HOMOGENIZATION OF EVOLUTIONARY STOKES-CAHN-HILLIARD
EQUATIONS FOR TWO-PHASE POROUS MEDIA FLOW

LUBOMIR BANAS AND HARI SHANKAR MAHATO

ABSTRACT. We consider homogenization of a phase-field model for two-phase immiscible, in-
compressible porous media flow with surface tension effects. The pore-scale model consists of a
strongly coupled system of time-dependent Stokes-Cahn-Hilliard equations. In the considered
model the fluids are separated by an evolving diffuse interface of a finite width, which is assumed
to be independent of the scale parameter €. We obtain upscaled equations for the considered
model by a rigorous two-scale convergence approach.

1. INTRODUCTION

Flow of mixtures of fluids, solids and gases in porous media occurs in a large variety of physical,
biological and industrial processes. Understanding and accurate prediction of multiphase multi-
component flows in porous media are therefore of considerable interest for many scientific and
engineering applications.

Phase-field approach is a popular tool for the modeling and simulation of multiphase flow
problems, see for instance [6], [21], [28], [9] for an overview. A phase field model for the evolution
of a mixture of two-incompressible immiscible fluids occupying a domain Q € R%, d = 2,3 on the
time interval (0,7") consists of a system of Stokes-Cahn-Hilliard equations

(1.1a) 0rq — pAq+ Vp = —uVuw in (0,7) x Q
(1.1b) V.q=0 in (0,7) x 2
(1.1c) Oru+q-Vu=Aw in (0,7) xQ,
(1.1d) w=—NAu+ f(u) in (0,7)xQ

where g is the viscosity, A is the interfacial width parameter and, q and w are the unknown ve-
locity and chemical potential, respectively. The order parameter u plays the role of a microscopic
concentration (or volume fraction). The order parameter is assumed to attain physically mean-
ingful values —1 and 1 in the parts of the domain occupied by the pure fluids and |u| < 1 within
a thin interfacial layer (so-called diffuse interface) of a uniform width that is proportional to the
parameter A\. The nonlinearity f(u) = F’(u), where F' is a homogeneous free energy functional
that penalizes the deviation from the physical constraint |u| < 1. A common choice for F is a
quadratic double-well free energy functional

(1.2) F(s) = 2(32 _12.

Other choices such as a logarithmic or a non-smooth (obstacle) free energy functional are also
possible, see [11, 16]. Equations (1.1a)-(1.1b) are the incompressible Stokes equations, where the
nonlinear term uVw models the surface tension effects, cf. [26] and [9, Section 2.4]. Equations
(1.1c)-(1.1d) are a Cahn-Hilliard type equations with advection effect modeled by the term q- Vu.
Suitable choices of boundary and initial conditions for the model (1.1) will be discussed below.
A prototypical macroscopic model for a single phase porous media flow is the Darcy’s equa-
tion. This model is well understood and is derived by rigorous homogenization results, see for
instance [25]. For numerical homogenization approaches for single phase Stokes flow we mention
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[8], [10], [24], [1]. Traditionally two-phase flow is modeled by the relative permeability Darcy’s
law [25, Chapter 5], which is a heuristic approach with well-known limitations, see for instance
[37]. Homogenization theory for two-phase flow is less developed and so far effective models have
only been justified by heuristic asymptotic expansion methods. For the homogenization result
of sharp interface models for two-phase flows we refer to [7, 25]. Homogenization of phase-field
models for two-phase flow using the formal asymptotic expansion method has been considered in
[42], [17]. We also mention the homogenization result for the evolutionary single-phase Stokes
equations (i.e., (1.1) with uw =0) in [4]; for more recent developments see for instance [44], [27].
For homogenization of evolutionary Navier-Stokes equations in porous media we refer to recent
works [45], [20] and the references therein. Rigorous homogenization of two-phase emulsion with
fixed geometry of (microscale) interfaces and surface tension effects has been considered in [31],
[32]. Upscaled models for Cahn-Hilliard type equations have been derived in [41], [40] via the
asymptotic expansion method and in [30] via the two-scale convergence approach.

The aim of this paper is to obtain an upscaled model for two-phase porous media flow with
surface tension described by (1.1). Our approach is based on rigorous concepts of two-scale con-
vergence. The two-scale convergence approach has been used extensively for the homogenization
of various models, cf. [36, 3, 5, 4, 38, 39, 18, 35, 34, 19, 29, 14, 15, 17, 46] and references therein.

The paper is organized as follows. We introduce the geometry of the porous medium and the
considered phase-field model in the Section 2. In Section 3, we collect notation and mathematical
preliminaries required for the subsequent analysis. Section 4 contains the analytical results related
to the pore-scale model. Finally, Section 5 is dedicated to the derivation of the upscaled model.

