Connecting Orbits with Bifurcating End Points

Thorsten Hüls^∗

Fakultät für Mathematik Universität Bielefeld Postfach 100131, 33501 Bielefeld Germany

huels@mathematik.uni-bielefeld.de

June 24, 2004

Abstract

In this paper we consider the bifurcation of transversal heteroclinic orbits in discrete time dynamical systems. We assume that a non-hyperbolic transversal heteroclinic orbit exists at some critical parameter value. This situation appears, for example, when one end point undergoes a fold or flip bifurcation. In these two cases the bifurcation analysis of the orbit is performed in detail. In particular, we prove, using implicit function techniques that the orbit can be continued beyond the bifurcation point. Finally, we show numerical computations for the fold and for the flip bifurcation.

Keywords: Discrete time dynamical systems, bifurcation analysis, continuation, non-hyperbolic transversal heteroclinic orbits, numerical approximation.

∗Supported by the DFG Research Group 399 ’Spectral analysis, asymptotic distributions and stochastic dynamics’.

1 Introduction

Codimension 2 bifurcations of connecting orbits in continuous time dynamical systems are well understood but in the discrete case the theory is much less developed, cf. [19], [7], [8], [2], [14].

In this paper we consider discrete time dynamical systems of the form

x_{n+1} = f(x_n, λ), n ∈ Z, (1)

where f : R^k × R → R^k is sufficiently smooth and a diffeomorphism w.r.t. the x-variable. It is our aim to analyze the bifurcation of transversal heteroclinic orbits, when one end point loses its hyperbolicity at a critical parameter, while transversality remains valid for all λ. Here transversality is meant in the sense of A5, see below.

Assume that two branches of fixed points ξ_±(λ) exist, where ξ_−(λ) is hyperbolic for all λ and ξ_+(λ̄) possesses one center eigenvalue. Further assume that a transversal heteroclinic orbit ( x̄_n(λ̄) ) n∈Z exists, connecting the fixed points ξ_−(λ̄) and ξ_+(λ̄), i.e. (x̄_n(λ̄))_{n∈Z} is a solution of (1) satisfying lim_{n→±∞} x̄_n(λ̄) = ξ_±(λ̄).

At the critical parameter λ̄, such a non-hyperbolic heteroclinic orbit is displayed in Figure 1. Note that every point of this orbit is lying in the intersection of the unstable manifold W^u ( ξ_− ) and the center-stable manifold W^{sc} ( ξ_+ ) . PSfrag replacements

Figure 1: Schematic picture of a non-hyperbolic transversal heteroclinic orbit as intersection of the unstable manifold of some hyperbolic fixed point ξ_− and the center-stable manifold of another non-hyperbolic fixed point ξ_+.

By solving the boundary value problem

x_{n+1} = f(x_n, λ̄), n = n_−, . . . , n_+ − 1, (2) b(x_{n−} , x_{n+} ) = 0, (3) with some appropriately chosen boundary operator b ∈ C^1(R^{2k}, R^k), one can obtain a finite approximation of the transversal heteroclinic orbit.

It turns out that this approach works for both hyperbolic (cf. [13], [5], [9]) and non-hyperbolic orbits (cf. [10], [3]). In contrast to the hyperbolic case, for non-hyperbolic orbits, a boundary operator of sufficiently high order is required.

Moreover, uniqueness of the solution x_J := (x_n)_{n=n−,...,n+} of (2), (3) can only be assured within some ball ‖x̄_{|J} − x_J ‖_∞ ≤ { δ, if both end points are hyperbolic, δ n_+ , if one end point is non-hyperbolic,

where J = [n_−, n_+] ∩ Z, x̄_{|J} is the restriction of the exact orbit to the finite interval J, and δ is a sufficiently small constant.

This non-hyperbolic situation arises, for example, when one fixed point undergoes a fold or a flip bifurcation, while the second fixed point stays hyperbolic. Since the bifurcation of fixed points is well understood, see [14], [20], we are interested in the bifurcation analysis of the corresponding saddle to fold and saddle to flip orbits in a neighborhood of the critical parameter λ̄.

To understand these bifurcations, we prove in Section 2 that a transversal point of intersection of the unstable manifold of ξ_−(λ̄) and the center-stable manifold of ξ_+(λ̄) can be continued into a neighborhood U(λ̄). The proof uses implicit function techniques.

In Section 3 we discuss the fate of a heteroclinic orbit. For the fold bifurcation the orbit can only exist on one side of the critical parameter, whereas in the flip case the orbit bifurcates to an orbit, converging towards a period two orbit in positive time. Furthermore, we have to cope with the fact, that the center-stable manifold is generally not unique. Therefore we must make an effort to assure that the continued points of intersection of the corresponding manifolds belong to heteroclinic connecting orbits.

For two examples, we show in Section 4 the numerical continuation of these orbits through the bifurcation.

A survey of numerical methods and examples for non-degenerate connecting orbits is given in [4].

2 Continuation of transversal heteroclinic orbits

We begin this section by presenting our basic assumptions and notations to guarantee the existence of a transversal non-hyperbolic heteroclinic orbit.

2.1 Assumptions

Consider a discrete time dynamical system

x_{n+1} = f(x_n, λ), n ∈ Z. (4)

A1 Let f ∈ C^∞(R^k × R, R^k) and let f(·, λ) be a diffeomorphism for all λ ∈ R.

A2 At the parameter λ̄ the map f(·, λ̄) possesses two fixed points ξ_+(λ̄) and ξ_−(λ̄).

