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On the Modular Representations
of the General Linear and Symmetric Groups

Roger W. Carter and George Lusztig

1. Introduction

This paper is the result of our attempt to extend the classical theory
of polynomial representations of the general linear group GL,(C) and
of complex representations of the symmetric group S, to the more general
case in which the field of complex numbers is replaced by an infinite
field of arbitrary characteristic. The characteristic zero situation is a
well-established theory created at the beginning of this century by
Young, Schur and Frobenius (see Weyl [15]). The characteristic p case
has been investigated by several authors: Brauer, Nesbitt, Thrall,
Littlewood, Robinson, Kerber, and others, but the question is far from
being completely understood. _

Let A be an infinite field, and let V be the n-dimensional A4-vector
space of which GL,(A4) is the group of automorphlsms Let V® be the
r-fold tensor product of V over A. V® is both a GL,(4) and an A[S,]-
module? (S, acts on V®" by permuting the factors, and this action clearly
commutes with that of GL,(4)). Let A be a partition of r into at most
n parts. . .

In 32 and 3.6 we define subspaces V, (resp.¥;) of V® which are
GL,(A) (resp. A[S,]) submodules of V®". The definitions involve only
relatlons with integral coefficients and we prove that V,, ¥; have dimen-
sions independent of the field 4; in fact we prove that the V,, ¥; cor-
responding to a field A of characteristic p>0 can be regarded as the
reductions modulo p of the corresponding modules over C.

If A=C, V, can be regarded as the image of the appropriate Young
symmetrizer (primitive idempotent in C[S,]) but this does not hold if
char 4>0. _

We also note that ¥} is isomorphic to the classical Specht-module
involving Vandermonde determinants. It is however more convenient
for us to regard ¥; as a subspace of V®". Actually we can define ¥, as
the set of tensors in ¥®" which are U-invariant of Welght A (Here U
denotes the group of upper unitriangular matrices in GL,(A4) and we

! Given a ring 4 and a group G we denote by A[G] the group algebra of G over A.
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identify the partition A=(4; 24, 2---24,>0), u<n, with the dominant
weight (4, 24,2--24,>--- 24, _O)OfGL,,(A)deﬁnedby/li=0,u<i§n.)

IfA=C, the modules V,, ¥, are irreducible, and we get in this way
all irreducible polynomial GL,,((D)-modgles (resp. irreducible C[S,]-
modules). If char A=p>0 the modules V,, ¥; are not necessarily irre-
ducible.

In fact, in 3.12 we give sufficient conditions for the existence of a
non-zero GL,(A)-homomorphism V,.— V, which, by the duality Theo-
rem 3.7, is equxvalent at least for p=t=2 to the existence of a non-zero
A[S,]-homomorphism V —¥,.. We regard this as our main theorem.
It has been known prev10usly only for n<3 (Braden [3]).

In 38 we give a necessary condition for the existence of such
homomorphisms; this has been conjectured by Verma in the context of
semisimple algebraic groups and proved by Humphreys [6] for p
sufficiently large. Our result 3.8 is new only for p<n; the case p>n is
contained in Humphreys’ result.

Both 3.8 and 3.12 can be formulated in terms of an action of the
affine Weyl group W, of type A,_, on the lattice of weights of GL,(A4)
(see 4.1). This action of the affine Weyl group is closely related to the
process of raising squares in a partition diagram (see 4.2).

It seems certain that the affine Weyl group plays a central role in
the modular representation theory of the general linear and symmetric
groups. This has been pointed out by Verma [14] in the context of
semisimple algebraic groups, but it does not seem to have been observed
before in the case of the symmetric groups. It is striking how far the
analogy between GL, and S, goes. There is practically no result for GL,
in this paper which has no analogue for S,.

The main technical tool in this paper is the use of the Z-form %; of
the universal enveloping algebra of the Lie algebra gl(n). This has been
defined by Kostant in the context of semisimple Lie algebras.

In 2.2 we produce n explicit polynomial generators for the centre
of %, ® Q which are closely related to the classical Capelli element.
The explicit knowledge of these generators is precisely what is needed
to prove 3.8.

In 2.3 we define some elements T} (1) %, which can be combined to
provide the non-zero maps of 3.12. Our elements T’(t) have a strange
similarity with the Capelli-type elements defined in 2 2.

In 2.9 we define some elements S%e%, which are slightly less sym-
metric than T; ‘(t) but are actually equivalent to them. The advantage of
the elements S; is that they are more appropriate for the purpose of
generalization. Actually, in Chapter5 we discuss the possibility of
defining elements analogous to S} in the case of arbitrary simple Lie
algebras.
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Finally, we would like to thank Dr. M. Beetham for useful discussions,
and for pointing out a slight error in an earlier definition of V.

2. Computations in the Enveloping Algebra

2.1. Let %[gl(n,Q)], or simply %,, be the universal enveloping
algebra of the Lie algebra of all nx »n matrices over Q.

9, can be described as the associative Q-algebra with generators g;,
1=<i, j<n (corresponding to elementary matrices) and relations

1)) 6, 05— 00, =5, 0t—08k 0%, 1<i, j, k h<n.
A Q basis for %, is given by

il 6; (@)
2) oM — id ( !l_> Ji
( 1giU,-§,. (N)! 1§1—I§ N; ngil;ljgl (N!

where N=(N}), <, ;<, tuns through all nx n matrices with non-negative

. . X
integers as entries and the symbol ( ) means
n

%x(x—l)-...-(x—(n— 1).

The factors in (2) must be arranged in lexicographic order in the first
and third product. (The factors in the second product commute with
each other.) More precisely, in the first product (resp. third product)
the factor involving 6 comes before the factor involving 6;. if and only
if j<jor j=j and i<i.

The elements 8™ span over Z a subgroup %, < %, which is a subring.
This is the Kostant Z-form of the enveloping algebra %,,. For a definition
of the Z-form of the enveloping algebra of an arbitrary semisimple
complex Lie algebra see Kostant’s paper [9].

Let %; (resp. %7 ) be the subgroup of %, spanned by 6™ with Ni=0
for i> j (resp. i< j). Similarly, let 3 be the subspace of %, spanned by
g™ with Ni=0 for i=j. Then %z, %3 are subrings of %, and %=
Uy @UIR U3 as a Z-module.

Note that for any integers o; (0<i<n)and N =1 we have

G) ( 2 %0 ).

1ign

This follows immediately from the formal identities:

(x;y)zogvzlgy (1:;1) (NENI) and (;Vx):(-l)N (x+x_1)’

14



196 R.W. Carter and G. Lusztig

2.2. The Centre of U,. It is well known that the centre Z (%) of %,
is a polynomial algebra over Q in n generators but the explicit generators
do not seem to appear in the literature. In a recent letter to Atiyah,
S. Ramanan noted that the classical Capelli element, given by formula (4)
below for t=—n, can be regarded as an element of the centre of %,.
This is an immediate consequence of the Capelli identity proved in
Weyl’s book [15], or can be checked by direct computation. We propose
the following generalization:

Theorem. The element

0l —1—1 62............ o
co|® 03-2-t &
6: 0 —n—t
= 2;3(0)(9;(1)*5;(1)(14‘t))(ef(z)—‘sg(z)(z"‘t))'---'(Gﬁ(n)—‘s';(n)(”+t))

belongs to the centre of Uy for any teQ.

(Here &(o) is the sign of o))

Proof. The general case can be reduced to the case t= —n as follows.
Define an algebra automorphism ¢,: %,— %, by ¢,(9;)=#0: for i+ j and

¢,(09)=0: —t—n. It is clear that ¢, preserves the relations (1) so it extends
uniquely to the whole of %,. Clearly

¢t(c(_n))= C() and (pt(ff (%Q))zg(%Q)

Hence from C(—n)eZ (%) it follows that C(t)e Z (%), for all teQ.
Expanding with respect to the powers of ¢t we get:

Corollary. Let
O —dg o O3
o B2—iy... 0

C,= (1£k<n).

1St < -<ixSn .
O e O —i,
Then C, belongs to Uz Z (Uy)-

Remark. 1t is not difficult to prove that Z (%) is the polynomial
algebra over Q with generators C,, C,,..., C,.

2.3. We define now some elements of %, which will play a fundamental
role in this paper.
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Definition. For 1Zi<j<n, teZ define

O, OFi—G+1+1) 0.0

i | O3 BE-G+2+0 0
¢ s e ‘
S T e OIZI=(—1+0)

A U gt
=Y 0, 0 O (e ) — O+, — B2 (4~ 60)

where the sum is over all sequences i<i, <i,<---<i,<j with i, j fixed
and the set {j;, j;, ..., j;} ({=j—i~1—k)is the complement of {i, i,, ..., i,}
in{i+1,i+2,...,j—1}

Note that the sum has 2/~~! terms.

More generally, for any 1<i<j<m=<n and t=(7, 1,,...,1,)€Z"
define '
(6) mTj)l(T)z Z 0:1 0:; 0&-1 0:::(1]1 —0.111)(112—012 (Tll_ej;

iciy<-<ip<]

where the sets {i,,..., i}, {j;, ..., j;} are as in {5). Although our main
interest lies in the elements (5) we are forced to introduce the more
general elements (6) for purely technical reasons.

We also put ;T;(z)=T}(z). Note that
)] T(@)=T/@) if t=0t+11t+2,...,t+n).
We make the conventions: , T} (t)=1, if i=j=m; ,T}(x)=0 if i=j<m
or i>]j.

The following relations are easy consequences of the definitions
(assume i < j):

@®) WL EO=T_ @0+, T @), —62)  mz).
© o1 () =0}, T}(x)— T} (x) &, (m>j).
From (8) and (9) one deduces:

10) T ®=0""T_,@+,T @), —#Z1-1)  (m2)),

J

1) wLE=T_ (@0 (1=, =02+ T (), —0ic))
(m2j).

24. Our aim in this section is to prove commutation formulae
involving 6;_, and products of elements of the form T (z):
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Let 1Zi<j<n, 2<5asn,
T==(Ty, Tyyovns THEL"

T = (T, Ty s Ta 25 Tamt F M Ta— R Tapys -5 7)) 21,
(12) c(; aa X 1:) =(t,_;— T4 1) v+ _ (0i—7)+8i(1;— 8] — ey

where 1 if i<a—1<a<j
V=
0 otherwise.
Then the following commutation formula holds:

Lemma. 07, T{)= T/ 02+ T @ T e (o).

Proof. We can assume i<a— 1 <a< j, otherwise the result is obvious.
We use induction on j. The result is obvious for j=i+1. Assume j=i+2
and that the result is true for j— 1. Applying (11) for m=j, we have:

XS0, T~ T ) 6,
=6 (T, @ 6 (=7, — 0D+ 0 T, @), — 67 })
—TL @) 0 (-1, + 62D
-6t T (x®) 05 _i(zj_y — 62D
=(by induction hypothesis)
=T ()¢ 65_, + G [ ¢z}

; i a . .
STL@ T ) e

+O T () 06y (5, — 017D

j— i a l a
O (1) TJ.Ml(r)c(j_1 gy

f) (€, — 07D
+04(0121 —0) T, (0)(x;_, — 0I27)
~ T, M) e 0 (1—1;_ —6i7)
— O T M) 0 (z; —0T)).
Casel. i<a—1l<a<j—1
X=T @[T @) 0 (tpy — T+ D=7, + 01
+OTN TR () (T,my — T, D (T —0)71)]
=T (v) T (1) (t,m 1 — T, ).
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Case?2. i<a—1l<a=j-1
X=T. (0)(r;_,— 020 (1—1,_,+02]
+OIT T, (@) (r,,— 00 D(r, —0I2))
=T (@) 0} (5, =01+ D=7, +6]7)
+ T, (@) 0 (g, — 02D, — 012
=T, T '@@,_,—;_,+1).
Case3. i<a—l<a=j
X=T_ @1 -0)(1—7;_,+62)
+(0/21—6) T () (r;_, ~82))
=T @O/ - ) (-1, ,+6/7)
+(OZ -0+ (g~ 62D]
_—-’I}i_l('c)(rj_l—gji).
Cased. i=a—1l<a<j—1
X=T. @0~ 1, +1) 0 1 ~7;_, +07))
+9§_17}“_1(7)(62_724,1’}'1)(7;_1—95::1
=[T7, (@6 A=, + 0D+ 0 T2, (D), — 02 D1 G~ Ty +1)
=T¢ (®)O—1,,+1).
Casel. i=a—1<a=j—1
X=0"T, (0~ T, V) 6+
=0, 10141 0112+ 00,5 (i, — 031))

it1

_(9§+1 Béi;+9§+2(7i+1 _9511 _1)) 95“

=030~ +1)
and the lemma is proved.

