Interpolation and projection operators in weighted function spaces on the real line

Vasiliy S. Kolezhuk^∗

Abstract

In the study of parabolic differential equations on the real line and their discretizations, various weighted Sobolev spaces appear. In this paper, we establish some relations between these spaces. The main applications of these relations are in the study of convergence of discretized attractors towards exact ones.

1 Introduction

The study of dynamical systems generated by partial differential equations on unbounded domains has been stimulated by Babin and Vishik who gave a definition of an attractor which corresponds to a pair of spaces (see [1],[2]). The authors of [6] proposed appropriate weighted Sobolev spaces for this purpose and derived existence results for equations of Ginzburg-Landau type. Following this choice of norms, the papers [3], [5] studied attractors of parabolic reaction diffusion equations of the line and their discretization. When analyzing the convergence of discretized attractors (see [4]) it turns out that specific properties of second order operators on these weighted function spaces are needed.

The purpose of this paper is to derive these important properties for the differential operator as well as for its discretization.

∗Faculty of Mathematics and Mechanics, St. Petersburg State University, University av., 28, 198504, St. Petersburg, Russia. E-mail: kvs@rambler.ru

2 Weighted spaces

Let us first summarize some notation and elementary properties from [3], [5].

Let d > 0 be an arbitrary number. We use the following notation: if u = {u_k : k ∈ Z} is a sequence and v(x), x ∈ R is a function, then

(∂_+u)_k = (u_{k+1} − u_k)/d, (∂_−u)_k = (u_k − u_{k−1})/d, (∂_+v)(x) = (v(x + d) − v(x))/d, (∂_−v)(x) = (v(x) − v(x − d))/d, (T_yu)_k = u_{k+y}, y ∈ Z, (T_yv)(x) = v(x + y), y ∈ R.

Let γ > 0 be an arbitrary number. We introduce the weight function ρ(x) := (1 + x^2)^{−γ} . For the forthcoming analysis, we need the following properties of the function ρ cf. [5], [3]: |ρ^′(x)| ≤ Cρ(x), ρ(x + y) ≤ e^{C|y|}ρ(x), |ρ(x + y) − ρ(x)| ≤ (e^{C|y|} − 1)ρ(x), where C = C(γ) is a positive constant that does not depend on x.

We denote by H_{0,γ} (R) the space of functions u : R → R, defined for almost all x ∈ R, such that ‖ρ^{1/2}u‖_{L2(R)} = ∫ R ρ(x)|u(x)|^2 dx < +∞. The space H_{0,γ} (R) is endowed with a scalar product ⟨u; v⟩_{0,γ} := ∫ R ρ(x)u(x)v(x) dx. We also use the spaces H_{l,γ} (R)(l ∈ N) of functions u ∈ H_{0,γ} (R) such that D^αu ∈ H_{0,γ} (R) for all α ≤ l. The spaces H_{l,γ} (R) are endowed with a scalar product ⟨u; v⟩_{l,γ} := ∑ 0 ≤ α ≤ l ⟨D^αu; D^αv⟩_{0,γ} . The uniform space H_{0,u} is the space of functions u ∈ H_{0,γ} (R) such that the norm ‖u‖_{0,u} := sup_{y∈R} ‖T_yu‖_{0,γ} is finite and ‖T_yu − u‖_{0,u} →_{y→0} 0. Similarly, the uniform space H_{1,u} is the space of functions u ∈ H_{1,γ} (R) such that u ∈ H_{0,u} and Du ∈ H_{0,u}. The space H_{1,u} is endowed with the norm ‖u‖^2_{1,u} := ‖u‖^2_{0,u} + ‖Du‖^2_{0,u}.

We say that a set B ⊂ H_{0,u} is strongly bounded if it is bounded and the following relation holds: sup_{u∈B} ‖T_yu − u‖_{0,u} →_{y→0} 0. Similarly, a bounded subset B ⊂ H_{1,u} is called strongly bounded if sup_{u∈B} ‖T_yu − u‖_{1,u} →_{y→0} 0. Lemma 2.1 (compactness criterion) If a set B ⊂ H_{0,u} is strongly bounded, then this set is precompact in the space H_{0,γ} (R).

Proof. In the proof, we use the following notation. If A and B are subsets of the space H_{0,γ} (R), then dev(A, B) := sup_{a∈A} inf_{b∈B} ‖a − b‖_{0,γ} . We fix ε > 0. We first reduce the problem to the case of functions with compact support. There is a number θ > 0 such that ρ(x) ≥ 1/2 for all x ∈ [−θ; θ]. Hence for any function u ∈ B and number y ∈ R the following inequality holds: y+θ∫ y−θ |u(x)|^2dx = θ∫ −θ |(T_yu)(x)|^2dx ≤ 2 θ∫ −θ ρ(x)|(T_yu)(x)|^2dx

≤ 2 ∫ R ρ(x)|(T_yu)(x)|^2dx ≤ 2‖u‖^2_{0,u} ≤ C, (1) where the constant C does not depend on u and y.

It follows from inequality (1) that for any number k ∈ Z, −kθ∫ −∞ ρ(x)|u(x)|^2dx = −k∑ j=−∞ jθ∫ (j−1)θ ρ(x)|u(x)|^2dx

≤ C −k∑ j=−∞ jθ∫ (j−1)θ ρ(jθ)|u(x)|^2dx ≤ C −k∑ j=−∞ ρ(jθ).

