NUMERICAL APPROXIMATION OF A NON-SMOOTH PHASE-FIELD
MODEL FOR MULTICOMPONENT INCOMPRESSIBLE FLOW

LUBOMIR BANAS AND ROBERT NURNBERG

ABsTrRACT. We present a phase-field model for multiphase flow for an arbitrary number
of immiscible incompressible fluids with variable densities and viscosities. The model con-
sists of a system of the Navier-Stokes equations coupled to multicomponent Cahn-Hilliard
variational inequalities. The proposed formulation admits a natural energy law, preserves
physically meaningful constraints and allows for a straightforward modelling of surface ten-
sion effects. We propose a practical fully discrete finite element approximation of the model
which preserves the energy law and the associated physical constraints. In the case of matched
densities we prove convergence of the numerical scheme towards a weak solution of the con-
tinuous model. The convergence of the numerical approximations also implies the existence
of weak solutions. Furthermore, we propose a convergent iterative fixed-point algorithm for
the solution of the discrete nonlinear system of equations and present several computational
studies of the proposed model.

1. INTRODUCTION

Let Q be a bounded domain in RY, d = 2,3. We consider a mixture of N > 2 immiscible
incompressible fluids and introduce a vector valued order parameter ¢ = (c1,ca,...,cn)7 -
Q — RN, where 0 < ¢; <1,i=1,...,N are order parameters corresponding to the different
fluid components. Physically meaningful values for the order parameter ¢ have nonnegative
entries and satisfy 27]:[:1 cn = 1. Tt is therefore convenient to define the Gibbs simplex

N
GN={¢eRV:) (=1, ¢=0}CRY

n=1

as the set of meaningful values for c, i.e. ¢ € GV. For later use, we denote the corners of the
Gibbs simplex by e;, ¢ = 1,..., N. Similarly we define the vector valued chemical potential
as w = (wy,wa,...,wy)" € RV, In addition, we let u: Q@ — R% and p : © — R denote the
velocity and pressure of the fluid mixture, with its density and viscosity defined by p(c) = c’'p
and p(c) = ¢’ p, respectively. Here p = (p1,p2,...,pn)" € RN and p = (py, po, ..., un)" €
RY denote the densities and viscosities of the individual fluid components, which satisfy
Pmin < Pi < Pmaz; Bmin < Ui < Umin fori=1,...,N, with Pmins Pmazs Mmin, Hmaz € Rso.
We propose a phase-field model for a mixture of N incompressible immiscible fluids. The
model consists of a system of variable density multicomponent Cahn-Hilliard-Navier-Stokes
1
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equations
(1.1a)

de(p(c)u) + V- (plc)u®@u) + V- (1@ j) = V- (2u(c) D(w)) + Vp = p(c)g — A(Vw) e,
(1.1b) V-u=0,
(1.1¢) dic+V-(c®u)=V-(MVw),

10¥(c)

1.1 = —eA -
(1.1d) w eAc + ~ he
where D(u) = £ (Vu+(Vu)T) denotes the rate-of-deformation tensor and V) is the N x d ma-

trix with entries (%’77’:)7”:17“.7]\74,:17.“,(1, for n € RV. For a N xd matrix A = (Amp)m=1,....Np=1,....d>

V - A is the N x 1 vector with entries Zd_l 8A”””, m = 1,...,N. The mobility matrix
p=1 0z,
M = (mij)ij=1,..N € RNXN is described in more detail below. Moreover, we define
N N
(1.2) j: —Zpizmijij = —(MVW)Tp.
i=1  j=1

We consider homogeneous Neumann and Dirichlet boundary conditions for the Cahn-Hilliard
variables ¢, w and the velocity field u, respectively, i.e.

Oc ow
(1.3) ﬁ_M@_O and u=0 on (0,7)x 0%,

where n is the outward unit normal vector to 9. In addition, u and c satisfy the initial
conditions

(1.4) u(0,x) =u’(x) VxeQ and ¢(0,x)=c"(x) VxeQ.

Here we assume the following properties for the initial condition ¢ for the variable c
N

(1.5) (a) c(x)>0 and (b) ch(g) =1 Vx e Q,
i=1

i.e. that ¢%(x) € GV for all x € 2.
The Ginzburg-Landau free energy of the Cahn-Hilliard part of the system takes the form

(1.6) alo) = [ (ngﬁwc)) |

where the homogeneous free energy is expressed as
1
(1.7) U(c) = ¥p(c) — §CTAC,

with A a constant symmetric N x N matrix that models the surface tension forces between
the different fluids. Here a physically reasonable assumption is that diag(A) = 0 and A;; < 0,
for i # j. For equal surface tension forces, which leads to equal 120° angle conditions at triple
junctions, the matrix A in (1.7) takes the form

(1.8) A=1-11T7,
where I is the N x N identity matrix and 1 = (1,...,1)T € R™. The choice of A for more

general contact angle conditions has been discussed in e.g. [15, 29|, see also Sections 2.4 and
5.2 below.
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In this paper the term ¥ in (1.7) represents the obstacle free energy

0 if ceGV

1.9 Uo(c) = ’

(1.9) o(e) {m if ¢cg GN.
o¥(c)

For the non-smooth free energy (1.7) the derivative =52 = (9c, ¥(c), ..., 9, ¥(c))” is only
formal and the equation (1.1d) has to be formulated as a variational inequality, cf. [29].
The mobility matrix M is symmetric positive semi-definite, with the natural property

(1.10) M1=0.

This property ensures that the constraint ZZ]\L 1 ¢; = 1is fulfilled during the evolution, as long
as the initial data satisfies (1.5b). Moreover, for the constant density case it follows from (1.2)
and (1.10) that j vanishes, meaning that our model is consistent with classical models for two-
and multi-phase flow. For instance, in the case of a constant mobility mg € Rg, the mobility
matrix M = (mij)f}f:l is defined by the entries

1-1/N) if i=j
(1.11) mij = mol /N A
—mo/N if i#£7.
An alternative option is a concentration dependent mobility matrix M (c) with entries
c; +v
(112) mij(c) = mo(Ci + I/)(5z — ) s

14+ Nv
where v > 0 is a fixed parameter. Note, that for v — 0 in (1.12), we recover a degenerate
concentration dependent mobility matrix

(1.13) mj(€) = moci(dij — ¢j),

cf. |7, 29]. Other choices for the mobility matrix are also possible, see e.g. [15, 7, 29].

For simplicity we will consider the constant mobility (1.11) throughout the theoretical part of
this paper. However, it is straightforward to generalize the presented numerical approxima-
tions to the case of degenerate and concentration dependent mobilities, such as, e.g., (1.13).
In particular, all theoretical results from this paper remain valid for the model with the regu-
larized variant (1.12) of the degenerate mobility (1.13). Furthermore, Lemmas 2, 3, 5 remain
valid for the numerical approximation with degenerate mobility (1.13), however, the existence
of discrete solutions is not clear, cf. [7].

Energy preserving convergent numerical approximations of variable density Navier-Stokes
equations have been constructed for instance in |27, 2|. In principle, the considered so-called
"sharp interface” model allows an arbitrary number of components to be included. However,
the corresponding numerical approximations suffer from numerical diffusion. Furthermore, the
inclusion of surface tension effects in variable density Navier-Stokes equations is not straight-
forward. Phase-field models have the advantage that various physical effects, such as surface
tension, can be included in a straightforward way. Furthermore, the corresponding numer-
ical approximations do not suffer from numerical diffusion, and preserve properties of the
continuous models, such as mass conservation and energy estimates. Phase-field models for
binary fluid mixtures and their numerical approximations are well-studied. Convergence of
numerical approximations for density independent models of two-phase flows has been shown
in [16, 21]. A thermodynamically consistent phase-field model for two-phase flows has been
proposed in [1]; energy preserving numerical approximations for that model have been con-
sidered in [20, 17], while convergence of a numerical approximation is shown in [18], [19].
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Considerably fewer results are available for mixtures of more than two fluids. For different
approaches to construct phase-field models for ternary fluids with smooth homogeneous free
energy, we refer to [25, 9], the review paper [24] and the references therein. Stable numer-
ical approximations for density dependent three-phase flows have been proposed in [10, 28],
and convergence of these numerical approximations towards weak solutions has been shown
in the case of constant density. Development of phase-field models for N > 3 fluid phases is
not straightforward due to the complicated modelling of surface tension effects, cf. [23, 26].
Recently, generalizations of the thermodynamically consistent phase-field model from [1] for
variable density flows with an arbitrary number of phases and their numerical approximations
have been proposed in [13, 14]. We also mention the work [11], which proposes consistent
N-component Cahn-Hilliard models with smooth free energy, as well as their numerical ap-
proximation and the coupling with Navier-Stokes equations. For the numerical approximation
of multicomponent Cahn-Hilliard systems in the absence of fluid flow, including the case of
degenerate mobility (1.13) and for the non-smooth obstacle free energy (1.7), see e.g. [7, 29].
In the present work we propose a generalization of the thermodynamically consistent model
from [1] for an arbitrary number of fluid components. As far as we are aware, all existing
phase-field models for fluid flow use a smooth or regularized free energy formulation and the
present model is the first one to employ a non-smooth free energy. The advantage of the non-
smooth obstacle energy (1.9) is that the pure phases are easily identified, and that physically
meaningful values for ¢ are guaranteed throughout. We construct an energy stable numerical
approximation of the model and show convergence of the approximation to a weak solution in
the case of fluids with equal densities. Apart from the present paper, convergence of numerical
approximations of Cahn-Hilliard-Navier-Stokes systems for N > 2 components has only been
show in [10, 28]. We note that their results are limited to N = 3 components, while the
results presented in this paper hold for arbitrary N > 2. In addition, the convergence of our
numerical approximations implies the existence of weak solutions to (1.1) for a non-smooth
energy, which is a new result even for N = 2. Furthermore, as detailed in Remark 1, the
existence of discrete solutions requires a velocity-pressure-density compatibility condition for
the corresponding finite element spaces to hold !.