We may now generalize this result to obtain a commutation formula
involving 6%_, and certain products of elements of the form 7"(z).
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Define
’I}i(r—(d— n,....17)= ’I}i(r—(d—l))-...- Tji(‘c— 1) T}i(r)

where d>1 is an integer and t—m=(t;, —m, t,—m, ..., 7,—m) for meZ.

Corollary.
g_ Ti(x—@d-1),..., t)=T/ (P -@d-1),..., ™) es_,
d-1
(13) + Y T —@d-1),..., W —h+1) T, (t—h) T (z—h)
h=0

-THe—(h—1),...,7)(c(x)—2h &)

where c(t)=c¢ (; ai T ‘C) is given by (12).

Proof. First we note the relation
14 @ Ti(z—(e—1),...,1)=T(t—(e—1), ..., 7)(c(6+ &) —2e 59
which follows easily from (1). The corollary follows by applying the

Lemma repeatedly and using (14).

2.5. We wish to obtain the additive expression for T} (r—(d—1),...,7)
as an integral combination of the basis elements of %;. In order to do
this we need the following

Lemma. Assume m;, m,, ...,my=j>i. Then

T} (r)

m

m i a—d=1)-.... ,, T (x—=1)

“matj

is symmetric in my, m,, ..., m, and equals

T (r—@=1)-. T (e —k),, Ty (o~ (k= 1))

1Sii<iz< <ix=d
e T @ O 0{";21-...-9{;11(1:1-_1—951:})(11-_1—Bj::}—1)
oty — B kA1)
where the sum is over all subsets {iy,i,,....05} of {1,2,...,d} and
{j1,Jas --+»Ji} is the complementary subset (I=d—k).

Proof. In the course of this proof we shall use the following
abbreviation:

L (e=@=1) o i@ =Tlg, ...om)  (m,2))
T (t—@=1) e T @=T(m}, ...,m)  (m,2j—1).

mg-j—1
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First note that
O T (0)=T} (@) 0 +mT_,(6), m>j—1
(cf. 9))
6t T (0)=T, ,(0) 671, mom>j—1.
These formulae imply by induction

911;1—1 T(]'—l 3.} 1 m 11)

d—k
d—kN
=Y FG=1 oo jmLm =1, j=Lmyomy)  (15)
h=1

+TG—-1,...,j—1, m, m;) 651

her s
where in the sum over h, m occurs in the A-th place.

We prove the lemma by induction. The cases d=1 or j=i+1 are
obvious. Assume the result known for (j,d) and for (j—1,d+1). We
prove it for (j, d+1).

Using (8) and the induction hypothesis for (j, d) we have
T(mg, Mgy e My) =, | J(1: d) T(my, ...,my)
=[T}i~1(1_ )9']":+1 md+17}l~1(t_d)(1j—l—9§:i_d)]

i _—pit
Y TG-L.j=lmy,..,m)0it . ;:ll(rﬂk ;—1),%!

1Sy <o <S4

=(using (15) and the symmetry statement for j— 1, d+1)

= Y @-RTG-1,. =l my,my . m)
—ed

32
1Sih < - <ixg=sd ek

1
QI H,J,,nl( kej )kr

+ Y TGl i lmy, ., m) 0t 6

ma+y Tmyy v mj,
Sl < i<
15 < <ipEd kot 1

. Ti—l_eﬁ:i) ]
(%)

+ Y TG-1,...,j- L,my ,m,

1< <ipsd Y

T, -1 .
-(1 v l)k!-(rj_1~9§,}—k).

j-1. . gi-1
ey oo M) O T Oy



202 R.W. Carter and G. Lusztig

Collecting the first and third sum together we find
T(my, (s my,...,my)
= Y TGl i L m) 05 B

1€ < <iksd i "
— it
. -1 1 1
( ' )(k+1)
+ Z TG-1,....j—Lm,...,my) O, B0 ot

1fij< o <irsd
! €= d—k+1

. Tf—1_05:1> 1
()

which proves the desired formula. The symmetry assertion follows from
the formula.
The above lemma gives immediately an inductive proof of the

following formula valid for 1<i<j<nand j=m,,...,m;<n:
(16 m L r—(d=1)-... m L E—1),, T2
=205 03 O Corriz i

A5 0y, -5

where the sum is over all arrays
by,b,,....b,

properties:
(A) i<b;=b,s-5b,_4<j
by_qp1=Mg, ..., by_y=m,, by=m,;
a,<by, ay<b,,..., ay_g<b,_,
Qg1 lJsooes @G_1<Js @ <].
(B) If u, (resp. v,) denotes the number of a’s (resp. b’s) which are equal
to k, then

of integers with following

w=v,=d for i<k<j

u;=d.

The C-factor in the formula (16) has the value:

Corotn= [T [] (r—8~9).
i<k<j O<s<d—uy

Note that the number of terms in the sum (16) is 2U~~Y4 We now
substitute m;=--- =m,=m, = j. In order to simplify the sum (16) observe
that 65 6; =65 0; so that the factors in each product 65! 632 ... can be
rearranged in lexicographic order. Collecting together terms involving
the same product in the #’s (up to order) we find:

Theorem.
Tji(r—(d— 1)) S T.i(r— 1) T.i(r)

) S [T [ENe-E89] TT B (%)

a
(N) i<e<j a ifa<bsj (Nb)' i<ec<j d_ZNca
a
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where the sum is over all matrices (NJ) with non negative integer entries
such that Nf =0 unless iSa<b<j, ZN ZN‘<d for all i<c<j and

LN =) N;=d

Another application of the lemma is the following

Proposition.
(18) T} 16V —1) T (@)=Tj (6" - 1) T, (o)
where
I<i<j—1<jEmsn
and

eV =(g,,0,, 0z, 051+, 0;—1,0,,4,...,0,).
Proof. First note
(19) T 16— 1)1 (0)=,T} (6~1) T}_,(o)

which is a special case of the Lemma (d=2). Using (19), (8) and (9) we
have:

T =1) T{(@)~ T}~ 1) T}_(o)
=T_;(0V=1)(T;_,(0) 0] +,T 1 (6)(0;_, —B/~})
—(TL 6= 0" +,T (6 —1)(o;_, — D) T, (o)
=T} (6 —1)(T_,(0) i 61 T}, ()
+T_(6—1),;T ,(0)o;_,— 0" D—(o,_, —(0I=1 + 1))
=T/_,(6—1) T (6)(1—1)=0.

2.6. We now consider the commutation of the powers of 0°_,; with
'(1: (d—1), ..., 7). We first consider the case a= =].
Take a=j in the formula (13). Using (18) we can bring T; I (t—h)
to the front, commuting it successively with the factors of

TV —(d=1),...,70—(h+1).

We find
Hj L 1(1: d-1,.. )—T}i(‘r(”——(d—l),...,1:(1’)65:_1
d—1
(20) =7}i (1: (d— 1)) (1 (d— 2),...,1)h20(c(1:)—2h)

=T} ,(t—(@d—1) TH{z—(@-2), ..., 1) d(c(x)— (d—1)).
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This can be generalized as follows:

Lemma.

(Bj:‘l)’Tji(r—(d—l),...,1:)= Z Tji_l(t-—(d—l),...,‘r——(d—s))
0 <s=<min(l, d)
(21) if(l—5) (I—s) i \l~s d 1
THE D —(d—s—1), ..., 54=9)- (B)_,) (S)cy(t)
where l

cf)(‘c):%(c(‘c)——d-%—i)-...-(c(t}—d+i—s+ 1).

Proof. The case =1 has been just proved. Assume (21) to be known
for 1. We prove it for I+ 1. Apply 6/_, to both sides of (21) and use (20):

O_ )" T x—d-1),...,7)
=Y T _,(x~@d-1),...,t—(@d—9) T} (z* = (d—s—1),...,7"79)

e () e
+3 T (e—@d—1),...,v—d—9) T_ (t—(d—s—1))
T 9= (d~5-2),...,779) - d—9)(c(x* ")) —(d—s—1)).
ol (d
SOy (S) c,
Use now
(c@N—@d—s—D)Oi_ ) "= _) *(c@®)—d—s+21+1).
We get the following recurrence formula
D (t)=s(c(t)—d—s+21+2) c? (1) + P (x)

from which the desired formula follows immediately.
2.7. It follows from (17) that
1 .
a7 T(t—@d—1),...,t)eUy Uz
The following result is fundamental for the applications in Chapter 3.

Theorem. Assume nZa>b=1, 1Zi<j<n, I=1. Then

ey 1, i '
(ﬁ) T!T}-’(t—(d—l))---vf}'(t‘l) T;®
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ea: S
belongs to the left Uy-ideal I generated by (—Sb')—, azd>b=bsz1

O —t—i - P
( L ), hzl and (0;—))—(@—j)—d.

Proof- First note that the general case follows by induction from the
case b=a—1 using the formula

A L @ (65~ W6

T-é,}s,( b (—-n! k! h|

Z 1)’ ;Y
n

22)

+(—1) == © (a=b+2)

which is proved by a straightforward induction on L Note that (22)
shows also that %5 is generated as a ring by

0y
n-

Assume now that b=a—1.

Case 1. a=j. We can rewrite (21) in the form:

@y 1.
T ar Ble=@-1,...9)
1
B T T_d_la"‘5r'—d N

0<s<§m(l 4 S I ( ( ) ( )) (d— )Y

. T}I(T(l—s)_(d_s_ 1)’ e ‘l.'('_s))

(J l)l s

’ (-9 (c—d+])-...-(c(®)—d+1-s+1).

We take now t=(t+1, t+2,...,t+n) (cf. (7)). The terms corresponding

. (91_ 1)l—s
to s< are left % zmultiples of —1———

A i = ; the term corresponding to s=1
z

c@W—d+1=8_,(0i—t—i)— (@) —t—j+d)
=0 —)—(O—p—d+ (S, —D(@—t—1i)

and the theorem is proved in this case.
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Case 2. a+j. Applying formula (13) with t=(t+1,t+2, ..., t+n) and
a+j we find

1, . . S
6, T TH(t—(d—1)-...- T} t—1) T} ()= x05_ +u(0;—t—1i)
where x, ue %z - U3.
Note that the inclusion ue % - %3 follows from the fact that
u@—t—iey - Uy
combined with the fact that u does not involve 6;.
The result follows now clearly from the following

Lemma. Let ye@g - U3 be such that 0°_, y=x6%_, +u(0:—c) where
x, ueUy - Uy, ceZ. Then for any 1 =1 we must have:

@) ©_ .y i—c
(23) Ly= Y xs—T!l~+Zuh( L )

I 1<ssl hz1

where x_, u,€ Uy - Uy, for all s, h and u,=0 for h large

Proof. It is easy to see that we can find unique clements x,
u,e(Wz - %R Q such that (23) is satisfied and u, does not involve 6:
for any h. Expressing x,, 4, in terms of the basis (2) it follows easily that
x,, 4, must lie in Uz - U3.

2.8. It is natural to try to find the greatest integer N (i, j, d) such that

1 .
e THr—(d = 1), ... . t 2
NG D T/(v—(d—1),...,t)€%y. From (17) and from the fact that (2)
is a Z-basis of %, it follows that

NG, jd)=d! @y
where £(d) is the greatest common divisor of the numbers
Nld—-N)!, O0<NZd.
Some elementary number theory shows that
(d+ 1!
T ploee @+

j 4
(product over all primes). For example: £(1)=¢6(2)=1, £(3)=E@d)=2,
E(S)=¢E(6)=12, £(T)=48, £(8)=144, etc. We note that the conclusion

{(d)=

1
of Theorem 2.7 becomes false if in the statement one replaces T

by V(l,l],—d) (Take for example =2, j=i+2,d=3.)
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2.9. Let %z be the subring of %, generated by

o ,
(A;) 1<i,j<n, i+), Niz1

and

01 01+1 .
( M,‘“), 1<ign—1, Niz1.