2. THE PORE-SCALE MODEL

Let Q ¢ R? d =2,3 be a bounded, connected set with a smooth boundary. We consider the
unit reference cell Y := (0,1)¢ C R%, such that Y = Y;UY], where Yj is a solid part and Y}, a pore
part, s.t. Y,NY; =0, and denote the solid boundary as I'y = 9Yj, see Figure 2.1. Given a scale
parameter £ > 0 we define the pore space by Q° := Uy ya Yy, N, where Y}, :=e{Y}, +k}, and
the solid part as Qf := Uypcza Yy, NQ = Q\ Q°, where Yy, :=e{Y,; +k}. We assume that Q° is
connected and has a smooth boundary. We consider the situation where the pore space € is
occupied by two immiscible fluids separated by an evolving macroscopic interface I': [0,T] — Q
represented by the blue part in Figure 2.1. We denote the characteristic function of Y}, by x and
hence x°(x) := x(%), ¥ € Q is the characteristic function of 2°. Throughout the paper we denote
the time-interval as I :=[0,T).

We consider a situation where the porous medium is filled with a mixture of two immiscible,
incompressible fluids separated by an evolving macroscopic interface and include the effects of
surface tension on the motion of the interface. We model the flow of the fluid mixture on the
pore-scale using a phase-field approach motivated by the Stokes-Cahn-Hilliard system (1.1).

The velocity of the fluid mixture q° = q%(¢, ), (t,z) € I x Q° satisfies the Stokes law

(2.1) 9:q° — 2 uAQ® + Vp© = —uf Vs in I xQ°,

V-q*=0 in I x0Q°,
where p° is the fluid pressure and the term u®Vw® models the surface tension forces which act on
the interface between the different fluids, cf. [26], [42], [17].

The order parameter u®, which plays the role of microscopic concentration, and the chemical
potential w® satisfy the Cahn-Hilliard equation

(2.3) ou® =V (Vu® —q®u®) =0 in I xQ°,
(2.4) w = — A2 Auf + f(uf) in I xQ°,

/

with f(s) = s> —s=F (s), where F is the double-well free energy (1.2).
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FIGURE 2.1. (left) Porous medium Qf = Q\ Q¢ (left) as a periodic covering of the
reference cell Y =Y, NY; (right). The blue interface v is the interface between
two fluid phases occupying the the pore space Q°.

The complete system of Stokes-Cahn-Hilliard equations reads as

2.5a 1q” —e“uAq” +Vp- = —u"Vw in I xQF,
9,q¢ 2 AqE +Vn EVwe I xQF
(2.5b) V-q*=0 in I xQ°,
(2.5¢) q° =0 on I x00F,
(2.5d) q°(0,z) =q5(z) in QF,
2.5e u= —Aw" +q°-Vu- =0 in I xQ°,
a € A > € V € I Qf
(2.5f) w® = A2 Auf + f(uf) in I xQ°,
(2.5g) n-Vu® =0 on I x 90°,
(2.5h) n-Vu®=0 on I x 90°,
2.51 u(0,2) = ug(x in .
(2.51) “(0,2) = ug(x) 0

Remark 2.1. The model (2.5) describes the situation where the two fluids are separated by an
evolving interface, the considered situation is displayed in Figure 2.1. As already moted in the
introduction, in the phase-field model (2.5) the fluids are separated by a “diffuse” interface of
uniform width proportional to the parameter A\, which is e-independent. The ”sharp” interface
between the fluids is then defined implicitly as the zero level set of the order parameter T'(t) =
{z € Q;us(t,x) =0}. The advantage of the phase-field approzimation are, for instance, the mass
conservation and the ability to deal with topological changes of the interface, cf. [9].

Remark 2.2. The following reformulations of the nonlinear terms in (2.5) are useful for the
analysis of the model.
The advection term in (2.5a) is written in an equivalent form by using the incompressibility
condition V-q° =0, since
V- d*u]=[V-q°Ju® +4q° - Vu* =q° - Vu©.
Using the identity V(ufw®) = u®Vw® +wVue the surface tension term —uVwe in (2.5a) can
be replaced by w*Vu®, where the additional gradient term is absorbed into the pressure. For more

details about the modelling of surface tension effects in phase-field models see, e.g., [6], [26] and
[9, Section 2.4].
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Remark 2.3. The model (2.5) describes a situation where the viscosities of different fluids are
equal, i.e., the viscosity coefficient u is a constant. To generalize (2.5a) to the case of two fluids
with distinct viscosities 0 < pi1, 2 < 0o we define p(u®) = p1 (1 —u)+ pa(l+us) and replace the
second order term in (2.5a) by V- (u(u®)[Va® +(Va®)T]). We note that it is straightforward to
extend all results presented in this paper for the model with variable viscosity. The only modification
for the upscaled model with variable viscosity would be to replace the second order term uAy,q in

the equation (5.8a) by V- (u(u(z))[Vya(z,y)+ (Vya(z,y)T]).

3. NOTATION AND MATHEMATICAL PRELIMINARIES

3.1. Function Spaces. For a Banach space X, let X™* denote its dual and the duality pairing
is denoted by (., .)x*xx; to simplify the notation we use (., .) where the notation is clear
from the context. We denote by L"(Q) and H""(Q) the usual Lebesgue and Sobolev spaces;
for 7 = 2 we denote H' := H“? and by L3 we denote the space of L? functions with zero mean.
As usual we denote H~1(Q) := H}()*. The space of divergence free vector fields is denoted
by HY;, (2) = {¢ € Hj ()% V-¢ =0} with its dual space denoted by Hy;,. Further, let C%(Y)
denote the set of all Y-periodic a-times continuously differentiable functions in y. We denote by
C5e(I x ;€32 (Y)) the space of all Y-periodic continuously differentiable functions in ¢, z, y with

d
compact support inside 2. The symbols <, << and < denote the continuous, compact and
dense embeddings respectively.
Below we summarize some known results that will be used in the paper.