Similarly,_{+∞} ∫ kθ ρ(x)|u(x)|^2dx ≤ C +∞∑ j=k ρ(jθ).

Thus, there exists a number k_0 = k_0(B) such that both integrals −k_0θ∫ −∞ ρ(x)|u(x)|^2dx and +∞∫ k_0θ

ρ(x)|u(x)|^2dx are less than ε.

Let χ be a continuous function with support supp χ ⊂ [−k_0θ − 1; k_0θ + 1] such that χ(x) = 1 for all x ∈ [−k_0θ; k_0θ] and 0 ≤ χ(x) ≤ 1 for all x ∈ R. We denote B_1 := {χu : u ∈ B}. Then for all functions v ∈ B_1 we get supp v ⊂ [−k_0θ − 1; k_0θ + 1]. It follows that for any functions u ∈ B and v = χu ∈ B_1, the following inequalities hold: ‖u − v‖^2_{0,γ} = ∫ R ρ(x)|u(x)(1 − χ(x))|^2dx

≤ −k_0θ∫

−∞ ρ(x)|u(x)|^2dx + +∞∫ k_0θ ρ(x)|u(x)|^2dx ≤ 2ε.

Thus, dev(B, B_1) ≤ 2ε.

On the other hand, the set B_1 is still strongly bounded. Indeed, the following estimates hold for all functions u ∈ B and v = χu ∈ B_1 and numbers y, z ∈ R, |z| ≤ 1: ‖T_yv‖^2_{0,γ} = ∫ R ρ(x)|u(x + y)χ(x + y)|^2dx ≤ ∫ R ρ(x)|u(x + y)|^2 = ‖T_yu‖^2_{0,γ}

and ‖T_y(T_zv − v)‖^2_{0,γ} = ∫ R ρ(x)|u(x + y + z)χ(x + y + z) − u(x + y)χ(x + y)|^2dx

≤ 2 ∫ R ρ(x)|u(x + y + z)χ(x + y + z) − u(x + y)χ(x + y + z)|^2dx

+2 ∫ R ρ(x)|u(x + y)χ(x + y + z) − u(x + y)χ(x + y)|^2dx

≤ 2 ∫ R ρ(x)|u(x + y + z) − u(x + y)|^2dx

+2 sup x1,x2∈[−k0θ−2;k0θ+2] |x1−x2|≤|z| |χ(x_1) − χ(x_2)|^2 · ∫ R ρ(x)|u(x + y)|^2dx

≤ 2‖T_y(T_zu − u)‖^2_{0,γ} + 2 sup x1,x2∈[−k0θ−2;k0θ+2] |x1−x2|≤|z| |χ(x_1) − χ(x_2)|^2 · ‖T_yu‖^2_{0,γ} →_{z→0} 0. The convergence is uniform in u ∈ B since the set B is strongly bounded and the function χ(x) is uniformly continuous on the compact set [−k_0θ − 2; k_0θ + 2].

Now we apply the following theorem, cf. [7], [8].

Theorem 2.2 Let Ω ⊂ R be a bounded interval. Then the set M ⊂ L_p(Ω), p ∈ [1, +∞) is precompact if and only if it is bounded in the space L_p(Ω) and equicontinuous with respect to the shift in the space L_p(Ω) that is sup_{u∈M} ‖T_yu − u‖_{Lp(R)} →_{y→0} 0, where functions u are defined as zero on the set R\Ω.

We note that for a bounded set Ω ⊂ R and functions f ∈ L_p(Ω) the norms ‖f‖_{Lp(Ω)} and ‖f‖_{H0,u} are equivalent. Hence the strongly bounded set B_1 satisfies the conditions of Theorem 2.2 and it is precompact in both spaces L_p(Ω) endowed with the norm ‖ · ‖_{H0,u} and H_{0,γ} (R). Consequently, there exists a finite set B_2 such that dev(B_2, B_1) < ε.

Thus we obtain dev(B_2, B) ≤ dev(B_2, B_1) + dev(B_1, B) ≤ 3ε, which implies that the set B is also precompact.

Lemma 2.1 is proved. □

Corollary 2.3 If a set B ⊂ H_{1,u} is strongly bounded then it is precompact in the space H_{1,γ} (R).

Proof. By Lemma 2.1 both B and B^′ := {u^′ : u ∈ B} are precompact subsets of the space H_{0,γ} (R) since they are strongly bounded in the space H_{0,u}. Then for any sequence {u_n}^{+∞}_{n=1} ⊂ B there exist a subsequence {v_n}^{+∞}_{n=1} such that both sequences {v_n}^{+∞}_{n=1} and {v^′_n}^{+∞}_{n=1} are convergent in the space H_{0,γ} (R). Let v and w be their limits. Then passing to the limit in the corresponding integral identity it is easy to see that w = v^′. Hence v_n → v as n → +∞ in the space H_{1,γ} (R). □

3 Discrete weighted spaces

Consider the following discrete spaces. The Hilbert space H_{0,d,γ} is the space of sequences u = {u_k}_{k∈Z} such that the squared norm ‖u‖^2_{0,γ} := d ∑ k∈Z ρ(kd)|u_k|^2 is finite. Similarly, Hilbert spaces H_{1,d,γ} and H_{2,d,γ} are the spaces of sequences u ∈ H_{0,d,γ} endowed with the norms

‖u‖^2_{1,γ} := ‖u‖^2_{0,γ} + ‖∂_+u‖^2_{0,γ} and ‖u‖^2_{,γ} := ‖u‖^2_{0,γ} + ‖∂_+u‖^2_{0,γ} + ‖∂_+∂_+u‖^2_{0,γ} ,

respectively.

