On manifolds of connecting orbits in discretizations of dynamical systems

Y.-K. Zou^{∗†}

Department of Mathematics, Jilin University Changchun 130023, P. R. China.

W.-J. Beyn^{∗‡}

Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, D-33501 Bielefeld, Germany.

Abstract

It is shown that one-step methods, when applied to a one-parametric dynamical system with a homoclinic orbit, exhibit a closed loop of discrete homoclinic orbits. On this loop the parameter varies periodically while the orbit shifts its index after one revolution. We show that at least two homoclinic tangencies occur on this loop. Our approach works for systems with finite smoothness and also applies to general connecting orbits. It provides an alternative to the interpolation approach by Fiedler and Scheurle [9] and it allows to recover some of their results on exponentially small splittings of separatrices by using some recent backward error analysis for the analytic case.

∗Supported by SFB 343 “Diskrete Strukturen in der Mathematik” Fakultät für Mathematik, Universität Bielefeld.

†Supported by the Volkswagen foundation of Germany during 11.1998-4.2000, and NSFC, Project No. 10071030 of China.

‡Supported by DFG research group ’Spectral analysis, asymptotic distributions and stochastic dynamics’, University of Bielefeld.

1 Introduction

Time discretizations of continuous dynamical systems can lead to subtle phenomena near homoclinic and heteroclinic orbits. A fundamental result of this type was derived by Fiedler and Scheurle in [9]. They consider a homoclinic orbit x̄(t) (−∞ < t < ∞) at λ = λ̄ of a parameterized system

ẋ = f(x, λ), x ∈ R^k, λ ∈ R (1.1)

and an associated one-step method

x_{n+1} = ψ(x_n, λ, ε), ε = step-size. (1.2)

Assuming analyticity of f and ψ and of x̄(t) in some complex strip |Im t| ≤ η they prove that the discrete system has homoclinic orbits x_n = x_n(ε), n ∈ Z that occur in an exponentially narrow sector in the (λ, ε)-plane

|λ − λ̃(ε)| ≤ ce^{−η/ε}. (1.3)

Here λ̃(ε) = λ̄ + O(ε^d) is a smooth function of ε and d is the order of the one-step method. Further quantities that measure the transversality of the stable and unstable manifolds – such as the splitting angle and the splitting distance – can also be estimated by flat terms as in (1.3). Finally, it is shown in [9] that transversal intersections occur in a generic sense.

The method of proof in [9] is to interpret the one-step method (1.2) as the ε-time map of a nonautonomous, rapidly forced perturbation of (1.1), given by

ẋ = f(x, λ) + ε^dg(x, λ, t ε , ε), (1.4)

where g(x, λ, ·, ε) is smooth and 1-periodic with respect to the third variable. This system is then analyzed by a combination of Liapunov-Schmidt and Fourier techniques. Exponentially small estimates for general systems of type (1.4) have earlier been derived by Neishtadt (see [15]) and they also appear in Benettin and Giorgilli [1].

The purpose of this paper is to derive an alternative approach to splitting results for connecting orbits under discretization. In addition to the above mentioned results, we show that there are actually closed loops of discrete homoclinic orbits for fixed and small ε . Though not explicitly stated in [9], it is possible to obtain this additional information from their proofs. Our main arguments for avoiding the interpolation (1.4) are that the information extracted from (1.4) is independent of the type of interpolation and that there are many ways of constructing such an interpolation. Therefore there should be a more direct approach which works with the given one-step mapping.

In our approach we analyze (1.2) by adding to both (1.1) and (1.2) a scalar phase condition

Π(x, ε, t^∗) = 0 (1.5)

where t^∗ acts as a parameter. Then we show that close to the continuous homoclinic the one-step method has a curve of discrete homoclinic orbits x_n(ε, t^∗), n ∈ Z at parameter values λ(ε, t^∗). At fixed ε this curve is parameterized by the phase variable t^∗, and it is closed in the following sense

x_n(ε, t^∗) = x_{n−1}(ε, t^∗ + ε), n ∈ Z, λ(ε, t^∗) = λ(ε, t^∗ + ε).

(1.6)

This confirms numerical findings from [5] where closed loops of homoclinics in an Euler mapping were obtained. Following a complete turn of the loop with a continuation method the discrete orbit shifts its index as (1.6) indicates. It is in fact the special choice (compare (3.9)) of the phase function Π in (1.5) which enables us to prove the periodicity (1.6) and which avoids reparametrizations as in [9].

In Figure 1.1 we illustrate the behavior of the two dimensional manifold of homoclinic orbits for (1.2) by plotting a typical function λ(ε, t^∗) which satisfies (1.3) and (1.6) with λ̃(ε) = λ̄ = 0.

ϵ t^∗ λ

Figure 1.1 The function λ(ε, t^∗) = e^{−1/ε}(1 + cos(2π^{t∗}_ε )).

Our results apply to general heteroclinic or connecting orbits with parameter λ and to systems with finite smoothness. We prove error estimates for the discrete orbit x_n(ε, t^∗) and the parameter λ(ε, t^∗) of type O(τ(ε)) where τ(ε) is the accuracy of the method, e.g. τ(ε) = ε^d in case of a d-th order method . In this way it is still possible to retrieve exponentially small estimates of the form (1.3) by applying a recent result of Reich ([17]) on backward error analysis. He shows that in the analytic case the one-step mapping (1.2) is exponentially close to the ε-time map of a perturbed autonomous system. Applying (a parameter dependent version of) our theorem to the latter system with τ(ε) = e^{−c/ε} then yields the desired estimates (though not the precise exponent η in (1.3)).

On the manifolds of connecting orbits described by (1.6) we find at least two homoclinic tangencies where^{∂λ}_{∂t∗} = 0. In general the whole curve λ(ε, ·) may be constant for fixed ε. However, in a forthcoming paper [21] we show that there are transversal homoclinics for (1.2) if the function f looses its smoothness at a hyperplane transversal to the continuous homoclinic. This provides an explicit criterion which guarantees transversal intersections in (1.2) and complements the genericity result from [9].

In section 2 and 3 we show that continuous connecting orbits, when sampled at discrete times nε, n ∈ Z, lead to curves of tangential connecting orbits for the ε-flow map in the sense of [14]. These curves can be parameterized by the phase variable t^∗. In section 4 we will prove that these curves are preserved by the discretization (1.2), where now the parameter λ is allowed to vary in an ε-periodic fashion as in (1.6). Section 5 concludes with applications of the main results (Theorem 4.3 and 4.4) to the analytic and the finitely smooth case.

2 Basic assumptions for the continuous sys- tem In this section, we introduce the basic regularity condition for continuous connecting orbits and collect some preliminary results. We consider a parameterized dynamical system

ẋ = f(x, λ, ν), x ∈ R^k, λ ∈ R^p, ν ∈ R. (2.1)

The parameter λ is used to set up a well-posed equation for connecting orbits while ν is an additional parameter used in later applications where ν corresponds to the step-size. For simplicity, we will drop the dependence on ν in most of the proofs. Our assumptions are

(H1) f is C^r (r ≥ 1) smooth in all variables and C^{r+1} smooth in λ, and the r-th order derivative with respect to x, i.e. f^{(r)}x (x, λ, ν), is uniformly Lipschitz continuous, i.e. there exists a constant C_1 > 0 such that

‖f^{(r)}_x (x, λ, ν) − f^{(r)}_x (y, λ, ν)‖ ≤ C_1‖x − y‖, for x, y ∈ R^k.

Furthermore, the (r + 1)-th order direvative of f with respect to x exists, and the function f, together with all its derivatives, is uniformly bounded by the same constant C_1.

(H2) x̄_± are hyperbolic equilibria of equation (2.1) at (λ, ν) = (λ̄, ν̄).

According to these two assumptions, there exist constants λ_1 > 0, ν_1 > 0, and C^r-smooth functions x̄_±(λ, ν) with x̄_±(λ̄, ν̄) = x̄_±, such that for all |λ − λ̄| < λ_1 and |ν − ν̄| < ν_1, x̄_±(λ, ν) are hyperbolic equilibria of equation (2.1).