Definition 1 A heteroclinic orbit x̄_Z(λ) := ( x̄_n(λ) ) n∈Z is a solution of the difference equation (4) satisfying lim_{n→±∞} x̄_n(λ) = ξ_±(λ). For any n ∈ Z the point x̄_n(λ) is called a heteroclinic point.

With k_{±κ}, κ ∈ {s, c, u, sc} we denote the dimension of the stable, center, unstable and center-stable subspace of f^′ ( ξ_±(λ̄), λ̄ ) , respectively. The corresponding subspaces and manifolds are denoted by X^κ ( ξ_±(λ̄) ) and W^κ ( ξ_±(λ̄) ) , κ ∈ {s, c, u, sc}. A3 Let k_{−c} = 0, k_{+c} = 1 and k_{−u} + k_{+sc} = k.

In A3 we assume that the fixed point ξ_+(λ̄) possesses a one-dimensional center manifold and that ξ_−(λ̄) is hyperbolic. Thus an orbit, converging towards ξ_+(λ̄) via the center-stable manifold, generically has a component in the slow center direction. This technical assumption is stated in A4.

A4 Let x̄_Z(λ̄) be a heteroclinic orbit such that x̄_0(λ̄) ∈ W^{sc} ( ξ_+(λ̄) ) \ W^s ( ξ_+(λ̄) ) . Finally, we assume that the unstable manifold of ξ_−(λ̄) and the center-stable manifold of ξ_+(λ̄) intersect transversally.

A5 The invariant manifolds W^u ( ξ_−(λ̄) ) and W^{sc} ( ξ_+(λ̄) ) have transversal intersections at x̄_Z(λ̄), i.e. T_{x̄n(}¯_{λ)}W^u ( ξ_−(λ̄) ) ∩ T_{x̄n(}¯_{λ)}W^{sc} ( ξ_+(λ̄) ) = {0} for all n ∈ Z.

Here T_xW denotes the tangent space of the manifold W at the point x.

Using implicit function techniques, we prove in Section 2.2 that the transversal intersections of W^{sc}(ξ_+(λ̄)) and W^u(ξ_−(λ̄)) at the critical parameter λ̄ can be continued into a neighborhood U(λ̄). Since every point of the heteroclinic orbit x̄_Z(λ̄) lies in the intersection of these manifolds, the whole orbit can also be continued into U(λ̄). But the continuation of x̄_Z(λ̄) is not necessarily a heteroclinic orbit, since existence of two fixed points ξ_±(λ) is not guaranteed for all λ ∈ U(λ̄). In case of the flip bifurcation, for example, the orbit converges towards a two-periodic orbit for λ > λ̄, whereas in the fold case, there is no fixed point the orbit can converge to for λ > λ̄. We analyze this in detail in Section 3.

2.2 Continuation of transversal intersections

For the forthcoming analysis, it is helpful to consider the extended system (cf. [14])

z_{n+1} := ( x_{n+1} λ_{n+1} ) = ( f(x_n, λ_n) λ_n ) =: f̃(z_n), n ∈ Z. (5)

Two fixed points of (5) are given by ζ_± = ( ξ_±(λ̄), λ̄ ) . The center-stable manifold of ζ_+ possesses locally the graph representation (cf. Appendix (A.1), Theorem 5)

W̃^{sc}_{loc}(ζ_+) = { h̃^+(η̃) : η̃ ∈ Z^+_{sc} ∩ Ũ(0) } , (6)

where Ũ(0) is a sufficiently small neighborhood of 0. Here the center-stable and the unstable subspace of ζ_+ are denoted by Z^+_{sc} = X^{sc} ( ξ_+(λ̄) ) × R and Z^+_u = X^u ( ξ_+(λ̄) ) × {0}, respectively. The map h̃^+ is of the form

h̃^+(η̃) = ζ_+ + η̃ + ϕ̃^+_{sc}(η̃), η̃ ∈ Z^+_{sc},

where ϕ̃^+_{sc} : Z^+_{sc} → Z^+_u is smooth and

ϕ̃^+_{sc}(0) = 0, Dϕ̃^+_{sc}(0) = 0.

In a sufficiently small neighborhood U_1(0), h̃^+ has the form

h̃^+(η̃) = ( ξ_+(λ̄) λ̄ ) + ( η μ ) + (~ ϕ^+_{sc1} (η, μ) 0 ) , η̃ = ( η μ ) , η ∈ X^{sc} ( ξ_+(λ̄) ) , μ ∈ U_1(0).

Here ϕ̃^+_{sc1} denotes the first block component of ϕ̃^+_{sc}. Thus we obtain the representation

h̃^+(η̃) = (^ h^+(η, λ) λ ) , η ∈ X^{sc} ( ξ_+(λ̄) ) , λ ∈ U_2(λ̄), where ĥ^+(η, λ) := ξ_+(λ̄) + η + ϕ̃^+_{sc1} (η, λ̄ − λ) and U_2(λ̄) is a sufficiently small neighborhood of λ̄.

Note that also the fixed point ξ_− has a one-dimensional center component in the extended system (5). With a similar calculation for the center-unstable manifold of ζ_− we get:

W̃ sc_{loc}(ζ_+) = {(^ h^+(η, λ) λ ) : η ∈ X^{sc} ( ξ_+(λ̄) ) ∩ V_1(0), λ ∈ V_2(λ̄) } , W̃ uc_{loc}(ζ_−) = {(^ h^−(γ, λ) λ ) : γ ∈ X^{uc} ( ξ_−(λ̄) ) ∩ V_3(0), λ ∈ V_4(λ̄) } , (7)

where V_1(0), V_2(λ̄), V_3(0), V_4(λ̄) are sufficiently small neighborhoods. Therefore these manifolds are foliated over the parameter λ. Let Π_λ := { (x, μ) : x ∈ R^k, μ = λ } , then

W̃^{sc}_λ (ζ_+) := W̃^{sc}_{loc}(ζ_+) ∩ Π_λ = {(^ h^+(η, λ) λ ) : η ∈ X^{sc} ( ξ_+(λ̄) ) ∩ V_1(0) }

defines a family of local invariant manifolds for λ ∈ V_2(λ̄), see Figure 2.