The remainder of the paper is organized as follows. In Section 2 we discuss properties of the
continuous model, such as the energy inequality, surface tension effects and consistency with
models for N = 2 fluid components. The density independent model is considered in detail
in Section 3. Here we propose a fully discrete energy preserving numerical approximation of
the model and prove convergence towards a weak solution. Furthermore, we present a simple
fixed point algorithm for the solution of the discrete nonlinear system of equations and show
its convergence. In Section 4 we construct an energy preserving numerical approximation of
the density dependent model. The paper concludes with Section 5, where we briefly discuss
implementation issues, such as mesh adaptivity and algebraic solvers, and where we present
numerical studies of the model.

2. PROPERTIES OF THE MODEL
Below we summarize the main properties of the model (1.1).
1No‘ce7 that an analogical velocity-pressure-density compatibility condition was used previously in [27, 2]

where the former used a piecewise constant pressure-density spaces, and the latter used piecewise linear con-
tinuous pressure-density spaces.
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2.1. Energy law. An energy law for the system (1.1) can be obtained by the following formal
calculations. Using the representation for the density p(c) = ¢?p and (1.2) we obtain from
(1.1c) that

(2.1) diple) +V - (ple)u) + V-3 = 0.

We multiply (2.1) by |u|?, integrate over { and use integration by parts in the second and
third terms to get

/Q dup(c)ul® + /Q V- (ple)w)]uf® + / V- [uf?

Q

(2:2) :/Qatp<c>\u|2—2[2p<c><u-V>u-u—2/<j-v>u-u=o.

0
Next, we take a product of (1.1a,c,d) with u, w, 0;c, respectively, use (1.1b) and integrate over
Q and by parts to yield

300 [ o0l + [ 2u@) PP + 5 [ dupte)uf
(233) - [ Pun= [ G-Vmn= [ pegeu—r [ (Tw)Teu,
(2.3b) /QMVW-VWZ—/Qatc-w—i-/Q(VW)Tc-u,

1
(2.3¢) 6@/ Vel + at/ U(c) = (w,dc).
2 Ja e Ja

Now we use (2.2), multiply (2.3b) and (2.3¢) by A to cancel out the terms on the right-hand
side, and sum the equations up to get the energy identity

20 Jacae+ [ pEvwE| +aguew + [ 2u@DuP - [ sos .

where

I=

gns(c7g) = ;/Q,O(C)|u’2

is the kinetic energy of the Navier-Stokes part of the system (1.1).
The identity (2.2) was necessary for the derivation of the energy law (2.4). However, on
the discrete level (2.1) does not hold in general. Hence, a discrete energy estimate is not
immediately obvious. To derive an energy preserving numerical approximation, in Section 4
we consider an equivalent reformulation of (1.1). On noting V- (u®j) = (j- V)u+ (V- ju
we obtain by a direct calculation that - - -
(p(c)u) + V- (p(clu®@u) + V- (u®j) = p(c)du + (p(c)u- Vju+ (j- V)u

+[0ip(c) + V- (p(c)u) + V - jlu,
which implies that
3100(c) + V- (ple)w) + V- Ju
(2.5) = {at(en) ~ V- e [ple)n+J)) ~ ple)dm + (fo(c)u +- V)u}.
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The identities (2.5) and (2.1) then allow the momentum equation to be reformulated as follows

O(ple)m) + V- (p(eun) + V- (@) — 5 [dho(c) + V- (o)) +V - flu

=0
= d(p(c)u) + V- (p(c)u@u) + V- (u®j)

- % {6:(p(c)u) + V- (u® [p(c)u+]j]) — p(c)du — ([p(c)u+j] - V)u}
(2.6)
— %{@(P(C)E) +V-(plc)u®@u)+ V- (u®j)+ p(c)du+ (p(c)u- V)u+ (.1 V)g} .

By (2.6) the momentum equation (1.1a) is equivalent to

S{0p(e) + ple)0u + 7 (pleyn @ w) + (ple)u V)u+ V- (wej) + (- Vu)
(2.7) =p(c)g — MVw)le.

Hence, the energy law (2.4) for the reformulated system (2.7), (1.1b)-(1.1d) then follows
analogously as before, with the exception that (2.2) is not used in the calculations, cf. Lemma 5
below.

2.2. Conservation properties. Next, we state conservation properties of the model which
are due to the Cahn-Hilliard part of (1.1). From (1.5) it follows, cf. [5, 6], that the solution of
(1.1) satisfies

(2.8) (@) ctx)>0 and (b)) > c(t,x)=1 VxeQ te[0,T],

=1

where (2.8a,b) are enforced by the homogeneous free energy, since (1.9) becomes infinite for
c ¢ GY. The condition (2.8b) is also a consequence of (1.1c) and the incompressibility
condition (1.1b). Namely, using (1.10) and V - u = 0 we obtain from (1.1c¢) that

o(1Tc) + [u-v)j(1Tec) =0,

and so (1.5b) yields that 17c = 1 holds for all times.
The boundary conditions imply that the mass of the individual components is preserved, i.e.,

(2.9) Kk@):é& vt €[0,T).

Note that because of the conservative form of the convective term in (1.1c¢), the incompress-
ibility condition V - u = 0 is not required for the global mass conservation (2.9) to hold.

2.3. Consistency with binary phase-field models. In the case N = 2, assuming that A
is of the form (1.8) and that M is of the form (1.11), we define ¢ = ¢3 — ¢; and w = w9 — w1,
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cf. [8, 4]. We then obtain that (u,p, ¢, w) satisfy the following set of equations.
(2.10a)

Ah(p(e)w) + V- (A)u® ) + V- (0@ ) - V- (2a(e)D(w) + Vp = plc)g — AV,

(2.10D) Vou=0,
(2.10c¢) Oc+ V- (cu) — mpAw =0,
19¥(c)
2.10d = —cA —
( ) v sact e Oc
where p(c) = % p1+ % p2, and similarly for fi(c). Moreover,
- 11 ¢2 i <

(2.11) (o) = 217 if <1,

00 if Je| > 1,

is the standard obstacle potential. In deriving (2.10a) we have noted that for |c| < 1 it follows
from (1.1d) that Vw; + Vwa = 0, and so we obtain that

(VW)TC = c1Vwi + coVwy = c;Vw, — coVw = —cVwy = ¢c= (Vw2 —Vuw) = chw
Similarly, on noting M;; = 5, we get j = —"52(p2 — p1)Vw, which corresponds to the model
developed in [1] for the non- smooth free energy W (c). Note that so far existence of solutions for

the model from [1] has only been shown in the case of a smooth free energy. Our convergence
result, on the other hand, covers the non-smooth case for a model with constant density

(i=0).