Then % is the Kostant Z-form of the enveloping algebra of sl,. It is
easy to see that %3 is precisely the commutator subring of %,. The
elements Tji(t)e %, defined by (5) do not in general lie in %;.

Let
Si=Y 6 05 ... 01 0%((0}— i) — (0% —j))

(=)= 02 —jp) ... (i~ )~ (07 ~))

where the sum is over the same set of indices i1<i2< - < as in (5);
Ji»Jas ---» Jy are also defined in (5). Then Sie %z and 05_, S belongs to the
left %,-ideal generated by 6°_, and (6} — l) (0] —j)—1foranya,2<azn.
(S’)" @) (S )"

¥ belongs to % and lb! 0 >b;1=1)

belongs to the left %,-ideal generated by —— (a=a'>b'2b, s=1) and
(G:—i)— (9J —j)—d. We have the equality

More generally the element

(b)s

(S’)”

-3 [ [ENe-sa T B

(N) i<e<j a ifa<bsj (NZ)'

(),

i<c<j d_ZNg

These statements can be easily deduced from (5), (17) and 2.7 using the
following obvious

Lemma. Fix i, 1<i<n and teZ. Then any ue%y can be written
uniquely in the form:

u=Y u, (Gi—;_l), weUy.

Notice also that

Sy 1 ; ; 0 —t—i
T (d—l))~...-7}(t~1)7}(t)+l§1v,< | )

where v,y .
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For the main application in 3.12 the elements
1 1 1 ) (Sl)d
TT(t-(d—l)) ~THe=1) T ),
are indistinguishable since there we work modulo the left %g-ideal

generated by (ei _lt_l> , =1,

3. The Tensor Space
3.1. Let V be a free Z-module of rank n and let TV= ) V®" be the

rz0
tensor algebra of V; we use the notation V®"'=V® V®---® V (r factors).
Zz Z Z

The symmetric group S, acts in V®" by place permutation: if
() a(2),..., o(r)) is a permutation of (1,2, ...,r) we have

G(U1®Uz®"'®vr)=Ua(1)®va(2)®“‘®va(r)

for any v, v,,...,v,€V. In this way V® becomes a left Z[S,] module.
Let GL(V) be the group of automorphisms of V. Then GL(V) acts naturally
on V®. Let X}, X,,...,X, be a basis for V; the non-commutative
monomials X; X, -... X,- in 1-1 correspondence with sequences
(igs 1y, ...,4,) Of mtegers between 1 and n form a basis for V¥, (Here we
use the abbreviation X; ® X, ®---®X; =X; X, -...-X; ) In terms of
the basis (X,), GL(V)=GL,(Z) and if geGL,(Z) we have

(24) g(X,-ijz---vX,-,)—( Z gJ1 g gh X, X, .- X,
i1, 02, ..., i)
where g(Xj):z g X

Let 65: TV— TV be the unique derivation of the tensor algebra such
that 6} (X) X;, 63(X,)=0 (h=1); it is clear that 6}(V®")c V.

0' 1s related to the GL,(Z) action on V®" as follows

Let gj(u)eGL (Z), ueZ be defined by gJ(u) X)=X;+uX,, gé(u) (X)=

X, (h=1i)in case i+j and by
giw) X)=>1+wX, gwX)=X, (h=*i), u*0,

in case i=j.
Then on V& & oy
giw=Y ( f') U incase i%j
(25) s20 %

; o
giw=7Y ( ’) u*  in case i=}j.
520 \S
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l S l
(These are finite sums since —— ©) and ( ') are zero on V®” for large s.)
s! s

l S 0
This shows that —— ( ) (i+j)and ( ) map V®" into itself rather than into

Ver®Q.Itis clear that the operators 6 End (V' ®”) satisfy the relations (1)
so that we get a left #z-module structure on V® commuting with the
action of Z[S,].

Theorem. (i) The natural ring homomorphism
Z[Ss,]1— End%Z(V®’)

is an isomorphism provided n=r.
(ii) The natural ring homomorphism %z — Endgs | ( V'®") is surjective.
Proof. It is easy to see in terms of coordinates that for any commutative
ring A4,
End,,, (V®" ® A)=End,, (V®")®A
and
End, 5, (Ve ®A4)=Endg;,(V®)®A4

(where by definition %, =%z ® A; similarly we put
U =U5 @A, US=UFRA).

It is then enough to prove that for A an arbitrary infinite field, the
natural homomorphisms

(@) A[S]—>End,, (V' ®4) (nzr)

(26) ., ®
(i) Uz®A— End, s ,(V*"®A)

are surjective. (The first one is clearly injective.)

Here we have used the following general fact: let u: L,— L, be a
homomorphism between two free Z-modules of finite rank. Then u is
surjective if and only if u®1: L,®A4— L,®A4 is surjective for any
algebraically closed ficld A.

We have the following
Lemma. If A is an infinite field, the natural homomorphisms
(i) A[S,]1— EndGLn(A)(V®r®A) (nzr)

and
(ii") ALGL,(A)]— End 4, (VO ®A4)

are surjective.

15 Math.Z., Bd. 136
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To conclude the proof of the theorem note that (i) and (ii”) imply (i)
and (il") using (25) and the fact that gi(u), uc 4, i=%j and gi(u), ux—1
generate GL,(A).

Proof of the Lemma. (i) Let te End 5, ,,(V®" ® A). Then

X Xy Xp)= Y b XX,

J
Cts vees Jr)

ir

where -ed. Let g: V-V be given by gX;=) g} X
Then g acts on V® by the formula (24). Since ¢ and g commute
on V® we must have:

Y ovlghgh g Xy Xy,
(1, .ees by}
(kis oy kr)

— k. i L iy . .

- Z gi: glz g,l(:tji er1 Xkr‘
(i1s .00y ir)
ksy.oir kr)

It follows that

27 YomiE g gn= Y Gigh gy
(i1, s iv) (s ees dr)
for any (ky,...,k), (i, ..., J,), and any g, with det(g})+0. Since A4 is
infinite (27) must be true even without the restriction det (g J)#O So (27)
can be regarded as an identity in the indeterminates gj
Comparing coefficients in (27) it follows that ¢ff: -k =0 if (ky, ..., k,)
is not a permutation of (i;, ..., i,
Assume now that k,, ...,kr are distinct and (i, ..., ) are distinct.
It follows from (27) that
oy s =15, S 7@, oes,.
Hence there exists a unique f.un.ction @: S,—A such that thg% =
¢ (o) whenever k, ..., k, are distinct.
Assume now that k,, ..., k, are arbitrary but i,,...,i, are distinct
(this is only possible if r <n). It follows from (27) that
i L4, 18 a sum of expressions i -t

sin

where 7 runs over a certain subset of S,.

It follows that all coefficients of ¢ are linear combinations of r! pa-
rameters ¢ (o), 6€S8,.

This shows that dim Endg, . ,,(V® ®4)<r!and (i") is proved. For a
straightforward proof of (ii”) we refer to Thrall [13].
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3.2. Weyl Modules. Let A be a commutative ring with 10 i.e. with
non empty spectrum and let V be a free A-module of finite rank, n say.

Let p=(u,=u,=---=u,>0) be a partition of r=p, +pu,+---+p,
into s integers. (s is the number of parts of the partition.) It will be useful
to make the convention that g, is defined for all h=1, p,=0 for h>s.
u defines a decomposition of the set {1, 2, ..., 7} into subsets I;, I,, ..., I
where

L={ueZ 1<u—(u+p,+ - +p_)Si}, 1=hss.

Let V*=Hom(V, A). There is a canonical pairing V&" ® V*®" 4 which

will be denoted by ( , >.

Here V& = V® V® -® V (r factors). The symmetric group S, acts
A

on V®" by the formula
0(51®52®"‘®’_’r)=’—’a(1)®5a(2)®"'®5u(r)
and on V*®* by a similar formula, so that we have
(0(5,®5,8®F,), 7, @7, 8- @
=<0,®7;, @ ®7,, Ty ® T3 @ @ T,y
for o, ...,5,€V, b}, ..., 0.e V* (p=0"").
Define V* to be the set of all tensors X e V®” satisfying conditions (28)
and (29) below:
(28) X, 7®7,®-®7,)=0
whenever T, ..., T,€ V* are such that there exist i#j in the same subset
I, 1 £h<s) such that v;=7;.
(29) Forany 1=h<s—1landanyJ,Jcl, ,,J+2 we have
Y &(6)e X=0

ce¥%(J)
where o runs over the set 9(J) of all permutations of {1,2,...,r} which
are the identity outside I, 0J and such that o(i)<o (j) for i<j in I, and
Jori<jinJ.

Note that if 4=(1) the conditions (28) and (29) are empty so that
VW=V On the other hand if u,>n for some h then V*=0 (cf. (28)).
We also remark that in case 2 is invertible in 4, (28) is equivalent to the
equation X =¢(d) X where ¢ is any transposition interchanging i+ j
in the same subset I,. The symmetric and exterior powers are special cases
of this construction, in fact "V = Veforu=(1=1=--- = 1),r components,
and A"V =V* for u=(r).

15%
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Note that in the presence of the alternacy condition (28) and assuming
n! invertible in A, condition (29) is equivalent to

3B0) (Yelo) o))? =0 where o runs through all permutations of {1, 2, ..., r}

which are the identity outside I, L J.

In fact this is just Eq. (29) multiplied by the numerical factor u,! |J|!
which is invertible in A since we can assume y, <n, [J|<py, , <n.

It is clear that condition (30) for J arbitrary is equivalent to condi-
tion (30) for J such that |J|=1.

It follows that V* can be defined by conditions (28) and (29) with
|J]=1, provided n! is invertible in A.

Returning now to the general case we prove that in the presence. of
(28), condition (29) is equivalent to
31) (Y e X=(-D"X

ce¥(J)

where ¢ runs through the set %'(J) of all permutations in 4(J) (see (29))
such that ¢(J)<= I,.

To prove the equivalence of (29) and (31) let u, be.the left hand side
of equality (31). Note that u; makes sense also when J is empty so that
(31) states that

(32) uy=(—u, forany J<lI,,,.
It is clear that in the presence of (28), condition (29) is equivalent to:
(33) Y u;=0 forJ non-empty fixed, J<I,, .

J'cJ

Assume first that (32) is true. We have
Soup=(Y (=) u, =0

JeJ JreJ

since J + & hence (33) follows. Assume now that (33) is true. If |[J| =1, (33)
is the same as (32), assume now (32) true whenever |J|<a, a=1 and let
J be such that |J|=a+1. Then

w== % up=—( ¥ (=D )y =(~1"u,

and the equivalence of (32) and (33) and hence that of (29) and (31) is
proved.

Note that in case w,=p,,, and J=1I, ; the equality (31) takes the
form of a symmetry condition
(34) X=X, XeV*

where o is the unique permutation in '(J).
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We shall call 7* the Weyl module associated to V and p. It is clear
that V— V*is a covariant functor from the category of all free A-modules
of finite rank to the category of all A-modules. (We shall actually prove
that V* is also a free A-module of finite rank.) Indeed if ¥, V" are two free

A-modules of finite rank and t: ¥— V" is an A-homomorphism it is clear
that t®: V®*— V"®" takes V* into V'*. In particular V* becomes a
GL(V)-module.

Example. Take p=(2=2). V* can be described in this case as the set
of all tensors _ o
X= ) x(ijk) X, X; X, X,eV®*,

i,j. k1
1<1i,j,k, I<n, x(ijk1)e A such that

x(jkl)=—x(ikl)=—x(ijlk), x(ikl)=x(@ijkk)=0,
x(@jkD)+x(kil)+xkijl)=0, x(ijk)=xklij).

These four conditions are precisely the identities satisfied by the
Riemannian curvature tensor in Riemannian geometry. The third condi-
tion is known as the Bianchi identity.

Note that the symmetry condition x(ijk )=x(k lij) follows from the
other conditions provided 2 is invertible in A.