PSfrag replacements

Figure 2: Foliated center-stable manifold of the fixed point ζ_+ in the extended system (5).

Note that the local graph representation of the center-stable manifold of ξ_+(λ̄) in the original system (4) can also be described in terms of the function ĥ^+:

W^{sc}_{loc} ( ξ_+(λ̄) ) = { ĥ^+(η, λ̄) : η ∈ X^{sc}(ξ_+(λ̄)) ∩ V_1(0) } . (8)

Similarly W^{uc}_{loc} ( ξ_−(λ̄) ) = { ĥ^−(γ, λ̄) : γ ∈ X^{uc}(ξ_−(λ̄)) ∩ V_3(0) } . (9)

For the extended system (5), the dimension of the center-stable and of the centerunstable manifold increase by one:

dim W̃^{sc}(ζ_+) = k_{+sc} + 1, dim W̃^{uc}(ζ_−) = k_{−u} + 1.

Since the space has the dimension k + 1 and dim W̃^{sc}(ζ_+) + dim W̃^{uc}(ζ_−) = k + 2, these manifolds generically have a one-dimensional transversal intersection (cf. assumption A5). This is stated in the following theorem, cf. [10, Satz 5.1].

Theorem 2 Assume A1 to A5. Then there exists a neighborhood U(λ̄) such that the two manifolds W̃^{sc}_λ ( ξ_+(λ̄), λ̄ ) and W̃^{uc}_λ ( ξ_−(λ̄), λ̄ ) intersect transversally at a smooth curve σ : U(λ̄) → R^{k+1} such that σ(λ̄) = ( x̄_N (λ̄), λ̄ ) for some N ∈ Z.

Proof: Due to our assumptions the existence of a transversal heteroclinic orbit x̄_Z(λ̄), connecting the fixed points ξ_±(λ̄), is guaranteed. By Appendix A.1, Theorem 6, ( x̄_n(λ̄), λ̄ ) ∈ W̃^{sc}_{loc}(ζ_+) for all n ≥ N.

Using the local graph representation of W̃^{sc}_{loc}(ζ_+), x̄_N (λ̄) = ĥ^+(η̄, λ̄) holds for some η̄ ∈ X^{sc} ( ξ_+(λ̄) ) . Since this orbit converges towards the fixed point ξ_−(λ̄) as n → −∞, an index L ∈ N exists, such that ( x̄_N (λ̄), λ̄ ) ∈ f̃^L ( W̃^{uc}_{loc}(ζ_−) ) .

For this reason x̄_N (λ̄) = f^L ( ĥ−(γ̄, λ̄), λ̄ ) , with a suitably chosen γ̄ ∈ X^{uc} ( ξ_−(λ̄) ) . Here f^{±L}(x, λ) is recursively defined for L ≥ 2, L ∈ N by f^{±L}(x, λ) = f^{±1} ( f^{±L∓1}(x, λ), λ ) . In the next step of proof, we show that a transversal point of intersection of

W^{sc}_{loc} ( ξ_+(λ̄) ) and W^u ( ξ_−(λ̄) ) persists for λ ∈ U(λ̄).

Consider the operator Ω : X^{sc} ( ξ_+(λ̄) ) × X^u ( ξ_−(λ̄) ) × R → R^k (η, γ, λ) → ĥ^+(η, λ) − f^L ( ĥ−(γ, λ), λ ) . Obviously Ω(η̄, γ̄, λ̄) = 0 and D_{η,γ} Ω(η̄, γ̄, λ̄) ( η γ ) = D_ηĥ^+(η̄, λ̄)η − D_γ [ f^L ( ĥ^−(γ̄, λ̄), λ̄ )] γ = D_ηĥ^+(η̄, λ̄)η− ( D_γ f^L ( f^{−L} ( x̄_N (λ̄), λ̄ ) , λ̄ ) D_γĥ^−(γ̄, λ̄) ) γ, where η ∈ X^{sc} ( ξ_+(λ̄) ) , γ ∈ X^u ( ξ_−(λ̄) ) . To find an analytic representation of the

tangent-space of W^{sc}_{loc} ( ξ_+(λ̄) ) , we use the local graph representation (8). It holds

T_{x̄N (}¯_{λ)}W^{sc}_{loc} ( ξ_+(λ̄) ) = R ( D_ηĥ^+(η̄, λ̄) ) . To derive a similar result for T_{x̄N (}¯_{λ)}W^u ( ξ_−(λ̄) ) an additional transformation is

needed, such that the local graph representation (9) can be applied:

T_{x̄N (}¯_{λ)}W^u ( ξ_−(λ̄) ) = D_γ f^L ( f^{−L} ( x̄_N (λ̄), λ̄ ) , λ̄ ) T_{f −L}(_{x̄N (λ̄),λ̄})W^u_{loc} ( ξ_−(λ̄) ) = D_γ f^L ( f^{−L} ( x̄_N (λ̄), λ̄ ) , λ̄ ) R ( D_γĥ^−(γ̄, λ̄) ) . From the transversality assumption A5 it follows that D_{η,γ} Ω(η̄, γ̄, λ̄) is non-

singular. The implicit function theorem can be applied and guarantees the existence

of two smooth curves η(λ), γ(λ), such that Ω ( η(λ), γ(λ), λ ) = 0 for λ ∈ U(λ̄).