By k_{±s,u}, we denote the numbers of stable (resp. unstable) eigenvalues (counting multiplicities) of the matrix f_x(x̄_±, λ̄, ν̄). By virtue of the smoothness of f, the dimension k_{±s,u} remains constant for (λ, ν) close to (λ̄, ν̄) and we have k = k_{±s} + k_{±u}.

(H3) At (λ, ν) = (λ̄, ν̄), equation (2.1) possesses a connecting orbit x̄(t), which satisfies

x̄_− = lim_{t→−∞} x̄(t), x̄_+ = lim_{t→+∞} x̄(t).

We call (x̄(t), λ̄) a connecting orbit pair (COP for short).

(H4) The COP (x̄, λ̄) is nondegenerate with respect to the parameter λ (cf.

[3, Definition 2.1] and [14, Definition 3.1]) in the following sense

(i) the numbers of stable and unstable eigenvalues are related to the number of parameters λ by p = k + 1 − k_{−u} − k_{+s} = k_{−s} − k_{+s} + 1, (ii) any bounded solution x(t), μ ∈ R^p of the equation ẋ = f_x(x̄, λ̄, ν̄)x+ f_λ(x̄, λ̄, ν̄)μ satisfies μ = 0 and x = c ˙x̄ for some c ∈ R.

A COP (x̄(t), λ̄) is said to be regular if (H1), (H2) and (H4) are satisfied. As a consequence of the regularity, the implicit function theorem yields the following (cf. [3])

Corollary 2.1 Assume (H1)–(H4). Then there exists a constant 0 < ν_2 < ν_1 and a smooth family (x̄(ν, ·), λ̄(ν)) for |ν − ν̄| < ν_2 of regular COPs which converge to the hyperbolic equilibria x̄_±(λ̄(ν), ν) and satisfy x̄(ν̄, ·) = x̄(·), λ̄(ν̄) = λ̄.

Define Banach spaces

X^l = {x ∈ C^l(R, R^k) : x^{(j)}(t) is bounded for j = 0, 1, . . . , l}, ‖x‖_l = l∑ j=0 sup_{t∈R} ‖x^{(j)}(t)‖, with ‖ · ‖ some norm in R^k.

For any |ν − ν̄| < ν_2, consider the linear operator L(ν) : X^1 → X^0, L(ν)x = ẋ − f_x(x̄(ν, ·), λ̄(ν), ν)x, (2.2) and denote its solution operator, by S(ν, t, s), i.e. x(t) = S(ν, t, s)ξ is the solution of L(ν)x = 0 with x(s) = ξ. From the semigroup property we have S(ν, t, s)^{−1} = S(ν, s, t). (2.3) According to [7, 16], [3, Lemma 2.1], L(ν) has an exponential dichotomy on R^+ and R^− for any |ν − ν̄| < ν_2. Similar to [18] and [14, Lemma2.3],[6] we can prove that the exponential dichotomies on R^± hold uniformly in ν. More precisely, we have the following lemma.

Lemma 2.2 Assume (H1)–(H4). Then L(ν) has an exponential dichotomy on R^± uniformly for |ν − ν̄| < ν_2, i.e. there exist data (K^±, α^±, P^±(ν, t)), where K^± and α^± are constants and P^±(ν, ·) are projectors C^r smooth in ν, such that for all |ν − ν̄| < ν_2, t ≥ s in R^±, the following holds S(ν, t, s)P^±(ν, s) = P^±(ν, t)S(ν, t, s), (2.4) ‖S(ν, t, s)P^±(ν, s)‖ ≤ K^±e^{−α±(t−s)}, (2.5) ‖S(ν, s, t)(I − P^±(ν, t))‖ ≤ K^±e^{−α±(t−s)}. (2.6) ¿From (2.3) and (2.4) we see that the projectors P^±(ν, t) are determined by P^±(ν, 0) as follows P^±(ν, t) = S(ν, t, 0)P^±(ν, 0)S(ν, 0, t). (2.7) Define the adjoint operator of L(ν) by

L^∗(ν) : X^1 → X^0, L^∗x = ẋ + f_x(x̄(ν, ·), λ̄(ν), ν)^T x, and denote its solution operator by S^∗(ν, t, s). Then we have S^∗(ν, t, s) = S(ν, s, t)^T .

Similar to [3, Lemma 2.2], we can prove

Lemma 2.3 Assume (H1)–(H4), then the adjoint operator L^∗(ν) also has an exponential dichotomy on R^± with data (C_2K^±, α^±, I − P^±(ν, t)^T ), where C_2 only depends on the norm in R^k. Moreover, for |ν − ν̄| < ν_2,

N (L(ν)) = {S(ν, t, 0)x_0 : x_0 ∈ R(P^+(ν, 0)) ∩ N (P^−(ν, 0))}, (2.8) dim N (L(ν)) = dim N (L^∗(ν)) + k_{+s} − k_{−s}, (2.9) x ∈ R(L(ν)) ⇔

∫_{+∞} −∞ y^T (t)x(t)dt = 0, ∀y(·) ∈ N (L^∗(ν)), (2.10)

and L(ν) : X^1 → X^0 is Fredholm of index k_{+s} − k_{−s} = k_{−u} − k_{+u}.

With the aid of Lemma 2.3, we have the following characterization of the regularity, see also [3, Proposition 2.1].

Lemma 2.4 Assume (H1)–(H3). Then for any |ν − ν̄| < ν_2, (x̄(ν), λ̄(ν)) is regular if and only if the linear operator L(ν) has the properties (1) dim N (L(ν)) = 1, dim N (L^∗(ν)) = p, (2) the p × p matrix E = ∫_{+∞} −∞ Y^T (ν, t)f_λ(x̄(ν, t), λ̄(ν), ν)dt

is nonsingular, where the columns y^i(ν, ·) ∈ X^1 of

Y (ν, ·) = (y^1(ν, ·), . . . , y^p(ν, ·)),

are C^r smooth in ν and form a basis of N (L^∗(ν)).

Notice that ˙x̄(ν, ·) is always a solution of L(ν)x = 0, and by Lemma 2.3 and 2.4, there holds Corollary 2.5

(1) N (L(ν)) = span { ˙x̄(ν, ·)},

(2) N (L^∗(ν)) = span {y^1(ν, ·), . . . , y^p(ν, ·)}, where y^i(ν, t) = S^∗(ν, t, 0)y^i_0(ν), i = 1, . . . , p, and (y^1_0(ν), . . . , y^p_0(ν)) is C^r smooth in ν and forms a basis of the space

(R(P^+(ν, 0)) + N (P^−(ν, 0)))^⊥ = N (P^+(ν, 0)^T ) ∩ R(P^−(ν, 0)^T ).

We conclude the section with an elementary lemma on the convergence of Riemann sums which will be frequently used in the sequel.

Lemma 2.6 Assume g : R^+ → R^k is a continuous function and satisfies the estimate ‖g(t)‖ ≤ Ce^{−ρt} for some C, ρ > 0. Then

lim_{ε→0} ε ∞∑ n=0 g(nε) =

∫_∞ 0 g(t)dt.

3 Tangential heteroclinic orbits of the timeε-flow

In this section, we study the properties of heteroclinic orbits for the time-ε-flow φ(·, λ, ν, ε). We will prove that this map possesses a family of nondegenerate 1-tangential heteroclinic orbits with respect to parameter λ, which are discrete samples of the continuous regular heteroclinic orbit defined in the previous section. We also prove that these discrete samples of heteroclinic orbits are regular zeroes of a suitable operator in a space of biinfinite sequences.

We start by introducing the definition of an ℓ-tangential heteroclinic orbit for general mappings, which is studied in [14]. Then we apply the theory from [14] to our time-ε-flow to study corresponding heteroclinic tangencies.