2.4. Surface tension. The term A\(Vw)Tc = A Zf\il ¢iVw; in (1.1a) models capillary forces,

e., it introduces pressure jumps across the interfaces between the different fluid components.
In particular, the pressure jump induced at the interface between the components ¢ and j is
proportional to the curvature of the interface and to the surface tension coefficient o;;. The
coefficients o;; are determined by the matrix A = (A;;);j=1,...~N, through the minimization
problem

(2.12) aij:213f/_| '(s)]\/3 U(q(s)) ds, i,j€{l,...,N},

where we recall (1.7) and where the infimum is over all ¢ € C*([—1,1], RY) with q(—1) = e;
and q(1) = e;; see [29, Eq. (1.13)]. In [22] it is shown that A(Vw)Tc, for N = 2, relates to the
continuous surface tension force formulation of the capillary force term, where the parameter
A is determined by the equilibrium profile of the interface. In [23] a slightly more general
formulation Zf\il Aic;Vw; with parameters \;, ¢ = 1,..., N, is considered. The author then
shows that this choice can only be considered in the case N < 3 for their CHNS model. This is
due to the fact that the determination of the parameters A; in their model, in order to model
the correct surface tension coefficients o0;;, leads to an overdetermined system of equations in
the case N > 4, which has no solution in general.

The advantage of our model (1.1) is that the surface tension can be modelled by A\(Vw)Tc
with a single scaling parameter A. To see this, we formally consider an interface between the
fluid components ¢ and j, so that in the interfacial region ¢;,¢; € (0,1) and ¢; = 0 for all
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le{l,...,N}\{i,j}. Hence the Cahn-Hilliard part in (1.1) yields for the chemical potentials
that (recall that we assume A; =0 and A;; < 0, for i # j)

A A
(2.13) w; = —eAc; — | ”‘cj and w; = —eAcj — | Z]|cz~.
€ €

Setting ¢ = ¢; — ¢j € (—1,1), w = w; — w; we obtain that

A
w = —eAc — Mc.
€

Hence, the Cahn-Hilliard part of (1.1) reduces to the Cahn-Hilliard equation for two component
mixtures with interfacial parameter £ = —=—. Furthermore, since ¢; = 1 — ¢; and w; =
p /lALJI (3 ] 1
—@ — wj, we obtain by taking a gradient of the sum of the two equations in (2.13) that
Vw; = —Vw;. As in the previous section we obtain that ¢; Vw; + ¢;Vw; = %(ch). Then we

can rewrite the capillary term across the interface I';;, using the scaling of [22], as

A A 1 .
Ech =5 / |Aij|§ch.

The above corresponds to a capillary force with surface tension coefficient %\ /|Aij;|, where the
scaling constant A has to be determined from the equilibrium profile, in order to match the
surface tension coefficient o;; in the sharp interface limit, cf. [22].

The above considerations show that our model with capillary term /\(VW)TC can reproduce
correct capillary forces and surface tension effects for any number of components. The formula-
tion (1.1) does not need to be modified for N > 4, which is not the case for the multicomponent
model considered in [23]. A potential disadvantage of our model (1.1) is that the widths of
the diffuse interfaces are proportional to the surface tension coefficients o;;, which leads to
different interface widths in the case of unequal surface tensions.

3. DENSITY INDEPENDENT MODEL

In the case of fluids with constant density p(c) = 1, i.e. when p = 1 € R¥, the model (1.1)
reduces to

du+ (u-V)u—V-(2u(c)D(u)) +Vp = g—A(Vw)'c,
V-ou = 0,
(3.1) dec+V-(c@u) = V- (MVw),
w = —cAc+ 18\1,(@ ,
e Oc

where we have noted from (1.2) and (1.10) that j = 0, together with the boundary and initial
conditions (1.3) and (1.4). B

We let L2(Q) = [L2(Q)]Y, HY(Q) = [HY(Q)]V, and similarly L*(Q) = [L2(Q)]¢, H/(Q) =
[HT(Q)], j = 1,2. Moreover, we let (-,-) denote the L?-inner product over  with the natural
extensions to vector and matrix valued functions, e.g., for N x M matrices A, B with entries
in L2(Q) we let (4,B) =N, ij\il(Aij, Bi;). The L?*-norm will be denoted as | - ||, the H!-
norm as || - |1, the L*>-norm as || - ||s. The same notations will be used for the corresponding
norms of vector valued functions. In addition, the duality product between (H 1((2))/ and
H(Q) will be denoted by (-,-), and similarly for vector valued functions.



NUMERICS FOR A PHASE-FIELD MODEL FOR MULTICOMPONENT INCOMPRESSIBLE FLOW 9

We introduce the following function spaces
V={veCy®); V- v=0},
V={veH®); V- v=0},
H={vel?Q); V-v=0weaklyinQ, v n|sgg=0},
H, ={¢c[H'(Q]Y; ¢=>0},
K={pecH,; 1T¢p=1}.
Note that V and H are obtained as the closures of V in the H! and L? norms, respectively.

Definition 1 (Weak solution). Let T > 0 and suppose that u® €¢ H, ¢ € K and g €
L%(0,T;L%(Q)). A weak solution of (3.1) with (1.8) and (1.4) is given by functions

u e L*(0,T; V)N L>(0,T;H),
ce L>(0,T;K)n HY(0,T, (H'(2))"),
w e L*(0,T; H'(2)),

such that
T T T
- /0 (w,dy) + /O (u-Vu,v) + /0 (2(c) D(w), D(v))
T T
(3.2a) — (u, v(0)) + /O (g.v) — A /0 (Vw)Te,v),
T T T
(3.2b) /0 (O, ) + /O (MVw, Vap) — /0 (c®u, Vi),
T T T
¢ wW,p—cC c —¢c))—et c,p—c
(3.20) /0< & )9/0 (Ve. V(g —c)) — < /0<A,¢> ),

for all (v,v,¢) € HY(0,T; V) x L2(0,T; H (Q)) x L0, T; K) with v(T) = 0.

3.1. Numerical approximation. Let Q C R¢ be an open bounded polyhedral domain and
let {Tn}r>0 be a quasi-uniform partitioning of Q into disjoint open simplices o with h, =
diam(o) and h = max,c7;, ho, S0 that Q = Uye7, . Let P™ (o) denote the space of polynomials
of degree < m on o. Associated with 7 are the finite element spaces

Sn={¢ € C(Q); ¢l, € P'(0) Vo € Th},
Sp = [Sh]",

S ={peSy ¢;>0fori=1,...,N},
K,={peS,; 1T¢p=1},

Kj = Kp; =/

h {d)e hs /g;d) /QC}7

W, = {v € [C(Q)NH{(Q); v|, € P*(0) Yo € Ta},
V,={veW,; (V-v,q) =0, Vg€ Sp}.

Note that the pair W, x S}, is the classical P2-P1 lowest order Taylor-Hood element for the
discretization of Navier-Stokes equations, which satisfies the inf-sup condition.
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We define the orthogonal L? and H'-projections on to V,,, respectively, as
(v — PSLX, w) =0 Vw eV, and (Vv — Pffg}, Vw) =0 Vw e V,.
We note that following error estimates, see for instance |2, 18]
(3.32) v — Plyl| + h|[ Y]y — PIv| < CH|v]lgp -
(3.3b) Iv = Pgvll < CH[|v]lg
for ve VNH/(Q), j = 1,2. Furthermore, P! is H' stable on V, see [18].

We also introduce the nodal interpolation operator I" : C(Q) — S, and note the standard
interpolation estimate

(3.4) lg — 16|l + hl|V]p — I"¢]l| < Ch?(|¢]| 2 (e -

We naturally extend the definition of I" to vector valued functions. We also define the discrete
inner product (¢,v), = / I"(¢)). We recall the well-known estimate
Q

(3.5) (9, 9) = (&, ¥)nl < Chli@lllelly Vo,9 € Sh.

With the discrete inner product we associate the norm ||¢||n = [(¢, gb)h]% and recall its equiv-
alence with the L? norm for all ¢y, € S,

(36) lénll* < llénllf, < (d+2)llenl*-
The discrete L2-projection Q" : L2(Q2) — S" is defined as
(Q"v, W), = (v,w) vweSs",
and satisfies the following estimate, cf. |7, Eq. (2.20)]
(3.7) v —Q"v| + Vv —Q"]| < Ch|Vv|  vveH'(Q).

Let
Frn = {'lPGLz fQ 1T¢a )—O,VWESh},
Fr = {$peC@ fQI’%/J—o 17(x,) =0for £=1,..., L},
Vi = .7:hﬁSh,
where {x,}}, is the set of all the nodes of 7. Then the discrete Green’s operators Gh, -
Fn — Vh, @;4 CFn V;, are defined as
(MV[Gh, V], Vw) = (v,w) Vw € Sy,
~h
(MVI[GyV],Vw) = (v,w), Vw e Sy

We note that there exist constants M AM. > 0, such that (cf. [7, Equs. (2.7), (2.9)])

max? mwn

(39) mangHZQ < SMéT < )‘%aa:HgHEQ )
holds for all £ € RY with 17¢ = 0 with the mobility defined by (1.11) as well as (1.12). Hence,

~h
the well-posedness of G%, and G, follows in both cases as in [3, 7].
For our numerical approximation we consider the splitting

(3.8)

A=A"4+ A", where AT(5) is symmetric positive (negative) semi-definite.
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We construct an equidistant partition {tk}kK:O, tr = k7 of the time interval [0, 7] into subin-
tervals [ty_1,tx], k = 1,..., K with a step size 7 = T/K and denote d;U* = w We set
C’=Q"" €K and U’ =Plu’ € V,,.