Furthermore, the matrix D_{η,γ} Ω ( η(λ), γ(λ), λ ) is non-singular for sufficiently small

|λ − λ̄|. Therefore, the two manifolds W̃^{sc}_λ ( ξ_+(λ̄), λ̄ ) and W̃^{uc}_λ ( ξ_−(λ̄), λ̄ ) intersect

transversally for |λ − λ̄| sufficiently small.

In other words, the transversal point of intersection ( x̄_N (λ̄), λ̄ ) can be continued

to ( x̄_N (λ), λ ) = σ(λ) := h̃^+ ( η(λ), λ ) for λ ∈ U(λ̄). ■

3 Bifurcations of saddle-fold and saddle-flip orbits

From Theorem 2 we know that the transversal intersection of the unstable manifold of ξ_−(λ̄) and the center-stable manifold of ξ_+(λ̄) can be continued in a neighborhood of λ̄. Since the center-stable manifold is in general not unique, we have to determine whether the continued points belong to a heteroclinic connecting orbit. Especially one has to assure the existence of two branches of fixed points ξ_±(λ) for λ ∈ U(λ̄). In case of the fold bifurcation, for example, the fixed point exists only on one side of λ̄.

To simplify the notation, we call a heteroclinic orbit, whose end point ξ_+(λ) undergoes a fold or flip bifurcation at λ = λ̄, saddle-fold or saddle-flip orbits, respectively.

3.1 Continuation through a saddle-fold orbit

Without loss of generality let λ̄ = 0 and ξ_+(0) = 0. Assume A1 to A5 and let ξ_+(λ) undergo a fold bifurcation at the parameter value λ = 0. Note that the normal form of the fold bifurcation is given by (cf. [14]) x → g(x, λ) = λ + x ± x^2. (10) From a symmetry argument (x, λ) → (−x, −λ), one sees that it is sufficient to consider the ”+” case of (10). For −1 < λ ≤ 0 this map possesses two branches of fixed points μ^s(λ) = − √ −λ and μ^u(λ) = √ −λ. By ξ^s_+(λ) and ξ^u_+(λ), we denote the corresponding branches of ξ_+(λ) in the original system (4), see Figure 3 for an illustration.

The following theorem (cf. [10, Satz 5.2]) describes the bifurcation of a saddlefold orbit.

Theorem 3 With the assumptions given in this section, there exists a neighborhood U(0), such that the transversal heteroclinic orbit x_Z(0) can be continued for λ < 0 to x_Z(λ), where the map λ → x_n(λ) is smooth for any n ∈ Z. Furthermore, we get for all λ ∈ U(0)

lim_{n→∞} x_n(λ) = ξ^s_+(λ), lim_{n→−∞} x_n(λ) = ξ_−(λ).

Proof: It is sufficient to verify the convergence of x_n(λ) towards the fixed point ξ^s_+(λ) for λ < 0, λ ∈ U(0) as n → ∞. The corresponding result for the negative half-orbit can be obtained in a similar way.

According to Appendix A.2, Theorem 8, we can transform the extended system ( x_{n+1} λ_{n+1} ) = ( f(x_n, λ_n) λ_n ) (11)

PSfrag replacements

Figure 3: Illustration of the manifolds, when one fixed point undergoes a fold bifurcation.

for (x, λ) ∈ U_1 ( 0, 0 ) by a homeomorphism Ψ into

Ψ ( x_{n+1} λ_{n+1} ) = s_{n+1} u_{n+1} w_{n+1} λ_{n+1} = As_n Bu_n g(w_n, λ_n) λ_n , (12)

where the matrix A := f_x ( 0, 0 ) |X^s(0) is stable, B := fx ( 0, 0 ) |X^u(0) is unstable and g

is the normal form of the fold bifurcation.

By assumption A4 the original system (4) possesses a heteroclinic orbit x_Z(0) at the parameter λ = 0, where x_0(0) ∈ W^{sc} (0) \ W^s (0). For a sufficiently large M ∈ N we find ( x_m(0), 0 ) ∈ U_1 ( 0, 0 ) for all m ≥ M. Thus Ψ ( x_m(0), 0 ) = ( s_m(0), u_m(0), w_m(0), 0 ) converges towards the fixed point 0 in the transformed system (12), as m → ∞. Therefore the inequality w_m(0) < 0 holds, since the ”+”-case of the normal form is considered.

In the extended system (11), ( s_m(0), u_m(0), w_m(0), 0 ) , m ≥ M lies in any centerstable manifold of the fixed point ζ_+ = (0, 0), cf. Appendix A.1, Theorem 6. By Theorem 2, any transversal point of intersection (x_m(0), 0) of the manifolds W̃^{sc}_0 (ζ_+) and W̃^{uc}_0 (ζ_−) can be continued to a smooth curve (x_m(λ), λ) for sufficiently small λ.

Next we prove for sufficiently small λ < 0 the convergence of x_m(λ) towards the fixed point ξ^s_+(λ) as m → ∞.

The map λ → ( s_m(λ), u_m(λ), w_m(λ), λ ) is continuous, because Ψ is a homeomorphism and x_m(·) is continuous according to Theorem 2. Choose an m such that −^1_2 < w_m(0) < 0 holds. Then there exists a neighborhood U_2(0) with

−^1_2 < w_m(λ) < − √ −λ for λ < 0, λ ∈ U_2(0).