3.3. We wish to describe some A-basis for V* and to do so we recall
some classical notions concerned with partitions.

Let 1 be the partition (4, 2 4,=--- = 4,>0). The partition diagram [ 1]
associated to A consists of 4, +4,+---+ A,=r squares arranged in con-
secutive rows so that the first row has A, squares, the second row has 4,
squares and so on. The rows are counted from top to bottom and arranged
so that they all start from the same left extremity. The columns are
counted then from left to right. It is clear that the i-th column must have
J; squares where 1 is the partition dual to 4. We assume that 1=y,
b= Zp Z 2 p>0)

A A-tableau is by definition a way to distribute r natural numbers
(not necessarily distinct) in the r squares of [1], one number in each square.

A J-tableau is said to be standard if it contains all numbers from 1
to r so that they increase from left to right along each row and form top
to bottom along each column. There is a unique standard A-tableau such
that any entry in the (i+ 1)-th column is greater than any entry in the
i-th column for all i. This is called the leading standard A-tableau.

A J-tableau is said to be semistandard if its numbers (which are not
necessarily distinct) increase strictly from top to bottom along each
column and increase in the wide sense from left to right along each row.
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A A-tableau is said to be of type 1, ' =(11, 15, ...) (4] not necessarily
decreasing) if it contains the number i precisely A; times for all i=1.

Let 7 (A, 1) be the set of all A-tableaux of type 1" and let (4, 1)
be the set of all semistandard A-tableaux of type A'.

There is a unique tableau in (4, 1); it is called the leading semi-
standard A-tableau. It has the number i in each square of the i-th row,
for all i.

Define the k-th position in a partition diagram to be the square in
which the leading standard tableau has the number &k (1<k<7).

Let ¢ be any permutation of {1, 2, ...,r} and let T be any A-tableau.
Suppose that in the k-th position T has the entry T(k). Let ¢(T) be the
J-tableau which in the k-th position has the entry T(5'(k)) (1<k<r).
In this way, the symmetric group S, acts on the set 7 (4, 4).

We consider functions f: 7 (4, ') — G with values in some abelian
group G satisfying properties (35), (36), (37) below:

(35) f(T)=0 if T has equal entries in two distinct squares in the same
column.

(36) Let T, T'eT (A, X'} such that T’ is obtained from T by a transposition
interchanging two squares in the same column. Then

S(M)+A(T)=0.

(37) Letl,I,,...1,Jcl,,, %9 (J)beasin3.2, sothat 1, can be regarded
as the set of squares in the h-th column. Then

Y, &(0) fle T)=(=" £(T).

ce¥’ (J)

Note that if p,=p, ;. (37) implies
(38) floT)=f(T) where o is defined as in (34).

Lemma. Let f: 7 (A, X)— G be any function satisfying (35), (36), (37)
and hence also (38). Then the image of f lies in the subgroup of G generated
by f(Z (4, 1)

Proof. The result is obvious for partition diagrams with 1 square.
We assume the result for all partition diagrams with r—1 squares. Let
[A] be a partition diagram with r squares.

Let G’ be the subgroup of G generated by f(Z (4, A)). We want to
prove that f(T)eG' for all TeZ (4, A). Let I(T) =1 be the smallest integer
such that the set of entries of T in the last I(T) columns of [1] includes
one of the maximal entries of T.

Assume that f(T)e@ for all T such that I(T)<1l, (l,=1). Let T be
such that [(T)=1,+ 1. Then the maximal entry of T, say N, must occur
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in the (I; + 1)-th column C (counted from right to left). We can assume that
this column is strictly longer than l,-th column C (counted from right to
left). Indeed if C and C’ have the same length we could apply (38) and get
that f(T)=f(T") where I(T")=I, and the induction hypothesis would
show that f(T)eG'.

If C is strictly longer than C’ then it ends in a corner square Q of [1].
Using (36) we can assume that N actually occurs in Q.

By removing the corner square Q from [1] we get a new partition
diagram [1] with r—1 squares. Let ' have the same components as A’
excent for the N-th component:

Ae=Ay—1.

There is a natural map 1: 7 (4, ) — Z (A, X') obtained by adding to a
J-tableau T the corner square Q with the entry N.

Moreover the image of any semistandard tableau under i is either
semistandard or has two entries equal to N in the same column (in which
case it annihilates f, cf. (35)).

Consider the function fo1: 7 (1, /') — G. This function clearly satisfies
(35) and (36). It does not satisfy (37). However, a close look at the defini-
tions shows that fo1 satisfies (37) modulo terms of the form + f(T") with
(T =1, It follows from the inductive hypothesis with respect to I(T”)
that f(T"eG if T)<l,. We conclude that the function ITofor:
T (A, A)— G/G’ where IT: G— G/G' is the canonical projection, satisfies
(35), (36), (37). Note that ITofo1(Z (4, 1))=0. If T=1"1(T) the inductive
hypothesis with respect to r implies that ITofo1(7T)=0 hence f(T)eG.
This proves the validity of the induction step from [, to I, + 1. The first
step of the induction (l,=1) is proved in a completely similar manner.
This completes the proof of the Lemma.

3.4. Now let 9 (A) be the set of all A-tableaux whose entries are all
the numbers 1, 2, ..., r without repetition. Let .7 (1) be the subset of 7 (1)
consisting of standard tableaux.

Consider functions F: J (1) — G with values in some abelian group G
satisfying properties (39) and (40) below:

(39) Let T, T'e 7 (4) be such that T’ is obtained from T by a transposition
interchanging two squares in the same row. Then F(T)=F(T").

Let I, be the set of entries in the h-th row of the leading standard
A-tableau (1<h=<u). Let J be some non empty subset of I, ,, h fixed,
1<h=<u—1. Let '(J) be the set of permutations of (1,2, ..., r) which are
the identity outside I, U J, satisfy ¢(i)<a(j) for i< in I, and for i<j in
J, and are such that ¢ (J)<TI,. Then
(40) Z Flo(T)=(—WY'F(T) forany TeJ (4).

ac@ ()
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Note that if A,=4,,,, (40) implies
F(o(T)=(—D"' F(T),

where o is the unique element of 9'([, . ,).

Let 4(J) be the set of permutations defined in the same way as &'(J)
except that the condition o (J) <1, is dropped. The condition (40) is then
equivalent to
(41) Y, Flo(T)=0, TeT ()

se@(J)
provided it is known that F satisfies (39). The equivalence of (40) and (41)

is proved in exactly the same way as the equivalence of (29) and (31)
(see 3.2).

Lemma. Let F: 9 (1)— G be any function satisfying (39) and (40).
Then the image of F lies in the subgroup of G generated by F(Z,(1)).

The proof is completely similar to the proof of Lemma 3.3 (use double
induction on r and on [(T), where {(T) is the smalles~t integer =1 such
that the maximal entry of T occurs in one of the last I(T) rows).

3.5. We have already remarked (3.2) that ¥*=0 if some part of u is
strictly greater than n=rank V. (We use the notation of 3.2.)
_ On the other hand if all parts of u are <n, we have Ve 0. In fact let
X, X,, ..., X, be an A-basis of V. The choice of this basis amounts to a
choice of an isomorphism V=V ® A where V is the free Z-module with

_Z
basis X;, X5, ..., X,; we have X;=X;® 1.

Then
Q= Z S(GI)XO'I(I)XGI(Z).'”.Xo'l(ﬂl)
a'1ESu1
(42) © Y 802 Xoy ) Xawy - Xn
1'1'255“2
> (09 X5, 0) Xo,2) - Xa, (u >
os€Su

satisfies (28), (29) (by elementary properties of determinants) hence it lies
in V#; it is clear that &* = 0. Note that * is not defined if y,, > n for some h,
1=<h<s.

Since V®" is a %-module (see 3.1) we get a natural %,=% Q;z@ A-

module structure on V& =V®"® A by extension of scalars. We now
z

claim that V* is a %,-submodule of_V® . In fact since %, commutes with
the place permutations (i.e. $” on V®") the set of tensors X e V®" satis-
fying (29) is %,-invariant (the condition (29) involves an element in Z[S,])-
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We prove now that the set of tensors X € V®" satisfying (28) is also
U -invariant. Consider the set S; ;(V®") of all tensors X € V®" satisfying

(X,7,®@7,®--®@7.>=0 whenever 7,7, ...,0,eV*
and v;=7; (i< j fixed). Let S; ;(V®") be the similar set constructed from

Vinstead of V. _ _ - _
It is easy to see that S, ;(V®")x=V®"~2®A?V hence S; (V&)=
A

S;. j(V®")® A. Hence it is enough to prove that S; ;(V®") is %-invariant.
/A
But since 2 is not a zero divisor in Z we have
Si,j(V®r)={XE V®r, UX= —‘X}

where ¢ is the transposition (i j). Now this again involves an element of
Z[S,] and the claim follows. _

The elements 6™ @* (see (2)) must then belong to V* for all matrices
N=(Nj), N\>0 NieZ.

It is clear from (42) that

(3) O Guro, nzisjzl, Nz
(]V;)' » = =L, V=
and
9;—1; - . .
(44) ( . )q>ﬂ=0, I<isn, Nzl

(Recall that A is the partition dual to p.) Next we study the effect of
applying elements of % to ®*. Let T be a A-tableau with entries T(1),
T(2), ..., T(r) in the positions 1,2, ..., r, such that T(})<n for all i. Con-
sider the element

Xay=Y (00 Xre,ap X1y - X (o,

a1

(45) - 2.8(02) Xy 41"+ XT(oa s ua)

gz

Teeet Z S(US) XT(rrs(m+---+us-1+1)) Teert XT(as(u1+~~-+us-1+us))

where a, runs through the group of all permutations of the w, numbers
Ry P R o R b N L e T

Then qg“=)7m where T is the unique semistandard A-tableau of
type A (see 3.3 and (42)).

The following formula follows by applying repeatedly the definition
of ¢i: V&r— Ve

(406) 11

1<i<jsn

O - v
gt ¥ =2 K
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where the sum is over all A-tableaux T such that T has Nj entries equal to j
(1<i<jsn)yand (A;— Y. N})entries equal to i in the i-th row. (The factors
Jod>i
in the product are taken in lexicographic order (see 2.1))
Since V* is a %, submodule of V®" we see that the left hand side of

(46) must lie in V.

Theorem. Let p=(u;=p,=---2p,>0) be a partition of r=p, +
Uy + -+ pg such that g, <n (1 <h<s) n=rank V, and let 1 be the partition
dual to p.

Then the elements (46) in 1-1 correspondence with the set of integral
matrices Nj (15 i< j=n) such that Nj=0 and

Ni+ (Nt =N+ (N o= N+ + (N = N S 2= Ay
(1<i<j<n)

(47)

form an A-basis of V*.
These basis elements are also in 1-1 correspondence with the set of
semistandard A-tableaux.

Proof. We first prove that the elements described in the theorem are
linearly independent.

Let T, T’ be two A-tableaux. We say that T is equivalent to T" if and
only if the sum of entries in the i-th column of T equals the sum of entries
in the i-th column of T, for all i. Let [ T] denote the equivalence class of
T. On the other hand we say that T2 T if and only if the sum of entries in
the first i columns of T is greater or equal to the sum of entries in the
first i columns of 7" for all i. Clearly T=>T" and T'= Timply [T]=[T'].
We get then a partial order on the set of equivalence classes of A-tableaux.

Let N=(N));<; ;< e an integral matrix with N} =0. Let 6™ &* be
the left hand side of (46) and let % be the set of /'L-tableaux T occurring
in the right hand side of (46). It is clear that % is non-empty if and only if

Ni{+N,,+--+Ni<i forall i, 1<is<n—1.

Assume that % is non-empty. There is a unique tableau Ty in %, whose
equivalence class is strictly less than the equivalence class of any other
tableau in % . Ty is characterized by the fact that its entries are increasing
in the wide sense along each row from left to right. It is easy to see that
Ty is semistandard if and only if N satisfies (47). Note that the condition
Ni {+NiL 4+ +NI<A (1<1<n—1)is a consequence of (47). We have
hence a 1- 1 correspondence between the set of matrices N satisfying (47)
and the set of semistandard i-tableaux with entries from 1 to n.

