ab} ⊗ A^{αab⊗1A}−−−−→ G ⊗ A −→ 1 (18)

using the triple (1_R, ∂^1_0 , α) (see diagram (15)).

To this end we need the fact that the homomorphism Ker(∂^1^{ab}) ⊗ A → (F ×_G F )^{ab} ⊗ A is injective. The short exact sequence of A-modules

1 −→ Ker(∂^1^{ab}) −→ (F ×_G F )^{ab ∂11} ab −−→ F^{ab} −→ 1 has a section γ given by γ[f] = [(f, f)] which preserves the actions of A. Therefore it induces a long exact sequence of the left derived functors of − ⊗_{Z[A]} IA with relative to the projective class P

· · · −→ Tor^P_1 (F^{ab}, IA) −→ Ker(∂^1^{ab}) ⊗_{Z[A]} IA −→ (F ×_G F )^{ab} ⊗_{Z[A]} IA −→ −→ F^{ab} ⊗_{Z[A]} IA −→ 0. Since F^{ab} belongs to the projective class P, one has Tor^P_1 (F^{ab}, IA) = 0. By Guin’s isomorphism [7] the groups Ker(∂^1^{ab}) ⊗_{Z[A]} IA, (F ×_G F )^{ab} ⊗_{Z[A]} IA and F^{ab} ⊗_{Z[A]} IA are naturally isomorphic to the groups Ker(∂^1^{ab}) ⊗ A, (F ×_G F )^{ab} ⊗ A and F^{ab} ⊗ A respectively. This implies that the homomorphism Ker(∂^1^{ab}) ⊗ A → (F ×_G F )^{ab} ⊗ A is injective.

Using (17,18) diagrams the triviality of λ on Ker(σ_1⊗1_A) and δ([Ker(∂_0⊗1_A), Ker(∂_1⊗ 1_A)]) is now clear.

By the same reason the short exact sequence of A modules 0 −→ Ker(α^{ab}) −→ F^{ab αab}−−→ G −→ 0, which has a natural needed section, gives the following exact sequence 0 −→ Tor^P_1 (G, IA) −→ Ker(α^{ab}) ⊗ A^{σ′⊗1A}−−−→ F^{ab} ⊗ A^{αab⊗1A}−−−−→ G ⊗ A −→ 0 . It follows by Theorem 16 that λ induces a natural epimorphism H_2(G, A) on Tor^P_1 (G, IA) and by the homomorphism δ the group (Ker(σ ⊗ 1_A) ∩ Ker(τ^′ ⊗ 1_A)) maps on its kernel. ■

Note that Tor^P_1 (G, IA) = Coker Tor_1(α^{ab}, IA).

Acknowledgements The authors would like to thank Professor A.Bak for helpful comments. The work was partially supported by Grant No GM1-115 of the U.S. CRDF, INTAS Grant 93-2618^∗ and INTAS Grant 93-436^{∗∗}.

References

1. R.Brown, D. L.Johnson and E.F.Robertson, Some computation of non-abelian tensor products of groups, J. of Algebra 111 (1987), 177-202.

2. R.Brown and J.-L.Loday, Excision homotopique en basse dimension, C.R. Acad. Sci. Paris S.I Math. 298, No. 15 (1984), 353-356.

3. R.Brown and J.-L.Loday, Van Kampen theorems for diagrams of spaces, Topology 26 (1987), 311-335.

4. R.K.Dennis, In search of new homology functors having a close relationship to K-theory, Preprint, Cornell University (1976) 5. S.Eilenberg and S.MacLane, Homology theories for multiplicative systems, Trans. Amer. Math.

Soc 71 (1951), 294-330.

6. S.Eilenberg and S.MacLane, On the groups H(π, n),II, Annals of Math. 60 (1954), 49-139. 7. D.Guin, Cohomologie et homologie non-abéliennes des groupes, J. Pure Applied Algebra 50 (1988), 109-137.

8. H.Inassaridze, Homotopy of pseudosimplicial groups, non-abelian derived functors and algebraic K-theory, Math. USSR Sbornik 27(3) (1975), 339-362 (in Russian).

9. H.Inassaridze, Non-abelian homological algebra and its applications, Kluwer Academic Publishers, Amsterdam, 1997, 270 pages.

10. N.Inassaridze, Non-abelian tensor products and non-abelian homology of groups, J. Pure Applied Algebra, 112, (1996), 191-205.

11. N.Inassaridze, Finiteness of a non-abelian tensor product of groups, Theory and Applications of Categories, Vol.2, No.5, (1996), 55-61.

12. N.Inassaridze, Relationship of non-abelian tensor products and non-abelian homology of groups with Whiteheads’s gamma functor, Proc. A.Razmadze Math. Inst., Georgian Acad. Sci., Vol.117, 1998, 31-52.

13. D.M.Kan, A combinatorial definition of homotopy groups, Ann. Math. Vol. 67, No. 2 (1958), 282-312.

14. F.Keune, Nonabelian derived functors and algebraic K-theory, Lecture Notes in Math., Springer- Verlag, 341 (1973), 158-168.

15. A.S-T.Lue, The Ganea map for nilpotent groups, J. London Math. Soc. (2) 14 (1976), 309-312. 16. A.Mutlu, T.Porter, Applications of Peiffer pairings in the Moore complex of a simplicial group, Preprint, 1997, University of Wales, Bangor.

17. T.Pirashvili, On non-abelian derived functors, Proc. A.Razmadze Math. Inst., Georgian Acad.

Sci., 42 (1979), 91-104 (in Russian).

18. D.Quillen, Spectral sequences of a double semi-simplicial group, Topology 5 (1966), 155-157. 19. O.Schreier, Die Untergruppen der freien Gruppen, Hamburg. Abh., 5 (1927), 161-183.

A.Razmadze Mathematical Institute, Georgian Academy, of Sciences, M.Alexidze St. 1, Tbilisi 380093. Georgia

E-mail address: hvedri@rmi.acnet.ge, inas@rmi.acnet.ge