Let ϕ(x, λ) : R^k × R^p → R^k be a family of C^r diffeomorphisms, which at λ = λ̄ has a heteroclinic orbit x̄_n (n ∈ Z) connecting two hyperbolic fixed points.

Definition 3.1 The heteroclinic orbit x̄_n (n ∈ Z) of the map ϕ(·, λ̄) is called ℓ-tangential for some nonnegative integer ℓ, if the homogeneous difference equation

u_{n+1} = ϕ_x(x̄_n, λ̄)u_n, n ∈ Z

has ℓ linearly independent bounded solutions. Furthermore, an ℓ-tangential heteroclinic orbit x̄_n (n ∈ Z) is called nondegenerate with respect to the parameter λ ∈ R^p if p = k_{−s} −k_{+s} +ℓ and if every bounded solution ((u_n)_{n∈Z}, μ) of the difference equation

u_{n+1} = ϕ_x(x̄_n, λ̄)u_n + ϕ_λ(x̄_n, λ̄)μ, n ∈ Z

satisfies μ = 0.

In [14] this definition is expressed in terms of transversal intersections of parameterized stable and unstable manifolds. As in [14] we interpret Definition 3.1 in terms of operators on Banach spaces. For this purpose, we define the Banach space

S_Z = {x_Z = (x_n)_{n∈Z} : x_n ∈ R^k, ‖x_Z‖ = sup_{n∈Z} ‖x_n‖ < ∞}

and a map Γ : S_Z × R^p → S_Z, (x_Z, λ) → (x_{n+1} − ϕ(x_n, λ))_{n∈Z}.

It is clear that heteroclinic orbits of the maps ϕ(·, λ) are solutions of the equation Γ(·, λ) = 0. A heteroclinic orbit is ℓ-tangential iff dim N (Γ_{xZ} (x̄_Z, λ)) = ℓ, and the nondegeneracy corresponds to the dimension relations p = k_{−s}−k_{+s}+ ℓ and dim N (Γ_{(xZ,λ)}(x̄_Z, λ)) = ℓ.

Let φ(x, λ, ν, t) with φ(x, λ, ν, 0) = x be the solution flow of equation (2.1). In our application, we replace the general mapping ϕ(x, λ) by the time-ε-flow φ(x, λ, ν, ε) and define the operator Γ as follows Γ : S_Z × R^p × R^q × R → S_Z, (x_Z, λ, ν, ε) → (x_{n+1} − φ(x_n, λ, ν, ε))_{n∈Z}.

(3.1)

We use the phase parameter of the COP’s (x̄(ν, ·), λ̄(ν)) from section 2 and define for any t^∗ ∈ R

x̄_n(ν, ε, t^∗) = x̄(ν, t^∗ + nε), n ∈ R.

Then (x̄_Z(ν, ε, t^∗), λ̄(ν)) is a zero of the operator Γ in (3.1) for all |ν −ν̄| < ν_2, t^∗ ∈ R and ε ≠ 0.

Theorem 3.2 Assume (H1)–(H4). Then for 0 < ε < ε_1, |ν − ν̄| < ν_2, t^∗ ∈ R, the orbits x̄_Z(ν, ε, t^∗) are 1-tangential heteroclinic orbits of the timeε-flow φ(·, λ̄(ν), ν, ε) and they are nondegenerate with respect to the parameter λ. We prove the theorem through a series of lemmata and start with studying the properties of the derivative of Γ with respect to x_Z. For abbreviation we set z̄_n = z̄_n(ν, ε, t^∗) = (x̄_n(ν, ε, t^∗), λ̄(ν), ν, ε, t^∗). (3.2)

Furthermore we drop the parameter ν in most of the proofs but keep it in the statements of lemmas, theorems and so on.

First, we consider the linear operator Γ_{xZ} : S_Z → S_Z defined by

Γ_{xZ} (u_Z) = (u_{n+1} − φ_x(z̄_n)u_n)_{n∈Z} (3.3)

and the corresponding difference equation

u_{n+1} − φ_x(z̄_n)u_n = 0. (3.4)

The following Lemma relates the solution map Φ(ν, n, m) of the discrete variational equation (3.4) to the solution operator S(ν, t, s) of the continuous variational equation (2.2). It follows from an easy calculation

Lemma 3.3 For all n, m ∈ Z the following relations hold

(1) φ_x(z̄_n) = Φ(ν, n + 1, n) = S(ν, (n + 1)ε + t^∗, nε + t^∗), (2) Φ(ν, n, m) = S(ν, nε + t^∗, mε + t^∗).

¿From now on we chose an open interval T = (−t^∗_0, t^∗_0) ⊂ R with t^∗_0 > 0 and let t^∗ vary in T. It will be necessary to decrease t^∗_0 in some results below. Take discrete samples of the projectors as

Q^±_n (ν, ε, t^∗) = P^±(ν, t^∗ + nε), Q^±(ν, ε, t^∗) = (Q^±_n (ν, ε, t^∗))_{n∈Z}, where P^±(ν, t) is defined in Lemma 2.2. Notice that the dichotomy on R^± extends to R^± ∪ T for a fixed t^∗_0 > 0.

Lemma 3.4 Assume (H1)–(H4). Then for all |ν − ν̄| < ν_2, t^∗ ∈ T and ε > 0, the difference equation (3.4) has an exponential dichotomy on Z^± with data (K^±, εα^±, Q^±(ν, ε, t^∗)), where K^± and α^± are defined as in Lemma 2.2 with R^± replaced by R^± ∪ T.

Proof. Using the linearized equation (3.4), the proof follows from Lemma 2.2, 3.3, and the definition of the projectors Q^±_n (ν, ε, t^∗). ■ Define the adjoint operator of Γ_{xZ} by

Γ^∗_{xZ} : S_Z → S_Z, u_Z → (u_{n+1} − φ^{−1}_x (z̄_n(ν, ε, t^∗))^T u_n)_{n∈Z}, (3.5) Similar to [14, Lemma 2.6], [5], from Lemma 2.3, Corollary 2.5 and (H1) we obtain Lemma 3.5 Assume (H1)–(H4). Then for |ν − ν̄| < ν_2, t^∗ ∈ T and ε > 0, there holds

(1) the linear operator Γ_{xZ} : S_Z → S_Z defined in (3.3) is Fredholm of index k_{+s} − k_{−s} = 1 − p, dim N (Γ_{xZ} ) = 1, and

N (Γ_{xZ} ) = span{ ˙x̄_Z(ν, ε, t^∗)}, ˙x̄_Z(ν, ε, t^∗) = ( ˙x̄(ν, t^∗ + nε))_{n∈Z}, (2) the adjoint operator Γ^∗_{xZ} : S_Z → S_Z defined in (3.5) is Fredholm of index k_{−s} − k_{+s} = p − 1, dim N (Γ^∗_{xZ} ) = p, and N (Γ^∗_{xZ} ) = span{y^1_Z(ν, ε, t^∗), . . . , y^p_Z(ν, ε, t^∗)}, where y^i_Z(ν, ε, t^∗) = (y^i(ν, t^∗ + nε))_{n∈Z} are defined in Corollary 2.5.

With the functions y^i_Z from this lemma, define the sequence of k × p matrices Y_Z(ν, ε, t^∗) = (y^1_Z(ν, ε, t^∗), . . . , y^p_Z(ν, ε, t^∗)).

Lemma 3.6 Assume (H1)–(H4). Then there exists ε_1, ν_2, t^∗_0 > 0 such that the p × p matrices ∑ n∈Z Y^T_n (ν, ε, t^∗)φ_λ(z̄_n) are nonsingular and their inverses are uniformly bounded for 0 < ε < ε_1, |ν − ν̄| < ν_2 and t^∗ ∈ T.