The uniform discrete space H_{0,d,u} is the space of sequences u ∈ H_{0,d,γ} such that the norm ‖u‖_{0,u} := sup_{y∈Z} ‖T_yu‖_{0,γ} is finite. The uniform discrete spaces H_{1,d,u} and H_{2,d,u} are the spaces of sequences u ∈ H_{0,d,u} such that ∂_+u ∈ H_{0,d,u} (and ∂_+∂_+u ∈ H_{0,d,u} for H_{2,d,u}) endowed with the norms ‖u‖^2_{1,d,u} := ‖u‖^2_{0,d,u} + ‖∂_+u‖^2_{0,d,u} and ‖u‖^2_{,d,u} := ‖u‖^2_{0,d,u} + ‖∂_+u‖^2_{0,d,u} + ‖∂_+∂_+u‖^2_{0,d,u}, respectively.

We embed the space H_{0,d,γ} into H_{0,γ} (R) as follows. Consider k ∈ Z and a function ω_k(x), x ∈ R, such that

ω_k(x) = (x − (k − 1)d)/d, x ∈ [(k − 1)d, kd], ((k + 1)d − x)/d, x ∈ [kd, (k + 1)d], 0 otherwise.

With these hat functions we define the interpolation operator T : H_{0,d,γ} → H_{0,γ} (R) by T {u_k}_{k∈Z} = ∑ k∈Z ω_k(x)u_k. (2)

Lemma 3.1 (properties of the operator T ) Assume that d < 1. Then there exist positive constants c and C independent of d such that:

(a) for any sequence u ∈ H_{0,d,γ} , c‖u‖_{0,γ} ≤ ‖T u‖_{0,γ} ≤ C‖u‖_{0,γ} ; (3) (b) for any sequence u ∈ H_{0,d,u}, c‖u‖_{0,d,u} ≤ ‖T u‖_{0,u} ≤ C‖u‖_{0,d,u}; (4) (c) for any sequence u ∈ H_{1,d,γ} , c‖u‖_{1,γ} ≤ ‖T u‖_{1,γ} ≤ C‖u‖_{1,γ} ; (5) (d) for any sequence u ∈ H_{1,d,u}, c‖u‖_{1,d,u} ≤ ‖T u‖_{1,u} ≤ C‖u‖_{1,d,u}; (6) (e) for any sequence u ∈ H_{1,d,u} and any number z ∈ R, |z| < 1, ‖T_zT u − T u‖_{0,u} ≤ C|z|‖u‖_{1,d,u}; (7) (f) for any sequence u ∈ H_{2,d,u} and any number z ∈ R, |z| < 1, ‖T_zT u − T u‖_{1,u} ≤ C(|z| + 3|z|^2)^{1/2}‖u‖_{2,d,u}. (8) Proof.

(a) We fix numbers j ∈ Z and 0 < ε ≤ 1/2. For any number x ∈ [(j − ε)d; (j + ε)d], the following inequalities hold: ω_j (x) ≥ 1 − ε, ω_{j±1}(x) ≤ ε, ω_k(x) = 0, |k − j| ≥ 2. Hence, for the same x: ( ∑ k∈Z u_kω_k )_2 (x) = ( u_{j−1}ω_{j−1}(x) + u_jω_j(x) + u_{j+1}ω_{j+1}(x)

)_2

= u^2_j ω^2_j (x) + 2u_jω_j(x)u_{j−1}ω_{j−1}(x) +2u_jω_j(x)u_{j+1}ω_{j+1}(x) + u^2_{j−1}ω^2_{j−1}(x) + u^2_{j+1}ω^2_{j+1}(x) ≥ u^2_j ω^2_j (x) − 1 3 u^2_j ω^2_j (x) − 1 3 u^2_j ω^2_j (x) − 3u^2_{j−1}ω^2_{j−1}(x) +u^2_{j−1}ω^2_{j−1}(x) − 3u^2_{j+1}ω^2_{j+1}(x) + u^2_{j+1}ω^2_{j+1}(x) = 1 3 u^2_j ω^2_j (x) − 2u^2_{j−1}ω^2_{j−1}(x) − 2u^2_{j+1}ω^2_{j+1}(x) ≥ (1 − ε)^2 3 u^2_j − 2ε^2u^2_{j−1} − 2ε^2u^2_{j+1}. (9)

Finally, we estimate the norm ‖T u‖_{0,γ} as follows: ‖T u‖^2_{0,γ} = ∫ R ρ(x) ( ∑ k∈Z u_kω_k )_2 (x)dx

≥ ∑ j∈Z

(j+ε)d∫

(j−ε)d ρ(x) ( ∑ k∈Z u_kω_k )_2 (x)dx

from (9) ≥ ∑ j∈Z ((1 − ε)2 3 u^2_j − 2ε^2u^2_{j−1} − 2ε^2u^2_{j+1} )^{(j+ε)d}∫ (j−ε)d ρ(x)dx.