Lemma 3.1 (cf. p. 106f in [43]). Let B be a Banach space and By and By be reflexive spaces
with By C B C By. Suppose further that By —<— B — By. For1<r;s<oo and 0 <T < oo define
X:={ueL"(I;By): 0w e L°(I;By)}. Then X —— L"((0,T);B).

Lemma 3.2 (Extension theorem, cf. [34]). Any function u® € HY"(QF), 1 <7 < oo can be extended
to a function 4 € HV"(Q) defined on all of Q such that @¢|qs = u® and there exists a constant C
independent of € and u

(3.1) 121 1m0y < Cllus ([ g1 e
In particular, for u® € L?(QF), then the extension i satisfies
(3.2) @] L2(0) < Cllut [l L2(qs).
where the constant is independent of € and u®.
The generalization of the extension theorem for time dependent functions is stated below.

Lemma 3.3 (Extension theorem, cf. [34]). There exists a bounded and linear extension operator
Ef: L2(I; HY Q%)) — L2(I; HY(Q)) such that for all u® € L*(I; H'(QF)), we have

(3.3a) Eiuf|rxqs =u°,
(3.3b) IEFu | L2 () < Clu L2 m 0y
where C' is independent of € and u®.

The restriction theorem below can be found, e.g., in [5, Lemma 5.2].

Lemma 3.4 (Restriction theorem). There exists a linear restriction operator R : H}(Q)? —
HY(Q2)? such that REu(x) = u(z)|qs for u € HY(Q)? and V-Rfu =0 if V-u=0. Furthermore,
the restriction satisfies the following bound

(3.4) |R=ull 2 ey + I VRl 2 (e) < C 1l 2y + 1Vl 2 )

with an e-independent constant C.
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Lemma 3.5 (cf. Theorem 2.10 in [34]). Assume that 1 <r <n and u € H""(QF). Then u® €
LT*(QE) and there is a positive constant C' independent of € and u

dr

n—r

(3.5) [l ey < Cllu | e (s, where r* =

In other words, HY"(QF) < L™ (QF) with embedding constant C independent of & and u.
We will often use the following inequality which follows from Lemma 3.5 for d =3 and r = 2:

(3.6) vl a ey < Cllut | g1 (as)-

3.2. Two-scale convergence. Below we recall some well-known results about the two-scale con-
vergence.

Definition 3.1. A sequence of functions (u®)esqo in L™ (I x Q) is said to be two-scale convergent to
alimitue L"(IxQxY) if

(3.7) lim u® (t,x)o(t,z, E) dxdt = / u(t,z,y) o(t,z,y)dxdtdy
e=0Jrxq € IXQXY
for all ¢ € L¥(I x ;C4(Y)).
By E\, 2 and — we denote the two-scale, weak and strong convergence of a sequence respec-
tively.

Lemma 3.6 (cf. [33]). For every bounded sequence (uf)e>0 in L™ (I x Q) there exists a subsequence
(u®)eso (still denoted by same symbol) and a uw € L™(I x Q2 xY') such that u® 2o

Lemma 3.7 (cf. [33]). Let (u)eso be strongly convergent to w € L™ (I x ), then u® 2w

Lemma 3.8 (cf. [33]). Let (u®)co be a sequence in L (I; H"(Q)) such that u® = w in L" (I; H"(Q)).
Then u® 2 u and there exists a subsequence (uf)e>0, still denoted by same symbol, and a uy €
L7 (I x Q HY"(Y)) such that Vau® 2 Vau+ Vyu;.

Lemma 3.9 (cf. [3]). Let (u%)e>0 be a bounded sequence of functions in L™ (I x Q) such that eVu®
is bounded in L"(I x Q). Then there exist a function u € L" (I x Q;H;T(Y)) such that us > u,
eV ut A Vyu.

Definition 3.2 (cf. [22, 23]). Let u® € L"(Q), 1 <r < oo. We define the unfolding operator
T L(Q) = L' (QxY) as

(3.8a) TEu® (z,y) = u® (t°(z,y)) for ze€Y,, CQ

(3.8b) Teu® (z,y) = u®(z) for Yy, NOQ#0.

where t°(z,y) =€ [£] +ey, [s] being the lower integer part of s.

We note that the unfolding operator 7¢ transforms a single variable function « on €2 into a two-
variable function T¢u on 2 x Y, s.t. u(z) = T°u(x,x —£ [£]). Some basic properties of periodic
unfolding and the relation to the two-scale convergence are summarized, e.g., in [23, Lemma 5.1].
Further information about unfolding operators and applications to homogenization can be found
in [22, 23], [15], [13)].