Assume now that

(48) Y ay- 0™ & =0

N
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where the sum is over all N satisfying (47), and aye A. Replacing 0™ ¢*
by Y Xy, wefind) (ay Y X7))=0. Now this sum can be decomposed
T

e N TeSn
in sums over T in a fixed equivalence class and each of these sums must

be zero. Consider some minimal equivalence class among the equivalence
classes [T], Te( ) % . The tableaux Te( ] % which belong to this minimal
N N

equivalence class must be all of the form Ty for some N (i.e. they are
semistandard). We find hence a relation Y ay X g, =0 where N takes all
N

values such that Ty is in the minimal equivalence class considered. Since
the elements {X,,,|Ty semistandard} are clearly linearly independent
we conclude that ay=0 for at least one N. Introduce this in (48); we can
then repeat the same reasoning and find successively that all ay are
equal to 0. This proves that the elements §™) @ where N satisfies (47)
are linearly independent. For any A-tableaux T with entries from 1 to n
define X;=Xy - X7y ... X7y€V®" where T(i) is the entry on the
i-th position of T Then an arbitrary tensor X in V®" can be written
uniquely in the form _ _
X=YarX;, aped
T

where T runs over the set of all A-tableaux with entries from 1 to n.
Hence X can be regarded as an A-valued function f5 on the set U T4, 4)
bY

where A’ runs over all sequences (41, 43, ..., A,) of integers such that
;=0 (iz1) and A;+Ay+---+A,=r (see (3.3)) We have fz(T)=ay.
Moreover X belongs to V* if and only if f¢ restricted to (4, 1') satisfies
(35), (36) and (37). This shows that V* can be considered as the kernel of
L'®A-*%L 1, ®A4 where u: L, — L, is a homomorphism independent
of A between two free Z-modules of finite rank L,, L,. It follows that
V* is a free A-module with basis as in the theorem for arbitrary A if and
only if this is true whenever A is a field. [ Here we have used the following
general fact: let 0— L, > L, -* L, be a sequence of free Z-modules of
finite rank and homomorphisms %, v such that ucv=0. Then this sequence
is exact if and only f 0 > L, ®@A4 "2 L, @ 4425 L, ® A is exact for
any field A or if and only if the latter sequence is exact for any ring A.
We take for L, the abstract free Z-module with basis in 1-1 correspond-
ence with the set of semistandard A-tableaux. |

Assume now that 4 is a field. The Lemma in 3.3 applied for G=A4
shows that dim, V*<) |7 (4, )| =number of semistandard J-tableaux

“

with entries from 1 to n=d(4) (the last equality is a definition). But we
know that the d(i) elements ™ ¢* (N satisfying (47)) are linearly
independent; they must hence form a basis for V* and the theorem is
proved.
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Corollary. Let V be a free Z-module of rankn; and let V=V @ A.
There is a canonical isomorphism of GL(V)-modules V*F@A=V* 2

3.6. We now describe some S,-modules inside ¥®". Let 7] be the set
of all tensors X e V' ®" satisfying properties (49) and (50) below:

@ _ |
(49) WX:0> 1§i§1’l—’1, Ml+lgla
iy — , .
(50) ( " )X 0, 1<i<n, N'z1.

Recall that A=(4, 24, =---24,>0) is a partition of A, + 1, + -+, =r
We assume that 4 has at most » partsi.e. y <n. Note that (49) is equivalent
to the following apparently stronger condition (cf. (22)):

@)
(N))!

It is clear that ] is an A[S,]-submodule of V®” Note that ¥, depends on
the choice of ba51s in V.

(51)

X=0, nzi>jx1, Niz1.

Let . o _
X= Z a,«h. b—Xlz Xiz ..Xir
(ty0ney i)
Let #, be the set of multiindices (i, f,,...,1,) which contain h 1,
times (1<h<n). Then X satisfies s (50) if and only if a; ;=0 unless

.....

(iy, 15, ..., i,)€F,. Assuming that X satisfies (50), it is easy to see that X
satisfies (49) if and only if the condition (52) below is satisfied:

(52) For any (i), i,...,5 S, any 1Z£h<n~1, and any non-empty
subset J of the set {k|1 <k<r, i, =h+ 1} we must have:

Z By, 55,...5=0

where the sum is over all multiindices (iy, 15, ..., i,)e.¥, such that =1, if
iwsh h+lorif i,=h+1but ké¢J 1Zk&r).

Note that if 4 is a field of characteristic zero, we can assume N *! =1
in (49) N/ =1 in (50) and |J| =1 in (52) and the conditions are not changed.

Returning to the general case we see from (43) and (44) that d*c7;.
More generally for any €S, we have ¢ *c¥,.

Theorem. The elements o @, in 1-1 correspondence with the set of
permutations ¢ of (1,2, ...,7) such that ¢ applied to the leading standard
A-tableau gives another standard tableau, form an A-basis for V7.

Proof. Asin the proof of the Theorem in 3.5 there is no loss of generality
if we assume that A4 is a field. Let F: (1) — A4 be a function defined on
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the set of all /-tableaux with entries 1,2, ..., r without repetition. Assume
that F satisfies condition (39). We associate to F a tensor X,eV®"
defined by _ _

)?F= Z F(Til,...,ir)Xil'--"Xi

(@155 irye s,

r

where T=T, _ , is any tableau in J (1) with the property that the
entry k occurs in the i,-th row of T(1 £k Zr); note that F(T) is independent
of the choice of T, cf. (39). _

The correspondence F— X induces an isomorphism 1 between ¥;
and the A-vector space % consisting of all functions F: 7 (1) — A satis-
fying (39) and (41); this isomorphism describes ¥} in a way extremely
similar to the definition of V'* (see 3.2); (39) is analogous to (28) and (41)
is analogous to (29). Note that (41) corresponds to (52) under 1. We have
observed in 3.4 that in the presence of (39) the conditions (40) and (41)
are equivalent. It follows then from Lemma 34 that dim, %, is not
greater than the number of standard A-tableaux.

We can identify the set of functions F: 7 (1) — A with the A-vector
space with basis {T|T€.7 (A)}. Then any element in & can be written in
the form F= ) ay-T. Given any TeZ (1) define m(T)=) T  where

Teg (A)
the sum is over all T’ in 7 (1) which are obtained from T by row preserving

permutations. Define now M(T)= )’ &(¢) m(s T) where the sum is over
ceK,
the set K, of all column preserving permutations. It is easy to see that

the elements M(T) with T standard correspond under 1 precisely to the
elements ¢ @* described in the Theorem. In particular M(T)e%;. It
remains to be shown that the elements M(T) with T standard are linearly
independent. This would imply that they form a basis by our earlier
remarks.

The proof of this fact is very similar to the independence proof in
Theorem 3.5. We say that T, T'e 7 (A) are equivalent if the sum of entries
in the i-th row of T equals the sum of entries in the i-th row of T7, for all i.
Let [T] denote the equivalence class of T. We say that T> T if and only
if the sum of entries in the first i rows of T is greater or equal to the sum
of entries in the first i rows of T" for all i. Clearly T2 T’ and T'= T imply
[T]=[T"]. We get then a partial order on the set of equivalence classes

of tableaux in J(1). Assume now that ) a; M(T)=0. We have then
also Tefo )

(53) Y. ar( Y, m(e T))=0.

TeJo(d) geK,

This sum can be decomposed in sums over tableaux in a fixed equivalence
class and each of these sums must be zero. Consider some minimal
equivalence class among the equivalence classes [T'], T'=0T, o€k,
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TeJ,(4). The tableaux in this equivalence class must be all standard,
since [T]<[c T] for TeZ(4), 6eK;, o¥1. We find hence a relation
Y arm(T)=0 where T takes all values in the minimal equivalence class
considered. Since the elements {m(T)|T standard} are clearly linearly
independent we conclude that a; =0 for at least one TeZ,(4). Introduce
this in (53); we can then repeat the same procedure and find successively
that all a; are equal to 0. This completes the proof of the Theorem.

_ Corollary. Let V be the free Z-module with basis X, X,, ..., X, and
=V®A. Then ¥,;=v,® A as A[S,]-modules where ¥] is constructed
z z

from V the same way as ¥, is constructed from V.

Example. Take A=(22=2); ¥; can be described in this case as the set
of all functions F on the set of all standard A-tableaux with values in 4

such that
Pl )=l )=r (i
Pl ) r G-
Pl )=F ()

for any standard A-tableau ( ;{ Jl) Note that the last symmetry condi-

tion follows from the other conditions if 2 is invertible in A. This is a
free A-module of rank 2.

3.7. It is useful to change our notation slightly. We shall write
VE=V,, ®* =&, where pu and 1 are dual partitions of r (4 has at most n
parts). Note that ¥, is the % 4-submodule of V®r geperated by &, (cf.
Theorem 3.5) and similarly ¥; is the A[S,]-submodule of V®” generated
by @; (cf. Theorem 3.6). In partlcular we have qﬁle V,n¥,;. It is an easy
consequence of Theorem 3.5 that in fact V, N7, is the free A-module on
one generator @,.

Theorem. Let A, A’ be two partitions of r into at most n parts. There
exist natural A-homomorphisms

Hom%A(VA > VA)‘”“* VA V '——’HomA[s ]( »YV20)
such that
(i) P is an isomorphism,
(i) @ is injective,
(iii) If 2 is not a zero divisor in A then Q is an isomorphism.
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Proof. Let XV, n ;.. We must have
X=s-@,=u-& forsome scA[S,], uc#,.

Define Ii)?eHom%(E,, V) by (PX)(X)=s5X,, X,€V,.. We must have
X, =u, ®,., u;€%, hence

sX;=su; Q). =u, s, =u; Xeu, V,V,.

It is clear that PX isa « 4-homomorphism from VytoV,. PXis is independ-
ent of the choice of s: assume X =s, @, 5;€A[S,]: then sX; —s, X, =
u; X —u; X =0. Hence P is well defined.

We shall define an inverse P’ to P Let deHomy, (¥}, V;); define
P'(d)=d (di,l) It is clear that P'(d)e ¥/,. Actually P'(d) must also lie in ;..

In fact, @, satisfies (49) and (50) with 4 replaced by A’ (see (43) and (44))
and d commutes with elements of %, hence d(®;.) must satisfy (49) and
(50). This proves that P': Homy,, (V;., V,)— V,n¥; is well defined. One
checks immediately that PP'=1, P"P=1 and (i) is proved. Define now
0X eHom (75, ¥;) by (0X)(X,)=uX,, X,€¥;. Then Q is well
defined (the proof is completely similar to the case of P). Assuming that
2 is not a zero divisor in A we shall construct an inverse Q' to Q. In fact
under this assumption the conditions (28) and (29) defining V, involve
only elements in the group algebra of S, (this is not the case with (28) if for
example 2=0 in A). Then the same proof as in the case of P’ shows that
06— Q'(8)=0(P,) defines a map

Q': Homs, ("/7,0 "i/;) - 7,1 ﬁ."f;.'

which is the inverse of Q. This proves (iii).

Returning to the general case we prove that Q is injective. In fact
assume QX =0. Then in particular 0=0X(®,)=u P, =X. Hence Q is
injective and the Theorem is proved.

Remark. We shall give an example to show that Q is not necessarily
an isomorphism in general.

Take A =field with 2 elements, V= A-vector space with basis X 1 X (25

A=(1, 1), A’=(2). Then with respect to the basis X, XI,XIXZ,XZXDXZX2
of V®2 wehave: V,=7; hasa single basis element X, X, + X, X, =9,,¥;
has a single basis element X; X; =®,., ¥, has a basis

(X X1, X, X,, X, X, + X, X, }.
Then V,n ¥, =0; however Hom 41821 (¥,, ¥, is one dimensional.

3.8. We have the following

Theorem. Let A, A be two partitions of r into at most n parts. Assume
that Homg, ,(V,, V;) %0 and that A is a field.
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Then there exists a permutation ¢ of {1,2, ..., n} such that

(54) Ji—i=Ay—a() ind (1Zi<n).

13

(We recall that if A =(4; = -+ 2 4,>0) with u<n, we put ;=0 foru<i=<n.)

Proof. According to 2.2, the elements C, (1<k=<n) defined in the
Corollary 2.2 can be considered as elements in the centre of %,,.
Expanding the determinant C, we get
Cy= Y (O —i) (02 —iz)-...- (B —ip)
1Sii<  <ikSn

+left %,-multiples of elements of form 6, (i>)).
Let 1(C,)=k-th elementary symmetric function in
M= Ay=2, ..., ,—n.
It follows that B B
Ci(P;)=2(Cy) ;.
More generally for any X € ¥, we must have
C,(X)=A(CY X.