For k = 1,..., K we propose the following fully discrete numerical approximation of (3.1):
Find (Uk PE,WE CF) e W, x ), x Sp, x S such that

)+ S { (U VU ) - (U VU

(3.10a) + (20(CH1)D(UY), DW) ) + (P, V- v) = (g,v) — A(TWHTCH ),
(3.10b) (V-U*q) =0,

(3.10¢) (@C* ) + (MYWE V) = (C* 1 0 U, Vap)

(3.10d) e(VCF, V(¢ —CF)) — (e 1A CF+ Wk ¢ — CF), > L(ATCF L ¢ — CF),,

for all (v, q,%, @) € W, x S, x Sp, x SZ.
In the next lemma we prove that the numerical solution exactly preserves the physically
motivated constraints (2.8), (2.9).

Lemma 1. Let CY € K0 Then the numerical solutions C*, k = 1,..., K, obtained by the
scheme (3.10a-d) satisfy Ck € K9, i.e. in particular

(3.11) (a) /Qc’f:/gco and () 17CH=1.

Proof. By definition C* e S , and so in order to show CF € K, we only need to prove (3.11).
To show (3.11a) we set @ = e’ fori=1,...,N in (3.10c) and get

/Ck h—(Ck1ei)h:/0f_1:...:/0?:/c?
Q Q Q

In order to prove (3.11b), we set ¥ = 1 in (3.10c), for ¢» € S*. Then we obtain, on recalling
(1.10) and (3.10b), that

(dC*, 1), = — (MYWE, 1@ Vo) + (CF [1 @ (Vo)]UY)
(3.12) = ((C*"H71,(Vy)'U") = (U*, V) = —(V-U",9) =0 vy e 5"
It immediately follows from (3.12) that
(17CH, ) = (1TCH ) Vo € S",
and hence (3.11b) follows by induction. O

Remark 1. The above proof implies that in order to preserve (3.11b), the finite element
space used for the phase-field components C’f should be a subset of the finite element space
used for the pressure P*. ILe., a compatibility condition needs to hold for the pressure-density
finite element spaces: if P € Uy, for some finite element space Uy, and if C¥ € S), =
[Sh]Y, then we require S, C Uy in order to guarantee (3.11b). In addition, the pressure-
density compatibility condition is required for the well-posedness of a fixed point iteration for
(8.10), and to be able to prove the existence of solutions to (3.10), see Remark 3 and the
proof of Lemma 3 below. We also refer to |27, 2|, where the pressure-density condition is
required to quarantee a mazimum principle for the discrete densities. Hence, the combination
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of the pressure-density compatibility condition for P*, CF and the usual inf-sup condition
for U*, Pk defines a velocity-pressure-density compatibility condition, which guarantees well-
posedness of finite element discretizations of multicomponent flows. Note that the pressure-
density compatibility condition is not required in the case of binary fluids N = 2, where (3.11b)
1s enforced implicitly when using the equivalent reformulation in terms of ¢ = ¢ — ca, recall

§2.3.

The next lemma shows that solutions for the scheme (3.10a-d) satisfy a discrete counterpart
of the energy inequality (2.3).

Lemma 2. Let {U* P, C* WF}K | be a solution of (3.10a-d). Then the energy estimate

€A A , 1 .
*llVCkHQ + (v (CH), Dn+ 5 |!Uk||2+72[2||u (CTHDEUY)|? + A|Mz VW2
J=1

k
Z *HV —CY|P+ HUj—Uj_1||2]
A
< = CO 2 CO UO 2 Uj
< 2||v I+ Z(¥(C), Dn + 5 || | +ng,

7j=1
holds for all k=1,... K.

Proof. To prove the energy estimate we set v.= U*, ¢ = P¥ ¢ = Wk, ¢ = C+1 in

(3.10a)-(3.10d) to obtain N
(diUF, U) + 2]z (CH1) D(UM)|? + (P, V - UP) = (g, UY) - A(VWH)TCH, UP),
(V-U* PF) =0,
<Mvwk, vw’f) — —(d,Ck, WY, + (CF1 g U*, VW),
£(VCE, Vd,CF) — e [(A‘Ck, d,C*)p, + (ATCF 1, dtc’f)h} < (WE, d,C%), .
Next, we multiply the last two equations above by A, sum all the equations and get
(d:U*, UY) + 2]|p2 (CF1) D(UR) 2 + N[ M2 VWH 2
(3.13) +Xe(VCF, Vd,CF) — Ae7H(A~CF + ATCHFL q,CF), < (g, UP).
From (3.13) and Lemma 1 it follows that
SIUH2 4 U — TR 2 — U 4 2 (CF) D(U) P

1 EA EX _ A _
O IMETWHR + VO + 9 (Ct - O - v ek

20O, 1y~ AW, )i+ (AT~ A7)(CF - OF), O - OF Y,

2
(3.14)  <(gU"),

where we have employed the identity 2(a — b)? Ba = a” Ba + (a — b)"B(a — b) — b” Bb for
symmetric N x N matrices B € RV*YN . Summing (3.14) for k replaced by j = 1,..., k yields
the desired energy estimate. ([l
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Remark 2. We define the following discrete counterpart of (1.6)

5 1
Een(CF) = §HVC'“||2 + g(‘I’(Ck), D,
and the discrete Navier-Stokes energy

1
ER(UY) = S [U* .

Using the above notation, the energy inequality from Lemma 2 can be rewritten as

k k
AEL(CF) + & (UR) + A7 ST [MEVWI2 4 27 37 ||uz (C7- 1 D(U) |2
j=1 j=1
k
+

j=1

k
A : . 1. a 4
2IV(C - O+ U - U 1|!2] < T8 UY) + AEL(CY) + € (U0).

j=1

The nonlinear system (3.10a-d) is solved using the following fixed-point algorithm.
Algorithm 1
1. Given UF 1 ¢ Vv, Ch-1 ¢ K?L set UM = UF~!, Ck0 = CF~1 and choose Ofiz > 0.
2. For | > 1 compute (UK, PRL Wk CRl) ¢ W, x S), x Sp, x SZ such that

(Uk’l_Uk_l’v> I %{([Qk_l VUM, v) — (UF -V, Ek’l)}

-
(3.15a) + (%(C’“‘I)D(H’”), D(z)) +(PM,V - v) = (g,v) = A(VWM)TCH 1 ),
(3.15b) (V-UM ¢) =0,

(3.15¢) (CM_TCH ¢>h + (MVW’”, w) = (CF e Ukt vy),

(3.15d)

€(vck,ljv(¢ _ Ck,l)) _ (EflAfck,l + Wk’l, ¢ _ Ck,l)h > 671(A+Ck717¢ . Ck’l)h,

for all (v, q,1,¢) € W), x S, x S, x Sif.
3. If HCk,l _ Ck,lfl”oo + Hgk,l . Qk’l_l”oo < 5fix set Hk _ Hk,l7 Ck,l — Ck,l and
terminate; else set [ — [ 4+ 1 and proceed to step 2.
Let us fix k£ > 1. Then, for each | > 1 the system (3.15a-d) decouples into the Navier-
Stokes part (3.15a,b) and Cahn-Hilliard part (3.15¢,d). In each iteration of the fixed-point
Algorithm 1 we first compute the solution (CH!, W*!) of (3.15¢,d), which is then used in
finding the solution (UX! Pk) of (3.15a,b).