4. PROPERTIES OF THE PORE-SCALE MODEL

The weak solution of the pore-scale model (2.5) is defined below.
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Definition 4.1 (Weak Solution). The triplet (q°,u®,w®) € L*(I;HY, (Q°)) N H(I; H;&)(QE)) X
L(L;HY(Q9)NHY(I; HY(Q8)*) x L2(1; HY(QF)) is a weak solution of (2.5) if it satisfies (0, ) =
q§(x), u®(0,z) = uf(z) and

(4.1a) /<8tq5,1/1)dt+52u/ Vq©: Vepdedt = —/ u*Vw® - dzdt,
1 IxQe IxQe

(4.1b) /(8tu€,<p> dt+/ Vwe-Vgod:vdt—/ u®q®-Vedzdt =0,
I IxQf IxQe

(4.1c) / w%da:dt:A?/ VuE-V(bdxdt—l—/ f(u)pdzdt,
IxQf IxQF IxQe

for all ¢ € L*(I; HY, (9°)) and ¢, ¢ € L*(I; H(QF)).
Furthermore, with each weak solution (q°,u®,w®) we associate a pressure p° := Oy P, P® €

L= (I; L3(2°)) which satisfies (2.5a) in the distributional sense (4.16).

The theorem below summarizes basic existence and regularity properties of the weak solution
of the pore-scale model (2.5) which are necessary for the derivation of the upscaled model. The
proof of the theorem can be found, e.g., in [12], [21], [2]; we present the main steps of the proof
for the convenience of the reader.

Theorem 4.1. Let g5 € L2(Q°), uj € HY(QF), s.t. |u§| <1 a.e. in Q. Then there exists a weak
solution (q°,u®,w®) of the problem (2.5) in the sense of Definition 4.1. The weak solution satisfies
the following estimate
(42) lla®llpoe 1522(00)0) +VEEIVAl L2 (100 )axa T 1007l 211 ()

w211 (0 )) T AMVU | oo (102000 ya) + Ul oo (100 (00)) H 100U [ L2 1 (0 £ C
for all e > 0, where the constant C' is independent of .

Furthermore, there exists a pressure p° = 0y P¢, where P € L>(I;L3(Q)) such that (2.5a) is
satisfied in the distributional sense. The pressure satisfies the estimate

(4.3) sup VP ()lg-1(gepa <C Ve>0,
t€[0,T)

with an e-independent constant C.

Proof. (i) We set ¥ =q°, ¢ =w® and ¢ = du® in (4.1a), (4.1b) and (4.1c) and get

1d

(4.4) —— \q€|2dm+u62/ \Vqs\de—sf w*Vu® -q°dr =0
2 dt Qe Qe Q¢

(4.5) Opufw® dJ;—l—/ |Vw€\2dx—|—s/ qQ°-Vutwdr =0
QE £ £

€,,4E 2 d 2 d €

(4.6) — | Owfwdrdt+ - )\ |Vu |“dedt+ — F(u )dx,=0.

Qs dt dt

We add (4.4), (4.5) and (4.6) and 1ntegrate over (0,t) and get

%V/ |Vu5(t)|2dx+/ d:c+// |Vw® > dzdt + = / la®(1)]?

QE 1>
¢ 1

(4.7) +u52/ / \Vq5|2dxdt:§)\2/ |Vu5(0)\2dﬂc+/ F(uE(O))d:c+§/ la®(0)2dz.
0 QE QE > >

Since ug € H'(92°), |ug| <1 and qo € L?(2°)? and are bounded in the respective spaces indepen-
dently of ¢ the above equation (4.7) implies

t
1/\2/ |Vu5(t)|2d1:+/ F(ug(t))der// |Vw5|2dzdt+1/ la®(t))?
2 Qé‘ QE 0 [ 2 £

t
(4.8) +u62// \Vq© |2 dzdt < C.
0 JQs
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On noting that F(u®) > 0, inequality (4.8) implies
(4.9)  MVusllzeoriz2(ey) HIA oo (riz2e)) + IVl L2 (rx0e) + VEENIVAT [ L2130y < C
(ii) The bound [q,. F(u®(t))dx < C from (4.8) and Young’s inequality imply

/|u€|4dxgc+25/ [uf | dx + (C5 4 1)|Q°].
€ QE

Since [Q°] < |, we get after choosing, e.g., § = § in the above inequality that
(4.10) ||’LLE||L0<>([;L4(Q€)) <C Ve>0.
(iii) From (4.1a) get for all ¢ € HY, ()
(0ra®, )| < ue® VA [l 1200 IVl £2(0e)
+ 1wl pae) VWl L2 191l L4 (ae)a
< ne? [V 2o 91 11 (o)
+llullzan) V&2 191 g1 ey)a-
Consequently

(4.11) sup {3k, 9)| < ke | VATl L2 ey + 16l Lo [V | L2 00) -
H’l)b”HZi (Qa)sl

We integrate the square of (4.11) on (0,T) and get by (i) and (3.6) the bound
(4'12) ||8thHL2(I;H;.1 (Q9)) <C Ve > 0,

where the constant C' is independent of €.
(iv) Using the Cauchy-Schwarz inequality we get from (4.1b) that

[(Oru®, )| <[V L2(0e) [Vl L2(0e) + 14| Loy 19 | L4 o) IV @l 2 () -
Similarly as in (iii), using (3.6) and the estimates from part (i) we obtain the bound
10| 21,1 (o)) SC Ve>0.
(v) Since f(uf) = (uf)® —u® we get from (4.1c) with ¢ =1

(113) | wtdo= [ fuyde < O(lutlaqn +1) <,

where C' is independent of ¢ by part (ii). Hence, by the Poincaré and triangle inequalities using
(4.13) and part (ii) we obtain

(414) HU}EHLZ(IXQs) SC Ve>0.