We rearrange terms and get

‖T u‖^2_{0,γ} ≥ ∑ j∈Z ((1 − ε)2 3 (j+ε)d∫

(j−ε)d ρ(x)dx − 2ε^2 (j−1+ε)d ∫ (j−1−ε)d ρ(x)dx

−2ε^2 (j+1+ε)d ∫ (j+1−ε)d ρ(x)dx ) u^2_j

= ∑ j∈Z

(j+ε)d∫

(j−ε)d ((1 − ε)2 3 ρ(x) − 2ε^2ρ(x − d) − 2ε^2ρ(x + d) ) dx · u^2_j

≥ ∑ j∈Z ((1 − ε)2 3 − 4Cε^2 )^{(j+ε)d}∫ (j−ε)d ρ(x)dx · u^2_j

≥ 2Cdε ((1 − ε)2 3 − 4Cε^2 ) ∑ j∈Z ρ(jd)u^2_j

= 2Cε ((1 − ε)2 3 − 4Cε^2 ) ‖u‖^2_{0,γ}. (10)

Note that in the previous estimates we may choose the constant C independently of d due to the inequality d < 1. We take ε = (1 + √ 24C)^{−1} and deduce from estimate (10) the first inequality of (3).

Now we prove the second inequality of (3). We first estimate the value T u(x), x ∈ R in the following way:

(T u)^2(x) = ( ∑ k∈Z u_kω_k(x) )_2

= ∑ k∈Z u_kω_k(x) ( u_{k−1}ω_{k−1}(x) + u_kω_k(x) + u_{k−1}ω_{k−1}(x) )

≤ ∑ k∈Z ( u^2_kω^2_k(x) + 1 2 u^2_{k−1}ω_{k−1}(x)ω_k(x) + 1 2 u^2_kω_{k−1}(x)ω_k(x) + 1 2 u^2_kω_k(x)ω_{k+1}(x) + 1 2 u^2_{k+1}ω_k(x)ω_{k+1}(x) ) . We rearrange terms and get

(T u)^2(x) ≤ ∑ k∈Z u^2_kω_k(x) ( ω_{k−1}(x) + ω_k(x) + ω_{k+1}(x) ) = ∑ k∈Z u^2_kω_k(x).

We deduce from the last estimate that ‖T u‖^2_{0,γ} = ∫ R ρ(x)(T u)^2(x)dx ≤ ∫ R ρ(x) ∑ k∈Z u^2_kω_k(x)dx

= ∑ k∈Z u^2_k (k+1)d∫

(k−1)d ρ(x)ω_k(x)dx ≤ Cd ∑ k∈Z ρ(kd)u^2_k = C‖u‖^2_{0,γ} .

Statement (a) is proved.

(b) It suffices to estimate the function T_zT u for numbers z = kd with integer k since there exist positive constants c and C such that c‖v‖_{0,γ} ≤ ‖T_zv‖_{0,γ} ≤ C‖v‖_{0,γ} holds for any function v ∈ H_{0,γ} (R) and number z, |z| ≤ d. For the numbers z = kd with some k ∈ Z, the following equality holds: T_zT u = T T_zu. Hence, estimate (4) follows from estimate (3).

(c) Since for any number x ∈ [kd; (k + 1)d], k ∈ Z, the derivative satisfies (T u)^′(x) = (∂_+u)_k, the following inequalities hold:

‖∂_+u‖^2_{0,γ} = d ∑ k∈Z ρ(kd)(∂_+u)^2_k ≤ C ∑ k∈Z

(k+1)d∫

kd ρ(x)dx(∂_+u)^2_k

= C ∑ k∈Z

(k+1)d∫

kd ρ(x)((T u)^′(x))^2dx = C‖(T u)^′‖^2_{0,γ} ;

‖(T u)^′‖^2_{0,γ} = ∑ k∈Z

(k+1)d∫

kd ρ(x)((T u)^′(x))^2dx

= ∑ k∈Z

(k+1)d∫

kd ρ(x)dx(∂_+u)^2_k ≤ Cd ∑ k∈Z ρ(kd)(∂_+u)^2_k = C‖∂_+u‖^2_{0,γ} .

Therefore inequality (5) follows from the last two inequalities and inequality (3).

(d) Since there exist positive constants c and C such that c‖v‖_{1,γ} ≤ ‖T_zv‖_{1,γ} ≤ C‖v‖_{1,γ} for any function v ∈ H_{1,γ} (R) and number z, |z| ≤ d, inequality (6) follows immediately from inequality (5).

(e) Let y and z be any real numbers. We consider the case z > 0 since the proof for z < 0 is similar. Then the following estimates hold for v = T u and any x ∈ R: |T_y(T_zv − v)(x)|^2 = |v(x + y + z) − v(x + y)|^2 = |z|^2 | | | 1∫ 0 v^′(x + y + zθ)dθ | | |^2

≤ |z|^2 1∫ 0 |v^′(x + y + zθ)|^2dθ.

Hence, we obtain estimate (7) in the following way: ‖T_y(T_zv − v)‖^2_{0,γ} = ∫ R ρ(x)|T_y(T_zv − v)(x)|^2dx

≤ |z|^2 ∫ R ρ(x) 1∫ 0 |v^′(x + y + zθ)|^2dθdx

= |z|^2 1∫ 0 ∫ R ρ(x)|v^′(x + y + zθ)|^2dxdθ

= |z|^2 1∫ 0 ‖T_{y+zθ}v^′‖^2_{0,γ} dθ^{(by (6))}≤ C|z|^2‖u‖^2_{1,d,u}.