Since the ”+”-case of the normal form (10) is considered, w_m(λ) converges towards − √ −λ as m → ∞. Furthermore, a neighborhood U_3(0) ⊂ U_2(0) and an M ∈ N exist, such that ( s_m(λ), u_m(λ), w_m(λ), λ ) ∈ W^{sc}_{loc}(0, 0) for all m ≥ M, λ ∈ U_3(0),

see Appendix A.1, Theorem 6. We apply Appendix A.2, Lemma 9 by setting h(w_m, λ) = ( g(w_m, λ) λ )

and obtain u_m(λ) = 0. Since s_m(λ) converges exponentially fast towards 0, applying the inverse transformation completes the proof. ■ Note that for λ > 0 a transversal intersection of the corresponding manifolds in the extended system (5) exists according to Theorem 2, but there is no fixed point ξ_+(λ) the orbit can converge to, see Figure 3.

3.2 Continuation through a saddle-flip orbit

In this section we assume without loss of generality λ̄ = 0 and ξ_+(0) = 0. Assume A1 to A5 and let ξ_+(λ) undergo a flip bifurcation at λ = 0. The normal form of the flip bifurcation is given by (cf. [14]) w → (1 + λ)w ± w^3. Due to assumption A4, the ”+” case of the normal form is excluded. Otherwise an orbit, possessing a center component, cannot converge towards the fixed point ξ_+(0) at λ = 0. Therefore, we consider the normal form:

g(w, λ) := (1 + λ)w − w^3. (13)

By η_{1,2}(λ) we denote the branch of period-two orbits, bifurcating from the fixed point 0 at the parameter value λ = 0.

For the forthcoming analysis, it is suitable to consider the squared map h(x, λ) := f ( f(x, λ), λ ) .

At the critical parameter λ = 0 the fixed point ξ_+(λ) of h(·, λ) undergoes a pitchfork bifurcation. Let ξ_{1,2}(λ) := { ξ_+(λ), λ ≤ 0, η_{1,2}(λ), λ > 0. In the following theorem (cf. [10, Satz 5.8]), we analyze the bifurcation of an h(·, λ)- orbit.

Theorem 4 Let the assumptions described above, be fulfilled. Denote by x_Z(0) a solution of x_{n+1}(0) = h ( x_n(0), 0 ) , n ∈ Z (14)

connecting the fixed points ξ_±(0). Then there exists a neighborhood U(0), such that a continuation x_Z(λ) of x_Z(0) exists for λ ∈ U(0). For any n ∈ Z the map λ → x_n(λ), λ ∈ U(0) is smooth, lim_{n→−∞} x_n(λ) = ξ_−(λ) holds for all λ ∈ U(0) and

either [ lim_{n→∞} x_n(λ) = ξ_1(λ) ∀λ ∈ U(0) ] or [ lim_{n→∞} x_n(λ) = ξ_2(λ) ∀λ ∈ U(0) ]

hold.

Proof: As in the proof of Theorem 3, it is sufficient to show the convergence of the positive half-orbit.

According to Appendix A.2, Theorem 8, a homeomorphism Ψ exists, transforming the extended system ( x_{n+1} λ_{n+1} ) = ( h(x_n, λ_n) λ_n )

for (x, λ) ∈ U_1 ( ξ_+(0), 0 ) into

Ψ ( x_{n+1} λ_{n+1} ) = s_{n+1} u_{n+1} w_{n+1} λ_{n+1} = As_n Bu_n g(w_n, λ_n) λ_n , (15)

where the matrix A := h_x ( ξ_+(0), 0 ) |X^s(0) is stable and B := hx ( ξ_+(0), 0 ) |X^u(0) is

unstable. A point ( x(0), 0 ) ∈ U_1 ( 0, 0 ) lying in the transversal intersection of the corresponding manifolds, can be continued due to Theorem 2 to a smooth curve ( x(λ), λ ) for λ ∈ U_2(0). In the transformed system this curve has the form ( s(λ), u(λ), w(λ), λ ) , where the map λ → ( s(λ), u(λ), w(λ), λ ) , λ ∈ U_2(0)

is continuous. Note that the center-part w(λ) cannot vanish according to assumption A4. Furthermore, a neighborhood U_3(0) exists such that sign ( w(λ) ) = sign ( w(0) ) for all λ ∈ U_3(0).

We consider the following two branches of fixed points (ξ̃_j (λ), λ), j ∈ {1, 2} of the transformed system (15), defined by ( ξ̃_j(λ), λ ) := Ψ (ξ_j(λ), λ) = { (0, 0, 0, λ) for λ ≤ 0, ( 0, 0, (−1)^j √ λ, λ ) for λ > 0.

Due to our construction the point ( s(λ), u(λ), w(λ), λ ) lies in the local center-stable manifold of the fixed point (0, 0, 0, 0) of (15) and the s(λ)-part decreases exponentially fast under iteration with this map. To study the behavior of w(λ) we consider the scalar equation (13) and get

w_n(0) < 0 ⇒ lim_{n→∞} w_n(λ) = [ξ̃_1(λ)]_w for all λ ∈ U_3(0),

w_n(0) > 0 ⇒ lim_{n→∞} w_n(λ) = [ξ̃_2(λ)]_w for all λ ∈ U_3(0).