(vi) By a classical argument, cf. [47, Proposition ITI.1.1], the identity (4.1a) implies the existence
of a pressure pf := 9, P € W~1°°((0,T),LZ(Q)) such that
(4.15)

[ Pavd = - (@0-a) v
Qs o t
_ 22 € . _ e < . 10y
€ M/O o Vq©(s): Vipdxds /0 /Qeu V(s)w(s) - dxds Vap € H} (QF)
Hence, we get

(VP(t), %) := —/QS PE(t)dsV -pdz < ([la* ()| L2 (e) + 190/l 2202 [P 2 (0)

t t
+52M/0 IVa®l[2(qe) dsl| Vbl 2 2 +/O [l Laoey VW&l L2 ey dsll®pl Lo ey -
By (3.6), (4.9), (4.10) it follows that
(VP(1),4) < CllYl g1 (oeya
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which implies (4.3).
Collecting the estimates from (i)-(vi) concludes the proof. O

Remark 4.1. We multiply (4.15) by 0r¢ for a ¢ € C°(I) and integrate in time and obtain
~ [ Peov-sdsooa = [ @aco. o i
(4.16)
te u//qu  Vepda ot dt+//€ )-pdrp(t)dt

The above formulation implies that (2.5a) is satisfied in the distributional sense with P®(t) =
t

/ p°(s)ds. Furthermore, the formulation (4.16) is equivalent to (4.1a) for ¢ € HY, (9°). Due to
0

the limited time regularity of the pressure p° € W—=1°°((0,T), L3(QF)) we will use the formulation
(4.16) to derive the two-scale limit of (2.5a).

Remark 4.2. Note that if u¢ € L=(I x Q°) then ucVw® € L2(I x Q°) and we obtain improved
reqularity 0;q° € L2(I x QF), p* € L?(I; L3(Q°)) as in [4, Proposition 1.3]. The property [uf| <1 is
physically reasonable assumption, however, it is not obvious whether an e-independent L bound
for u® holds for the system (2.5) with the double-well potential, cf. [21], therefore we do not assume
it and work with the weakest reqularity assumptions. We note that a uniform bound |u®| <1 in
I X holds for the double-obstacle type energy, cf. [9], [2], but we do not consider this situation
here.

5. DERIVATION OF THE UPSCALED MODEL

In this section we rigorously derive the upscaled model for € — 0 in Theorems 5.1. We start
with the construction of an extension of solution from QF to €2 in the lemma below.

Lemma 5.1. There exists a positive constant C' depending on ug, qo, A and p but independent of
€ and extensions u®, w<, q°, P¢ of the solution u®, w®, q%, P% to I X Q such that

(5.1) ||a€HLOO(I;L2(Q)d) + \/ﬁéf”VaE“L?([xQ)del + ||3t618||,;2(1;H;}J(Q)) + ”wEHLQ(I;Hl(Q))

+ AV (| oo (1, 22(0ya) + 10 oo (r; 23 (02)) + 1000 | L2 (1,11 () %) +t S[%PT] ||ﬁ€(t)HL(2)(Q) <C.
elo,

Proof. (i) The existence of extensions for u®, w¢, q° is guaranteed by Lemma 3.3 which together
with the a-priori estimate (4.2) implies the bound

19° (| oo (1522 ()ay + VEENVAT| L2 (1 xyaxa + 107 L2 (1,151 (02))
+ AV || oo (1, 22(ya) + [0 oo (1,04 (02)) < O

(ii) Next, we consider the extension of dyu® from L2(I; H'(9)*) to L?(I; H*(Q)*). For © €
H'(QF)* define the extension operator F€: H'(Qf)* — H'(Q)* as
(5.2) (F°0,9) m1 () x 11(0) = (©:R°0) g1 (qe)* x H1(00)
where R : H1(Q) — H'(QF) is the trivial restriction operator R¢ = ¢|qe for ¢ € H'(2). Since
IRl 1 (2ey < 9l 1 () it follows that
(5.3) [ FO g1y < 1Ol g1 ey«

Using (5.2) we define the extension deus of Byus in L3(I; HY(Q)*) as
/I<3tu57¢>Hl(Q)*xH1(Q) ::/I<F€8tusv¢>H1(Q)*><H1(Q)a

and by the linearity of the restriction operator R¢ it follows that é;/uf = 0ru®. Hence, the estimate
for 0;u’ in (5.1) follows from (5.3) and the estimate (4.2).