(f) We denote v := T u. We consider the case z > 0 since the proof for z < 0 is similar. We can represent the number z as z = (j + θ)d for some numbers j ∈ Z, j ≥ 0, and θ ∈ [0, 1). Since for any k ∈ Z and x ∈ [kd; (k + 1)d], the derivative v^′(x) equals (∂_+u)_k, we proceed as follows: ‖(T_y(T_zv − v))^′‖^2_{0,γ} = ∫ R ρ(x)|v^′(x + y + z) − v^′(x + y)|^2dx

= ∑ k∈Z (^{(k+1−θ)d−y} ∫ kd−y ρ(x)|v^′(x + y + z) − v^′(x + y)|^2dx

+ (k+1)d−y ∫ (k+1−θ)d−y ρ(x)|v^′(x + y + z) − v^′(x + y)|^2dx )

= ∑ k∈Z ( |∂_+u_{j+k} − ∂_+u_k|^2 (k+1−θ)d−y ∫ kd−y ρ(x)dx

+|∂_+u_{j+k+1} − ∂_+u_k|^2 (k+1)d−y ∫ (k+1−θ)d−y ρ(x)dx )

= ∑ k∈Z (| |d j+k−1∑

m=k ∂_+∂_+u_m | | |^2 (k+1−θ)d−y ∫ kd−y ρ(x)dx

+ | |d j+k∑ m=k ∂_+∂_+u_m | |^2 (k+1)d−y ∫ (k+1−θ)d−y ρ(x)dx )

≤ d^2 ∑ k∈Z ( j j+k−1∑

m=k |∂_+∂_+u_m|^2 (k+1−θ)d−y ∫ kd−y ρ(x)dx

+(j + 1) j+k∑ m=k |∂_+∂_+u_m|^2 (k+1)d−y ∫ (k+1−θ)d−y ρ(x)dx )

= d^2j ∑ m∈Z |∂_+∂_+u_m|^2 m∑ k=m+1−j

(k+1−θ)d−y ∫ kd−y ρ(x)dx

+d^2(j + 1) ∑ m∈Z |∂_+∂_+u_m|^2 m∑ k=m−j

(k+1)d−y ∫ (k+1−θ)d−y ρ(x)dx. (11)

Let [y/d] be the integer part of the number y/d. Then k − [y/d] is an integer number such that (k − [y/d])d ∈ (kd − y; (k + 1)d − y]. This means that ρ(x) ≤ Cρ((k − [y/d])d) for any number x ∈ [kd − y; (k + 1)d − y), where the constant C depends only on γ in the definition of the function ρ. Hence, we deduce from inequality (11) that ‖(T_y(T_zv − v))^′‖^2_{0,γ} ≤ Cd^2j ∑ m∈Z |∂_+∂_+u_m|^2 m∑ k=m+1−j d(1 − θ)ρ((k − [y/d])d)

+Cd^2(j + 1) ∑ m∈Z |∂_+∂_+u_m|^2 m∑ k=m−j dθρ((k − [y/d])d) k:=k−m= Cd3j(1 − θ) 0∑ k=1−j ∑ m∈Z ρ((m + k − [y/d])d)|∂_+∂_+u_m|^2

+Cd^3(j + 1)θ 0∑ k=−j ∑ m∈Z ρ((m + k − [y/d])d)|∂_+∂_+u_m|^2 m:=m+k−[y/d] = Cd^2j(1 − θ) 0∑ k=1−j d ∑ m∈Z ρ(md)|∂_+∂_+u_{m−k+[y/d]}|^2

+Cd^2(j + 1)θ 0∑ k=−j d ∑ m∈Z ρ(md)|∂_+∂_+u_{m−k+[y/d]}|^2 ≤ Cd^2 ( j^2(1 − θ) + (j + 1)^2θ ) ‖u‖^2_{,d,u}. Finally, we estimate d^2 ( j^2(1 − θ) + (j + 1)^2θ ) = d^2(j^2 + (2j + 1)θ) ≤ z^2 + (2z + 1)z

= 3z^2 + z. □ 4 Properties of projectors

In this section, we consider the subspace V_d := T (H_{0,d,γ} ). It follows from Lemma 3.1, (a) that V_d is a closed subspace of H_{0,γ} (R). We first prove a useful lemma about this subspace.

Lemma 4.1 There exists a constant C > 0 independent of d such that for any v ∈ V_d, the following inequality holds: ‖v‖_{1,γ} ≤ Cd^{−1}‖v‖_{0,γ} . Proof. Assume that v ∈ V_d. Since the operator T is also an isomorphism of the discrete space H_{1,d,γ} and the space V_d endowed with the norm ‖ · ‖_{1,γ} , the following inequality holds: ‖v‖_{1,γ} ≤ C‖T^{−1}v‖_{1,d,γ} ≤ Cd^{−1}‖T^{−1}v‖_{0,d,γ} ≤ Cd^{−1}‖v‖_{0,γ} . □ We consider the following two projectors onto the space V_d. The first one is the orthogonal projector P_d onto V_d in the space H_{0,γ} (R). The second projector Q_d is defined on the space H_{1,γ} (R) by the formula: Q_du = T {u(kd)}_{k∈Z}. Lemma 4.2 The mapping Q_d is well-defined on the space H_{1,γ} (R) and is a projector onto the subspace V_d.

