NON-ABELIAN TENSOR PRODUCTS AND NON-ABELIAN HOMOLOGY OF GROUPS

NIKO INASSARIDZE

Some functorial propeties of the non-abelian tensor product of groups are established. With the use of the non-abelian left derived functors [7, 8] the homology groups of groups are constructed with coefficients in any group, as the left derived functors of the non-abelian tensor product, which generalize the classical theory of homology of groups. Exact sequences of the non-abelian homology groups and their application to algebraic K-theory of noncommutative local rings are given. For this we extend the non-abelian tensor product of groups introduced by Brown and Loday [2-4, 5, 10] to arbitrary pairs G, H of groups which act on themselves by conjugation and each of which acts on the other. We do not demand as in [2-4] that the compatibility conditions (^g h)g′ =ghg^{−1} g′, (^hg)h′ =hgh^{−1} h′ (1) hold, where g, g^′ ∈ G, h, h^′ ∈ H, and ghg^{−1}, hgh^{−1} are elements of the free product G ∗ H. The tensor product G ⊗ H is the group generated by the symbols g ⊗ h and defined by the relations

gg^′ ⊗ h = (^gg^′ ⊗^g h)(g ⊗ h)

g ⊗ hh^′ = (g ⊗ h)(^hg ⊗^h h^′)

(g ⊗ h)(g^′ ⊗ h^′) = (^{[g,h]}g^′ ⊗^{[g,h]} h^′)(g ⊗ h)

(g^′ ⊗ h^′)(g ⊗ h) = (g ⊗ h)(^{[h,g]}g^′ ⊗^{[h,g]} h^′)

for all g, g^′ ∈ G and h, h^′ ∈ H, where [g, h] = ghg^{−1}h^{−1} ∈ G ∗ H.

In order to obtain the characterizing universal property of the non-abelian tensor product of groups we need the notion of a crossed pairing. A map Φ : G × H → L where G, H and L are groups, is called a crossed pairing if for all g, g^′ ∈ G and h, h^′ ∈ H, Φ(gg^′, h) = Φ(^gg^′,^g h)Φ(g, h)

Φ(g, hh^′) = Φ(g, h)Φ(^hg,^h h^′)

Φ(g, h)Φ(g^′, h^′) = Φ(^{[g,h]}g^′,^{[g,h]} h^′)Φ(g, h)

Φ(g^′, h^′)Φ(g, h) = Φ(g, h)Φ(^{[h,g]}g^′,^{[h,g]} h^′).

The research described in this publication was made possible in part by Grant #MXH000 from the International Science Foundation

Typeset by AMS-TEX 1

Definition 1. The non-abelian tensor product of groups G and H is a group A and a crossed pairing f : G×H → A such that for every group D and every crossed pairing f^′ : G × H → A there exists a unique homomorphism α : A → D such that αf = f^′.

It is easy to see the above-mentioned tensor product G⊗H satisfies this definition and it is unique up to isomorphism. We have the isomorphism γ : G ⊗ H → H ⊗ G, γ(g ⊗ h) = (h ⊗ g)^{−1}. It is clear also that if the actions of the pair G, H of groups satisfy the compatibility conditions (1) then we obtain the tensor product of Brown and Loday.

Therefore if G and H act trivially on each other,then G ⊗ H ≈ G^{ab} ⊗ H^{ab} (the tensor product of the abelianizations of G and H).It follows also that if H is an abelian group which acts trivially on G, then we have the isomorphism of Guin [6] G ⊗ H ≈ IG ⊗_G H, where IG = Ker ϵ, ϵ : Z[G] → Z, ϵ( ∑ i n_ig_i) = ∑ i n_i and this isomorphism is given by g ⊗ α → (g − 1) ⊗ α (see [6]).

Suppose Θ : G → A,Φ : H → B are homomorphism of groups, A,B act on each other,and Θ, Φ preserve the actions in the sense that

Φ(^gh) =^{Θg}(Φh), Θ(^hg) =^{Φh}(Θg)

for all g ∈ G,h ∈ H.Then there is a unique homomorphism Θ ⊗ Φ : G ⊗ H → A ⊗ B such that (Θ ⊗ Φ)(g ⊗ h) = Θg ⊗ Φh for all g ∈ G,h ∈ H.Further,if Θ,Φ are onto, so also is Θ ⊗ Φ.

In fact we have

(Θ × Φ)(gg^′, h) = ΘgΘg^′ ⊗ Φh = (^{Θg}Θg^′ ⊗^{Θg}Φh)(Θg ⊗ Φh) = = (Θ(^gg^′) ⊗ Φ(^gh))(Θg ⊗ Φh) = (Θ × Φ)(^gg^′,^gh)(Θ × Φ)(g, h),

(Θ × Φ)(g, hh^′) = Θg ⊗ ΦhΦh^′ = (Θg ⊗ Φh)(^{Φh}Θg ⊗^{Φh}Φh^′ =

= (Θg ⊗ Φh)(Θ(^hg) ⊗ Φ(^hh^′)) = (Θ × Φ)(g, h)(Θ × Φ)(^hg,^hh^′),

(Θ × Φ)(g, h)(Θ × Φ)(g^′, h^′)(Θ × Φ)(g, h)^{−1} =

= (Θg ⊗ Φh)(Θg^′ ⊗ Φh^′)(Θg ⊗ Φh)^{−1} =

=^{[Θg,Φh]}Θg^′ ⊗^{[Θg,Φh]})Φh^′ = Θ(^{[g,h]}g^′) ⊗ Φ(^{[g,h]}h^′) = (Θ × Φ)(^{[g,h]}g^′,^{[g,h]}h^′).

Analogously we can verify the fourth relation of the crossed pairing.

Thus the map Θ × Φ : G × H → A ⊗ B is a crossed pairing and Θ ⊗ Φ is the induced homomorphism.