Analogically, using the properties of the restriction operator from Lemma 3.4 we can define the
extension of 9;q° from L?(I;H ! (%)) to L2(I;H ;! (2)) and obtain the corresponding bound for
0:q°.
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(iii) To construct the extension of the pressure P¢ we employ the restriction operator R® from
Lemma 3.4 and define G° € H~1(Q)¢ as

(54) <GE,’1/J>H—1(Q)dxHé (Q)4 - <V33PE, Rs’l,b)H—l(Qg)dXHé (Qe)d for any ’l,[) S H& (Q)d
Estimate (4.3) implies the e-independent bound

(5.5) sup [|GZ() |l g-1(qeye < C-
te[0,T]

Since <GE’¢>H—1(Q)dxH(}(Q)d =0 for ¢ € HY, (Q) (cf. Remark 4.1) it follows that G° = VPe ie.,

GE¢ is the gradient of a function P* in L3(Q), cf. [47, Proposition 1.1.1]. In particular, it can be
shown (cf. [5, proof of Proposition 4.1]) that the extension P¢ is given by

Pe(t,x) in QF,

5.6 Pe(t,x) = 1

(5:6) (t,7) — Pe(t,y)dy in each Y, .
|ka‘ Yoy,

Finally, the bound (5.5) implies that sup;co 7 | P* (t)HLg(Q) < C (with C independent of €), cf.
47, Proposition II1.1.1]. O
[ p

Lemma 5.2. Let (q%, P%,u®,w®)c>0 be the extension of the weak solution from Lemma 5.1 (de-
noted by the same symbol). Then there exists some functions q € L*(I x Q;H#(Y))d, u,w €
L3(I;HY(Q)), Pe L2 (I xQxY), uy,wy € L>(I x Q,H;#(Y)) and a subsequence of (q%, P%,uf,w)s>0
(not relabeled) such that the following convergence results hold:

(5.7a) (1) (u®)eso0 is two-scale convergent to u,
(5.7b) (71) (@%)e>0 is two-scale convergent to q,
(5.7¢) (791) (w®)e>0 15 two-scale convergent to w,
(5.7d) (iv) (P%)es0 is two-scale convergent to P,
(5.7¢) (v) (Vzu®)eso is two-scale convergent to Vyu+ Vyuy,
(5.71) (i) (Vaw®)eso is two-scale convergent to Vaw+ Vywr and
(5.7g) (vid) (eVzqQ®)ex0 s two-scale convergent to Vyq
in the sense of (3.7) respectively.
Proof. The convergence follows from the estimate (5.1) and Lemmas 3.6, 3.8 and 3.9. O

In the next lemma we discuss the convergence of nonlinear terms for ¢ — 0.

Lemma 5.3. The following convergence results hold:

(i) (u®)eso is strongly convergent to u in L*(I x Q).
it) T2 (uf)eso converges to u strongly in L2(I x QxY), whereas TE[V we] and TEqE converge
> g gey q q
respectively to Vy,w + Vyw1 and q weakly in L2 (IxQxY).
(ili) The nonlinear terms f(u®), u*V,w® and q°u® two-scale converge to f(u), u(Vzw+Vywy)
and qu, respectively.

Proof. (i) From Lemma (5.2) and Lemma (5.1) it follows that, up to a subsequence, still denoted
by the same subscript, (u:)eso is weakly convergent to u and is bounded in L?(I; H*()). By
the estimate (5.1) we have that (0;u€)c>0 is bounded in L?(I; H*(€2)*). Therefore, by Lemma 3.1
there exists a subsequence (uf).so that is strongly convergent to u in L?(I x ).

(ii) By (i) u® converges strongly to the limit u. Hence, by [15, Proposition 2.9 (ii)], [23,
Lemma 5.1 (f)] it follows that Tcu® is strongly convergent to w. Similarly, [23, Lemma 5.1] and
the estimates of Lemma 5.2 imply that T¢Vw® and 7°¢° are weakly convergent and their weak
limits coincide with the corresponding two-scale limits from Lemma 5.2. Similarly, we obtain that
T¢[V,w®] converges weakly to V,w+ Vywy in L2(I x QxY), cf. [23, Lemma 6.1].
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(iii) We note that by the equivalence of the two-scale convergence and the weak convergence

of the unfolded operator, cf. [15, Proposition 2.14], the convergence f(u®) L f(w) is equivalent to
the weak convergence 7°¢ f(uf) = f(T°uf) — f(u). The strong convergence 7<u — u in L?(I x
QO xY) from part (ii) implies a.e. pointwise (sub-)convergence of T¢u® in I x Q2 xY. Due to
the integral preserving property of the unfolding operator, cf. [23, Lemma 4 2 b)], we have that
IT5u] La(rxaxy) = lufllLa(rxq) < C by the estimate (5.1). Since f(s) = 53 — s the convergence

/ F(TEu®)pdadydt — f(uw)pdxdydt for peCT(IxQCE(Y)),
IXQXY IXQXY
follows from the pointwise convergence and the bound [|7°u(| 4(7xoxy) by the generalized dom-
inated convergence theorem.

The two-scale convergence u®V  w® EN u(Vaw+ Vywr) is equivalent to the weak convergence
TEusTE[Vaw®] = u(Vyaw+ Vywr), cf. [15, Proposition 2.14]. Hence, for ¢ € C*°(I x Q;C;’#O(Y))d
we estimate

/ TEutTE[Vaw®) ~gadxdydt—/ u(Vyw+ Vywr ) pdadydt
IXQxXY IxQxY

(Teu® —u)TE[Vaw] - pde dydt‘ + ‘ w(Te[Vaw®] = Vaw+ Vywn) - pdrdydt
IxQxY

<

IXQXY
=15 +1.