Proof. ¿From the variational equation for φ_λ(x, λ, t) we obtain φ_λ(x, λ, t) =

∫_t 0 f_x(φ(x, λ, s), λ)φ_λ(x, λ, s)ds + ∫_t 0 f_λ(φ(x, λ, s), λ)ds. (3.6) For t^∗ ∈ R and ε > 0 small, taking t = ε, x = x̄_n(ε, t^∗), λ = λ̄ in equation (3.6), leads to

φ_λ(z̄_n) =

∫_ε 0 f_x(φ(x̄_n, λ̄, s), λ̄)φ_λ(x̄_n, λ̄, s)ds+

∫_ε 0 f_λ(φ(x̄_n, λ̄, s), λ̄)ds = εf_x(φ(x̄_n, λ̄, 0), λ̄)φ_λ(x̄_n, λ̄, 0)+εf_λ(φ(x̄_n, λ̄, 0), λ̄) + O(ε^2) = εf_λ(x̄_n, λ̄) + O(ε^2), (3.7) because φ(x, λ, 0) ≡ x implies φ_λ(x, λ, 0) ≡ 0.

By Lemma 2.4 the matrices Y (t) converge to 0 with an exponential rate ce^{−α|t|} and hence Y_n(ε, t^∗) converges to 0 with a bound ce^{−α|nε|}. Multiplying equation (3.7) by Y^T_n (ν, ε, t^∗) gives

Y^T_n (ν, ε, t^∗)φ_λ(z̄_n(ν, ε, t^∗)) = εY^T_n (ν, ε, t^∗)f_λ(z̄_n(ν, ε, t^∗)) + O(ε^2e^{−α|nε|}). Summing up and using Lemma 2.6 as well as ε^2 ∑ n∈Z e^{−α|nε|} = O(ε) we obtain

lim_{ε→0} ∑ n∈Z Y^T_n φ_λ(z̄_n) =

∫_∞ −∞ Y (t)^T f_λ(x̄(t), λ̄)dt, which is nonsingular by Lemma 2.4. The proof is finished by taking ε_1, ν_2, t^∗_0 sufficiently small. ■ Proof of Theorem 3.2. According to the Definition 3.1 and Lemma 3.5, it remains to prove dim N (Γ_{(xZ,λ)}(z̄_Z)) ≡ 1.

For any 0 < ε < ε_1, t^∗ ∈ T, and (u_Z, μ) ∈ S_Z × R^p, consider the linear equation

Γ_{xZ} (z̄_Z)u_Z + Γ_λ(z̄_Z)μ = 0. (3.8)

Multiplying equation (3.8) from the left by Y^T_Z (ε, t^∗) and using (2.10), gives ∑ n∈Z Y^T_n φ_λ(z̄_Z)μ = 0

By Lemma 3.6, we get μ = 0. Substituting μ = 0 into (3.8), we find

u_Z ∈ N (Γ_{xZ} (z̄_Z)),

which, together with Corollary 2.5, completes the proof of theorem. ■ Obviously, we expect the solutions of equations Γ(x_Z, λ, ν, ε) = 0 to be uniquely determined by (x̄_Z(ν, ε, t^∗), λ̄(ν)) up to a phase shift controlled by t^∗. We will fix this phase by a suitable condition. Define the phase function Π as

Π : S_Z × R^q × R × R → R (x_Z, ν, ε, t^∗) → ε ∞∑ n=−∞

(x_n − x̄(ν, t^∗ + nε))^T ˙x̄(ν, t^∗ + nε).

(3.9)

With this and the operator Γ from (3.1) define F : S_Z × R^p × R^q × R × R → S_Z × R, (x_Z, λ, ν, ε, t^∗) → (Γ(x_Z, λ, ν, ε), Π(x_Z, ν, ε, t^∗)).

(3.10)

The following Theorem contains the main properties of the operator F .

Theorem 3.7 Assume (H1)–(H4). Then there exist ε_1, ν_2, t^∗_0 > 0 such that (x̄_Z(ν, ε, t^∗), λ̄(ν)) are regular solutions of the equation F = 0 in (3.10) for 0 < ε < ε_1, |ν −ν̄| < ν_2, t^∗ ∈ T, i.e. F_{(xZ,λ)}(z̄_Z(ν, ε, t^∗)) are homeomorphisms. Furthermore, there exists a constant β > 0 such that

‖F_{(xZ,λ)}(z̄_Z(ν, ε, t^∗))(v_Z, μ)‖ ≥ βε‖(v_Z, μ)‖, ∀(v_Z, μ) ∈ S_Z × R^p. (3.11)

Proof. We consider the linearization of equation (3.10) at (x̄_Z, λ̄). For any r_Z ∈ S_Z and ω ∈ R we will find a solution (v_Z, μ) of the linear equations

v_{n+1} − A_nv_n − g_nμ = r_n, n ∈ Z, (3.12) ∞∑ n=−∞

εv^T_n ˙x̄_n = ω, (3.13)

where A_n = φ_x(x̄_n, λ̄, ε), g_n = φ_λ(x̄_n, λ̄, ε) and ˙x̄_n = ˙x̄(t^∗ + nε).

For any y_Z ∈ S_Z, define

v̄^+_n (y_Z) = n∑ i=1 Φ(n, i)Q^+_i y_{i−1} − ∞∑ i=n+1

Φ(n, i)(I − Q^+_i )y_{i−1}, for n ≥ 0,

v̄^−_n (y_Z) = i=n∑ −∞ Φ(n, i)Q^−_i y_{i−1} − 0∑ i=n+1

Φ(n, i)(I − Q^−_i )y_{i−1}, for n ≤ 0.

Since the equation v_{n+1} = A_nv_n has an exponential dichotomy on Z_± with data (K, εα, Q_{Z±} ) the sequences v̄^±_{Z±} are the unique bounded solutions of equation v_{n+1} = A_nv_n + y_n in Z_± with initial conditions Q^+_0 v̄^+_0 = 0 and (I − Q^−_0 )v̄^−_0 = 0, respectively, and satisfy the following estimates for K = max{K^+, K^−} (cf. [16])

|v̄^±_n | ≤ K

1 + e^{−εα} 1 − e^{−εα}

‖y_Z‖_∞. (3.14)

To obtain the general solution of the inhomogeneous equation (3.12) for n ∈ Z_+ and n ∈ Z_−, respectively, we add solutions of the homogeneous equation as follows. For η ∈ R(Q^+_0 ), ξ ∈ R(I − Q^−_0 ) and μ ∈ R^p let

v^+_n = Φ(n, 0)η + v̄^+_n (r_Z + g_Zμ), n ≥ 0, v^−_n = Φ(n, 0)ξ + v̄^−_n (r_Z + g_Zμ), n ≤ 0

(3.15) and we define v_n = v^+_n if n ≥ 0 and v_n = v^−_n if n ≤ −1. Then the pair (v_Z, μ) solves equation (3.12)–(3.13) if and only if

v^+_0 = v^−_0 , ∞∑ n=−∞

εv^T_n ˙x̄_n = ω. (3.16)

In terms of ξ, η, μ equation (3.16) reads

ξ − η + Ω(ε, t^∗)μ = ϱ(ε, t^∗), Θ(ε, t^∗)ξ + Λ(ε, t^∗)η + Ξ(ε, t^∗)μ = ω − δ(ε, t^∗),

(3.17)

where

Ω(ε, t^∗) = i=0∑ −∞ Φ(0, i)Q^−_i g_{i−1} + ∞∑ i=1 Φ(0, i)(I − Q^+_i )g_{i−1},

Θ(ε, t^∗) = −1∑ n=−∞

ε ˙x̄^T_n Φ(n, 0)(I − Q^−_0 ),

Λ(ε, t^∗) = ∞∑ n=0 ε ˙x̄^T_n Φ(n, 0)Q^+_0 ,

Ξ(ε, t^∗) = −1∑ n=−∞

ε ˙x̄^T_n v̄^−_n (g_Z) + ∞∑ n=0 ε ˙x̄^T_n v̄^+_n (g_Z),

ϱ(ε, t^∗) = −

(_{i=0} ∑ −∞ Φ(0, i)Q^−_i r_{i−1} + ∞∑ i=1 Φ(0, i)(I − Q^+_i )r_{i−1} ) ,

δ(ε, t^∗) = −1∑ n=−∞

ε ˙x̄^T_n v̄^−_n (r_Z) + ∞∑ n=0 ε ˙x̄^T_n v̄^+_n (r_Z).