We now investigate for the non-abelian tensor product the connection with the group of crossed homomorphisms as adjoint functors and the properties of exactness and compatibility with the direct limits of groups.

Theorem 1.

(a) Suppose 1 −→ A^f−→ B^g−→ C −→ 1 is a short exact sequence of groups, D is an arbitrary group which acts on A, B and C, the groups A, B, C also act on D and f, g preserve the actions.

Then we have the following exact sequence of groups: D ⊗ A^{f ′}−→ D ⊗ B^{g′}−→ D ⊗ C −→ 1, where f^′ = 1 ⊗ f, g^′ = 1 ⊗ g.

(b) Suppose 1 −→ A^f−→ B^g−→ C −→ 1, (2) 1 −→ D^ϕ−→ E^ψ−→ F −→ 1 (3) are short exact sequences of groups,where A and D, B and E, C and F act on each other,f and ϕ, g and ψ preserve the actions. Then the following sequence of groups (A ⊗ E) × (B ⊗ D)^α−→ B ⊗ E^{g⊗ψ}−−−→ C ⊗ F −→ 1 is exact, where α is a map of sets.

Proof. (a) First we shall show that Im f^′ is an invariant subgroup of D ⊗ B. Let ∏_k i=1(d_i ⊗ f(a_i))^{ni} ∈ Im f^′.It suffices to prove that

(d ⊗ b) k∏ i=1 (d_i ⊗ f(a_i))^{ni} (d ⊗ b)^{−1} ∈ Im f^′,

It is clear that (d ⊗ b) ∏_k i=1(d_i ⊗ f(a_i))^{ni} (d ⊗ b)^{−1} = (d ⊗ b)(d_1 ⊗ f(a_1))(d ⊗ b)^{−1}(d ⊗ b) · · · (d ⊗ b)(d_k ⊗ f(a_k))(d ⊗ b)^{−1} = ∏_k i=1(^{[d,b]}d_i ⊗^{[d,b]}f(a_i))^{ni} ∈ Im f^′, since each dbd^{−1} b^{−1} f(a i) =^d(b(^{d−1} (b^{−1}f(a_i)b))b^{−1}) is an element of Im f = Ker g. Therefore we have diagram D ⊗ A^{f ′}−−−−→ D ⊗ B^{g′}−−−−→ D ⊗ C −−−−→ 1 ‖ ‖ ‖ ‖ ‖ ‖ D ⊗ A^{f ′}−−−−→ D ⊗ B^τ−−−−→ Coker f^′ −−−−→ 1, where g^′f^′(x) = 1, x ∈ D ⊗ A and the bottom row is exact. Thus, there exists a natural homomorphism β : Coker f^′ → D ⊗ C such that βτ = g^′.

Now define a crossed pairing γ̄ : D × C → Coker f^′ as follows: γ̄(d, c) = [d ⊗ b], where g(b) = c. It is correctly defined. If b^′ = b · f(a), then d ⊗ b^′ = d ⊗ b · f(a) = (d ⊗ b)(^bd ⊗^bf(a)). Thus, (d ⊗ b)^{−1}(d ⊗ b^′) =^bd ⊗^bf(a) ∈ Im f^′. Next, γ̄(dd^′, c) = [dd^′ ⊗ b] = [^dd^′ ⊗^db][d ⊗ b] = γ̄(^dd^′ ⊗^dc)γ̄(d, c), where g(b) = c. Further γ̄(d, cc^′) = [d ⊗ bb^′] = [d ⊗ b][^{g(b)}d ⊗^bb^′] = γ̄(d, c)γ̄(^cd,^cc^′), g(b^′) = c^′. γ̄(d, c)γ̄(d^′, c^′)γ̄(d, c)^{−1} = [d ⊗ b][d^′ ⊗ b^′][d ⊗ b]^{−1} = [^{[d,b]}d^′ ⊗^{[d,b]}b^′] = γ̄(^{[d,c]}d^′,^{[d,c]}c^′), similarly for the fourth relation.

Therefore, γ̄ is a crossed pairing and it induces a homomorphism γ : D ⊗ C → Coker f^′ such that γ(d ⊗ c) = [d ⊗ b], g(b) = c. It is easy to see that βγ and γβ are identity maps.

(b) Define the map α : (A ⊗ E) × (B ⊗ D) → B ⊗ E as follows: ( ∏ i (a_i ⊗ e_i), ∏ (b_i ⊗ d_i) ) → ∏ i (f(a_i) ⊗ e_i) · ∏ (b_i ⊗ Φ(d_i)).

It is clear that Im α = Im(f ⊗ 1_E ) · Im(1_B ⊗ ϕ). From the proof of (a) it follows that the groups Im(f ⊗ 1_E ), Im(1_B ⊗ ϕ) are invariant subgroups of B ⊗ E.It is easy to see that Im α ⊆ Ker(g ⊗ ψ) and thus we have a natural homomorphism π^′ : B ⊗ E/ Im α → C ⊗ F Next,define a crossed pairing p̄^′ : C × F → B ⊗ E/ Im α as follows: p̄^′(c, l) = [b ⊗ e], where g(b) = c, ψ(e) = l and show the correctness. If b^′ = b · f(a), e^′ = eϕ(d), then b^′ ⊗ e^′ = bf(a) ⊗ eϕ(d) = (^bf(a) ⊗^be^bϕ(d))(b ⊗ eϕ(d)) = (^bf(a) ⊗^beϕ(d)) (b ⊗ e) (^eb ⊗^eϕ(d)). Since^eb ⊗^eϕ(d) is an element of the invariant subgroup Im(1_B ⊗ ϕ),it follows that (b^′ ⊗ e^′)(b ⊗ e)^{−1} ∈ Im α. Next, p̄(cc^′, l) = [bb^′ ⊗ e], where g(b) = c, g(b^′) = c^′, ψ(e) = l; p̄^′(^cc^′,^cl) = [^bb^′ ⊗^be] since ψ(^be) =^{g(b)}ψ(e) =^cl. Thus, p̄^′(cc^′, l) = p̄^′(^cc^′,^cl)p̄^′(c, l). Similarly we can prove the second and the third parts of the crossed pairing. Therefore,the map p̄^′ is a crossed pairing and it induces a homomorphism p^′ : C ⊗ F −→ B ⊗ E/ Im α such that p^′(c ⊗ l) = [b ⊗ e], where g(b) = c, ψ(e) = l. It is easy to see that π^′p^′ and p^′π^′ are identity maps. The proof of Theorem 1 is complete.