Remark 3. The pressure-density compatibility condition from Remark 1 implies that
V. [CF1oUM Y e F). To see this, note that it follows from CF—1 € K;, and UM~ e vV,
that

ATv.[CFleUb 1) w) = (V- UM L w)=0 Ywes,.
Hence, by (3.8a) it holds that

(Mvg%(v . [Ck‘—l ®Hk,l—1})’ V,(p) — (V . [Ck?—l ®Hk,l—1]’ ,ll)) — _(Ck—l ®Ek7l_17 Vl,b)
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for all ¥ € Sy. Consequently, we may rewrite (3.15¢) as

Ck:,l _ Ck—l o _
(TS )+ (MYWHLTw) = - (MYGL (V- (€ e U )T
h
It follows, cf. [8, 4, 7], that
k)l sho (CHE—CF! k,l k,l h k—1 k-1
(316) W’:—gM<T)+E’1+A’—g1\/j(V[C®U’}),
with ZF € Sy, and AP = (A’f’l,...,Aﬁ}l)T e RN, with 1TAM = 0, are the Lagrange mul-

tipliers associated with the constraints (3.11b) and (3.11a), respectively. Hence, (3.15¢,d) is
equivalent to

e(VCHL V(g — CH)
Ck,l _ Ck—l
S

(3.17) > (EM1 + AR p T ATC g - CFY, Ve e sy

We can now show that the fixed point iteration in Algorithm 1 is well-defined, and converges
to a solution of (3.10).

Lemma 3. Given (U1 CF1) € V, x K9, for each | > 1 there exists a solution
(UkL PRl Wkt CkD) € V), x S, x S, x K9 to (8.15a-d). Here (UM, C*) is unique, and
PR s unique up to an additive constant. Moreover, the fized-point iteration in Algorithm 1 is
a contraction. Consequently, there exists a solution (Qk, Pk Wk Ck) €V, xS, xS, xKY,
to (3.10a-d).

Proof. We divide the proof into two parts. To simplify the presentation we assume that A = 1,
min = 1, mg = )\%Im =1 and g = 0. However, it is straightforward to extend the proofs for
the general case. B

Note, that in general W*+ is not unique. We denote by

~h <Ck’l —_ k-1

> _Gh (V- [CF e UM, 6 - CBY,

(3.18) whi = —G},

E) - Gh(T T,
the uniquely defined part of W¥_ cf. (3.16), (3.8). Next, we observe that
((vWH)TCH 1 v) = ([V(WH 4 2414 AR ey )
(3.19) = ([vWh +1@vah]TcH L y) = (FTWH) O Ly)  wev,.
Here we used the identity
([1 ® VEW]TC’H,X) - ((1Tck*1)vzk:l,g) — (VEM, v) = —(EM, V. v) = 0,

which holds due to C*~1 € K, Z8! € Sy, v € V), and the velocity-pressure-density com-
patibility condition. Hence, (3.19) implies that for v € V, equation (3.15a) is equivalent
to

Uk’l . Uk*l

T

)+ {0 Ut - (U Y )

+ (20(CFDUM), D)) = (g.v) = A(VWH)TCH ).
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The equivalence between the two formulations turns out to be convenient for the arguments
below.

a) Ezistence of solutions for (k,l) > 0. First, we derive an energy bound for [ > 0. We fix
k > 0 and assume that (CF~1, UF1 WF1) € K) x V,, x S}, satisfy the energy bound

€ _ 1 . 1 _ - Sk =
§HVCk 2+ g(‘I’(C" Y, D+ gllﬂk Y2+ T2 DU P VW2 < O
for some fixed C' > 0. Next, we choose (v,q,,¢) = (UM, PR Wk CF-1) in (3.15a)-
(3.15d), employ (3.19) and obtain

5 € 1 1 —

EM = S| VCH* + g(\I’(Ck’l% Dn + 5 [GH2 + 72| DA + 7] VW2

€ 1 1
< SIVCH + (W), )+ [T
+ T(Ck—l ® Hk‘,l—l7 ka,l) . T((ka‘,l)TCk—l’Hk,l) )

Since CF¥~1 € K}, we estimate the last term on the right-hand side using Cauchy-Schwarz and
Young’s inequalities as follows

r((VWE)TCH1, TH) < 7| CF oo [VWH UM < 5[ TWAL 2 4 7| U
and similarly we bound the last but one term as

T(CH 1@ UL VWA < 7| CF | [ VWU < FIV WP 4 TR 2.

2
3

Using the previous two bounds we obtain for 7 < i that
ER <20 + 4L

Hence, we conclude recursively for 7 < % that

1 1 —~ -
(321)  SIVCHIP + (W(CH), D+ SIUM? + r2 DEORY P + | TWH? < aC
for any [ > 0.

We note that (3.17) for ¢ € K9 is the Euler-Lagrange equation of the strictly convex mini-
mization problem, cf.:

. € 1 1 1_.~h _
miny, excy { 511V 20l17 = 5= (A2 20)1 + 5| MEVIG), (2 — C*)]|
RE5h L2 1 2e 2T

—S(ATCH ) + (G (V- [ @ UM 2 |

and the existence of unique C*! K(,)Z, as well as the existence of suitable Lagrange multipliers
gk and A follows from standard optimization theory, see e.g. [7, Proof of Theorem 2.1|.
The existence of W*! € S, then follows from (3.16), and Remark 3 implies that (CF!, Wk?)
is a solution to (3.15¢), (3.15d).

On noting the uniqueness of CF! and Wkl = Wk’l(Ck’l,Qk’l_l) and (3.21) the existence of a
unique UM € V, in (3.20) (and hence also (3.15a)) follows by the Lax-Milgram theorem. Since
the Taylor-Hood element W, x S), satisfies the inf-sup condition, the existence of P*! € S,
which is unique up to a constant, such that (UM, PR!) solves (3.15a), (3.15b) follows from
standard theory on the numerical approximation of Navier-Stokes equations, see for instance
[30].
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The above considerations imply that we may write (UM, C*t) = FE(UM -1 CFI-1)| where
FF:V, x K?L — V, x K?L is a well-defined mapping represented implicitly by Algorithm 1.
Below we show that F* is a contraction mapping and hence the Banach fixed point theorem
yields the existence of the solution (U*, C¥) as the unique fixed-point of the mapping F¥.

b) Contraction property. We denote by E]:b’l = @Ml — P11 and similarly for Eg’l and Ez’l.

Then subtracting (3.15a)-(3.15¢), with [ replaced by I — 1, from (3.15a)-(3.15¢) yields

(B v) + (U VIS ) - (U Vv, 25))

(3.22a) +(2u(c’f*1)p@g),p<g)) + (BN Y v) = ((VE’ﬂ)Tc’f Lv),
(3.22b) (V-Efq) =
(3.22) (E ’gl,w)h+T(MVE’El v¢) c’f Lo BT V).

Furthermore, setting ¢ = CH'=1 ¢ = C*!in (3.15d) for [, | — 1, respectively, and addition of
resulting inequalities gives

1,
e|VEY Q_E(A ELLES), - (E%,Elgl)h <0.

On recalling that A~ is negative semi-definite and that C*! C*'~! € K9, we obtain from a
Poincaré inequality that

kil kil gkl
(3.23) B2 - (BLLEE ), <o0.
Next, we set v = E’fjl, q= EP in (3.22a), (3.22b), respectively, integrate by parts in (3.22b)
and add the resulting identities to obtain

J—y k.l k.l 1 gkl
(3.24) —IIEG 1 + 2| D(EG)|* = —(VEZ)"C", Ey).
We estimate the right-hand side of (3.24) using Cauchy-Schwarz and Young’s inequalities as
T(VEZ)'C* L Ey) < 7|VEL||C* lllooIIE |

(3.25) 2 k2
C7||VEG[I” + IIE -

VAN

After substituting (3.25) into (3.24) we obtain for sufficiently Small T

RATD) k,l Lk
(326)  |IEG|? + r2D(E)|? < Cr 2IIVE fHE 17 < fIIVEWIIHZHEg 2.

Next, we subtract (3.15¢) for [, I — 1 and set ¢ = E"%
kL xk,l k.l k.l k— k-1 k|l
(3.27) (BE B, + (MVEW, VEW) = r(C"' @ By VEL).
We add together (3.27) and (3.23) and obtain
(3.28) elB P +TIVES|® < 7(C*' @ By T VEY).
The right-hand side in the above expression is estimated using the fact that C*~1 ¢ K"

T(CH 1 (VES)EG ™) HE’” ISl VES |
fHVE 12+ CrllEg 1H2

IN

(3.29)

IN
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Hence we obtain that

k,l k,l
(3.30) el B * + I VEL |* < fIIVEW

> orBy .
We add together (3.26) and (3.30) to obtain the inequality
o k,l kl—1
|EG'|? + 72| DEG)IP + B |* + 7l VEL > < HVEV~VH2 HE 1P+ CrIEG TP

The first two terms on the right hand side with index [ can be absorbed into the left hand
side. Hence, we get

(3:31) e|BE I + 124 1° + 7IVEG[® < C*7llEG 2

and the fixed-point algorithm defines a contraction mapping for sufficiently small 7. The
Banach fixed point theorem then implies existence of unique limits and convergence U¥! — U¥
and CH' — CF for | — co. In addition, (3.31) implies the convergence wki Wk, cf.
(3.18). For the unique (U*, C*) the existence of P¥ and W* = W* 4+ Z%1 + AF, such that
(U*, Pk, W*, CF) solves (3.10), is implied by the inf-sup condition and Remark 3, respectively.