Proof. Fix u ∈ H_{1,γ} (R). It is sufficient to prove that the sequence {u(kd)}_{k∈Z} lies in the discrete space H_{0,d,γ} since in this case the function T {u(kd)}_{k∈Z} belongs to the space V_d and the mapping Q_d is a projector since Q_du(kd) = u(kd) for all k.

It suffices to prove that d ∑ k∈Z ρ(kd)|u(kd)|^2 < +∞. Let us estimate this

sum using the Hölder inequality d ∑ k∈Z ρ(kd)|u(kd)|^2

= d ∑ k∈Z ρ(kd) | | | | | 1 d (k+1)d∫

kd u(x)dx + 1 d (k+1)d∫

kd (u(kd) − u(x))dx | | | | | 2

≤ d 2 d^2 ∑ k∈Z ρ(kd) | | | | | (k+1)d∫

kd u(x) | | | | | 2 + d 2 d^2 ∑ k∈Z ρ(kd) | | | | | (k+1)d∫

kd x∫ kd u^′(x_1)dx_1dx | | | | | 2

≤ 2 ∑ k∈Z ρ(kd) (k+1)d∫

kd |u(x)|^2dx + 2d ∑ k∈Z ρ(kd) (k+1)d∫

kd x∫ kd |u^′(x_1)|^2dx_1dx

≤ 2C ∑ k∈Z

(k+1)d∫

kd ρ(x)|u(x)|^2dx

+2Cd ∑ k∈Z

(k+1)d∫

kd ρ(x_1)((k + 1)d − x_1)|u^′(x_1)|^2dx_1

≤ 2C(‖u‖^2_{0,γ} + d^2‖u^′‖^2_{0,γ} ) < +∞. Thus, {u(kd)}_{k∈Z} ∈ H_{0,d,γ} . □ Lemma 4.3 (properties of the projector Q_d) There exists a constant C > 0 independent of d such that the following statements hold.

(a) For any u ∈ H_{1,γ} (R), the inequalities ‖(I − Q_d)u‖_{0,γ} ≤ Cd‖u‖_{1,γ} (12) and ‖Q_du‖_{1,γ} ≤ C‖u‖_{1,γ} (13) hold.

(b) For any u ∈ H_{2,γ} (R), the inequalities ‖(I − Q_d)u‖_{0,γ} ≤ Cd^2‖u‖_{2,γ} (14) and ‖(I − Q_d)u‖_{1,γ} ≤ Cd‖u‖_{2,γ} (15) hold.

Proof. Let u be a function from the space H_{1,γ} (R) and let w := Q_du.

Fix x = (k + θ)d, where k ∈ Z and 0 ≤ θ ≤ 1. The function w can be written as w(x) = u(kd) + θ(u((k + 1)d) − u(kd)) = u(kd) + θd 1∫ 0 u^′((k + θ_1)d)dθ_1.

Hence, u(x) − w(x) = u((k + θ)d) − u(kd) − θd 1∫ 0 u^′((k + θ_1)d)dθ_1

= d θ∫ 0 ( u^′((k + θ_2)d) − 1∫ 0 u^′((k + θ_1)d)dθ_1 ) dθ_2, (16)

and we deduce the following inequality: (k+1)d∫

kd ρ(x)|u(x) − w(x)|^2dx

= d 1∫ 0 ρ((k + θ)d)|u((k + θ)d) − w((k + θ)d)|^2dθ

= d^3 1∫ 0 ρ((k + θ)d) | | | | | θ∫ 0 ( u^′((k + θ_2)d) − 1∫ 0 u^′((k + θ_1)d)dθ_1 ) dθ_2 | | | | | 2 dθ

≤ d^3 1∫ 0 θρ((k + θ)d) θ∫ 0

| | | | | u^′((k + θ_2)d) − 1∫ 0 u^′((k + θ_1)d)dθ_1 | | | | | 2 dθ_2dθ

≤ 2d^3 1∫ 0 θρ((k + θ)d) θ∫ 0 |u^′((k + θ_2)d)|^2dθ_2dθ

+2d^3 1∫ 0 θρ((k + θ)d) θ∫ 0

| | | | | 1∫ 0 u^′((k + θ_1)d)dθ_1 | | | | | 2 dθ_2dθ

≤ 2d^3 1∫ 0 θ∫ 0 θρ((k + θ)d)|u^′((k + θ_2)d)|^2dθ_2dθ

+2d^3 1∫ 0 θ∫ 0 1∫ 0 θρ((k + θ)d)|u^′((k + θ_1)d)|^2dθ_1dθ_2dθ. Therefore, using the Fubini Theorem we obtain (k+1)d∫

kd ρ(x)|u(x) − w(x)|^2dx

≤ 2d^3 1∫ 0 |u^′((k + θ_2)d)|^2 1∫ θ_2 θρ((k + θ)d)dθdθ_2

+2d^3 1∫ 0 |u^′((k + θ_1)d)|^2 1∫ 0 1∫ θ_2 θρ((k + θ)d)dθdθ_2dθ_1

≤ Cd^3 1∫ 0 ρ((k + θ_1)d)|u^′((k + θ_1)d)|^2dθ_1

= Cd^2 (k+1)d∫

kd ρ(x)|u^′(x)|^2dx. Consequently, we result in the following estimate: ‖u − Q_du‖^2_{0,γ} = ∫ R ρ(x)|u(x) − w(x)|^2dx

= ∑ k∈Z

(k+1)d∫

kd ρ(x)|u(x) − w(x)|^2dx

≤ Cd^2 ∑ k∈Z

(k+1)d∫

kd ρ(x)|u^′(x)|^2dx = Cd^2‖u^′‖^2_{0,γ} . Thus, inequality (12) is proved.