Remark 1. If the sequences (2),(3) coincide and are central extensions,then from Theorem 1 (b) follows the result of [2] (Proposition 9) and in this case the map α is a homomorphism. Moreover, if the sequence (3) is 1 −→ 1 −→ D^{1D}−−→ D −→ 1, then we obtain the first part of Theorem 1.

Theorem 2. Let A and B be groups which act on each other, such that the compatibility conditions (1) hold. Let C be a group on which act the groups A and B. Then there is a natural bijection F̃ (A, Z^1(B, C)) ≈ ~Hom(A ⊗ B, C), where ~Hom(A ⊗ B, C) is the set of homomorphisms satisfying the following conditions: 1. g(aa^′ ⊗ b) = g(a^′a ⊗ b), 2. g^{a′} (a ⊗ b) ≡ g(^{a′} a ⊗^{a′} b) =^{a′} g(a ⊗ b), 3. g^{b′} (a ⊗ b) ≡ g(^{b′} a ⊗^{b′} b) =^{b′} g(a ⊗ b),

F̃ (A, Z1(B, C)) is the set of maps from A to the set Z1(B, C) of crossed homomorphisms satisfying the following conditions:

4. [f(aa^′)](b) =^a[f(a^′)](b) · [f(a)](b) =^{a′} [f(a)](b) · [f(a^′)](b),

5. [f(a)](^{a′} b) =^{a′} [f(a)](b^′),

6. [f(^{b′} a)](^{b′} b) =^{b′} [f(a)](b).

Proof. Define the maps α : F̃ (A, Z^1(B, C)) −→ ~Hom(A ⊗ B, C), γ : ~Hom(A ⊗ B, C) −→ F̃ (A, Z^1(B, C)) as follows:

[α(f)](a ⊗ b) = [f(a)](b), f ∈ F̃ (A, Z^1(B, C)), a ∈ A, b ∈ B [(γ(g))(a)](b) = g(a ⊗ b), g ∈ ~Hom(A ⊗ B, C), a ∈ A, b ∈ B. We shall show [(γ(g))(a)] ∈ Z^1(B, C). We have [(γ(g))(a)](bb^′) = g(a ⊗ bb^′) = g(a ⊗ b)g(^ba ⊗^bb^′) = g(a ⊗ b)^bg(a ⊗ b^′) = [(γ(g))(a)](b) ·^b[(γ(g))(a)](b^′). Now we must show that γ(g) ∈∼ F (A, Z^1(B, C)). In fact [(γ(g))(aa^′)](b) = g(aa^′ ⊗ b) = g(^aa^′ ⊗^ab) · g(a ⊗ b) =^ag(a^′ ⊗ b)g(a ⊗ b) =^a[(γ(g))(a^′)](b) · [(γ(g))(a)](b) = g(a^′a ⊗ b) =^{a′} [(γ(g))(a)](b) · [(γ(g))(a^′)](b). Furthermore, [(γ(g))(a)](^{a′} b) = g(a ⊗

a^′ b) = g(a^′ a ⊗a^′ b) =a^′ g(a ⊗ b) = a^′ [(γ(g))(a)](b), [(γ(g))(b^′ a)](b^′ b) = g(b^′ a ⊗ b^′ b) =

b^′ g(a ⊗ b) =b^′ [(γ(g))(a)](b).

We shall prove that α(f) ∈ ~Hom(A⊗B, C). For this consider the map α(f) : A× B −→ C, [α(f)](a, b) = [f(a)](b). We have to show that this map is a crossed pairing. We have [α(f)](aa^′, b) = [f(aa^′)](b) =^a[f(a^′)](b) · [f(a)](b), [α(f)](^aa^′,^ab) = [f(^aa^′)](^ab) =^a[f(a^′)](b). Thus [α(f)](aa^′, b) = [α(f)](^aa^′,^ab) · [α(f)](a, b). Next, [α(f)](a, bb^′) = [f(a)](bb^′) = [f(a)](b) ·^b[f(a)](b^′), [α(f)](^ba,^bb^′) = [f(^ba)](^bb^′) = b[f(a)](b^′). So, [α(f)](a, bb^′) = [α(f)](a, b) · [α(f)](^ba,^bb^′).

Therefore, the map α(f) is a crossed pairing and it induces a homomorphism α(f) : A⊗B → C. Now we prove that it satisfies conditions 1, 2 and 3 of Theorem 2.

We have [α(f)](aa^′⊗b) = [f(aa^′)](b) = [f(a^′a)](b) = [α(f)](a^′a⊗b), [α(f)](^{a′} (a⊗ b)) = [α(f)](^{a′} a ⊗^{a′} b) = [f(^{a′} a)](^{a′} b) =^{a′} [f(a)](b) =^{a′} [α(f)](a ⊗ b),[α(f)](^{b′} (a ⊗ b)) = [α(f)](^{b′} a ⊗^{b′} b) = [f(^{b′} a)](^{b′} b) =^{b′} [f(a)](b) =^{b′} [α(f)](a ⊗ b).

It is clear that αγ and γα are identity maps. The proof is complete.

In the case when the groups A, B and C are abelian and they act trivially, Theorem 2 is the well known result that Hom and ⊗ are adjoint functors. The adjoining of these functors was extended to the category of precrossed modules (see [6,10]).

We will show that Theorem 2 is a nontrivial generalization.