O

Remark 4. Given a W € Sh we denote by > W = & val Wi € Sp, fW=|Q7' [,W e

RN, W=W 1XYW, W=W — {W and note that 1"W = 1TW = 0, f W = 0. Due
to the degeneracy of the mobility matriz M, it is not immediately obvious how to control the

gradient of W* since Lemma 2 and (3.9) only imply the bound ||VWk|| < C. However, cf.
[4], it is possible to express

WF = WF 4 AF 4125
where AF € RN s.t. 1TA* = 0 and EF € S}, are Lagrange multipliers, recall also Remark 8 and

the proof of Lemma 3. Since AF € RN, we directly obtain a gradient bound for Wk = Wk—Ak,
1.€.

IVWE| < C.
In addition, the estimate |Q|_1(Wf, 1)=AF<C,i=1,...,N, can be obtained similarly as
in [4, Theorem 3.1]. Hence, a HY(Q) bound for w" follows by the Poincaré inequality, i.e.
ok
Wi <C.

Furthermore, we also note that for ¢ € K, it holds that (12F ¢ — C¥);, = 0. Hence for
¢ € Ky, it follows from (3.10d) that

(3.32)  e(VCK,V(¢p— CF) = (1A~ CF + W",p — CF)), > e~ 1(ATCF1, ¢ — CF),.

Lemma 4. The discrete time derivatives satisfy the following estimates

K . 4 K .
S, <0 and 7Y dC |y < C
=1 =
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Proof. Since (d,U* Phv) = (d;U*,v) we obtain (cf. (3.20))
(@U*,v) = (U VIU*, Plv) + ([U"" - V|Pfv, UY) — (2u(C* ) D(U"), D(Py) )
—AM(VWHTCEL Plv)
< U s VUM PGl o + [UH 4 [ U 1| VPG
+ Ctmaal [ VU* [ VPG| + A CH oo [ VW[ PGy
< C|[VPy| { U | VU VUt
U OO VO VU VW
< CIVull{IT* 3 (VU E + VU 3)
U U (VO VORE) + VO + [TWE

To estimate the nonlinear terms we employed the embedding H' C L°® and the interpolation
inequality
1+d/q—d d/p—d
Ivllze < Il =P Ivlg =,
where ¢ € [p,00) if p = d and ¢q € [p, ddfpp] it p < d. The first estimate then follows from

Lemma 2, Remark 4 and the stability of the projection Pg. To obtain the second estimate we
write

(d:C*, ) = (d:CH, Q") = — (MYWF, Q) + (CH! 0 UF, vQ'y)
< CIVWH[VQ 4] + [UM[C* o]V Q"]

Hence, the second estimate follows from Lemma 2, Remark 4 and the stability of Q" implied

by (3.7). O
3.1.1. Conwergence. Given the discrete solutions C*, k = 0,..., K, we define the piecewise
constant interpolants as

C+(7f) = Cktl for te (tg,tgs],

C(t) = CF for t€ (ty,tra1,

and the piecewise linear interpolant

t—t thpr — ¢
C(t) = T"?c’w’“*; CH o for  t € [t tega]-

Using analogous notations for the variables U, P¥ and W* the fully discrete scheme (3.10a-d)
can be restated as

(0U,v) + 3 {(U~ - VIU*v) + (U Vv, UM}

(3.33) +2 ((CT)D(U™),D(v)) + (P*,V-v) = (g,v) - A(VW)TC™,v),
(3.34) (V-U*,q) =0,

(3.35) (0,C, ), — (C” @ U, Vyp) + (MYWT,Vyp) =0,

(3.36) e(VCH,V(p—ChH) = (1A CT+WT ¢p—-CH), > (ATC, 90— CT),.
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Remark 5. By the estimates from Lemmas 1, 2 and 4 we obtain for all hyt > 0 the
boundedness of C* in L>®(0,T; HY(Q)), 8,C in L*(0,T; (H(Q))), UE in L®(0,T; L3(Q))N
L%(0,T;HY(Q)), 0,U in L%(O, T;V'). Furthermore, the boundedness of W =W+-1 SWH
in L2(0,T; HY(Q)) follows from Remark 4.

In addition, Lemma 2 implies that

IC* = Cllz2(0,7.12(0)) — 0,
and

u* - Ullr200,mL20)) = 0
for 7 — 0.

The next theorem shows the convergence of the numerical solutions to a weak solution.

Theorem 1. Let (U°,C%) — (u® c%) in L2(Q) x L2(Q) for h — 0. Then there erists a
subsequence {U, C, W}, ->¢ of solutions of (3.33) which converges towards a limit (u,c, w) €
L*(0,T; V) x L*>(0,T; K) x L?(0,T;HY(Q)) for h,7 — 0. In addition, (u,c,w) is a weak
solution of (1.1) in the sense of Definition 1.

Proof. By Remark 5 from the sequence {U,C, W}, ;>0 we can choose a subsequence such
that

C,Ct>c weaklyx in  L>(0,T;HY(Q)),
0,C — Osc weakly in L2(0,T; (HYQ))),
(3.37) W ow weakly  in  L2(0,T;H'(Q)),
' U, Uf 5 u weaklyx in  L>®(0,T;L?(Q)),
U, U* 5u weakly in L0, T; HY(Q)),
oU — du weakly in  L3(0,T;V).

In addition, the estimates from Lemmas 2 and 4, together with an Aubin-Lions compactness
argument, yield strong convergence

C,Ct—c strongly in L%(0,T; L2(2)),

(3.38) U, Ut S5 u strongly in L2(0,T; L*(9)) .

Furthermore, the strong convergence (3.38); implies that ¢ € K. To show that the limit
HY0,T; V) x C(0,T; H*(Q)) x C(0,T; H*(Q)) x C(0,T; HL. N H3(Q)) in (3.10a)-(3.10d).
By (3.4) and (3.3) we note that for h — 0

(339) (Xh) qh;s ¢h7 ¢h) - (27 q, "107 ¢) )

strongly in the corresponding H' norms for all ¢ € (0,7).
First, we note that (3.34), (3.37)5, (3.39) imply that

T T
o:/ (Vouq) = lim | (V-U*.q).
0 h,’T—>0 0

Hence, it follows that V-u =0, a.e. in (0,7) x €.
Since, v;, € V,;, we note that for any h

(3.40) /OT(P+,V vp) =0,
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and hence the pressure term in (3.33) vanishes. Integration by parts in the time variable
implies

T T
/0 (O, vy) = /0 (U, 0wy + (U(T), v,(T)) — (U(0), v, (0).
and by (3.37)3, (3.39) we get with v(T') = 0 that

T T
(3.41) /0(6tU,vh)—>—/0 (u, 9 v) — (u(0),v(0)).

Next, we show that

s [ {0 vt ) - Ve [y

We obtain after integration by parts in the second term that

(3.43) %{([Qf VU, v,) - (U V]%H*)}
' 1

= LU VUt v ¢ (U VU ) + L (9 Ut ).

Hence, we observe

T

<r/ ) VUt vhm/ fu- V)(U" - u),v)|

T T
s/ ||<U—u>u||vu+\||vhroo+r/ ([u- V](U* = u),v)
0 T 0
[ gl Vallie, - vl

T T
g/o ||<U——u>u||vu+|||vh|oo+|/0 (l- VI(U* — u),v,)|

T
+max v, — v 1/ ul)?
nax vy, — vl ; |ull{

— 0 for h,7—0,

since the first two term disappear by (3.38)2, (3.37)4, respectively, and for the last term we
use the continuous embedding H' C L* and (3.39).
We obtain in a similar way that

1T I e

5 [ vt 5 [ e Viey, w900 ) o,

0 0 0

since V-u = 0, a.e. in (0,7) x Q. Hence, from the above results and (3.43) we conclude
(3.42). Further, we obtain that

(3.44) /OT((VW+)TC,vh)—>/0T((VW)Tc,v) for 7,h =0,
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since by (3.37)13, (3.38); and v, = v
g T T
\/0 [(VWH)TC™,vp) = (VW) e, vy)] | < IVW lLee)ICT — ellpewe) vl o)
T
+|/ (VW' —Vw,c®v,)| —0.
0

We observe that (3.37)5 and (3.38); imply

T T
(3.45) /0 (N(C_)D(U+)7D(Vh))_>/o (u(c)D(u), D(v))  for h,7—0.