Inequality (13) follows from the fact that w^′((k + θ)d) = 1∫ 0 u^′((k + θ_1)d)dθ_1 and, consequently,

‖w^′‖^2_{0,γ} = ∑ k∈Z

(k+1)d∫

kd ρ(x)|w^′(x)|^2dx

= d ∑ k∈Z 1∫ 0 ρ((k + θ)d) | | | | | 1∫ 0 u^′((k + θ_1)d)dθ_1 | | | | | 2 dθ

≤ Cd ∑ k∈Z 1∫ 0 1∫ 0 ρ((k + θ_1)d)|u^′((k + θ_1)d)|^2dθ_1dθ = C‖u^′‖^2_{0,γ} . Now let u be a function from the space H_{2,γ} (R). For a fixed x = (k + θ)d,

where k ∈ Z and 0 ≤ θ ≤ 1, we may continue equality (16) as follows: u(x) − w(x) = d θ∫ 0 ( u^′((k + θ_2)d) − 1∫ 0 u^′((k + θ_1)d)dθ_1 ) dθ_2

= d θ∫ 0 1∫ 0 ( u^′((k + θ_2)d) − u^′((k + θ_1)d) ) dθ_1dθ_2

= d^2 θ∫ 0 1∫ 0 θ_2∫

θ_1

u^{′′}((k + θ_3)d)dθ_3dθ_1dθ_2.

It follows from this equality that (k+1)d∫

kd ρ(x)|u(x) − w(x)|^2dx

= d 1∫ 0 ρ((k + θ)d)|u((k + θ)d) − w((k + θ)d)|^2dθ

= d^5 1∫ 0 ρ((k + θ)d) | | | | | θ∫ 0 1∫ 0 θ_2∫

θ_1

u^{′′}((k + θ_3)d)dθ_3dθ_1dθ_2 | | | | | 2 dθ

≤ d^5 1∫ 0 θ∫ 0 1∫ 0 θ_2∫

θ_1

ρ((k + θ)d)|u^{′′}((k + θ_3)d)|^2dθ_3dθ_1dθ_2dθ

≤ Cd^5 1∫ 0 1∫ 0 1∫ 0 1∫ 0 ρ((k + θ_3)d)|u^{′′}((k + θ_3)d)|^2dθ_3dθ_1dθ_2dθ

= Cd^5 1∫ 0 ρ((k + θ_3)d)|u^{′′}((k + θ_3)d)|^2dθ_3. (17)

Inequality (14) follows from inequality (17) in the same way as in the proof of inequality (12).

Finally, we prove estimate (15). For a fixed x = (k + θ)d, where k ∈ Z and 0 ≤ θ ≤ 1, the following equality holds:

u^′(x) − w^′(x) = u^′((k + θ)d) − 1 d (u((k + 1)d) − u(kd)) = u^′((k + θ)d) − 1∫ 0 u^′((k + θ_1)d)dθ_1

= d 1∫ 0 θ∫ θ_1

u^{′′}((k + θ_2)d)dθ_2dθ_1

Hence, the same reasoning as above proves the following estimates: (k+1)d∫

kd ρ(x)|u^′(x) − w^′(x)|^2dx

= d 1∫ 0 ρ((k + θ)d)|u^′((k + θ)d) − w^′((k + θ)d)|^2dθ

= d^3 1∫ 0 ρ((k + θ)d) | | | | | 1∫ 0 θ∫ θ_1

u^{′′}((k + θ_2)d)dθ_2dθ_1 | | | | | 2 dθ

≤ Cd^3 1∫ 0 ρ((k + θ_2)d)|u^{′′}((k + θ_2)d)|^2dθ_2

= Cd^2 (k+1)d∫

kd ρ(x)|u^{′′}(x)|^2dx and ‖u − w‖^2_{1,γ} = ‖u − w‖^2_{0,γ} + ‖u^′ − w^′‖^2_{0,γ} = ‖u − w‖^2_{0,γ} + ∑ k∈Z

(k+1)d∫

kd ρ(x)|u^′(x) − w^′(x)|^2dx

≤ Cd^2‖u‖^2_{1,γ} + Cd^2 ∑ k∈Z

(k+1)d∫

kd ρ(x)|u^{′′}(x)|^2dx = Cd^2‖u‖^2_{,γ}. □ Lemma 4.4 (properties of the projector P_d) There exists a constant C > 0 independent of d satisfying the following statements.

(a) For any u ∈ H_{1,γ} (R), the inequalities ‖(I − P_d)u‖_{0,γ} ≤ Cd‖u‖_{1,γ} (18) and ‖(I − P_d)u‖_{1,γ} ≤ C‖u‖_{1,γ} (19) hold.

(b) For any u ∈ H_{2,γ} (R), the inequalities ‖(I − P_d)u‖_{0,γ} ≤ Cd^2‖u‖_{2,γ} (20) and ‖(I − P_d)u‖_{1,γ} ≤ Cd‖u‖_{2,γ} (21) hold.