Example 1. A and B are abelian groups, C is an arbitrary group and the actions are trivial.

Example 2. Let A = B be an arbitrary group,C = A/H,where H is the invariant subgroup of A generated by the elements xyzy^{−1}x^{−1}yxz^{−1}x^{−1}y^{−1}(x, y, z ∈ A);the group A acts on C as follows:^a[a^′] = [aa^′a^{−1}], a, a^′ ∈ A. Since in the group A/H holds the equality xyzy^{−1}x^{−1}yxz^{−1}x^{−1}y^{−1} = e, we have x^{−1}y^{−1}xyz = zx^{−1}y^{−1}xy for x, y, z ∈ A/H.Thus,every commutator of A/H is central. Therefore, A/H is the maximal homomorphic metabelian image of A. Consider the homomorphisms A⊗A^γ−→ A^τ−→ A/H, where γ(a⊗a^′) = aa^′a^{−1}a^{′−1} and τ is the canonical map.Then the homomorphism g = τγ, which in general is not trivial,satisfies conditions 1,2 and 3 of Theorem 2. In fact g(aa^′ ⊗ a^{′′}) = [aa^′a^{′′}a^{′−1}a^{−1}a^{′′−1}] = [a^′aa^{′′}a^{−1}a^′−1a^{′′−1}] = g(a^′a ⊗ a^{′′}). Next, g(^{a′} a ⊗^{a′} a^{′′}) = [^{a′} a^{a′} a^{′′}(^{a′} a)^{−1}(^{a′} a^{′′})^{−1}] = [a^′aa^{′′}a^{−1}a^{′′−1}a^{′−1}] =^{a′} [aa^{′′}a^{−1}a^{′′−1}] =^{a′} g(a ⊗ a^{′′}).

Example 3. Let A be an abelian group, B an arbitrary group and the actions on each other be compatible. Put C = A⊗B and^{a′} (a⊗b) =^{a′} a⊗^{a′} b,^{b′} (a⊗b) =^{b′} a⊗^{b′} b. Then it is clear that the identity map A⊗B → A⊗B satisfies conditions 1, 2 and 3.

Theorem 3. Let {G_α, ϕ^β_α, α ≤ β} be a directed system of groups.Let A be a group and let for every α the groups A, G_α act on each other and the homomorphisms ϕ^β_α preserve the actions. Then there is a natural isomorphism (lim−→ α {G_α}) ⊗ A ≈ lim−→ α {G_α ⊗ A}

Proof. Define the actions of lim−→ α {G_α} and A on each other as follows:^{[gα]}a =^{gα} a,

a[g_α] = [^ag_α] for all g_α ∈ G_α, a ∈ A. It is clear that these actions are correct. Next, define the map κ̄ : (lim−→ α {G_α}) × A → lim−→ α {G_α ⊗ A} as follows: κ̄([g_α], a) = [g_α ⊗ a]. If [g_α] = [g_β], then there exists γ ≥ α, β such that ϕ^γ_α(g_α) = ϕ^γ_β (g_β). Thus, (ϕ^γ_α)^′(g_α ⊗ a) = ϕ^γ_α(g_α) ⊗ a = ϕ^γ_β (g_β) ⊗ a = (ϕ^γ_β )^′(g_β ⊗ a), where (ϕ^γ_α)^′, (ϕ^γ_β )^′ are induced respectively by ϕ^γ_α, ϕ^γ_β . Therefore, [g_α ⊗a] = [g_β ⊗a]. We show that κ̄ is a crossed pairing. We have κ̄([g_α] · [g_β], a) = [ϕ^γ_α(g_α)ϕ^γ_β(g_β) ⊗ a], γ ≥ α, β; κ̄(^{[gα]}[g_β],^{[gα]}a) = [ϕ^γ_α(g_α)ϕ^γ_β (g_β)·ϕ^γ_α(g^{−1}_α )⊗^{gα} a]; κ̄([g_α], a) = [ϕ^γ_α(g_α)⊗a]. Thus, κ̄([g_α][g_β], a) = κ̄(^{[gα]}[g_β],^{[gα]}a)κ̄([g_α], a). Similarly we can prove the second, the third and the fourth parts of the crossed pairing. Therefore,the map κ̄ induces a homomorphism κ : (lim−→ α {G_α}) ⊗ A → lim−→ α {G_α ⊗ A}. On the other hand, the

canonical homomorphisms ϕ_α : G_α ⊗ A → (lim−→ α {G_α}) ⊗ A, ϕ_α(g_α ⊗ a) = [g_α] ⊗ a,

induce a homomorphism κ^′ : lim−→ α {G_α ⊗ A} → (lim−→ α {G_α}) ⊗ A and it is easy to see

that κκ^′, κ^′κ are identity maps.

It would be preferable to formulate Theorem 3 in a more categorical way in terms of adjunction of functors amplying the preservation of colimits. In our general case the existence of the right adjoint functor for the non-abelian tensor product of groups is not known.

Now we consider the category A_A of groups acting on a fixed group A and the group A acts on these groups. Morphisms of the category A_A are homomorphisms of groups which preserve the actions. Let F : A_A → A_A be an endofunctor defined as follows: for B ∈ ob A_A the object F (B) is the free group generated by B with actions:^{|b1|ϵ1 ...|bs|ϵs} a =^{bϵ11} (^{...}(^{bϵss} a)^{...}), and^a(|b_1|^{ϵ1} . . . |b_s|^{ϵs} ) = |^ab_1|^{ϵ1} . . . |^ab_s|^{ϵs} for a ∈ A, |b_1|^{ϵ1} . . . |b_s|^{ϵs} ∈ F (B) and ϵ_i = ±1. If f : B → B^′ is a morphism of A_A, then the canonical homomorphism F (f) preserves the actions. We note that the actions of the groups F (B) and A do not satisfy in general the compatibility conditions (1).