Since || T¢[Vaw®]l|L2(1xaxy) = IVaw®||L2(1xq) < O, we get for e =0
It <lellpee (rxaxy) 1T —ull L2 (1 xox ) I T [Vaw]l L2 (1xaxy) = 0,

because of the strong convergence T¢u® — u in L?(I x Q x Y). Furthermore
= ‘ / (Te[Vow®] = Vew+ Vywr) - (up)dedydt| — 0,
IXQxY

since by part (ii) 7¢[V,w] = Vyw+ Vywy in L2(I x Q xY).

Analogically we obtain the convergence q°u® N qu. O

The main result of this paper is stated in the following theorem.

Theorem 5.1. Let the extended initial condition converge as qf — qo, ug — ug fore =0 in L2(Q).
Then there exists a py := O Py , Py € L>(I; L3(Q; L%, ( »))) such that the limiting functions q, u,
w, p:=0¢P, ui, wy from Lemma 5.2 satisfy the followmg system of equations in the distributional
sense (to simplify the notation we omit the dependence of the solution on the time variable t)

(5.8a)

owa(z,y) — nAyd(z,y) + Vypi(z,y) + Vap(z) = ( )(Vaw(z)+ Vywi (z,y)) in IxQxY,,
(5.8b) Vy q(x y) = in IxQxYp,
(5.8¢) -q(z) = in IxQ,
(5.8d) q( x,y ):O on I xQxTy,
(5.8¢) q(z) ngo=0 on I x 09,
(5.8f) q(0,z) = qo(z) in €,
(5.8g) Opu(x) — Agw(x) = Vy - Vywy (z) = =V - (q(z)u(x)) in IxQ,
(5.8h) w(z) + A\ (Agu(x) + Vi Vyui (z)) = f(u(m)) in IxQ,
(5.8i) [Vaou(z) + Vyur (z)] -ngo = on I x 08,
(5.81)  [Vew(z)+ Vywi(z) —q(z)u(z)] -npg = on I x 09,
(5.8k) u(0,2) = uo(z) in Q,



HOMOGENIZATION OF STOKES-CAHN-HILLIARD EQUATIONS 11

where &(z) = m &(z,y) dy, v € Q denotes the mean of the quantity & over the pore space Y,
rlJy,

and !

(5.9) —Aywi(z,y)+Vy - (q(z,y)u(z)) =V, - Vyw(z) in I xQxY,,

(5.10) —Ayui(z,y) = Vy-Vau(x) in IxQxY,.

Remark 5.1. The homogenized system (5.8) is a two-scale model where equations (5.8¢), (5.8g),
(5.8h) can be viewed as a macroscale Darcy-Cahn-Hilliard system and the equations (5.8a), (5.8b),
(5.9)-(5.10) are microscale problems defined on Y, where the macroscale variable x enters as a
parameter. We also note that the equations (5.8g), (5.8h) depend implicitly on the microscale
variable y via the coupling with the microscale problems (5.8a),(5.9)-(5.10).

Proof. We show that the limiting functions from Lemma 5.2 and Lemma 5.3 satisfy (5.8), (5.9),
(5.10).

(i) We first consider the homogenization of the Cahn-Hilliard part of the system. Let us
choose the functions ¢o € C§°(I x Q) and ¢1 € C5°(I x O (Y)). We take p(t,2, %) = do(t,2) +
£¢1(t,z,%) in (4.1b) and obtain

- [t @n(tn D)+t D) dede
IxQE £ 3
+/ vxwa(t7x) : (qubo(t,m, E) +€vm¢1 (t,ﬂ?, f) +Vy¢1(t7ft, E)) dxdt
IxQE 3 3 3
x x x
[ ata o) (Tasnlta, D) + Va1 (60, D)+ V0t D)) dodt =0,
IxQs € € €
or equivalently (using the extensions of solution to 2 with the same notation)
[ G pnn(tn, L) de
IxQ € €
[ XEOaut o) (Tasoltn, D) +eVan(tn, D) 4 Tyt D)) de
IXQ 3 9 9 3
[ Ot ) (Vatoltin, D) +eVan (0, ) + V0002, D)) dade 0.
Ixq € € € €

We pass € — 0 in the two-scale sense. The terms containing € are bounded and the limits converge
to 0. Hence, we get

—/ w(t, )0 (t,x) da dy dt
IxXQxYy
+/ (wa(t,a:) +vyw1(t7xay)) : (Vm¢0(t7x) +vy¢1 (t,x,y)) dx dydt
IxXQxY
(511) 7/ q(t,x,y) U(t,l)(vm(,bo(t,(ﬂ)+Vy¢1(t,$,y))d$dydt:0
IxQxY,
We choose ¢g =0 in (5.11) and get

(512) / (Vzw(t,m)+Vyw1(t,x,y)—q(t,x,y) u(t,m))-Vy¢1(t,x,y)dxdydt:0,
IxXQxY)

which implies (5.9). Similarly, setting ¢1 =0 in (5.11) yields (5.8g).
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To show (5.8h) and (5.10), we set ¢ = ¢g +¢e¢1 in (4.1c) and obtain for € — 0