This follows from the fact that X =u &, for some ue%, and from
u- C=Ce-u. _

Now letd: V;, — V, be a non-zero %,~homomorphism. Since d (@,)eV,
we must have C,d(®,)=1(C,) d{®P,). On the other hand

Gy d(éz') =d(Cy ‘E') = d(il(ck) 5/1') =1(Cy d(‘EA')-

It follows that (1(C)—A(Cy)d(®;)=0. Since d+0 we must have
d(®,)+0 and hence 1(C,)=4'(C,) since A has no zero divisors by
assumption.

It follows that
(55) [Te+ia—d=]] @+~
i=1 i=1

in the polynomial ring A [t]. Since the roots of a polynomial with coeffi-
cients in a field must be unique up to permutation the Theorem follows.

Remarks. 1) In certain situations one can prove that the conclusion
of the Theorem holds even if 4 has zero divisors. For example, take
A=Z/p"Z (h=2) and let A=Z/pZ be the quotient of A modulo its
unique maximal ideal. Let ¥ be a free A-module with basis X, X,, ..., X,
and let d: V,.— V, be some %,-homomorphism such that d® 17 is non-

zero. Then the method of proof of the Theorem shows that (55) must
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hold in A[t]. Making now the genericity assumption A, —i% 4} —j (mod p)
for i< j, it follows from the Hensel lemma that we must have A, ~i=
Ay —0 (i) (mod p*) 1<i<n for a unique permutation o.
2) It is easy to prove that if 4, A’ are two partitions of r (resp. s) into
at most n parts and if Homy, ,(V;., ;)40 (4 a field) then we must have
Cy\ . . .
r=s. In fact, the element ( ml) is in the centre of %, for any integer m,

m2 1. It follows as in the proof of the theorem that

(Zi(/lri)) (2(/%—1’))

m m

in 4 for all meZ, m= 1. This clearly implies Y (4;—i)= Z (A;—i) in Z and
hence we must have Z A Z AinZ. i

3.9. We introduce a partial order in the set of partitions of r. Given
two partitions 4, A’ of r we say that A>4" if and only if 4; =24}, 4, +4,2
A+ A3, and so on. It is well known that A= 1" if and only if [A] can be
obtained from [1’] by a sequence of elementary steps, each step con-
sisting in raising the last square of the j-th row (say) to the end of the
i-th row (j > i) of some partition diagram so that the result is still a parti-
tion diagram.

We say that an element X €V, is a weight vector of weight
o (Oi—=v)\ = _ .
v=(Vy, Vg, ...,V,) if ( N )X:O, 1Zi<n, N/z1.

For example the general element of the basis of V, described in the
Theorem 3.5 is a weight vector of weight v given by

vi=A+ (N + N2+ + NFY— (N + N+ -+ N)).
It follows easily that

VitV A=A A+ 44— Y N
15;‘§§cj<) jzn
In particular v; +v,+--- + v A + A, + -+ 4, for k=1,2,...,n—1 and
this becomes equality for k=n. Now let d: V;, — V, be a non-zero %,-
homomorphism. Then d(®,.) must be a weight vector of weight A’ hence
it must be a linear combination of standard basis elements in V; of
weight A'. It follows that we must have A'< 4.

3.10. From now on we shall assume that A is an infinite field. Let T
be the subgroup of GL,(A) consisting of diagonal matrices and let U

16 Math.Z., Bd. 136
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be the subgroup of GL n(A) consisting of matrices (g%) with g;=0 for i> j
and gi=1 for all i. Let T be the group of all rational homomorphisms
from T to A*. Then T is a free abelian group of rank . The elements of
T will be called the weights of GL,(A4). An arbitrary element ye T is of
the form y(g)=(gH)(g3)**-...- (g% where geT and Ay, 4,,..., 4, are
integers, so we can identify y with the vector A=(1;,1,, ..., 4,)€Z" and
consider 1 itself as a weight in 7. By definition the set of dominant weights
in T'is the semigroup T+ < T consisting of all Ae T such that A, =>4,>---
21,20. Clearly T, is in 1-1 correspondence with the set of partitions
with at most n parts.

3.11. A polynomial representation of GL,(A4) is a homomorphism from
GL,(A) into the group of automorphisms of some finite dimensional
A-vector space whose components are given by polynomial functions on
GL,(A). Any invariant subspace or quotient space of a polynomial GL,(A)
representation is again a polynomial GL,(A4) representation. Note that
the dual of a polynomial GL,(A4) representation is not in general poly-
nomial. Any polynomial GL,(A) representation restricted to the torus T
splits into one dimensional representations of T and hence gives rise to
a family of weights. If M is an irreducible polynomial GL,(A) representa-
tion, there is up to a scalar a unique vector voe M which is fixed by U;
v, is a weight vector corresponding to the highest weight of M with respect
to the partial order of partitions introduced in 3.9. The torus T leaves
invariant the line generated by v,. We get thus a weight defined by
8 Vo

Do
respondence between the set of isomorphism classes of irreducible
polynomial GL,(A) representations and T.. We shall denote by M; the
representation associated to Ae T under th1s correspondence (4 is called
the highest weight of M)). It is obv1ous that V®" is a polynomial GL,(A)
representation hence so must be V,cV® for Je T

¥, has a unique U-invariant vector of weight 4 (up to a scalar); this is
®,- &, generates V; as a GL,(4)-module (since it generates V, as a
% ,~-module and A is an infinite field). It follows that ¥, contains a unique
maximal GL,(4)-submodule, and the quotient by this must be isomorphic
to M. If A has characteristic zero we have actually V;=M,. In fact
since V,lmV is clearly 1 dimensional we see from Theorem 3.7 that
Homy, ,(V;, V))=Homgy, 4)( V,, V3) is one dimensional. Since ¥, must be
completely reducible this implies that ¥, is irreducible. A similar proof
shows that ¥; is an irreducible S,-module if 4 is a field of characteristic
zero. Note that in our case (4 any infinite field) ¥, can be regarded as
the set of all U-invariant tensors of weight A in V®’_

If A has characteristic p>0, the corresponding V, can be regarded as
the reduction mod p of the ¥, in characteristic zero using a “minimal

, which must necessarily lie in T+. We get thus a 1-1 cor-

geT—
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admissible lattice”, see [2] or [7]. Note that in characteristic p>0, V, is
in general reducible (see Corollary 2 in 4.1).

3.12. Let 4,1 be two partitions of  into at most n parts. If 4 is a
field of characteristic zero and V, n¥;. 40 we must have 1=1" because
V, is irreducible.

We have the following

Theorem. Let A be a field of characteristic p>0. Assume that A and
A’ are related by the formula

hi=A—d, Xj=ii+d, A=»X, 1=hZn, h=+i,j
Jor some 1 i< j<n. We assume further that
(56) (Ai—)—(;—j)=d(modp), 0<d<p,
(57) (Ai—)—(4—h=£0,1,2,...,d—1(mod p)
for all h, i_<h<_j.
Then V, n¥;. %0.
Proof. Let

Xy o=y T—i—@—=1)-.... Tih—i—1) T}, i) &,

RS
d!
S,

. | .
where the operators T} are defined by (5), and ar (S;)" is defined in 2.9.

It is clear that X i €V, and it follows from Theorem 2.7 and from (56)

that —— (@)
l 0 lf

It is easy to see that ( ] ) X, =0 for any 1<i<n and any I=1.

X,1 »=0forany n=a>b=1and any [=1.

This shows that X,L LEV,NT,.. .
Next we show that under the assumption (57) we have X, ; +0.
Using (17) we can write

Yu:(NZ) kIlj[(; NY)! (d—§ N1
(58) GRS (k=)= —c)\ =
' H I—[ ( d_z Ma ) ¢l

iSa<b=<j (Ma)' i<e<j

where (N) runs over a certain set described in (17). To prove that (58) is
non-zero we introduce the following notion. We say that a A-tableau of
type A’ is distinguished if its entries are increasing strictly along columns

16*
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from top to bottom. Let J;(4, A') be the set of all distinguished A-tableaux
of type A". The elements { X )| Te J;(4, A')} are clearly linearly independent
tensors in V'®" (see (45) for the notation X 7)) Let T,eZ;(4, 1) be the
unique semistandard A-tableau whose entries in the h-th row are all
equal to h (h=1i) and which has d entries equal to j, (1;,—d) entries equal
to i in the i-th row. Using (46) and appropriate column-preserving per-
mutations we can clearly write

X}_’llz Z (,IT X(T)

Tedalh, ')

where apeA are uniquely determined (note that column preserving
permutations change X1, at most in sign).

Moreover it is easy to see that X, (ry €an only come from the term

N (1 Ai—D—(A.—ch =.

Nnj—i-1 J i 4

(d ') d' i<1:[<j ( d ) ¢l

corresponding to taking N =0 unless a=i and b=j in the sum (58). It
follows that we must have

ap= 11 (I (h=9)=(=0)=).

i<c<j e
O0gezd-1

Now the assumption (57) implies that a;, +0in A. It follows that X a0
and the theorem is proved.

Remark. There exists an alternative way to describe X, ;- According
to Theorem 3.6 we can write X, ;=) a,0®, where ¢ runs through

[

the set of all permutations of {1,2,...,r} such that ¢ applied to the
leading standard A-tableau gives a standard A-tableau, and a,eA are
uniquely determined. The precise values of g, can be determined (in
principle) from (58) but this is complicated in practice. They are known
in case d =1 (M. Beetham, not yet published).

4. The Lattice of Weights and the Affine Weyl Group

4.1. We shall now place our results in a geometric framework. We
shall assume that 4 is a field of characteristic p>0. Recall that T denotes
the diagonal subgroup of GL,(4) and T its group of rational characters
(see 3.10). We can identify T with the set of all sequences A=(1,, 45,..., 4,)
of integers.

The real vector space T®R has a natural euclidian structure defined
by (AL A>=2 > A%

1<ign
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Let %;: T® R — R be the affine-linear function defined by %,(1)=4,—i
(i fixed, 1<z<n)

Let W, be the group of all affine transformatlons w of T®R such
that there exists a permutation o of {1,2, ..., r} such that

H(Ww)=%,6(D+k-p (1<i<n)

where k; (1<i=<n) are integers such that k, + k, oot k,=0. W_ is called
the affine Weyl group. It is clear that W,(T)=1, and that all elements
of W, are distance preserving. Consider the affine hyperplane

L= {1 TORIX(D)—%()=kp} (1Si<j<n, keZ).

The orthogonal reflection with respect to Li;(k) is given by the element
w=s}(k)e W, such that

% (w(A)=%;(A)+kp
% (w(A)=%)—kp
Su(WD))=%,(2), h=*ij.

The reﬂections sj. 3] generate W as a group (actually W, is already gener-
ated by s} (0), s2(0), ..., s# 1 (0) sk (1)and is in fact a Coxeter group on these
generators). An element ieT@]R is said to be p-singular if and only if
A belongs to at least one of the hyperplanes L;(k). An element Ae T ® R
is p-regular if and only if it is not p-singu]ar. The set of all p-regular
elements in T ® R is a disconnected open set; its connected components
are called alcoves. For example

Co={1eT @ RIX (N> % (A)> -+ > %a(A), %;(4)—%a(A)<p}

is an alcove (the fundamental alcove). Its closure C, is a fundamental
domain for the action of W, on T ® R. W, acts transitively on the set of
alcoves with trivial isotropy. In particular any alcove is of the form w C,
for a unique we W,. Note that any alcove is the cartesian product of an
open (n—1) simplex and the real line.

We introduce now a relation i on the set of dominant weights.
Given A, A in T we say that 4’11 4 if and only if /<4 and the condition
(59) below is satxsﬁed

(59) There exists a reflection s (k)e W, such that s'(k) X' = 1. Moreover, if
d denotes the distance from A’ (or A) to the reﬂectmg hyperplane L;(k), we
must have 0<d <p.