Let τ : F → 1_{AA} be the obvious natural transformation and let δ : F → F^2 be the natural transformation induced for every B ∈ ob A_A by the injection B → F (B). It is easy to verify that the homomorphisms τ_B and δ_B preserve the actions and therefore are morphisms of A_A. We obtain a cotriple F = (F, τ, δ), which we call the free cotriple in the category A_A.

If P is the projective class of objects in the category A_A induced by the free cotriple (F, τ, δ), we will show that any object B ∈ ob A_A has a P-projective pseudosimplicial resolution (for the definition see [7, 12]). Consider the canonical P-projective resolution of B in the category of groups

· · · →. . → F (L_nB)^{τLnB}−→ L_nB l^n_0 →. . →_{ln} · · · → →F (L2B)^{τL2B}−→ L2B l^2_0 → →_{l2} F (L^1B) τ_{L1B} −→

τ_{L1B} −→ L_1B l^1_0 → →_{l1} F (B)^∂ 0 0−→ B, (4) where (L_{n+1}B, l^{n+1}_0 , . . . , l^{n+1}_{n+1}), n ≥ 0 is the simplicial kernel of the sequence of morphisms (l^n_0 τ_{LnB} , . . . , l^nτ_{LnB}) (for the definition see [7, 12]). Each F (L_nB) acts on A as follows:^xa =^{∂00 ∂10 ...∂n0 x}a, where ∂^0_0 = τ_B, ∂^i_j = l^i_j τ_{LiB}, a ∈ A, x ∈ F (L_nB). The action of A on F (L_nB) will be defined by induction. The action of A on F (B) induces the action of A on L_1B and therefore on F (L_1B). If the action of A is defined for all F (L_iB), 1 ≤ i ≤ n − 1, then this induces the action of A on L_nB and consequently on F (L_nB). Note that for every B ∈ obA_A the morphism τ_B is P-epimorphic. Thus (4) is a P-projective pseudosimplicial resolution of B in the category A_A.

The non-abelian tensor product of groups defines a covariant functor − ⊗ A from the category A_A to the category Gr of groups. Consider the non-abelian left derived functors L^P_n (− ⊗ A), n ≥ 0, of the functor − ⊗ A relative to the projective class P [7]. It is known [11] that the derived functors relative to the projective class induced by a cotriple are isomorphic to the derived functors relative to this cotriple. Therefore L^P_n (− ⊗ A) ≈ L^F_n (− ⊗ A), where the cotriple derived functors L^F_n (B ⊗ A) are defined using the cotriple resolution of B · · · →. . → F^n(B) →. . → · · · →F^2(B) →F^1(B) → B, (5) where F^n(B) = F (F^{n−1}(B)), ∂^n_i = F^iτF^{n−i}, s^n_i = F^iδF^{n−i}. Theorem 4. There is a natural isomorphism L^P_0 (− ⊗ A) ≈ − ⊗ A. Proof. Consider a projective pseudosimplicial resolution of an object B of the category A_A · · · →. . → X_{n−1} ∂^n_0 →. . →_{∂nn} · · · →X_1 ∂^1_0 → →_{∂11} X0^∂ 0 0→ B. Then the sequence of groups Ker ∂^1_0^{∂11 σ}−−→ X_0^{∂00}−→ B −→ 1 is exact, where σ : Ker ∂^1_0 → X_1 is the inclusion, and from Theorem 1 it follows that the sequence Ker ∂^1_0 ⊗ A^{∂11 σ⊗1A} −−−−−→ X_0 ⊗ A^{∂00 ⊗1A}−−−−→ B ⊗ A −→ 1 is also exact.

We have the commutative diagram Ker ∂^1_0 ⊗ A^{∂11 σ⊗1A} −−−−−→ X_0 ⊗ A f ‖ ‖ Ker(∂^1_0 ⊗ 1_A)^{∂11 σ⊗1A} −−−−−→ X_0 ⊗ A^{∂00 ⊗1A}−−−−→ B ⊗ A −−−−→ 1, ;

where the homomorphism f induced by the inclusion σ is surjective by Theorem 1. Thus the horizontal sequence of this diagram is exact.

Theorem 5. For every short exact sequence of objects of the category A_A 1 −→ B_1^f−→ B^g−→ B_2 −→ 1 we have the following exact sequences of the left derived functors of the non-abelian tensor product · · · → L^P_{n+1}(B_2⊗A) → L^P_n [(B, B_2, g)⊗A] → L^P_n (B⊗A) → L^P_n (B_2⊗A) → · · · , (6) where L^P_n [(B, B_2, g) ⊗ A] = π_n(Ker(F_∗(g) ⊗ 1_A)), n ≥ 0, Ker(F_∗(g) ⊗ 1_A) = {Ker(F^n(g) ⊗ 1_A), n ≥ 0};

and, if A acts trivially on (Ker F_∗(g) → B_1), · · · → L^P_{n+1}[(B, B_2, g) ⊗ A] → L^P_n [(B_1, B, f) ⊗ A] → → L^P_n (B_1 ⊗ A) → L^P_n [(B, B_2, g) ⊗ A] → . . . , (7) where L^P_n [(B_1, B, f) ⊗ A] = π_n(Ker(F_∗(f) ⊗ 1_A)), n ≥ 0,

Ker(F_∗(f) ⊗ 1_A) = {Ker(f_n ⊗ 1_A), n ≥ 0},

(see diagram (8)).

Proof. The exact sequence 1 → B_1^f→ B^g→ B_2 → 1 induces the commutative diagram

1 1 1 1 ↓ ↓ ↓ ↓ · · · →. . → Ker F^n(g) →. . → · · · → Ker F^2(g) → Ker F^1(g) → B_1 ↓ fn ↓ f2 ↓ f1 ↓ f · · · →. . → F^n(B) →. . → · · · → F^2(B) → F^1(B) → B ↓ F^n(g) ↓ F^2(g) ↓ F^1(g) ↓^g · · · →. . → F^n(B_2) →. . → · · · → F^2(B_2) → F^1(B_2) → B_2 ↓ ↓ ↓ ↓ 1 1 1 1,

(8)

where the bottom two rows are canonical cotriple resolutions, Ker(F_∗(g)) is a Pprojective resolution of B_1 if A acts trivially on (Ker F_∗(g) → B_1) and the homomorphisms f_n are inclusions.