According to (3.7) we have g_i = εf_λ(x̄_n, λ̄) + O(ε^2). Similar to the argument in the proof of Lemma 3.6 and by Lemma 2.6 and 3.3, we obtain that Ω(ε, t^∗) converges as ε, t^∗ → 0 to

Ω_0 =

∫_0 −∞ S(0, t)P^−(t)f_λ(x̄(t), λ̄)dt +

∫_{+∞} 0 S(0, t)(I −P^+(t))f_λ(x̄(t), λ̄)dt.

In an analogous fashion we have

Θ_0 = lim_{ε,t∗→0} Θ(ε, t^∗) =

∫_0 −∞ ˙x̄(t)^T S(t, 0)(I − P^−_0 )dt,

Λ_0 = lim_{ε,t∗→0} Λ(ε, t^∗) =

∫_∞ 0 ˙x̄(t)^T S(t, 0)P^+_0 dt.

Ξ_0 = lim_{ε,t∗→0} Ξ(ε, t^∗) =

∫_∞ 0 ˙x̄(t)^T v̄^+(f_λ(x̄(·), λ̄))dt + ∫_0 −∞ ˙x̄(t)^T v̄^−(f_λ(x̄(·), λ̄))dt,

where as in the discrete case we set v̄^+(y)(t) =

∫_t 0 S(t, s)P^+(s)y(s)ds −

∫_∞ t S(t, s)(I − P^+(s))y(s)ds, t ≥ 0

v̄^−(y)(t) =

∫_t −∞ S(t, s)P^−(s)y(s)ds −

∫_0 t S(t, s)(I − P^−(s))y(s)ds, t ≤ 0.

From the expressions for (ϱ(ε, t^∗), δ(ε, t^∗)) we obtain via the dichotomies for ε small and some constant C > 0 ‖(ϱ(ε), δ(ε))‖ ≤ CK

1 + e^{−εα} 1 − e^{−εα}

‖r_Z‖_∞. (3.18)

Let us rewrite equation (3.17) in the form M^{ε,t∗} (ξ, η, μ) = (ϱ, ω + δ), where M^{ε,t∗} is a (k_{+s} + k_{−s} + p) × (k + 1) = (k + 1) × (k + 1) matrix. We will prove that the matrices M^{ε,t∗} have uniformly bounded inverses for ε, t^∗ small. Notice that the spaces R(Q^+_0 ), R(I − Q^−_0 ) still depend on t^∗. In the limit ε, t^∗ → 0 we obtain

M_0 ξ η μ = ( I −I Ω_0 Θ_0 Λ_0 Ξ_0 ) ξ η μ , ξ ∈ R(I − P^−(0)), η ∈ R(P^+(0)), μ ∈ R^p.

(3.19) Assume that (ξ, η, μ) solves M_0(ξ, η, μ) = 0 with M_0 from (3.19). Then we construct the functions v^+(t) = S(t, 0)η + v̄^+(f_λ(x̄(·), λ̄))(t), t ≥ 0 v^−(t) = S(t, 0)ξ + v̄^−(f_λ(x̄(·), λ̄))(t), t ≤ 0, which yield bounded solution of the equation

ẋ(t) − f_x(x̄(t), λ̄)x(t) = f_λ(x̄(t), λ̄)μ (3.20)

for ±t ≥ 0 and with initial values v^+(0) = η and v^−(0) = ξ, respectively.

Let v(t) = v^+(t) if t ≥ 0 and v(t) = v^−(t) if t < 0. Similar to the arguments above for the discrete case, we find that v^−(0) = v^+(0) holds and hence that v(t) solves equation (3.20) for t ∈ R and satisfies the phase condition ∫_∞ −∞ ˙x̄(t)^T v(t)dt = 0. (3.21)

¿From the nondegeneracy condition (H4) it follows that μ = 0 and v(t) = c ˙x̄(t) for some constant c. Then (3.21) implies c = 0.

Therefore the matrix M_0 is invertible and for ε, t^∗ small enough the matrices M^{ε,t∗} have uniformly bounded inverses.

Combining the estimate (3.18) with equation (3.17) we find

|ξ| + |η| + |μ| ≤ C(K

1 + e^{−εα} 1 − e^{−εα}

‖r_Z‖_∞ + |ω|) ≤ 1 βε (‖r_Z‖_∞ + |ω|) (3.22)

for some constant β > 0. Finally, using these estimates in the definition of v_n in (3.15) and noticing that g_n = O(ε) we arrive at our assertion. ■

Remark 3.8 Inequality (3.22) indicates that the estimate in Theorem 3.7 can be improved by avoiding the^1_ε factor in front of ω. In fact, even further refinements are needed in order to provide sufficient criteria for transversal intersections of the discretized orbits, see [21].

4 Heteroclinic orbits under discretization

In this section we study the effects of discretization on nondegenerate heteroclinic orbits and prove the main theorems. Roughly speaking, we show that, for step-size sufficiently small , the one-step method possesses a curve of heteroclinic orbits which are either transversal or 1-tangential and nondegenerate. They satisfy the same phase condition (3.9) as the ε-samples of the continuous orbit. As the phase parameter t^∗ varies, the points on these heteroclinic orbits form an invariant manifold for a parameter suspended map, which we call a heteroclinic manifold. We will also show that this manifold contains at least two 1-tangential orbits and we will obtain the order of approximation of the heteroclinic orbits when the step-size ε tends to zero.

Consider a one-step method

x_{n+1} = ψ(x_n, λ, ν, ε), (4.1)

where ε > 0 is the step-size. Our assumptions are

(H5) All partial derivatives of ψ(x, λ, ν, ε) of order ≤ r + 1(r ≥ 1), except for ψ^{r+1}_x , exist and are continuous and bounded in R^k ×U for some open zero neighborhood U ⊂ R^{p+2} . The r-th order derivative ψ^{(r)}x (x, λ, ν, ε) is uniformly Lipschitz continuous, i.e. there exists a constant C_3 > 0 such that for x, y ∈ R^k, (λ, ν, ε) ∈ U

‖ψ^{(r)}_x (x, λ, ν, ε) − ψ^{(r)}_x (y, λ, ν, ε)‖ ≤ C_3‖x − y‖.

(H6) ψ is d-th (1 ≤ d ≤ r) order close to the time-ε-flow of equation (2.1) for all x, λ, ν and ε > 0 small, i.e. there exists a constant C_4 > 0 such that

‖φ(x, λ, ν, ε) − ψ(x, λ, ν, ε)‖ ≤ C_4ετ(ε), (4.2)

where τ(ε) = ε^d.

We introduce the function τ(ε) here, because we will use (H6) with τ(ε) = e^{−c/ε} in section 5. An immediate consequence of the approximation properties of the one-step method are estimates of the derivatives, see [10, 19].

Lemma 4.1 Assume (H1), (H5) and (H6). Then there exist constants C_5, ε_3 > 0 such that for all (x, λ, ν, ε) ∈ R^k × U and 0 < ε < ε_3 the following estimates hold

(1) |φ_x(x, λ, ν, ε) − ψ_x(x, λ, ν, ε)| ≤ C_5ε^{d+1}, (2) |φ_λ(x, λ, ν, ε) − ψ_λ(x, λ, ν, ε)| ≤ C_5ε^{d+1}, (3) ψ(x, λ, ν, ε) = x + εΔ(x, λ, ν, ε), where Δ has the same smoothness properties as ψ except for loosing one derivative with respect to ε.

The following version of a parameterized implicit function theorem will be used in our proof, see [8],[3].