From Appendix A.2, Lemma 9, u(λ) = 0 follows for all λ ∈ U_3(0). Finally, a transformation back to the original system (14) completes the proof. ■

This result can also be used, to analyze the bifurcation of the corresponding f(·, λ)-orbits. Due to Theorem 4 we can continue an h(·, 0)-orbit x^1_Z(0) to x^1_Z(λ) for λ ∈ U(0). By defining x^2_Z(λ) := ( f(x^1_n(λ), λ) ) n∈Z, we obtain a second branch of h(·, λ)-orbits. Note that both orbits converge for λ ≤ 0 to the same fixed point ξ_+(λ) from opposite sides. For λ > 0 one orbit converges to the fixed point η_1(λ), while the other orbit converges to η_2(λ).

Next we construct the corresponding f(·, λ)-orbit y_Z(λ) by

y_{2n}(λ) = x^1_n(λ), n ∈ Z, y_{2n+1}(λ) = x^2_n(λ), n ∈ Z.

The orbit y_Z(0) converges towards the fixed point ξ_+(0) in an alternating way, since D_xf ( ξ_+(0), 0 ) has an eigenvalue −1, see Figure 4. For λ > 0, y_Z(λ) tends to the

PSfrag replacements

Figure 4: An f(·, 0)-orbit in a neighborhood of the fixed point ξ_+(0).

two-periodic orbit ( η_1(λ), η_2(λ) ) as n → ∞. The intersection of the corresponding manifolds is illustrated in Figure 5.

PSfrag replacements

Figure 5: Illustration of the manifolds, when the fixed point ξ_+(λ) undergoes a flip bifurcation at λ = 0.

In the space of bounded sequences

S_Z = { x_Z ∈ (R^k)^Z : sup_{n∈Z} ‖x_n‖ ≤ ∞ } , the two h(·, λ)-orbits x^1_Z(λ) and x^2_Z(λ) are for any λ ∈ U(0) far away from each other. Note that the map λ → x^{1,2}_n (λ) is for any fixed n ∈ Z differentiable in S_Z w.r.t. ‖ · ‖_∞ at λ = 0 (see Theorem 2) but the branch of fixed points ξ_+(λ) is not differentiable at λ = 0. Therefore x^{1,2}_Z (λ) cannot be differentiable in S_Z at λ = 0, see Figure 6.

Finally we remark that in [11] a model function is introduced that allows us to study the flip bifurcation explicitly. In particular, one can analyze precisely the way in which the exponential rate of convergence towards the fixed point turns into a polynomial one as λ → 0.

PSfrag replacements

Figure 6: Two heteroclinic orbits, plotted schematically in S_Z over the parameter λ.

4 Examples

In this section we consider two examples, having a saddle-fold and a saddle-flip orbit at the parameter value λ = λ̄, respectively.

For approximating a (non-hyperbolic) heteroclinic orbit, we solve the boundary value problem (2), (3) using projection boundary conditions, see [10], [3]. In a second step, we perform the numerical continuation of this finite orbit-segment due to a predictor-corrector method, described in [1, Chapter 10].

4.1 Numerical continuation through a saddle-fold orbit

Consider the map

f : R^2 × R → R^2 (x, λ) → ( 2x_2 x_1 − λ − 2x_2 + 4x^2 − 8x^4_2 ) . Figure 7 shows the bifurcation diagram of fixed points, obtained with Content, cf. [15].

PSfrag replacements

Figure 7: Bifurcation diagram of fixed points of f, projected onto the (λ, x_1)-plane. The big arrows symbolize the existence of heteroclinic orbits.

We select two branches of fixed points and denote them by ξ_±(λ), see Figure 7. At the critical parameter λ = λ̄ ≈ −0.06475733358165706 the assumptions A1–A5 are fulfilled, thus a non-hyperbolic heteroclinic f(·, λ̄)-orbit can be approximated by a finite orbit segment (cf. [10, Theorem 4.3], [3]). Furthermore, Theorem 3 allows us to continue this orbit segment w.r.t. the parameter λ for λ > λ̄.

The continued orbits are plotted in Figure 8 and a neighborhood of the fixed point ξ_+(λ), projected onto the (λ, x_1)-space is displayed in Figure 9. Note that the length of the orbit is fixed during the continuation. Figure 9 indicates that the exponential rate of convergence for λ > λ̄, turns into a polynomial one at the bifurcation parameter λ = λ̄.

PSfrag replacements

Figure 8: Continuation of an f(·,^1_2 )-orbit-segment of length n_− = 10, n_+ = 30 over the parameter λ. The first and the last orbit, calculated during the continuation are also plotted and the points of these orbits are connected with dotted lines. Furthermore, the projection onto the (x_1, λ)-plane is displayed.

PSfrag replacements

Figure 9: A neighborhood of the fixed point ξ_+(λ), projected onto the (λ, x_1)-plane. The branch of fixed points ξ_+(λ) is also displayed.

4.2 Numerical continuation through a saddle-flip orbit

Consider the map

f : R^2 × R → R^2 (x, λ) → ((_1 2 − λ ) x_1 + x^3_1 +^2_5 x^4_1 + x_2 3 2 x_1 ) . At λ = 0 the fixed point ξ_+(0) = 0 undergoes a flip bifurcation and the assumptions A1–A5 are satisfied. Figure 10 shows the corresponding bifurcation diagram of fixed points, obtained with Content, cf. [15].

PSfrag replacements

Figure 10: Bifurcation diagram of fixed points of f, projected onto the (λ, x_1)-plane. The big arrows mark the fixed points and two-periodic orbits, connected during the numerical continuation.