If we take the tensor product of the diagram (8) and the group A we obtain the following commutative diagram

· · · →. . → Ker F^n(g) ⊗ A →. . → · · · → Ker F^1(g) ⊗ A → B_1 ⊗ A ↓ fn⊗1A ↓ f1⊗1A ↓ f⊗1A · · · →. . → Ker(F^n(g) ⊗ 1_A) →. . → · · · → Ker(F^1(g) ⊗ 1_A) → Ker(g ⊗ 1_A) ↓ ↓ ↓ · · · →. . → F^n(B) ⊗ A →. . → · · · → F^1(B) ⊗ A → B ⊗ A ↓ F^n(g)⊗1A ↓ F^1(g)⊗1A ↓ g⊗1A · · · →. . → F^n(B_2) ⊗ A →. . → · · · → F^1(B_2) ⊗ A → B_2 ⊗ A

.

From Theorem 1 it follows that all vertical homomorphisms of this diagram, except the natural inclusions, are surjective. One gets two short exact sequences of pseudosimplicial groups and the assertion follows from Theorem 1.3 [7].

Theorem 6. If A is an abelian group which acts trivially on a group G ∈ obA_A, then we have natural isomorphisms L^P_n (G ⊗ A) ≈ H_{n+1}(G, A), n ≥ 1, Ker λ^′ ≈ H_1(G, A), Coker λ^′ ≈ H_0(G, A),

where λ^′ : G ⊗ A → A, λ^′(g ⊗ a) =^ga · a^{−1}.

Proof. Let A be a G-module, let Gr_G be the category of groups over G and let Diff_G(W ) = Z[G] ⊗_W IW for W a group over G. By Guin’s Proposition 3.2 [6] L^P_n (−⊗A) is isomorphic to the n-th left derived functor of A⊗_{Z[G]}Diff_G(−) : Gr_G → Gr which gives the Eilenberg-Maclane homology group H_{n+1}(G, A) if n ≥ 1 (see [1]). The proof is complete.

Definition 2. Let G be an object of the category A_A. Then we define

H_n(G, A) = L^P_{n−1}(G ⊗ A), n ≥ 2, H_1(G, A) = Ker λ^′, H_0(G, A) = Coker λ^′,

where λ^′ : G ⊗ A → A/H^′, λ^′(g ⊗ a) = [^gaa^{−1}], and H^′ is the normal subgroup generated by the elements^{(ag)}a^{′aga−1} a^{′−1}, for each a, a^′ ∈ A, g ∈ G.

Remark 2. It is clear that the groups H_n(G, A) are abelian for n ≥ 2. We will show that Im λ^′ is a normal subgroup of A/H^′ and when for the actions of G and A the compatibility conditons (1) hold, then H_1(G, A) is also abelian.

Suppose [a] ∈ Im λ^′ and [b] ∈ A/H^′. We have [b][a][b]^{−1} = [b]λ^′[(g_1 ⊗a_1) · · · (g_n ⊗ a_n)][b^{−1}] = [b^{g1} a_1a^{−1}_1 · · ·^{gn} a_na^{−1}_n b^{−1}] = [^{bg1b−1} (^ba_1)(^ba_1)^{−1} · · ·^{bgnb−1} (^ba_n)(^ba_n)^{−1}] = [^{(bg1)}(^ba_1)][(^ba_1)^{−1}] · · · [^{(bgn)}(^ba_n)][(^ba_n)^{−1}] = λ^′[(^bg_1 ⊗^ba_1) · · · (^bg_n ⊗^ba_n)], where λ^′[(g_1 ⊗ a_1) · · · (g_n ⊗ a_n)] = [a]. It follows [b][a][b]^{−1} ∈ Im λ^′ and Im λ^′ is a normal subgroup of A.

Take l ∈ Ker λ^′. From Proposition 2.3 (f) [4] we have (g ⊗ a)l = (g ⊗ a)l(g ⊗ a)^{−1}l^{−1}l(g ⊗ a) = [(g ⊗ a), l]l(g ⊗ a) = (λ(g ⊗ a) ⊗ λ^′(l))l(g ⊗ a) = l(g ⊗ a), where λ : G ⊗ A → G, λ(g ⊗ a) = g^ag^{−1}, λ^′ : G ⊗ A → A, λ^′(g ⊗ a) =^gaa^{−1} because H^′ = 1. It follows that Ker λ^′ ⊂ Z(G ⊗ A) and therefore it is an abelian group.

Definition 3. If A is a G-group,then we define the homology of G with coefficients in A as H_∗(G, A) with trivial action of A on G.

Theorem 7. Let G, A_1, A, A_2 be arbitrary groups, G acts on A_1, A and A_2, which act on G. Let 1 → A_1^f−→ A^g−→ A_2 → 1 be an exact sequence of groups, where f and g homomorphisms preserve the actions. Then there exist exact sequences of the non-abelian homology

· · · → H_3(G, A_2) → H_2(G, A, A_2) → H_2(G, A) → H_2(G, A_2)^{l1}−→ l_1−→ H 1(G, A, A_2)^{l2}−→ H_1(G, A) → H_1(G, A_2)^{l3}−→ H_0(G, A, A_2)^{l4}−→ l_4−→ H 0(G, A) → H_0(G, A_2) → 1, (9) where

H_n(G, A, A_2) = π_{n−1}(Ker(1_{F∗(G)} ⊗ g)), n ≥ 2, Ker(1_{F∗(G)} ⊗ g) = {Ker(1_F n_{(G)} ⊗ g), n ≥ 1};