Collecting (3.40), (3.41), (3.42), (3.45), (3.44) together with the strong convergence U — u®
we verify that

-/ o) + / T vav) + / " (2u(e)D(w), D))

T T
= uO Vv V) — WTC Vv
(3.46) — (u°,v(0)) + / (8 ¥) — A / (Vw)Te,v),

for all v € H'(0,T; V) with v(T) = 0.
Similarly as in (3.44), we deduce the convergence

T T
/(C@Uﬁwh)%/ (c®u V).
0 0

By the same arguments as, for instance, in [7] we get by (3.37)2, (3.5), (3.39) that

T T
/ (atcvllnbh)h — / <atcu1;b
0 0

The previous two identities and (3.37)3, (3.39) yield in the limit
T T T

(3.47) [ ocwr- [ conve)+ [ arowve) 0.
0 0 0

Using (3.37)1,2, (3.37)3, (3.39) and (3.5) we easily verify that

T T
/ (VCH,Ve,) — (Ve, Vo),
0 0

ﬂ

T
(3.48) /0 [(A~C*, )+ (ATC.dpn] =

/OT(W s ®Pr)n =

(=]

T

0
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Furthermore, we deduce from (3.10d), (3.36), (3.48) by the lower semi-continuity of norms
that for all ¢ € C(0,T; K NH?())

a/oT(Vc, V) —e ! /OT(AC, ¢—c)— /OT(W, ¢ —c)

T
= lim 5/ (VC*, Vo) — e’ / [(A_CJr, ¢, — C )n+ (ATC™, ¢, — C+)h]
(349) h,7—0 0 . 0

—/ (W, ¢, — CH),
T
> liminfe/ Vet > z—:/ IVe|? >0,
h,m—0 0 0

where we use (3.32), i.e. the fact that the corresponding limits for W' and W+ coincide for
¢ € C(0,T; KNH?()).

Finally, we collect (3.46), (3.47), (3.49) and conclude by a density argument that (u, c, w)
satisfies (3.2). O

4. NUMERICAL APPROXIMATION OF THE DENSITY DEPENDENT MODEL

As discussed in Section 2, in order to derive an energy preserving numerical approximation
of the density dependent model (1.1), it is convenient to consider the reformulation (2.7),
(1.1b)-(1.1d). Hence, we propose the following fully discrete finite element approximation
of the density dependent model (2.7), (1.1b)-(1.1d): For k > 1 find (U*, P* Wk CF) e
W, x S, xS x S;lr such that for all (v,q,%,¢) € W, x Sp, x Sp % S; the following holds

%{(ﬂ(ck’l)dtﬂk,z) + (di[p(C*)UM, v) + ([p(C* U - V]U*, v)
— (p(CHHUM - Vv, UM + (BF - VIUY v) - (13°- Vv, UM}
(41a)  + (2u(C)D(UY), D)) + (P5,V - v) = (p(CF g, v) = A(VWH)TCH L v),
(4.1b) (V-U*q) =0,
(4.1¢)  (deC*, ) + (Mvwk,wp) = (C" 1 U" V),
(

4.1d) e(VCF V(g —CF)) — (e7'A~CF + WF ¢ — CF), > 1 (ATCF 1 ¢ — CF),,,
where J¥ = —(MVWF)Tp and C* = Q"c? € K, U’ = Piu’ € V,.

Lemma 5. The discrete solutions C*, k=1,..., K satisfy C*F e K?Z, i.e. in particular

(4.2) /ckz/co and 1TCF=1.
Q Q
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Furthermore, for k = 1,...,K the solution (U*, CF,W*) of ({.1a-d) satisfies the energy
estimate

A 1, 1 A
7\\VCkHQ +35llp2 (CHUF|I” + g(‘I’(Ck), D
k
= *||V( - CIh?
j=1

1 . . . . . .
502 (CTTHW U P+ A VW 4 2] a2 (T D(U)|?

A

k
. . A 1
< j—1 i\, € 012 & 21Uo2 & 2w (%) 1),
_T;WC )& 1) + [ VOO + S [U°I + Z(w(C”), 1)

Proof. The conservation properties (4.2) of C* can be obtained in the same way as in Lemma 1.
We set v =U* ¢g=P* ¢ =W* ¢ =CF!in (4.1a-d) and observe

§{<p<ck*1>dtw,u’ﬂ + (dip(CHUY, u’f)}

Ck 1 Uk H Ck 1) 7) )\((VWk)TCk_l,Hk),
(4.3) (d,CF, W), + HMWWkH (CH1 @ UK, YWF),
—e(VCk, Vd,CF) + (1A~ CF + WF 4,CF);, > —e1(ATCF L d,CF),, .

We note the identity

_ 1 1 _ _
(p(C* 1), U, UF) + (dy[p(CF)UF], U) = ||p2 (CHYUF||? + ||p7 (CP1)(UF — UF))12
— oz (CFhHur 2,

multiply the last two equations in (4.3) by A, sum up the resulting identities and obtain,
similarly to (3.14), that

1 1 1 _ _ 1 _ _
. {Hp2<c’f>g’f||2+ ¥ (CFH)(UF — U2 — [t (CFHur 2
+2[|uz (CH ) D(UF) |2 4+ A| M2 VWF?
+ Xe(VCE, Vd,CF) — Ae! (A‘C’“,dtC’“)th(A+C’“_1,dtCk)h} < (p(C*1)g, U").

The energy estimated then follows as in Lemma 2 after summing the above for k replaced by
j=1...,k. O
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5. NUMERICAL EXPERIMENTS

Algorithm 1 can be generalized to the variable density nonlinear system (4.1a-d) by linearizing
the additional nonlinear terms as

1 kLl yrk—1 kTR E—1yp1h—1
UU,VH<p(C U™ — p(C*HU 7V>

s{(o(Cch)
+ ([p(C* UM VUM, ) = ([p(CH U - Vv, UM) + (35 - 9)Ut, )
— (3 Vv UM} + (20(CF)D(UM). D) ) + (PH.V - w)

= (p(C" Mg, v) = A(VWH)TCH 1 ),

(V-U™,q) =0,

(Ck,l _ Ckfl

T

T

,w> + (Mvwkvl, w) = (C* o UM vy,
h
e(VCH, V(¢ — CH)) — (e7TA~CH + WH ¢ — CM), > e7H(ATCH ! ¢ — CM,, .

The tolerance for the termination of the fixed-point algorithm is chosen 7, = 10~® and the
algorithm typically terminated within 3-6 iterations for sufficiently small time step sizes.

In practice we see very little difference between the numerical results obtained by the fixed-
point algorithm and by the semi-implicit linear scheme

(O DU v) + (dfp(CUH, v)

2 + ([p(CFHU - VIU*, v) — ([p(C* U - V]v, UF) + (3* - VIU*, v)
— (3" Vv, UM} + (20(C")DWUH), DW) ) + (P5, V- v)

(52a) = (p(C" Mg,v) = A(YWHTC ' v),

(5.2b)  (V-U*¢q) =0,

(5:20)  (dCH )+ (MYWF, V) = (CH1 0 U, vyp),

(5.2d)  e(VCF,V(p—CF) — (e tA CF+ WF ¢ — CF), > e 1(ATCE L ¢ — CF),,,

~

which is the same as (4.1a-d), but with U* in (4.1c) replaced by U*!, i.e., the scheme above is
equivalent to performing only one iteration of the adapted Algorithm 1. For the linear scheme
(5.2a-d) the energy decrease is not guaranteed, however, in the computations below, the energy
graphs for both schemes were graphically indistinguishable. Hence, the computationally more
demanding simulations for N = 5 components were performed using the decoupled linear
scheme (5.2a-d).

The advantage of the fixed-point Algorithm 1, as well as of the semi-implicit scheme (5.2a-d), is
that in each iteration we first solve the Cahn-Hilliard variational inequality (3.15¢)-(3.15d) and
then the Navier-Stokes part (3.15a)-(3.15b) in a decoupled manner. The Navier-Stokes part
corresponds to a linear system of equations and is solved using the direct solver UMFPACK,
see [12]. The Cahn-Hilliard part is a linear variational inequality and is solved using a projected
block Gauss-Seidel algorithm from [29], with a tolerance taken between 107% in experiments
with N = 5, and 10~8 otherwise.
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In the case of equal surface tension coefficients (1.8), we set A~ = —%11T7 while in the

case of variable surface tension we choose AT = diagi{zyzlvj# |Asj]}-

To increase computational efficiency we employ an adaptive algorithm, which enforces a finer
mesh size h = hy = 1/Ny within the diffuse interfacial region and a coarser mesh size h =
he = 1/N, otherwise. The diffuse interfacial region is defined as {x € Q; dist{c(x),dG"} >
Stor}, typically 001 = 1078, see [29] for a more detailed description. Of course, we note that
the mesh still has to be sufficiently fine outside of the interfacial region in order to obtain
sufficiently accurate approximations of the Navier-Stokes part of the system. Typically we
chose Ny =128, N. = Ny/4 and £ = (16m)~ L.