Note that the reflection s;'-(k) in (59) is uniquely determined.
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If 211 A we must clearly have
H()=%(N)~d
X;(N)=%;(2)+d
X, (A)=%,(%), h=%i,j, i<j
% (A)~%;(W=kp+d, O<d<p

(60)

and conversely (60) implies A'17 4. Given 1, 4 in ’f’+ we say that I'1T4 if
and only if 2114, but we cannot find a sequence 4,,4,, ..., 4 (k=1) of
elements in 7T/ such that A'11 A, 4, TP 25, ..., 41 1T A AT A

Lemma. Let 1,1 in ’T+ be such that (60} holds and X' 1 A. Assume that
X;(A)— X%, (A)=%0 (mod p) for all h, i <h<j. Then we have also X;(4) — X, (1) =+
1,2,...,d(mod p) for all h, i<h<j.

Proof. Assume that (60) holds and that for some h, i<h<j we have
X (A)—%,(A)=1p+d for some leZ and some 4, 0<d <d. We can, of
course, assume that k is minimal with this property.

It follows that

X(A)=%,_,AD=mp+d’, meZ, d<d'<p,
provided i+1<h<j.
Define A, A@eT by
%(AN)=%)—-d, HA)=%,D)+d, X)=%(4)
for s=i, h.
%A =%,(I)~(d~d), %(?)=x;,(2")+(d-d)
% (AP =%,(A1)  for s=*i,j.
Then we have (cf. (60)):
5(A)=%,(A) =", %;A)=%;(AD)+d, x,(1)=%,(1?)
for s%h,j.
It follows that
AW=si(hh, AP=sik) 2D, V=sik—]I?.

It is clear that A, AV are at distance d' from I, (1); AV, A? are at distance
(d—d) from L;(ky and A, 1’ are at distance d' from I%;(k—).
We now prove that A1), A*) are dominant. For this it is enough to see
that
X1 (=%, >4, h>i+1

Xi()—%i 1 (W>d+d,  h=it+l.
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Assume first h>i+1. We have
X1 (D) =%y(A=(p+d)—(mp+d")=(l—-m—1) p+(p—d’'+d).

This must be >0 since 4 is dominant; on the other hand 0<p—d"+d' <p.
It follows that I —m—12=0 and hence

X1 A—%,A=2p—d’'+d'>d since p—d'>0.

Assume now that A=i+ 1. From the fact that /' is dominant, it follows
that
X(A)—%;,,(A)>d.
We have
X (A=%D =Ilp+d>d.

Hence (I-1)p+(p—d+d)>0. Using 0<p—d+d'=<p, it follows that
1>1 hence
(M=% (Dzp+d'>d+d.

We have proved that AVt 4, A2 121, 111 42 which contradicts the
hypothesis 4’1 4. The conclusion of the Lemma follows.
We can now reformulate our results from 3.8, 3.9 and 3.12 as follows:

Theorem. Let A, VeT, .

(i) If Homgy, 4y (Vy:, V2) %0 we must have A=w(X) for some weW,
and A <A

(ii) If A, X' are p-regular and X' 1) then Homgy,, 4 (V;., V;) 0.

Proof. The inequality 1’ <1 follows from 3.9. According to Theorem
3.8 the hypothesis of (i) implies the existence of a permutation ¢ of
{1,2,...,n} such that

l,—i=i;(l)—0'(i)+klp, i=1,2,...,1’l, kiEZ.

According to the Remark 2 in 3.8 we must have k; +k, +---+k,=0 and
the assertion (i) follows. (ii) follows from Theorem 3.12 and the Lemma.

Remarks. 1. The conclusion of (ii) remains valid if instead of assuming
that 4, " are p-regular we assume only that ¥;(1)—%,(1)==0 (mod p) for
all h, i<h<j. (According to the Lemma this implies Xu (1) —%;(A)%0
(mod p).)

2. It is rather plausible that with the hypothesis of (i) we actually
have

dim, Homgy,, 4 (V;-, Vi) =12

2 Dr. J.C. Jantzen has informed us that he is able to prove this when A’ is maximal (for <)
among the A" with 1”1 1.
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3. The following questions are not yet decided: Let AAeT, be
p-regular. Assume that Homg, (A)(I/; , V)05 is it true that we must
have 2’1 A1 1@ 1...4A®1 1 for some AV, A®, .., i®in T, ?

Conversely assume that such a sequence /1‘1) /1(2’ ) /1"" exists. When
is it true that Homg;,, A)(V,1 ,V)=07A special case of thls last question
is: Assuming A'11 4, is it true that Homgy (4 (V;, V,)%£0?

4. It is amusing to note that whenever Homg,, (A)(V,1 , V) £0 we

must have dim V.= +dim V,(mod p), provided p=n. In fact the func-
tion d: T, — Z defined by Weyl’s dimension formula

T &s@-5,)
d(})=dim V, =-18i<izn

I G-9

1Zi<j=n

clearly satisfies the property
d(wl)=det(w)d(A)(mod p), weW,, ieT,,
(note that [] (j—i)=*0(mod p) for p=n), and our claim follows from

1<i<jZn
part (i) of the 'fheorem
We also note that in case p=n a weight Ae T is p-regular if and only
if dim V,=0 (mod p). On the other hand no welght in T is p-regular in
case p<n.

Corollary 1. Let A, X' be two partitions of r into at most n parts. We can
regard A, A" as elements of T, .

(i) If Homs , (¥;, 4;)=%0, and char A+2 we must have A=w(X') for
some we W, and 1’ <A

(i) If A, X' are p-regular and 2’1 A then Hom A[S,](ﬁ ,¥,)%0.
Proof. Use 3.7.

Corollary 2. Let 1e T+ be a p-regular weight. Then V, is an irreducible
GL,(A)-module if and only if A lies in the alcove C,.

Proof. A_ssume first that Ae Cy, i.e. (A; —1)—(4,—n)<p. In order to
prove that V; is irreducible it is sufficient to prove that there is no non-zero
U-invariant vector in V, of weight 1,1'+1 or, equivalently, that
Homg,, (A)(V}. , V=0 for A+ ). But if Homgy, 4y (Vyr, V)0 we must
have A'=w(d), weW,, V' <1, Ve T+, (4 —1)—(A,—n)<p. It is easy to see
that these conditions are incompatible, and the irreducibility of ¥,
follows. Assume now that ¢ C,. Suppose A belongs to the alcove C+ C,.
Then we can find an alcove C' such that C’ and C have a wall in common,
and such that, if A’ denotes the unique element of C in the W -orbit of 4,
we have A'e Tt_ and 214 It now follows easily from part (i) of the
Theorem that V; is reducible and the Corollary is proved.
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Remark. If Ae T, is not necessarily p-regular the problem of deciding
when ¥ is irreducible is not solved apart from low cases. The fact that
V, is irreducible for Ae C, (and even for AeC,) was first proved by
Verma [14], using a result of Humphreys [6].

4.2. There is a natural interpretation of the relation A’ {2 in terms of
partition diagrams.

First, A'T1 1 means that the partition diagram [1] is obtained from
the partition diagram [4'] by raising the last d squares in the j-th row
of [A'] to the end of the i-th row of [} (1 £i< j<n, 0<d<p)so that each
of the raised squares moves through a number of squares equal to a
multiple of p.

For example, take

AlB
1'=(6,4,2) A=(6,6,0)

(n=3, p=5). The movement of the square A from the old to the new
position can be described by the diagram

f
|

similarly the movement of the square B from the old to the new position
is described by the diagram

-

5
I

Both processes clearly involve 5 steps. The process of raising squares is of
course very old; it was already present in the work of Young on the
symmetric group. The idea of raising squares through a number of steps
divisible by p in order to obtain information about the p-modular
representations of the symmetric group appears in the book of Robin-
son [11] and also in more recent work of Kerber [8]. The process of
raising several squares at the same time has not, to our knowledge, been
previously considered.

Clearly, A'11 means that [1] can be obtained from [17] by raising
squares as described above but not by a composition of such processes.
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This is true in the example considered above, but not in the example

| 4 14]B]
T B|1 B| 1
A B 14
A A
(n=3, p=3) where we have /' A but not 't 4.
4.3. As an application consider the weight
Ak)=(p—k,1,1,...,1,0,0,...,00e T, ,
—_— e

k n—k—1

0<k<min(p—1, n—1), p=char (4).
The partition diagram corresponding to A(k) is a p-hook:

p—k

NN

k —

Note that A(k)TA(k—1), 1Zk<min(p—1, n—1). In fact, [A(k—1)] is
obtained from [A(k)] by raising one square from the (k+ 1)-th row to the
first row, or equivalently A(k—1)=s}, (1) A(k) in the notation of 3.14.
Note that A(k) is p-regular if and only if p=n. However, without any
assumption on p and n we have

(k= 1) = 1) =(Alk— gy —(k+ 1)) =p+1
and
(A(k—1),—1)—(A(k—1),—h)£0, modp, 1<h<k+1,

which is a somewhat weaker condition than p-regularity. We can apply
Theorem 3.12 and conclude that there exists a non-zero GL,(A4)-homo-
morphism d: I/Mk)—> VMk 1-

According to a theorem of Thrall [13], VM,() has either one or two
irreducible composition factors. It follows that d must be unique up to
a non-zero scalar.

We could, of course, describe d in terms of the element T\, ,(f) used
in the proof of Theorem 3.12. However in this case there is a more attrac-
tive way to define d in terms of the symmetric group. It follows from 3.2
that V,l(k) can be regarded as the set of all tensors XeV®? such that
(X 7y ®U,®-- @7,y is alternating in the variables ©;,0,,..., Tk 1,
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symmetric in the variables 7, ,, ..., ¥,_1, 0, and satisfies the condition

ZE(UKX, U1y QUp2)® Vs 44 )RV, 3 Q- T, ) =0

where ¢ runs through all cyclic permutations of (1,2,...,k+2) and
01,73, ..., U, are arbitrary elements in V*.
Define d: V, 4, — Vm_ 1 by the formula

X, 7@, Q- ®T,»
=Y AX, T, @0, ® @By @ Ty s 1.1y @y 2y ® ++ ®Tp >

where ¢ runs through all cyclic permutations of (k+1, k+2,...,p).
One checks easily that dXeV,,_,, if XeV,, and that d(®;,)+0
(1<k=<min(p—1,s—1)).

It is obvious that d is a GL,(A)-homomorphism hence it must be
the same (up to a scalar) as the one given by Theorem 3.12. Let s=
min(p— 1, n—1). We have the sequence

(61) 06— Vz(s)_d’* Vus—n—d’””_d’ I7,1(2)‘L’ Vm)‘d” VA(O)—L* M;0,—0
where ¢ is the natural projection of 17,1(0) onto its unigue irreducible
quotient M, .
Note that V,, is irreducible. In fact, if p=n we have
A)=An—-)=(p—-n+1,1,1,...,1)
n—1

and as this lies in the alcove C,, E(,,_ 1) is irreducible by Corollary 2 in
4.1. On the other hand, if p<n, we have

A)=Ap-1)=(1,1,...,1,0,...,0)
R et Y
P n—p

and in this case V;,_ is just the p-th exterior power of V and this is
again clearly irreducible.

_ On the other hand according to the result of Thrall mentioned above
¥, has two irreducible composition factors. This implies easily that the
sequence (61) must be exact. Note that M, o, is just the natural representa-
tion ¥, twisted by the Frobenius automorphism of 4.

Remarks. 1) If char A=0, the sequence (61) cannot be defined. How-
ever, it has been pointed out to us by M. Atiyah that the identity
Y, () Vg=v*(7)
0Ziss

holds in the representation ring of GL,(A); here ¥? denotes the Adams
operation (see [1]).



236 R.W. Carter and G. Lusztig

2) For the symmetric group S, there is an exact sequence of A[S,]-
modules, similar to (61) and due to Peel [10]:

(62) 0‘—%1(1;—1)“ Ap-2) S T Ay 1(0)‘_0

(we assume here n=p). Note that %_(,,_1)=“/7(1,1w,1, is the sign rep-
resentation of S, (trivial if p=2) and ¥}, is the trivial one dimensional
representation of S,,.

3) It would be very interesting to generalize (61) as follows. Let
AeT, be a p-regular weight satisfying X,(4)—%; ((A)Sp (IZign—1)or
equivalently

(63) A=A Sp—1 (1£ign).
Let S, , be the set of all X'e T+ such that there exists a sequence

W@ Ve
such that
i’“b(l)T/I(Z)T"‘Tl(k_l)T/L

Note that S, , is empty for k sufficiently large, and finite for all k.
LetR,(k)= @ Vy.(k=1)and R;(0)=V,.