H_1(G, A, A_2) =

[Ker(1_F 1_{(G)} ⊗ g) ∩ ∂^0_0^{−1}(Ker(1_G ⊗ g) ∩ Ker λ^′)]

∂^1_1 (Ker(1_F 2_{(G)} ⊗ g) ∩ Ker ∂^1_0 )

, H_0(G, A, A_2) = Ker(~g)/λ^′(Ker(1_G ⊗ g)), and · · · → H_3(G, A, A_2) → H_2(G, A_1, A) → H_2(G, A_1) → H_2(G, A, A_2) → → H_1(G, A_1, A) → H_1(G, A_1) → H_1(G, A, A_2) → → H_0(G, A_1, A) → H_0(G, A_1) → H_0(G, A, A_2) → 1, (10)

where the groups H_n(G, A_1, A) are defined analogously. Proof. Follows from the commutative diagram · · · → F^2(G) ⊗ A_1 ∂^1_0 → →_{∂11} F^1(G) ⊗ A1^∂ 0 0→ G ⊗ A_1^{λ′}→ A_1/H^′_1 ↓^1F 2(G)^{⊗f} ↓^1F 1(G)^{⊗f} ↓ 1G⊗f ↓ · · · → Ker(1_F 2_{(G)} ⊗g)

∂^1_0 → →_{∂11} Ker(1F^1(G) ⊗g)^∂ 0 0→ Ker(1_G ⊗g)^{λ′}→ Ker ~g ↓ ↓ ↓ · · · → F^2(G) ⊗ A ¯∂^1_0 → →_{¯∂11} F^1(G) ⊗ A

¯∂^0_0 → G ⊗ A^{λ̄′}→ A/H^′ ↓^1F 2(G)^{⊗f} ↓^1F 1(G)^{⊗f} ↓ 1G⊗f ↓ ~g · · · → F^2(G) ⊗ A_2 ∂^1_0 → →_{∂11} F^1(G) ⊗ A2^∂ 0 0→ G ⊗ A_2^{λ′}→ A_2/H_2.

Remark 3. The sequence (9) generalizes the well known classical exact sequence of the homology of groups with abelian coefficients. If A_1, A, A_2 are G-modules, then the groups H_n(G, A_1, A) are trivial. The exact sequence of the non-abelian homology H_∗(G, A) of groups with respect to the variable G can be obtained in the same way by using Theorem 5. Remark 4.

(a) If G and A act on each other compatibly (in this case G, A_1 and G, A_2 act on each other compatibly), then H_0(G, A, A_2) = H_0(G, A_1).

(b) Let 1 → (A_1, 1) → (A, μ) → (A_2, λ) → 1 be an exact sequence of crossed G-modules. Then Guin has obtained [6] the following exact sequence of the nonabelian homology

H_1(G, A_1) → H_1(G, A) → H_1(G, A_2) → H_0(G, A_1) → → H_0(G, A) → H_0(G, A_2) → 1. (11)

The first five terms of the sequence (9) coincide with the sequence (11) and we have a natural homomorphism H_1(G, A_1) → H_1(G, A, A_2).

Let A be a non-commutative local ring such that A/Rad A ≠ F_2 . From [6, 9] we know that there exists a group U(A) generated by elements ⟨u, v⟩, where u, v ∈ A^∗ (A^∗ is the group of units of A), subject to the relations U0. ⟨u, 1 − u⟩ = 1, u ≠ 1, u, 1 − u ∈ A^∗ U1. ⟨uu^′, v⟩ =^u⟨u^′, v⟩⟨u, v⟩, U2. ⟨u, vw⟩⟨v, wu⟩⟨w, uv⟩ = 1, where^u⟨v, w⟩ = ⟨uvu^{−1}, uwu^{−1}⟩, such that we have a short exact sequence of crossed A^∗-modules

1 → K_2(A) → U(A) → [A^∗, A^∗] → 1, ⟨u, v⟩ → [u, v], and we have the following exact sequence of non-abelian homology

H_1(A^∗, K_2(A)) → H_1(A^∗, U(A)) → H_1(A^∗, [A^∗, A^∗]) → H_0(A^∗, K_2(A)) → H_0(A^∗, U(A)) → H_0(A^∗, [A^∗, A^∗]) → 1. (12)

It can be proved [6], that H_0(A^∗, [A^∗, A^∗]) = [A^∗, A^∗]/[A^∗, [A^∗, A^∗]]; H_0(A^∗, U(A)) = Sym(A); H_0(A^∗, K_2(A)) = K_2(A), where the group Sym(A) is generated by elements {u, v}, where u, v ∈ A^∗, subject to the relations

S1. {u, 1 − u} = 1, u ≠ 1, u, 1 − u ∈ A^∗, S2. {uu^′, v} = {u, v}{u^′, v}, S3. {u, vv^′} = {u, v}{u, v^′}. Corollary. let A be a non-commutative local ring such that A/ Rad(A) ≠ F_2 . Then the following sequence of groups is exact

· · · → H_3(A^∗, [A^∗, A^∗]) → H_2(A^∗, U(A), [A^∗, A^∗]) → H_2(A, U(A)) → → H_2(A^∗, [A^∗, A^∗]) → H_1(A^∗, U(A), [A^∗, A^∗]) → H_1(A, U(A)) → → H_1(A^∗, [A^∗, A^∗]) → K_2(A) → Sym(A) → [A^∗, A^∗]/[A^∗, [A^∗, A^∗]] → 1

Now we compute H_0 and H_1 for some non-abelian groups. It is clear that H_0(G, G) =^{ab}G, where G is arbitrary group. Since the commutator map κ : G ⊗ G → G is the universal central extension (covering group) of the perfect group G (see Corollary 1 [2]),it follows that H_1(G, G) ≈ H_2(G, Z).