/ w(tamvy)(bo(t,x) dxdydt
IxQxYy
= >\2/ (qu(t,a:) +va1(t,l’,y)) ! (de)o(tax) +vy¢1 (t7$7y)) dl’dydt
IXQxY),

(5.13) —I—/ fut,x))po(t,x) dzdydt.
IxXQxYy
Setting ¢g =0 in (5.13) implies
(5.14) / (Vzu(t,x) + Vyui(t,x,y)) - Vyoi(t,z,y) dedydt =0,
IxXQxXYy

which is the weak formulation of (5.10). Taking ¢; =0 in (5.13) yields the weak formulation of
(5.8h).

The boundary conditions (5.8i), (5.8)) follow after an application of the integration by parts
formula in (5.11), (5.13), respectively.

(i) We perform the two-scale limit in the Stokes equations. We choose a 9 € C§° (€O (Y))4,
¢ € C(I) in (4.16). Then, due to Lemma 5.1 and Lemma 5.2 we obtain for ¢ — 0

(5.15) 0= /1 /Q PV, (a)0olt) o dyds

e—0

_ lim/l/gps(t,x) (vz.¢(x,§)+ivy.¢(g¢,§)> 0,6(t) da .

It follows from (5.15) that the two-scale limit of the pressure P is independent of y, i.e., P(t) €
LE(Q) for a.a. t € I.

Next, we proceed similarly as in part (i). We take ¢ € C§°(Q;CF° (Y))4 such that V-9 (z,y) =0
in (4.16), and obtain using Lemma 5.2 and Lemma 5.3 for € — 0 that

—/ q(t,x,y)'t/J(x,y)at(b(t)dxdydt—i—/ P(t,x)Vyg - (x,y)0:p(t) de dt
IxQxYp IxQxYy

+“/ Vya(t,z,y) : Vyp(z,y)o(t) dodydt
IxXQxY
= 7/1 oy u(t,z)(Vaw(t,z)+ Vywi (t,2,y)) - ¥ (x,y)o(t) dedydt.

Furthermore, using [4, Lemma 3.8] we obtain similarly as in part (vi) of the proof of Theorem 4.1
the existence of a pressure P € L>(I; L§(2; L7, (Y}))) such that

—/ a(t,z,y)(x,y)0:p(t) dwdydt+u/ Vya(t,z,y) : Vyp(2,y)¢(t) de dydt

IxXQxYy IxQxYy

(5.16) +/ P(t,2)Vy - (z,y)0:0(t) dxdt+/ Pi(t,z,y)Vy - (x,y)0:p(t) drdt
IXQxYy IxQxYy

IXQxY)

for all ¢ € CgO(Q;C’;f(Y))d, ¢ € C5°(I). Hence, (5.16) implies that (5.8a) holds in the distribu-
tional sense with p = 0; P, p1 = O P1.
The remaining identities (5.8b)-(5.8¢) follow as in [4, Theorem 3.1]. O

Remark 5.2. The pore-scale model considered in [42] is similar to the model (2.5) except for the
fact that they considered stationary Stokes equations and more general boundary conditions along
with a different scaling of the advection term. Using the splitting

(5.17) w® = —Au’
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and the asymptotic expansion method they obtain a macroscale model (cf. equations (29)-(31) in

[42])
(5.18) fYP {oAz 0] = Agfw+ f(w)]+ Ve Vylwr + f/(wm]} = 0

w = pr {-Azu—V5 -Vyui}.

and a micro-scale model
—Ayul = Vy . Vmu,
_Ay[wl —l—f’(u)uﬂ—vy-vx[w—&—f(u)] = —q-Vy[Aglwﬂ—(q—q)-Vx[A;jlw].

where q is the mean velocity. Due to the different splitting (note we use (2.5f) instead of (5.17)) a
direct comparison with (5.8) is not obvious. Nevertheless, it is possible to identify some common
features between the two models.

By denoting w* :=w+ f(u), w} :=w1 + f'(w)u1, u* := A7 w, one can rewrite (5.18)1 as (Vyw*
denotes the mean over the pore space Y),)

ou* —Agw* +V, - Vywi =0,

(5.19)

which is an equation that shares common features with equation (5.8g) (note that the advection
term is different due to different scaling in the respective models). Similarly, for instance, for the
micro problem (5.19)a, with the additional notation uj = A wy, we get

*Awa —Vy- Viaw* = 7q~Vyu”{ —(q—q) - Vzu™,

which is an analogue of (5.9) (again with a different advection term).

For q =0 the above equations (5.18), (5.19) reduce to the Cahn-Hilliard equation derived [41].
In addition, it appears that our upscaled model (5.8q)-(5.8h) with q =0, agrees with the upscaled
Cahn-Hilliard model derived in [30], however the paper doesn’t consider homogenization of the
Cahn-Hilliard equation in porous medium explicitly.

We also note that in the case of single-phase flow the upscaled equations (5.8a) reduce to the
time-dependent Darcy model obtained in [4].
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