A'eSa, K

Define a map D: R,(k+1)— R, (k) by a matrix of homomorphisms
(pu,v: 17;1‘—)1_/17’ ueS}.,k+1’ veSl,k

where ¢, , is the homomorphism constructed in 3.12 in the case ufv
and is zero otherwise.

Form the sequence

0_)R}.(S)—‘D“> A)RI(Z)—D>R1(1)—D—>R;_(O)—>MA—>O,

(64 s=max {k|R,(k)+0}.
We speculate that (64) might be an exact sequence. This would give in
particular a formula for the character of M, as an alternating sum of
characters of Weyl modules. (A somewhat analogous exact sequence in
the infinite dimensional case has been proved recently by 1. 1. Bernstein,
I.M. Gelfand and S.I. Gelfand see [5].) The significance of the condi-
tion (63) is that the set of weights Ae T satisfying (63) is in 1-1 correspond-
ence with the set of irreducible p-modular representations of GL,(Z/pZ).
4) An exact sequence similar to (64) might also exist in the case of S,.
Let le T’+ be as in Remark3 and such that A, +A,+---+4,=r
Assume n<p<r. (If p<n, 4 cannot be p-regular, and if p>r, all A{S,]
modules are completely reducible.) Let % , be the set of all Ve T, such
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that there exists a sequence AV, 1@, ..., A*~De T, such that
)le(l)Tl(Z)T ...T/{(k—l)T/l/.

Note that % , is empty for k sufficiently large and finite for all k.
Let #,(k)= @ ¥, (k=1)and %,(0)=";.

AMeFs
Define a map 2" ‘% (k+1)— &, (k) by a matrix of homomorphisms

+V, %“*”Z: UES ki1r VES 1

where y,, , is the homomorphism constructed in 3.12 (see also 3.7) in the
case v T u and is zero otherwise.

Form the sequence

@5) O RS R0) By (1) B,(0) = M0,
s'=max {k|Z,(k)} +0.

Here .#, is defined as the cokernel of #;(1) » £,(0). It might be con-
jectured that (65) is exact and that .#, is an irreducible A[S,}-module.
This would imply a formula for the character of .#; as an alternating
sum of characters of ¥, s.

5. Generalisation to Algebraic Groups of Other Types

Our results on the existence of non-trivial homomorphisms may be
expressed in terms of SL,(4)-modules instead of GL,(4)-modules. Let
T'=TnSL,(A). By restricting characters of T'to T' we obtain a surjective
map n: T— T". We note that z(u)==(v) if and only if g;=v;+c, ceZ,
where c is independent of i. The affine Weyl group W, operates effectively
in 7" by the rule w(n(4))=n(w(4)) for e T, we W,. In this way W, can be
regarded as a subgroup of the affine orthogonal group of T"® R, which
inherits a Euclidean structure from T ® R via 7. As such W, is generated
by the reflections in the hyperplanes Li(ky=n(L;(k))=T", and is the
affine Weyl group of SL,. The images under 7 of the alcoves in T are
alcoves in T’ with respect to the hyperplanes Li(k) and are (n—1)-
simplices. Note that the map mn: T— T’ corresponds to restricting
GL,(A4)-modules to SL,(A)-modules.

Let T/ =n(T,). The elements in 7 are the dominant weights of the
irreducible rational SL,(A)-modules and we have an example of the
situation encountered in the theory of semi-simple algebraic groups.
The Lj (k) are affine hyperplanes orthogonal to the roots of SL,(A4). The
elements of T’ are the non-negative integral combination of the funda-
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mental weights ¢, 495, ...,q,_; of SL,{4) given by
7n(1,0,...,0)=q,
TC(l, 1905 90)=ql

21,y 1,0) =gy

Let p=gq; + --- + ¢y, be the sum of the fundamental weights. If we denote
the weight k; g, +---+k,_1q,_1€T; by [k, ks, ..., k,_ ], we have

Ay, Ays s A=A — A5, A — A5, o, Ao — A,

We observe that the affine hyperplanes L;(0) all pass through the weight
—_— p‘

We represent in the figure the case n=3. We have shown only alcoves
in 7" whose closures have non-empty intersection with T7. Pairs of
points 7(4), ©(A) such that A'TA are joined by a dotted line oriented
towards A. The dominant weights (i.e. those in T;) lie in the closed acute
cone with vertex 0.

L5
/

(1)

It is intriguing to consider how the result on the existence of non-
trivial homomorphisms between Weyl modules for SL,(4) might
generalise to other simple algebraic groups.
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Let G be a simple simply-connected algebraic group over the complex
field, let T be a maximal torus of G and T be the group of rational charac-
ters of T Let T be the set of dominant weights with respect to a suitable
ordering on T. For each AeT, let V, be the irreducible G-module with
highest weight 4. Let V, 5 be a minimal admissible lattice in V, (see
Humphreys [7] p-159) and V,l—V,l z® K where K is an algebraically
closed field of characteristic p. Let G(K) be the simple algebraic group of
type G over the field K. Then V, is a rational G(K)-module, which is
however not in general irreducible.

Given 1, e T+ we consider under what circumstances
Homg ) (Vi:, V3)+0.

The real vector space T®R admits a positive definite scalar product
invariant under the action of the Weyl group, and we can decompose
the resulting Euclidean space into alcoves in the foliowing way. For each

2
root r let h’=(r—:)_ be the corresponding coroot. For each keZ let L, (k)
be the set of Ae T® R satisfying the condition

(h,, A+p)=kp

where p is the sum of the fundamental weights. Observe that this relation
is obtained by equating to an integral multiple of p one of the factors in
the numerator of Weyl’s dimension formula. An element Ae TR is
called p-singular if 2 belongs to some affine hyperplane L,(k) and p-
regular otherwise. The set of p-regular elements in T® R is a disconnected
open set, whose connected components are called alcoves. Let s,(k) be
the reflection in L,(k), and let W, be the group of affine transformations
of T® R generated by s, (k) for all , k.

Given two p-regular elements 4, ' of T+ we define ' {1 Aif <1 and
s,(k) I’ =2 for some r, k such that L (k) intersects the closure of the alcove
containing 4. We define A’ 4 to mean that 4’114 but there do not exist
AN 33, A (k= 1)eT, such that

ﬂ"TT’Ila AITT/IZV'-alk—lTT}“k: j’kTT'1

A natural generalisation of our theorem in 3.14 would be given by
the following conjecture:

Let 4, )/eT If HomG(K)(V,l , V;)%0 then A=w(X) for some we W,,
and '<A. If 4, i’ are p-regular and A'T 4 then Homg g, ( V,, V) 0.

The former of the two statements was conjectured by Verma [14] and
proved by Humphreys when p is greater than the Coxeter number of G.
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It appears from the results of the present paper that the existence of
such non-trivial homomorphisms could be established by first proving
the existence of certain elements in %, the Konstant Z-form of the envel-
oping algebra % of the Lie algebra g of G, which have favourable com-
mutation properties. One such element S, , is needed for each positive
root r and each positive integer d.

Let b be a Cartan subalgebra of g and e,, f, be root vectors in g
corresponding to roots r, —r respectively such that [e,, f,]=h,ch. By
analogy with the results of 2.9 we seek elements S, ;e%; satisfying the
following conditions (i), (ii).

(1) Sr,dzz Cn ..... rk.f;‘l .f;'z T url ..... ri Where cn,...,rkez’ un,...,rk lies in
the Z-form % (b) of the enveloping algebra % (h) of b, and the sum extends
over all partitions of dr into a sum of positive roots. Moreover in the

leading term (in which each r; is a fundamental root) we have u, . =1
and ¢, . is some suitable normalizing factor in Z. ;
ey e e

(i) For all positive integers ! and all fundamental roots r, 7’— S,.4
k .

lies in the left ideal of %4 generated by —- A
integers k=1, and by h, +(h,, p)—d.

We have proved the existence of such elements S, ; when G=SL,
is a simple algebraic group of type A4,_ ;. In this case we have one positive
root r;; for each pair of integers i, j such that 0<i<j<n. Let ¢;;=e, ,
fij= f,u 1= Py Identifying with our previous notation we have
e;;=0l, f;;=0%, h;j=0:—6’ (i<j). The element S, =3§, ; of the enveloping
algebra %y is then given by

% for all positive roots s and all

Se= X udunre Sagluy i =D, + o —1) s ()

i<iy< -<ig<j

summed over all subsets {i;, ..., 4} of {i+1,...,j—1}, where {j;,...,J,}
is the complementary subset of {i;,...,#} in {i+1,...,j—1}. Moreover
the element S, , is given by S, ,=S¢/d!

We observe that an element S,e4, satisfying conditions (i), (ii) for
d=1is not uniquely determined since the terms u,, _ , €%,(h) can always
be modified by adding multiples of h,+(h,, p)—1. Apart from this
ambiguity, however, we have observed that in the simple groups of
rank 2, viz 4,, B,, G,, conditions (i), (ii) for d=1 and I=1 are sufficient
to determine S, to within a scalar multiple. We conclude by describing
these elements S, for each positive root 7 in a system of type 4,, B, or

1
G,. We write [e,,e]=N, je, . ;and M, ; ;= TN Nors oo Nty ras

r+s

and recall that in a Chevalley basis of g both N sand M, _ ; are rational
integers. (See [4], p. 62.) We also write h,=h +(h,, p)— 1e%z(b)
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Type A,. Root system +{a, b,a+b}.
Se=/a
Sy=rp
Sess=JaSo—Nop farnhy hayp=hy+hy+1.
Type B, . Root system +{a,b,a+b,2a+b}.

=

a=ha

b=hb

S

Sa=Ja ho=h,
Sp=1r hy=h,
Sasv=JfaSo—Nop farrhy ﬁa+b=ha+2h,,+2
Szarp=JaSaJo—Nop fa Saro o Brars=hathy+1.

+M, b2 frasnhy(hy+1)
Type G,. Root system +{a,b,a+b,2a+b,3a+b,3a+2b}.

Sa=fz‘x rla=ha
Sb=fl‘J ’Flbzhb
Sarv=Jalo—Nop fasshy Ropp=h,+3h,+3
Srarv=JaSa o Nop fofusr Mo rlza+b=2ha+3hb+4
h 3h,+2
+Ma,b,2f2a+b7b' (—“bz—)

or, alternatively (with the elements in #(b) in integral form):
Saavv=Jata o= Nap fafass Mo+ M, b5 fouv(P30s25+2)Bhagrap+7)
S3a+b=faﬁzfaﬁ;—N:z,bJ:zﬁzfa+bhb
+ M. b, 2 faSaarn B+ 1) =M, o 3 f30,5 by (hy+ 1) (R, +2)
ﬁSa+b=ha+hb+1
Ssa+2b=fafaﬁszfb—2Na,bfafafbﬁu.b(hb_1)
+JaSarn Jaro By =) +M, 5 5 fo fo frars(hy— 1) (hy—2)

Nyo
- ’2+b JasvSrawn o by (hy— 1)+ Moy 3 fy frays By (hy— 1) (By+4)

+M, ;3 N, 3a+bf3a+2b(hb+4)(hb+ 1) hy(hy—1)
B3ay20=hat2hy+2.

(Infact we have N, ;= +1 in all the above formulae, exceptfor N, ,, , = 42
in B, and G,. We also have M, ; ;= +1 in these formulae.)

In order to prove that these elements of % give rise to homomor-
phisms of the required type it would also be necessary to verify that

they satisfy the commutation condition (ii) for arbitrary values of I.

17 Math.Z., Bd. 136
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Since completing this work we have learned of a recent paper of
Shapovalov [12] in which the existence and uniqueness of elements S, ,
of the above type is proved in quite a different context. However in this
paper analogues of the conditions (i), (ii) are used involving # rather
than %;. It is likely that, by showing that Shapovalov’s elements satisfy
the commutation formula (i} over %, the existence of the conjectured
homomorphisms could be proved for any semi-simple group. We note,
however, that the leading term in S, ; which is used in this paper to
prove the non-triviality of the homomorphisms is the term involving £,%,
rather than the leading term f7/f2...f? given by Shapovalov, where

“Jre

r=r+ -+ is the decomposition of r into 2 sum of fundamental roots.
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