Since the orbit converges towards a two-periodic orbit for λ > 0, we perform the continuation for the squared map f^2(·, λ) := f ( f(·, λ), λ ) and calculate a family of orbit segments x_J (λ), λ ∈ [−^1_2 ,^1_2 ] numerically. For the original system, we then get the corresponding f(·, λ)-orbit of double length by ( x_{n−} (λ), f ( x_{n−} (λ), λ ) , . . . , x_{n+} (λ), f ( x_{n+} (λ), λ )) .

Figure 11 contains the continuation picture of a saddle-flip orbit. Additionally, a projection onto the (λ, x_1)-plane is plotted in Figure 12. In this picture, the fixed points and two-periodic orbits are also displayed.

PSfrag replacements

Figure 11: Continuation of a saddle-flip orbit over the parameter λ. The small circles denote the saddle-flip orbit at λ = 0.

PSfrag replacements

Figure 12: A neighborhood of the flip bifurcation at λ = 0, projected onto the (λ, x_1)-plane. Additionally, the fixed points and two-periodic orbits are displayed.

A Appendix

A.1 Locally invariant manifolds

Some basic properties of the center manifold are summarized in this appendix.

Consider the system x → Cx + f(x, y), y → Hy + g(x, y), (x, y) ∈ R c × R^{su}, (16)

where the matrix C ∈ R^{c,c} possesses only center eigenvalues and the matrix H ∈ R^{su,su} is hyperbolic. The functions f and g are C^r-smooth, r ≥ 2, defined in a neighborhood of 0 and

f(0, 0) = 0, Df(0, 0) = 0, g(0, 0) = 0, Dg(0, 0) = 0.

Obviously (x, y) = (0, 0) is a fixed point of (16). The following theorem (cf. [6, Chapter 2.8], [20, Chapter 2.1D], [14, Chapter 5.1.2]) guarantees the existence of a center manifold.

Theorem 5 There exists a locally invariant manifold of (16) possessing the graph representation

W^c_{loc}(0) = { (x, y) ∈ R^c × R^{su} : y = h(x), |x| ≤ δ, h(0) = 0, Dh(0) = 0 } , (17)

where h : R^c → R^{su} is C^r-smooth and δ > 0 is chosen sufficiently small.

A locally invariant manifold having the representation (17) is called a center manifold. In general this manifold is not unique. For a counter example for maps that can be studied explicitly, see [11]. The dynamics, reduced to this manifold are described by the c-dimensional system w → Cw + f ( w, h(w) ) , w ∈ R^c. The following theorem (cf. [16, Theorem III.7]) provides a criterion, to check if a given x ∈ R^k lies in W^s_{loc}, W^u_{loc}, W^{sc}_{loc}, W^{uc}_{loc} or W^c_{loc}.

Theorem 6 Let U be a neighborhood of 0 and f : U → R^k a C^r-diffeomorphism (r ≥ 2) having the fixed point 0.

Then there exists for each of the manifolds W^s_{loc}, W^u_{loc}, W^{sc}_{loc}, W^{su}_{loc} and W^u_{loc} a ball V around 0, such that the following assertions hold:

• W^s_{loc} = { x ∈ V : f^n(x) ∈ V for all n ≥ 0 and f^n(x) → 0 exponentially fast as n → ∞ } . • f (W^{sc}_{loc}) ∩ V ⊂ W^{sc}_{loc}. If f^n(x) ∈ V for all n ≥ 0, then x ∈ W^{sc}_{loc}.

• f (W^c_{loc}) ∩ V ⊂ W^c_{loc}. If f^n(x) ∈ V for all n ∈ Z, then x ∈ W^c_{loc}.

• f (W^{uc}_{loc}) ∩ V ⊂ W^{uc}_{loc}. If f^n(x) ∈ V for all n ≤ 0, then x ∈ W^{uc}_{loc}.

• W^u_{loc} = { x ∈ V : f^n(x) ∈ V for all n ≤ 0 and f^n(x) → 0 exponentially fast as n → −∞ } . A.2 Equivalence of dynamical systems

Definition 7 Two discrete time dynamical systems x_{n+1} = F (x_n) and y_{n+1} = G(y_n), n ∈ Z are called topologically equivalent, if a homeomorphism Υ exists such that F = Υ^{−1} ∘ G ∘ Υ. (18)

Consider the dynamical system

x_{n+1} = f(x_n, λ), x_n ∈ R^k, λ ∈ R, n ∈ Z (19)

and the corresponding extended system ( x_{n+1} λ_{n+1} ) = ( f(x_n, λ_n) λ_n ) , n ∈ Z. Assume ξ = 0 is a fixed point at the parameter λ = 0. Denote by W^c_λ(0) the foliated local center manifold and let w → g(w, λ) (20) be the restriction of (19) to W^c_λ(0), A := f_x(0, 0)_{|X}s , B := f_x(0, 0)_{|X}u .

The next theorem provides a (topological) normal form (cf. [17], [18], [12]).

Theorem 8 (Šošitaĭšvili, 1972) The systems (19) and s_{n+1} u_{n+1} w_{n+1} = As_n Bu_n g(w_n, λ) , s_n ∈ R^{ks} , u_n ∈ R^{ku} , w_n ∈ R^{kc} , n ∈ Z (21)

are locally topologically equivalent in a neighborhood of (0, 0). Furthermore, the map (20) can be replaced by any topologically equivalent map.

Finally we show that points on the local center-stable manifold cannot have an unstable component, assuming the center component stays in a small neighborhood of 0 under iteration with f, cf. [10, Lemma A.5].