Consider the well known short exact sequence of groups 0 → K_2(A) → ST (A) → E(A) → e, where E(A), ST (A) and K_2(A) are the elementary group, the Steinberg group and the Milnor K-group of the ring A with unit respectively. This sequence induces the actions of these groups on each other by conjugation. Since K_2(A) ⊗ E(A) is a trivial group,the induced map ST (A) ⊗ E(A) → E(A) ⊗ E(A) is an isomorphism. Hence H_1(ST (A), E(A)) ≈ K_2(A). It can also be proved that H_0(ST (A), E(A)) = H_0(E(A), ST (A)) = H_1(E(A), ST (A)) = 1.

Theorem 8. Let {G_α, Φ^β_α, α ≤ β} and {A_α, Ψ^β_α, α ≤ β} be directed systems of groups. Let G and A be groups and let for every α the groups A, G_α and G, A_α act on each other and the homomorphisms Φ^β_α, Ψ^β_α preserve the actions. Then we have natural isomorphisms H_n(lim−→ α {G_α}, A) ≈ lim−→ α {H_n(G_α, A)}, n ≥ 0, H_n(G, lim−→ α {A_α}) ≈ lim−→ α {H_n(G, A_α)}, n ≥ 0.

Proof. First we prove H_0(lim−→ α {G_α}, A) ≈ lim−→ α {H_0(G_α, A)}, H_0(G, lim−→ α {A_α}) ≈ lim−→ α {H_0(G, A_α)}.

Define the maps f : H_0(G, lim−→ α {A_α}) → lim−→ α {H_0(G, A_α)}, g : lim−→ α {H_0(G, A_α)} → H_0(G, lim−→ α {A_α}) and f^′ : H_0(lim−→ α {G_α}, A) → lim−→ α {H_0(G_α, A)}, g^′ : lim−→ α {H_0(G, A_α)} → H_0(G, lim−→ α {A_α}) as follows: f([{a_α}]) = {[a_α]}, {a_α} ∈ lim−→ α {A_α}; the well defined homomorphisms g_α : H_0(G, A_α) → H_0(G, lim−→ α {A_α}), [a_α] → [{a_α}], induce the homomorphism g; f^′([a]) = {[a]}, g^′{[a]} = [a], a ∈ A. It is easy to see that these homomorphisms are well defined and fg, gf, f^′g^′ and g^′f^′ are identity maps.

Now we prove H_1(lim−→ α {G_α}, A) ≈ lim−→ α {H_1(G_α, A)}, H_1(G, lim−→ α {A_α}) ≈ lim−→ α {H_1(G, A_α)}.

Define the maps f : H_1(G, lim−→ α {A_α}) → lim−→ α {H_1(G, A_α)}, g : lim−→ α {H_1(G, A_α)} → H_1(G, lim−→ α {A_α}) and f^′ : H_1(lim−→ α {G_α}, A) → lim−→ α {H_1(G_α, A)}, g^′ : lim−→ α {H_1(G, A_α)} → H_1(G, lim−→ α {A_α}) as follows: the natural isomorphisms G ⊗ lim−→ α {A_α} ≈ lim−→ α {G ⊗ A_α} and lim−→ α {G_α} ⊗ A ≈ lim−→ α {G_α ⊗ A} (see Theorem 3) induce f, g and f^′, g^′ respectively. It is clear that fg, gf and f^′g^′, g^′f^′ are identity maps.

Finally we prove H_n(G, lim−→ α {A_α}) ≈ lim−→ α {H_n(G, A_α)}, for n ≥ 2, H_n(lim−→ α {G_α}, A) ≈ lim−→ α {H_n(G_α, A)}, for n ≥ 2. Applying the well known assertions π_n(lim−→ α {D_α}) ≈ lim−→ α {π_n(D_α)}, where D_α is a simplicial group and F (lim−→ α {G_α}) ≈ lim−→ α {F (G_α)}, we obtain the required isomorphisms H_n(G, lim−→ α {A_α}) ≈ lim−→ α {H_n(G, A_α)}, n ≥ 2, and H_n(lim−→ α {G_α}, A) ≈ lim−→ α {H_n(G_α, A)}, n ≥ 2.

References

[1] M. Barr and J. Beck, Homology and standard constructions, Lecture Notes in Math. No. 80 (1980), Springer-Verlag, 245-335.

[2] R. Brown, D. L. Johnson and E. F. Robertson, Some computation of non-abelian tensor products of groups, J. of Algebra 111 (1987), 177-202.

[3] R. Brown & J.-L. Loday, Excision homotopique en basse dimension, C. R. Acad. Sci. Paris S.I Math. 298 15 (1984), 353-356.

[4] R. Brown & J.-L. Loday, Van Kampen theorems for diagrams of spaces, Topology 26 (1987), 311-335.

[5] R. K. Dennis, In search of new homology functors having a close relationship to K-theory, Preprint, Cornell University (1976).

[6] D.Guin, Cohomologie et homologie non-abéliennes des groupes, J. Pure Applied Algebra 50 (1988), 109-137.

[7] H. Inassaridze, Homotopy of pseudosimplicial groups, non-abelian derived functors and algebraic K-theory, Math. USSR Sbornic 27(3) (1975), 339-362.

[8] F. Keune, Nonabelian derived functors and algebraic K-theory, Lecture Notes in Math. No.

341 (1973), Springer-Verlag, 158-168.

[9] M. Kolster, K_2 of non-commutative local rings, J. of Algebra 95 (1985), 173-200. [10] A.S-T.Lue, The Ganea map for nilpotent groups, J. London Math. Soc. (2) 14 (1976), 309- 312.

[11] T. Pirashvili, On non-abelian derived functors, Trudy Tbilisi Math. Inst. 42 (1979), 91-104. [12] M. Tierney, W.Vogel, Simplicial resolutions and derived functors, Math. Z. 111 (1969), 1-14.

A.Razmadze Mathematical Institute, Georgian Academy of Sciences, Z.Rukhadze st. 1, Tbilisi 380093. Georgia