Proof. Since P_d is an orthogonal projector, the following inequality holds for all u ∈ H_{1,γ} (R): ‖(I − P_d)u‖_{0,γ} ≤ ‖(I − Q_d)u‖_{0,γ} . Hence, inequalities (18) and (20) follow immediately from inequalities (12) and (14).

Finally, we prove inequalities (19) and (21). Since the projector P_d is orthogonal, the following estimates hold: ‖P_du − Q_du‖_{0,γ} ≤ ‖(I − Q_d)u‖_{0,γ} ≤ Cd‖u‖_{1,γ} , if u ∈ H_{1,γ} (R) , and ‖P_du − Q_du‖_{0,γ} ≤ Cd^2‖u‖_{2,γ} , if u ∈ H_{2,γ} (R) . Next, Lemma 4.1 implies ‖P_du − Q_du‖_{1,γ} ≤ C‖u‖_{1,γ} and ‖P_du − Q_du‖_{1,γ} ≤ Cd‖u‖_{2,γ}. Now inequalities (19) and (21) follow from the last inequalities and inequalities (13) and (15). □ Lemma 4.5 Let K be a natural number. There exists a constant C(K) > 0 independent of d such that, for all numbers k ∈ Z, |k| ≤ K, the following inequalities hold: ‖P_dT_{kd}(I − P_d)u‖_{0,γ} ≤ Cd‖u‖_{0,γ}, (22) ‖P_dT_{kd}(I − P_d)u‖_{0,γ} ≤ Cd^2‖u‖_{1,γ} , (23) ‖P_dT_{kd}(I − P_d)u‖_{0,γ} ≤ Cd^3‖u‖_{2,γ} . (24) Proof. Since P_dT_{kd}(I − P_d)u ∈ V_d, we may write the following equality: ‖P_dT_{kd}(I − P_d)u‖_{0,γ} = sup_{v∈Vd} ‖v‖0,γ ≤1 ∫ R ρ(x) ( P_dT_{kd}(I − P_d)u ) (x)v(x)dx

= sup_{v∈Vd} ‖v‖0,γ ≤1 ∫ R ρ(x) ( T_{kd}(I − P_d)u ) (x)v(x)dx

= sup_{v∈Vd} ‖v‖0,γ ≤1 ∫ R ρ(x − kd)(I − P_d)u(x)v(x − kd)dx

= sup_{v∈Vd} ‖v‖0,γ ≤1 ∫ R (ρ(x − kd) − ρ(x))(I − P_d)u(x)v(x − kd)dx

+ sup_{v∈Vd} ‖v‖0,γ ≤1 ∫ R ρ(x)(I − P_d)u(x)v(x − kd)dx. (25)

The second integral equals zero because v(x − kd) still belongs to the space V_d. Hence, it follows from equality (25) that ‖P_dT_{kd}(I − P_d)u‖_{0,γ} ≤ sup_{v∈Vd} ‖v‖0,γ ≤1 ∫ R |ρ(x − kd) − ρ(x)||(I − P_d)u(x)||v(x − kd)|dx

≤ Cd sup_{v∈Vd} ‖v‖0,γ ≤1 ∫ R ρ(x)|(I − P_d)u(x)||v(x − kd)|dx ≤ Cd sup_{v∈Vd} ‖v‖0,γ ≤1 ‖(I − P_d)u‖_{0,γ}‖T_{−kd}v‖_{0,γ} .

The operators T_{−kd} are uniformly bounded in k if |k| ≤ K. Thus, we deduce the following estimate: ‖P_dT_{kd}(I − P_d)u‖_{0,γ} ≤ Cd‖(I − P_d)u‖_{0,γ} . (26) Now estimate (22) follows since the projector P_d is orthogonal. Estimates (23)-(24) follow from estimates (18),(20), and (26). □ 5 Acknowledgments

The author was supported by RFBR (grant 02-01-00675), by the Ministry of Education of Russia (grants A03-2.8-321 and E02-1.0-65), and by the Schlumberger program of PhD grants.

References

[1] A.V. Babin and M.I. Vishik. Attractors of Evolutionary Equations.

Moscow (1989).

[2] A.V. Babin and M.I. Vishik. Attractors of partial differential equations in an unbounded domain. Proceedings of the Royal Society of Edinbourgh, 116A, 221-243 (1990).

[3] W.-J. Beyn and S.Yu. Pilyugin. Attractors of reaction diffusion systems on infinite lattices. J. Dynam. Differ. Equat., 15, 485–515 (2003).

[4] W.-J. Beyn, V.S. Kolezhuk and S.Yu. Pilyugin. Convergence of discretized attractors for parabolic equations on the line. Preprint 04-13, DFG Research group ’Spectral analysis, asymptotic distributions and stochastic dynamics’, Bielefeld University (2004).

[5] V.S. Kolezhuk. Dynamical systems generated by parabolic equations on the real line. Preprint DFG Research group ’Spectral analysis, asymptotic distributions and stochastic dynamics’, Bielefeld University (2004).

[6] A. Mielke and G. Schneider. Attractors for modulation equations on unbounded domains - existence and comparison. Nonlinearity, 8, 743-768 (1995).

[7] S.L. Sobolev, Some applications of functional analysis in the mathematical physics. Translations of mathematical monographs, AMS, Providence, R.I. (1991).

[8] K. Yosida, Functional analysis. Reprint of the sixth (1980) edition, Springer-Verlag, Berlin (1995).