5.1. Static contact angles. We examine the stationary contact angles for 3-component flow
with constant density p; = 1 and viscosity p; = 0.1,4=1,..., N. An in-depth study without
the coupling to the Navier-Stokes equations has been performed in [29]. The considered fluid
configuration is displayed in Figure 1. According to Young’s law, stationary contact angles
satisfy

(5.3) sin 64 _ sin 6y _ sin 65 7

023 013 012

where o;; is the surface tension coefficient between the i-th and j-th fluid phases, and 0y, is
the angle at the triple junction inside the k-th phase. We consider four different choice of the

Phase 2

Phase 3

912

Ficurke 1. Contact angles predicted by Young’s law.

surface tension matrix:

0o -1 -1 0 -2 -1
a) A= -1 0 -1 b) A= -2 0o -1 |,
-1 -1 0 -1 -1 0
and
1 0 -1 -2 1 0o -2 -1
C)A:§ -1 0 -2 d)A:§ -2 0 -2
-2 =2 0 -1 -2 0

2
ij

contact angles: a) 0; = 0y = 03 ~ %ﬂ' =120°; b) 03 ~ 2arccos(%,/ﬁ—i§) ~ 90° and 0; = 0y; )

03 ~ 2 arccos(3 ﬁ—ﬁ) ~~ 138.6° and 0; = 6s; d) O =~ Qarccos(%,/%z) ~ 138.6° and 0 = 65.

As discussed in Section 2.4 we have |A;;| = o;; and Young’s law (5.3) implies the following
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We employ zero initial condition for the velocity, constant mobility (1.11), set A = 1073,
e = (16m)"1, mp =1075 7 =2 x 1073, g = 0 and compute until a steady state is reached.
We display the results in Figure 2, where we visualize the interface by displaying the function
cint = (1 —¢1)(1 — ¢2)(1 — ¢3) which is nonzero only within the diffuse interface. We observe
that at least qualitatively the results agree with Young’s law.

—O——C—

_©_

FIGURE 2. Solution ¢y, for cases a)-d) (from left to right).

5.2. Surface tension effects. We present a computational study to demonstrate the effect
of different surface tension parameters. We consider a mixture of five fluids, i.e. N =5, with
equal densities and viscosities p; = 1,4 = 1,...,5, u; = 1 and set g = 0. We consider the
domain 2 = (0,1) x (0,5) and prescribe homogeneous Dirichlet boundary conditions for the
velocity field and homogeneous Neumann boundary conditions for ¢, w. The initial condition
for the velocity is u’ = 0. The initial condition for c” is close to the stationary profile displayed
in Figure 3 (left); the four circular bubbles with radius 0.25 from bottom to top contain fluids
two to five, respectively, and the remaining part of the domain is occupied by fluid one.
In the computations we use the concentration dependent mobility (1.12) with mg = 10~° and
v = 107% and the matrix A is taken as
0o -32 -8 -2 -1
—-32 0 —16 —16 -—16
A=— -8 —16 0 —16 -16
61 2 16 -16 0 -16
-1 —-16 —16 -—16 0
As discussed in Section 2.4, the choice of coefficients of A implies that the surface tension
coefficients o;; between the j-th and i-th fluid satisfy: o12/013 = \/A12/A13 = 2, 013/014 =

\/Alg/A14 = 2, 014/0'15 ~ w/A14/A15 = \/5 and Uij/Ukl = 1, otherwise.

The remaining parameters were chosen A = 0.1, ¢ = (167)7, 7 = 2 x 1073, hypin, = 1/128,

1
Pmaz = 1

The pressure distribution is displayed in Figure 3. In order to eliminate the effect of the
pressure differences within the interfaces and highlight the distribution of the pressure within
the pure phases we also display in Figure 3 a normalized pressure where we set the pressure
within interfaces equal to the pressure at the reference point x, = (0.25,0.25).

According to the Young-Laplace law the pressure difference across the fluid interface A;;p =
0;jKkij where k;; is the curvature of the interface between fluids ¢ and j. Since the interfaces in
the computed solution are circular we have that x;; ~ —4 for ¢ =1, j = 2,...,5. To estimate
A;jp we measure the difference between the pressure in the center of each bubble and the
pressure at the reference point x,. We obtain the pressure differences are Ajop = —0.461954,
Aqgp — 0.221757, Ayp = —0.11103, A1yp = —0.0788834. The results are in good agreement
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with the theoretical predictions. The larger difference for the value of Aj9p can be explained
by the fact that the mesh size has not been sufficiently fine to properly approximate the
interface, cf. Figure 3 (right).

1.24-

[N)

—_
—_

j—

o
o

MMHH|\|\|M||H|\|\|m|m
o

0.777-

FIGURE 3. Solution at final time, computed pressure, normalized pressure and
the finite element mesh (from left to right).

5.3. 3-component flow with variable density. We consider a mixture of three fluids with
densities p;, =4 — 14,7 =1,...,3, in a gravitational field. The initial condition for the density
is displayed in Figure 4. The heavier fluids are positioned above the lighter ones, the initial
interfaces have a sinusoidal shape and all three fluid components have equal mass. The initial
condition for the velocity is u? = 0. We consider homogeneous Dirichlet boundary conditions
for the velocity field and homogeneous Neumann boundary conditions for ¢, w. We choose
g=(0,-1D7, p;=10"2i=1,....3, A =103 7 =2 x 1073, hnip, = 1/128, Ao = 1/16
and employ the constant mobility (1.11) with mg = 1075.

The evolution of the density is displayed in Figure 4. Due to the perturbation of the interface
the fluids form the so-called Rayleigh-Taylor instability. In Figure 5 we display results for the
same problem computed with the density dependent model with j = 0, which is a formulation
that is most frequently used in the literature. The numerical approximation of this model
corresponds to (3.10a-d) with J k—0for k=0,..., K. There are obvious differences between
the solutions for the two models but qualitatively, the results are comparable.
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=002

'.‘.‘_

FIGURE 4. Evolution of the density of a three component mixture at ¢t =

0,4,5.4,5.8,9,11.6 (from left to right).
| -
W 2Va AT AT R S, -
<o ., =
FiGureE 5. Evolution of the density of a three component mixture at ¢ =
0,4,5.4,5.8,9,11.6 (from left to right), CHNS model with j = 0.

5.4. 5-component flow. We consider a mixture of five fluids with densities p; = 6 — 1,
1 = 1,...,5, in a gravitational field. The initial condition for the density is displayed in
Figure 6. The heavier fluids are positioned above the lighter ones, the initial interfaces have a
sinusoidal shape and all five fluid components have equal mass. The initial condition for the
velocity is u’ = 0. We consider homogeneous Dirichlet boundary conditions for the velocity
field and homogeneous Neumann boundary conditions for ¢, w. We choose g = (0, —1)7,
i =33x107% i=1,....5, A=0,7 =2 x 1073, hypin = 1/128, hypae = 1/16 and employ
the constant mobility (1.11) with mg = 107°.

The evolution of the density is displayed in Figure 6. Due to the perturbation of the interface
the fluids form the so-called Rayleigh-Taylor instability. We obtain similar results as [26],
however they appear to use periodic boundary conditions on the left and right hand side
boundaries, so the results are not directly comparable.

For comparison, in Figure 7 we also display results computed with j = 0. The differences
between the solutions for the two different models become increasingly significant as the ge-
ometry of the interfaces becomes more complex (note that the term j acts only within the
interfacial regions).

We repeat the calculation for the model with concentration dependent mobility (1.12) with
5§ =107, my = 3.27% and A = 1073; the remaining parameters remain the same as above.
The evolution of the density is displayed in Figure 8. The evolution of the total energy (cf.

(2.4))
t t
Euot = AEun(€) + Ens(c, 1) + /0 /Q 20(e)| D) > — /0 /Q p(0)g -1,

in Figure 9 demonstrates that the physically relevant energy of the computed numerical ap-
proximation is decreasing in time.
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