Lemma 4.2 Let F : Y ×Λ → Z be a C^ℓ mapping from a Banach space Y ×Λ into some Banach space Z. Assume there exists a function ȳ_0 : Λ → Y such that F_y(ȳ_0(μ), μ) are homeomorphisms for all |μ| < δ_2, and there exist some constants κ = κ(μ) > 0, σ = σ(μ) > 0, such that for |y−ȳ_0(μ)| ≤ δ_1, |μ| ≤ δ_2 we have

‖F_y(y, μ) − F_y(ȳ_0(μ), μ)‖ ≤ κ(μ) < σ(μ) ≤ ‖F_y(ȳ_0(μ), μ)^{−1}‖^{−1}, ‖F (ȳ_0(μ), μ)‖ ≤ (σ(μ) − κ(μ))δ_1.

Then for any |μ| < δ_2, F (·, μ) has a unique C^ℓ-smooth zero ỹ = ỹ(μ) near ȳ_0(μ), and the following estimates hold for |y_i − ȳ_0(μ)| ≤ δ_1, i = 1, 2

|ỹ(μ) − ȳ_0(μ)| ≤ (σ(μ) − κ(μ))^{−1}‖F (ȳ_0(μ), μ)‖, (4.3) ‖y_1 − y_2‖ ≤ (σ(μ) − κ(μ))^{−1}‖F (y_1, μ) − F (y_2, μ)‖.

In order to determine heteroclinic orbits for the map ψ(·, λ, ν, ε) we introduce the following operators

Γ̃ : S^Z × R^p × R^q × R → S^Z,

(x_Z, λ, ν, ε) → (x_{n+1} − ψ(x_n, λ, ν, ε))_{n∈Z},

(4.4) and F̃ : S^Z × R^p × R^q × R × R → S^Z × R,

(x_Z, λ, ν, ε, t^∗) → (Γ̃(x_Z, λ, ν, ε), Π(x_Z, ν, ε, t^∗)),

(4.5)

where Π is the phase function defined in (3.9). We apply Lemma 4.2 to F̃ with μ = (ν, ε, t^∗) and the given orbits ȳ_0(μ) = (x̄_Z(ν, ε, t^∗), λ̄(ν)).

Theorem 4.3 Assume (H1)–(H6). Then there exists constants ε_4, δ > 0, such that for 0 < ε < ε_4, |ν − ν̄| < ν_2, t^∗ ∈ T, the function F̃ defined in (4.5) has a unique zero (x̃_Z(ν, ε, t^∗), λ̃(ν, ε, t^∗)) in a δ neighborhood of (x̄_Z(ν, ε, t^∗), λ̄(ν)). This orbit satisfies the following estimates sup n∈Z,t^∗∈T

‖x̃_n(ν, ε, t^∗) − x̄(ν, t^∗ + nε)‖ = O(ε^d), (4.6) sup_{t∗∈T} ‖λ̃(ν, ε, t^∗) − λ̄(ν)‖ = O(ε^d). (4.7)

Proof. By virtue of Lemma 4.1, for 0 < ε < ε_3, |ν − ν̄| < ν_2, t^∗ ∈ T, (u_Z, μ) ∈ S_Z × R^p there holds

Γ̃_{(xZ,λ)}(x_Z, λ, ν, ε) · (u_Z, μ) = Γ̃_{xZ} (x_Z, λ, ν, ε) · u_Z + Γ̃_λ(x_Z, λ, ν, ε) · μ = (u_{n+1} − ψ_x(x_n, λ, ν, ε)u_n)_{n∈Z} − (ψ_λ(x_n, λ, ν, ε)μ)_{n∈Z} = (u_{n+1} − φ_x(x_n, λ, ν, ε)u_n)_{n∈Z} − (φ_λ(x_n, λ, ν, ε)μ)_{n∈Z} + O(ετ(ε)(‖u_Z‖ + |μ|)) = Γ_{(xZ,λ)}(x_Z, λ, ν, ε) · (u_Z, μ) + O(ετ(ε)(‖u_Z‖ + |μ|)) which leads to an estimate uniformly in x_Z ‖Γ̃_{(xZ,λ)}(x_Z, λ, ν, ε) − Γ̄_{(xZ,λ)}(x_Z, λ, ν, ε)‖ ≤ C_5ετ(ε). (4.8) We show that Theorem 3.7 together with (4.8) imply that for some constant 0 < ε_4 < ε_3 the operators F̃_{(xZ,λ)}(z̄_Z(ν, ε, t^∗)) are homeomorphisms for 0 < ε < ε_4, |ν − ν̄| < ν_2, t^∗ ∈ T and satisfy the estimate ‖F̃_{(xZ,λ)}(z̄_Z(ν, ε, t^∗))(u_Z, μ)‖ ≥ 1 2 βε‖(u_Z, μ)‖.

Let σ(ε) = ‖F̃_{(x̄Z,λ)}(z̄_Z(ν, ε, t^∗))^{−1}‖^{−1}, κ(ε) = σ(ε)/2, then for 0 < ε < ε_4, |ν − ν̄| < ν_2, t^∗ ∈ T, there holds σ(ε) ≥ βε/2, κ(ε) ≥ βε/4. (4.9)

¿From Lemma 4.1 and the definition of F̃ in (4.5) we have

‖(F̃_{(xZ,λ)}(x_Z, λ, ν, ε, t^∗) − F̃_{(xZ,λ)}(z̄_Z(ν, ε, t^∗)))(u_Z, μ)‖ = ‖(Γ̃_{(xZ,λ)}(x_Z, λ, ν, ε) − Γ̃_{(xZ,λ)}(z̄_Z(ν, ε, t^∗)))(u_Z, μ)‖ ≤ ‖((ψ_x(x_n, λ, ν, ε) − ψ_x(z̄_n(ν, ε, t^∗)))u_n)_{n∈Z}‖ +‖((ψ_λ(x_n, λ, ν, ε) − ψ_λ(z̄_n(ν, ε, t^∗)))μ)_{n∈Z}‖ ≤ ε‖((Δ_x(x_n, λ, ν, ε) − Δ_x(z̄_n(ν, ε, t^∗)))u_n)_{n∈Z}‖ +ε‖((Δ_λ(x_n, λ, ν, ε) − Δ_λ(z̄_n(ν, ε, t^∗)))μ)_{n∈Z}‖ ≤ C̃ε(‖x_Z − x̄_Z(ν, ε, t^∗)‖ + ‖λ − λ̄(ν)‖) · ‖(u_Z, μ)‖,

where C̃ is obtained from assumption (H5).

Because of (4.9), we can choose δ > 0 small such that C̃εδ ≤ κ(ε). For |(x_Z, λ) − (x̄_Z(ν, ε, t^∗), λ̄(ν))| < δ, we then find

‖F̃_{(xZ,λ)}(x_Z, λ, ν, ε) − F̃_{(xZ,λ)}(z̄_Z(ν, ε, t^∗))‖ ≤ C̃εδ ≤ κ(ε) < σ(ε) ≤ ‖F̃_{(xZ,λ)}(z̄_Z(ν, ε, t^∗))^{−1}‖^{−1}.

A direct computation and (H6) yield ‖F̃ (z̄_Z(ν, ε, t^∗))‖ = ‖(x̄_{n+1}(ν, ε, t^∗) − ψ(x̄_n(ν, ε, t^∗), λ̄(ν), ν, ε))_{n∈Z}‖ = ‖((φ − ψ)(x̄_n(ν, ε, t^∗), λ̄(ν), ν, ε))_{n∈Z}‖ ≤ C_4ετ(ε).

(4.10)

By (4.9) we can choose ε_4 sufficiently small such that for all 0 < ε < ε_4 and uniformly in t^∗ ∈ T, |ν − ν̄| < ν_2 we have C_4ετ(ε) ≤ (σ − κ)δ and hence

‖F̃ (z̄_Z(ν, ε, t^∗))‖ ≤ (σ − κ)δ.

Now, we can apply Lemma 4.2 to the function F̃ near (x̄_Z(ν, ε, t^∗), λ̄(ν)) and obtain existence and smoothness of the discrete orbits. Moreover, the estimates (4.6),(4.7) follow from (4.3) and (4.10). ■ The next theorem analyzes the behavior of the discrete orbits x̃_Z(ν, ε, t^∗) and the parameter λ̃(ν, ε, t^∗) under variation of the phase parameter t^∗.