Consider the system s u w → f s u w = As Bu h(w) , where the matrix A is stable, and B is unstable. The map h satisfies h(0) = 0 and Dh(0) possesses only center eigenvalues.

The local graph representation of the center-stable manifold of the fixed point 0 is W^{sc}_{loc}(0) = s 0 w + ϕ^{sc} s 0 w : s 0 w ∈ V (0) . (22)

Here V (0) is a sufficiently small neighborhood of 0 and ϕ^{sc} : X^{sc} → X^u denotes a smooth function, fulfilling ϕ^{sc}(0) = 0 and Dϕ^{sc}(0) = 0. Set ϕ̃^{sc} := ( ϕ^{sc} ) u. Lemma 9 Let the assumptions, described above be fulfilled. Assume (s̄, ū, w̄) ∈ W^{sc}_{loc}(0) and ( 0, 0, h^n(w̄) ) ∈ V (0) holds for all n ∈ Z^+. Then ū = 0.

Proof: Since (s̄, ū, w̄) ∈ W^{sc}_{loc}(0), the local graph representation (22) of W^{sc}_{loc}(0) yields ū = ϕ̃^{sc}(s̄, 0, w̄).

Iterating the center-stable component gives us s̄_n 0 w̄_n = f^n s̄ 0 w̄ = A^ns̄ 0 h^n(w̄) ∈ V (0).

On the one hand the unstable component can be determined using local graph representation ū_n = ϕ̃^{sc} ( A^ns̄, 0, h^n(w̄) ) . On the other hand ū_n = B^n(ū) = B^n (~ ϕ^{sc}(s̄, 0, w̄) ) is unbounded for ū ≠ 0, since B is unstable. Thus ϕ̃^{sc}(s̄, 0, w̄) = ū = 0. ■

Acknowledgment

The author wishes to thank Wolf-Jürgen Beyn for very helpful suggestions and stimulating discussions about this paper.

References

[1] E. L. Allgower and K. Georg. Numerical Continuation Methods. Springer- Verlag, Berlin, 1990. An introduction.

[2] V. I. Arnold, V. Afraimovich, Y. Ilyashenko, and L. P. Shilnikov. Dynamical Systems. V, volume 5 of Encyclopaedia of Mathematical Sciences. Springer- Verlag, Berlin, 1994.

[3] W.-J. Beyn and T. Hüls. Numerical approximation of non-hyperbolic heteroclinic orbits. Technical Report 03-059, DFG-Research Group ’Spectral Analysis, Asymptotic Distributions and Stochastic Dynamics’, University of Bielefeld, 2003.

[4] W.-J. Beyn, T. Hüls, J.-M. Kleinkauf, and Y. Zou. Numerical analysis of degenerate connecting orbits for maps. Technical Report 03-049, DFG-Research Group ’Spectral Analysis, Asymptotic Distributions and Stochastic Dynamics’, University of Bielefeld, 2003. To appear in Internat. J. Bifur. Chaos Appl. Sci. Engrg.

[5] W.-J. Beyn and J.-M. Kleinkauf. The numerical computation of homoclinic orbits for maps. SIAM J. Numer. Anal., 34(3):1207–1236, 1997.

[6] J. Carr. Applications of Centre Manifold Theory. Springer-Verlag, New York, 1981.

[7] S. N. Chow and J. K. Hale. Methods of Bifurcation Theory. Springer-Verlag, New York, 1982.

[8] J. Guckenheimer and P. Holmes. Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields, volume 42 of Applied Mathematical Sciences. Springer-Verlag, New York, 1990.

[9] T. Hüls. Heterokline Orbits in diskreten dynamischen Systemen. Master’s thesis, Universität Bielefeld, 1998.

[10] T. Hüls. Numerische Approximation nicht-hyperbolischer heterokliner Orbits.

PhD thesis, Universität Bielefeld, 2003. Shaker Verlag, Aachen.

[11] T. Hüls. A model function for polynomial rates in discrete dynamical systems.

Applied Mathematics Letters, 17(1):1–5, 2004.

[12] U. Kirchgraber and K. J. Palmer. Geometry in the Neighborhood of Invariant Manifolds of Maps and Flows and Linearization. Longman Scientific & Technical, Harlow, 1990.

[13] J.-M. Kleinkauf. Numerische Berechnung diskreter homokliner Orbits. Master’s thesis, Universität Bielefeld, 1994.

[14] Y. A. Kuznetsov. Elements of Applied Bifurcation Theory. Springer-Verlag, New York, second edition, 1998.

[15] Y. A. Kuznetsov and V. V. Levitin. Content – integrated environment for analysis of dynamical systems, 1998. http://www.cwi.nl/ftp/CONTENT.

[16] M. Shub, A. Fathi, and R. Langevin. Global Stability of Dynamical Systems. Springer-Verlag, New York, 1987. Translated from the French by Joseph Christy.

[17] A. N. Šošitaĭšvili. Bifurcations of topological type of singular points of vector fields that depend on parameters. Funkcional. Anal. i Priložen., 6(2):97–98, 1972.

[18] A. N. Šošitaĭšvili. The bifurcation of the topological type of the singular points of vector fields that depend on parameters. Trudy Sem. Petrovsk., (Vyp. 1):279– 309, 1975.

[19] M. M. Vaĭnberg and V. A. Trenogin. Theory of Branching of Solutions of Nonlinear Equations. Noordhoff International Publishing, Leyden, 1974. Translated from the Russian by Israel Program for Scientific Translations.

[20] S. Wiggins. Introduction to Applied Nonlinear Dynamical Systems and Chaos.

Springer-Verlag, New York, 1990.