Theorem 4.4 Assume (H1)–(H6). Then for 0 < ε < ε_4, |ν − ν̄| < ν_2, t^∗, t^∗ + ε ∈ T, n ∈ Z there holds x̃_n(ν, ε, t^∗) = x̃_{n−1}(ν, ε, t^∗ + ε) (4.11) λ̃(ν, ε, t^∗) = λ̃(ν, ε, t^∗ + ε) (4.12) Proof. For t^∗, t^∗ + ε ∈ T define ŷ_n(ε, t^∗) = x̃_{n−1}(ε, t^∗ + ε), λ̂(ε, t^∗) = λ̃(ε, t^∗ + ε), and prove that(ŷ_Z(ε, t^∗), λ̂(ε, t^∗)) is also a solution of equation F̃ = 0 near (x̄_Z(ε, t^∗), λ̄). Then the assertion follows from the uniqueness of the solution of equation F̃ = 0. According to Theorem 4.3 and t^∗ + ε ∈ T we know |λ̂(ε, t^∗) − λ̄| = O(ε^d). Moreover, by (4.6),(4.7)

‖ŷ_n(ε, t^∗) − x̄_n(ε, t^∗)‖ = ‖x̃_{n−1}(ε, t^∗ + ε) − x̄((n − 1)ε + t^∗ + ε)‖ = O(ε^d). This means that (ŷ_Z, λ̂) is sufficiently close to (x̄_Z, λ̄) if ε is small enough.

Notice that

ŷ_{n+1} = x̃_n(ε, t^∗ + ε) = ψ(x̃_{n−1}(ε, t^∗ + ε), λ̃(ε, t^∗ + ε)) = ψ(ŷ_n, λ̂) and Π(ŷ_Z, ε, t^∗) = ε ∑ n∈Z (x̃_{n−1}(ε, t^∗ + ε) − x̄(ε, t^∗ + nε))^T ˙x̄(t^∗ + nε) = ε ∑ n∈Z (x̃_n(ε, t^∗ + ε) − x̄(t^∗ + ε + nε))^T ˙x̄(t^∗ + ε + nε) = Π(x̃_Z(ε, t^∗ + ε), ε, t^∗ + ε) = 0.

Hence (ŷ_Z(ε, t^∗), λ̂(ε, t^∗)) is a solution of F̃ = 0. This completes the proof of the theorem. ■ Remark 4.5 Equations (4.6), (4.7) state that we get the same orbit if we either start iterating with ψ(·, λ̃(ν, ε, t^∗), ν, ε) at x̃_0(ν, ε, t^∗) or with ψ(·, λ̃(ν, ε, t^∗ + ε), ν, ε) at x̃_{−1}(ν, ε, t^∗ + ε).

If we restrict to t^∗ ∈^1_2 T and take ε_4 sufficiently small then we can guarantee t^∗, t^∗ + ε ∈ T for all 0 < ε < ε_4 and (4.6), (4.7) hold. Therefore, for any n ∈ Z we can extend the functions x̃_n, λ̃ to t^∗ ∈ R such that (4.6), (4.7) hold for all t^∗ ∈ R. Therefore the manifold

γ(ν, ε) = {(x̃_0(ν, ε, t^∗), λ̃(ν, ε, t^∗)) : t^∗ ∈ R}

can be equivalently written as

γ(ν, ε) = {(x̃_n(ν, ε, t^∗), λ̃(ν, ε, t^∗)) : n ∈ Z, 0 ≤ t^∗ < ε},

We call γ(ν, ε) a heteroclinic manifold; pictures of this manifold derived from numerical data appear in [5] and (for the saddle node case) in [20]. This manifold is invariant under the suspended one-step method

(x_{n+1}, λ_{n+1}) = (ψ(x_n, λ_n, ν, ε), λ_n)

and, according to Theorem 4.4, it is ε^d-close to its continuous counterpart {(x̄(ν, t), λ̄) : t ∈ R}.

In the remainder of this section, we always assume (x̃_Z(ν, ε, t^∗), λ̃(ν, ε, t^∗)) to be the solutions of F̃ = 0 as in Theorem 4.3. For simplicity, we write (x̃_Z(t^∗), λ̃(t^∗)). We show that the discrete heteroclinic orbit x̃_Z(t^∗) is either transversal or 1-tangential and nondegenerate with respect to λ.

Theorem 4.6 Assume (H1)–(H6) and let 0 < ε < ε_4, |ν − ν̄| < ν_2, t_0 ∈ T. If λ̃^′(t_0) ≠ 0, then x̃_Z(t_0) is a transversal heteroclinic orbit for the map ψ(·, λ̃(t_0), ν, ε); if λ̃^′(t_0) = 0, then x̃_Z(t_0) is a nondegenerate 1-tangential heteroclinic orbit for the map ψ(·, λ̃(t_0), ν, ε) with respect to λ.

Proof. Since (x̃_Z(t_0), λ̃(t_0)) is a regular solution of F̃ (x_Z, λ, ε, t_0) = 0, the linear operator Γ̃_{(xZ,λ)}(x̃_Z(t_0), λ̃(t_0), ε) must be onto, and

dim N (Γ̃_{(xZ,λ)}(x̃_Z(t_0), λ̃(t_0), ε)) = 1. (4.13)

Differentiating F̃ = 0 leads to

Γ̃_{xZ} (x̃_Z(t_0), λ̃(t_0), ε)x̃^′_Z(t_0) + Γ̃_λ(x̃_Z(t_0), λ̃(t_0), ε)λ̃^′(t_0) = 0.

If λ̃^′ ≠ 0, then Γ̃_λ(z̃_Z(ε, t_0)) ∈ R(Γ̃_{xZ} (z̃_Z(ε, t_0))), Noticing that Γ̃_{(xZ,λ)} = (Γ̃_{xZ} , Γ̃_λ), we can conclude that Γ̃_{xZ} (x̃_Z(t_0), λ̃(t_0), ε) is also onto. By the bordering lemma [3, Lemma 2.3] Γ̃_{xZ} (x̃_Z(t_0), λ̃(t_0), ε) is Fredholm of index 0 and hence is a homeomorphism on S_Z. Then x̃_Z(t_0) is a transversal heteroclinic orbit of the map ψ(·, λ̃(t_0), ν, ε), as shown in [5, 14].

If λ̃^′(t_0) = 0 then

Γ̃_λ(x̃_Z(t_0), λ̃(t_0), ε) ∉ R(Γ̃_{xZ} (x̃_Z(t_0), λ̃(t_0), ε)).

¿From equation (4.13), we infer that x̃_Z(t_0) is a non-degenerate 1-tangential heteroclinic orbit for the map ψ(·, λ̃(t_0), ν, ε). ■

Corollary 4.7 Under the assumptions of Theorem 4.3, for any 0 < ε < ε_4, |ν − ν̄| < ν_2, among the family of heteroclinic orbits x̃_Z(t^∗), t^∗ ∈ [0, ε] of the map ψ(·, λ̃(t^∗), ν, ε), there exist at least two nondegenerate 1-tangential heteroclinic orbits with respect to parameter λ.

Proof. Because λ̃(t^∗) is C^r smooth and periodic in t^∗ with period ε, there exist at least one maximal and one minimal value for the function λ̃(t^∗) at some t^∗ ∈ [0, ε], and necessarily λ̃^′(t^∗) = 0. ■

5 Exponentially small estimates

In the previous section we already proved that if the dynamical system (2.1) possesses a nondegenerate heteroclinic orbit x̄(t) with respect to λ at (λ̄, ν̄), then the associated one-step method (4.1) contains a family of COP’s (x̃_Z(ν̄, ε, t^∗), λ̃(ν̄, ε, t^∗)), t^∗ ∈ [0, ε], if the step-size ε > 0 is small enough. In this section we will estimate the splitting distance (cf. [9])

D(ε) = sup_{0≤t∗}

1 ,t^∗_2 ≤ε

|λ̃(ν̄, ε, t^∗_1) − λ̃(ν̄, ε, t^∗_2)|, which measures the size of the parameter region in which the map (4.1) has heteroclinic orbits. If f is smooth enough then we get estimates for D(ε) of arbitrary order while in the real analytic case we obtain exponentially small estimates by using the backward error analysis of Reich [17].

Consider a C^r (r ≥ 1) smooth dynamical system ẋ = f(x, λ), x ∈ R^k, λ ∈ R^p, (5.1) with solution flow φ(·, λ, t). Let x_{n+1} = ψ(x_n, λ, ε) (5.2) be a one-step method of smoothness C^r and of order d where 1 ≤ d ≤ r. That is, for any compact subset K ⊂ R^k ×R^p there exists a constant C = C_K such that sup_{x∈K} ‖φ(x, λ, ε) − ψ(x, λ, ε)‖ ≤ Cε^{d+1}. (5.3) In the following theorem we summarize basic results from the theory of backward error analysis (see [11],[12],[17]).

Theorem 5.1 Under the above assumptions, for any index d ≤ ℓ ≤ r and any compact set K ⊂ R^k × R^p there exists a modified equation ẋ = f̃(x, λ, ε) (5.4) such that f̃(x, λ, ε) is C^r smooth in some open neighborhood of K × {0} and satisfies sup (x,λ)∈K

‖f(x, λ) − f̃(x, λ, ε)‖ = O(ε^{d+1}).

Moreover, the solution flow φ̃(x, λ, ε, t) of the modified system (5.4) interpolates the one-step mapping ψ(x, λ, ε) to the order ℓ, i.e. sup_{x∈K} ‖φ̃(x, λ, ε, ε) − ψ(x, λ, ε)‖ ≤ Cετ(ε), τ(ε) = ε^ℓ. (5.5) If, in addition, f(x, λ) and ψ(x, λ, ε) are real analytic functions in R^{k+p} and R^{k+p} ×(−ε_0, ε_0) respectively then the estimate in (5.5) holds with τ(ε) = e^{−c/ε} for a suitable constant c = c(K).

Remark 5.2 The statements of Theorem 5.1 are given in [11], [12], [17] for the parameter independent case. Working through the proofs it can, however, be seen that their results extend to parameterized systems with the estimates being uniform in a compact parameter set.

Now we are going to apply Theorems 4.3 and 4.4 to the modified equation (5.4) with ε taking the role of the parameter ν in (2.1). Given a nondegenerate COP (x̄(t), λ̄) of system (5.1) we first select a compact set K ⊂ R^{k+p} which contains the COP in its interior. Then by Corollary 2.1 we obtain a smooth branch of COP’s (x̄(t, ε), λ̄(ε)) for the modified equation (5.4) which still lies in the interior of K and which are nondegenerate with respect to λ. Since ψ(x, λ, ε) is a method of order τ(ε) for the modified equation by (5.2), Theorem 4.3 yields the estimate

‖λ̃(ε, t^∗) − λ̄(ε)‖ ≤ Cτ(ε). (5.6)

Here we use the fact that the estimates (4.6) and (4.7) improve to O(τ(ε)) if (H6) holds with a general τ(ε) (compare (4.10) and the last line in the proof of theorem 4.3). By the triangle inequality we obtain

D(ε) = O(τ(ε)).

Theorem 5.3 Let the system (5.1) satisfy the assumptions (H1)-(H4) and let the one-step method (5.2) satisfy (H5), (H6) (without parameter ν). Then the connecting orbits (x̃_Z(ε, t^∗), λ̃(ε, t^∗)) of the one-step map as given by Theorem 4.3 satisfy sup 0≤t^∗_1 ,t^∗_2 ≤ε

‖λ̃(ε, t^∗_1) − λ̃(ε, t^∗_2)‖ = O(ε^r). (5.7)

If f and ψ are real analytic in all their variables then the right hand side in (5.7) can be replaced by O(e^{−c/ε}) with a suitable constant c.

References

[1] G. Benettin & A. Giorgilli, On the Hamiltonian interpolation of near to the identity symplectic mappings with application to symplectic integration algorithms. J. Statist. Phys. 74, no. 5-6, 1117-1143, 1994.

[2] W.-J. Beyn, The effect of discretization on homoclinic orbits. In “Bifurcation, Analysis, Algorithms, Applications”. Edited by T. Küpper et. al., Birkhäuser, 1-8, 1987.

[3] W.-J. Beyn, The numerical computation of connecting orbits in dynamical systems. IMA J. Numer. Anal. 10, no. 3, 379-405, 1990.

[4] W.-J. Beyn, On well–posed problems for connecting orbits in dynamical systems. Contemparary Mathematics, Vol. 172, 131-168, 1994.

[5] W.-J. Beyn & J.-M. Kleinkauf, The numerical computation of homoclinic orbits for maps. SIAM J. Numer. Anal. 34, no. 3, 1207–1236, 1997.

[6] W.-J. Beyn & J. Lorenz, Stability of traveling waves: dichotomies and eigenvalue conditions on finite intervals. Numer. Funct. Anal. Optimiz. 20, no. 3, 201-244, 1999.

[7] W.A. Coppel, Dichotomies in Stability Theory. Lecture Notes in Mathematics, Vol. 629, Springer-Verlag, Berlin, New York, 1978.

[8] J. Descloux & J. Rappaz, Approximation of solution branches of nonlinear equations. R.A.I.R.O. Anal. Numér. 16, 319-349, 1982.

[9] B. Fiedler & J. Scheurle, Discretization of homoclinic orbits, rapid forcing and “invisible” chaos. Mem. Amer. Math. Soc. 119, no. 570, 1996.

[10] B. M. Garay, On C^j -closeness between the solution flow and its numerical approximation. J. Differ. Equations Appl. Vol. 2, no. 1, 67-86, 1996.

[11] E. Hairer & C. Lubich, The life-span of backward error analysis for numerical integrators. Numer. Math. 76, no. 4, 441-462, 1997.

[12] E. Hairer & C. Lubich, Asymptotic expansions and backward error analysis for numerical integrators. Dynamics of algorithms (Minneapolis 1997), 91-106, IMA Vol. Math. Appl. 118, Springer, 2000.

[13] T. Hüls, Heterokline Orbits in diskreten dynamischen Systemen. Diplomarbeit, Fakultät für Mathematik, Universität Bielefeld, 1998.

[14] J.-M. Kleinkauf, The numerical computation and geometrical analysis of heteroclinic tangencies. Preprint 98-48, SFB 343, University of Bielefeld, 1998 (available under http://www.mathematik.unibielefeld.de/sfb343/).

[15] A. I. Neishtadt, The separation of motions in systems with rapidly rotating phase. J. Appl. Math. Mech. 48, no. 2, 133-139, 1984.

[16] K. J. Palmer, Exponential dichotomies, the shadowing lemma and transversal homoclinic points. In ”Dynamics Reported”, Vol. 1. Edited by U. Kirchgraber and H.-O. Walther. Teubner, Stuttgart, 265-306, 1988.

[17] S. Reich, Backward error analysis for numerical integrators. SIAM J.

Numer. Anal. Vol. 36, no. 5, 1549-1570, 1999.

[18] B. Sandstede, Verzweigungstheorie homokliner Verdoppelungen. PhD thesis, University of Stuttgart, 1993.

[19] A. M. Stuart & A. R. Humphries, Dynamical Systems and Numerical Analysis. Cambridge University Press, Cambridge, 1996.

[20] Y.-K. Zou & W.-J. Beyn, Discretizations of dynamical systems with a saddle-node homoclinic orbit. Discrete Contin. Dynam. Systems, Vol. 2, no. 3, 351-365, 1996

[21] Y.-K. Zou & W.-J. Beyn, On the existence of transversal homoclinic orbits in discretized systems. Manuscript, University of Bielefeld, 2001.